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Abstract

We consider Forward Backward Stochastic Differential Equations (FBSDEs for
short) with different assumptions on its coefficients.

In a first part we present results of existence, uniqueness and dependence upon
initial conditions and on the coefficients. There are two main methodologies em-
ployed in this study. The first one presented is the Four Step Scheme, which makes
very clear the connection of FBSDEs with quasilinear parabolic systems of Partial
Differential Equations (PDEs for short). The weakness of this methodology is the
smoothness and regularity assumptions recquired on the coefficients of the system,
which motivate the employment of Banach®s Fixed Point Theorem in the study of
existence and uniqueness results. This classic analytical tool requires less regularity
on the coefficients, but gives only local existence of solution in a small time dura-
tion. In a second stage, with the help of the previous work with a running-down
induction on time, we can assure the existence and uniqueness of solution for the
FBSDE problem in global time.

The second goal of this work is the study of the assymptotic behaviour of the
FBSDESs solutions when the diffusion coefficient of the forward equation is mul-
tiplicatively perturbed with a small parameter that goes to zero. This question
adresses the problem of the convergence of the classical/viscosity solutions of the
quasilinear parabolic system of PDEs associated to the system. When this quasi-
linear parabolic system of PDEs takes the form of the backward Burgers Equation,
the problem is the convergence of the solution when the viscosity parameter goes
to zero. To study conveniently this problem with a probabilistic approach , we
present a concise survey of the classical Large Deviations Principles and the basics
of the so-called "Freidlin-Wentzell Theory". This theory is mainly concerned with
the study of the Itd Diffusions with the diffusion term perturbed by a small pa-
rameter that converges to zero and the richness of properties of the FBSDEs shows
us that (even in a coupled FBSDE system) this approach is a good one, since we
can extract for the solutions of the perturbed systems a Large Deviations Principle
and state convergence of the perturbed solutions to a solution of a deterministic
system of ordinary differential equations.

Keywords: Existence and Uniqueness, Forward Backward Stochastic Differ-
ential Equations, Gradient Estimates, Quasilinear Equations of Parabolic Type,
Four Step Scheme, Large Deviations, Freidlin-Wentzell Theory, Burgers Equations
Type, Viscosity Solutions
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Introduction

Forward-Backward Stochastic Differential Equations (FBSDEs for short) is
a subject in Stochastic Analysis that is being aim of increasing study by the
the mathematical community since the last years.

Initially FBSDEs become known due to stochastic optimal control theory,
with the pioneering work of Bismut [6] in 1973, and, after that, this kind of
stochastic equations become well-known thanks to the different applications
found in applied and in theoretical fields, such as stochastic optimal control,
mathematical finance, among other fields. Mentioning a little of the story,
FBSDEs considered initially by Bismut were only of decoupled type, more
precisely a system of a forward stochastic differential equation (FSDE for
short) with a linear backward one. Only in the 90s, Antonelli, Protter and
Young [3] [24] started to study coupled FBSDEs, obtaining Antonelli in his
PhD thesis a first result on the solvability of a FBSDE of this type over a
small time duration.

The connections between Stochastic Differential Equations and Partial Dif-
ferential Equations (PDEs for short) are well known since the celebrated
Feynman-Kac Formula (see the excelent reference ok Karatzas and Schreve
[19] to details in the connections hidden between these two subjects), that
gives a representation of an evolution problem as the expectation of a func-
tional of a Brownian Motion, among other probabilistic representation for-
mulas for a huge class of parabolic and elliptic equations. Within this philo-
sophy, Peng [30] realized that a solution of a Backward Stochastic Differential
Equation (BSDE for short) could be used as a probabilistic interpretation of
the solution to some quasilinear PDE. In this monography we adress this
connection, that is obvious when we are confronted with one of the most
well-known method to solve a coupled FBSDE- the Four Step Scheme of
Ma-Protter-Young [24], which recquires non-degeneracy of the forward diffu-
sion coefficient and the non-randomness of all the coefficients of the system.
We only remark that is possible to relax these conditions, allowing the co-
efficients to be random, with a kind of a generalization of the Four Step



Scheme method, but replacing the connection of the system with a quasili-
near parabolic system of deterministic PDEs by a backward stochastic partial
differential equation, which can be used to generalize the Feynman-Kac For-
mula. We refer that it has a lot of applications in mathematical finance in
the study of term structure of interest rates (see the reference of Ma-Young
and its own references in the subject [25]).

Although the Four Step Scheme approach gives us a very precise and concrete
relation between this equations and a quasilinear parabolic system of PDEs,
this method recquires very stong regularity assumptions on the coefficients
of the FBSDESs, which is something that we can weaken as we will see in the
chapter 1 of this work.

Our main interest in this work is to study existence, uniqueness and
assymptotic behaviour of a system of stochastic differential equations in the
general form:

qu:x+[3vﬁ@»mmﬁllwﬁ@»a%

(E) Y;t,z _ h(XT) + /Tg(n 9(7“)) dr — /TZTdBT

VO<t<s<T,zeR, VT >0

\
where

f:[0,T] x R x R¥ x RF*d — R4

g:[0,T] x R x RF x Rkxd — RF

0 :]0,T] x R? x RF x RF*d — Rixd

h:RF — RF

0(r) = (X7€7$’K"t’r>zﬁ’x)

being the assymptotic study concerned when we replace o by €0 and
let ¢ — 0.

In the first chapter we present several sufficient conditions that will as-
sure local and global existence and uniqueness of solutions for (E). As we will
realize, one of the main differences between backward stochastic differential
equations and backward deterministic differential equations is the natural
recquirement (that is classical in the usual It6 Calculus) of the adaptedness
of the solution to the natural filtration considered. This will be an issue to
think about that could lead us in other directions, searching a new kind of



stochastic calculus without recquirements of adaptedness (for example the
non-anticipating calculus, which is very well presented in [26]). In this work
we will not follow this direction and we mantain the natural recquirement
of adaptedness for the concept of solution of (E). It is shown in the first
chapter onr example of a non-solvable FBSDE, which motivate the natu-
ral study of existence and solution for a general BSDE, before we take care
the coupled problem (E). After stating the existence and uniqueness of solu-
tion for a BSDE in general form, under classical recquirements of Lipschitz
continuity and sublinear growth, we expose the Ma-Protter-Yong Four Step
Scheme methodology, and with the help of a result of Ladyzhenskaja [22] in
Quasilinear Partial Differential Equations, we will be able to obtain global
existence and uniqueness of solution for (E). This is an interesting point of
this survey of results on existence and uniqueness issues, that shows how
Stochastic Analysis and PDEs connects in a natural way with the study of
stochastic differential equations. But one of the problems of the realization
of the Four Step Scheme methodology is the question of existence of solution
for a system of quasilinear parabolic PDEs of the form

ol 1 & 0*u! ol
4 P A -0
TP I

(£)
uw(T,x) = h(x)

I=1,...k

where a; ; = (007); ; is a non degenerate matrix.

If we recquire smoothness and boundedness on the coefficients f,g,h, o, La-
dyzhenskaja's result can be used and we can conclude that u(t, z) = Y;"" is a
classical C** solution ( C" with respect to the time variable and C? with re-
spect to the spatial variable, with bounded derivatives). This can be relaxed,
and we will show Delarue’s procedure [8]. Delarue’s work consist in relax
this smoothness conditions and assume only Lipschitz continuity, monotoni-
city and sublinear growth on the coefficients, and applying Banach's Fixed
Point Theorem, which allow us to assure existence and uniqueness of solution
under small time duration. In a second stage, Delarue uses a running-down
induction in time, under additional appropriate assumptions (non-degeneracy
of the the diffusion matrix and boundedness of the coefficients as functions
of the spatial variable z) and get a global result of existence and uniqueness
of solution for the problem (E), making use of the estimates on the gradient



of the solution of (E,) with the Ladyzhenskaja’s result.
But for the purest probabilists, it is a good remark that Delarue gives in [§|
a probabilistic proof of existence and uniqueness of solution for the system
(E), using Malliavin Calculus tools of Derivation in the Wiener Space, a way
of thinking that we do not reproduce in this monography. We prefered to
use without discrimination the results of PDEs deterministic literature to
our purposes. One of the main connections between (E) and (E,) is from the
powerful result that Y»* = wu(s, X*) for a function u : [0,7] x R — RF
with some "nice" properties. Specifically, under smoothness and bounded-
ness of the coefficients, u(t, x) is a classical solution of the system (E,), and
if the hypothesis under the coefficients are relaxed, it can be shown that u is
a viscosity solution for (F.).

After discussing existence and uniqueness of solution for the system
(E%) the goal of this work is to study the assymptotic behaviour of:

(xtes ot [fnem)ars [ Veolrer)as

(EE) T T
Ve = nxXi)+ [ oro ) dr— [z

VO<t<s<T,zeRY VT >0

when
e—0

This is a natural question and it will lead us to the study of the assymp-

totic behaviour of the corresponding system (FE2) of parabolic quasilinear
PDEs associated when the small parameter converges to zero.

oubs e <& d*ule 4 ube
i e il —0
AR DL e +;f oz, 9

(2

()

*

u* (T, x) = h(x)
reRY 1=1,..k

If f(s,0(s)) =y, k = d and (a;;) = Iixd, (E5) becomes a backward
Burgers Equation



oube

ot

+ %Aua +uVu*+g=0
u* (T, x) = h(x)
r e R?

If u® solves the problem above, v° = —u®(T — t,x) solves a Burgers

equation
oube
ot

- gAu'E +u'Vu ' 4+g=0

u* (T, x) = h(zx)

r € R?

which is one important simplified model for turbulence and describes the
motion of a compressible fluid with viscosity 5 under the influence of an ex-
ternal force g.
For example, [37] is one of the examples in the deterministic PDE literature
that studies the behaviour of the above evolution problem when ¢ — 0. It is
well known of PDE deterministic literature (see [23|) that when G is an open
bounded set of R? with a smooth boundary G, if g € L>(0,T; L(G)), there
exists u® unique solution of a Burgers forward equation in the intersection
of the functional spaces L>®(0,T; L(G)) N L*(0,T; W,*(G)) and when g is
in L>=(0,T; W5*(@)), then u® will converge in L*(G) to the corresponding
solution of the limiting equation on a small non-empty time interval as the
viscosity parameter goes to zero [37]. Motivated by this, in chapter 3 we
study the convergence of the solutions of (£¢) when € goes to zero, and un-
der classical assumptions, we prove that the solutions of (E¢) converge in
a certain functional space to solutions of a deterministic coupled system of
ordinary differential equations and u°(t,z) = Y;*" classical solution of (E°)
converges to a function that "solves" an equation type Burgers without vis-
cosity. If we weaken the hypothesis under the coefficients of the system (E¢),
we still can prove that the viscosity solutions of (E¢) converge to a viscosity
solution of the limiting equation. In [33] S. Rainero shows the existence of a
Large Deviations Principle for the couple (X2*¢, YA®%) _ . in the case the
FBSDE (E?) is decoupled, but the a posteriori property Y% = u(s, X1%%)
almost surely has important implications turning the forward equation an
equation only dependant on X5>*¢ and with the works of Azencott|2], Pri-
oret [32| and Baldi-Maurel [3], that extends the so called Freidlin-Wentzell
Classical Estimates [15] we will be able to show that (E¢) obey a Large De-
viation Principle even in the coupled case, generalizing the result presented
in [33].



In matter of sources, chapter 1 is entirely inspired in the book of Ma-
Yong [25] and in the work of Delarue [8] mentioned before; chapter 2 is a con-
cise survey of Large Deviations Principles and the Classical Freidlin-Wentzell
Theory, which contains the theory needed to work the Large Deviations Prin-
ciple of chapter 3 and it is inspired mainly in the coursenotes [16] and in the
presentation of the subject due to Dembo-Zeitoni [9] and in the works of [2],
[3], [32]. Chapter 3 is the result of the assymptotic study that we had made
for (E¢) and generalizes in a natural way the work [33].



Preliminaries

0.1 Some Remarks

The following monograph assumes the reader has at least basic knowledge in
probability theory and in stochastic analysis (stochastic processes, stochastic
integration, stochastic differential equations), where "the main character" is
Brownian Motion. For references in Stochastic Analysis we mention the
excellent works [19], [21], [27]. Everytime we use a result of Stochastic Ana-
lysis or some result that we consider of more technical order we specify the
reference you can read about it.

0.2 The General Work Environment

For any topological set X and any subset A C X we denote A the closure,
by A° the interior and A® the complement of A in X.

The infimum of a function over the empty set is defined to be oco. The
derivate of a function ¢ with respect to time will often be denoted by ¢ or
by %.

For a topological space X we denote B(X) the Borel g-algebra, i.e., the o-
algebra generated by the open sets for the topology given. Furthermore, in a
topological space X the neighbourhood N of a set A is any open set N such
that A (unless we explicitly note that A should be a closed neighbourhood).

Let (X, d) be a metric space, xyg and 6 > 0. B(xg,0) := {z : d(z,z9) < 0} is
the open ball of radius ¢ centered at xy. The distance between a set A and
a point x € A is given by d(x, A) := ;22 d(z,y).

We denote a V b = max(a,b) and a A b = min(a,b) for every a,b € R =
R U {#o00}. The transpose of a matrix or a vector A will be denoted by A”.

Let T > 0.
For each n € N, < .,. > and | . | stand for the euclidian inner product and



the euclidian norm on R".

Let Q be a set and F be a o-algebra on Q. (Q, F,{F:}o<i<r,P) will
always denote a complete filtered probability space on which we define a n-
dimensional Brownian Motion (B;)o<;<r such that {F;}o<;<7 is the natural

filtration of (By)o<i<r augmented with the collection of the null sets of €;
N :={ACQ :3G € Fsuch that P(G) = 0}.

If u: [0,7] x R* — R™ for some n,m € N we refer V,u the gradient
vector of the spatial derivatives of first order and V_,u the matrix of the
second order spatial derivatives of u.

In our work it will be important to fix the following functional spaces:

T

H2(R") = {¢ L Ox[0,T] — R": ¢is {F Jocrer adapted and E/ | 6, |Pdt < oo}
0

(0.2.1)

S2(R") := {¢ Q% [0,T] — R™: ¢ is {F }ocrer adapted and
E oy o <o)

0<t<T

(0.2.2)

which are clearly Banach Spaces with the natural norms given by

T
2
60 ey =B [ 1 P
2 ._ 2
||¢||S%(IR") T EoiltlgT| th |

Moreover, we define the following well-known functional spaces

C( [0, T], R™) := {(b: [0,7] — R™: ¢ is continuous }

C, = C, ([0,T],R") := {¢ e O ([0,T],R") : ¢y = a;}
(0.2.3)



These spaces are Banach Spaces under the uniform norm, ie the norm
given by:

I'¢ llo= sup [o[*
0<t<T

(0.2.4)

In particular Cy = Cy([0,T],R™)

We introduce now the integrable functional spaces to respect to Lebesgue
measure:

L? ([0, T],R™) := {gzﬁ : 2 x [0,7] — R"is measurable to respect the

T
borelian o-algebras : / | ¢ |Pdt < oo}
0
where p > 1. (0.2.5)

which is clearly a Banach Space under the norm given by:

T
1|12, = / | 6, [Pdt

We will need the subspace of the functions in Cj whose derivate is
square integrable, ie,

H' = H' ([0, T],R") = { ¢ € Co([0,T],R") : / | é: [dt < oo}

0
which is a Hilbert Subspace of Cy([0,7T],R™) with the inner product given
by:

T .
16l = / [ [,

Other functional spaces that we will need to our work will be specified
under the context they appear.

10



Chapter 1

Forward Backward Stochastic
Differential Equations:
Existence and Uniqueness Results

1.1 An informal discussion

Consider on R the following deterministic terminal value problem:

{dXt =0, t€[0,T] (1.1.1)

X(T)=¢

where £ € R and T" > 0 is called the terminal time.
We know that there exists a unique solution of (1.1.1), X; = £ Vt € [0,T].
But if we consider this problem as a stochastic differential equation in It6 “s
sense,
{dXt =0, t€[0,7] 112)
X(T)=¢

where £ : 0 — R is a random variable Fp-measurable with finite second
moment, we have (1.1.2) as a stochastic differential problem that does not
fit with the definition of solution for a stochastic differential equation. One
of the recquirements of the definition of a solution to a stochastic differential
equation (SDE for short) is that the solution needs to be adapted to the
filtration considered in the probability space. Since the candidate solution
(unique) to (1.1.2) is X; = &, Vt € [0, 7], which is not necessarily {F; }o<i<r
adapted unless ¢ is a constant, we do not have a solution in general to (1.1.2)
regarded in It6 sense. The problem here is the reversibility in time, which is

11



not possible for SDEs, due to the problem of the adaptedness recquirement,
which marks one of the fundamental differences between the structure of the
SDE world and the deterministic ordinary differential equations theory.
We could remove the adaptedness recquirement in the definition of solution
to the problem (1.1.2) and begin to develop a new calculus, the anticipating
calculus (see [26] for information about it), but our approach will be to
reformulate the terminal-value problem of an SDE in the way it may allow a
solution {F; }o<t<r-adapted.
Define

X, =E(E| F)tel0,T]. (1.1.3)

Using the Martingale Representation Theorem (see [19]), there exists a unique

(Zt)o<t<r stochastic process {F; }o<i<r-adapted such that / E|Z |2dt <
0
oo and

t
Xt:X0+/ Z.ds, (1.1.4)
0

since (1.1.3) defines (X¢)o<i<7 as a square integrable {F;}o<;<r-martingale
with zero expectation.

So
dX; = Z;dBy, t € |0, T
e = ZdBy, e [0, 7] (1.1.5)
X(T)=¢
Considering (1.1.4) with t =T
T T
Xo = Xr — / Z.dBs = € — / Z.dBs (1.1.6)
0 0
. So (1.1.4) becomes
T
thg—/ Z,dBs, V't € [0, 7] (1.1.7)
t

. (1.17) will be named throughout this work a backward stochastic differential
equation (BSDE for short) and (1.1.5) is its differential formulation.
Applying 1t6 s Formula (see reference [21] for example) to (| X; |*)o<i<r

T
E|Xr|P=E|X; | +/ E| Z, |*ds, (1.1.8)

t

If we take (Xl (t), Zl (t))OStST and (X2 (t), ZQ(t))OStST two {ft}OStST adapted
solutions for (1.1.7), (X1(t) — Xa(t), Z1(t) — Za(t))o<i<r is an {F;}bo<i<r

12



adapted solution to (1.1.7) with £ = 0.

Using (1.1.8),
E| Xi(t) — Xo(t) |2 +/ E | Zi(s) — Zy(s) |*ds = 0

t
which determines X; = X5 and Z; = Z5. Then taking £ a non-random
constant, by uniqueness of solution to the deterministic terminal-value prob-
lem(1.1.1), we recover X; =€ and Z, =0, Vt € [0,T].

We now define clearly what we intend to be a solution of a Forward-
Backward Stochastic Differential Equation (FBSDE for short).
Let d,k € N and let
f:10,T] x R x R*F x RF>d — R4
g:10,T] x RY x RF x RF>4 — RF
o:[0,T] x RT x R¥ — R4
h:RF — RF
be measurable functions with respect to the borelian o-algebras. Consider
M0, T] = S2(R?) x SZ(R¥) x HZ(R**4), which is a Banach Space under the
norm given by

T
| (XY, Z)o<ier |I2=E sup | X, P +E sup |Y, \2+E/ | Z, |dt.
0<t<T 0<t<T 0

Given ¢ a R? valued and Fy-measurable random vector with finite se-
cond moment, we are interested in the solutions (X, Y}, Z;)o<t<r € Mio,r) of
the problem V1" > 0

( t t
Xt:§+/f(S7Xs,Ys,Zs)d8+/J(S,XS,Y;)st
0 0

}/;:h(XT)+/ g(s,Xs,Ys,Zs)ds—/ 7.dBs
t t

VO<t<T, z €RY,

\

We remark that the matrix-function o does not depend on (Z;)o<t<7-
Consider for example the problem:

’ t
Xt:x—i—/stBs
0

T
Yt:XT—/ ZsdBs
t

(VO<t<T, 2 €¢RY VT >0

13



The above problem has an infinite number of solutions. In order to

prove existence and uniqueness for the problem (E), we will impose restric-
tions and conditions on the coefficients of the system. So with this example
we see that does not make sense to consider ¢ dependent on the z variable
if we want uniqueness of solution for the problem (E).
We can view a FBSDE as a two point boundary value problem for SDE with
the extra recquirement of adaptedness to the filtration {F;}o<t<r and we can
make advantage of the knowledge that,in general, two point boundary-value
problems for ordinary (deterministic) differential equations do not admit ne-
cessarily solutions.

Proposition 1.1.1. Suppose
X
) = ae ( Xt )
Y, Y;

with the boundary conditions

Xo=x Ry tel0,T]
Y(T)=GXr

does not have a solution, where A : [0,7] — R**DExd) g 5 deterministic

integrable function, and G € R¥*<,

Then for any o : [0, 7] x R? x R¥ x R¥*? — R4*4 measurable to respect to
the borelian g-algebras, the following FBSDE problem

dXt o Xt O-(t, Xt7 }/t; Zt)dBt
i | =0 [ [

with the initial-terminal mixed conditions:

X():.Z'
Yr =GXr

do not have an adapted solution to the filtration {F;}o<i<7

Proof:
If the given FBSDE had an adapted solution (X;,Y;, Z;)o<t<r € Mio1], We
could take expectations and see that (E Xy, EY;)o<i<r is a solution for the
given deterministic problem, which contradicts the assumption. [

14



Example: Consider the following deterministic system of ordinary dif-
ferential equations:

=y
Y=
z(0) ==z
y(F) = —a ()
A straightforward computation show us that the solution of the first two
equations must be of the form
x(t) = cicost + casint
{y(t) = —¢ysint + cycost
c1, 02 € R, where ¢ € [0, 2F].
The condition y(¥) = —z(2) implies = 0, which shows that for z # 0

4
this is a non solvable ordinary deterministic system of differential equations,

giving us the conclusion, by the proposition above, that exists of non-solvable
FBSDEs problems.

So, with this brief introduction, we understand the technicalities of the FB-
SDE problem (E) and the importance to make assumptions on the coeffi-
cients of this system, since as we saw in general we do not have existence and
uniqueness of solution for a FBSDE problem.

1.2 Backward Stochastic Differential Equations
We now consider the following BSDE:

T T
Y; :§+/ g(s,Y,, Zy)ds —/ ZdBs (1.2.1)
t t
VO<t<T, VI >0,
where £ is a Fr k-valued random variable with finite second moment
and g : [0,T] x R¥ x R**? — R* is measurable to respect to the borelian
o-algebras of the domain and in the range such that:

Assumption 1.2

HLaC >0 ‘v’(t,y,z), (tvgvz) € [OvT] X Rk X RkXd
[ty 2) |< LA+ [y [P+ 2 ) (1.22)
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| 9(t,y,2) —9(t,7,2) IS C(ly =7 [+ |2-%Z]) (1.2.3)

Consider the space N[0, T] = S2(R*) x HZ(R¥*?) which is a Banach
Space under the norm given by

T
| (Vi Zocrer [P E sup | X [P +E / | Z, Pdt.
0

0<t<T

We are seeking for a solution of (1.2.1) in N0, T7.

Theorem 1.2.1. Existence and Uniqueness of solution for a BSDE
Under the hypothesis (1.2.2) and (1.2.8) about g, for any & : Q — RF Fr
measurable with finite second moment, there exists a unique (Y, Zt)o<i<T in
No,r) that solves (1.2.1).

Proof. Given (Y, Z;)o<i<t € N[0, T] by the assumptions about g, g(¢,Y;, Z;)
is {F; }o<i<r adapted and by (1.2.2) (g(t,Y:, Zi))o<t<r € H2(R¥). Define

W, = B{¢ — / 5)ds | Fi} (1.2.4)

Y, = E{¢ - / s)ds | F} (1.2.5)

(Wy)o<i< is a square integrable {F; }o<;<7r martingale ( (W;) € H2(RF)) and
Wy =Y.

By the Martingale Representation Theorem there exists (Z;)o<i<r € H2(R**9)
such that:

t
Wt:W0+/ Z,dBs (1.2.6)
0

¢ is Fr measurable, so

Wy = E{¢ — / §)ds | Fr} = Yo+ /TZst (1.2.7)

v, - E{a/ $)ds | Fi} = E{f/ ds+/og s | Fi} =

theasurable
t

B - / s | 7+ [ atsias =i [ o(s)as

16



t t T T
=Y +/ ZsdBs —l—/ g(s)ds =& — / g(s)ds — / Z,dBs(1.2.8)
0 0 t ¢
So (Y%, Zi)o<t<r solves the following equation:

{dyt = g(t,Ys, Zy)dt + ZidBy, t € [0, (1.2.9)

V(1) =¢

By construction, (Y}, Z;)o<i<r is Fi-adapted and we can see by straightfor-
ward computations that (Y, Z;)o<i<r in N0, T].

Now consider (yt,zt)ogtST S N[O, T] and (?t77t)0§t§T S N[O, T] such
that:

d?t = g(tvymzt)dt + thBty te [OvT[
Yr=¢
Applying It6" s Formula :
— T —
E|Y,-Y, |2+1E/ | Z,— Z, | ds <
t

T
ZCE/ Yo=Y | (|ys =¥ | + ]2 — 2| )ds (1.2.10)
t

Setting:
— _V, |2

pri= B[ Y=Y o » (1.2.11)

b= Ely—75,17)"+ Elz—%)
we have the following, using (1.2.10):

T B T
2 +E/ | Z,—Z, P ds < 20(/ gpswsds). (1.2.12)
t t

T 2
Calling 6, := (/ goszbsds> , we see by (1.2.12) that
t

. d
Qt = _thd}t Z _¢t\/ 20915, which 1mphes that %\/e_t Z —\/g’ébt
Also 07 = 0 implies, after integrating the above inequality, that —/6, >
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T T )
_\/g/ Peds. So 6, < %{/ gosds} Vit el0,T].
t t

So we get that

T o T 9
¢§+E/ | Z,— Z, |? ds§C2{/ gpsds} : (1.2.13)
t t
Applying this intermediary conclusion:
J— T —
E|Y,-Y, |2+1E:/ | Z, — Z, | ds <
t

T 2
_ 1/2 _ 1/2
H [ ®lu-5.P)"+ E®la-zF)") <
t
CiT =) [ (e = Te» 2 = Z) e yorp WRepey (1:2:14)

where (] is a constant only depending on C, and the space N[t,T] is
the analogue of N[0, T'] with the natural replacement of [0, 7] by [¢,T] in the
definition.

Using Doob s Inequality (see reference [19]):

|| (Y; - ?87 Zs— Es)tgng ||/2\/'[15,T]S Cl(T - t) || (ys — Ygs s _zs)tgsﬁT ||/2\f[t,T}

Vit e [0,7T](1.2.15).

So the map (v, 2) — (Y3, Z) in N(T — 6, T) where (Y, Z;) is the
solution of (1.2.9) concerning (y:, 2:) is a contraction, if we take § = 50
We have the conditions to apply the classical Banach's Fized Point T, heore;n
(|20]) in the Banach Space N (T — 6,7T) and conclude that this map has a
unique fixed point, that is the solution of (1.2.1) in the interval [T — ¢, T'|by
the construction of this application.

We can repeat this argument in [T" — 26,7 — J] and recorrently we obtain
existence and uniqueness of solution for the problem (1.2.1).
O

In what follows we prove the continuous dependence of the solutions of
the BSDE (1.2.1) on the data & and in the function g.

Theorem 1.2.2. Continuous dependence on the coefficients
Let g,g : [0,T] x R* x R¥**? — R* be measurable functions to the respec-
tive borelian o-algebras in the domain and in the image, &, € be k-valued Fr
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measurable random vectors, (Yy, Zi)o<i<r and (X, Yy)o<i<r be the adapted
solutions of (1.2.1) concerning (g,&) and (g, &) respectively.
Then:

Y, 7)|2ds}
(1.2.16)

T
| (VY0 2-2) rom= Cu{E1 € F+E | 1905, 2=,

where Cy is a constant depending only on C' and in T.
Proof. Applying the It6"s Formula to | Y; — Y, |? we obtain:
T
|n—EP+/|@—ZFm=
_ r _ _
’5_6‘2_2/ <Y;—YS,Q(S,Y;,ZS)—g(S,Ys,ZS)>d$—
t
T
2/ <Y,—Y, Zs— ZydBs ><
! 3 T
-Epaz [ V=Tl oY Z) - gls T ) |+
t

ClY,-Y|(1Y,=Ye|+|Z—Z,|)ds—2 <Ys—?s,ZS—Zst>

\

Sle-Er+ [ 14204207 V=T 4 12T o -
(5, Y, Z,) > ds — 2/T <Y, Y, (Z,— Z,)dBs > (1.2.17)
t
Taking expectations,
B% -V +E [ 27 s
t
I AT AR A AT

T
(1+20+202)E/ | Y, =Y, |*ds Vte[0,T]. (1.2.18)
t

From Gronwall Inequality (see reference [13 | for example)

T
]E|3g-?t|2+151/ | Zy— Zy |*ds <
t

T
Cl{]E | € —¢ 2 —i—E/ | g(s,Ye, Zs) —9(s,Y s, Zs) 2 ds} for a new constant
t

¢y (1.2.19)
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Using the Burkholder-Davis-Gundy s Inequality, ([19]) redefining the
constant C eventually in the following inequalities:

E < sup | Y, —Y, ]2> <
0<t<T
— T — —
C{EI€-EP+E [ 19(6.Y.02) =565, V0 Z0) P ds +
0

T
2E sup | <YS—73,(ZS—78)dB3>]}

o<t<T Jt

T
cfEle-Ep+E [ lgsv.2) -3

]E( sup | Y; — Y |2>1/2<E/T | 2~ 7, |? ds>1/2
0

0<t<T

(1.2.20)

YS,ZS) |2 ds +

Combining (1.2.19) and (1.2.20) we obtain the inequality (1.2.16) that we

want.

1.3 The Four Step Scheme Methodology

Ma, Protter and Yong [24]| proved, under strong regularity assumptions on
the coefficients of (E) and assuming non-degeneracy of the diffusion coeffi-
cient of the Forward Equation, that (E) admits an unique solution. Their
method is called "Four Step Scheme" since is based in four major steps. The
problem of this method is the strong regularity recquired on the coefficients
of (E), an issue that we will overdeal with the work of Delarue [8] in the next

section.
Presentation of the method:

Let d,k € N and let
f:00,T] x RT x R*F x RF>4 — RE
g:[0,T] x R x RF x R**d — RF
0 :[0,T] x R x R* x Rkxd — Rdxd
h:RF — RF
be measurable functions with respect to the borelian o-algebras.

Although in section 1.1 we had seen that it does not make sense to consider
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o dependent on the z variable, if we want to guarantee uniqueness of solu-
tion to our system, for now we will consider the general case of ¢ depending
on the z variable and later on we will make the natural assumption of o
independent of the z variable. Given ¢ : Q — R? a valued random variable
square integrable, consider the main problem (E):

p ¢ ¢
Xo= et [ s X0 Yo Z)ds+ [ o5, XY Z) dBs
0 0
(E) T T
Y; = h(X7) +/ g(s, X, Ys, Zs)ds — / Z,dBs
¢ ¢
L VO<t<T, VT >0

or in differential form:

dX; = f(t, X,,Y,, Zy)dt + o(t, Xy, Vs, Z;)dBt
4Y; = —g(t, X,, Y, Z))dt + Z:dBt (1.3.1)
X(O) = £7YT = h(XT)

We underline f,g,h,o are deterministic. Suppose (Xi,Y:, Zi)o<i<r is an
adapted solution for (E) and that X; and Y; are related by some function u
in the way:

Vi =u(t,X;) Vt€[0,T] as. P (1.3.2)

This functional relation between X; and Y; will be vital for our work and it
will be presented clearly in the next sections of this chapter. We remark this
relation (1.3.2) will be crucial for the establishment of a Large Deviations
Principle and in the study of the Assymptotic Behavior of the System (E)
when we multiply the forward diffusion coefficient by a small parameter that
goes to zero, and it is the key to understand the link between FBSDEs and
parabolic quasilinear systems of PDEs.

Assume u € C’; 2([0,7] x R, ie u has continuous bounded derivative to
respect to time and continuous bounded second order spatial derivatives.
For each | = 1,....,k denote Y; = (Y;!,...,Y}¥) and using It6"s Formula we
have:

ou'(t, X;)
X ot
St [Vt (8, X0) (007) (8, X, ult, Xa), 22)]
+ ( Vul(t, Xy), 0(t, Xe, u(t, Xy), Z)dBt) (1.3.3)

dYé - dul(t, Xt) - { + < qul(ta Xt)a f(ta Xta u(t7Xt)7 Zt) >+
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where V,, u' represents the Hessian spatial matrix of u!

With this formula for du!(t, X;), VI =1, ..., k, we see by (1.3.1) that for
eachl=1,... k:

o

g'(t, Xe, ult, Xe) = { gt Xo)+ < Vo (8. X0), f (8 X ult, Xi), Z4) >
01, X000 ") 1, Xs, 0, ). )
U(t, Xt) = h(XT)

(1.3.4)

and
Zt = qu(t, Xt>0'(t, Xt7 U(t7 Xt); Zt)

(1.3.5)
So we are suggested by the following scheme:
Step 1:

Find a function z(¢, z,y, p) that satisfies

2(t,x,y,p) = po(t,z,y, 2(t,z,y,p)) ¥ (t,2,y,p) € [0,T] x R x R¥ x RF*4
(1.3.6)
Step 2:

Using z in step 1, consider the following parabolic system for wu(t, x),
that we want to solve:

(0wl Lo T %!
E + 2 = (UU )i,j(taxa u(t,x), Z<t7 l’,’d(t, x)a leb(t, x)))axlaxj
d aul
—I—Zf,(t,x,u(t,x),z(t,x,u(t,x),Vzu(t,x)))ax
i=1 i
+g!(t, z,u(t, 1), 2(t, 2, ut, z), Vou(t,z))) =0
w(T, x) = h(z)
(1=1,..k
(1.3.7)
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Step 3:

With z obtained in step 1 and u obtained on step 2, we want to solve
the following forward SDE:

{dXt = F(t, X,)dt + 7(t, X,)dBt, t € [0,T] 138)
Xo=¢ -
where:
J(t @) = f bz ut,w), 2( @ ult, ), Vault, ) (13.9)
a(t,z) = o(t,x,u(t,x), z(t, z,u(t, z), Vyu(t, r))) o
Step 4
Set
Y;ﬁ = u<t7 Xt)
Zy = z(t, Xy, u(t, Xy), Veu(t, Xy))
(1.3.10)

If we can realize this scheme, which is extremely useful to compute numerical
algorithms that could help to solve the FBSDE (E), (X}, Y}, Z;)o<t<r would
give an adapted solution of it. But with this methodology, we are dependent
on the realization of all steps. Specially the step 1 and step 2, that are of
deterministic order , could not have solution.

We need to impose restrictions on the coefficients of the system.

Consider the following set of assumptions:

Assumption A.1.3

1)

AL, A>0V(tryz2), (£7,7,7) €[0,T] x R x R¥ x RF*4such that:
|o(t,x,y,2) =0, 7,5,2) [SL(|t—=t|+|e-T|+y-F|+|2-Z])
’f(t,l’,y,) (nyz)|§L(|t—t|—|—]x—f\+|y—y\+|z—2|)
| g(t,z,y,2) — g, T,5,2) IS L(|t—t|+|z—T|+|y-T|+|2—-Z])
|o(t,z,y,2) [SAQ+ |z |+ ]yl +]2])

| ftzy,2) [SKAQ+ |z |+ ]y | +]2]) (1.3.11)

2) Assume o bounded.
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3)
3B €]0,1[:| [o(t,x,y,2) — o(t,x,y,2)|TVul(t,z) |< B |2 —Z |
V(t,z,y) €[0,T] x REx REz, z e R4V =1,...k

(1.3.12)

Theorem 1.3.1. Realization of the Four Step Sheme and Ezxistence
and Uniqueness of solution for (E)

If we assume the set of assumptions (A.1.3), if (1.3.6) admits a unique so-
lution z(t,z,y,p) uniformly Lipschitz continuous and with sublinear growth,
and if (1.8.7) admits a classical solution u(t,z) € Cp*([0,T] x R%), then the
process (X, Yy, Zy)o<i<r @5 an adapted solution for (E).

Furthermore, the adapted solution of the system is unique.

Proof. Existence of solution:

Under our assumptions f(¢,z) and @ (¢, ) are uniformly Lipschitz continu-
ous in x, and setting a R? random variable ¢ F, measurable, we have by the
standarb theory of existence of solutions to stochastic differential equations
(see reference 27| for example about SDEs ) there exists a strong unique
solution of (1.3.8). Applying It6"s Formula, (1.3.1) is checked.

Hence (X, Y, Zt)o<t<r is a solution of (1.3.1).

Uniqueness:

The claim is that any adapted solution (X3, Y;, Z;)o<i<r of (1.3.1) must be of
the form constructed before, using the Four Step Scheme.

Let (X4, Y, Zi)o<t<r be any solution of (1.3.1). Define:

{?t = u(t, X,)

Y (1.3.13)
Zt = Z(t, Xt, U(t, Xt), qu(t, Xt>>

By our assumtions (A.1.3), (1.3.6) admits a unique solution. So using (1.3.13)

?t = qu(t7Xt)o-(t7Xt7?t77t) a.sS P, te [O, T] (1314)
Applying 1t6" s Formula to u(t, X;), by (1.3.7) and (1.3.10), VI =1,...,k
_ oul
dY. = dul(t, X,) = {a—i(t,Xt)—i— < Vot X)), f(t, X0, Ye, Z)) > +

2,1

d
S (00T)ist, X0, Vi, Zt)a—}dt+ < Vit Xy), 0(t, Xy, Ys, Z,)dBt >=
ij=1

? J

< vxul(taXt)a f(t>Xt7Y;ta Zt) - f(ta Xt7?t7 Z) >+

—~ N =
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d
1 o a2ul
> {(00M)i(t, Xe, Vi, Z0) — (007 )it X0, Yo, Z0) } -
2 ig=1 8:1718:16]
_ gl(t,Xt,Vt,Z)}dtJr < Vit X,), o(t, Xy, Ys, Z,)dBt >

Using (1.3.14) and (1.3.1), taking expectations,

E|Y,-Y =
T k .

]E/ > 2y, - Y;){ < Vol (t, Xy), (s, Xs, Ve, Zo) — f(5, X, Y5, Z3) > +
tog=1

0%

c%,@xj

d
1 _
3 > {(00")ij(s, X0, Y5, Z) = (007 )i (5, X0, Y, Z4)} (5, X,) —

i,j=1
9'(s, X, Y5, Zs) + ¢' (5, X, Vs, ZS)} -
| [o(s, Xy, Vs, Z5) — 0(8, Xs, Y, Z)]TVotil (s, X,) + Zs — Zs| *ds (1.3.15)

Using the assumption (A.1.3), the boundedness of V,u and the uniform
Lipschitz continuity of o, we must obtain:

o o 2
[ o(s, X0, Y, Z0) = (5, X Vs Z) Vil (s, X,) + Z — Zy| >

>| Zo = Z, |+ [0(5, X0, Ya, Z2) — 0(5, X, Vo, Z2)][Vatd (s, X)) * >
2 (1_6> |78_ZS |2 —C | Y;_?s | (1316>

where C' > 0 depends only on the Lipschitz Constant of o. So:
T
E|Y-ViP+(1-6) [ B|2-ZPds<
t

T
C/ E{|Y,-Y,?+|Y,—-Y,|| Zs — Z, | ds , for a new C eventually
¢

T T
gcg/ E{| Y, -Y, \2d5+5/ E{| Y, - Y, |[>ds (1.3.17)
t t

using Cauchy-Schwartz Inequality with ¢ > 0 where ¢ > 0 fixed arbi-
trarily and C. = C(e). Since f < 1, we can choose € < 1 — [ and applying
Gronwall Inequality we obtain:
Y; =Y, and Z, = Z; as P and ae. t € [0,T]. So, if (X;,Y};, Z)o<i<r and
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(X+,Yy, Zy)o<t<r are two solutions of (1.3.1), by the previous argument we
have that:

Y, = u(t,Xy), Y =u(t,X;)
Zy = 2(t, Xy, ult, Xy), Vou(t, Xy)), Zy = 2(t, Xy, u(t, Xy), Vou(t, Xy))
(1.3.18)
Since (X;) and (X;) solves the forward SDE (1.3.8), by the standarb theory
of SDEs, under our assumptions, (1.3.8) has a unique strong solution, so
X, =X,asP,te0,7] and by (1.3.18) Y; = Y, and Z, = Z, as P,
te0,7) O
Remark:

The existence and uniqueness of solution for (1.3.1) depends as we saw
on the solution for (1.3.6) and (1.3.7). Since the assumption (1.3.1) seems
to be hard to be verified in general, we must look for a simplification that
implies (1.3.6) has a unique solution. This is the case of considering ¢ inde-
pendent of the z variable. But another assumption in the previous theorem is
the existence and uniqueness of solution of the quasilinear parabolic system
(1.3.7). To assure this, we will make use of the results of the determinis-
tic PDEs literature in this kind of systems [22], which is a typical example
how the two fields, Partial Differential Fquations and Stochastic Analysis
touches.

So we are going to make new assumptions:

Assumption B-1.3

1) f ,g, o are smooth functions with bounded first derivatives by a new
constant L

2) o =o(t,z,y) independent of the z—variable

3) Jv:[0,00[— [0,00][, and g > 0 such that

V(t,z,y,2) €0, T] x R x R* x RF¥d

v(ly DI <ot z,y)o’ (t,z,y) < pl

| f(t,2,0,0) | + | h(t,2,0,0) |< p

Ja €]0,1[: hbounded in C**(R?) (1.3.19)

Note that C?T*(R?) is a Holder Space of order 2 + . For more infor-
mation about Holder Spaces see [13] and its references about the subject.
We remark that this technical assumptions are needed to use the following
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result, that can be found in [22]. We do not specify the exact smoothness
recquired, being the meaning of smooth that we have the existence of the
partial derivatives needed to our arguments.

o is independent of z so, (1.3.6) is trivially uniquely solvable for z. So, (1.3.1)
turns:

t t
Xt:§+/f(87X57Y;aZs)ds+/O'(S,XS,}/S)dBS
0 0

T T
}Q:h(XT)+/ g(s,XS,YS,ZS)dS—/ Z,dBs

t t
VO<t<T, VI >0

(1.3.20)

and (1.3.7) takes the form:

p d
out 1 T Gl
o 3 > (o0 )i»j(t>$’u(t’x))a$iaxj+

ij=1
< flt,z,u(t,x), z(t, z,u(t, z), Vyu(t,x))), Voult,z) > +
gtz u(t,n), 2(t, z,u(t,z), Voult,z))) =0 ;
0<t<T,zeR 1=1,..k

\u(T,z) = h(z), z € R?

(1.3.21)

We are going to use the following result that can be found in [22].

Lemma 1.3.1. Consider the following terminal boundary value problem :

(ol 1 < 0%
a5 T3 > aist, “”’“(“’))axiaxﬁ

ij=1
< flt,z,u(t,x), z(t, z,u(t, x), Vou(t,x))), Veou(t,z) > +
gtz ut,z), 2(t, z,u(t, ), Vou(t,x))) =0 ;
0<t<T,zcR? I=1,..k

(u(T,z) = h(z), z € B(O,R) ,R>0

Suppose a; j, fi, g1, for each i,5 =1,...,d;l =1, ...,k are smooth and z is the
function determined by Step 1, which is clearly smooth, where :

a;j(t,x,y) = 0(t,,y)o" (t,2,y)
Suppose also ¥ (t,x,y) € [0,T] x R x R*, p € RF*d

(1.3.22)
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v(ly DI < (aiz) < plly DI (1.3.23)

| f(t, 2y, 2tz y,p) < p(ly )+ | p]) (1.3.24)

aam-

Yy

80@"
| Lt x,y,p)| + | (t,x,y,p) <p(yl|),Vi=1,..,d,r=1,..,k

8xl
(1.3.25)

and for some continuous functions p, v positive

[ty 2ty ) [ ey )+ Ppl Ty DIA+p?)
whereP(| p|,|y|) — 0 as | p|— oo and £(| y |) small enough (1.3.26)

k

> gty 2ty p))w = —L(+ |y ) (1.3.27)
=1

and

for some constant L > 0.
Suppose also h € C***(R%) bounded, for some « €]0, 1[.
Then (1.3.22) admits a unique classical solution in C}([0, 7] x R%)

Now, this technicall lemma, which asserts existence and uniqueness of
a classical solution of (1.3.22) can be used to help us to prove the existence
and uniqueness of classical solution for the system (1.3.21) and under the
assumptions (B-1.3) which determines the possibility to follow the Four Step
Scheme Methodology, we conclude existence and uniqueness of solution for
the FBSDE (1.3.1).
Just a little remark about the regularity of the solution:
If h € C***(R¥), bounded, for some o €]0,1[, the solution of the system
(1.3.22) and its partial derivatives are all bounded uniformly in R > 0 (this
is a technical regularity result of parabolic quasilinear PDEs regularity the-
ory, since only the interior Schauder estimate is used). See [22| for more
details.

Theorem 1.3.2. Solvability of the Four Step Scheme and Existence
and Uniqueness of solution for FBSDE

If the assumptions (A.1.3) (B.1.3) are in force, (1.3.21) admits a unique
classical solution u(t,z) € Cp*([0, T)xRY). Consequently the FBSDE (1.3.1)

has a unique solution.
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Proof. We just have to check that the technical conditions recquired in the
previous lemma are verified. o does not depend on z (A.1.3), so the function
z(t,z,y,p) determined by (1.3.6) satisfies

[ 2(ta,y,p) IS C I p| V(tay,p) € 0,T) x R x BRY x R (1.3.28)

(1.3.23) and (1.3.25) follows from the assumptions.

(1.3.24) follows from (B.1.3-1); (1.3.26) and (1.3.27) follows from (B.1.3-1)
and (B.1.3-3).

Using the lemma (1.3.1) there exists a unique bounded solution u(¢, z, R) of
(1.3.22) for which u, %%, g—;, ax?ng are bounded uniformly in | z |= R for each
i j=1,...d

With a diagonalization argument, there exists a subsequence u(t, x, R) which
converges to u(t,z) as | R |— oo. So u(t,x) will be, by construction, a clas-
sical solution of (1.3.21) and 2%, V,u, V,,u as well u(t, z) itself are bounded,
which proves the existence and uniqueness of solution in C,*([0, T] x RY) for
(1.3.18).

The uniqueness of solution follows from a standarb application of Gronwall
Inequality, which can be used with our regularity assumptions.

With this, we conclude the realization of the Four Step Scheme and conse-
quently the existence and uniqueness of solution for (1.3.1). O

Remark:

In this section we were conducted to a methodology which can be very
useful for numerical analysis of FBSDEs, and that determines a unique so-
lution for FBSDE problem (1.3.1), but the restrictive assumptions imposed
on the coefficients are not optimal to assure existence and uniqueness for our
main problem (E). We can relax the conditions recquired for the coefficients
f,9,h,o. That will be discussed in the next section. The counterpart of this
relaxation on the assumptions is the existence of solution not in global time,
but only in a small time duration. The highlight of this chapter will be the
combination of the Four Step Scheme Methodology and the main result of
the following section in section five (which can be found with more detail in
Delarue™s work [8]), in order to conclude existence and uniqueness of solution
for the problem (E) in global time.
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1.4 A result of existence and uniqueness for
FBSDEs in a small time duration under
classical assumptions

We are going to revisit our main problem:

t t
X, :§+/ f(s, X, Ys, Zs) ds+/a(s,Xs,Y;)st
0 0

T T
Yt:h(XTH/ g(s,Xs,Ys,Zs)ds—/ Z,dBs
t t
VO<t<T, YT >0
(1.4.1)

where

f:00,T] x RY x R* x RF>d — R4

g:[0,T] x R x RF x R¥*d — RF

o:[0,7] x R* x R¥ — Rxd

h:RF — RF

are measurable functions with the respective borelian o algebras. Our main
goal is to establish, with classical assumptions (Lipschitz monotone coeffi-
cients) under a Fixed Point Argument, a result of Existence and Uniqueness
in local time ( a enough small time duration 7" > 0)- theorem 1.4.1.

In the next section we extend this result to a global one, in time, by means
of a running down induction in time, which crucial point will be the control
of the lenght of the interval at which the theorem 1.4.1 asserts existence
and uniqueness of solution for (1.4.1).

In order to establish our result we make the following set of assumptions:

Assumption A.1.4
AL,A>0,Vte[0,T)],V (z,y,2),(T,7,2) € R x RF x Rk

f(t,l’,y,Z) _f(tvxvy72) |S L(| y_g| + | Z_ZD
g(t,x,y,z) _g(tE?yvz) |§ L(| CL‘_f| + | 2_§|)
hz) = h(z) |[< Lz -7 )

O-(tvx7y) _U(t>f7y) |2S L2<| rT—T |2 + | y—vy ’2)

af(taxyyaz)_f(tafayaz) >§L|ZE—E|2
,f(t,m,y,z)—f(t,x,@,z) >§L|ZL‘—T‘2
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| St 2,y 2) [S AQ+ e [+ [y [+ 2])
[ g(t, 2, y,2) [SAQ+ [z [+ [y [+]2])
| h(z) |[< A1+ | 2 )

u f(tu,y,z2)
v = g(t,x,v, z) are continuous mappings (1.4.2)

Theorem 1.4.1. Existence and Uniqueness in small time duration
Assuming f,g,h,o following the set of assumptions (A.1.4), for every ran-
dom d-vector & Fo measurable with finite second moment, every solution
(X4, Yi, Zi)o<i<r of the problem (1.4.1) satisfies:

i) (Xt)o<t<r and (Yy)o<i<r are continuous.

i) E( sup | X, P+ sup |V ]*) <o

0<t<T 0<t<T

Moreover, there exists C' > 0 depending only on L such that for e-
very T < C, for every random d-vector & Fy measurable with finite second
moment, (1.4.2) admits a unique solution.

Proof. We are going to construct the map:
O : SZ(RY) x SZ(RF) x HA(RF*4) — S2Z(RY) x S2(RF) x HA(Rk*4)

(Xt,Yt, Zt)0<t<T — (Xt, Yt, Zt>0<t<T , where VO <t <T
X, - 5+/ £(s XS,YS,Z>ds+/ o(s, X, Y.)dBs
0

T T
Yt:h(XT)+/ g(s,Xs,Ys,Zs)ds—/ 7 ,dBs
t t

T
E/ | Z, |> dBs < o0
L Jo

(X¢)o<t<r is a solution of the forward equation, and the couple
(Vt, Zt)ogth is actually built as a solution of the backward equation.
By the standarb theory of SDEs, under our assumptions, there exists a unique
solution for the forward equation, denoted (Yt)ogtgv.
By the previous study on BSDEs in the section 2, under our assumptions,
there exists an unique solution of the backward equation, denoted (?t, 7,:)0§th
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(see theorem (1.2.1) .

So, the map O is well defined.

Our strategy to assure existence and uniqueness of solution for the prob-
lem (1.4.1) is to prove © is a contraction in the Banach Space M[0,7T] =
SZ(R?) x SZ(R*) x HZ(R**?) and use the well-known Banach's Fized Point
Theorem.

Suppose first T < 1.

Consider (X1, Y;, Zt)o<t<r and (U, Vi, Wi)o<t<r € M0, T] and
(X0, Y, Zo)oier = O(X4, Ve, Zy)o<i<r

(Utvvta Wt)OStST = G(Uta ‘/;57 M/t)UStST

We want to see that exists D < 1 such that

| (Xe. Y, Z)=(Us, Vi, Wodoeer [uom < D I (X, Yoo Z0) = (U Vi, W) [aggo.ny
Using the hypothesis (A.1.4) and Itd s Formula, and taking expectations,

there exists D = D(L) such that
T

ESUPIYt—UtFSD{E/ ’78_U5|(|78_US’+|Y;_‘/;|
0

0<t<T
T — —
ﬂsznuﬁ+p/|&—UgM¢n—um}+
0

T
2E sup / <X,—-U, (0(s,X,,Ys) —0o(s,Us, V,))dBs >
0

0<t<T

By Burkholder-Davis-Gundy Inequality [19] and modifying D > 0 even-
tually but only depending on L:

T
E sup |X-Tif < D{E [ |X.~T.| (1K~ V.| +] Y.~ V|
0

0<t<T
T
+’ZS_W3‘)dS+E/ ’75_U5’2+’n_%’2d8+
0
r__ . 1/2
E(/IX%—MF(M&—Uﬁﬁwn—mng }s
0
SDTl/Q(]E sup |YS_US |2 +E sup |YS_‘/;|2+

0<t<T 0<t<T

T
+E/\&—MF®)
0
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So, modifying D > 0 eventually

(1-DTY?)E sup | X, — U, |’< DTY?E sup | Y, -V, |* +

0<t<T 0<t<T

T
+ E / | Zy — W, |* ds (1.4.3)
0

Using It6 “s Formula, V¢ € [0, 7]

T
y?t—vtm/ 7.~ W, [2ds =
_ t

T
7 (UT) K +2/ < YS—VS,g(s,XS,YS,Zg)—g(S,US,VS W) > ds
t

(Zy—W,)dBs > (1.4.4)

\

Using the estimate
T _ o 1/2
E(/ Vo=V P Z - W, Pds) <
0

T
]E< sup | Y, -V, |2+/ | Zy — W ]2ds> < 00
0<t<T 0
and Burholder-Davis-Gundy Inequality we see that

Vtel0,T] ]E/T <Y,~V,(Z;—W,)dBs >=0
0
So, using (A.1.4) there exists D; only depending on L > 0 such that
E/T|Z—Ws 2 ds <
Sgl[E|7T_UT ? +

T
E/ Ve m Vo | (| X m T | 4| Ve m Vo | 4 | Za — T, )ds
0

Modifying D; eventually :
T

B[ 17 W ds<
0

SDI[(l—l—T)E sup |78—US |2 +TE sup |?8—75 |2] +

0<t<T 0<t<T
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| Y A —
+—E/ | Z,— W, [*ds
2 0

Modifying D; if necessary:

T
]E/ | Z, — W, \stng((1+T)E sup | X, —U, |* +
0

0<s<T

YTE sup |V, -V, |2) (1.4.5)

0<s<T

By (1.4.4) and still using Burkholder-Davis-Gundy there exists Dy > 0 only
depending on L such that:

Esup |Y,=Vi[P<DyE|Yr—Vr [P+
0<t<T

T _ 1/2
+IE(/ |Y5—V5|2|Z5—W5|2ds> +
0

T
+E/ V-V | (1K= T |+ | Vo= Vo | + | Zo — T, )ds
0
Using (1.4.5) and modifying D, eventually:

E sup |?t—7t |2§ D2|:(1+T)E sup |7t—Ut |2—|—

0<t<T 0<t<T
_ _ 1 _ _
CTE suw |Y, -V, 12} +ZE sup | Y-V, |?
0<t<T 2 o<i<r

Modifying D, if necessary we get:

(1- D;T)E sup | Y, =V, |*’< Do(1+T)E sup | X, — U, |* (1.4.6)

0<t<T 0<t<T

Using (1.4.3), (1.4.5) and (1.4.6) we obtain:
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(1- DTY?)E sup | X, — U, |°’< DT/? (E sup | Y=V, |*+

0<t<T 0<t<T

T — —
E/|wanﬁ@)04m
0

T
E/ ’73—W3|2dS§D2|:<1+T)E sup | X; — U, |> +TE sup |?t—7t|2]
0 0<t<T 0<t<T

(1.4.8)
So there exists C' > 0 only depending on L such that V 7' < C' and D*
only depending on L such that:

T
E sup | X, — U, |* +E sup |?t—7t|2+E/ | Z,— W, [*ds <
0

0<t<T 0<t<T

T
gD%Eam]K—%P+E/\ZNW%P®>O4%
0

0<t<T

which proves that © is a contraction in the Banach Space M0, 7.
Using Banach's Fized Point Theorem, for T < C' there exists an unique
{Fi}o<t<r adapted solution to the problem (1.4.1) ( ©(Xy, Yy, Zt)o<t<r =
(X4, Y:, Zt)o<t<r) - The property i) follows by the assumptions (A.1.4) on

the coefficients of the system and from the fact (X3, Y:, Zi)o<i<r € M0, T].
The property ii) follows by standarb inequalities and from the Burkholder-
Davis-Gundy s Inequalities , like the estimates we have done before. O

Remark

Theorem (1.4.1) says that for every z € RV T' < C, the problem

(

t t
Xt::E—i—/f(s,Xs,}/;,Zs)ds+/U(S,XS,YS)st
0 0
T T
Yt:h(XT)—i-/ g(s,XS,Y;,ZS)ds—/ Z.dBs
t t

T

E/ | X P4+ Y P+ Z ) dt
0

|VO<t<T, z €RY VT >0

admits a unique {F;}o<t<r adapted solution (X, Y, Zt)o<t<r. So, in
particular, Y is a Fy measurable random vector, by application of Blumen-
thal*s 0-1 Law (see reference [19]) , therefore deterministic.
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Theorem 1.4.2. Main estimate

If we are in the conditions of the assumption (A.1.4), there exists 0 < C* < C
only depending on L such that for every T < C* and for every (f,g,h,7) sa-
tisfying (A.1.4) with the same constants L, A as (f, g, h,o), for every A € Fy,
and for every & : @ — R? measurable with finite second moment, we have the
following estimate:

T
El, sup fyt—Xt|2—|—E1A sup |7t—Yt]2—|—E/ 14| Zs— Z, ]2ds§
0

0<t<T 0<t<T

gF[E1A|§—E|2 +E 14 | h(X7r) — h(X7) > +

B[ walo=aF+E([ 140 £~ F1+]9-70ds)](1410)

where I' only depends on L and where (X, Ys, Zs)o<s<r and
(73,73,75)0§55T stand for the solutions of the respective problems
associated to the coefficients (f,g,h,o) and (f,g,h,7) and with initial
conditions (0,€) and (0,&).

Proof. With the notations of the statement, using [t6"s Formula, omitting
the arguments of the functions when there is no danger of confusion.

T
Els sup | X;— X, |2§]E1A]§—Z]2+E/ la|o—7 | ds+
0

0<t<T

t
2FE sup/ la<X,— X, f—f>ds+
0

0<t<T

t
+2FE sup/ la<X,—X,,(@—0)dBs >
0

0<t<T

Using Burkholder-Davis-Gundy s Inequalitiesjﬂ there exists v > 0 such that:

El, sup | X, — X, |2§]E1A|§—E|2+E/ la|o—7[*ds+
0

0<t<T
t

2 E sup/ ly<X,—X,, f—f>ds+
0<t<T Jo

t _ 1/2
+27E</ L | X=X, Pl7—o [ ds)
0

Modifying ~ if necessary, it follows that
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Ela sup | X, — X, |’<
0<t<T

T
< {1 ¢ -EP +E / 141505, X0 V) = o(s, X, Vo) 2 ds +
0

t
+ E sup (/ 1y < Xs— X, (5, X5, Y, Zs) — f(5, X, Y5, Z5) > ds) +
0

0<T<T

+E(/0T1A!7—f!ds)2}

Using the assumptions (A.1.4) about Lipschitz continuity on the
coefficients, , there exists a different v > 0 eventually such that:

E 14 sup | X, — X, |’<
0<t<T

T
sv{ElA\s—£\2+E/ La(| X = X, P+ | Y = Yo [P)ds +
0
T
H@/ LA | K — X || 7 — Zo | ds +
0

]E/OTlA(]E—a 2 ds+E</T1A F—f] ds)z} (1.4.11)

0

For every 0 <t <T
T

Ely|Y;: - Y ? +IE/ la| Zy—Zs|?ds =El, | h(X7) — h(X7) |?
0

T
+2E/ 14 < V= a5, Ko, Vo, Z2) — g5, Xa, Yo Z2) > ds
t

Once again, using Burkholder-Davis-Gundy s Inequalities there exists
~1 such that:

]E(lA sup |7t—Yt|2>§
0<t<T
_ 1/2

T
< Ely | h(X1) — h(Xz) [ +71E</ LY, =Y, P12~ Z, )
0

T
28 (s [l < V- Vg RV - gl XY Z) > ds)
t

0<t<T

(1.4.12)
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Modifying 7, eventually, with routine estimates as done before, we get:

T
]E(lA sup |?t—Yt|2)+IE(/ 1A|Zs—7s]2ds>§
0

0<t<T

T
< 94! []ElA ’ E(YT) _h<XT) |2 +E< sup / 1A < ?s _Y:eag(saysa?sazs) -
t

0<t<T
T 2

(s, X, Yo, Z4) >ds> +E(/ 1alg—9| ds> ]
0

Using (1.4.11), and the assumptions (A.1.4) modifying ~; eventually:

T
Els sup | X, —X; |2+E<1A sup |7t—Y;|2>+E(/ 14| Zy—Z, |* ds
0<t<T 0<t<T 0
T
S%[E1A|£—€!2+E1A|h(7T)—h(XT)\2+E/ La| X, = X, [ ds
T B 0
HE:/ 14|Y,—Y, *ds
0 T B )
CE( [ 0771+ 15— g1ds)
7
+E/ 1A|E—O'|2d5
0

T
HE:/ | Ze—Zy | (| Y=Y |+ | Xs— X, | ds| (1.4.13)
0

So, there exist C* and I' such that for every T' < C*:

T
Ely sup | X;— X, \2+E<1A sup \?t—Y}|2>+]E(/ la| Zs—Z, |*ds
0

0<t<T 0<t<T

T
<T|E1s €€ +E14 | B(Xr) - A(X7) | +E/ Lalog—o[*ds
0

I E (/OTlA(! f=fl+lg—y |)ds)2] (1.4.14)

Corollary 1.4.1. Dependence upon the initial conditions
Suppose we have the assumption (A.1.4).
For every T < C*, for every t € [0,T] and for every F; measurable random
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vector with finite second moment, we can define the process (X5, Y14, Z88) oo
as the unique solution of the problem:

Xt:£+/ f(S,Xs,YS,ZS)ds—i-/ o(s, X, Ys)dBs
t t

T T
Yt:h(XT)qL/ g(s,XS,YS,ZS)ds—/ Z,dBs
Vi<s<T, VT >0

(1.4.15)

extended to the whole interval [0, T] if £ = x a.s P putting for 0 < s < ¢:

Xbe =g
Y?x — }/?,{L’
Zb* =0 (1.4.16)
Then the following properties are satisfied:

There exists a constant C; depending on L, A such that V(¢,z) € [0, T] x R? :

T
E sup | X5 | +E sup | Y/ |? +E/ | Z57 2 ds < CL(1+ | = |?)
0<s<T 0<s<T ¢
(1.4.17)

There exists I'; > 0 only depending on L, A such that for every (¢, x), (t1,21) €
[0,T] x R%:

T
E sup | X0P—X™ 24K sup | YT—Y0™ P +E ZL"— 7™ 1P ds
p S S S S S S
t

0<s<T 0<s<T

<T|a—a [P +0 (14 |2 2) |t -t | (1.4.18)
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Proof. Let us assume T' < C*. We want to prove (1.4.17). Note by Blumen-
thal*s 0-1 Law for every (t,z) € [0,T] x R? (Y%)g<.<; is actually reduced to
a deterministic vector, and we have that (X Y& Z08),- o7 is solution of:

Xt =+ / 1[t,T] (T)f(’l“, Xra Y;"a Zr) dr + / 1[t,T] (T)U(O7 Xry Y;“) dBr
0 0

T T
Y; = h(X7) —i—/ Lyr(r)g(r, X,,Y;, Z,) dr—/ Z,dBs
Vo<s<T

(1.4.19)

Note that (17 f, 1,9, 110, h) and (0,0, 0,0) satisfy the assumption
(A.1.4), the theorem 1.4.2 gives by the main estimate the property (1.4.17).
Again, we just have to observe that (1 1f, 1419, 10, h) and
(L, 11f5 Lty 119, Lt o, h) satisfy the assumption (A.1.4) and we can use
again the main estimate- theorem 1.4.2 to conclude the property (1.4.18).

O

Corollary 1.4.2. Functional Dependence of the solutions

Suppose the hypothesis (A.1.4) in force and the notations of the previous
result. For each T' < C* the map:

w: [0,T] x R = RF(t,z) — Y;"" satisfies:

| u(t,z) P< Ci(1+ | = |?) (1.4.20)
| u(t,z) —u(ty,z)) P<T|o—z P+00(0+ |2 P |t -t ] (1.4.21)

and for every & F; measurable with finite second moment, there exists a P
null set Nf)g € Fy such that:

Vs € [t,T]V w @ NS Y = u(s, XH4(w)). (1.4.22)

Proof. fwe consider (t,z) € [0,T] x R, from the remark after the theorem
1.4.1, the vector Y,"* is deterministic, so u is well defined.
(1.4.20) and (1.4.21) follow easily from (1.4.17) and (1.4.18). Let us prove
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(1.4.22).
If € is a F; measurable d-valued random vector with finite second moment,
theorem 1.4.2 (main estimate) shows that for each ¢ > 0:

Eli_gjce | YA =YE" P<TELg_gj<e | € — 2 |

Using the Lispchitz property (1.4.21):

E Ljgaee(| ut, &) = Y ) <

2 [P aall €~ 2 )+ Elgeel| u(t.€) — ut.2) )]
CUE el €~ 2 )

So for each n € N :

4
Z E1‘5*%|oo<1/n(‘ U(t,g) - Y;ft’é ‘2) < E FE(l k )

kezd [€——]oo<1/n
n

We deduce for any n € N that :

d+2

2
tvé‘ 2
E [u(t,§) -, |§7F

So, in particular
Y0 = u(t, €) as P. (1.4.23)

Moreover, for each w € [s,T] , (X5&, Y16 Z88) <7 is the solution for the
problem:

Xp=XS4+ [ f(r, X, Y., Z,) dr—i—/ o(r, X,,Y,)dBr

T
Y, = h(Xr) +/ g(r. X, Y, Z,) / Z.dBr

w

Vs<w<T
(1.4.24)
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(1.4.23) implies that Y,/ = u(w, X5¢) a.s P.

The continuity of u and of the trajectories of the processes (X¢);< <7
, (Y1) cscr show that a.s P Vs € [t,T] Y€ = u(s, X1¢)
O

Proposition 1.4.1. u depends only on f,g,h,o and T.

Proof. This is a technical result, and the scheme used for the proof is the
one developed by Yamada and Watanabe to prove that pathwise uniqueness
of SDEs solutions implies uniqueness in the sense of the probability law. See
details in Delarue™s paper [8] using Roger and Williams presentation of the
fact we mentioned in [34]. O

Corollary 1.4.3. Dependence upon the coefficients

If we assume the hypothesis (A.1.4) and T' < C*, keeping the notations
of corollary 1.4.2, let (fn, gn.0n, hn)nen be a sequence satisfying (A.1.4)
with respect to the same constants L, \ as (f,g,0,h) and such that:
Vaet € [0,T]V(z,y,2) € RY x RF x RF*d
(fs Gns Ony b)) (t, 2y, 2) — (f,9,0,h)(t, z,y,2) as n — o0
If for every € Fy measurable with finite second moment, (X;"*¢, "% Z10%)

stands for the solution of:
t t
Xy =&+ / fuls, X5, Y5, Zs)ds + / on(s, X, Y,)dBs
0 0

T T
Y = ho(Xr) + / (s, X, Yo, Z,) ds — / Z.dBs
t S
Vo<t<T

(1.4.25)

then when n — oo

T
E sup | X®06— X% |2 4 sup | Y04y 2¢ |2 4R / | 20879 |2 ds — 0
0<s<T 0<s<T t
(1.4.26)

In particular, as
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n — 00, u, — u (1.4.27)

uniformly on every compact set of [0, 7] x R¢, where u,, stands for the map
associated by means of corollary 1.4.22 to the coefficients (f,,, gn, Tn, hn)-

Proof. Using the main estimate in theorem 1.4.2 as well Lebesgue’s Do-
minated Convergence Theorem, we prove (1.4.26). In particular the point-
wise convergence of u, to u.

(1.4.26) shows that the maps (u,) are equicontinuous on every compact set
of [0, T] x R. Using Arzela-Ascoli Theorem (see for example [20]), the con-
vergence is uniform on every compact set of [0, 7] x R%. O

1.5 A global time result of existence and unique-
ness for FBSDEs

In the last section we proved the main result of existence and uniqueness of
solution for the problem (E):

Xs:§+/ f(r,XT,Y},ZT)dr—i—/ o(r, X, Y.) dBr
t t

T T
YS:h(XT)—k/ g(T,XT,YT,ZT)dr—/ Z,.dBr
Vi<s<T, VT >0

(1.5.1)

where T'=10

But our proof, based in a fixed point argument, stands the result for a
small 7', depending on the size of the Lipschitz constant L > 0 as we have
seen in the theorem 1.4.1 . One of the key results of the last section was
corollary 1.4.2; specially concerning the property (1.4.22)

But in order to get existence and uniqueness of solution for the system (E)
in all [0, 7], with T" > 0 stated initially , we will make use of the functional
relation between (X1 Y1%)c,cr, Y14 (w) = u(s, X1)(w) .

If the coefficients f, g, o, h are sufficiently regular, we know by the study
presented in the third section of this chapter - Four Step Sheme of Ma-
Yong (|24], [25]) that the solutions of (E) are really connected by means of
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u with the quasilinear parabolic system of PDEs:

'a L1 d %!
l
Z Ffilt, 2, u(t, z), Vau(t, 2)o(t, 7, u(t, ))) azf

i=1
+g!(t, v, u(t, z), Vou(t, )o(t, z, u(t,z))) = 0
tel0,T) z€R 1=1,..k

u(T,z) = h(z) v € R?

(1.5.2)

With a; ; = oo”.

Assuming the non-degeneracy of the diffusion coefficient of the forward equa-
tion and with strong regularity assumptions on the coefficients, the Four Step
Scheme proves that (E) admits an unique solution, with the wise use of La-
dyzhenskaja's results of deterministic parabolic quasilinear PDE [22].
Another link between (E) and (1.5.2) is that under appropriate assumptions,
eventually with o degenerate, the solution of (E) provides a viscosity solution
to the problem (1.5.2) (see the works of Pardoux-Tang [29]), as we are going
to present in the last chapter of this work.

So, it is our intention to show that the local result of existence and uniqueness
of solution for (E) and the functional dependence between (X5 Y1), <p
can be extended, with a tecnhique of running-down induction on time. Based
on the work of Ma-Yong [24], and using some estimates of the gradient of solu-
tions of quasilinear parabolic systems of PDEs presented in Ladyzhenskaja's
work [22], Delarue [8] proved under appropriate assumptions (non-degeneracy
of o and boundedness of the coefficients as functions of x) a global result of
existence and uniqueness for (E).

We need a new set of assumptions on the coefficients:

Assumptions A.1.5

We assume that f, g, h, o satisfy (A.1.4) and also there exists Ly, A, A >
0 such that V¢ € [0,7] V (z,y, 2), (x1,y1, 21) € R? x RF:

’ O'(t,l‘,y) - U(t=x17y1> |2S L1(| r— 2 |2 + | Yy—u1 |2)
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<€alt,z,y,2) >>| €| VEER?
where a(t,z,y) = oo’ (t,z,y).

o is continuous on its definition set . (1.5.3)

Lemma 1.5.1. Assume f,G,a,h are bounded C> with bounded derivatives
and satisfying the hypothesis (A.1.4) and (A.1.5) with respect to the constants
L,Li,A, ). Setting a = oo, the following system of PDEs:

0 41 zd: ai i(t,z, u(t, 7)) Ol +zd:f»(t 2, ult, x), Voult, 2)o(t, z, ut x)))a“l+
at 2 1,7 ) b ) axlax] (] ) b ) b X ) b ) b 8$Z

ij=1 i=1
+g'(t, z,u(t, x), Vou(t,x)o(t, x,u(t,xz))) = 0
V(t,z) € [0,T) x REVI=1,....k
|V z € R? u(t, z) = h(z)

(1.5.4)

admits a unique solution u € Cp*([0,T] x R%).

In addition there exists a constant x only depending on A, T and two
constants k1, ko > 0 only depending on L, Ly, A, d, k, T such that :

sup | u(t,x) |[< k (1.5.5)
(t,2)€[0,T]x R4

sup | Vou(t,z) |< Ky (1.5.6)
(t,z)€[0,T]x R4

Vit € REVe € RY | ulty, o) —ult,x) |[< Ky |t —ty V2 (1.5.7)

Vt € [0,T] and for every F; measurable d-valued random vector ¢ with
finite second moment, the SDE:
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X, =¢ +/ flr, X, Yo u(r, X)), Vou(r, X, )o(r, X, u(r, X,.)))dr
¢

+ / o(r, Xp,u(r,X,))dBr Vt<s<T
t
(1.5.8)

admits a unique solution, denoted by (X¢),<;<r and the process
(X8 YIS Z88) ior given by:

Vi€ = u(s, X1E) (1.5.9)
Zﬁ’é = Vu(s, Xs)o(s, X, u(s, X;)) -

satisfies the FBSDE associated with (f, g,0,h) and to the initial condition
(t,€).

Proof. The proof of this crucial and vital lemma is due to Ma-Yong work
[24] and to Ladyzhenskaja's result (lemma 1.3.1) ( see [22] for more infor-
mation) and to theorem 1.3.2.

Delarue delivers a probabilistic proof of (1.5.4), proving the bounds (1.5.5)
(1.5.6) and (1.5.7) probabilistically too in [8]. The probabilistic proof of
existence and uniqueness of solution of (1.5.4) uses more sofisticated tools
of Stochastic Analysis that we avoid here, such as the notion of Malliavin
Derivative on the Wiener Space ( see [26] for a good introduction to the
subject). O

Proposition 1.5.1. Approximation

Under the hypothesis (A.1.5) , there exists a sequence of C™ functions
(frs Gns Ony b )nen satisfying (A.1.5) for every n € N with respect to the
constants L + 4\, 2/, % such that:

(fo, Gns Onshn) = (f,9,0,h) asn — +o0

a.e t € [0,T] and for every (x,y,z) € R%.

Moreover , letting a,, = 0,0 for every n € N, the following system of PDEs:
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ol 1< 0%l
noy - (t t n
ot 22,;(“")”( (b 2)) g gt
d , oul
Z(fn)i(t,x,un(t,a:'),Vmun(t,a:)an(t,x,un(t,x))) a;%—
i=1 ¢

+gb (t, 2, un(t, @), Vo, (t, )0, (8, 2, u,(t, 1)) =0
V(t,z) € [0,T] x REVI=1,..,k
\w(T,x) =h(x) V z € R?

(1.5.10)

admits a unique bounded solution u, € C;*([0,T] x RY). In addition, there
exists a constant x only depending on A, T and two constants k1, ke > 0 only
depending on L, L{,A,d, k,T such that , for all n € N

sup | un(t, ) |[< K
(t,2)€[0,T]xRd (1.5.11)
sup | V.,u (t,:L’) |§ K1
(t,z)€[0,T] xR e (1.5.12)

Vit € ROV € RY | uy(ty, @) — un(t, @) |< ko | t —ty |/2 (1.5.13)

Proof. For details see Delarue [8].
This is a technical proof with the classical analytical approximation proce-

dure. In order to do it, we introduce the following objects:
i) (pn), (PL), (p2), (p2) four mollifiers on R, RY, R¥ R**4 respectively defined

pn(.) = cnd(n | . )
pu(s) = cpp(n® | . |)
pa(.) = cap(n® | . ])
pa() = cip(n*> . )

where ¢(z) =e ° =1 1, (z) Vo €R

and ¢, ¢y, ¢9, c3 are fours constants of normalization.
ii) VN € N, Vr > 0 we define the following map:
N T g
" rV | x|

which is 1-Lipschitz and satisfies for each x € RY
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| N (x )|<r/\|a:|andforeveryr>Oset

1 d 2 _ _k _ _kxd
T, =T8T =T, 7' =T
Let also

. Rt - R*

X = 1[0,T](I) + -
every t e R0 <m,.(z) <1
iii) We extend the functions (f, g, o) to R x R? x R¥ x R**4 putting for every
(z,y,2) € R x R x RF x Rkxd
(f,g,a)(t,x,y,z) = (f7g70')(0,1‘7y72) ift <0
(900t 2,9, 2) = (f,g.0)(To,9,2) if t > T
iv) For each n € N we denote w,the modulus of continuity of ¢ on the com-
pact set [0,T] x {x e R :| z |<n} x {y e R*:| y |< n}

So for every n € N there exists integers p,, > 2 such that:

1jp,2,(z)which is + - Lipschitz and satisfies for

4 A
sup | o(t,z,y) | wn(—) < — where (pp)nen is chosen strictly
jz|<n|y|<n P 2n

increasing and growing up to oo.

) For every n € N we define:

(4., 2 / F(t=s, 2=, 72(y—0), 7 (z—10))pp ()01 (w)p2, ()2, (w)dsdududu
gn(t,2,y,2) = / Tl y=v g(t—s,2—u,y—v, 7. (z=w)py, (5)py, (u)p}, (w)dsdudvdw

rult,.2) = [ olt = .7 — w72y — 0)py, (5)6}, ()9}, (0)dsdude
It can be proved that under this construction, we are in the conditions to

apply the result of the lemma 1.5.1 to conclude the result.
O

In what follows we keep the notations: K = max(Ly, L +4, A, k1) and
~v = C« that works in theorem 1.4.2 for the constants above.

Corollary 1.5.1. Assuming (A.1.5), under the latter notations, there exists
an integer N > 0 given by N = [%—1—1], and N + 1 real numbers (t;)o<i<n,

defined as follows:
to=0, T, =T — (N —i)y ty =T,tn_1 =T — 2v,...) such that for every
n € Ny and for each 0 < i < N, for every t € [t;,t;11] and for every F,
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measurable random d -vector & with finite second moment, the problem:

Xt:§+/ fn(r,XT,YT,ZT)dT%—/ on(r, X, Y,)dBr
t t

tit1 tit1
Y;ﬁ == un(ti—i—la Xti+1) + / gn(ra er Y;"a Zr) d?" - / ZrdBr

Vi < s <ti,

(1.5.14)

admits a unique solution in Mt;, ;1]

(Xptas ymbil Zmntis), .., that satisfies a.s P
}/;nvt7i1€ — un(S’ X;l7tvl7§)

Z;l’t’i{ = qun(sv X;l’t7i7§)o—n(57 X;L,tﬂf’ Y;n,t,ig) <1515>

| ZM < Ty
where I'y depends on L, L1, A, d, k,T.

Proof. We only give the idea of the proof.

FixneN,¢1=0,...N—-1,te [tiati—l—l] and

& F; measurable with second order moment finite, due to lemma 1.5.1, with

u replaced by u,, and o by 7,, we can associate ton € N, (X™h¢ ymbe Z7mis),
satisfying both (1.5.9) and (1.5.14).

Using the result of existence and uniqueness of solution for small time duration-
theorem 1.4.1 | from our choice of v we see that this solution is unique.
From (1.5.11), (1.5.12), (A.1.5) we conclude the property (1.5.15) and the
proof is complete. ]

Proposition 1.5.2. Under the assumption (A.1.5) and keeping the nota-
tions of the proposition 1.5.1 there exists a map u : [0, T] x R? — R¥ such
that:

Uy — U

uniformly on every compact set of [0,T] x R as n — 00(1.5.16)

V (t,z) € [0,T] x R? |u(t,z) |< &k (1.5.17)

V (t, 1), (t1,21) €0, T] x R? | w(ty, z1) —u(t,z) |< ky |2 — 21 | +Ro | t—11 |
(1.5.18)
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Vo € R u(T,x) = h(x) (1.5.19)

Vi=0,..,N —1Vt € [t;,t;11] VF; measurable random d- vector £ with
finite second order moment, the problem:

stf—'—/ f(reraYer)dr—’—/ O-(TmeYT)dBT
t t

tit1 tit1
)/5 - u(ti+17Xti+1) +/ g(T, XT’7}/7"7Z7‘) dr — ZrdBT (1520)
Vi<s <t
admits a unique solution (Xévivf7 Ystziafj Zﬁ’i’g)tgsgti“ that satisfies:

IP’(VS € [t ti] Yt = u(s,xgif)) — 1 and
P& ,u((w, §) € QX [t i) o] ZHE(w) |> rl) —0

( ® means the product of the two measures)

Proof. We build the map u using a running-time down induction. Thanks to
the theorem 1.4.1 we show that for every ¢ € [ty_1,T[ and for every £ F;
measurable with finite second order moment, the problem:

stf—i—/ f(r,X,,,YT,ZT)dr—l—/ o(r,X,,Y,)dBr
t t

T T
Y, = h(X7) —i—/ g(r, X, Y, Z,) dr —/ Z,.dBr
Vi<s<T

admits a unique solution (XHNV-16 YEN-LE ZEN=LE), 7.

Following the previous chapter, we define the map:

1.5.21
(ta I) — u(t, Qj) — }/tt:Nfl,z ( )

{u Ctvo1, T] x RT — RF
From corollary 1.4.2 we know a.s P that Y V=16 = (s, XtN=18) From
corollary 1.4.3 and from corollary 1.5.1 we know that the maps u,, — u
as n — oo uniformly on every compact set of [ty_y,T] x RY.
In particular, (1.5.12) and (1.5.13) gives that for every (t,z), (t1,21) €
[ty_1,T] x R?
| u(ty,x1) —u(t,z) |[< Ky |z —a1 | R | t—1t1 |

Corollary 1.5.1 also proves that for every t € [ty_1, 7]
T
E [ |ZPN-1E— Z0N-1E ds — 0 as n — o0

t
From corollary 1.4.3 we deduce that
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P® ,u((w, §) € QX [t t] o] 204 |> r1> —0.

So we proved the result on [ty_1,7].

We can do the same in [ty_2,tx_1] and using a running-down induction we
build a map satisfying the assertion of the proposition. O

Corollary 1.5.2. If (A.1.5) is assumed, and keeping the notations of the
proposition 1.5.2, for every & F; measurable with finite second moment |
every solution (X, Ys, Zs)i<s<r in M[t,T] of the problem:

:§+/ f(r,XT,YT,Zr)dT+/ o(r, X, Y,)dBr
¢ t

T T
Y, = h(X7) —i—/ g(r, X, Y., Z,)dr —/ Z,dBr
Vi<s<T

(1.5.22)

satisfies for every 1 < j < N — 1

.]z t'1‘1XZ,
E sup | Xo— X075 PoE sup |vi-v) P

szSSEj+1 E'<S<zj+1

AR 1.5, %
]E/ | Z,— Zs 7 |ds =0 (1.5.23)
t

J

where ¢ = 0,..., N — 1 is the unique integer such that t € [t;,¢;11];
(t;)i<j<n stand for the real numbers defined as follows:
ti=t, t;=t;if j > 1.
In particular
IP’(VS e[t T]Y, = u(s,Xs)) —1 (1.5.24)

]P’®,u<(w,s) €O [t,T]:| Zo(w) |> 1“1) —0 (1.5.25)

Proof. Apply the same running-down induction method as in the previous
proposition. O

Theorem 1.5.1. Existence and Uniqueness of solution
If (A.1.5) is satisfied, keeping the notations of the proposition 1.5.2 then:

1) for everyT > 0 for every Fo measurable random vector & with finite second
order moment, the problem (E) admits n unique solution in M[0,T](1.5.26)
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2) for every t € [0,T] and for every & F; measurable with finite second order
moment , the unique solution of the problem in M|t, T
th§+/ flr XY Zfﬁ)dr+/ o(r, X4, Y, ) dBr

t

T
V= h() + [ g xS 2 ar - [ ztame (0920
Vi <s<T,
satisfies
]P’(Vs e [t,T] Y€ = u(s,Xgé)) —1 (1.5.28)
IP’®,u((w,s) €O x [t,T]:| 2 |> rl) —0 (1.5.29)

In particular, there exist versions of the processes (Y¢);<,<r and (Y14);<<r
whose trajectories are uniformly bounded.

Remark:
The same reasoning of the proposition 1.4.1 shows that the map u only
depends on f,g,h,o and T.

Proof. Existence of solution:

Consider ¢ a Fy measurable d- vector with finite second moment. Let us
show existence of a solution for (E). Using a running- up induction, thanks
to proposition 1.5.2 the problem:

t t
X, :§+/ f(r, XT,}/,.,ZT)dT—F/O'(T, X,,Y,)dBr
0 0

t1 t1
Ys:u(tl,th)—i—/ g(r,XT,Y,,,ZT)dr—/ Z.dBr

¢ ¢
voététh

admits a unique solution in M0, ¢;] denoted by (Xto,o,g, Yto,o,g’ Zf’0’£)0§t§t1
(using the notations of corollary 1.5.1 ) which we denote upon now by
(X7, Y2, Z))o<e<ty -
Aplying again proposition 1.5.2 the problem
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;

¢ ¢
Xt:Xg+/f(T’,XT,K«,ZT>dT+/O'(T’,XT,Y;)dBT
t1

t1
to to
Y, = u(ta, Xi2) +/ g(r, X, Y., Z,) dr —/ Z.dBr
t t
\Vh <t <ty

admits a unique solution in M t1, t], which we will denote by (X}, V', Z} )i, <i<t,
It satisfies X}, = X} and Y,! = u(t, X?) =Y asP.

Using a simple inductive argument, the processes (X[, Y}¥, ZF)y, <i<t,.,)
for every k =0, . — 1, are solutions to the problems in M[ty, tj41]:

( t
— Xy / FXEYEZ ek [ otrXE Y aBr

ty

tea1 tk+1
Y, = u(ty_1, XF )+/ g(r,Xf,m’f,Zf)dr—/ ZkdBr
t t

tk—1

\Vtk <t < tgg1,

We have that for every 0 < k< N —1
Xf =X and Y =u(ty, X)) =Y asP.

This proves the processs (Xy, Y:, Zt)o<i<r defined as follows:
Vk=0,..N—1Vtethty]: X;=X}F,Y,=YF Z, = ZF is actually a
solution to the problem in M|0, T.

Uniqueness of solution:
Consider (U, Vi, Wy)o<t<r a solution to (E) in M]0,T]. By corollary 1.5.2

t1
E sup |U— X, |?=E sup |Y; -V, |2:IE/ | W, — Z, | dt = 0.
0<t<ty 0<t<ty to
In particular Uy = X1, Yy = Vi, Wy = Z;1 a.s P. A new induction
procedure completes the proof of the uniqueness property.
(2) is a direct consequence of corollary 1.5.2.
So, the main result of this chapter is now completely proved.
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Chapter 2

Large Deviations Principles
and the Freidlin-Wentzell Theory

"... a particularly convenient way of stating assymptotic results that, on the

one hand, are accurate enough to be useful and, on the other hand, are losse
enough to be correct.”

Amir Dembo, Ofer Zeitoni, "Large Deviations Techniques and
Applications"

2.1 Informal Ideas

In a general way, Large Deviations Theory is concerned with the study of
the probabilities of very rare events, formatting the heuristic ideas of con-
centration of measures and widely generalizing the notion of convergence of
probability measures.

Rougly speaking, Large Deviations Theory concerns itself with the expo-
nential decay of the probability measures of certain kinds of extreme or tail
events, as the number of obervations grow arbirarily large. The first rigourous
results concerning Large Deviations Theory are due to the Swedish mathe-
matician Harold Cramer, who applied them to model the insurance business,
although a clear unified formal definition was introduced only in 1966 by the
2007 Abel Prize Srinivasa Varadhan.

But what is meant by rare?

As Dembo and Zeitoni says, a theory of rare events should provide an ana-
lysis of the rarity of these events. As Deuschel and Strook says in their book
[10] there is no real theory of Large Deviations, but we present in this in-
troduction a classical situation in Probability Theory that lead us to Large
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Deviations Ideas.
Let Xi,..., X, be a sequence of independent, standarb normal real valued
random variables and consider the empirical mean

1
)

By Central Limit Theorem (see [20]) for each 6 > 0 we have

1 n
= — ZXi ~ Gaussian(0,
n

P(]|S,|>6) — 0asn— oo (2.1.1)

and for any A interval

JLHSOP(\/—S € A) \/_/e > de (2.1.2)

Noting that:

P([S,|>0)=1- (2.1.3)

Lo

therefore )

1 -0
Elog]P’( | Sy |>6) — —asn = 00 (2.1.4)

(2.1.4) is an example of a Large Deviations statement: the typical value of
Sy, is by (2.12) of the order \/Lﬁ , but with small probability (of the order

e 7) | S, | takes relatively large values.

Since both (2.1.1) and (2.1.2) remain valid as long as {X;} are independent,
identically distributed (iid) random variables of zero mean and with unit
variance, it could be asked wheter (2.1.3) also holds for non-Gaussian {X;},
which is answered by the classical Cramer's Theorem. For more information
see the reference [9] of Dembo and Zeitoni.

But our motivation to study Large Deviations is that we want to understand
the behaviour of strong solutions to stochastic differential equations in R? of
the form:

(2.1.5)

dX; = b(X§)dt + \/edB;
X;==

where we assume /¢ small and (B;)o<i<r is a d-dimensional Brownian Mo-
tion.
For sufficiently small e the perturbed process (X;) should be close to the
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solution of the deterministic ordinary differential equation:

{dXt = b(Xy)dt (2.1.6)

X[):l'

And indeed if b is Lipschitz continuous with Lipshitz constant L, then we
have that:

t
\X;—Xt|gL/yxg—Xsyds+\/Eth\ (2.1.7)
0

Applying Gronwall's Inequality (see [13] for example) this leads to the esti-
mate:

sup | X; — X; |< \/EoiltlgT | By | e, (2.1.8)

0<t<T

In other words, the behaviour of | X — X, | for ¢ € [0,T] can be estimated
if we know the behaviour of the d-dimensional Brownian Motion (B;)o<i<7:

J
IP’( sup | X; — Xy |> 5) < IP( sup | By |> —e_LT> (2.1.9)
te[0,T] te[0,T] \/E

So, to measure the event that " X7 deviates away from X; during [0, 7]" we

basically need to know the probability that (B;) leaves a ball of some radius
r before the time T'. This can be estimated using lemma 2.1.1 below.

(2.1.10)

—52exp{—2LT}}

& > <
IP’( sup | X; — X, |> 5) _4dexp{ deT

t€[0,T]

Let us take a closer look at this estimate.

As might have been expected, the probability of leaving a d neighbourhood
of the deterministic solution increases with 7" and € and decreases as § grows.
For example, for increasing d or decreasing € the probability of leaving the §
neighbourhood of X; decays exponentially.

If we choose A € B(C([0,T],R%)) such that no path (¢;) € A remains inside
the ¢ neighbourhood of the deterministic solution for all t € [0,7], then
the path X¢ = (X[)o<i<r of the perturbed equation (2.1.5) satisfies the

inequality:
_§2e—2LT
€
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as ¢ — 0.(2.1.11)

The event X¢ € A for sets A as described above and € — 0 is what we
call a Large Deviations: the expected behaviour would of course be X & A
for any such A, because a typical path X¢ should remain near the determi-
nistic solution for small £ > 0 enough.
Our aim is to find the rate at which the probability (2.1.11) tends to zero
as € — 0 depending on the choice of A. To achieve this, we have to find a
better estimate for the probability, which takes into account the choice of A.
Our aim is to find a rate function I : C([0, T],R%) — [0, +oc] such that

P( | X5 — ¢ o< 5) ~ exp{_@}

Let us prove the estimate for the Brownian Motion in R? which we have used
before. Set Bf = \/eB,

Lemma 2.1.1. Large Deviations for (B;)o<i<r

The following estimate holds:

52
2dTe }

IP( sup | Bf [> 5) < 4d exp {
t€[0,T]

(2.1.12)

Proof. Fix x = (21, ...,24) € R? and o > 0 such that

d
a
eRY:|z[*>a}C eR |z P> =
{z |z > a} L_J{a: @i P> =)
Denote (W) a one dimensional Brownian Motion. We get the estimate:

) )
IP’( sup | Bf |> 5) :IP’< sup | By [*> —) < dIP’( sup | W} 2> —)
te[0,7T] te[0,T] € te[0,T) de

Once the laws of (W}!) and (VTW?!)o<i<r are identical, this estimate and
T
time-scaling leads to:

o
IP’( sup | B} |> 5) < dP( sup | W} |> —) 2.1.13
te[o,T]l ‘| t€[0,1] W vTde ( )

The distribution of the Brownian Motion is symmetric so,

IP’( sup | th |> n) < 2P< sup th > 77) < IP’(Bl1 > 77) <4e T (2.1.14)

te[0,T] te[0,1]

where we have used the Reflection Principle ( theorem of Désire-André ). See
[9]. Combining this estimate with (2.1.13) we get the proof complete. O
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Inspired in [9] and using mainly [16] we want in the next chapters to
expose the classical results and statetements of Large Deviations Theory that
we will need to apply in our assymptotic study of the problem mentioned in
the introduction.

2.2 The Basic Tools of Large Deviations Prin-
ciples

Let X be a topological space and B a ¢ algebra over X such that B(X) C B.
Consider { j.}.~o a family of probability measures on the measurable space
(X, B). We want to describe the behaviour of the measures p. as ¢ — 0 by a
rate function I, more precisely, we will formulate assintotically the exponen-
tial bounds on the values that . assigns to sets from B in terms of a rate
function.

Recall that f : X — R is said to be lower semicontinuous if {z € X : f(z) <
a} is a closed set in X for every o € R.

Definition 2.2.1. Rate function

A lower semicontinuous function f: I — X is named a rate function.

In the classic Freidlin-Wentzell book [15] rate functions are called action
functionals.

If for every o € R the level sets ¢;(a) = {xr € X : I(x) < a} are compact in
X, we call I a good rate function.

We remark that the level sets of lower semicontinuous functions are always
closed by the lower semi-continuity property.

Definition 2.2.2. Large Deviations Principle
The family of measures { p.}.~o satisfies a Large Deviations Principle (LDP
for short) with the rate function [ if for all A € B the following holds:

— inf I(x) <liminfelogu.(A) < limsupelogu.(A) < —inf I(z) (2.2.1)
TEA° e—=0 e—0 zEA
Remark:
The use of interior and closure of A in the formulation of (2.2.1) is explicitly
necessary if we assume { p.}.~o to be non-atomic probability measures, ie,
pe{z} =0Ve e X Ve > 0.
We will show this for the lower bound:
Assume in (2.2.1) the lower limit holds for A instead of A°. Let { pu.}.~0 be
non-atomic probability measures. Then for each z € X
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“I(z) = — inf I(z) < liminfelogu, = —o0.
(@)= = inf I(z) < limyinf clogy.({r}) = —o0

Then V2 € X I(z) = co. But X = X and the upper bound in (2.2.1)
implies
0 = lim._,osupelog u.(X) < — in)f( I(x) < —oo which is false!

Te
Proposition 2.2.1. Some facts about rate functions. Let I be a good
rate function.

i) since I has compact level sets {I < a}, the infimum inf1 I(x) is achieved
Te

over any non-empty closed sets A C X.

ii) Let { Fs}s-0 be a nested family of closed sets, ie, for any 6 < d; we assume
that F5 C Fyy.

If we set Fyy = ﬂ Fs, then inf I(y) = lim inf I(y)

550 z€Fy 6—0y€EFs
iii) On a metric space (X,d), inf I(y) = lim inf I(y)
yez 0—0 y€A5

where A° = {y € X :d(y, A) < §} is the closed blow-up of A.

Proof. 1t uses only properties of lower semi-continuity. See the reference |9
- lemma 4.1.6 for the proof. n

So we want now to discuss existence and uniqueness properties of Large
Deviations Principle (LDP for short). For example, if the space X under
consideration has a coarse topology, the information provided by a Large
Deviations Principle may be relatively poor; e.g. if the topology of X is
given by {X, 0}, then the Large Deviations Principle on the space (X, B(X))
only implies that

inf I(x) =0

rzeX

and nothing more.

Hence, if we intend to prove uniqueness of the rate function, we have to make
further assumptions on the topology: we will be able to show that uniqueness
of the rate function holds if X is a regular Hausdorff Space.

X is called a Hausdorff Space, if for every pair of points x,y, x # y of X
we cand find disjoint open sets A, B C X such that x € A,y € B ( we say
that x,y are separated by open neighbourhoods). Furthermore, X is named
reqular if for any closed set F' C X and any point z € F¢ we can find disjoint
open sets A, B C X such that FF C A, x € B.

Remark: Some elementary facts about regular Hausdorff Spaces
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Let X be a regular Hausdorff space and x € X.
i) For any neighbourhood A of z there exists a neighbourhood B of x such
that B C A.
ii) Every metric space is a regular Hausdorff space. Furthermore, every real
topological vector space with the Hausdorff property is regular.
iii) Any lower semicontinuous function f : X — R satisfies
f(z) =sup{infyea f(y) : A is a neighbourhood of z}
This implies that for every y € X and any (arbirarily small) § > 0 we can

find a neighbourhood G(y, 6) of y such that (f(y) — ) A 3 < g%f . f(2)
z2eG(y,

Now (i) allows us to select a neighbourhood F'(y, ) of y such that F(y,d) C
G(y, ) and we obtain
1
inf z) > inf z) > —0) N =
nt 0>t F) > ()= )
In metric spaces, sets of the form G(y, ) might be selected as balls B(y, d)

with small radius § (which does not have to be equal to § ).

Lemma 2.2.1. Uniqueness of the rate function
Let X be a regular Hausdorff space. A family {c}eso on X can not have
more than one rate function associated with its Large Deviations Principle.

Proof. Assume there are two rate functions Iy, I such that {pu.}.~o satisfies
the LDP with both of them. Suppose without loss of generality that exists
xog € X such that I1(zg) > I2(29). Fix § > 0 and consider A an open set

1
such that zo € A and inf I;(y) > ({1(zo) — ) A 5
yeA

Such a set A exists by (iii) of the previous remark. The assumed LDP for
{pte}e>0 implies that

—inf I1(y) > limsupelogu.(A) > lim inf elogu.(A) > — inf Iy(y) (2.2.2)
e—0 e—0 yeA

yeA
and .
yeA yeA )
Since § > 0 can be arbitrarily small, this contradicts the assumption I; (zq) >
I5(xo). []
Remark:

In any topological space X, a subset A of the topology is named a base of
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the topology if any open open set (i.e any element of the topology) is a union
of sets from A.

Definition 2.2.3. Weak Large Deviation Principle

The family {p.}.-o satisfies a Weak Large Deviation Principle with a rate
function I if the upper bound holds for all compact sets A € B and the lower
bound holds for all A € B.

Theorem 2.2.1. Existence of the Weak Large Deviations Principle
Let X be a topological space and A be a basis of the topology on X. Fur-
thermore, let {j.}eso be a family of measures on (X, B) and define for any
Ae A, L= —liminf.,gelogu.(A).

Finally set for any x € X |, I(x) =sup{L4 : A € A such that x € A}.

If now, for all x € X |

I(x) = sup{—limsup,_,,elogu.(A) : A € A such that x € A}

holds, then the family {u.}eso satisfies a weak LDP with the rate function
I(x).

Proof. See theorem 4.1.1 of [9). O

Remark: Weak does not imply Full.
The definition of a weak and a full Large Deviations Principle raises the ques-
tion how the two are related. While it is obvious full implies weak, the oppo-
site implication does not hold in general. If we consider the Dirac measures
e == 0n,n € Non (R, B(R)), the family {, }ren satisfies a weak LDP with a
good rate function, where ¢ = < Let F' € B(R) be a compact set and n large
enough. Then pu,(F) = 0. Hence the upper bound in (2.2.1) holds for the
rate function [ := co. At the same time, this rate function makes the lower
bound in (2.2.1) trivial for any F' € B(R). In the other hand, if we choose
F = [1,+00] then we see that limsup llog,un(F) =0> —oco = inf I(z),

n—00 zeF

which contradicts the upper bound in (2.2.1).
But the weak LDP can imply a full LDP if the family of the probability
measures satisfies an extra condition.

A family {p.}o>o of probability measures on X is called exponentially tight
if for any (arbitrarily big) o < oo there exists a compact set K, such that
lim sup 5logu6(K5) < —a, ie, it can be specified that as ¢ — 0 the probabi-

e—0
lity measures are concentrated on K.
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Theorem 2.2.2. Assume {p.}eso is an exponentially tight collection of prob-
ability measures on (X, B). If I is a good rate function and {u.}.~o satisfies
a weak LDP with the rate function I, then I is a good rate function and
{pe teso satisfies a full LDP with rate function I.

Proof. See lemma 1.2.18 of |9]. O

For our work we will move from a LDP of Bf = /B, to a LDP for the
laws of the solution (XF)o<;<r of

{de = b(X{)dt + \/EdB, 224
X;g==x

But we need to have a tool which could be able to transefer a LDP. This
is the topic that we want to present next. There exists a very well known
tool in the literature that we can use to do this transfer: The Contraction
Principle.

First, we present the so-called continuous version of The Contraction Prin-
ciple.

Theorem 2.2.3. Contraction Principle- the Continuous Version
Let X,Y be topological spaces, I : X — [0,00] a good rate function and
f: X =Y continuous. We define the function I : X — [0, 00| by

Ii(y) = inf{I(z) : € X such that f(z) = y}.

Then I, 1s a good rate function on 'Y .

If I governs a LDP for {j.}e>0, Iy governs a LDP for the image measures
{20 [ }eg o0 Y.

This result may also be applied if X,Y are the same space but equipped with
different topologies.

Proof. We first show [ is a good rate function.

I; > 0 is obvious by its definition. Since I is a good rate function,for all

y € f(X) the infimum in the definition of I; is obtained for (at least) one

x € X. Hence

on() ={y €Y : Ly <a}={l(r): I(x) <a,xeX}=f(di())

where ¢7(a) are the level sets of I.

The compactness of the level sets of I in X implies the same for the level

sets of I in Y, which makes I; a good rate function, since f is continuous.

If we can show for all A € B(Y)

— inf I,(y) < liminf elog(p.of ) (A) < limsupelog(p.of 1) (A) < —inf I (y)
yeA° e—0 e—0 yeA

(2.2.5)
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the proof is complete.

By the definition of I3, for all A C Y y12£ Li(y) = xe}l}lf(A) I(x).

To show the lower bound of (2.2.5) , we have to prove that for all open sets
AeB(Y)

. . . 1
xe}glf(A)[(x) < ll_{% inf elog(p. o f~7)(A) (2.2.6)

But, by continuity f~1(A) is open in X for all A C Y open and the LDP for
{pte o> implies that

— i < limi -1 i 2.6).
xe}l}lf(A) I(z) < l1_r)1[1) inf elog(u-(f~"(A)) which proves (2.2.6)

The proof of (2.2.5) is completed by a similar argument for closed sets, uti-
lizing the upper bound of the LDP for {p.}.~o . O

Our aim is to generalize the contraction principle from continuous func-
tions to functions which can be approximated in some sense by continuous
ones.

First we define the concept of exponential equivalence of measures.

Definition 2.2.4. Exponential Equivalence of Measure

Let (Y, d) be a metric space and consider families {p!}.~o and {2}~ of
probability measures on Y.

The two families are called exponentially equivalent if there exists a family
(9, B.,P.).~o of probability spaces and two families {Z!}.~o and {Z2}.-¢
of Y-valued random variables with joint distributions {fi, }.~o and marginal
distributions {p!}.~o and {u?}.~0 respectively such that the following holds:
Vo>0 {weQ: (Z(w), Z2(w)) € Ts} € B. and li_r}réglogﬁs(l“g) = —00
where the set s := {(y, 1) €Y X Y :d(y,y1) > 6}

. Families of {Z!}..¢ , {Z?}.~0 which fulfill these conditions are also named
exponentially equivalent.

Remark:
If Y is separable, the recquired measurability automatically holds (page 114

19])-

Now we need the following concept:
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Definition 2.2.5. Exponentially Good Approximations

Let (Y.d) be a metric space and I's defined as above. For each e > 0, m € N,
let (2, B.,P.).~¢ be a probability space and let the Y - valued random vari-
ables Z. and Z.,, be distributed according to the joint distributions 7.,
with marginal distributions p. and g, ,, respectively.

The random variables {Z. ., }meneso are called exponentially good approxi-
mations of {Z.}.~ if for every ¢ > 0 we have

{weQ:(Z(w), Z.n(w)) €Ts} € B:

for every m € N and lim limsuplogp,,,(I's) = —oc.
m—00 0 '

We call the families of the measures { (i, }e>0.men €xponentially good approx-
imations of the family {yu.} if we construct a family (€, B, P.) of probability
spaces above.

Theorem 2.2.4. Large Dewviations under Exponentially Good ap-
proximations
Let (Y,d) be a metric space and suppose that for any m € N the family
{fte,m }men. Furthermore, assume that {fie.m tmen are exponentially good ap-
proximations of {ie}e=0. Then the following holds:
i) {1e}eso satisfies a weak LDP with the rate function
I(y) :=sup liminf inf 1I,,(2).

() up liminf inf (2)

it) If I is a good rate function, and for every closed set F' in'Y we have:
inf I(y) < limsup inlg I (y), then {p:}eso satisfies a full Large Deviations
€

yer m—00
Principle with the rate function I.

Proof. See theorem 4.2.16 of [9]. O

And with this result we can generalize the continuous version of the
Contraction Principle.

Theorem 2.2.5. Contraction Principle
Let (Y,d)be a metric space and X a Hausdorff Space. Let {jicm}men
be a family pf probability measures on X that satisfies the LDP with a good
rate function I. For any m € N let f,, : X — Y be a continuous mapping. If
there exists a measurable map f: X — Y such that for all a < o0
lim sup sup{d(fu,(z), f(x)) : x € ¢r(a)} =0

m—ro0

and if {fi. ,, ymen 15 a family of probability measures on'Y" for which
{1 o f hmene are exponentially good approximations, then {Ji, ,, }men
satisfies a LDP with the good rate function
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L(y)=inf{l(z):z € X, f(x) =y}

Proof. See theorem 4.2.23 of the reference [9]. O

In what follows in the next chapter we use a simplified version of the
contraction principle for functions approximated by (f:).-o measurables, a
family of functions indexed on the same parameter ¢ of the probability mea-

sures { i }eso-

Corollary 2.2.1. Approzximations with dependence on ¢

If f: X =Y is a continuous mapping from a topological vector space X to
a metric space (Y,d) and {p:}eso satisfies a LDP with a good rate function
I:X —[0,00] and e > 0 and f. : X — Y measurable functions such that
for each § >0

Ies={z € X :d(f(x), fo(z)) > 0}
s measurable and
lim sup log (T ) = —o0
So {ue o f- '} oso satisfies a LDP with the good rate function
I(y) = inf{I(z) : x € X such that f(z) =y}

Proof. See corollary 4.2.21 of [9] O

2.3 Sample Paths Large Deviations for
Brownian Motion

Now we want to present the classical Large Deviations result for Brownian
Motion first proved by Schilder. If (B;)o<i<r is a Brownian Motion on a
probability space (2, F,P) with state space R, fixing By = 0 for ¢ > 0 we
define the scaled Brownian Motion

Bf - \/gBt

The following theorem states a LDP for the distribution of this scaled
Brownian Motion as ¢ — 0. We recall Cy = {¢ € C([0,T],R?) : ¢ =0}
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Theorem 2.3.1. Schilder s Theorem, 1966
The family {Po (B°) }.so of probability measures on (Co, B(Cy)) satisfies a
LDP with the good rate function:

1
() =12 | ¢ |12, € H(0,T;R?)

oo otherwise

Before we present the proof of this result, we state some remarks about
its conclusions.
The theorem above states the relation:

- inf I(p) < liminfelogP(B® € I') > limsupelogP(B° € I') < — inf I(yp)
pel™ e—0 e—0 ol

(2.3.1)

holds for all I" € B(Cp) and the rate function I has compact level sets
{I <a}.

Remarks:

i) Since the paths of a Brownian Motion are almost surely of unbounded
variation, we have that B ¢ H'(0,7,R?%) a.s P. Hence , for all ¢ > 0
I(Bf) = o0 a.s P.

ii) In the case of Schilder's Theorem, I is a good rate function and
there exists ¢ such that I(p) = 0; e.g. ¢(t) =0, by (2.3.1) any set containing
this ¢ has maximal probability with respect to Po (B®)~! as e — 0. In other
words, B¢ concentrates near the zero function.

iii) We want to specify the probability that B € C([0, T],R%) leaves a
ball of radius ¢ around the origin.

Set B = B(0,8) = {¢ € C([0,T],R%) :|| ¢ [lso< 5}

Since the typical spreading of Brownian Motion scales with v/t we expect that
B remains inside B(0, ) as long as T' < %. Here, inf I(y) is obtained for
peB

any  of the form ¢, = %x where z is such that | z |= 0.

, s 1 ("6 52
inf I(p) :[(?x) :5/0 (T)th:ﬁ

peBC
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2

Schilder"s Theorem implies that P(B° ¢ B) decays like exp(—Qi—T).

Proof. We structure the proof by steps.
Step 1:
We want to prove that the level sets of I | ¢;(a) = {¢p € Cy : 1(¢) < a},

where a € [0, 00] are compact.
For every ¢ € ¢r(a), where o € [0, 00,

T
/ 6y P ds =] ¢ |Pn< 2a
0

For every ¢ € [0,T]

T T
!%I:WoJr/ ¢sd8|§|¢o!+\/T/ |13 ds <[ go | +VT2a
0 0

Consequently all ¢ € ¢;(«) are uniformly bounded for any o € [0, 00[. So
for any ¢ € ¢r(a) and for every t, h such that {t,t + h} C [0, 7]

t+h
|sot+h—sot|s/ |sos|ds<\// |90|d8<\// 12| ds <
t

vVh2a —0as h—0
ie, all elements of ¢;(«) are equicontinuous for any a € [0, co[. The compact-
ness of the level sets ¢;(a) follows from the theorem of Arzela-Ascoli.

Next we want to prove the upper bound and the lower bound of (2.3.1).
In order to do it, we want to prove an auxiliary result.

Step 2:

We are going to prove that
Vd>0Vy>0VEk>03e)=¢0(0,7,k,T)>0Ve<egy Vo€l l(p) <K
1
P11 B = ¢ llow< 6) 2 exp [ = ~(I(#) +7)]

Applying Girsanov Theorem (see [19])

67



. ]P’(HBE—wHoo)IT
1 —1
= exp——/ | o5 2 ds/ exp <—/ < s, dBs > )dIP’(w)
2e Jo BeB(0, %) Ve Jo

We now split the domain of integration in two parts:

If C'=/I(p)2 we define:

-1 (T
AC:{WGQ%/ <Q05,dBS>§—C}
0

To obtain a precise lower bound, we want to base our estimate on those
w € ) when the integrand is not too small, ie, in AZ. Thus we want show
firts that Ao is small:
Using Chebychév Inequality (see [19]), and from our choice of C' we get that

P(A )11@(\__1/T< 5y, dBs > | >—C><

C _2 \/g O ()087 - —_

1 T 2 1 T 1 1
E vs, dB < S 12 ds = — I

2:C? [(/0 < ¢sd S>) } _2502/0 o5 I ds eC? () 4

On other hand,

€ C I(p -C g C
IP’( [ BF = ¢ [le< 0} M AS} > exp(—12)e ]P’({B e B(0, ﬁ)} N AC)
> exp [~ 12— O] (P(AG) — P(B € B(0, 2.)9)) (23.2)

3
since P(Ag) > 7 there exists € > 0 small enough such that:
P (AG) ~P(Be B i))C > L
¢ el T2

By definition of C, we finally get for any small enough € (& < £0(d,7, K,T))
that

I(p) +
P (1 B = ¢ s 8) 2 P({ | B — ¢ < 6} 1 4G) > exp— 1 2HD

So we are ready to prove the lower bound in (2.3.1).
Step 3:

Select an arbitrary open set G C Cy. If ing I(¢) = o0, the lower bound
=

is trivial. So assume inf I(p) < oco.
peG
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Since I i a good rate function, this allows us to choose ¢ € G such that
I(¢) < 0o. G is opens, so we choose 1, such that B(p,r,) C G.
From the above step

liII(l) inf ¢ logP(B® € G) > lim iélfé logIP(B® € B(p,r,)) > —1(p)

E— e—

So we can conclude taking the infimum over all p € G.

In order to prove the upper bound in (2.3.1) we need to prove a new assertium.

Step 4:

V6 > 0%y >0 Vag >0 Jeg Ve < g0 Vor < ag ,]P’(dist(BE,qSI(a)) > 5)
a—7
g

<exp[— ] (2.3.3)

where dist(p, ¢r(@)) = min || ¢ — Uy |0
Yedr ()

If we want to prove it, we face the main problem that I(B) = oo, so
in order to escape from that we have to approximate the scaled Brownian
Motion by functions from H'([0, T]; R?). We use random polygons to solve
this problem.

To construct an approximating random polygon x™* for B¢, divide [0, T| into
parts of identical lenght A > 0. We specify A later. Assume for now % e N.
The approximating polygon ™ shall have the vertices (0, 0), (A, X?),

(@A, X5,4), .., (T, X5).

In order to prove the upper bound in the statement, with the help of this

approximation, consider two events: "z™*¢ is a bad approximation of B*" or

"x™¢ is a good approximation", that it leaves ¢;(«) whenever B¢ leaves the

d-neighbourhood of the level set.

P(dist(B7, ¢1(a) > 6) < P( || B = 2" ||l 8) +P(1(2"%) > a) (2:3.5)

N J/

1 2

First we prove an upper bound for 1 in (2.3.5), which is the probability
of ™¢ is a bad approximation. In what follows we use the fact that the
distances | Bg — x| considered on different time intervals [kA, (k 4+ 1)A]
are identically distributed .
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P () B =0 > 0) =Pf sup | B; -l 26}

0<s<T

4dT 52
< ZIP’( su BE—a* |> 6) <IP’< su B:|> 5) < —exp—
- A ogsgA | Bimwm[20) < ogsgA | B |z l \7-2/11 AP 2de A
, 1
Choosing A = we get for all ¢ < eg = &o(T), 9,7, ap)
QdOé()
1 ag — ¢ log A% TO‘O 1 —
P(HBs_xn’E ||0025>§§exp— - g §§exp_060 !

€
Now we estimate (2) which specifies the probability that the approximation
x™* leaves the level set. Since £™° is a polygon,

T
1S~ [ | VEBia — vEBy_a )2 | Bia — Ba_1)a |2
I( Xn,a) _ = /l (I-1HA ds = Z A( )A

2~ Ju-na A?

This has a distribution equal to the distribution of 252 over the squares
dr

of — independent, where & ~ Gaussian(0,1), which can be estimated by

A
Chebychév's Inequality. So, for k €]0, %[ ur

P (1(x") > ) :P<i§f > 2?0‘)

dT

2K
< exp— €a<E( k51)> <(1-2k)~ %exp%

Now choose K = %(1 — %) then for small enough ¢ > 0

B (16) > ) = () ¥ ep -2 2 <

2c
Now we are ready to prove the upper bound in (2.3. 1)

Step 5:

Choose F' closed arbitrarily. The result is trivial if inf I(¢) = 0. So we
pEF
assume inf I(¢) > 0 and choose v > 0 such that o = inf I(p) — v > 0.
IS pEF

I is a good rate function , so ¢;(«) is compact. By definition of «, ¢;(a)NF =
(). If we take 0 = dist(F, ¢;(«)) > 0, by the previous step and by definition
of a we get

P (B € F) < P(dist(B*, ¢r(r)) > 6) <
pletes the proof. O

which com-

inf,cpI(0) —2
exp inf er I(p) Y
€
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2.4 General Freidlin-Wentzell Theory: Sample
Path Large Deviations for Strong Solutions
of Stochastic Differential Equations

Our purpose now is to understand the behaviour of the strong solution
(X7 )o<t<r of the stochastic differential equation:

{dth = b(X{)dt + \/eo(X5)dBt, t € [0,T (2.4.1)

[OR—
Xg==x

in R? where we assume the existence of an unique solution (X¢)o<;<7, by as-
suming b, o bounded and uniformly Lipschitz continuous (the general condi-
tions to assure existence and uniqueness of strong solutions to SDE). Our aim
in this section is to prove a LDP for the laws of the solution y. = Po (X.)™*
Consider now o =1 and zj; = 0.

In this special case, we can use the continuous version of the Contraction
Principle to obtain a LDP for the distributions of (X.).~¢ from Schilder"s
Theorem.

Let f be the unique solution in Cj of the integral equation ( it exists in Cj
by the standarb theory of deterministic ordinary differential equations )

70 = [ bre)ds + (0. g < C
0
and define

F:.Cy— Cy

g F(g):=f

Note that F(y/eB) = X°©.

To apply the Contraction Principle using F', we have to prove that F is
continuous. Choose g1, g2 € Cy and denote f; = F(g1) and fo = F(g2). For
every t € (0,7

Hﬁ—b%ﬁLASwlﬁW—ﬁ@H®+Mrwﬁw

r€(0,s]

where L is a Lipschitz constant such that || b(x) — b(y) [|< L || = — ¥ ||
Gronwall™s Lemma now implies that:
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| fi—falle< e | g1 — 92 |l

The continuity of F' follows from there.
By Schilder's Theorem (P o (Bf)).~o, where Bf = /eB; ,satisfies a LDP
with the good rate function

1
1) = {2 Il ¢ € HIO.T.RY

+00 otherwise

Applying the continuous version of the Contraction Principle (see theorem
2.2.3), X = F(B°) satisfies a LDP with the good rate function:

Li(f) :==inf{I(g) | g € Co and F(g) = f} =
, 1
“ i {3 g Bl g€ Gt Flg) = f)
Finally we want to identify I;.

If g ¢ H'(0,T,R?) f = F(g) ¢ H'(0,T,R7) .

If g€ HY(0,T,R?) f is a.s P differentiable with:

{f<t> = b(f(t)) + 4(t)
f(0)=0
Then 3 B > 0 such that V¢ € [0, 7]

t
FO 1< B [ 1) [das+ [0) |+ a0 | (24.2)
Gronwall's Lemma implies that if g € H'(0,T,R%) then f € H*(0,T,R%).
Thus

%/t | f(s)—b(f(s)) ?ds, g € Hl(O,T,Rd) :>f€H1(0,T,Rd)
0
00 g%Hl(O,T,Rd) = f QHI(O,T,]Rd)

Il(f) =

We now discuss the less simple case.

Let X¢ be the unique solution of (2.4.1). We want to understand the
Large Deviations behaviour of this stochastic process. The first idea is to
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apply the same tools as we did above- construct some continuous
transference F' and use the Contraction Principle. However the map defined
by X¢ on C([0,T],R?) does not necessary have to be continuous.

It can be shown that if we replace the Brownian Motion B; by its polygonal
approximation (hence a continuous approximation) the solution of (2.4.1)
differs in the limit from X by a non-zero correction term ( so called wong-
Zakai correction term). See the reference [19] for more information about it.
The existence of this non-zero correction term contradicts the assumption of
continuity. Hence we may not use the continuous version of the Contraction
Principle. But in other hand, the mentioned correction term is of order e,
so we may expect that it will not influence Large Deviations results. Conse-
quently we guess that, even though we have just realized that the proof will
not work as above, the rate function for this situation might in principle be
the same as above:

L) = {3 o e g € HOTRY : 50 = o+ [ bsl)ds+

—l—/o J(f(s))g(s)ds} (2.4.3)

The following theorem confirms this guess.

Theorem 2.4.1. Consider the stochastic differential equation (2.4.1). As-
sume that b,o are bounded and uniformly Lipschitz continuous, and X¢ be
the solution of (2.4.1). Then {f.} = {Po (X®)~'} satisfies a LDP with the
good rate function I as defined above in (2.4.3).

Proof. See theorem 5.6.7 of [9). O

2.5 More General Results in Freidlin-Wentzell
Theory

For our purposes in the next chapter we will need to study a more general
result of LDP for strong solutions of Stochastic Differential Equations, when
the drift and the diffusion coefficient depends on ¢ too.

Our framework will be:
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{de:b%u)ﬁﬁﬁ4—vga%akfyﬂ%,te[&]ﬂ 25.1)

g __
X;=ux

We want to study the assymptotic behaviour of the strong solution of (2.5.1)
when € — 0 and establish a Large Deviations Principle.

This general results states estimates for 0%, o° when there exists dependence
possibly on ¢ but under the classical assumptions of boundedness and Lips-
chitz continuity. This section is based entirely in the results of Prioret [32],
Azencott 2] and Baldi-Maurel [3], following very closely this last one.

Azencott” s original idea [2] was to remark that the 1td" s mapping, asso-
ciating the Brownian Motion path to the corresponding path of the solution
of a SDE is not in general continuous, but it is regular enough to develop a
kind of Contraction procedure in the spirit of what we have done before in
the previous section.

The Schilder's Theorem (theorem 2.3.1) states that Bf = /2B, satisfies a
LDP with the good rate function:

1

~ ¢, 9 € H(0,T;R?)
I(p) =4 2 H
oo otherwise
If e >0 let

b1 [0, 7] x RT — R?
0°:[0,T] x R? — R4xd

be families of vector and matrix fields respectively.
We will make the following assumption Assumption A.2.5

a) There exist a vector field b : [0,7] x R — R? and a matrix field
o :[0,T] x R* — R%*4 such that:

Vhe HY[0,T],RY), z € R? the ordinary differential equation

{Qt = b(t, g;) + 0(t79t)ht (2.5.2)

go =2
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has a unique solution on [0,T].

b) Let S, (h) denote the solution of (2.5.2).
So S, : HY(0,T;R?%) — C([0,T],R%). For any a > 0 let S¢ be the restriction
of S; to K, = {h € HY0,T;R?) :|| h ||;n< a} . Suppose S be con-
tinuous with respect to the uniform norm: for every {h,}, C K, such that
| hn —h ||= 0 as n — oo with h € K,, then || Sy(h,) — Sz(h) ||lo— O as

n — o00.

¢) The Quasi-Continuity Property
For every R > 0, p > 0, a > 0, ¢ > 0 there exist g > 0 o > 0 such that if
e <¢gg

P17 =g > 9| 5~ o5 0) < exp (- £)

uniformly for || h ||g1< a and | z |< ¢ where g = S, (h).

We remark that the Assumption A2.5 (c¢) means that if the Brownian path
is such that | B — h || < «, then the corresponding path of the diffusion
(X7 )o<t<r is near the path g = S,(h), with a probability converging to 1 as
e — 0 at a high exponential rate.

It can be viewed as a weak continuity property of 1t6"s mapping. It will be
necessary that the coefficients 0°, ¢ converge in a suitable sense to b and o
respectively.

Theorem 2.5.1. Suppose that b°,c° are Lipschitz continuous and the SDE
(2.5.1) has a strong solution for every ¢ — 0. Then if (A.2.5) holds, the
family {XF}.s0 satisfies a LDP in C,([0,T], RY) with the good rate function:

) 1
Li(p) = lnf{§ | 2 7] g € Co: Sa(h) = ¢}
We remark that this means that:

limsupe logP(X® € F) < —J)ng L(v) (2.5.3)
S

e—0

. . o &
1118n_>151f€ logP(X*® € G) > 1})1612 Ii(¢) (2.5.4)

for every closed set F' € C,([0,T],R?) and open set G € C,([0,T],R%)
and that the level sets of I} are compact.
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Proof. For more technical details see [2] or [3]. Thanks to (A.2.5 (b)) in the
1
definition of I;(p) := inf{é | 2 |15:] g € Co = Sp(h) = ¢}, the infimum is
attained unless I(p) = 00.So, if I(¢) = a then we have also
) 1
1(p) = inf (5 [ B3 0 € Co: Su(h) = 0.3 || b lusoirey< o+ 1)
and it suffices now to remark that in the uniform norm the set {S.(h) = g}

1
is closed thanks to A.2.5 (b) and the function h — 5 Il Al

semicontinuous.

2 .
H1(0,T,RY) 1S lower

The same argument proves that I is lower semicontinuous with com-
pact level sets, as {/; < a} turns out to be the image of
Co = {3 Il h |l 0,rrey} which is compact in the uniform norm, through the
transformation S,, whose restriction to C, is continuous in the uniform norm.

Now we will prove the lower and upper bounds:

If for every Borel set A C C,(0,T,R%), define A(A) := in£ I(9g).
ge
Then we reformulate (2.5.3) and (2.5.4) as

limsupe logP(X® € F) < —A(F) (2.5.5)
e—0
limiélfs logP(X® € F) > —A(G) (2.5.6)
E—>
for every closed set F' C C,(0,T,R?) and open set G C C,(0,T,R?).
Lower Bound:
Let § > 0 and g € G such that I ;(g) < A(G) + 6 and h € H*(0,T,R?) such
that S,(h) =g and 5 || h 7 0.mmey= 11(9)-
Thus if p > 0 is such that the neighbourhood of radius p of g in C,(0, T, R%)
is contained in G, then for every a > 0

P(xeG) =P( || X*—glle<p)
>P( | X g ke pll B = h o< @) =P( | B = h [l a) -
P (X" =g > pi | B = floo< )

Now, for every a > 0, thanks to the classical Schilder estimates:
1
lir%dP’< | B5 — h ||o< a> > —5 || b 3= —h(g) = ~A(G) -4
E—
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Using (A.2.5(c)), the quasi-continuity property, for « > 0 small enough:
lim sup ¢ logP< | Xe = gllw> poll BS—h|lw< a) <-R
e—0

with R > A(G) + 1, so that
1ir%»slogIP>(X8 €G)>-ANG)-9¢

which ¢ being arbitrarily allows to conclude.

Upper Bound:
If A(F') =0, there is nothing to prove.
Otherwise let 0 < a < A(F) and consider the compact sets in C,([0, 7], R?)
and Cy([0, T]; RY) respectively:

K, = {9 € C.([0,T],RY) : I1(g9) < a}
Co={h € Co([0, TR : 5 || h [[}:< a}

Then K, N F = () and F being closed and K, compact, for every g € K,
there exists p = p, such that B(g,p) N F =0

For every h € C, , g = S;(h) is a path belonging to K, and by A.2.5 (c)-
there exists a = «, such that

P(|| X*—glle>pl B =D < a) <exp—E

The balls B(h, ay,), h € C, form an open cover of C, which is compact;
so that there exist hy, ..., h, such that {B(h;, a;)}i=1.. . is a finite subcover
of C,. Let A=J,_, B(hi, ;) and g; = S, (h) .

-----

Then IP(XE c F> < IP(XE € F B c A) +P(B€ c AC>

Now again thanks to Schilder Estimates, as A is a closed set such that
1
2 1l oy @

P(Be € A%) <e ¢

for small ¢ ;
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P(X®€ F,B € A) <Y P(X° € F,| B = hj ||oo< )

=1
< SO X~ g o> g | B = i [l )
=1

So that , again for small € and a possibly smaller a;; i =1, ..., 7

P (X6 S A) < re~ /e e~/ which for R > a gives lim sup d[”(XE € A) < —a
e—0

for every a < A(F') which allows to conclude the upper bound (2.5.3). [

Now we want to give conditions that assure that A.2.5 (a) and A.2.5
(b) holds.

Lemma 2.5.1. Ifb, o are Lipschitz continuous, with sublinear growth, bounded
in time, then A.2.5(a) and A.2.5(b) hold. Moreover, for every K C R? com-
pact and a > 0 there exists H > 0 such that:

sup sup || Su(h) o< H
2K [|h] 1

(2.5.7)

Proof. Existence and uniqueness of the solution for (2.5.2) are standarb facts
from the theory of ODEs, under the hypothesis stated about b, o.
Let us prove (2.5.7) applying the Gronwall Lemma. Let Cy > be such that :

| 0(t, ) [< Co(1+ | 2 )
| o(t,z) |< Co(1+ | 2 |)

Setting g = S,(h), by Cauchy-Schwartz Inequality
t

t
|gt|s|x|+/<1+|gs |>ds+co/<1+|gs ) | is) | ds
0 0

t 1/2 t 1/2
<o | +Co/T( [ 1+ 1. 17as) "+ Goal [ (1] DPas)
0 0

taking in consideration that || A || < a.

Denoting R the radius of a ball B(0, R) D K
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t
L [P< 2| 2 2 1202 (VT + a>2/ (14 | gs )2ds < 2R + AC2T(VT + a)? +
0

t
4C§T(ﬁ+a)2/ | g5 |? ds
0

So, using Gronwall Inequality
| g0 [2< (2R? +4C2T(VT + a)?) exp (4C2(VT + a)*T) := H Vt € [0, T]

In order to prove A.2.5(b), we will prove an intermediary statement:

Let v be a bounded Lipschitz function, with the bound M and the Lip-
schitz constant L, and let hy, hy € HY(0,T,R?) with the bound || h; | < a,
i =1,2. and g = Sip(h2) Then for every e > 0 there exists § > 0 such that if
| h1—he [[< 6

| / (o)) () — Fals))ds | < e

In order to prove this, suppose at first ¢ differentiable. As | Q/J(S) < L,
by the Lispschitz property, we may integrate by parts and have

[ oo (o) = Bt |-
(O () = 1a(0) = [ 10050 (5) = hals))ds |<
<MHh1—h2HOO+LHh1—h2Hoo/ | gals) | ds) <

<\l by — h2|]oo(M+LMT+LM/\h2 | ds)

<M || hi—hylloe (L+ LT+ LVT || hy ||m) <
<M || hi —hy | (L4 L(T + aVT))
(2.5.8)

and the result is proved.

In general, if ¢ is not differentiable, we can approximate it with a
regular function. Let ¢ € C*° such that / ¢pdr =1and ¢(z) =0if |z [> 1
and 0 < ¢ < 1. We can construct it with ]gdpartition of the unity ( see [20]).
For n > 0 set ¢, (z) = %gﬁ(%) ¢y is called a mollifier and if we set:
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Uy(T) = P * peta(z /w )on(z — 2)dz

= e V(= 2)¢y(2)dz

(2.5.9)

then 1, is differentiable (C*actually).i), is still Lipschitz continuous
with the same constant L and also bounded with the same bound as . So,
by the first part of the proof of this statement,

| / G(92(5)) (s (5) — hafs))dls |<
<M | hy — h2||00(1+LT+a\/_))(2510)

It can be easily checked that | ¢, () — ¢ (x) |< Ln and

| / (g2(5)) (a(s) — ha(s))ds — / U(92(5)) (ha(3) — ha(s))ds | <

/O | 6(02(8)) — ylg2(3)) || b — iy | ds < IVTy || b — by <
< 277Laﬁ

and 7 being arbitrary completes the proof.

So we can proceed in order to prove A2.5(b).
Let hl,hg e K, = {“ h HHlS a} and let g; = Sa;<hz) for i = 1,2.
From sup sup || Sy(h) ||ooc< H we have || g; ||< H.

z€K ||h]| g1 <a
Recall that b, 0 are bounded by a constant M and Lipschitz continuous

(with a constant L) on B(0, H). Then,
&1 (1)~ galt) = / (b(s, g1 (5))—b(5. gals)))ds + / (05, 91(5))—0 (s, ga(5)) s (s)ds +
/0 (s, 92(5))(hi(s) — ha(s))ds (2.5.11)

By the statement above, if || h; |71 < a for i = 1,2 for every ¢ > 0
there exists § > 0 such that if || hy — hg [|ec< § we have
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y/o o (ga(5)) (B (5) — Fia(s))ds |< & (2.5.12)

that yields
| g1(t)—ga(t) |< e+ L / | 61(5)—ga(s) | ds+L / | 91(5)—ga(s) || Fa(s)ds <
§6+L/0 | g1(s) — gals) | ds +

L ([ 1= as) ([ 1 )" <

<cr 0T o) [ 106) - o) P as) ™

If | hy — Dy [|o< 6 we get
t

[01(0) = 0a0) < 22+ 2220/ + 0 [ 01(6) = anls) s
0

By Gronwall Inequality,
| g1(t) — ga(t) |?< 2e% exp (2L2(\/T—|— a)Qt)
which allows to conclude. O

Our next step is to give reasonable conditions under which A2.5(c)
holds.

A natural hypothesis is:

Assumption B.2.5
b, o are locally Lipschitz continuous, have a sublinear growth at infinity, and:

lim | b°(s,y) —b(s,y) |=0 (2.5.13)

e—0t

lim | o°(s,y) —o(s,y) |=0 (2.5.14)

e—0t

uniformly in compact sets.

We want to prove that B.2.5 = A.2.5 (c)
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Lemma 2.5.2. Let c,c. : [0,T] x R? — R? be vector fields such that

| ce(s,2) |+ | c(s,z) [< o(s) 0 < s <T (2.5.15)
| c(s,y) —c(s,2) [<W(s) |y—2z| 0<s<T(25.16)
for some ¢ € L2([0,T],R%) and ¢ € L*([0, T], R?) respectively such that

T
lim [ sup|c(s,y)—c(s,y)|ds=0(2.5.17)

e—0 0 y

Let o.,0 be k x d matrix fields such that ¢ is Lipschitz continuous,
bounded by M >0, and such that (2.5.13)- (2.5.14) holds uniformly in y € R%-
Let (X7 )o<t<r » (7t)o<t<r be the solutions of

t t
Xi=1x —|—/ co(s, X5)ds + \/5/ o.(s, X5)dBs
0 0
V=T +/ c(s,7vs)ds

(2.5.18)

respectively. Then for all R > 0, p > 0, there exists ¢y > 0, > 0 such that
for every x € R? and ¢, 1) such that || ¢ ||z2< a; and || ¥ ||;1 < a1 we have

P([| X° =7 |lo> o, || B o< @) < e F/% for all € < &.

For more details see Baldi [2] and Chaleyat-Maurel [3].
Proof. We have

Xi—y = /Ot ce(s, X5) —e(s, X5)ds + /Ot c(s, X5) — c(s,vs)ds
+ \/E/t o.(s, X)dBs
For small € > 0 due to (2.5.17), 0
\ /Ot (s, X5) —e(s, X5)ds |< ge’C‘lT.

(2.5.16) gives
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X&) — g)ds |< X;:— o | ds <
'/of‘* ‘) c<s,ws|</0 (s) || X5 — 7 | ds <
g/ [(s) | sup | XS —~(r) | ds

0

0<r<s

¢
So if U.(t) = \/E/ o-(s, X:)dBs
0

t
sup | X — 7, |< Lo 4 | BF || + / 19(s) | sup | XS —~(r) | ds
2 0 0<r<s

0<s<t

From Gronwall's Lemma, for || ¢ |11 < ay
| X5 = oo S+ 11 Ul e
Thus
P([| X2 =7 lloo> p, ]| B lloo< ) <P( | Us [loo> ge_“lTa I B° o< @)

The conclusion follows from the next statement.

claim 2.5.1.

VR>0Vp>0,deg >0 a >0 such that fore < &g
elogP([| U lo> p, || B* o< @) < =R

Proof. For every n € N let t5 = 0, t; = %,..., t, = %T, vy tn, = T be a

discretization of [0, 7] and define the approximations:
th’n = thk ift, <t< trt1

We have that { || U? ||[«> p, || B* [[«< @} CAUBUC
where

A={ ] X° - Xﬁant||oo> 8}
B~ {sup | VE [ (0u(s,X5) — ou(s, Xi")dBs [> £ X* = X" || o< )
t<T 0

C {sup | VE

t
0(s, X2 dBs |> £ || X7 = X7 [|o< B, || B° o< @}
t<T 0 2

Split B = By U By U B3 where:
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{sup | Ve (ag(s,Xs) —o(s, X:)dBs |> g}

t<T

= {sup | V2 < (5, X2) = 0o(s, X2")dBs |> £, || X7 = X" [|o< 8}

t<T

= {sup| = <05(87X§7n> —o(s, X™")dBs |> g, }

t<T

Due to (2.5.13) and (2.5.14) for all > 0, there exists £y > 0 such that
for every € < gq

sup | 0-(s,y) —o(s,y) [<n Vs
Y

The exponential inequality for martingales [19] gives for small 7:

pt 1
P(B;) < 2d — -
(Bi) < 2dexp 2Tn?e
< efR/s

P> 1
P(B;3) < 2d — -
(By) < 2dexp =g~
< e—R/E

As o is supposed to be Lipschitz continuous, with a constant L, on B,
holds
| o(s, X5) = 0e(s, X57) |[< LS
and again the exponential inequality for martingales gives that
P rl
(Bg) < QdeXp—mT—Lgﬁgg

< e—R/s

So IP’(B) <3e ¢ fore < g9 and small 5 independently of n € N.
As for C, on the set {|| B® |[|o< a} it holds

t n—1
| \/g/ 0.(X;")dBs |=| \/EZ 0(X5, ) (Biyant — Biyar) |< 2Mna
0 k=0

which gives C' = () if a < 1 ]\/[p for some ng € N

no7
For A:
P (X=X o> 8) =P(UiSy { swp 11X X5 > 6}) <
e <t<tpi1
n—1 t
< ZIP’ sup | / ce(8,X3) | ds+ e sup | / o-(s,X;)dBs |> ﬁ)
k=0 b <t<tp41 U <t<tp41 t
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By Cauchy-Schwartz Inequality

[etsxiasis T [ owras) " <o/t

So, Vn > ny large enough independently of ¢, the events

' g
{ sup |/Ca(8,X§)|dS>—}=®V/€:0,,n—l
7%

t<t<_k+1 2

Applying again the exponential inequality of martingales:

—nf%1

t
. B :
P{\/E sup | /tk C€<57Xs) |d8> 5} SQdGXp [8M2Tg]

tp<t< k41

Furthermore, for n > ng and € > 0

2
elogP( || 2° — X°" ||o> B) < elog(2nd) — 8?\}% < R—R for a possible
larger value of ng and € < 1 With the fact P(B) < 3e~= we conclude the

statement. ]

In this moment we are ready to state the final theorem that completes
the proof that (Po (X¢)—1).s0, ie the laws of the process solution of (2.4.1),
satisfies a LDP with the good rate function I under the assumption of b, o
Lipschitz continuous with sublinear growth at infinity , and with the pro-
perty of the Assumption B.

For more details and deep information about the more general Frendell-
Wentzell estimates and some other complements and alternatives, such as
Laplace Principle, see 2] and [3].

Theorem 2.5.2. Under the assumption B.2.5, for every R > 0, p > 0,
a>0,C >0, there exists g > 0 and o > 0 such that for every e < g

P([| X* = gllo>g. [ B = h o< @) < e f/°

where h € HY([0,T],R?) , g = S,(h), uniformly for | h |m<a, |z |<C.
Moreover, if b,o are bounded and the convergence in (2.5.13), (2.5.14) is
uniform in y, then the quasi-continuity property is uniform in x (the starting
point).
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Proof. Let
L. = exp / s)dBs — 1 ' | h(s) 2 d5>
\/_ 2¢e
and P¢ the probability on (2, F, {F; }o<i<r, P) having density L. with respect

1 .
%ht is

to P. By Girsanov's Formula [19], under P¢ the process W7 = B, —
a Brownian Motion for 0 < ¢ < T and let X¢ such that:
{ AXE = c.(t, X5)dt + /2dW§
Xg==x
where ¢ (t,z) = b°(t,z) + 0°(t, x)h,. We set c(t,y) = b(t,y) + o(t,y)h; and
suppose that b,o are bounded by M > 0 and have the same constant L

of Lipschitzian continuity and that the convergence in (2.5.13) - (2.5.14) is
uniform. Then:

| ce(s,2) [+ | (s, 2) [< :
2M (1 + | hs [) | es,y) — (s, 2) [< L1+ [ hs |) |y — 2 |

and

sup | c=(s,y) — c(s,y) |
Yy

< (14 | hy [ysup { | b-(s,9) = b(s,9) | + | 0c(s,9) — o(s,9) | }
y
Then by the hypothesis of the previous lemma, that are verified, for
every Ry > 0 there exists €9 > 0 a > 0 such that if € < g5 and
Ac={ 1 X* = gllo>p | VEW? [l< a} then

Pe(A.) < exp ( — %)
We have that

1
:Lglzexp<—$ st—i——/ |2d3
0

From Cauchy-Schwartzs Inequality,
P(Ag) = / Le_ld]P)a S Pa(Aa)l/QEg [(La_1)2} 1/27
Ae

being ¢ the expectation under P. And we get also that
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E(L7')? = E° exp( \/_ ' h(s)dBs + = 1 /OT | u(s) |? ds> =

“we (= [Chans 2 [ 1) as) <o (2 1)

\/_

= exp (2 | b [[2)(25.19)

We take that for every || h||;< a
1 — CL2 1

P(A.) < exp {— 5 E} which proves (A.2.5 (¢c)).

It remains to drop the assumptions of boundedness and global Lipschitz
continuity for b,o and also the uniformity of the convergence in (2.5.13)-
(2.5.14).

This can be done easily by a localization procedure. The idea is that the
event { || X° — g [|«> p} only depends on the value of the coefficients in
a neighbourhood of the path g, therefore in a bounded set, where they are

Lispchitz continuous and bounded.

By the lemma 2.5.1 the set of paths that solve (2.5.2) as h varies in

{Il h ||z < a} and z in a compact set K C R? remains inside an open ball of
radius H and centered at the origin of RY. Let

b {ba( 2 o< H+ 2 (2.5.20)
’ Ja]

b.(t,
(t,2) = (¢, ZH) if |z |> H+2p

and in a similar way b,7.,5. These new coefficients are trivially bounded,
Lipschitz continuous and

ll_r)% | be(t,x) — b(t, x) |= ll_% | 7e(t,z) —a(t,x) |=0 (2.5.21)

uniformly in € R? and in ¢t € [0,T] Moreover, if X=* and ¢g* denote the
solutions of:

t t
Xyt =x +/ Ea(s,Xj’*)ds +/ Vea® (s, X2*)dBs
0 0

t t
gr=x+ / b(s, g?)ds +/ a(s,gs)hsds
0 0
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Of course ¢* = g and as b = b° and o° = o° in the ball of radius H + 2p ,
X and X* coincide up the exit from this ball and

{1 X5 =gll>p} ={ 1| X" =g l> p}
and then
(X5 =g llae> o1l B = h e 8} = { | X = g o> p | B* = h < 8}

which concludes the proof
m
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Chapter 3

Assymptotics, Connections with
Quasilinear Parabolic

Partial Differential Equations and
a Large Deviations Principle

3.1 The Main Task

The main purpose of this chapter is to discuss the following:

XM =z 4 / flr, Xeb® Yoty ds + \/E/ o(r, XoH Y5"") dBs
t t

T T
}/te,t,z _ h(X;Jt’x) +/ g(n Xf,’t’x, Y;:s,t,;r7 Z;‘,t,ac) ds — / Z;‘,t,a:dBS
s t

VO<t<s<T, v €R?
(3.1.1)

under the hypothesis of the first chapter.

(3.1.1) is the natural perturbation of the FBSDE (E) with a small parameter
V€ in the diffusion coefficient of the forward equation. Our goal is to consider
¢ — 0 and study what happens to the solution of the problem.

In the first chapter we have assured sufficient conditions to conclude that
(3.1.1) has a unique solution in M[t, T] (X;"*, V71" 20%%) coer Vs € [t, T].
S0, now our question is to study the convergence of this solution when ¢ — 0.
Under the classical assumptions, the boundedness of h, Lipschitz continuity
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property, sublinear growth and monotonicity; assuming o bounded too and

letting @ = oo”, we will see that defining

u(t,r) =Y, " t €[0,T]
u is a viscosity solution of

aul7€ 19 d 82ul,s d 8ul,s l 0
ot + 5 Zi,j:l Qij dx;0x; + Zi:l 1 9z, tg =

(T, z) = h(z) (3.1.2)
reRY I=1,..k

And in addition, (X;*", Y """) << obeys a Large Deviations Princi-
ple.

3.2 FBSDEs and Viscosity Solutions

Consider the following FBSDE

X = x—l—/ f(r, Xﬁ’x,Kf’x,Zﬁ’x)ds+/ o(r, X" Y'")dBs
t t

T T
Verr —h(Xe)+ [ glnXem Y% 20y ds— [ 2.Bs

VO<t<s<T, v € R?
(3.2.1)

Our purpose is to show that if the FBSDE (3.2.1) has a unique adapted
solution denoted (X5 Y1® Zb%),c,cp, then u(t,z) = Y;"" is a viscosity so-
lution to a quasilinear PDE.

We are going to do the following assumptions- Assumption A.3.2

i) The coefficients f,g,o,h are under the assumption (A.1.3) of the
first chapter and in order to simplify the presentation, we consider £k =1 | ie
(Y;")i<s<r is one-dimensional.

The proof we will present here (inspired in the work of Ma-Yong [25)
extends easily to systems of quasilinear second order PDEs of parabolic type.
However for the notion of viscosity solution make sense, we need to make
restrictions on the dependence of the coefficients f, g upon the variable z:
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ii) f does not depend on z.

iii) V1 <! < k the I-th coordinate g of g depends only on the k-th row
of the matrix z.

iv) The functions f, g are differentiable in z.

The coefficient o = o(t, ) independent of y garantees the uniqueness
of viscosity solution when the solution class is restricted to, for example,
bounded, continuous functions that are uniform Lipschitz in x and Holder
—1/2 in t. For more details in viscosity solutions of second order parabolic
equations see [7].

Under suitable additional conditions (assumption A.1.5) the system
(3.2.1) has a unique solution (X Yt* Z%*) We recall that, by the remark
after theorem 1.4.1, resulting of the application of Blumenthal 0-1 Law,
u(t,z) = Y;"" is deterministic.

We define the following differential operator :

d
1 0
(L o)t 2.y, 2) “3 > a tmy—8 B (LE) < f(t 2.y, 2), Volt,x) >

,j=1

Vo € CH2([0,T) x R R, te€[0,T], ze R, y e R, 2 € R?
where a;;(t,z) = oo (t,x) Vi,j =1,....d

We claim that u(t,z) = Y;"" is a viscosity solution of the following
backward quasilinear second order PDE:

Ou + (Lu)(t, z,u(t,z), Vyu(t

5 ,x)o(t, x,u(t, x)))+
g(t,x,u(t,z), Vyu(t,x)o ( z)) =0
u(T,z) = h(z), v € RY t€0,T]
(3.2.2)
Let us recall the definition of a viscosity solution for the PDE (3.2.2) (
see |7] ).

Definition 3.2.1. Viscosity Solution
Let u € C*2([0,T] x RY), satisfying u(T,z) = h(x), z € RL wu is called a
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viscosity subsolution (respectively supersolution) of the PDE (3.2.2) if for
every p € C12([0,T] x R4 R¥), and (¢, ) is a local minimun (respectively
maximum) of ¢ — u we have

— + (Lu)(t, z,u(t,x), Vop(t, x)o(t, z,u(t, x)))
+ g(t,z,u(t,x), Vep(t,z)o(t,z,u(t,z))) >0 (3.2.3)

(respectively < 0).

u is called a viscosity solution of the PDE (3.2.2) it it is both a viscosity
sub and supersolution.

We are going to prove the following:

Theorem 3.2.1. Assuming the assumptions A.3.2 on the coefficients of the
system (3.2.2) ( ie lipschitz continuity, sublinear growth with boundedness of
h and differentiability on z of all of them), (3.2.1) has an adapted solution
(Xbe, Yhe Z5%) and the function u(t,x) = Y"" t € [0,T) is a viscosity solu-
tion of the quasilinear PDE (3.2.2).

Proof. The existence and uniqueness of the solution (X* Y&* Z5%) of the
FBSDE (3.2.1) is standarb, due to the work developed in chapter 1.
We will prove that u is a viscosity subsolution of (3.2.2) . The proof that
u is a supersolution is identical. Note by the chapter 1, u(t,z) = Y, is
continuous on [0,7] x R? Lipschitz continuous in z and Holder continuous
~1/2int.
Let (t,z) € [0,T] x R%; let o € C12([0,T] x RY) be such that (¢, z) is a local
minimum point of ¢ — u such that w(7T,z) = (T, z) = h(z).
Modifying slightly " at infinity" if necessary, we assume without loss of ge-
nerality that ¢, V¢ are uniformly bounded, thanks to the uniform Lipschitz
property of u in x.
VO<t<7<T, u(r,X!) =Y! thanks to the pathwise uniqueness of the
FBSDE (3.2.1)
Therefore i i
u(t, z)= u(r, X?t) —|—/ g(s,Xﬁ,Y;’,Zﬁ)ds—/ Z'dBs (3.2.4)
t t
Applying It6" s Formula to ¢(., X!) from ¢ to 7:
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P X0 = ot )+ [ S s, Xt)ds [ < Vgl X0, (5, XLl X, Z0) >
t t

T 1 T

d8+/ 5757" [O'O' (S X;}/s>vra:30(s7X§)}ds+/ < vr@(&‘xg) (8 X;}/st)dBS >
t t

(3.2.5)

Writing
g(S XL Y Z0) = g(s, X5 Y [0Vl (s, XL YY) +
<a(s), Z; — [0" Vauypl(s, X2, YY) >
f(s, XiaYstaZt) fs, X5V [0V apl(s, X5, Y)))+8(s) [Zi—[0" Vil (s, XL, V)]
(3.2.6)
where
a(s)—/ 99 (5. Xt !, 719)d6
0 0z s
8 = [ sty im0
0
2y =02+ (1= 0)0" (s, Xy, Y))Vap(s, XY

(3.2.7)

By the asumptions «, 8 are bounded adapted processes.
Subtracting (3.2.5) of (3.2.4), combined with (3.2.6) and (3.2.7), noting that
u(t,x) = @(t,z) and u(r, Xt) = p(7, X*), we obtain:

02 ulr. X0)=p(r, X2) = [ { =526, X0)=(5, XLV " Vg5, XL, V) -

ot
<2~ [TV (s, XL YY), als) = Vapls, XB(s) > Jds +
/ < 7' —[0"V,p)(s, XL, Y!),dBs > (3.2.8)

t

Defining 6(s) = a(s) + Vap(s, XJ)B(s), s € [t, T]
we see that 6(s) is uniformly bounded and the following process is a P-
martingale on [¢, 7]

o! :exp{ —/ < 0,,dBr > 1 | 6(r) |? dr},s € [t,T]
¢ 2

d
By Girsanov's Theorem, let Q a new measure of probability, such that d% =

©% and W7 = B(s) — B(t) — / O(r)dr is a Q Brownian Motion on [t, T7.
¢
Since (X5 Y5* Z8%) is on M(t, T , ie,
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T
E sup | X, |* +E sup |YS|2+E/ | Z, |* ds < o0
t

t<s<T t<s<T

With the boundedness of V¢ and the uniform Lipschitz property of o, we
have that exists C' > 0 such that:

T 1/2
Bo{ [ 12~ [0Vl X P sy <
e 1/2
<crfep( [ X P+ VP 4] 2 Pas) ) <
t
t\2 1/2 r t |12 t |2 t 12 1/2
gC[E(@T)] {E/ 1+ | X! 12 4| YL +|ZS|)ds} < 0 (3.2.9)
t

In other words,

M(r) =/ < ZL = [6TV,¢)(s, XL, YE), AW, > r € [t, T] (3.2.10)
t

S? S

is a local Q martingale on [¢, T'] satisfying E < M, >;/ < 00, so the Burkholder-
Davis-Gundy Inequality shows that process is a P martingale on [¢t,T]. For
details about compensators see [19] or [21].

Taking the expectation E? on both sides of (3.2.8) we obtain:

0> Ee / 02 (5, X1) — (L) (5, X4 YL, 07 Va5, X1, V)
t

87 78 S? S

g(s, XL, Y, Vap(s, XDo(s, Xt Yt))ds}(g.z.n)

Divide both sides by 7 and send 7 — 0 to conclude and obtain the in-
equality (3.2.3).

3.3 The Assymptotic Study and a
Large Deviation Principle

Recall our main FBSDE problem:
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Xbot = g 4 / F(r, X550 Yoo )dr + /e / o(r, Xb5, Y,»)dBr
t t

T s
L e R B e
s t

r ERY0<t<s<T ,l=1,....k
(3.3.1)

where
f:10,T] x R x RF — R4
g:[0,T] x RY x RF x RFxd —y RE
a.[O,T]deka%RdXd
h:RF — RF

are measurable functions to respect to the considered borelian fields in the
euclidian spaces in case, obeying the usual assumptions (A.1.5) of Lipschitz
continuity, sublinear growth, monotonicity, with the new assumption of
boundedness on o.

We know (3.3.1) has a unique solution in M|[t, T| (Xbo* Yier ZbeT), oo,
that we will denote sometimes in a simplified way, without danger of confu-
sion, by (X&,Y?, Z2)i<s<r. By the theorem 3.2.1, we know that u°(¢,z) =

R

Yt is a viscosity solution of the associated quasilinear parabolic PDE system:

g (t,x,u (t,x), Vous(t,x)oc (t, z,u(t,z))) =0
u (T,z) = h(z) € R*t € [0,T]

(3.3.2)

Using the proposition 1.4.1 we know that for each ¢ > 0
uf[0,T] x R? — R* is only dependent on f,g, h,o, so the properties below
hold uniformly in €.
Using the theorem 1.5.1 :

P(Vs € [t,T]:u(s, X)) =Y¥) =1 (3.3.3)
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P& p({(w,s) € Qx [t,T]:| ZL5"(w) |>T1}) (3.3.4)

In particular, there exists continuous versions and uniformly bounded ( in
too) of (Y, Z1*),<s<r. But if we assume more regularity on the coefficients
of the FBSDE (3.3.1), the regularity enough to use the lemma 1.5.1, we
deduce that :

| u®(t,x) |[< K (3.3.5)
ut € Cy*([0,T] x RY) (3.3.6)
sup | Voub(t,x) |< Ky (3.3.7)

(t,z)€[0,T]xRd
and
Zz,e,a: — Ut (t, X;’E’:E)O'(S, X;:‘f) (338)

where u® solves uniquely (3.3.2)
Our first result is:

Theorem 3.3.1. Assymptotic Behaviour
Under the previous assumptions, in particular if o bounded:

1. The solution (XL=® YEor ZLew),cor converges in M(t,T], when
e = 0 to (Xs,Y5,0)i<s<r, being (X, Ys)i<s<r solution of the deterministic
ordinary coupled system of differential equations:

Xs = f(S7X8aY:9)
}‘/:9 = _g<87X87Y9)7 13 S S S T
Xt = ZE,YT = h(XT)

(3.3.9)

2. u is bounded, continuous Lipschitz in x and uniformly continuous in
time.

3. u(t,z) =Y, , limit in € — 0 of ¥;"*" is a viscosity solution of

o + Z fi(t,x,u(t,x))g—i(t, z) 4 g'(t, z, u(t, ), Voult, 2)o(t, z, u(t, ) = 0
uf(t,z) = h(x) x € Rt € (0,7

I=1,..k
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(3.3.10)

4. Furthermore, u is the unique classic solution continuous Lipschitz in x
and uniformly continuous in time of (3.3.1) if u € C'' ([0, T] x R%) and under
the hypothesis that (3.3.9) has a unique continuous solution.

Proof. To simplify notations in the computations that follows, we write
£o(s) = F 5, X7, Vo)

ga<5) = 9(57 X?axv szt’axv Z?ax)

7(s) = o5, X5 Y1)

e = h(XE)

By an estimate like the main estimate of the section 4 of the first chapter,
theorem 1.4.2, we have that :

E sup | X]— X7 ["+E sup | Y7 —Y7 [* +

t<s<T t<s<T

T T
E / | Z5 — Z% |? ds < 7{1['3 | h® — At | —i—E/ | Veo®(s) — /E1oi(s) |
¢ ¢

ds+B([ 1YV g - () | 49)°) (330

where v > 0 only depends on the Lipschitz constants of the coeffi-
cients of the FBSDE system and (X¢,Y?, Z5)<q<7 solves uniquely (3.3.1)

§7 78 S

and (X2, Y, Z5');<.<r solves the equation (3.3.1) but with € replaced by
[N
We can estimate:

E | h(X5) — h(X3) |< LPEsupi<ser | XS — X2 |? (3.3.12)

where L is the constant Lipschitz of h. Another estimate is:

B [ (1) -vao () )as <E [ |VE-Va | QL +eill Ximxi P4

bound|o|

Y2 Y2 [2) + 205 | VE — ar | 2Mds

97



<c | Ve— e +cQE/ | X — X5 )2 4+ | YE— Y |2 ds(3.3.13)

where ¢1, ¢o are independent of ¢,¢; only dependent on the bound of | o |,
T and the Lipschitz constant of o.
Furthermore, for some c3 > 0

T
t

T
€ () € £ 2
B( [ Ve Y2 |+ () - g (9) | ds)’ <
t
T
B [ |Y:-YP Pl g P2 | Y-V (g 7 ds <
t
T
B[ [ X XP P Yo P 220 P <
t

e {IE sup | X5 — X 2 4E sup | YE— VS 2 4E sup | 25 — 22 |? }

t<s<T t<s<T t<s<T

(3.3.14)

using Jensen Inequality and using the Lipschitz property of g, and modifying
c3 throught the lines.

By (3.3.9) we have that

T
]E/ | Z2ds <E sup | Z° *’< Mel' = 0 as e — 0 (3.3.15)
t

t<s<T

By the Cauchy property of the space H2(R¥*?), we know by the above,
once Z; converges to 0 as € — 0, that

T
]E/ | Z5 — 7% 2 ds — 0 as € — 0 (3.3.16)
t

Furthermore, using Burkholder-Davis-Gundy s Inequalities

T
E sup | X:— X2 2 +E sup | Y- Y7 \2—HE/ | 28— 72 P ds <
t

t<s<T t<s<T

T
m/\ﬁ—ﬁ%+ﬂ?&?ﬁﬂﬁ—ﬁ%%
t

T
gyE/ sup | X — X P +sup | Y —Y |2+ sup | 25— 27 |2 ds
t

t<r<s t<r<s t<r<s
(3.3.17)
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Moreover, for new 7,7y, > 0, eventually, using (3.3.12)- (3.3.15) we get

T
B sup | X7 — X7 4B sup [VE- VP PA4E [ |25 Pds <
t

t<s<T t<s<T

sup | X7 — X224 sup | Y- YA P+

T
t t<r<s t<r<s

71|\/E—\/a|+72E/
sup | Z8 — Z' |? ds (3.3.18)

t<r<s

Using Gronwall Inequality,

T
E/ sup | X2 — X |2 + sup | VP — Y P<
t

t<r<s t<r<s

<C|Ve—ye|Esup | Zi—Z2 P=0as|e—e |[—0(3.3.19)
t<s<T

For some C' > 0 independent of e. We conclude, by the previous com-
putations that the pair (X%, Y¢);c <7 converges in S2(R%) x S2.(R¥) by the

S
completeness of the normed spaces concerned. Call (X, Y5)i<s<rics<r its

limit. So, (X, Ys, 0)i<s<r is the limit in M[t, T] of (X5, Y5 0);<s<r when
e— 0.

Now, considering the forward equation on (3.3.1), if we take the limit point-
wise when € — 0, and using the boundedness of ¢ and the continuity of f,
we have

Xt =x +/ f(r, X, Y,)dr a.s P (3.3.20)
t
Similarly, taking the limit on the backward equation when ¢ — 0, using

T
the continuity of the functions h, g and the fact that E( / Z1’f"€dBr)2 =

s

T T
]E/ | Zb |2 dr — 0 as € — 0 implies / ZdBr — 0, a.s P

T
Y! = h(XE) +/ g(r, X, Y, 0)dr a.s P (3.3.21)

In conclusion, (Xj, Y;)i<s<7 solves the following deterministic problem
of ordinary (coupled) differential equations,

Xs = f(saX&l/s)
Y, = —g(s, X, Ys), t<s<T
Xt =T, YT = h(XT)
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(3.3.22)

2. uf converges uniformly in [0,7] x K for all K compact of R%; an
analogue estimate of the main estimate of the theorem 1.4.2 shows, such as
the corollary 1.4.3, that (u®)are equicontinuous; and we can apply Arzela s
Ascoli Theorem and conclude the uniform convergence of (u°) in the compact
sets of [0,7] x R.

u(t,r) = Y,*" is continuous by the type of convergence of u° , using
the inequality (3.3.11). The boundedness of u and the continuous Lipschitz
condition in x and the uniform continuity of u in time follows from the type
of convergence of u® and of the uniform bounds (3.3.7)- (3.3.7) in ¢ for u°.

3. Using the theorem 3.2.1 from the previous chapter, we see clearly
since the hypothesis of the coefficients of the concerned FBSDE problem |,
that u is a viscosity solution in [0,7] x R<. of (3.3.2).

But (3.3.2) can be written by

a(us)l
ot
and (3.3.10) by

(t,x)+Gj(t, z,ut, x), Vous (t, z), Vezu (tx)) =01 =1,...k (3.3.23)

I
i %—Z(t,x) + Gy(t, z, u't, x), Vau(t, z), Vezu(t,z)) =0 1 =1,...k (3.3.24)

where Ge(twra/y?pa Q) =—-< f(t,:v,y),p > —gtr(a(t,x,y)q)
—g(t, 2, y,/Epo(t, x,y))) in [0, T] x R x R* x R*? and
G(t,z,y,p,q) = — < f(t,z,y),p > —g(t,,y,0) in [0,T] x R? x RF x RF>*4,

Clearly, since the coefficients of the system are Lipschitz continuous, it
is easy to conclude that G° converge uniformly to G in all compact sets of
[0,7] x R? and we know that once u° converges to u in every compact set
of[0, t] x R%. In these conditions, knowing the properties of viscosity solutions
(see [7]), we conclude that u is a viscosity solution of (3.3.10).

4. Tf v : [0,7T] x R? — R¥ is a Cp'([0,T],R*) solution, continuous
Lipschitz in x and uniformly continuous in ¢ for (3.3.10), fixing (t,x) €
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[0,T] x R%, we can consider the following function:

V[, T] — RF 4(s) := v(s, X1®), computing its time derivative:
dw( = R d
ds 0s

B 81} 5, X0 +Z

—9<87X£"’% (@ X17).¥ v(x,xm (5, X5%, u(s, X17)))

00\ i D)

5, X+ X 0 X

Xt T X;ﬁ,x) Ygt,z) —

U(T) = v(s, X7") = M)

Consequently v(t,z) = v(t, X;™) = u(t, x), if we have uniqueness of solution
for the ordinary system of differential equations (3.3.9).

So, we have a uniqueness property for (3.3.10) under the class of O,}’l([o, T] x
R?), which are Lipschitz continuous in z and uniformly in .

[]

Our second result is a Large Deviations Principle for the couple
Xt,a,a: Yt,a,x
( s ’ )tSSST-

S

Theorem 3.3.2. A Large Deviations Principle
When ¢ — 0, (X%)icscr obeys a LDP in C([t,T],R%) with the good rate
function

1 T
o) =int {5 [ 1.1 dssg € B, 7). ),
t
gt [ S o)+ [ otrg)pdr s e 1)} (3:325)
t t
for all ¢ € C([t,T],RY)

and (Y}#),<s<r obeys a LDP in C([t, T], R¥) with the good rate function

S

J () = inf {J(@ L F(p) =2 if v € Hl([o,T],Rd)} (3.3.26)
where F(p)(s) = u(t, ;) for all ¢ € C([t,T],R?)
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The main property employed to establish the LDP for (X2=%, Y55%), <<,
is Yo" = uf(s, Xb57), that helps us to generalize the LDP recognized in [33]
for the FBSDE system decoupled, ie, when f(t,x,y) = f(¢,x).

Proof. Since Y/ 5% = u(s, X157), the first equation on the FBSDE (3.3.1) is
in the differential form given by (we omit “* )

dX; = f(S,Xg,us(S,Xg))dS + \/EO'(S,XSE7U6<S7X§>)C1BS; t<s< T

be(s,X¢) oi(s,X§)

X; ==
(3.3.27)

So we have a typical setting in which we can apply the Freidlin-Wentzell
theory results of the section 4 of the second chapter;defining:
b*:[0,7T] x R x R — R?
be(t,x) = f(t,z,us(t,x))
o5 [0, 7] x R x RF — Rdxd
oi(t,x) = o(t,z,u(t,x)) noting that b° and o are clearly Lipschitz conti-
nuous, with sublinear growth
and (3.3.27) is given by

dXe =V°(s, X2)ds + \/eoi(s,X5)dBs; t <s<T
X ==
(3.3.28)
Since hH(l) | w®(t,z) — u(t,z) |= 0 uniformly in all compact sets of
e—
[0, 7] x R? as we remarked in the theorem 3.3.1 before, we are conducted
to the obvious conclusion, by the Lipschitz property
lgrg) | b°(t,z) — b(t,z) |= l_l_r% | o5 (t, ) — o1(t, x) |= 0. (3.3.29)
uniformly in all compact sets of [0,7] x RY. Here b and o, are the
corresponding limit coefficients of (3.3.29) when ¢ = 0. By the standarb

theory of ODEs, since b and o (considering ¢ = 0) are Lipschitz continuous,
the problem

102



{gs = b(s, gs)ds + a(s, g hs; h € H'([0,T],R%)

gt =

(3.3.30)

has a unique solution in C([t, T], R?).

We will denote it g = S,(h).
In this way, we are defining an operator S, : H*([t, T],R%) — C([t, T], R%)
which is uniformly continuous (ie continuous for the supremum norm ) and by
(3.3.29), with the fact that b°, ¢, b, o are Lipschitz continuous, with sublinear
growth, we know, applying the theorem 2.5.1 , that (Po (X¢)™1)..( obeys
a LDP with the good rate function

SN
to) =int {5 [ 1.1 dssg € B, 7). )

t
s

gy = :1:~|—/ f(r, g, u(r, gr))dr+/s o(r,g.)opdr s € [t, T)if ¢ € Hl([t,T],Rd)}
(33.31) " t

In what follows, in order to prove a LDP to (Y );<s<r we consider the fol-
lowing operator:

Fe . ([ ,T),RY) — C([t, T], R¥)

Fe(p)(s) = (s, 02)
(3.3.32)

We observe that Y = F¢(X¢) for all s € [t,T].

To establish a LDP for (Po (Y¢)™)..q we want to use the corollary 2.2.1,
that we presented in chapter 2. It is easy to see that it is sufficient to
prove that (F*©).s¢ is a family of continuous functions and that F* — F' in
C([t, T],RY) in all compact sets.

In order to prove the continuity of F*©:

Let ¢ > 0 and x € C([t,T],R?). We will prove the continuity of the
function by means of sequential continuity, since C([t,T],R%), C([t,T], R¥)
are metric spaces.Let (x,)nen be a sequence in C([t, T],R?) converging to x
in the uniform norm. Fix § > 0. Since || z, — x ||o— 0, there exists M > 0
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such that || 2, |loo 5 || Zn ||ee< M.
uf is a continuous function in [0,7] x R? (theorem 3.3.1) and u° is uni-

formly continuous in [¢, 7] x K where K = B(0, M) C R<.

There exists 7 > 0 such that for s,s; € [t,T] and 2,2y € K | s—s1 |<7n
and | z — 21 |<n, we have | u®(s, z) —u®(sy, 21) [< 9.

Since z,, — z in C([t,T],R?), fix ng € N such that for all n > ny we
have || z, — 2 ||oo< 7.

For all r € [¢t,T] and for all n > ng x,(r),z(r) € K. and
| uf(r,x(r)) —us(r,x,(r)) |< 4.

So we conclude that F¢(x,) — F¢(z) , which proves the continuity of F*
in the point x.

The next step is to see the uniform convergence, in the compact sets
of C([t,T],R%) of F?, to F when ¢ — 0, where F(p)(s) = u(t, ;) for all
p € C([t, T],RY).

Thanks to the point 1 of the theorem 3.3.1 we see that for all € R?
T
E sup | Y2 —Yhe|? +E/ | Z55 |2 ds — 0. (3.3.33)
t<s<T t

Consider K a compact set of C([t,T],R?) and let
A={ps:pe K,se[tT]}.

It is obvious that A is a compact set of RY.
By (3.3.33) above we see that

sup | F=(0) — F(p) |I2= sup sup |u (s, ) — u(s, @s) |*=
e

pEK s€t,T)
sup sup | }/85757@5 _ }/Ss,s,gos |2
peK s€t,T)
<sup sup | Y70 — VIO P 0 as e — 0 as P (3.3.34)

x€A set,T)

using the uniform convergence of u to u in the compact sets of [0, 7| x
R4,
So, using the corollary 2.2.1 we conclude that (P o (Y¢)™!).., satisfies a
LDP principle with the good rate function

J() =t {I(g) : F(p) = v € H'(t, TR (3:3.35)
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for all ¢ € C([t, T], RF)
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