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CHARACTERIZATION OF PERIODIC DISTURBANCES IN ROLLING

ELEMENT BEARINGS

Nicholas A. Kirsch, M.S.

University of Pittsburgh, 2012

The objective of this research is to observe and characterize periodic fluctuations in friction

force of ball-element bearings that occur during velocity tracking motion. It is proposed that

this periodic fluctuation in friction force is caused by the motion of the balls. We hope to

show this relation by demonstrating that the frequency of the periodic fluctuation is equal

to the frequency of the balls passing a position in the race.

To illustrate the relation between the fluctuating friction force and the motion of the

balls, a testbed has been built to measure friction force, ball passage rate, and velocity error

during velocity tracking motion. The velocity error will be calculated from the measurement

of position, and may show how the periodic fluctuations in friction force act like a periodic

disturbance to the velocity. This paper will discuss the design and fabrication of the testbed,

and the resulting measured signals that will be processed to determine their periodic content

and to show how they are correlated. However, before inspecting the test results, some

qualitative analysis of the system and models of the measured signals will be discussed to

give insight into what we may expect from the results of the velocity tracking tests.

An optical sensor has been designed and built to detect the motion of the balls in the

race. The optical sensor measures the light reflected off the surface of a ball as it passes

the sensing fiber. It was necessary to make some adjustments to the initial design of the

sensor to correct for an instability in the signal. These adjustments, and the cause of the

instability, will be discussed in this paper.
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Some ball bearings display an odd sticking behavior, where the friction force greatly

increases beyond the approximated static friction force. This sticking behavior will be dis-

cussed, and how it relates to the motion of the balls in the race will be illustrated. It

will also be discussed how the spectral density of friction force can be used to evaluate the

performance of a bearing.
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1.0 INTRODUCTION

Rolling element bearings are important components of many mechanical devices. They

allow devices to make constrained relative movements while minimizing wear that can result

due to friction. Some linear stages that use rolling element bearings are capable of one axis

motion with micrometer precision; however, some applications of linear stages require greater

precision. In the field of metrology, the science of measurements, to obtain a high degree of

accuracy for measurements taken during tracking velocity motion it is necessary to maintain

the desired tracking velocity, to a certain degree of accuracy that depends on the size of

the features being measured. Objects, such as integrated circuits or MEMS devices, have

features on the order of tens of microns. To scan these small features a linear stage capable

of maintaining a constant velocity with a high degree of accuracy is required. For these

high precision applications linear stages that use non-contact bearings, such as air bearings

and magnetic bearings, are favored. This is because they are capable of tracking a velocity

with less variance than rolling element bearings. Although air and magnetic bearings are

capable of tracking a velocity with less variance than rolling element bearings, due to reduced

friction during motion, they are considerably more expensive due to the higher tolerances

that are necessary in their manufacturing. Presently, rolling element bearings provide a

considerably higher performance/cost ratio than non-contact bearings, which is why they

are more commonly used. Improving how well linear stages that use rolling element bearings

can track a velocity would make precision linear motion available at a lower cost.

Linear stages that use rolling element bearings have seen considerable improvements in

precision due to refined manufacturing techniques; however, their precision could be increased

using control methods. In this paper precision is defined as how well a linear stage can track a

velocity. A linear stage that varies greatly from the tracking velocity during tracking velocity

1
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Figure 1: The ball bearing experiences fluctuating friction forces as the balls transition from

the unloaded region to the loaded region of the race.

motion would be considered to have poor precision. Improving the precision of linear stages

that use rolling element bearings with control methods, instead of increasing tolerances in

manufacturing, could improve precision without increasing the cost of production typically

associated with higher tolerances. In this thesis, it is proposed that linear bearings that

use ball rolling elements experience fluctuations in friction force as the balls move from

the unloaded race to the loaded race, thus causing poor precision during velocity tracking.

This is illustrated in Figure 1, which shows a simple schematic of a rolling element bearing

that uses ball elements. For velocity tracking motion the balls move through the race at a

constant speed. This means that if the fluctuating friction force is related to the motion of

the balls, as proposed, then the fluctuations will be periodic. In this thesis, the fluctuating

friction force, which acts like a disturbance in the tracking velocity, will be discussed as a

periodic disturbance whose frequency is equal to the frequency of the balls traveling through

the race. The goal of this research is to observe and characterize this periodic disturbance

found in linear stages using rolling element bearings.

The frequency of the balls passing a position in the race can be determined by dividing

the velocity of each ball by their distance from center to center. If the bearing truck is

moving at a constant velocity, v, relative to the guide rail then the balls will move within

2



the race at a velocity of v/2. If the balls are close-packed, meaning there is no space between

each ball, then the distance between each ball will simply be their diameter. For a constant

tracking velocity, v, and for balls with diameter d the ball frequency is

f =
v

2d
. (1.1)

This expression for the frequency of the balls passing a position in the race assumes that

both the velocity and spacing between the balls are constant. However, it is known that not

only can the velocity vary about the reference velocity, but the distance between balls can

also vary. The variation in spacing between the balls is due to balls not being closely packed

within the race.

Since the distance between the balls can vary, it is necessary to measure the balls as they

travel through the race. This allows us to determine how the inconsistent spacing between

the balls affects the variation in the frequency. To measure the ball motion in the race,

an optical sensor has been designed and built to detect the balls passing a position in the

race. The optical sensor allows for more accurate measurements of the rate at which the

balls are traveling through the race than the previously discussed estimation in Equation

(1.1). Although the measurements allow us to determine the frequency of the balls traveling

through the race more accurately, the dynamic based estimation expressed in Equation (1.1)

can still be used to predict the approximate frequency. Also, the physical characteristics

of the bearings, such as the amount of extra space in the race, could be used to determine

limitations to the variation in the frequency.

For ball bearings, whose distance between each ball can vary, it is suggested that the

center frequency of the fluctuations will occur at a frequency that is dependent upon the

average distance between the balls in the race. Similar to Equation (1.1) the center frequency

is

fc =
v

2davg
, (1.2)

where davg is the average distance between each ball. The average distance between the

centers of each ball is calculated as

davg = d+
dext
NB

, (1.3)

3



where dext is the total extra space between balls within the race and NB is the number of balls

within the race. For a THK SR25W bearing, which is used in the experiments, d = 4 mm,

dext = 2 mm, and NB = 36; thus davg = 4.056 mm and the center frequency of the periodic

disturbance for tracking velocity motion is fc = v
8.112mm

= 0.123v.

Knowing how much the distance between balls can vary allows us to create an expression

for how much the frequency can vary. If the balls are evenly spaced then the distance between

the balls from their centers would be 4.056 mm, as determined from Equation (1.3) and the

characteristics of an SR25W bearing. Assuming that the balls spacing will vary about their

average, the variance in their distance can be approximated as plus or minus the surface to

surface distance. Knowing that the distance between each ball can vary by dvar, which for

this ball bearing is ±0.056 mm, and using Equation (1.2), we can calculate fd, the frequency

of the disturbance, to be

fd =
v

2

(
1

davg ± dvar

)
= v(0.123± 0.002). (1.4)

The distance that each ball can vary, dvar, is determined from the number of balls in a race,

the length of the race, and the total extra space between balls in the race. Equation (1.4)

allows us to approximate the frequency range of the balls traveling in the race. This will be

valuable when inspecting the frequency content of the friction force, the tracking velocity

error, and the rate of the balls traveling through the race. If the signals contain some periodic

content at the frequency of the expected periodic disturbance it can be concluded that the

disturbance is related to the motion of the balls in the race.

The signal from the optical sensor may also be used to determine how the motion of the

balls traveling through the race are correlated to the velocity error and the friction force

between the guide rail and the ball bearing during velocity tracking motion. A testbed has

been designed and built to make measurements of velocity error and friction force to show

this correlation.

In designing the testbed it was important to remember that the desired measurements

needed to be obtained while the ball bearing moved at a controlled constant velocity relative

to the guide rail. The chosen design, discussed in Chapter 3, uses a linear air bearing table

to move the guide rail while the ball bearing is held in position by a load cell. It was decided

4



it would be easier to move the guide rail instead of the ball bearing to create the relative

motion between the guide rail and the ball bearing because this makes it unnecessary to

move the sensors that are attached to the ball bearing. The air bearing table was ideal

because it allowed the guide rail to be moved at a constant controlled velocity. Also, the

linear encoder in the air bearing table can be used to determine the relative velocity error

between the guide rail and the ball bearing.

5



2.0 BACKGROUND AND STATE OF THE ART

2.1 INTRODUCTION

In this research we desire to measure the friction force of a rolling element bearing during

velocity tracking motion. Although friction has been measured and studied for a long time,

dating as far back as Guillaume Amontons in 1699 [9], its mechanisms are still not fully

understood. Some friction phenomena, which have been observed in research, are Coulomb

friction, static friction (stiction), viscous friction, the Stribeck effect, and hysteresis. Friction

has two regimes where the different phenomena occur, the pre-sliding and sliding regime. In

the pre-sliding regime the moving mass (slider) has not broken stiction, and friction force is

primarily a function of the sliding mass’s position with respect to the stationary component

(stator). Friction phenomena such as stiction and hysteresis are apparent in this regime. In

the sliding regime the stiction has been exceeded and now the friction force is primarily a

function of the relative velocity between the stator and slider. Friction phenomena such as

Coulomb friction, viscous friction, and the Stribeck effect are apparent in this regime.

Coulomb friction, developed by Coulomb in 1785 [7], can be described as

Fc = −sgn(v)µcFn, (2.1)

where Fc is the Coulomb friction, µc is the Coulomb friction coefficient, and Fn is the normal

force. Coulomb friction states that the friction force is dependent on the sign of velocity and

the normal force. The Coulomb model of friction is often used to model friction because of

its simplicity.

Stiction, which was first described by Morin in 1833 [24], describes the condition where

although a force greater than Coulomb friction is being applied to the slider there is no

6



displacement. When a force greater that the static friction force is applied the slider will

begin to move, indicating that it has left the pre-sliding regime and is now in the sliding

regime.

Lubricants are used to reduce friction, and the wear of the bearing elements that can

result due to friction. Viscous friction is a phenomenon that is caused by the viscosity of the

lubricant used and was first described by Reynolds [30]. Viscous friction is proportional to

the product of the velocity of the slider and the normal force. If no lubricant is used then

this friction phenomenon will not be present.

In 1901 Stribeck observed that for low velocities, the kinetic friction force decreased

continuously with increasing velocities [32]. Kinetic friction force refers to the force of friction

that occurs between two materials in contact when there is some relative motion occurring.

The effect observed by Stribeck is referred to as the Stribeck effect and the velocity where

the friction force reaches its maximum is called the Stribeck velocity. Stribeck showed that

the friction force also has a dependence the magnitude of the velocity.

The research of Hess and Soom showed that the friction force is lower for deceleration

than for acceleration [16]. The hysteretic behavior of friction is apparent in the plots of

friction versus velocity, and occurs in the regime which is referred to as the pre-sliding

regime. It was also observed by Hess and Soom that the hysteresis loops become wider as

the velocity variations become faster.

Much research has been done to better understand friction, using many different mea-

surement methods. Some researchers have measured friction using a load cell [8, 10, 13, 14,

15, 29]. Typically in these setups the stator held in position using a load cell, which mea-

sures the forces between the stator and slider as the slider is moved. This method directly

measures the forces acting on the stator; however, friction may not be the only force that is

measured. If the load cell is attached to the actuator of the slider, instead of being attached

to the stator, then inertial forces are also measured. In some cases, such as cases where

the acceleration is small, inertial forces can be ignored. Also, if the mass of the moving

object is known and the acceleration can be directly measured, or calculated from another

measurement, then the frictional forces can be isolated from the forces measured by the load

cell.
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Accelerometers, which are very similar to load cells, can also be used in some research to

calculate friction force from acceleration [5, 15]. Bucci et al. actuated the base of a rolling

element linear stage while the acceleration of the top of the stage was measured using an

accelerometer. Here the only forces acting on the top of the stage are the inertial forces and

friction forces. Since the mass of the top of the stage can be measured, the friction of the

rolling element bearings can be determined from the measured acceleration of the top of the

stage.

Other researches have measured friction force using strain gauges, which are used to

determine force from a measurement of strain [3, 19, 23]. By placing a strain gauge onto a

flexure joint that is controlling the motion of the slider the friction force between the slider

and stator can be determined. Changes in strain at the joint where the strain gauge is placed

causes the resistivity of the strain gauge to change. From the change in the resistivity of the

strain gauge the force applied can then be determined.

Since force is proportional to acceleration, which is position twice differentiated, it is

possible to measure friction force by measuring the relative position between the stator and

slider [11, 21, 22, 33, 34]. This is a non-contact method of determining the friction force, since

many sensors that measure position are non-contact. However, numerically differentiating

position twice to get acceleration often results in a signal with a lot of noise. Since force is

proportional to the acceleration by the mass of the slider the calculated force signal would

be very noisy.

A very simple, and commonly used method, for determining friction force in linear stages

is to use the actuator current scaling method, which determines the actuator force from the

actuator current [4, 12, 28, 31]. Since all linear stages use an actuator to control the motion

of the slider this method can be used with all linear stages. It can also be used to determine

the friction torque in angular bearings. Similar to some of other methods discussed, if the

inertial force is not negligible, the mass of the moving part must determined so the friction

force can be determined from the actuator force.

8



Although all of the discussed methods for measuring friction are different, as stated by

Lampaert et al. [20] all friction testing devices have several features in common.

• They provide a means to fix or support the two bodies for which friction data are desired.

• They can move the two bodies relative to one another in a controlled fashion.

• They can apply a normal force.

• They can measure or infer the magnitude of the tangential friction force.

This chapter will discuss the research that have used the different friction measurement

methods, mentioned previously, in detail. The method for determining the friction force and

what has hoped to observed will be discussed. The different methods will be broken up into

two sections. The first will discuss friction measurement methods that are used to measure

the friction force between two materials, and the second will discuss product friction testing

apparatuses.

Another important consideration discussed by Lampaert et al. is that it is impossible

to completely decouple the dynamics of the actuator and some sensors from the friction

force [20]. Although the dynamics of friction, actuators, and sensors cannot be completely

decoupled it is possible to minimize their interactions. It will also be discussed what steps,

if any, have been taken to minimize the coupling between the dynamics of actuators and

sensors from the friction dynamics.

2.2 MATERIAL FRICTION TESTING APPARATUSES

Many test apparatuses have been built and used to research the frictional properties of

materials. These test apparatuses were built with many different purposes. Some were built

to directly measure the friction force between two surfaces in contact, others were built to

determine the coefficients of friction between materials, and some were built to observe and

characterize frictional dynamics. This section will discuss in detail the design of each test

apparatus and what characteristic of friction they are trying to measure or observe.
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trol often require achieving stability within this-regime.
Applications could include high-precision machining and
assembly as well as pointing and tracking mechanisms.

In boundary lubrication, the relative velocity between
the sliding surfaces is insufficient to develop a separat-
ing lubricant film thickness between the surface asperities.
Metal to metal contact results producng high fction co-
efficients and wear in the absence of special boundary lu-
bricants.

In this paper, the results of friction experiments involv-
ing dry and lubnrcated line contacts are presented. The
dynamic friction behavior is modeled using a simple state
variable friction Jaw. In section 2, state variable friction
laws are introduced. The experimental procedure is pre-
sented in section 3. Section 4 describes friction for both
steady state sliding and velocity steps. The paper con-
cludes with remarks on PD gains for stable sliding.

2 State Variable Friction Models

Research in dynamic friction modeling of rocks in bound-
ary lubrication has been conducted by geophysicists in-
terested in earthquake prediction [5,8,11]. Their models
are referred to as state variable friction models. For con-
stant normal stress, the general form, including n state
variables, &, is given by

f = f(v,11e2-,.n,e*) (1)
0, = gi(V,G1,62,..-,Gn), i=1,2,...,n (2)

This form implies that a sudden change in velocity cannot
produce a sudden change in the state, U, but does affect
its time denrvative. For a single state variable, Rnina pro-
posed the following ficton law [11].

f = fo+Aln(V/Vo)+9 (3)
9 = L + B ln(V/Vo)] (4)

in which B is the scalar state variable and L is the char-
acteristic sliding length controlling the evolution of 0.
The pair (V'o, fo) corresponds to any convenient point on
the steady-state friction-velocty curve. In this case, the
steady-state curve is given by

fss(V) = fo + (A- B)ln(V/Vo) (5)
and the state variable can be related to the mean lifetime
of an asperity junction [8].

If the parameters A and B are such that A c B, the
steady-state friction-velocity curve is negatively sloped
suggesting instability. Rice and Ruina have investigated
the system in which a spring, with its free end moving at
velocity VO, pulls a block of,mass m across a horizontal
frictional surface (10]. They have shown that,, for small
perturbations, the block velocity will be asymptotically
stable at VO if the spring stiffness exceeds a critical value,
kcr. Generalizing their result to include PD control, kcr
is given by

kc = B-(A+kuVo) [1+- V_] (6)

Figure 2: Double-Shear friction fixture. The upper load
cel is clamped to a rd frame while the test piece is
clamped to a hydraulic actuator.

where k, is the derivative control gain. In this case, the
combined machine and controller stiffness must exceed k,c
for stability.

3 Experiment Design

A srvohydraulic materials testing machine was used with
the 41jture depicted in Figure 2 for the friction expen-
ments. The fixture appie normal strese through the
two semi-cylindrical riders to the fiat test piece. The
double-shear desig, while averaging the friction at the
two interfaces, doubles the friction force senstivity. As
pictured, soft spring are used to maintain a relatively
constant normal stress. Load cells, in series with each
rider, are used to detect any changes in normal force dur-
ing a trajectory. The load cell at the top of the fixture
measures friction force.

Displacement of the friction interfaces is measured by
a linear variable differential transformer (LVDT). This
transducer is mounted on the unistressed portion of the
test piece adjacent to the interfaces. Its output is used by
a digital PID controller for interface motion control. The
controller is attached to a PC through which interface tra-
jectories are programmed. The PC also records data from
the position and force sensors during the tests. Since dis-
placement is measured very close to the friction interfaces,
the measurement does not include most elastic deforma-
tion of the fixture and test pieces. The maximum allow-
able displacement of the actuator, 2 mm, corresponds to
that of the LVDT.

4 Experimental Results

Friction behavior was investigated for both steady sliding
and step changes in velocity in the range of 0.1 to 200
ism/sec. Three lubrication conditions were studied: dry,
paraffin oil with maximum Saybolt viscosity of 158 and a

1911

Figure 2: The schematic shown here is the double-shear friction fixture of Dupont et al. that

was used to measure the friction force of line contacts of hardened tool steel (Source: [10]).

As previously mentioned one method for measuring friction force is to use a load cell.

In material friction testing the research by Dupont et al. [10] and Ramasubramanian et al.

[29] both use load cells to measure friction force. The research of Dupont et al. [10] used

a double-shear friction fixture, as shown in Figure 2 to measure the friction force of line

contacts of hardened tool steel. In the test apparatus of Dupont et al. a load cell is clamped

to a rigid frame while the test piece is clamped to a hydraulic actuator. Two semi-cylindrical

riders hold the test piece and act as the friction interface. As the test piece is actuated the

friction force between the test piece and the and the riders resists the motion of the test

piece. The test apparatus also has a mechanism so that the normal force between the test

piece and the riders can be adjusted. Other sensors, such as another load cell that measures

the normal force, and a displacement sensor that measures the displacement of the test piece,

are used so that the relationships between friction force, position, and normal force can be

shown.
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For the test apparatus of Dupont et al. the coupling between the dynamics of the friction

and the dynamics of the frame is minimized by making the frame rigid. Dupont et al. do not

discuss how inertial forces affect the force measurement of the load cell. If the acceleration

of the test piece is large the inertial forces would be large and would need to be isolated from

the force measured by the load cell.

!

Friction oscillations with a pin-on-disc tribometer: D. Godfrey 

However, slowing the disc down to very low speeds 
may eliminate FO because, as mechanics analyses 
have clearly shown, normal force oscillations increase 
as speed increases in pin-on-disc tests. Therefore, 
slowing down the disc rotation rate changes the 
dynamics of the system and in some systems may tend 
to suppress oscillations, at least until at very low 
speeds, when stick-slip processes may set in. 

Experimental 

Tribometer 

Also, there are two types of oscillations. Gross scale 
oscillations, such as described here, or those derived 
from such things as disc defects and failure to level 
the disc surface. Fine-scale oscillations may arise from 
irreversible, instantaneous asperity interactions and 
may not repeat from one revolution to another. 

In papers in the literature which show broad original 
friction force tracings recorded at slow chart speeds, 
details cannot be resolved. The oscillations are also 
obscured by high disc speeds, or misinterpreted as 
stick-slip. Stick-slip is characterized by very sharp 
peaks and valleys in the friction force tracings, which 
usually do not correspond to each disc revolution. 
Authors frequently report an average coefficient of 
friction, or use points on graphs or single numbers 
in tables. However, some authors using pin-on-disc 
tribometers have reproduced original friction tracings 
clearly showing FO. Rabinowicz* showed a friction 
force tracing with FO and speculated that they were 
due to variation in the surface condition around the 
circular wear track. Chen and Rigney3 showed friction 
tracings with FO, which they termed fluctuations, from 
an unlubricated iron pin sliding on a copper alloy. 
The amplitude decreased with continued sliding. Bon- 
ham and Dellacorte4 reported FO from a high tempera- 
ture tribometer. They concluded the sinusoidal oscil- 
lation in their case was due to either disc run-out, or 
variation in the friction as a function of pin position 
on the disc. Jahanmir5 reproduced a friction force 
chart from a ball on cylinder apparatus showing FO. 
He also commented that ‘friction decreased with each 
revolution’. Uchiyama et aL6 slid a steel ball against 
an aluminium disc coated with a polymer and noted 
that ‘friction force varied with each revolution of the 
disc’, as did electrical contact resistance. Lauer and 
Dwyer’ showed friction force tracings that varied 
markedly with time. Shipper and Odi-Oweis showed 
a friction force tracing for a composite pin sliding on 
a steel disc, where the amplitude of the FO increased 
with continued sliding. 

A diagram of the pin-on-disc tribometer used in these 
experiments is shown in Fig 2. The tribometer conforms 
to ASTM designation G 99-90” in which the only 
reference to friction is: ‘The coefficient of friction may 
also be determined’. The operating conditions used in 
this work caused boundary lubrication. A 6.35 mm 
diameter pin, hemispherically tipped, of any selected 
material, was held by a collet in an arm supported on 
two axes by four commercial crossed spring pivots, 
which the manufacturer (Bendix Corp.) claimed are 
frictionless at their null point. Disk specimens were 
51 mm in diameter and the initial thickness was 
12.7 mm. They were made of any selected material 
and fastened to the flat end of a 25.4 mm diameter 
horizontal shaft of a precision spindle, and thus the 
disc rotated in a vertical plane. The normal force was 
applied by using a fine steel cable attached to the pin 
holder, and a pulley and weight pan arrangement not 
shown in the figure. 
Axial run-out or wobble of the disc was reduced to 
5 pm by precision machining. Wobble was measured 
by a precision dial gauge of 0.0001 inches (2.54 pm) 
per small division with the probe sliding on the disc 
face. 
The speed of the disc rotation was variable with a 
variable speed DC motor and a worm gear speed 
reducer, connected by belts of rubber 0 rings and 
precision pulleys. Disc and oil bath temperature was 
controlled to *5”C. 
The pin and disc specimens, and adjacent parts, were 
cleaned by hydrocarbon solvent cavitation caused by 
ultrasonic vibration, and simultaneously scrubbing with 
laboratory tissues consecutively in hexane, acetone 
and lastly in chemically pure pentane followed by 
warm air drying. Cotton gloves and tongs were used 
to handle parts and reduce contamination. 
Friction force was measured by a commercial force 
transducer that restrained pin and arm motion through 
a jeweler’s chain as shown. This system avoids the 
complication of harmonic oscillations due to strain 
gauges on a beam; however, like any machine, the 
tribometer has elasticity. The output of the force 

Other authors, exemplified by Streator and Bogyg,lo, 
studied friction force variations due to harmonic 
vibrations of the flexible beam to which a strain gauge 
was attached. StreaterlO stated (in an author’s closure) 
that ‘there were significant variations in friction force 
even when the transducer and beam dynamics were 
not involved’. 

The diversity of FO observations in the literature 
suggests that no simple and unique cause of FO exists 
and that each testing system’s characteristics, coupled 
with the materials used, determine whether or not FO 
will be observed. In the present study, the FO 
behaviour of a particular pin-on-disc machine is 
described. 

Fig 2 Schematic diagram of elements of pin-on-disc 
tribometer 

Frictionless” hinge 

120 Tribology International Volume 28 Number 2 March 1995 
Figure 3: Shown is a schematic for a friction testing apparatus proposed by Godfrey that

measures the friction between the disk and the pin using a load cell that is attached to the

pin holder (Source: [13]).

Godfrey [13] measured the friction force using a pin-on-disk tribometer, which uses a

load cell to measure the friction force between the pin and disk specimens. The pin is held in

position, in contact with the rotating disk, by a hinge pin holder that can be used to change

the load of the pin on the disk. The load cell, which is attached to the pin holder, measures

the friction force that results from the motion of the disk and the load between the pin and

the disk. The measurements from the pin-on-disk tribometer are used to obtain the kinetic

coefficient of friction of the pin and disk specimens.

One issue with measuring friction force using a pin-on-disk tribometer is that friction

force oscillations are often observed. It has been concluded that these oscillations corre-

sponded with the disk rotation rate, and are a result of non-uniform conditions around the

circular wear track on the disk. These friction force oscillations often result in large uncer-

tainty in the calculated values of the kinetic coefficients of friction. Although Godfrey used

the pin-on-disk tribometer only to determine kinetic coefficients of friction the tribometer
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can be used to study static and dynamic friction characteristics. The biggest limit of God-

frey’s tribometer is that the normal force loading between the pin and disk is asymmetric,

and causes oscillations in the friction force measured by the force transducer. It is likely that

as the normal force is increased the amplitude of the friction force oscillations increase. Also,

to know the relative displacement between the disk and the pin exactly the displacement of

the pin must also be measured.

!
!
!
!
!
!

!

characteristics: position-dependent hysteresis friction
characteristics in the pre-sliding regime, time lag in the
sliding regime, break-away forces and stick-slip phe-
nomena. The developed tribometer should be able to
measure, without changing its configuration, the differ-
ent types of macroscopic friction behavior claimed by
and/or of interest to researchers who otherwise found
these results using setups dedicated to each type of
friction behavior separately. Measuring them on one
and the same setup enables us to find relationships
between the different types of friction behavior. With
this tribometer it is even possible to investigate the
conditions on the controller parameters of the trib-
ometer in order to prevent or induce stick-slip phenom-
ena, to quantify/qualify it and to relate these conditions
with the other measured friction properties. Section 2
describes the design of the developed tribometer which
will be used to carry out some dry sliding friction
experiments. The problems mentioned in this section are
taken into account in the design of the tribometer as
much as possible. Section 3 describes the used equip-
ment to measure the position and force signals and
section 4 shows the influence of the friction on the
frequency response measurements of the actuator.
Section 5 proves that some well known time domain
friction characteristics presented by different authors
can be measured on one and the same setup and shows
the interaction of the system dynamics on the friction
force measurements.

2. Design and discussion of the developed tribometer

Before designing a new apparatus, one must identify
its particular purposes. This determines the functional
requirements of the apparatus, and it will differ for each
machine part, type of machinery, and system. The
purpose of this tribometer is to measure the friction
properties of dry friction contact for different displace-
ment signals at low velocities. The developed tribometer
must therefore satisfy the following functional require-
ments: it must be able (i) to apply an arbitrarily chosen
relative displacement between the two objects (most of

the known tribometers are only capable of imposing a
constant relative speed or a sinusoidal displacement
signal between two objects), (ii) to measure accurately
the actual relative displacement between the two objects
and (iii) to measure accurately the friction force acting
between the two objects, (iv) to apply and measure
different normal forces to the objects, and (v) to
examine the influence of different materials and different
contact geometries. For this paper the value of a
‘‘friction coefficient’’ or the average friction force for
different combinations of materials is not the crucial
issue since this paper focusses on the instantaneous
friction force as a function of the relative displacement
given a certain combination of materials.

Figures 3 and 4 show a schematic and a picture of the
developed tribometer, which is constructed based on
design rules described in [8]. The instrument can be
roughly divided into three parts: an actuator part
(containing components 6, 7, 9, and 10), a frictional
part (components 2, 3, 4, 5, and 12), and a loading part
(components 13, 14, 15, and 16). The different parts are
decoupled as much as possible: the actuation part and
frictional part are only coupled by the frictional
interface under investigation and the loading part and
frictional part are completely separated by the use of an
air-bearing ensuring that all the tangential forces are
directed to the force sensor.

The actuator part consists of three main components:
a Lorenz actuator (10), a moving block (6) and a
displacement sensor. The Lorenz actuator linearly
actuates, by means of a stinger (9), the moving block
which makes contact with the friction block. The
displacement of the moving block is measured using a
Renishaw laser interferometer which measures the
distance between a mirror fixed to the moving block
(7) and a mirror fixed to the frame (8). The Lorenz
actuator is current driven and by feeding back the
position signal into a controller a desired displacement
can be obtained; therefore the setup is capable of
imposing forces or desired displacement trajectories.

The frictional part, shown in figure 5, is the critical
part of the tribometer and has two important compo-
nents: the friction block (5), on which the friction force

normal force
contact line fixed 

mirror (8)sensor (3)
force

mirror (7)
moving 

friction 
block (5)

actuator 
block (6)

actuator (10)
Lorenz

joint (4)
elastic

Figure 3. Schematic of the developed tribometer. The friction sensor and displacement sensor are placed in line with the contact lines.
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(a)
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acts, and a force cell (3), which measures the friction
force. The elastic joint (4) between the friction block and
the force cell consists of two pairs of elastic hinges. The
purpose of the hinge is to set off small vertical, lateral
and rotational alignment errors of the friction block (all
perpendicular to the direction of displacement) caused
by positioning the friction block on the moving block.
The principle of minimal compliance (or maximum
stiffness) [8] of the frictional part in the longitudinal
direction is crucial for this setup. A small compliance in
the frictional part, results in a negligible displacement of
the friction block. The standstill of the friction block has
two crucial advantages: (i) the relative displacement
between both blocks equals the absolute displacement of
the moving block, and (ii) the measured force equals the
friction force by the lack of inertial force. The
compliance of the frictional part is given as the sum of
the compliances of the support, the elastic joint and the
force cell. The overall compliance of the frictional part is
dominated by the elastic joint. For a peak-to-peak
frictional force equal to 10N the displacement of the
friction block equals 0:12!m (as verified experimen-
tally).

The compliance of the actuator part of the force
chain is not as critical as for the frictional part, but a low
compliance for this part will facilitate the design of a

good controller to impose the different displacement
trajectories between the two blocks.

Figure 6 shows the chosen contact geometry (but
others are also possible): a two line contact, which is a
non-conformal contact setup. A line contact is preferred
to a point contact because of the relatively larger contact
area which tend to average the effects of individual
asperities out leading to less erratic frictional behavior.
A major advantage of non-conformal contact tests is
that a precise alignment is not required. On the other
hand, contact stresses in non-conformal contact tests
tend to vary with location in the region of contact
during the test. The advantages of conformal contact
tests are that (i) the nominal area of contact does not
change during wear, (ii) the pressure distribution tends
to be more uniform and (iii) the state of lubrication can
be better controlled. The main disadvantage is that it
can be difficult to align the contact surfaces and
therefore the experimental results are difficult to repeat
exactly.

The third main part, the loading part, is required to
change the loading force which influences the friction
force. The loading force could be increased by adding
mass to the friction block. This method has the
disadvantage of increasing the inertia of the friction
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Figure 4. General picture of the developed tribometer with the following components: (1) frame, (2) support, (3) force sensor, (4) elastic joint,
(5) friction block, (6) actuator block, (7) moving mirror, (8) fixed mirror, (9) stinger, (10) Lorenz actuator, (11) linear guideway, (12) plexiglass,

(13) air-bearing, (14) load, (15) rotation point, (16) lever.

Figure 5. Figure of the intersection of the friction part: (2) support,
(3) force cell, (4) elastic joint, (5) friction block, (17) plate spring,

(18) discs, (19) threaded rod.

Figure 6. Figure of the lateral intersection: (1) frame, (3) force cell,
(5) friction block, (6) actuator block, (11) linear guideway (12)
plexiglass, (13) air-bearing, (14) load, (15) pivoting point, (16) lever.

V. Lampaert et al./Experimental characterization of dry friction at low velocities98

(b)

Figure 4: This tribometer, designed by Lampaert et al., uses a load cell (Feature 3) to

measure the friction force between two materials in line contact. The friction block (Feature

5), which is held in position by a load cell, sits on the actuator block (Feature 5), which is

actuated using a Lorenz actuator (Feature 10) (Source: [20]).

Another friction testing apparatus which uses a load cell is the tribometer designed by

Lampaert et al. [20]. The friction block, which is held in position by a load cell, sits on top of

the actuator block that is actuated by a Lorenz actuator, which is a linear electromagnetic

motor where the actuator force is linearly proportional to the current. Relative position is
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measured using interferometry, and strain gauges are placed on the elastic joint. Lampaert

et al. states that the differences between their tribometer and standard tribometers are: (i)

the possibility to apply different force or desired displacement trajectories to the block, (ii) a

separation between the actuation part and the friction part, (iii) a separation of the normal

load and the tangential load, and (iv) a separation of the force measurement and the relative

displacement measurement. The tribometer of Lampaert et al. is capable of observing the

break-away force, pre-sliding and sliding behavior, the transition from pre-sliding to sliding,

and the stick-slip phenomena. The test apparatus of Lampaert et al. is certainly one of the

most comprehensive friction measurement devices because it is capable of observing every

friction behavior that has been discussed. It is also an excellent tribometer because the

relative motion between the stator and slider can be controlled, the normal force can be

controlled, and it can take DC friction force measurements because it uses strain gauges in

line with piezoelectric load cells.

The research of Ramasubramanian et al. [29] measured the friction between a roller and

flexible web. This friction sensor designed by Ramasubramanian et al. is referred to as

the tribosensor, and it is used to acquire real-time friction coefficient measurement between

materials, where the flexible web is being processed or manufactured at high speeds. This

sensor can be used in the manufacturing of materials to determine their coefficients of friction

as the materials are being manufactured. The friction force between the roller and the web

is determined from a load cell that measures the axial load of the roller. Another load cell

is used to measure the normal force between the roller and the web and an angular encoder

is used to measure the angle of the roller.

Although the results of the research by Ramasubramanian et al. showed good agreement

with other experimental results there is no mention of whether the friction force between

the roller and yoke is negligible. The bearings of the roller would certainly introduce friction

that would be measured by the load cell. However, since the results of Ramamsubramanian
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Fig. 2. Tribosensor making surface friction measurements.

requirement is that the roller should contact the web over an
open region where the web is moving from one drive roll to the
next without any support underneath, which is called the open
draw region. This was required to prevent the bowing deforma-
tion of the flexible material at the leading edge of the measure-
ment roller when pressed against a backing roller surface, which
causes unacceptable distortion of data due to complicated me-
chanics of axial buckling of paper against the roller during fric-
tion measurement. The open region can be seen in the photo-
graph in Fig. 3.

VI. MECHANICS OF FRICTION MEASUREMENT

Fig. 4 shows an element of the belt-roller system with ten-
sions and forces indicated. From elementary mechanics, we find
that friction is related to the differing belt tensions on either side
of the roller and to the wrap angle.

One way to measure the friction coefficient is to measure the
tensions and the angle of wrap. This is difficult to do on a large
web production environment. Instead, the method proposed in-
volves measuring the frictional component in the axial direction
of the roller.

With accurate measurements of the normal force and this fric-
tional component, we can calculate the friction coefficient using
the simple relationship

(1)

The relative velocity between the roller and the web in the roller
axial direction can be estimated by

Sin (2)

Fig. 3. Close-up view of roller on an unsupported or open region of the web.

Fig. 4. Belt-roller model of the sensor.

For a typical angle of 2 degrees, the sliding velocity along the
axis of the roller is about 3.5% of the web velocity. Hence, the
test method is far superior to a static sled being dragged on the
web causing surface defects and heating of the sled surface. It
will be shown that the tribosensor data correlate well with tra-
ditional friction tests.

Furthermore, if the sensor design is indeed similar in principle
to a sled-moving surface system, the measurement should be
independent of the offset angle after a threshold value above
which the force is discernable.

VII. SENSOR CHARACTERIZATION AND RESULTS

Fig. 5 shows both and in the time domain. The exper-
imental setup exhibited cyclical disturbances in due to idler
run-out on the belt-sander and seams on the web sample among
others, but the data show that the force follows propor-
tionally. After each idler run-out cycle, web tension decreases,
which causes both lateral and normal forces to become small,
sometimes close to zero. These small values are artifacts of the
test setup where a seam is present. In the production environ-
ment, the product is produced continuously and does not have a
seam to cause sudden disturbances. The ratio of signal means of

and results in the friction coefficient , which is shown
on the same plot. The COF has an average value of 0.34 with a
standard deviation of 0.12.

The purpose of the tribosensor is to measure the coefficient
of friction in a tribological system where one of the surfaces
is a moving web. To study the characteristics of the sensor,

Figure 5: The friction force between a roller and a flexible web is measured using a load cell

in the test apparatus designed by Ramasubramanian et al. [29] (Source: [29]).

et al. were in agreement with other experimental results it is likely that the friction between

the roller and yoke is negligible in comparison to the friction between the roller and the web.

Since the tribosensor is used to measure the coefficient of friction between two materials,

which is a static property, it is not necessary to attempt to minimize the frictional dynamics

from the dynamics of the test apparatus.

The research of de Vicente et al. [8] used a mini-traction machine (MTM), shown in

Figure 6, to measure sliding and rolling friction between a steel ball and a silicone elastomer

disc. This test apparatus is very similar to the pin-on-disk tribometer used by Godfrey

[13]. However, the test apparatus of Godfrey can only measure sliding friction while the

apparatus of de Vincente et al. is used to observe rolling and sliding friction. In the MTM

a ball is loaded and rotated against the flat surface of a rotating disc immersed in lubricant
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pressure to the elastic modulus) and thus the loss
tangent of the elastomer [18, 19]. Greenwood and
Tabor [20] showed that friction in well-lubricated,
sliding contact was almost the same as that found
in rolling contact and concluded that this was
because the friction was predominantly due to elas-
tic hysteresis. If it is assumed that energy dissipated
by hysteresis is a constant fraction of the elastic
energy introduced (the hysteresis loss factor), then
Greenwood et al. calculated that for a sphere on
a flat elastomer surface, the friction force, F,
would be

F ¼ a
3

16

a

R
(5)

where a is the loss factor, a the Hertzian contact
diameter, and R the ball radius [21].

2.3 Rolling friction and sliding friction

As mentioned earlier, it is evident that to describe
friction of compliant contacts, account must be
taken of both rolling friction and sliding friction.
Sliding friction means the friction that arises from a
difference in velocity between the two contacting
surfaces. This friction force acts in opposing direc-
tions on either surface. In contrast, rolling friction
does not depend on a difference in velocity of the
two surfaces but rather on the difference in velocity
of the surfaces with respect to the contact. These
two types of friction have quite different origins. As
discussed earlier, rolling friction can originate from
Poiseuille flow of lubricant in the contact and also
from elastic hysteresis. Sliding friction can result
from viscous forces due to the shear of lubricant or
from interfacial adhesion.

In contacts where the bodies move at different
speeds, i.e. sliding or mixed sliding–rolling con-
tacts, sliding friction generally predominates but
there will also always be some rolling friction pre-
sent. Thus, the term sliding friction to describe
just one part of the friction can be confusing and
the term interfacial friction is sometimes preferred.

In ‘pure rolling’ contacts where both bodies
move at the same speed with respect to the con-
tact, rolling friction predominates, although there
is generally also some sliding friction due to
microslip at regions in the finite-sized contact
where the speeds of the two surfaces do not
precisely match [22].

For the non-conforming contact of stiff bodies
such as steel on steel, rolling friction is small and
can usually be neglected when sliding is present.
However, for compliant contacts, rolling friction
can have a value comparable to interfacial friction
and cannot be neglected.

3 EXPERIMENTAL METHOD

In this study, friction measurements are made using
a mini-traction machine (MTM), as shown schemati-
cally in Fig. 1. In this test apparatus, a ball is loaded
and rotated against the flat surface of a rotating
disc immersed in lubricant at a controlled tempera-
ture. Both bodies are independently driven to
achieve any desired sliding–rolling speed combi-
nation, and the ball shaft is angled to minimize
spin in the contact. The force due to friction is
measured by a load cell attached to the ball motor,
as discussed in more detail in the next section.

Normally, the MTM uses metal balls and discs, but
in the current study, a soft contact was obtained by
loading a stainless steel ball (AISI 440; radius
R ¼ 9.5 mm) against a silicone elastomer disc (NDA
Engineering Equipment Limited, Kempston, UK), as
shown in Fig. 2. The discs were 46 mm diameter
and 4.5 mm thick, cut from elastomer sheets, and
were clamped on the top of a supporting, stainless
steel disc. The root-mean-square roughness, Rq of
the steel ball used in this study was 10 nm, whereas
the elastomer discs were relatively rough with Rq of
800+ 100 nm.

In this study, all tests were carried out at an applied
load of 3.0 N, a temperature of 35 8C, and in mixed
sliding–rolling with a fixed slide–roll ratio, where
this is defined as the ratio of the absolute value of
sliding speed, us ¼ juB " uDj, to the entrainment
speed, U ¼ (uBþ uD)/2, and uB and uD are the

Fig. 1 Schematic diagram of the MTM

Fig. 2 Arrangement of silicone elastomer disc holder

Rolling and sliding friction 57

JET90 # IMechE 2006 Proc. IMechE Vol. 220 Part J: J. Engineering Tribology

pressure to the elastic modulus) and thus the loss
tangent of the elastomer [18, 19]. Greenwood and
Tabor [20] showed that friction in well-lubricated,
sliding contact was almost the same as that found
in rolling contact and concluded that this was
because the friction was predominantly due to elas-
tic hysteresis. If it is assumed that energy dissipated
by hysteresis is a constant fraction of the elastic
energy introduced (the hysteresis loss factor), then
Greenwood et al. calculated that for a sphere on
a flat elastomer surface, the friction force, F,
would be

F ¼ a
3
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a

R
(5)

where a is the loss factor, a the Hertzian contact
diameter, and R the ball radius [21].
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measured by a load cell attached to the ball motor,
as discussed in more detail in the next section.

Normally, the MTM uses metal balls and discs, but
in the current study, a soft contact was obtained by
loading a stainless steel ball (AISI 440; radius
R ¼ 9.5 mm) against a silicone elastomer disc (NDA
Engineering Equipment Limited, Kempston, UK), as
shown in Fig. 2. The discs were 46 mm diameter
and 4.5 mm thick, cut from elastomer sheets, and
were clamped on the top of a supporting, stainless
steel disc. The root-mean-square roughness, Rq of
the steel ball used in this study was 10 nm, whereas
the elastomer discs were relatively rough with Rq of
800+ 100 nm.

In this study, all tests were carried out at an applied
load of 3.0 N, a temperature of 35 8C, and in mixed
sliding–rolling with a fixed slide–roll ratio, where
this is defined as the ratio of the absolute value of
sliding speed, us ¼ juB " uDj, to the entrainment
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(a) (b)

Figure 6: This mini-traction machine (MTM) was used by de Vincente et al. [8] to measure

sliding and rolling friction between a steel ball and a silicone elastomer disc. The schematic

diagram of the MTM (a) and the arrangement of the silicone elastomer disc holder (b) are

both shown here (Source: [8]).

at a controlled temperature. The ball and the disc are driven independently to achieve

any desired sliding-rolling speed combination. The friction force, which may occur due to

rolling or sliding friction, is measured using load cells attached to the ball motor. Through

combining four friction measurements the measurement of rolling friction can be separated

from the measurement of sliding friction.

The MTM used by Vincente et al. is a good friction measurement apparatus because

it can measure both sliding and rolling friction. Because the motion of the disc and ball

can both be controlled the MTM can also be used to observe static and dynamic friction

characteristics. The MTM is also good for friction measurement because it uses different

measurement to determine friction force due to sliding and friction force due to rolling. Since

rolling and sliding friction can be differentiated from one another it is possible to use the

MTM to characterize rolling friction and sliding friction separately.
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Figure 7: The test apparatus of Korpiharju et al. [19] uses a robotic arm with a six-component

force/moment sensor head, which uses strain gauges to measure the forces, to measure the

friction force between different materials (Source: [19]).

Some test apparatuses that have been used to research the friction of materials use

strain gauges to make their force measurements. The research of Korpiharju et al. [19] uses

a six-component force/moment sensor head that is attached to a robotic arm to measure

the friction force between materials. The sensor head use an arrangement of strain gauges

to measure the force/moment components. The sensor head can also measure the normal

force between the two surfaces. This information can be fed to the robotic arm so that the

normal force can be changed and controlled. The sensor head is actuated using a robotic arm

so that the process of determining coefficients of friction between many different materials

can be automated. Since the research of Korpiharju et al. is only looking to measure the

coefficients of friction of materials, similar to the research of Ramasubramanian et al. [29],

it is not necessary to attempt to minimize the coupling between the frictional dynamics and

the dynamics of the robotic arm.
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very large range. The probe interacting with the sample is
mounted on a carrier supported by a fibre suspension which
has several advantages over previous designs. The suspension
provides nearly perfect kinematic guidance in order to reduce
the number of degrees of freedom to exactly two, simplifying
modelling and calibration. The precise guidance makes it
possible to detect the probe movements by interferometry.
It also has a displacement range sufficient to permit the
same stage to be used for interaction force measurement and
scanning at multiple scales, hence taking advantage of the
range of the interferometer. By design, the tunable suspension
compliance is linear over the operating range, and parasitic
terms due to mechanical hysteresis and gravity are eliminated.
The suspended probe carrier has two electrostatic comb
actuators acting in the normal and the tangential directions.
A novel linearized differential electrostatic actuator provides
calibrated force measurement over the entire operating range.

The instrument was operated in the quasi-static range.
Without controlling environmental factors other than taking
ordinary precautions, it achieved better than 2 × 10−7 N
of force resolution in a ±2 × 10−4 N range. Position
was measured by a commercially available interferometer
(precision optical displacement sensor or PODS from MPB
Technologies Inc., Montreal) that gives 0.1 nm of tangential
displacement resolution [13]. The movement range was
larger than 1 µm; thus we could investigate the behaviour of
mechanical junctions over four orders of magnitude for force
and displacement simultaneously.

2. Instrument design

2.1. Suspension

Suspensions can be realized with leaves or with fibres. Leaves
are often used in pairs to create the approximation of a sliding
joint. However, the compliance of a suspension based on
leafs in a desired direction depends on stiffness in the other
directions, so design tradeoffs are introduced. In addition,
compliance varies with deflection due to the bending shape
mode, complicating calibration.

The suspension must provide two directions of
movement corresponding to the normal and tangential relative
displacements of two samples. Therefore it must create four
constraints, one in translation and three in rotation. Fibres
seem unsuitable at first sight because they cannot be used to
create these constraints simultaneously. To see that, consider
that a single fibre defines a translational constraint at one
point. Several fibres parallel to one another also create
one translational constraint but two rotational constraints
as well. Two different fibre directions are required to
constrain three rotations; therefore the problem has no solution.
It is nevertheless possible to achieve an arbitrarily close
approximation. Referring to figure 1(a), a carrier holding a
probe is suspended with three parallel fibres to constrain it to
planar motions. A fourth orthogonally crossing fibre defines
a centre of rotation. This approximates two translational
freedoms at the tip. It is the tension of the fibres which
determines the suspension compliance. Section 2.3 further
describes the mechanism which was implemented to provide
for tunable tension and for a linear compliant behaviour over
a wide range of suspension deflections.

(a) (b)

Figure 1. (a) Schematic suspension with three parallel fibres and
one orthogonal fibre constraining the carrier to two degrees of
freedom of motion: the probe tip can translate in a plane defined by
the three attachment points, but cannot rotate. (b) View of carrier
with capacitor armatures as constructed. To give an idea of scale,
the distance from the tip to the rotation centre is 30 mm and the
length of the four fibres is 80 mm.
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Figure 2. There is a balanced unipolar actuator acting in the normal
direction, and a differential bipolar actuator in the lateral direction.
The precise guidance allows the use of inteferometry to measure
lateral displacements.

Precise guidance allowed us to use interferometry directly
since a mirror attached to the carrier has a nearly fixed
orientation. The geometry of the realized carrier is shown
in figure 1(b). With 30 mm between the probe and the rotation
centre, the displacement error in the normal direction is about
0.0167 nm for a tangential movement of 1 µm. A stiffness
of 20 N m−1 (typical tuning) yields a normal force error of
0.33 × 10−9 N. By design, the inertial coefficients are close in
the normal and tangential directions (about 10−3 kg).

Figure 2 shows schematically the elements of the system
seen from the back. In the normal direction z, a unipolar
actuator is divided into two sections in order to provide
a normal force component coinciding with the tip. They
are represented side by side in the figure for clarity, but

452

Figure 8: The test apparatus of Sidobre and Heyward [31] uses the current scaling method

to determine the friction force between the probe and the sample (Source: [31]).

Another previously mentioned method for measuring friction force between two surfaces

in contact is to convert the actuator current to the actuator force, using the current scaling

method. One research that used actuator feedback to determine the friction force was the

research by Sidobre and Heyward [31]. Sidobre and Heyward constructed an apparatus

to investigate the behavior of junctions using a probe and a sample, each supported by

leaf springs arranged orthogonally. The probe is actuated using comb actuators, and the

friction force is determined from the electrostatic feedback of the comb actuators. The

suspension of the probe provides a nearly perfect kinematic guidance in order to reduce

the number of degrees of freedom to exactly two. This is done to simplify the modeling

and calibration of the sensor. Also, the tunable suspension compliance is linear over the

operating range, and parasitic terms due to mechanical hysteresis and gravity are eliminated.

Since the suspension and actuators do not have any hysteresis any hysteresis that appears

in the measurements are a result of friction. This sensor has three major contributors
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of measurement noise; mechanical and sound vibration, interferometer intrinsic noise, and

thermal drift. Sidobre and Heyward do an excellent job at minimizing the coupling between

the frictional dynamics and the actuator and structural dynamics, which allows them to make

dynamics measurements of friction. This tribometer can be used to observe many friction

characteristics; however, its travel is limited by the size of the sample, the limitations of the

kinematic coupling, and the limitations of the comb actuator.
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This paper studies the characteristics of micro tangential deflec-
tion of the interface of mating machined surfaces subjected to
normal and tangential forces. Experimental results show that con-
tact interface subjected to a tangential force experiences elastic
deformation, plastic deformation and micro slip before macro-
breakaway occurs. The linearity of tangential stiffness is only
valid in the stage of elastic deformation. The nonlinear tangential
stiffness of the interface should be considered in the stages of
elastic and plastic deformation before micro-breakaway occurs.
!DOI: 10.1115/1.1352020"

1 Introduction
When a contact interface with a normal load is subject to a

tangential force less than a critical value at which breakaway oc-
curs, the tangential micro deflection, sometime termed presliding
displacement or micro slip, can be observed. This presliding dis-
placement in directly related to the interface stiffness, interface
damping and fretting !1". The characteristics of micro slip is im-
portant to the precision design and controls community in ultra-
precision position control !2,3", microdynamics !4,5", and simula-
tion !6". Research on the experimental observation of friction in
small rotations of ball bearing concluded that a junction in static
friction behaves like a spring and the presliding displacement is an
approximately linear function of the applied force !7,8". Certain
existing models based on the concept of breakaway are only ca-
pable of dealing with tangential deflections on the order of mi-
crometers in the junctions of metal surfaces, and breakaway is
observed to occur with deflections on the order of 2-5 microns
!9,10,11". Considering the tangential micro deflection of the inter-
face of machined surface at the submicron level, these results,
such as linear approximation of tangential stiffness and breakaway
on the order of 2-5 microns, are not accurate enough for quanti-

fying the characteristics of tangential micro deflection. Research
had showed that a local elastic deformation of a contacting inter-
face prior to static friction breakaway resulted in a strong nonlin-
ear behavior that affects the positioning accuracy of a precision
slide !12".
In this paper, experimental investigation was performed to ob-

serve the characteristics of the tangential micro deflection. The
relationship between tangential force and displacement was exam-
ined at different stages before macro-breakaway occurs. An im-
portant critical value, called micro-breakaway, was introduced to
divide the elasto-plastic deformation stage and micro slip stage.

2 Experimental Setup
Experiments were carried out with the setup shown in Fig. 1.

The contact interface was established by mating two steel blocks
with each having an area of 10 cm!5 cm and a thickness of 1.8
cm. The contacting surfaces were ground. The interface of the
contacting block was loaded in the normal direction with weights
on the top of block A. Block B was fixed on a base beam. The
beam was fixed on a table with active isolators which isolated the
noise from ground. The tangential load across the interface was
applied to a load on the two sides of block A by gradually filling
water into a hanging bucket. The load was applied close to the
interface to avoid generating any torque.
The tangential micro deflection of the contact interface was

measured by using two capacitance sensors with a resolution of
0.5 millionth of an inch #12.5 nm$. One sensor was used to mea-
sure the deflection of block B. The other was placed at the end of
block A to measure its displacement. In order to determine the
actual displacement between the contact surfaces, the displace-
ment of block A must be subtracted from the displacement of
block B.
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Aug. 1999. Associate Editor: E. DeMeter. Fig. 1 Experimental setup
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Figure 9: The test apparatus of Ni and Zhu [25] applies a tangential load to Block A that

sits on Block B by adding water to a bucket attached to Block A. The relative displacement

between the two blocks is measured using two capacitive proximity sensors (Source: [25]).

The apparatus used by Ni and Zhu [25] measures the friction force by controlling the

applied load. Ni and Zhu attach a bucket to Block A (slider) that sits on top of Block B

(stator), shown in Figure 9. A known amount of water is added to the bucket, increasing

the friction force between the surfaces of Block A and Block B. The displacement of each

block is measured using capacitive proximity sensors. The normal force between Block A and

Block B is increased by adding weights to Block B. The apparatus of Ni and Zhu was used

to study friction force in the stick-slip motion under different normal loads. The tangential

load was increased by slowly adding water to the buck attached to Block A until the friction

force would saturate, and Block A would begin to slide. Sliding was determined as the point

where the displacement of Block A continues to increase, but the displacement of Block B

would stop.
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The apparatus of Ni and Zhu is good for observing stick-slip motion and the sticking

regime. However, it cannot be used to observe any other characteristics such as hysteresis,

which cannot be observed because the tangential load can only be controlled in one direction.

Ni and Zhu did not mention how the momentum of the water being added to the bucket

affected the applied load. Since there are no noticeable peaks in tangential load or displace-

ment it is likely that the momentum of the water being added to the bucket is small, and

therefore can be neglected. There is no mention of how Block B is adhered to the base beam,

and how that may affect the measurements by introducing other dynamics. This apparatus

is good for observing stick-slip motion, but because there is little control over the actuating

force it would not be good for observing other friction characteristics.

2.3 PRODUCT FRICTION TESTING APPARATUSES

The previous section discussed several different material friction testing apparatuses that

have been used in research. This section will discuss different methods used for testing

friction that occurs in products, such as bearings. The methods discussed in this section are

more relevant to my research since I will be measuring and observing the friction that occurs

in ball element bearings.

First, product friction testing apparatuses that use load cells to measure friction will be

discussed. In the research of Harnoy et al. [15] an apparatus for measuring dynamic friction in

a lubricated journal bearing was described. The apparatus, which used load cells to measure

friction force, was designed to test each of the parameters effect on dynamic friction so that

the role of each can be assessed separately. The described apparatus allows for adjustable

loading of the journal bearings and the friction of the journal bearings is isolated from any

other friction present in the system. The shaft that is supported by the journal bearings is

driven by a DC servo-motor through a timing belt and two pulleys.

The motor, timing belts, and pulleys will introduce some dynamics that will be observed

in the load cell measurement. If the belts and pulleys are properly loaded their dynamics will
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the point on the shaft nearest to the bearing wall, respec-
tively; Jij are integrals relating to the variable film thick-
ness around the bearing; and ci are constants related to the
geometry of the shaft and journal bearing. The quantity εT
is the eccentricity at which the friction achieves its mini-
mum value, and

" =
{

1, for ε > εT,

0, for ε ≤ εT,

and κ(ε) is an asperity stiffness function given, for example, by

κ(ε) = κ0(ε − ε0)
n.

The first term in (8) represents the friction component due
to the asperities; the second term represents the contribu-
tion due to the hydrodynamics [8].

APPARATUS FOR MEASURING
FRICTION COEFFICIENTS

Friction in a Journal Bearing
When the purpose of measuring the force of friction is
simply to estimate the energy loss due to friction at a con-
stant velocity, only a rudimentary apparatus is required
for measuring the static friction characteristic. Measuring
the friction force when the relative velocity is time varying
and crosses through zero, however, is more complicated.
First, it is necessary to generate and apply periodic or
nonperiodic velocities of the magnitudes necessary to elic-
it the friction effect that is being investigated. Second, it is
necessary to isolate the friction force from all other forces
in the system. (Since forces other than the friction force
may be present in the system, these forces must not be
allowed to corrupt the measurement.) Finally, it is neces-
sary to measure the velocity of one of the rubbing surfaces
relative to the other.

To achieve these requirements, the apparatus shown in
Figure 5 is designed to measure the friction force in a journal
bearing. This apparatus comprises an actuated shaft that can
oscillate within a journal bearing housed in a structure
designed to measure the friction force between the shaft and
the bearing. The components of the apparatus are identified
in Table 1. The apparatus measures the average dynamic
friction force of four identical sleeve bearings in isolation
from all other sources of friction in the system, for example,
friction in the ball bearings supporting the shaft. The appara-
tus is rigid enough to minimize errors [9]. The design concept
is based on applying an internal load (action and reaction)
between the inner housing N and the outer housing K by
tightening the nut P on the bolt R, and preloading the elastic
steel ring E. The apparatus contains the four sleeve bearings
H, with two bearings inside each of the inner and outer hous-
ings. All four test bearings thus have equal radial load, but in
opposite direction for each pair of bearings, due to the pre-
load in the elastic ring. The load on the bearings is measured

by a calibrated, full strain-gauge bridge bonded to the elastic
ring. The total friction torque of all four bearings is measured
by a calibrated rigid piezoelectric load cell, which prevents
rotation of the outer bearing housing K. This torque is
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TABLE 1  Components of the friction-measuring apparatus.
The device is illustrated in Figure 5.

Component Description/function
A Ball-bearing support for rotating shaft
B Apparatus frame
C Rotating shaft
D Belt drive pulley
E Elastic steel ring
F, K Outer housing
G Oil retainer disk
H Sleeve bearings (four)
N Inner housing
P Tightening nut
R Tightening bolt

FIGURE 5  Apparatus for measuring friction effect in a journal bear-
ing. This apparatus is designed to minimize all forces on the shaft
except the force due to friction. (a) The photograph shows the appa-
ratus in use. (b) The cross-sectional view shows the basic compo-
nents as described in Table 1 and the text. 
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ness around the bearing; and ci are constants related to the
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and κ(ε) is an asperity stiffness function given, for example, by
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The first term in (8) represents the friction component due
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tion due to the hydrodynamics [8].
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for measuring the static friction characteristic. Measuring
the friction force when the relative velocity is time varying
and crosses through zero, however, is more complicated.
First, it is necessary to generate and apply periodic or
nonperiodic velocities of the magnitudes necessary to elic-
it the friction effect that is being investigated. Second, it is
necessary to isolate the friction force from all other forces
in the system. (Since forces other than the friction force
may be present in the system, these forces must not be
allowed to corrupt the measurement.) Finally, it is neces-
sary to measure the velocity of one of the rubbing surfaces
relative to the other.

To achieve these requirements, the apparatus shown in
Figure 5 is designed to measure the friction force in a journal
bearing. This apparatus comprises an actuated shaft that can
oscillate within a journal bearing housed in a structure
designed to measure the friction force between the shaft and
the bearing. The components of the apparatus are identified
in Table 1. The apparatus measures the average dynamic
friction force of four identical sleeve bearings in isolation
from all other sources of friction in the system, for example,
friction in the ball bearings supporting the shaft. The appara-
tus is rigid enough to minimize errors [9]. The design concept
is based on applying an internal load (action and reaction)
between the inner housing N and the outer housing K by
tightening the nut P on the bolt R, and preloading the elastic
steel ring E. The apparatus contains the four sleeve bearings
H, with two bearings inside each of the inner and outer hous-
ings. All four test bearings thus have equal radial load, but in
opposite direction for each pair of bearings, due to the pre-
load in the elastic ring. The load on the bearings is measured

by a calibrated, full strain-gauge bridge bonded to the elastic
ring. The total friction torque of all four bearings is measured
by a calibrated rigid piezoelectric load cell, which prevents
rotation of the outer bearing housing K. This torque is
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Figure 10: This test setup designed by Harnoy et al. [14] uses a load cell to measure dynamic

friction in a lubricated journal bearing. The load cell is attached to the outer bearing housing,

K, and measures the torque that attempts to rotate the bearing housing. The elastic steel

ring, E, is used to change the load between the journal bearings and shaft (Source: [15]).

be negligible compared to the frictional dynamics. This method is excellent for measuring

the friction force in journal bearings, or even other types of rotary bearings, but this method

clearly cannot be used for linear motion.

In a later research of Harnoy et al. [14] they discussed two more test apparatuses for

measuring friction, the first uses a load cell and the second uses an accelerometer. For the

first apparatus, which uses a load cell, a sliding table driven by a servomotor and a ball screw

drive slides underneath a short, finely ground, cylindrical shaft. The shaft is held in position

by a load cell, which measures the forces acting on the shaft in the direction of motion of

the sliding table.

Similar to the previous work of Harnoy et al., this method of actuating will introduce

some non-frictional dynamics that will be measured by the load cell. The frictional dynamics

of the ball screw drive will likely also be measured by the load cell. If the magnitude of the

friction in the ball screw drive is greater than the magnitude of the line contact friction then
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transferred to the load cell by a radial arm attached to the
external housing as shown in Figure 5(b). Thus the measured
friction torque of the four bearings is isolated from all other
sources of friction. Oil is fed into the four bearings through
four segments of flexible tubing and is drained from the bear-
ings through a hole in the external housing into a collecting
vessel. The shaft is actuated by a position servo designed to
track a variety of reference signals. The apparatus is designed
so that it can operate dry or with various lubricants.

Friction in a Line Contact
The apparatus shown in Figure 6 is designed to measure the
friction force in a sliding line contact at very low velocity.
This apparatus comprises a linear motion sliding table, dri-
ven by a servomotor and a ball screw drive. The apparatus
is designed on the concept of a ball-screw-driven linear
positioning table in which backlash is eliminated by pre-
loading the screw drive. Low velocity is achieved by speed
reduction of a screw drive. In addition, the speed of the

motor is reduced by a set of pulleys
and a timing belt. Closed-loop con-
trolled motion is generated by a com-
puter-controlled dc servomotor.

The line contact is created
between a short, finely ground,
cylindrical shaft K and the flat fric-
tion surface N. The shaft K is
clamped in the housing assembly I,
J, and H, which is designed to hold
various shaft diameters. The nor-
mal load, which is centered above
the line contact, is supplied by a
rod P, which has weights attached
to it that are not shown in the fig-
ure. When the friction test surface
moves, the friction force is trans-
mitted through the housing assem-
bly to a piezoelectric load cell. The
load cell generates a voltage signal,
proportional to the friction force
magnitude, which is fed to a data-
acquisition system. Another con-
cept of measurement of effects of
friction at low velocities is present-
ed in “Another Concept.”

RESULTS OF FRICTION-
COEFFICIENT MEASUREMENT

Friction Coefficient 
in a Lubricated Journal Bearing
The apparatus  of  F igure  5 is
deployed in a series of measure-
ments to examine the validity of
the hydrodynamic model (8)–(10).
The experimental  condit ions

given in Table 2 are established. All the experiments
are performed with the shaft subjected to a controlled
sinusoidal velocity with frequency ω rad/s, calibrated
to impart a tangential velocity v(t) of the shaft surface
given by

v(t) = r θ̇ = 0.127 sin ωt m/s (11)

where r is the shaft radius, and θ̇ is the shaft angular velocity.
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FIGURE 6  Apparatus for measuring friction force in a line contact. (a) This diagram shows the
completed apparatus. (b) The cross-sectional view shows the basic components described in
the text.

I

P

N

L

M

O

(a)

(b)

TABLE 2  Conditions for friction measurement experiments.
The apparatus shown in Figure 5 is used in the experiment.

Bearing diameter 2.54 cm
Bearing length 1.9 cm
Bearing material Brass
Clearance between bearing and shaft 0.05 mm
Journal mass 2.27 kg
Lubricant SAE 10W-40 oil
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Figure 11: A finely ground cylindrical shaft is held by housing assembly I, which is held in

position by a load cell. The shaft sits on top of the flat friction surface, which is actuated

by a screw drive. As the friction surface moves underneath the cylindrical shaft the friction

force between them is measured by the load cell (Source: [14]).

it will be difficult to discern the line contact friction from the load cell measurement. Using

an actuator that introduces minimal friction, such as an air bearing instead of a ball screw

driven mechanical bearing stage, would be an excellent improvement to this test apparatus.

The second test apparatus of Harnoy et al. proposed a method where a reciprocating

base, non-contacting velocity sensor, and accelerometer can be used to measure friction

force. A test mass, with an accelerometer attached, is placed on the reciprocating base,

whose motion can be controlled by an actuator. As the base moves the inertial forces of the

test mass will act to move it independently of the base. If the relative displacement between

the base and the test mass is small then the test mass is still in the sticking regime. If the

relative displacement is large then the test mass has broken stiction, due to ample inertial

forces, and is now in the sliding regime.

21



!
!
!
!
!
!

!

Static Friction Coefficient
In principle, the static friction-coefficient curve of Figure 2 can
be obtained by establishing a series of constant velocity set-
tings of the shaft relative to the bearing and, at each setting,
measuring the friction force. To expedite the experiment, how-
ever, the apparatus is run at an extremely low oscillation fre-
quency ω in (11), namely, 0.055 rad/s (around 2 cycles/min).
The results of this measurement are given in Figure 7, which
reveals a pronounced Stribeck effect. Also notice that the mea-
sured friction curve for increasing velocity is not identical to
that for decreasing velocity, in the range of 0.02–0.05 m/s. This
result may be due to not using a sufficiently low input fre-
quency or to a hysteresis effect, as discussed in [10] .

Dynamic Friction Coefficient
To investigate the dynamic effects of friction in the
lubricated journal bearing, the apparatus is operated at
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An apparatus for measuring friction effects often comprises a
massive fixed base and a relatively light object, such as a

machine shaft, that is actuated to move at a prescribed velocity
relative to the base. This configuration is necessary for friction
measurements at substantial velocities, since it may be imprac-
tical to move the base adequately. But keeping the base fixed
leads to a problem associated with measuring dynamic friction,
namely ensuring that the friction is the only force on the object
subjected to friction.

In control applications, low velocities and velocity reversals
can occur. For measuring friction effects in such applications, an
alternative configuration, shown schematically in Figure S1, might
be more appropriate. In this configuration, the object that is actu-
ated is the base. A relatively light test object of mass m rests on
the base. The only force that makes the test object “stick” to the
base is friction, since, if friction were absent, the test mass would
remain stationary in inertial space while the base would move
under it. It can be shown that the friction acceleration f/m on the
test mass is equal to µg, where µ is the coefficient of friction. For
the Coulomb friction model, the test mass remains stationary in
inertial space if the base acceleration is greater than µg but
remains fixed to the base if the acceleration is less than µg.
(Remember the familiar tablecloth trick: if the acceleration of the
tablecloth is large enough, the objects on it remain stationary as
the tablecloth is pulled from under them.)

We are interested in determining what happens when the rela-
tive velocity is close to zero, which occurs when the frictional
acceleration, which is the only acceleration on the test mass, is
around µg, and µ is the quantity to be determined. Since friction
is the only horizontal force on the test mass, it can be measured
by means of an accelerometer mounted as shown in Figure S1.
To measure the velocity of the test mass relative to the moving
base, a noncontacting sensor is used. The sensor can be optical,

acoustic, inductive, capacitive, or based on the Hall effect. Motion
can be imparted to the base by means of a servo actuator
designed to track the reference velocity.

The same principle can be used to measure rotational friction.
The base is a hollow bearing housing actuated to provide the
desired motion. The shaft within the bearing, being completely
free, moves only because of friction between it and the housing.
The velocity of the shaft relative the housing can be measured
without contact by means of a shaft encoder. Instruments for
direct measurement of angular acceleration are uncommon, but
the inertial velocity of the shaft is readily measured by means of a
gyro. If the noise in the gyro is low enough, it might be feasible to
differentiate the inertial angular velocity signal to estimate the iner-
tial angular acceleration.

FIGURE S1  Conceptual representation of an apparatus for mea-
suring translational friction at low velocity. Friction is the only
force acting on the upper object. This force is measured by the
accelerometer.
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FIGURE 7  Measured static friction in a lubricated journal bearing.
The input velocity is sinusoidal at the very low frequency of 0.055
rad/s (about 2 cycles/min). The load is 104 N; the shaft is steel, 2.5
cm in diameter; the sleeve is brass; the lubricant is SAE 10W-40
automotive oil. The Stribeck effect is evident.
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Another Concept

Figure 12: Shown is a schematic for a friction testing apparatus proposed by Harnoy et al.

[14]. As the reciprocating base moves the test mass will move along with it, until inertial

forces allow the test mass to break stiction. The friction force between the base and test

mass can then be determined from the accelerometer signal (Source: [14]).

Although the motion of the base can be controlled it is difficult to create a desired relative

displacement between the test mass and base using this apparatus. Also, it would be very

challenging to use this test apparatus to observe friction characteristics that occur during

constant relative velocity motion. This test apparatus proposed by Harnoy et al. is just a

concept, and its design was not discussed in detail. The test apparatus was not built and

not actual tests were conducted.

Bucci et al. [5] built a test apparatus similar to the conceptual friction testing apparatus

proposed by Harnoy et al. The test apparatus of Bucci et al. used an air bearing stage to

actuate the base of a crossed-roller bearing linear stage. The air bearing is ideal because

it can make controlled motions and introduces minimal frictional effects. The friction force

of the crossed-roller bearings is determined from an accelerometer, which is placed on top

of the crossed-roller bearing stage. The linear encoder in the crossed-roller bearing stage is

used to determine the relative displacement and velocity between the base and stage of the

crossed-roller bearing stage.
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FIGURE 1. Testing Setup (bottom ABL1500, top
ALS130H, PCB 393B31 accelerometer)

is a 0.630 mArms measurement error of the feed-
back current. The base motion is provided by an
Aerotech ABL1500 airbearing stage. A picture of
the test set up is shown in Figure 1

With knowledge of the parameters of the com-
ponents in the test system, it is now possible to
make estimates of static measurement error that
will occur with the different testing approaches.
The first case presented, the current scaling
method, is that of Equation 1, when the inertial re-
sponse is assumed to be negligible, mẍ ⇡ 0. This
yields a friction measurement with a resolution of
1.21 mN subject to measurement noise of 5.00
mNrms. If an accelerometer, such as the PCB
393B31, is added to the friction measurement ap-
paratus noise from the accelerometer must also
be considered. The accelerometer noise is ap-
proximated as 50 µm/s2

rms white noise. With the
addition of the necessary accelerometer mount-
ing hardware, the moving mass of the system in-
creases to 2.135 kg. This leads to an increase
in measurement noise of 0.107 mNrms, which, is
a small increase in noise compared to the noise
already induced by scaling force from motor cur-
rent. In the base excitation approach, only an ac-
celerometer measurement is needed to estimate
the force of friction. Thus the predicted static er-
ror is the product of the increased moving mass
and the measurement noise from the accelerom-
eter or 0.107 mNrms.

SNR ESTIMATES OF PROPOSED METHOD
It has been shown that the base excitation ap-
proach should introduce less static measurement
error, however, it is also important to extimate
the SNR under a realistic test condition to as-
sure that the measurements will be useful. It is
estimated that the force of friction in linear bear-
ings will probably not exceed 0.5 N. Since rela-
tive motion of the bearing rails in the upper stage
is desired to be rather small, initial analysis will

be done assuming that the upper mass is rigidly
fixed to the base. Given the initial estimate re-
garding the force of friction, a relevant value for
magnitude of the force of friction that likely would
be located in the presliding regime may be 0.05
N. Applying equation 2 and dividing through the
mass of 2.135 kg, estimates a base acceleration
magnitude of 0.0234 m/s2. For the acceleration
measurement, which scale directly to the force of
friction, this yields an SNR of 50 dB, a value which
would suggest the potential for making good mea-
surements.

TESTING PROCEDURE
A model developed on both the larger displace-
ment data and the smaller displacement data
would best describe the observed phenomenon.
Three test frequencies, 1.6, 4, and 8 Hz, have
been selected to have a high amplitude relative
displacement (tens of µm) and a low amplitude
displacement (tens of nm). Since amplitude of
the actual base excitation does not factor into the
actual computation of the force of friction, this am-
plitude was adjusted until the desired relative dis-
placement of the upper stage was near the de-
sired amplitude.

The data used in the model evaluation are 5000
point time series sampled at 1 kHz. The metric
of goodness of model fit to data is mean square
error (MSE). To give a more equal weight to
each of the respective objectives, the MSE of the
high and lower amplitude model fits is multiplied
by the inverse of the rms of the measured fric-
tion force data. In doing so, a given fitting error
on the small amplitude data set is penalized more
than the same magnitude error on the larger am-
plitude data set. The models used are those de-
scribed in the previous section, the Dahl model,
the LuGre Model, and the GMS Model. The GMS
model used includes 8 Maxwell slip elements.

RESULTS
The results of these model fits are presented in
Tables 1 and 2. As seen in Tables 1 and 2, the
Dahl and LuGre models perform rather compa-
rably in all trials, while the GMS model out per-
forms both the Dahl and LuGre models in all test
cases. This increased performance of the GMS
model is particularly evident when looking at the
low displacement data sets. For further insight
into nature of the improved performance of the
GMS model, force versus displacement measure-
ments are compared to model outputs for the low
displacement and high displacement data sets in

Figure 13: In this test apparatus by Bucci et al. [5] the air bearing actuates the base of the

crossed-roller bearing stage. The friction force, present in the crossed-roller bearing stage,

is determined from the signal measured by the accelerometer (Source: [5]).

The test apparatus of Bucci et al. minimizes the coupling between the actuator dynamics

and the frictional dynamics by using an actuator whose controllable precision is significantly

better than the precision of the crossed-roller bearings. Also, by measuring the mass of the

crossed-roller stage and using the measurement from the accelerometer inertial forces can be

determined and isolated from the frictional dynamics. This is a good method for measuring

the friction force in crossed-roller bearing stages. However, similar to the conceptual test

apparatus of Harnoy et al. the relative displacement and velocity between the stator and the

slider cannot be controlled very well.

The test apparatus of Biyiklioğlu et al. [3] uses strain gauges to measure the friction

force. Biyiklioğlu et al. used their test apparatus to measure the friction properties of

journal bearings under dynamics loading conditions. The test apparatus allows the bearings

to be tested at different dynamic loads, speeds, and lubricating conditions. Strain gauges

were placed on tension bars attached to four, equidistantly placed, loading cylinder the held

the shaft in position. The strain gauges were calibrated, prior to testing, by hanging known
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weights from the tension bars. The tension bars are preloaded to ensure that the strain

gauges are operating in a linear range. The shaft is actuated using a cam and belt-pulley

system.

!

2 Experimental set-up
Figure 1 shows the machine tool linear table sys-
tem used to validate experimentally the friction mod-
els. The table is guided and supported by two
recirculating-roller guideways each with two car-
riages. All the bearings in the system are of rolling-
element type. A 50-mm pitch-size ball-screw cou-
ples the table to a screw which is directly connected
to the rotor of a brushless permanent magnet servo
motor (Parvex LD840EE) by a stiff coupling with-
out any reduction.

motor

guideways

fixed 
mirror

ball−screw

moving
mirror

Figure 1: The used setup. The motor (top of the
figure) is directly connected to the screw which is
coupled to the table (bottom of the figure) via a ball-
screw.

A Renishaw interferrometer with a resolution of
20 nmmeasures the position of the table by measur-
ing the relative distance between two mirrors, one
attached to the frame, the other attached to the table.
The control input to the system is a voltage of ± 10
Volt which is converted by the motor’s current am-
plifier (Parvex AMS2) into a current signal which is
proportional to the applied force to the rotor.

3 Different friction models
Friction behavior can be divided into two regimes:
presliding and sliding. In the presliding regime, i.e.
for very small displacements, the friction force is a
hysteresis function of the position. For larger dis-

placements, i.e. the sliding regime, the friction is a
nonlinear function of the velocity.

This paper discusses model-based friction compen-
sation. Four models are compared: a static model,
the Dahl model [5], the LuGre model [3] and the
Leuven model [6]. Complex models, such as the
Leuven model, allow a better approximation of the
real friction behaviour. The price that has to be paid
is the high number of model parameters and the dif-
ficulty to estimate these parameters.

3.1 Static model

The static model depends only on the velocity v. It
describes only the steady state behavior of the fric-
tion force Ff in the sliding regime:

Ff = æ2v+sign(v)

√
Fc + (Fs ° Fc) exp

√
°

ØØØØ
v

Vs

ØØØØ
±
!!

.

(1)
The first term represents the viscous friction force
whereas the second term equals the Stribeck effect.
The model contains five parameters: the static force
Fs, the Coulomb force Fc, the Stribeck force Vs, a
shape factor ± and a viscous friction coefficient æ2.

The major drawback of this model is the discontinu-
ity at velocity reversal which causes errors or even
instability during friction compensation.

3.2 Dahl model

The Dahl model was introduced by Dahl [5] and was
a first attempt to describe the friction behavior in the
presliding regime. The Dahl model approximates the
presliding friction, which exhibits a hysteretic be-
haviour with nonlocal memory [10], as a general-
ized first order model of the position x. The sliding
regime is approximated by a static friction Fs.

dFf

dx
= æ0 sign(1 ° Ff

Fs

)
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Fs
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n
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The model is determined by three parameters: the
micro-stiffness æ0, the static friction force Fs and a
shape factor n.

Figure 14: In the research of Lampaert et al. [21] the friction force of a machine tool table

was determined from position, which was measured using interferometry (Source: [21]).

Another method for determining friction force is to use acceleration that is derived by

numerically differentiating position twice. The research of Lampaert et al. [21] measured the

friction force of a machine tool linear table system, shown in Figure 14 from the measurement

of position, which is obtained using interferometry. The base of the tool table is actuated

using a ball-screw drive. A mirror is placed on the tool table and a laser is placed on the

base of the tool table. The interference pattern of the incident light from the laser and the

light reflected by the moving mirror is used to determine the position of the tool table. A

low velocity of 1 mm/s was used to minimize the inertial effects, which are not removed from

the acceleration calculated from the measured position. The cogging force was identified by

using the motor current and compensated for so that the only forces that remain are inertial

forces, which are minimal at 1 mm/s, and the frictional forces. Previously discussed research

did not discuss any method of reducing the cogging force of ball-screw drives so that only

the friction force is observed.
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Lampaert et al. uses information about the cogging force and the inertia of the stage

to isolate the friction force in the force determined from the twice differentiated position

measurement. This ensures that only the friction force is observed in this test apparatus.

Also the long range of travel of the machine tool table allows Lampaert et al. to measure

the friction force during velocity tracking motion, even at velocities higher than 1 mm/s.
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diode and photodiode. The total mass of the moving part,
including the cube corner prism, is approximately 4.119 kg.

Figure 2 shows the angle measurement system. A linear
bearing is mounted on a tilting stage whose tilt angle is ad-
justable. The angle of the stage is measured by an autocolli-
mator !model ELCOMAT 2000, manufactured by Moeller-
Wedel Optical, GmbH, Germany" with the resolution of 0.05
s, i.e., approximately 0.25 #rad. The origin of the autocolli-
mator is roughly set so that the moving part is at a standstill
at the center of the guideway.

Figure 3 shows the schematic of the pneumatic linear
bearing, ‘‘Air-Slide TAAG10A-01’’ !NTN Co., Ltd., Japan".
The compressed air supplied from outside is first introduced
into the guideway rather than directly into the moving part.
The reason for this is to avoid pressure piping on the moving
part. Then, air comes out from air outlets at the center of the
guideway, and introduced into the air inlets at the center of
the moving part through the air passage channels grooved on
the inner surface of the moving part along the direction of
motion. In the design, airflow between the guideway and the
moving part is always bilaterally symmetric except in the air
passage channels. This is for suppressing the static force act-
ing on the moving part. The stroke of the moving part is
approximately 100 mm, the maximum weight of the moving
part is approximately 30 kg, the thickness of the air film
without weight is approximately 8 #m, the stiffness of the air
film is approximately 80 N/#m, and the straightness of the
guideway surface is approximately 0.1 #m/100 mm.

The angle of the guideway, at which the moving part is

at a standstill, changes according to the position of the mov-
ing part. A static force, whose direction is toward the center
and whose magnitude increases as the distance increases,
seems to exist. The pressure difference between the two sides
of the air passage channels shown in Fig. 3, which changes
according to the relative position of the air outlets on the
guideway and the air inlets on the moving part, is a possible
cause of this static force.9 The sidewalls of the air passage
channels closer to the air outlet will be at a higher pressure
than the farther sidewalls because of the pressure loss along
the air passage channels. This results in the static force act-
ing on the moving part toward the center.

III. MEASUREMENT
In the experiment, three sets of measurement are con-

ducted against five values of the stage angle, i.e., !0.6,
!0.3, 0.0, 0.3, and 0.6 mrad. In each set, the beat frequency
for more than three reciprocating motions was measured.

Figure 4 shows the data processing procedure of calcu-
lating the velocity, position, acceleration, and force from the
frequency. In the experiment, only the beat frequency, f beat ,
and the rest frequency, f rest , are measured using the optical
interferometer and the electric counters. The velocity, v; po-
sition, x; acceleration, !; and force, F, are calculated from
the beat frequency, f beat , and the rest frequency, f rest . In the
case shown in Fig. 4, the stage angle is 0.0 mrad. During
collision of the moving part with the dampers, the frequency
and the velocity change suddenly and sharp pulses appear in
the acceleration and force. The origin of the position, x, is set
to be the center of the traveling section of the moving part.

Figure 5 shows the result of the same measurement as
Fig. 4, but in a different manner. This is the enlarged view of
the figure on the force in Fig. 4. In Fig. 5, all measured data
and the selected data are shown. The selected data are chosen
under the condition that the moving part is apart from the
dampers more than 5 mm and the motion is in the first three
sets of reciprocating motion.

Figure 6 shows the distribution of the measured force, F
!N", of all the 15 measurements against the time, T !s", the
position, x !m", the velocity, v !m/s", and the tilt angle of the
stage, $ !mrad". All 6859 sets of data, which consist of the
measured values of F !N", T !s", x !m", v !m/s", and $
!mrad", are plotted in Fig. 6. Mutual relationships of the

FIG. 2. Angle measurement system. FIG. 3. Schematic of the linear bearing.

FIG. 1. Experimental setup.
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Figure 15: The friction force in a pneumatic linear bearing was determined by Fuji et al.

[11] from the position of the moving part, which was measured using interferometry (Source:

[11]).

Fuji et al. [11] also uses twice differentiated position, measured using interferometry,

to determine friction force. The test apparatus is used to measure the friction force in a

pneumatic linear bearing, which is actuated by changing the tilt angle of the linear bearing.

A mirror is placed on the stage of the pneumatic bearing and the position of the stage is

determined from the interference pattern between the incident light of the HeNe laser and the

light reflected by the moving mirror. The friction force is then determined from the measured

position using regression analysis. Regression analysis assumes that the force acting on the

moving part is the sum of the components in proportion to the position, velocity, and tilt

angle. These coefficients are then determined using the least-squares method.

The test apparatus of Fuji et al. is probably best used to observe stick-slip motion.

However, since the tilt angle is being used to actuate the moving part there will be very
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little control over the motion of the moving part. It would be very difficult to use this

test setup to measure friction during velocity tracking motion because it would be almost

impossible to control the velocity of the moving part using the tilt angle of the guideway.
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alignment marks were etched before patterning the etch mask,
instead the V-groove patterns on the optical mask were care-
fully aligned parallel to the flat of the wafer. A plasma etch with
tetrafluoromethane gas was then used to etch the silicon
nitride layer to form the V-groove etch mask. The wafer was
immersed into a 1: 10 HF solution for 30 s to remove the native
oxide from the exposed silicon surfaces. Finally, the wafer was
put into a 45% (by weight) potassium hydroxide (KOH) solu-
tion at 60 C for 9 h (without agitation). The etching apparatus
sits inside a temperature-controlled bath with a reflux condenser
to keep the concentration of the KOH solution constant. The av-
erage etch rate is about 16.7 m/h. The measured depth of the
V-groove is 150 m.

III. EXPERIMENTAL SYSTEM

When the stator oscillates in the direction parallel to the
V-grooves, the microballs roll along the V-groove due to the
friction at the contact points between the balls and the V-groove
walls of the stator. Once the microballs move, the friction at
contact points between the balls and the V-groove walls of
the slider will introduce a force on the slider and cause it to
have a velocity ; and acceleration . The COF is simply the
ratio of the tangential force and the normal force applied at the
contact point between the microballs and the V-groove walls.
The tangential force is proportional to and the normal force
is proportional to , where is the acceleration due to
gravity, and is the angle between (100) and (111) planes in
crystalline silicon equal to 54.7 . Therefore, if the acceleration

of the slider can be measured, then , the instantaneous
COF of the stainless steel/silicon surface will be

(1)

An experimental system consisting of an actuation mecha-
nism and a vision subsystem is designed and realized to gen-
erate the linear oscillation of the microball bearing and to mea-
sure the acceleration of the slider. The schematic diagram of the
system is shown in Fig. 3. The actual built setup is shown in
Figs. 4 and 5. It consists of a servomotor, linkages, a sliding
platform, smooth rails, a CCD camera, and a linear microball
bearing.

A “crank and slider” mechanism, as seen in Fig. 4, is ap-
plied to accomplish the oscillatory motion. A 14 14 1 cm
platform is attached to four Thomson Super Ball Bushing open
pillow blocks to enforce a smooth oscillatory motion. These
blocks are installed on two 1.27 30.48 cm sliding rails. The
rails are positioned parallel to each other so that the platform
and pillow blocks assembly can slide smoothly along the rails.
The platform is connected to a 30 1.9 0.96 cm aluminum
bar (linkage 2). This is, in turn, connected to a 20-cm aluminum
extrusion bar (linkage 1) using a small 3.1 4.1 1 cm alu-
minum block. The block can slide along the slot on the extrusion
bar. By changing the position of the small block on the extrusion
bar one can vary , the length of linkage 1. The middle of the
aluminum extrusion bar is fixed to the shaft of a dc servomotor.
The motor used in this system is a SmartMotor SM2310 servo-
motor (Animatics Corporation, Santa Clara, CA). The motor is

Fig. 3. Schematic of the experimental setup used to characterize the friction
behavior of the microball bearings. (a) Top view as seen from the CCD camera.
(b) Side view.

Fig. 4. Actuation mechanism: crack, slider mechanism, and oscillating
platform. A dc servomotor is located underneath the aluminum template.

Fig. 5. Complete experimental setup, including the vision subsystem, installed
on an antivibration air table. The camera and illuminators are installed right
above the oscillating platform.

integrated with a PID controller. The speed, acceleration, and
displacement can all be controlled from a PC-based software
such as SMI (Animatics, Santa Clara, CA) or LabVIEW (Na-
tional Instruments, Austin, TX). A 25-cm diameter steel plate
with a thickness of 0.5 cm is attached under the aluminum ex-
trusion bar to increase the rotation inertia of the linkage mecha-
nism. This is done to smooth out the motion jitters due to the in-
teraction of the control system with the friction inside the motor
and the friction inside the pillow blocks. The motor combined
with the linkages causes the platform to undergo a smooth linear
oscillatory motion along the precisely machined rails. The stator
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sits inside a temperature-controlled bath with a reflux condenser
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integrated with a PID controller. The speed, acceleration, and
displacement can all be controlled from a PC-based software
such as SMI (Animatics, Santa Clara, CA) or LabVIEW (Na-
tional Instruments, Austin, TX). A 25-cm diameter steel plate
with a thickness of 0.5 cm is attached under the aluminum ex-
trusion bar to increase the rotation inertia of the linkage mecha-
nism. This is done to smooth out the motion jitters due to the in-
teraction of the control system with the friction inside the motor
and the friction inside the pillow blocks. The motor combined
with the linkages causes the platform to undergo a smooth linear
oscillatory motion along the precisely machined rails. The stator
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Figure 16: Lin et al. [22] and Tan et al. [34] determined the friction of linear microball

bearings from the relative position between the slider and stator, which was measured using

image processing (Source: [22]).

The research of Lin et al. [22] and Tan et al. [34] also used twice differentiated position

to determine the fiction force. Lin et al. and Tan et al. designed and built an in-situ,

non-contact, measurements system to characterize the dynamic friction of linear microball

bearings. Microball bearings are place in V-grooves between a stator and slider. The base

which the stator is attached to is actuated using a servomotor through a crank-slider, as

can be seen in Figure 16. The relative position between the slider and stator is determined

by using tracking marks, etched into the stator and the slider, and a vision system. There

are several sources of error in this measurement system such as blur, jitter, noise, and lens

aberration. Lin et al. and Tan et al. discuss how these measurement errors can be prevented

or corrected.
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This method is far less dependable, and more complicated, for position measurement than

previously discussed methods, such as interferometry. There is no discussion in this paper of

how the coupling between test apparatus dynamics and the friction dynamics is minimized,

or how they are discerned from one another in the force determined from the measured

relative position. It is very likely that the structural, actuator, and inertial dynamics will

appear in the determined force, which is believed to be the friction force. Also, like some

of the other apparatuses already discussed, because the base of the stator is being actuated

there is very little control over the relative displacement between the stator and slider. And

because the base of the stator is actuated using a crank-slider this setup is only capable of

oscillating motion.

Perhaps the simplest method for determining the friction force in commercial products

is to use the current scaling method. Futami et al. [12] use the actuating current in a single

axis stage mechanism, shown in Figure 17, that has coarse and fine position control. The

stage mechanism is driven by an AC linear motor and guided by a rolling ball guide. Coarse

position measurements are taken using an interferometer, while fine position measurements

are taken using a capacitive gap sensor. The test apparatus of Futami et a. was used to study

force-to-displacement and force-to-velocity relationships. The motor current was scaled to

determine the actuator force, and the friction force was determined from the actuator force.

Futami et al. were able to classify friction force into three regimes, and through using dynamic

models for each regime with the coarse and fine position measurements a resolution better

than 1 nm was achieved.

Futami et al. do not mention if they remove the inertial forces from the friction force,

which was determined from the actuating current. This means that during some motions

where the acceleration is great enough the inertial forces are measured along with the friction

force. Also, because capacitive gap sensors often only work over small distances the range

of motion of the stage is likely very limited. Therefore, this control method of using fine

precision measurements, obtained using a capacitive gap sensor, would not be suitable for

velocity tracking motion.

Johnson and Lorenz [18] use the actuator current to determine the friction force present

in a robotic gripper. The determined friction force was then used to extract the friction
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Figure 1. Experimental set-up of the nanometer 
positioning system. 

2.1. Stage mechanism 

A contactless direct drive method and contactless posi- 
tion measurement are adopted in order to eliminate 
frictional forces. A diagram of the stage is shown in figure 
2. The moving table of 5.8 kg is guided by a rolling ball 
guide mechanism. The four moving elements of the guide, 
in which balls rotate with a linear motion, are fixed at the 
four corners of the table. The two grooved rails are 
placed on the base as shown in figure 2. About one 
hundred balls are in contact with the moving and 
stationary parts of the stage. The preload on the group of 
balls is applied by three pushing screws. The motor 
windings are located at the center of the base. The six 
permanent-magnet pairs are attached to the table to hold 
the windings between these magnet pairs. A contactless 

Figure 2. Structure of the stage mechanism using an AC 
linear motor and a rolling guide. 
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driving force is generated on the magnets by passing 
current through the windings. No forces are generated 
orthogonal to the driving direction. Two position sensors 
are located at both outer sides of the table: an optical 
linear scale with 100nm resolution, 200"s-' max- 
imum velocity and 250" stroke as the coarse long- 
stroke sensor, and a capacitive gap sensor with better 
than 1 nm resolution and 50 pm range as the fine sensor. 

2.2. Motor 

A moving-magnet-type synchronous AC linear motor is 
selected. This type of motor has the following ad- 
vantages: smaller size as compared with a moving-coil- 
type linear motor, no heat generation in the moving part, 
and heat generated in the windings is radiated from the 
base. No iron core or yoke is used in order to minimize 
the time constant and force ripples of the motor. The 
pitch of the motor windings is 50 mm. Three phase motor 
windings are connected by a star connection and driven 
by two linear transistor power amplifiers. The bandwidth 
of the current control and the force resolution of the 
motor were 10 kHz and better than 1 mN respectively. 

2.3. Guide mechanism 

A rolling guide mechanism is selected. The reasons why a 
contactless guide, such as an air bearing, is not used are: 
it causes high frequency vibrations with amplitudes 
greater than several nanometers due to air turbulence in 
the table, and a precise velocity sensor, which is necessary 
to stabilize motion, is not available in nanometer order 
positioning. A rolling guide does not generate such 
vibrations. Furthermore, by using the micro-dynamics of 
the guide mentioned in the next section, a fine position- 
ing control without velocity feedback can be designed. 

2.4. Controller 

Controllers for coarse and fine positioning are designed 
and assembled using low-noise operational amplifiers. 
The control structures are described in section 4. 

2.5. Data processing computer system 

Data processing for the measurement and control is 
carried out using a 16-bit microcomputer system.. The 
system consists of a CPU board, a position counter 
interface, two analog-to-digital interfaces, four digital-to- 
analog interfaces and 64-bit digital parallel interfaces. 

3. Micro-dynamics of the guide mechanism 

The force-to-displacement relationships and the force-to- 
velocity relationship of the stage, including the guide, 
were studied. The force was derived from the motor 
current. The linearity between the force and motor 
current showed less than 1 mN deviation over 20N 
maximum force. The velocity was obtained from the 
position signal by using a quasi-differential circuit. 

(a)
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current showed less than 1 mN deviation over 20N 
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Figure 17: Illustrated here is the test apparatus of Futami et al. [12]. The experimental

set-up of the nanometer positioning system is shown in (a), and the stage mechanism using

an AC linear motor and a rolling guide is shown in (b) (Source: [12]).
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characteristics from the loop errors of a state feedback motion controller. Once the frictional

characteristics of the robotic gripper were accurately defined state feedback and a state

feedforward compensation methods were implemented to produce a substantial reduction in

position and velocity errors. The influence of nonlinear spring behavior of rolling elements

Figure 4. Set-up to obtain NSB of a linear ball guideway.

Figure 5. Results on the linear ball guideway. (a) Relation
of force and displacement at f = 0.5 Hz. (b) Frequency
response.

ball guideways (type LWES25 manufactured by Nippon
Thomson Co.). The table displacement y is measured by a
laser interferometer.

2.1.2. NSB. When the very slow sinusoidal input force
of F = F1 sin!t is applied to the table, its output
displacement y also shows a similar sinusoidal waveform.
F is obtained from iKt (i: electric current of the motor
coil, Kt : force constant). The relation of F and y with
hysterisis at ! = ⇡ rad s�1 (f = 0.5 Hz) and F1 = 16.2 N
is expressed as curve 2� shown in figure 5(a). Curve
1� for the small input of F1 = 7.2 N is almost linear.
Curves 1� and 2� are obtained in the case when F1 is

Figure 6. DC servomotor. (a) Cross section.
(b) Measuring method of angle ✓ .

less than the rolling friction force F0 of the guideways
(F1 < F0 = 18.0 N).

2.1.3. Frequency response. Figure 5(b) shows the
frequency response test result for various inputs of F . On
curves 1� and 2� for F1 = 7.2 and 16.2 N, a large resonance
appears. Curves 3� show the results when F1 is greater
than F0. In this case, since the vibration amplitude of the
displacement y for less than f = 7 Hz is greater than
the maximum displacement of the motor, the frequency
response test result cannot be obtained and the broken
curves are predicted from section 3.3 described below.

2.2. Rotor shaft of DC servomotor

The rotating motion of the rotor shaft in a DC servomotor
is investigated.

2.2.1. Set-up. In the DC servomotor shown in
figure 6(a), there are two kinds of elements which cause
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Figure 18: Shown is the first test apparatus used by Otsuka and Masuda [28]. This apparatus

measures the friction force in a linear ball guideway by using feedback from the voice coil

motor that actuates the table (Source: [28]).

Otsuka and Masuda [28] used the actuator current to determine the friction force in

three different apparatuses. The first apparatus, which is illustrated in Figure 18, uses the

feedback current of the voice coil motor to determine the friction force in a stage that uses

linear ball guideways. The position of the stage is measure using interferometry. The voice

coil motor does not make a good actuator if a large range of motion is desired though.

Because this apparatus is not capable of a large range of motion it may not be suitable for

observing friction force during velocity tracking motion.

The second apparatus of Otsuka and Masuda, Figure 19, determines the friction force in

a DC servomotor using current feedback. The angular position of the rotor shaft is measured

by a rotary encoder inside the DC motor and an eddy current displacement sensor. Using

the eddy current displacement sensor to obtain more precise measurements of the angular

position of the rotor shaft greatly limits the range of motion of the shaft. Therefore friction

force can only be observed over small displacements of the rotor shaft because of the eddy

current sensor. This apparatus wold be good for observing stick-slip motion but would not

be good for observing friction characteristics that occur during constant angular velocity.
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The influence of nonlinear spring behavior of rolling elements

Figure 4. Set-up to obtain NSB of a linear ball guideway.
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than F0. In this case, since the vibration amplitude of the
displacement y for less than f = 7 Hz is greater than
the maximum displacement of the motor, the frequency
response test result cannot be obtained and the broken
curves are predicted from section 3.3 described below.

2.2. Rotor shaft of DC servomotor

The rotating motion of the rotor shaft in a DC servomotor
is investigated.

2.2.1. Set-up. In the DC servomotor shown in
figure 6(a), there are two kinds of elements which cause
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Figure 19: Shown is the second test apparatus used by Otsuka and Masuda [28]. This

apparatus measures the friction force in a DC servomotor using feedback from the current

applied to the DC motor (Source: [28]).

The influence of nonlinear spring behavior of rolling elements

Figure 8. (a) Device using a ball screw and a linear ball
guideway and (b) its frequency responses.

3. Explanation

Using the above-mentioned results of figures 5, 7 and
8, NSB and its influence on frequency response will be
explained below.

3.1. Model

Figure 9(a) shows the rolling model. As applied force
F increases, the upper plate displacement y increases
gradually. As shown in figure 9(b), the relation curve of
F and y is 001. Such behavior is caused by the elastic
deformation of the roller and raceway, and the slip between
them [8]. When F is greater than F0 (F0: rolling friction
force), the roller begins to roll and its curve is 0102. With
the reversed force F , the relation between F and y follows
curve 0203. Curve 0304 is caused by rolling in the same
manner as 0102. As described in section 1, the behavior
along curves 001, 0203 and 0405 is called NSB.

3.2. Prerolling behavior

Figure 10 shows the schematic relation between the very
slow sinusoidal input force F = F1 sin!t and the output
displacement y on the model of figure 9. Ordinate values of
|F |  F0 is a nonlinear spring area where a hysterisis curve
BB 0 is drawn inside the broken curve CC 0 which can be
drawn at the critical value of F1 = F0 under the sinusoidal

Figure 9. Rolling and prerolling behavior. (a) Rolling
model. (b) Relation curve of force and displacement.

force F . Curve AA0, obtained in the case of very small
input F , is almost linear.

In consideration of the frequency response test result
shown in figures 5(b) and 7(b) resulting from a small
force F or small torgue T , the behavior inside the
broken line CC 0 can be expressed by a spring-damper-mass
model of the single-degree-of-freedom system [9] shown
in figure 11(a). In the figure k is the equivalent spring
constant determined by the gradient of AA0, BB 0 or CC 0

and c is the equivalent damping factor determined by the
size of hysteris AA0, BB 0 or CC 0.

The model of figure 11(a) leads to the equation and
block diagram shown in figure 12(a). The frequency
characteristic of the full curves in figure 13 are obtained
from figures 11(a) and 12(a).

3.3. Rolling behavior

On the other hand, when the amplitude F1 of the very
slow sinusoidal force of F = F1 sin!t is greater than
F0(F1 � F0), curves E1E2E3E4 shown in figure 10 are
obtained. Curves E1E2 and E3E4 are caused by NSB.
Curves E2E3 and E4E1 are caused by rolling of the roller.
When curves E2E3 and E4E1 caused by rolling are much
longer than those of E1E2 and E3E4 caused by NSB, the
behaviors can be expressed by the mass–friction model
shown in figure 11(b). This model leads to the equation
and block diagram shown in figure 12(b). When neglecting
F0, the frequency characteristic of the two-dotted curves in
figure 13 is obtained from figures 11(b) and 12(b).

4. Considerations

4.1. Spring constant

In the equation and block diagram of figure 12(a), when
the frequency is very small, we can assure that F = ky
since y ; 0 and y ; 0. The relation curves of the force
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Figure 20: Shown is the third test apparatus used by Otsuka and Masuda [28]. This appa-

ratus measures the friction force of a ball screw and linear ball guideway (Source: [28]).

The final apparatus of Otsuka and Masuda, Figure 20, measure the friction force of a ball

screw and linear ball guideway from the motor current. An interferometer is used to measure

the displacement of the table that sits on the linear ball guideway. This apparatus is similar

to the first apparatus of Otsuka and Masuda except because it is driven by a ball screw

drive instead of a voice coil motor it is capable of a greater range of motion. This means
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that this apparatus could be used to observe friction force characteristics during velocity

tracking motion. However, if it is desired that only the friction of the linear ball guideway is

measured, and not the friction of the ball screw drive, the cogging force must be identified

as was done by Lampaert et al. [21].

The research of Swevers et al. [33] used the current scaling method to determine the

friction force present in a joint of a KUKA IR 361 robot arm. The research of Swever et al.

focused on the friction force that results due to stick slip motion. The acceleration is small

in this regime and the structural dynamics of the robotic arm would be minimal because

the displacement is small. Therefore the friction force is the major contributor to the force

measured using the current scaling method.

!
!
!
!
!
!

!

Figure 12: The ALS-130H linear stage, by Aerotech Inc., is the precision servo used in this

experimental study.

3.2 EQUIPMENT

The primary piece of equipment utilized in this study is an Aerotech ALS-130H. The stage

provides 100 mm of linear travel with a carriage supported by linear crossed roller bearings.

The stage has a moving mass of 1.8 kg and an encoder resolution of 61 pm. The stage is

driven by an NDrive ML Linear Controller/Drive by Aerotech. This gives a servo sampling

rate of 8 kHz. Figure 12 shows a picture of the ALS-130H linear stage.

21

Figure 21: Bucci [4] determined the friction in a crossed-roller linear bearing stage, shown

here, using the current scaling method (Source: [4]).

The research of Bucci [4] also used the current scaling method to estimate the friction

force. Bucci used the motor current scaling method to estimate the friction force in a

crossed-roller bearing linear stage. Like the research of Swevers et al. [33] the research of

Bucci focused on frictional dynamics that occur due to stick slip motion during point-to-

point motion. As previously mentioned, this means that inertial dynamics are negligible.

For large point-to-point motions the inertial forces are not negligible. To accommodate for

large point-to-point motions Bucci measured the mass of the stage so that friction force may

be isolated from the inertial forces.
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2.4 CONCLUSION

As previously stated in the abstract the objective of this research is to observe and character-

ize periodic fluctuations in friction force of ball-element bearings that occur during velocity

tracking motion. From the information presented by the research that have been discussed

in this section a test apparatus to measure the friction force in ball-element linear bearings

will be designed and built. Some of the requirements of my apparatus are as follows.

First the actuating method must be capable of performing velocity tracking motion. This

means that it is required that the relative displacement between the ball bearing and the

guide rail can be controlled. Some of the previously discussed apparatuses, such as the one

presented by Ni and Zhu [25], Harnoy et al. [14], Bucci et al. [5], Fuji et al. [11], and Lin et

al. [22], offered very little control over the relative motion between the stator and the slider.

Some had little control because they were not directly actuating the relative displacement

[5, 14], while others had little control because their method of actuation had limitations as

to the movements that could be performed [11, 22, 25].

Some method of actuation that could be used for the apparatus discussed in this research

are the methods used by the tribometer of Lampaert et al. [20] and the apparatus for

measuring point contact friction force of Harnoy et al. [14]. The apparatus of Lampaert

et al. measured line contact friction force by actuating one block, which sits on rollers, while

the block that sits on top of the actuated block is held in position by a load cell.

The actuating method which will be used for my apparatus must also not introduce any

of its own dynamics that could be measured along with the friction force. Some apparatuses,

such as the apparatuses of Godfrey [13], Harnoy et al. [14], and Lin et al. [22], use actuating

methods that introduce forces that could appear in their friction force measurements. Other

research have used actuating methods that introduce other forces; however, they use methods

that compensate for these forces so that they do not appear in their measurement of friction

force [21]. The pin-on-disk tribometer of Godfrey measures oscillations in friction force due to

non-uniform conditions around the circular wear track on the disk. The apparatus of Lin et

al. uses a linkage system to create an oscillating motion, and the linkages may cause periodic

increases in force at velocity reversals. The line contact friction measurement apparatus of
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Harnoy et al. uses a drive belt system and a ball-screw drive to create the desired motion.

The belts can introduce unanticipated dynamics if they are not properly tensioned, and the

ball-screw drive has its own friction, which will appear in the force measured by the load

cell.

Perhaps a better actuating method that Harnoy et al. [14] could have used is an air

bearing stage driven by an AC linear motor. The air bearing has negligible friction, compared

to the line contact friction that is being tested, and can be controlled without any physical

transmitters, such as the drive belts. The apparatus of Bucci et al. [5] uses an air bearing

to actuate the base of a crossed-roller bearing stage. The friction of the air bearing is

negligible compared to the friction present in the crossed-roller bearing, which means that

the displacement of the crossed-roller stage is primarily due to the friction of the crossed-

rollers.

Another important consideration in designing an apparatus to measure friction force is

the linkages that are used to hold the components in position. The test apparatus of Dupont

et al. [10] uses very stiff linkages to ensure that their deflection is negligible, and therefore

can be assumed to be rigid. Sidobre and Heyward [31] use a suspension that provide a nearly

perfect cinematic guidance in order to reduce the number of degrees of freedom to exactly

two. The kinetic coupling also ensures that the dynamics of the linkages to not cause any

undesirable forces to appear in the measurement of the friction force.

Finally the method selected to measure the friction force must be able to measure the

friction force during velocity tracking motion. Using method such as twice differentiating

position can be useful because they are non-contact methods that do not disturb the motion

of the bearing. However, twice differentiating a digital signal can result in a noisy and

inaccurate signal [11, 21, 22]. To measure the friction force during velocity tracking motion

a method similar to the methods of Lampaert et al. [20] and Harnoy et al. [14] would be

best. Both apparatuses hold one of the masses in position using a load cell while the other

mass, which is in contact with the stationary mass, is moved at some controlled velocity.

For my apparatus the two masses in contact are the ball bearing and the guide rail. The

bearing or rail can be held in position by a load cell, while the other moves at a controlled

constant velocity. If an air bearing is used to actuate the bearing or guide rail the only force
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that will be measured by the load cell will be the friction force between the bearing and rail.

The linkage that holds the load cell in position will need to be stiff, similar to the linkages

of Dupont et al. [10], so that the deflections of the load cell are minimized.
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3.0 TESTBED DEVELOPMENT

As discussed in Chapter 1, it is desired that friction force, velocity error, and the motion

of the balls are measured while a rolling element bearing moves at a controlled velocity. To

obtain these measurements a testbed was designed and built. This chapter focuses specifically

on the design considerations concerning the measurement of the friction force between the

rolling element bearing and the guide rail. Other design considerations pertaining to the

measurement of the velocity error and the motion of the balls will be discussed in Chapters

4 and 5.

The purpose of this design is to measure the dynamic friction force in rolling element,

linear bearings during velocity tracking motion. Thus, it is necessary to move the bearing

at a controlled velocity while measuring the forces acting between the ball bearing and the

guide rail. For the measurement of the friction force a load cell is used and a controlled

linear stage is used to perform the velocity tracking motion. It is also necessary that the

design of the testbed allow for the addition of other sensors used to measure the motion of

the balls traveling through the race and the relative velocity between the ball bearing and

the guide rail.

3.1 LINEAR ROLLING ELEMENT BEARING USED IN TESTING

The linear ball bearings used in this research are radial type, ball-element, linear motion

guides from THK (Model SR25W), as shown in Figure 22. This ball bearing is not a caged

ball type; that is, the balls are not separated from one another by dividers that keep them

consistently spaced. Since the bearing race is not a caged ball type, and because the race

35



Figure 22: THK SR25W ball bearing to be used in tests.

is not tightly packed, the balls may have some space between them, which could vary from

ball to ball. For the SR25W the total space between the balls in the race is 2 mm; that is, a

single ball could possibly vary in position by up to ±1 mm.

3.2 TEST SETUP DESIGN AND FABRICATION

In order to allow the bearing to remain stationary, the guide rail is moved instead. This

configuration is illustrated in Figure 23. This allows the bearing to be instrumented to

measure the forces acting on it and the motion of balls in the bearing. The ball bearing

is held in position by a bracket while the guide rail is moved at a controlled velocity by

an ABL20100 linear air bearing stage, shown in Figure 24. The friction force between the

bearing and rail are measure by a load cell, which is place between the ball bearing and the

bracket.

The ABL20100 is an air bearing linear stage that has a 1000 mm range of travel, allowing

the ball bearing to travel the full length of the 780 mm guide rail. Use of the entire guide

rail allows for longer data records.
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Figure 23: Detailed schematic of proposed test setup design. The guide rail is moved using

an air bearing stage while the ball bearing is held in position by a load cell that measures

any forces that attempt to put the ball bearing in motion.

Figure 24: Aerotech ABL20100 air bearing stage that will be used to move the guide rail

while the ball bearing is held in position.
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(a) Aerotech ABL20100 with aluminum stage and
rail guide attached.

(b) Test setup for measuring fluctuations in fric-
tion force resulting from balls traveling through the
race.

Figure 25: Bearing truck is held in position while guide rail, attached to aluminum stage, is

moved underneath it at a constant velocity.

Although the range of the air bearing is enough to use the entire length of the guide rail,

the stage of the air bearing is not large enough to support the guide rail. To achieve the

desired support length a longer stage was machined out of aluminum, to hold the guide rail

in position and keep it parallel to the direction of motion of the air bearing. The aluminum

stage is bolted to the stage of the air bearing and the guide rail is then bolted to the aluminum

stage. This configuration is illustrated in Figure 25 (a).

The ball bearing is attached to a tension/compression load cell that is attached to a

bracket. The bracket is then attached to the table, which for practical purposes, is an

inertial frame of reference. The final assembly of the test setup can be seen in Figure 25 (b).

The side view of the complete test setup, as seen in Figure 26, shows the bearing attached

to the bracket by a load cell that holds the bearing in position while the rail is moved by

the air bearing stage. Due to the size of the load cell, a mount is attached to the top of the

ball bearing so that the load cell does not make contact with the rail. The extra material

can be seen on top of the ball bearing in Figures 25 (b) and 26.

Using the optical encoder in the air bearing the displacement of the guide rail can be

measured. If the bearing truck is assumed motionless then the displacement of the rail is
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Figure 26: Side view of test setup for measuring fluctuations in friction force resulting from

balls traveling through the race.

the relative displacement between the ball bearing and the rail. Should a more accurate

approximation of the relative displacement be required, the bearing’s displacement can be

approximated using Hooke’s law, an equivalent stiffness of the bracket and load cell, and the

force measurement from the load cell.

The bracket that is used to hold the ball bearing in place with the load cell was fabricated

using 1018 steel. A stiff and heavy material was chosen to reduce the deflections of the

bracket. This increases the validity of the assumption that the bearing is motionless. Also

the bracket was made considerably oversized to reduce the bracket’s deflections and increase

its weight. The bracket assembly with the load cell attached is illustrated in Figure 27.

Feature A shows the load cell and Feature B shows a pair of through holes. The load cell

(Feature A) is used to hold the ball bearing in position and measure the friction force. The
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Figure 27: Bracket assembly of test setup. Feature A illustrates the load cell used to hold the

ball bearing in position. Feature B shows thru holes that were specifically made oversized

to allow for alignment adjustments.

through holes (Feature B) were made oversized for 1/4 inch bolts so that the load cell can

be adjusted without having to move the entire bracket assembly to make sure that the axial

direction of the load cell is parallel to the direction of motion of the guide rail. The load

cell’s position can also be adjusted vertically by adding spacers between the bracket’s top

plate and the block holding the load cell.

3.3 FRICTION MEASUREMENT AND LOAD CELL SELECTION

To measure the friction force a Model 208C01 tension/compression load cell from PCB

Piezotronicsis used to hold the ball bearing in position. This sensor was chosen due to its

small size, ease of integration into design, measurement range, and speed of response. Some

of the load cell’s relevant specifications are shown in Table 1.
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Table 1: Relevant specifications of PCB load cell model 208C01.

Measurement Range (Compression): 44.48 N

Measurement Range (Tension): 44.48 N

Maximum Static Force (Compression): 266.89 N

Maximum Static Force (Tension): 266.89 N

Low Frequency Response (-5%): 0.01 Hz

Stiffness: 1.05 kN/µm

The dimensions and physical characteristics were the first considerations in selecting an

appropriate load cell to measure the friction force. The internal threads on both sides of

the sensor made it simple to attach the load cell to the ball bearing and the bracket using

studs. The small size of the sensor made it easy to place the bearing close to the rail. This

is important because it is best to have the sensor as close to the line of action of the friction

force as possible, so that the torque applied to the ball bearing is minimized. It was also

important to consider the friction force to ensure it would not exceed the limitations of the

load cell. It was estimated that the magnitude of the friction force would be on the order of

a few newtons, which is within the tension/compression limits shown in Table 1.

A drawback of using the PCB load cell is that it is a quartz load cell and the DC

component of the measurement signal will dissipate over time. The sensor specifications state

that the time constant of the dissipating DC charge is≥50 s. Since the most important aspect

of the force signal measured is its periodic variation, the PCB quartz load cell is acceptable

despite its dissipative nature.
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4.0 MEASUREMENT OF POSITION AND VELOCITY

It is known that the relative position between the bearing and the rail can be measure by

measuring the absolute position of the air bearing stage. The air bearing uses a Renishaw,

linear-incremental, optical encoder (Model RGH22) to measure the motion of the stage. The

encoder has a resolution of 0.1 µm. The optical encoder is connected to Aerotech’s Soloist

controller, which decodes the signal from the encoder and uses the measurement to control

the stage’s position. Since the guide rail is bolted to the air bearing stage, the position of

the stage is also the relative position between the guide rail and the rolling element bearing.

The relative velocity is calculated from the relative position measurement using numerical

differentiation. Some methods of numerical differentiation achieve a higher degree of accuracy

by incorporating more terms of the Taylor series expansion of the derivative [6]. The centered

finite difference formula is used to calculate the velocity from the measurement of position,

and is defined as

v[n] = ẋ[n] =
x[n+ 1]− x[n− 1]

2Ts
, (4.1)

where x[n] is the discrete position, ẋ[n] is the discrete derivative of position, v[n] is the

discrete velocity, and Ts is the sampling period.

Higher order methods of calculating the discrete derivative of position can be used to

improve precision but are not necessary here. This is because the Nyquist frequency is well

above the frequencies that we wish to observe. There are also other formulas, such as the

forward difference formula, that can be used to calculate the discrete derivative. It was

decided that the centered difference formula would be used instead of the forward difference

formula because the centered difference formula adds 90◦ of phase to all frequencies, while

the forward difference formula adds more phase at frequencies close to the Nyquist frequency.
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Figure 28: Comparison of Bode plots of the forward-finite divided difference formula and

the centered finite-divided difference formula.

The phase of the centered difference formula and the forward difference formula are illustrated

in Figure 28, which shows the Bode plots of the two numerical differentiation methods.

Understanding how much phase each numerical differentiation method adds is important

because when the derivative of position is calculated to get velocity the phase of all of the

frequency components will be shifted by the same amount.

To approximate the current precision of the linear stages using rolling bearings some

velocity tracking tests were run using the testbed discussed in Chapter 3. Standard de-

viations of the velocity error were calculated for tracking velocities tests ranging from

1 mm/s to 20 mm/s, incrementing by 1 mm/s. Twenty tests were run at each tracking veloc-

ity, and the resulting twenty standard deviations at each tracking velocity were then averaged.

As seen in Figure 29, the least precise tracking velocity is 9 mm/s, with a standard deviation

of 110 µm/s.

The signal processing techniques that will be used in determining correlation between

friction force, velocity error, and the rate of the balls passing a position require that the

signals are all sampled synchronously. Although the Soloist is capable of measuring analog

inputs synchronously with the signal from the encoder it is only capable of sampling two
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Figure 29: Averaged standard deviations of velocity error for 20 velocity tracking tests per

each tracking velocity. The standard deviations appear to reach a maximum for a tracking

velocity of 9 mm/s.

analog inputs, which may not be sufficient if more sensors are required. To sample the

signals from the load cell, the optical encoder, and the sensor measuring the ball’s motion

a dSPACE board is used. The dSPACE board is capable of synchronously sampling and

recording multiple signals. Also, the dSPACE board has a pin port that is capable of

decoding quadrature encoders, such as the optical encoder in the air bearing. dSPACE is

used instead of the Soloist analog input channels because it can decode quadrature encoders,

allows for more analog inputs, can sample all channels synchronously at adjustable sampling

frequencies, and recoding and saving data on dSPACE is very simple.
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5.0 DESIGN OF OPTICAL SENSOR FOR DETECTION OF BALLS IN

RACE

As discussed in Chapter 1, we can approximate the frequency of the balls as they pass a

position in the race. Also, there may be some variance in the frequency resulting from

inconsistencies in the spacing between the balls. We can determine the accuracy of the

prediction of the frequency and its variance (described in Equation (1.4)) by measuring the

balls as they pass a certain position in the race. The motion of the balls is measured using

an optical sensor, whose design is discussed in this chapter. The evolution of the optical

sensor’s design from the initial design to the final design will also be discussed. A redesign

was necessary to correct for an instability in the signal from the optical sensor. The source

of the instability and how it was corrected is also discussed.

5.1 SENSOR CONCEPT

The purpose of the optical sensor is to detect the motion of the balls as they travel through

the race of a linear motion guide. The sensor must also be minimally intrusive to the motion

of the balls as they travel through the race. A sensor that interferes with the motion of the

balls would most likely cause a periodic disturbance in friction force at the same frequency as

the frequency of the predicted disturbance. Since we are attempting to show the existence of

this periodic disturbance and show its relation to the motion of the balls in the race, having

a sensor that impedes the motion of the balls at the frequency of the periodic disturbance

would make the sensor valueless. It was decided that the least intrusive sensor that could be

used was an optical sensor that uses an optical fiber with a small diameter, relative to the
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diameter of the balls, placed in close proximity to the balls through a small hole machined

into the ball bearing. Because the optical fiber does not come into contact with the balls

and because the machined hole is small, the sensor will be minimally intrusive to the motion

of the balls in the race.

A simple schematic of the sensor can be seen in Figure 30. The light source used in the

optical sensor is a 5 mW HeNe laser that is coherent, linearly polarized, and has a wavelength

of 633 nm. The incident light from the HeNe laser (red arrows) is focused into a fiber, split

by a beam splitting cube, focused into another fiber, and then reflected off the surface of a

ball as it passes the tip of the sensing optical fiber. The reflected light (blue arrows) returns

back up the sensing fiber, is split by the beam splitting cube, and the portion of the reflected

light that is split in the direction of the photodetector is measured. When a ball passes the

fiber sensor tip we would expect to see an increase in the voltage of the photodetector, due

to an increase in the amount of light reflected back up the sensing optical fiber. The overall

efficiency of the sensor is defined as the percentage of power from the source that exits the

sensing optical fiber. The components of the design that reduce the overall efficiency the

most are the fiber couplers and the beam splitting cube. The beam splitting cube reduces the

overall efficiency by 50%; however, without it there would be no way to direct the reflected

light toward the photodetector.

5.2 SENSOR DESIGN

The fundamental concept of the sensor is that the light coming out of the tip of a fiber optic

cable is reflected off the surface of a ball and back up the fiber, where it is then measured

using a photodetector. It would be ideal to use a collimator for the sensor tip to capture the

most reflected light. However, some of the smallest collimators are approximately the same

size as the balls, which would certainly disrupt the motion of the balls. By keeping the tip

of the sensor within a few millimeters of the reflective surface it is possible for the tip of the

fiber optic cable to collect enough light without a collimator to obtain a detectable signal.
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Figure 30: Schematic of optical sensor for the detection of the balls motion within the race of

a ball bearing. The red arrows indicate the light from the laser and the blue arrows indicate

the light reflected off of the balls as they pass the fiber sensor tip.

The light source that has been selected for the sensor is a HeNe laser, which has a

wavelength of 633 nm. This means that the optical elements that have been selected in the

design, such as the fibers and photodetector, all contain 633 nm within the range of their

operating wavelengths.

The tip of the sensor is a fiber optic cable with a flat cleaved tip and an outer coating

diameter of 245 µm, which is 6% the diameter of the balls. The small size of the sensor

tip allows for detection of the balls with minimal intrusion to their motion in the race. A

small hole is machined through the side of the bearing, using electrical discharge machining

(EDM), into one of the loaded races of the bearing. The fiber optic tip is then placed in the

hole, where it is held in position by an optical adhesive.

Before placing the fiber into the bearing some initial tests were run by holding the fiber

tip in position over top of the balls in one of the open races. A known number of balls were

passed under the sensor, and the AC coupled signal from the photodetector was recorded.

AC coupling was used because it allowed for the use of greater gains without exceeding the

dSPACE input limitations. Eight balls were passed under the sensor tip while the signal

from the photodetector was recorded. The results of the initial test of the sensor are seen in

Figure 31. In the initial test of the sensor the light leaving the tip of the sensing fiber had
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Figure 31: Initial test of the optical sensor. Eight balls were passed under the sensing optical

fiber. The eight spikes in the photodetector voltage correspond to the eight balls.

a power of 300 µW, which corresponds to an efficiency of 6%. Spikes in the photodetector

voltage, which resulted from reflected light returning up the fiber, were not detectable until

a power of 300 µW was obtained. This indicates that for this test setup it is necessary to

have a minimum power of approximately 300 µW.

The photodetector signal plot of the initial test contained eight distinct voltage spikes.

These eight spikes correspond to the eight balls that pass the sensor tip. It is apparent that

some of the spikes seen in Figure 31 are significantly larger than the others. The reason for

the varying amplitudes in the peaks was discovered after the sensor tip was placed inside

a bearing and the DC signal was recorded. This reason will be explained shortly, after the

explanation of the positioning of the fiber tip within the ball bearing.

To place the fiber tip within close proximity of the balls a hole with a diameter of 482 µm

is machined through the bearing block to one of the loaded races using EDM. The fiber

tip is then placed into the hole, where it is glued into position using an optical adhesive

(NOLA81) that is cured using UV light. The optical adhesive is used to hold the fiber tip
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Figure 32: Test of the optical sensor for a tracking velocity of 20 mm/s (corresponds to

fc = 2.46 Hz).

in close proximity to the balls without affecting the optical properties of the fiber. Because

the optical adhesive can affect the light leaving and returning up the fiber it is necessary to

make sure that the tip of the fiber is not exposed to the optical adhesive.

Once the fiber was properly placed into the rolling element bearing the air bearing stage

performed a tracking velocity motion to determine the performance of the sensor. The

acquired signal from the photodetector for a tracking velocity of 20 mm/s can be seen in

Figure 32.

Initially only the AC component of the signal was recorded. This was done because the

coupling efficiency of the light into the sensing fiber was poor initially, and the DC component

at a gain that made the peaks observable was greater than the dSPACE limitations. After

improving the coupling of the light into the sensing fiber a lower gain was used, allowing the

DC component to be observed as well.

The first observation from Figure 32 is that there are peaks in the signal every 0.406 s.

The tracking velocity is 20 mm/s, which corresponds to fc = 2.46 Hz. This indicates that a

ball should pass the sensor every 1/fc = 0.406 s. Therefore, as expected, each spike in the

photodetector voltage corresponds to a ball passing the sensor.

49



It was observed from the signal of the optical sensor that the signal had a periodic

component with a period of 5 s. Figure 32 shows one period of this periodic component.

During the troughs of this low frequency component a ball passing the sensor tip caused

peaks upward, while during the crests the peaks are inverted. Finally, it can be observed

that when the signal passes through the undistributed level of the sinusoidal component, the

amplitude of the peaks are smaller. This explains why during the initial test, seen in Figure

31, the amplitude of some peaks are smaller than others.

The low frequency sinusoidal component of the voltage measured by the photodetector

can be removed using AC coupling of the voltage, as was done in the initial test of the optical

sensor. However, this does not solve the problem of the varying peak sizes. Also, peaks which

occur in the neighborhood of the undistributed level of the low frequency sinusoid could be

attenuated to the point where their amplitude is on the order of the signal noise. Essentially

making them undetectable.

The individual components of the optical sensor were each tested to determine if they

were the cause of the fluctuation in the voltage of the photodetector. It was determined that

none of the individual components were the source of the fluctuation. Therefore, it is most

likely that some combination of the components in the setup is the cause of the observed

fluctuation.

The frequency of the sinusoidal component was observed to increase as strain in the

optical fibers increased. From this it was concluded that the combination of the fibers and

the HeNe laser were the source of the sinusoidal fluctuation. Single-mode optical fibers affect

very few properties of the light source, with the exception of its polarization. For a linearly

polarized light source, like the HeNe laser used in the test setup, the direction of the linear

polarization may be modified by the optical fiber. This change in the direction of the linear

polarization is referred to as polarization degeneracy [17].

Initially, it was believed that the instability in the power was caused by a change in the

relative angle between the polarization planes of the incident light and the reflected light as a

result of a varying strain applied to the optical fiber. A change in the relative angle between

the polarization planes of the incident and reflected light would change how they interfere,

thus causing a strain dependent fluctuation in the power. Due to an ideal property of fibers,
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called two-pass polarization stability, we can assume that any change in polarization caused

by light passing one direction through a fiber will be corrected as the light returns back up

the fiber [17]. Although the fiber will not change the polarization of the light, the reflective

surface could cause a change in the light’s polarization. One may conclude that because of

two-pass polarization the power fluctuations are not a result of varying strain in the fiber.

Since it can be concluded that the relative polarization angle is not the cause of the

instability, due to two-pass polarization stability, it could be possible that the strain in the

fiber is somehow causing a variation in relative phase. This variation in relative phase,

between the incident and reflected beams, could vary how the two beams interfere. This

varying interference could cause an instability in the power, which is dependent on the

strain in the fiber.

5.3 REDESIGN OF OPTICAL SENSOR USING INCOHERENT LIGHT

SOURCE

An incoherent light source was used to correct for the interference problems in the sensor.

The incoherent source corrects the instability because its interference is a stationary process,

meaning there is no change in the time averaged interference between the incident and

reflected beams. Since there is no change in how the beams interfere, the signal from the

photodetector is stable [17].

The original design of the optical sensor was designed for a red wavelength light source

(633 nm). A mounted high power red LED from Thor Labs (Model M625L2) was chosen

because its wavelength is compatible with the other components. The red LED has a broader

spectrum than the HeNe laser. However, the majority of the LED’s power is at a wavelength

of 625 nm, which is within the working spectrum of the individual parts of the first setup.

The red LED also provides a much higher power at 440 mW, compared to the 5 mW HeNe

laser. Coupling an incoherent source into a fiber is often very inefficient, but since the
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Figure 33: Setup for collimation of incoherent light source into optical fiber. The light from

the LED is collimated and then the diameter of the collimated beam is reduced so that more

light can enter the fiber collimator. f1 and f2 are the focal lengths of the first and second

lenses respectively. d1 and d2 are the diameters of the first and second collimated beams

respectively.

first setup only required a power of approximately 300 µW from the sensing fiber it can be

concluded that the setup would be operational with the LED and an overall efficiency of

approximately 0.05%.

Incoherent light sources can be very difficult to focus into a fiber because they are difficult

to collimate. Although there are collimators designed for LED sources, the beam coming

from the collimator is still very divergent in comparison to collimated coherent sources.

Assuming that the LED collimator perfectly collimates the source, the ideal setup would be

as illustrated in Figure 33.

To focus the collimated LED into an optical fiber it was necessary to reduce the diameter

of the beam to approximately the diameter of the fiber port collimator. Assuming that the

beam leaving the LED collimator is collimated, the diameter of the beam can be reduced,

as illustrated in Figure 33, using two plano-convex lenses. For two lenses the reduced beam

diameter can be determined using

d2 =
f2
f1
d1, (5.1)

where d1 and f1 are the diameter and focal length of the first lens, respectively, and d2 and

f2 are the diameter and focal length of the second lens, respectively.
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Since we would like to optimize the efficiency of the optical sensor we must focus as much

light as possible into the collimator. A ratio of focal lengths should be selected such that d1

is no more than the diameter of the fiber collimator. This all assumes that the beam coming

from the LED collimator is perfectly collimated and not diverging at all, which is known to

not be the case. Since the beam from the LED collimator will not be perfectly collimated it

is known that there will be some losses in the setup.

Collimating the LED into the smaller core single mode optical fibers, that were previously

used in the first test setup, proved to be incredibly inefficient with almost no measurable

light leaving the sensing optical fiber. It was decided that it would be necessary to use optical

fibers with a much larger diameter. Multimode fibers offer larger core diameters and higher

numerical apertures than single mode fibers. A wide range of core diameters are offered for

multimode fibers; however, the largest core diameter available was selected to allow us to

determine the maximum realizable output using the LED source. The optical fiber selected

from Thorlabs has a core diameter of 1 mm and a NA of 0.48 (Model BFH48-1000).

With the new fibers, and using the beam diameter reducer in Figure 33, the efficiency of

coupling the LED light source into the optical fibers was greatly improved. With the smaller

core single mode fibers the amount of light leaving the tip of the sensing fiber was not visible

or measurable. With the larger core diameter fiber a power of 50 µW was easily achievable.

This test setup had an efficiency of approximately 0.01%. For the initial setup, discussed

in Section 5.2, it was determined that a power of at least 300 µW is necessary to detect a

ball as it passes the sensing fiber. It is possible that with the larger core fibers we may not

require as much power because it is capable of capturing more light reflected by the balls. To

determine if 50 µW is a sufficient amount of power the photodetector output was observed

as the sensing fiber was touched to a mirror. As the tip of the sensing fiber came into close

proximity, and touched the mirror, there was an increase in the photodetector voltage. Also,

there did not appear to be any fluctuations in the voltage measured in the photodetector,

or any inverting peaks as the sensing fiber touched the mirror.

After concluding that the reflected light could be detected by the photodetector by simply

touching the fiber sensor tip to a mirror it was decided that a new hole would be tapped

through the side of a ball bearing into one of the loaded races. The same active race that
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Figure 34: Voltage output of optical sensor using the LED light source for a velocity tracking

test at 1 mm/s (corresponds to fc = 0.123 Hz).

was used for the previous test setup was used again for consistency. Since EDM holes would

be too small for the 1 mm diameter core of the fiber the hole would be tapped using a 1 mm

diameter carbide drill bit. For the first group of tests the optical fiber was not adhered

into position using the optical adhesive, in case any adjustments needed to be made. The

resulting signal from the photodetector for a velocity tracking test at 1 mm/s can be seen

in Figure 34. The signal from the photodetector was AC coupled and the analog signal was

low-pass filtered with a cutoff frequency of 400 Hz to prevent aliasing. The AC coupling

allowed for the use of higher gains without exceeding the ±10 V limitations of the dSPACE

board.

As seen in Figure 34, there are no low-frequency fluctuations in the photodetector voltage

or inversions in peaks that were present in the first test setup. The time between the peaks

in Figure 34 is approximately 8 s. The balls are passing the sensor tip at approximately a

frequency of 0.123 Hz, which is the frequency predicted using Equation (1.2) for a tracking

velocity of 1 mm/s. To determine the performance of the sensor at higher velocities a velocity

tracking test at 20 mm/s was performed. The resulting signal from the photodetector for a

velocity tracking test is shown in Figure 35.
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Figure 35: Voltage output of optical sensor using the LED light source for velocity tracking

test at 20 mm/s (corresponds to fc = 2.46 Hz).

Just like Figure 34, Figure 35 shows no low frequency fluctuation in the signal and no

inversions in the peaks that result from balls passing the tip of the sensing fiber. There is

also very little variation in the height of the peaks in both Figures 34 and 35. This will make

it simpler to calculate the number of balls that pass the sensor tip and the frequency of the

balls passing the sensor tip.

To determine if the combination of the HeNe laser and the single mode fiber was in

fact the cause of the power instabilities the HeNe laser was used with the larger diameter

fibers. The HeNe laser was attached to the new setup and some alignment adjustments were

performed. The alignment adjustments resulted in a power of 140 µW exiting the sensing

fiber. This is less power than what was previously achieved with the first setup using the

HeNe laser. However, since it is three times the operating power achieved when using the

LED we should be able to obtain measurements of the reflected light. The result, as seen in

Figure 36 for a 1 mm/s velocity tracking test shows no evidence of the instabilities seen in

the tests when the single mode fibers were used (See Figure 32). Although the photodetector

voltage in Figure 36 does not show any inversions or instability some slight drift in the DC

component was observed. This could mean that the same strain dependent power fluctuation
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Figure 36: Voltage output of optical sensor using the 1 mm core diameter fibers and the

HeNe light source for a velocity tracking test at 1 mm/s (corresponds to τc = 8.13 s).

previously observed is still occurring. However, since the new fiber is thicker and stiffer it is

likely that it is less susceptible to the low frequency oscillations that were causing the low

frequency strain variation in the optical fiber. Since some drift in the optical sensor signal

was observed when the HeNe was used it was decided that the LED would be used instead,

despite the fact that the LED is more challenging to collimate into a fiber.

To increase the power of the light exiting the sensing fiber the Keplerian telescope, used

to reduce the diameter of the beam, was exchanged for a Galilean telescope, as illustrated

in Figure 37. This allows more light to be captured in the fiber. Using a Galilean telescope

in the test setup allows the lenses to be placed closer together because of the negative focal

length of the plano-concave lens. More of the light that is still diverging may be captured

and potentially collimated into the optical fiber. Equation (5.1) still applies for the Galilean

telescope, except that f2 is now negative, and can be used to determine the diameter of the

reduced beam. After changing the beam diameter reducer the power was increased from

50 µW, which was obtained using the Keplerian telescope, to 100 µW. A power of 100 µW

for the LED light source corresponds to an efficiency of 0.02%.
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Figure 37: Galilean telescope is used to increase the amount of light captured in the optical

fiber. A Galilean telescope uses a plano-concave lens as the second lens, which has a negative

focal length. This means the two lenses can be placed closer together, allowing the second

lens to capture more of the light.

AC coupling the signal from the photodetector allowed the use of higher gains to make

the spikes in voltage, due to a ball passing the sensor, more significant. The AC coupling,

which is essentially a high-pass filter with a very low cutoff frequency, will compensate for

slow increases in the voltage from the photodetector. The compensation of the AC coupling

creates abnormal peaks in the voltage, as illustrated by Figure 38. Since the AC coupling

causes irregular peaks it would be best to use the DC coupled signal, even though the peaks

are less apparent.

Using the DC coupled signal from the photodetector means that high gains cannot be

used because of the dSPACE limitations. This means that the DC coupled signal may have

a lower signal-to-noise ratio, and the voltage peaks will be smaller. Although the signal

may be noisier and the peaks may be smaller the DC coupling preserves the profile of the

peaks that indicate a ball passing the sensor tip, as illustrated in Figure 39. The peaks seen

in Figure 39 do not experience an abnormal drop in voltage, like the peaks in Figure 38,

because there is no component which compensates for slow increases in voltage.
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Figure 38: AC coupled signal from photodetector for a velocity tracking test at 0.5 mm/s

(corresponds to τc = 16.22 s). The increase in voltage due to a ball reflecting light occurs at

such a low frequency that the AC coupling compensates for the slow increase in voltage.
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Figure 39: DC coupled signal from photodetector for a velocity tracking test at 0.5 mm/s

(corresponds to τc = 16.22 s). The DC coupled signal cannot use high gains to make signal

clearer but can preserve the profile of the peaks that indicate a ball passing the sensor.
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6.0 SYSTEM AND MODEL SIGNALS ANALYSIS

This chapter focuses on a qualitative analysis of the system and the signals from the sensors.

The system being studied is modeled using a block diagram determined from the dynamics

of the system. The analysis of the signals is done using functions that have characteristics

that are believed to be present in the actual signals, which are recorded during a velocity

tracking test. The most important characteristic of the signals from the load cell, optical

encoder, and the optical sensor is their frequency content. The model signal functions are

processed using techniques, such as correlation and power spectral density calculations, that

will be used on the actual measurement signals for a velocity tracking test. This should give

insight into what should be expected from the results of the signal processing.

6.1 SYSTEM ANALYSIS

A simple block diagram of the system that is being studied is illustrated in Figure 40, and

a description of the variables used can be seen in Table 6.1. First, although the friction

force, ff , is shown as an independent input to the system (see Figure 40), it is important

to note that the friction force has a dependence on velocity and position. Some of the

friction models described by Olsson et al. [26] describe this dependence. The dependence of

friction on velocity and position described in each of the models are based on experimental

observations. For our analysis of the system in Figure 40 we will prescribe a function for the

friction force that is an explicit function of velocity. The function of friction force will not be
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Figure 40: Simple block diagram of the system being studied.

Table 2: Variables used in block diagram and analysis of the system.

r The position reference signal

x The position of the air bearing stage

nx The noise introduced into the position signal before it is measured

x̃ The measured position of the air bearing stage with measurement noise

ẋ The velocity of the air bearing stage

e The error between the position reference and the actual position

C(s) The controller of the air bearing stage

i The motor command current

K The back EMF constant

fm The force generated by the linear motor

K̂ The estimated back EMF constant

f̂m The estimated force generated by the linear motor

ñm The noise introduced into the estimated friction force before it is measured

f̃m The measured force generated by the linear motor that includes measurement noise

ff The friction force between the guide rail and the ball bearing

m The mass of the object in motion
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given as a function of position because friction’s dependence on position is only significant

in the sticking regime, which is the regime in which static friction has not been exceeded

[26]. Since during velocity tracking the balls are not in the sticking regime we can consider

friction’s dependence on position negligible.

As can be seen in Figure 40 the system is a multi-input multi-output (MIMO) system.

The system has two inputs, the reference signal and the friction force, and two outputs, the

measured motor force and the measured position of the air bearing stage. To qualitatively

evaluate the system we will need to determine the transfer functions from each input to each

output. The transfer functions will give us an idea of how the system will react for a given

input.

For simplification we will assume that the controller used by the linear air bearing stage,

C(s), is a proportional-derivative controller described by

C(s) = KDs+KP , (6.1)

where KD is the the derivative gain and KP is the proportional gain. A PD controller was

chosen because it simplifies the analysis of the system, while allowing for control of the

systems natural frequency and damping. Also, the derivative control is necessary so that

the system is stable for a position command. From Figure 40 and Equation (6.1) we can

conclude that the loop gain of the system, L(s), can be described by

L(s) =
K(KP +KDs)

ms2
. (6.2)

Knowing the loop gain will help to evaluate the transfer functions that relate an input to an

output.

The transfer function from the reference signal, r(t), to the position of the stage, x(t), is

X(s)

R(s)
= Gxr(s) =

K(KP +KDs)

ms2 +KKDs+KKP

. (6.3)

Since we will be observing the system for velocity tracking motion we know that the reference

will be r(t) = V t, where V is the tracking velocity and the Laplace transform of r(t) is

R(s) = V/s2. The transfer function given by Equation (6.3) is a type 0 system because it

contains zero poles at the origin. The transfer function has two poles and one zero, which
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Figure 41: Plot of magnitude versus frequency for the transfer function Gxr(s). The vertical

dashed line illustrates the natural frequency of the system, where the resonant peak occurs,

and the slope of the magnitude at high frequencies will be −20 dB per decade

means that the slope of the magnitude at high frequencies will be −20 dB per decade. The

magnitude of this system will have a frequency response like the one illustrated by Figure

41. The vertical dashed line illustrates the natural frequency of the system that will occur

at ωn =
√

KKP

m
, as can be determined from Equation (6.3). The qualitative plot of the

system Gxr(s) is shown to be underdamped in Figure 41. This was done simply to illustrate

the presence of a resonance peak. Since it is not favorable for a linear stage to have a large

resonance peak it is likely that the peak will not be as pronounced as it is in Figure 41.

It is also important to note that the zero of Gxr(s) can affect the slope of the magnitude

at low frequencies. If the zero of Gxr(s) occurs at a frequency below the natural frequency

then the slope of the magnitude at low frequencies will be 20 dB per decade, instead of zero

as shown in Figure 41.

If we were to consider the steady state of the velocity of the system, ẋ(t), we would

simply have to take the derivative of the position. In the Laplace domain this means that

we would simply multiply X(s) by the Laplace variable s. The steady state velocity, for a

tracking velocity reference R(s) = V/s2, can be solved for using the final value theorem

lim
t→∞

ẋ(t) = ẋss = lim
s→0

s2Gxr(s)R(s) = lim
s→0

s2
K(KP +KDs)

ms2 +KKDs+KKP

V

s2
= V. (6.4)
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As expected, the velocity converges to the tracking velocity, V . This means that after the

transients within the system decay the velocity of the stage will settle to the desired tracking

velocity.

The relation between the position and the reference signal is important however it is also

important to discuss how the position and velocity react to the friction force. The transfer

function from the friction force input, ff (t), to the position output, x(t), can be expressed

as
X(s)

Ff (s)
= Gxf (s) =

1

ms2 +KKDs+KKP

. (6.5)

For objects moving at a constant velocity, the friction force is described as being constant

by many different friction models. However, it is believed that the balls traveling through

the race cause periodic fluctuations in the friction force during velocity tracking motion

that act like a periodic disturbance to the velocity. To consider how a friction force with

some periodic content may affect the position we must consider what the magnitude of the

frequency response of the system described by Equation (6.5) may look like. The transfer

function in Equation (6.5) has two poles, like the transfer function Gxr(s), but it does not

have any zeros. This means that the magnitude at high frequencies will have a slope of

−40 dB per decade. The plot of the magnitude of Gxf (s) will qualitatively have the same

shape as the plot of the magnitude of Gxr(s), except at high frequencies where the slope of

the magnitude will be −40 dB per decade.

The resonant peak in Figure 41 means that if there is periodic content in the friction force,

and it were to have a frequency at approximately the natural frequency of the system, the

disturbance from the friction force would be amplified. It was believed that the fluctuations

in friction force caused serious errors at low velocities as a result of the Stribeck effect,

which is an increase in friction force as velocity decreases [1]. However, if the damping

of the resonance peak is small, and if the frequency of the fluctuations in friction force is

approximately the resonant frequency, then the magnitude of the tracking error could be

amplified more than it would be by the Stribeck effect. Since the periodic fluctuations in

the friction force has a frequency that is dependent on the tracking velocity, as expressed

in Equation (1.2), some higher tracking velocities may also cause poor tracking due to the

resonant frequency. The natural frequency of the system is determined by the controller
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Figure 42: Plot of magnitude versus frequency for the transfer function Gvf (s). The vertical

dashed line illustrates the natural frequency of the system.

parameter selected. To achieve a favorable response a high natural frequency is often desired,

which would give the system a good bandwidth. This means that the disturbance caused by

the balls, which occurs at low frequencies, will not be amplified by the natural frequency of

the system, which will occur at a much higher frequency.

From the block diagram of the system, the transfer function from friction force to velocity

is
V (s)

Ff (s)
= Gvf (s) =

sX(s)

Ff (s)
=

s

ms2 +KKDs+KKP

. (6.6)

This transfer function is similar to the transfer function from friction force to position except

it has a zero at the origin. The magnitude response of Gvf (s) will have the same natural

frequency as Gxf (s). The zero at the origin will cause the magnitude response of the transfer

function to have a slope of 20 dB per decade at low frequencies. Similar to the transfer

function Gxr(s), the magnitude of Gxf (s) at high frequencies will have a slope of −20 dB

per decade. A qualitative plot of the magnitude response of Equation (6.6) is illustrated in

Figure 42.

Shown in Figure 6.6, the plot of the magnitude response of Gvf (s) shows that for periodic

content of the friction force, with a frequency less than the natural frequency, as frequency

increases so will the magnitude of the velocity. Since it is believed that the frequency of

the periodic disturbance found in velocity is proportional to the tracking velocity, as the
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tracking velocity increases the magnitude of the periodic velocity error should increase as

well. This could explain why there is an increase in the standard deviation of the velocity

error as tracking velocity increases as previously shown (see Chapter 4, Figure 29).

6.2 MODEL SIGNALS AND ANALYSIS

Functions were selected that model the expected characteristics of the signals, to give an

illustration of what to expect from the signal processing that will be done for the actual

signals. The most important characteristic of the three signals will be their periodic content,

which will have a frequency of fc. The continuous time signal processing techniques used in

this section are referenced from Bendat and Piersol [2].

The function that describes the friction force is

Ff (t) = Fc + af sin(2πfct), (6.7)

where Fc is the Coulomb friction, which is constant for a constant velocity, and af is the

amplitude of the sinusoid. Since the actual tests will be done for a constant velocity Fc in

Equation (6.7) will be constant. The sinusoidal component of the friction force will represent

the periodic fluctuation in friction force, which is believed to be caused by the motion of the

balls.

Since force is proportional to acceleration, and acceleration is the derivative of velocity,

the periodic content of the velocity error will be described using a function that is 90◦ out of

phase relative to the friction force. This will allow us to observe how some phase difference

may affect the signal processing.

The function that describes the velocity error is

ve(t) = av cos(2πfct). (6.8)

The velocity error, ve(t), does not contain a DC component because it is believed that the

mean of the velocity error will be small, and can be assumed to be zero. The amplitude of

the sinusoid of ve(t) is av. The cosine function was used instead of the sine function, which
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was used to describe the expected periodic content in the friction force, because the relative

phase difference between velocity and friction force is expected to be 90◦.

Finally the signal from the optical sensor is described as

s(t) = S + as sin(2πfct), (6.9)

where S is the DC component captured by the photodetector, which results from the percent

of the incident beam that is reflected in the direction of the photodetector, and as is the

amplitude of the sinusoidal component.

To show how these signals are correlated with themselves in time the autocorrelations

are calculated. The definition for the continuous time autocorrelation of a signal, x(t), is

Rxx(τ) = lim
T→∞

1

T

∫ T

0

x(t)x(t+ τ)dt. (6.10)

The autocorrelation shows how a signal is related to itself by comparing the signal with a

time shifted version of itself. Since for autocorrelations a signal is being compared with itself

we would expect the maximum correlation to occur at τ = 0, where the shifted version has

not been shifted and is exactly identical to the stationary signal.

The autocorrelations of the signals Ff (t), ve(t), and s(t) were calculated using the defi-

nition of the autocorrelation expressed in Equation (6.10). The resulting autocorrelations of

the three signals are

RFfFf
(τ) = lim

T→∞

1

T

∫ T

0

Ff (t)Ff (t+ τ)dt = F 2
c +

a2f
2

cos(2πfcτ)

Rveve(τ) = lim
T→∞

1

T

∫ T

0

ve(t)ve(t+ τ)dt =
a2v
2

cos(2πfcτ)

Rss(τ) = lim
T→∞

1

T

∫ T

0

s(t)s(t+ τ)dt = S2 +
a2s
2

cos(2πfcτ).

(6.11)

All three of the autocorrelations are periodic in τ with a period of τc, which is the inverse of fc.

Qualitative plots of the autocorrelations calculated from the model signals are illustrated in

Figure 43. A signal is correlated with itself for correlation times, τ , where the autocorrelation

is at a local maximum. The plots in Figure 43 show increases in correlation for correlation

times that are positive and negative integer multiples of τc, which are illustrated with vertical

red-dashed lines.
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Figure 43: Qualitative plots of autocorrelations of model signals.
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The amplitude of the periodic components in the autocorrelations are dependent on the

amplitudes of the sinusoidal components of the signals. If the amplitudes of the frequency

content of the signals are small then the amplitudes of the frequency content of their auto-

correlation will also be small. The autocorrelations of sine and cosine functions both result

in a cosine component in the autocorrelation. This is because at τ = 0 each signal is per-

fectly correlated with itself. Because the signals are continuous and are non-convergent as t

approaches ±∞, their autocorrelations are continuous and non-convergent. The correlation

times where the signals are the least correlated, or negatively correlated if there is no DC

component, occurs for values of τ where each signal is 180◦ out of phase with itself. In the

plots shown in Figure 43 this occurs at positive and negative odd integer multiples of τc/2.

To determine how one signal is correlated with another signal in time the cross-correlation

can be used. The cross-correlation of two signals, x(t) and y(t), is defined as

Rxy(τ) = lim
T→∞

1

T

∫ T

0

x(t)y(t+ τ)dt. (6.12)

The cross-correlation between two signals can be used to determine how two signals are

periodically related, and if there is any phase between the two signals. Periodic content that

is shared by two signals will show up in their cross-correlation as periodic content of the

same frequency.

There may not be a peak in the cross-correlation at τ = 0, due to some phase difference

between the shared periodic content. The distance from τ = 0 to the nearest peak in the

cross-correlation can be used to determine the phase difference between the two signals

through the relationship φ = 360◦τφ/τc, where τφ is the correlation time of the peak closest

to τ = 0.
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It is important to note that the cross-correlation of x(t) with y(t) is equal to the cross-

correlation of y(t) with x(t), mirrored about τ = 0. This property can be summarized as

Rxy(τ) = Ryx(−τ), and is important because it tells us that it is unnecessary to calculate

half of the cross-correlations.

The cross-correlations between Ff (t), ve(t), and s(t) were calculated using Equation

(6.12). The calculated cross-correlations of the three signals are

RFfve(τ) = lim
T→∞

1

T

∫ T

0

Ff (t)ve(t+ τ)dt = −afav
2

sin(2πfcτ)

RFf s(τ) = lim
T→∞

1

T

∫ T

0

ve(t)s(t+ τ)dt = FcS +
afas

2
cos(2πfcτ)

Rsve(τ) = lim
T→∞

1

T

∫ T

0

s(t)ve(t+ τ)dt = −avas
2

sin(2πfcτ).

(6.13)

The calculated cross-correlations are all periodic with a period of τc, as would be expected

since the cross-correlation of two functions is periodic with a frequency equal to the frequency

shared by the two signals. A qualitative plot of the cross-correlations can be seen in Figure

44. The cross-correlations RFfve(τ) and Rsve(τ) are not correlated at τ = 0. This is because

ve(t) is 90◦ out of phase with Ff (t) and s(t). For RFfve(τ) and Rsve(τ) τφ = −τc/4, which

means that φ = −90◦. This means that periodic component of ve(t) is −90◦ out of phase

with respect to Ff (t) and s(t). Similar to the autocorrelations, the amplitude of the periodic

components of the cross-correlations depends on the amplitude of the frequency content

which is shared between the two signals. This means that if the shared frequency components

have small amplitudes then the periodic component in the cross-correlation will also have a

small amplitude, which may be difficult to discern in a plot.

The only cross-correlation function that has a DC component is RFf s(τ). This is because

Ff (t) and s(t) are the only two signals which share a DC component. This can be thought

of as the two signals sharing frequency content at 0 Hz.
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Figure 44: Qualitative plots of cross-correlations of model signals.
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To determine the frequency content of a signal the auto-spectral density is used. For a

signal x(t) the auto-spectral density, or auto-spectrum, is defined as the Fourier transform

of the autocorrelation Rxx(τ) which is expressed as

Sxx(ω) = F [Rxx(τ)] =
1√
2π

∫ ∞

−∞
Rxx(τ)e−jωtdτ, (6.14)

where j is the imaginary number and ω is angular frequency with units of radians per unit

time.

The auto-spectra of the three model signals were calculated to be

SFfFf
(ω) = F [RFfFf

(τ)] = F 2
c

√
2πδ(ω) +

a2f
2

√
π
2
δ(ω − 2πfc) +

a2f
2

√
π
2
δ(ω + 2πfc)

Sveve(ω) = F [Rveve(τ)] = a2v
2

√
π
2
δ(ω − 2πfc) + a2v

2

√
π
2
δ(ω + 2πfc)

Sss(ω) = F [Rss(τ)] = S2
√

2πδ(ω) + a2s
2

√
π
2
δ(ω − 2πfc) + a2s

2

√
π
2
δ(ω + 2πfc).

(6.15)

where δ(ω) is the Dirac delta function that is infinite for ω = 0, and zero elsewhere. All

of the calculated auto-spectra have Dirac delta functions that are infinite at ±2πfc. This

means that there is some periodic content in each of the signals with an angular frequency of

2πfc. The auto-spectral densities of Ff (t) and s(t) also have Dirac delta functions that are

infinite at ω = 0. This is because both of those signals contain periodic content at ω = 0.

Qualitative plots of the auto-spectral densities are shown in Figure 45.

To determine the frequency of the periodic content that is shared between the three

signals their cross-spectral densities are calculated. Similar to the auto-spectral density, the

cross-spectral density is calculated by taking the Fourier transform of the cross-correlation.

The cross-spectral density of two signals x(t) and y(t), whose cross-correlation is Rxy(τ), is

calculated as

Sxy(ω) = F [Rxy(τ)] =
1√
2π

∫ ∞

−∞
Rxy(τ)e−jωtdτ. (6.16)

The cross-spectral densities of the three model signals were calculated using Equation

(6.16) to be

SFfve(ω) = F [RFfve(τ)] = −afavj

2

√
π
2
δ(ω − 2πfc) +

afavj

2

√
π
2
δ(ω + 2πfc)

SFf s(ω) = F [RFf s(τ)] = FcS
√

2πδ(ω) +
afas
2

√
π
2
δ(ω − 2πfc) +

afas
2

√
π
2
δ(ω + 2πfc)

Ssve(ω) = F [Rsve(τ)] = −avasj
2

√
π
2
δ(ω − 2πfc) + avasj

2

√
π
2
δ(ω + 2πfc).

(6.17)
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Figure 45: Qualitative plots of auto-spectral densities of model signals.
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Since all of the model signals share periodic content at ω = 2πfc all of the cross-spectral

densities have the Dirac delta functions δ(ω ± 2πfc). The cross-spectra between Ff (t) and

s(t) is the only cross-spectrum that has the Dirac delta function δ(ω). This is because those

two signals each contain a DC component, while ve(t) does not. Qualitative plots of the

magnitude of the cross-spectrum can be seen in Figure 46.

These qualitative examples of the signal processing, that will be done to the actual test

signals, should give some insight as to what should be expected. The autocorrelations and

auto-spectra can be used to determine the period and frequency of each of signals, while

the cross-correlation and cross spectra can be used to determine what periodic content they

share with one another. The cross-correlations can give information about the two signals,

such as the phase difference between shared periodic content of two signals.

6.3 MODELING THE PHOTODETECTOR SIGNAL

In the previous section, the optical sensor signal was modeled using a sine wave with a DC

component. Although it is a good approximation because it has characteristics we would

expect the signal to have, it does not match the shape of the signal seen in Chapter 5 very

well.

The signal from the optical sensor could possibly be better modeled as a rectangular

pulse train with a DC component, whose period and pulse width are dependent upon the

tracking velocity. One period of a rectangular pulse train, with a DC component, S, and a

pulse height, P , can be described as a piecewise function

sr(t) =




S if 0 ≤ t < τc − τp

S + P if τc − τp ≤ t < τc,

(6.18)

where τp is the pulse width. τc is the period of the balls passing by the sensing fiber, which is

the inverse of fc = v/(2davg) that is determined from the tracking velocity and the diameter

of the balls, as shown in Equation (1.2). Since fc is the center frequency of the disturbance

τc is the center period of the periodic disturbance.
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Figure 46: Qualitative plots of cross-spectral densities of model signals.
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A continuous-periodic function of time can be created from the piecewise function of one

rectangular pulse using a Fourier series expansion, creating a rectangular pulse train. The

periodic function, determined from the Fourier series expansion of the piecewise function,

can be written as

sr(t) = S +
a0
2

+
∞∑

n=1

[an cos(2πfcnt) + bn sin(2πfcnt)], (6.19)

where a0, an, and bn are Fourier coefficients that must be solved for. In solving for the Fourier

series expansion of the function s(t) the DC component, S, is removed from Equation (6.18)

and then added back into the solution. This is why the constant term S appears in the

Fourier series described by Equation (6.19). The piecewise function that is used to solve for

the Fourier coefficients is

ŝr(t) =





0 if 0 ≤ t < τc − τp

P if τc − τp ≤ t < τc.

(6.20)

Using Equation (6.20) the coefficients of the Fourier series can be solved as

a0 = 2
τc

∫ τc

0

ŝr(t)dt = P
τp
τc

an = 2
τc

∫ τc

0

ŝr(t) cos(2πfcnt)dt =
Pτc
2nπ

sin

(
2πτp
τc

)

bn = 2
τc

∫ τc

0

ŝr(t) sin(2πfcnt)dt =
Pτc
2nπ

[
cos

(
2πτp
τc

)
− 1

]
,

(6.21)

which makes the final solution to the Fourier series expansion, using Equations (6.19) and

(6.21),

sr(t) = S +
Pτp
τc

+
∞∑

n=1

Pτc
nπ

cos

(
π(2nt+ τp)

τc

)
sin

(
πτp
τc

)
. (6.22)

The function for a rectangular pulse train, given by Equation (6.22), can be compared

to a signal from an actual test, once the parameters have been determined. The rectangular

pulse train model, of order 20, is compared to a measured signal from the optical sensor for

a velocity tracking test of 10 mm/s in Figure 47. The comparison of the rectangular pulse

train and the measured signal show some similar characteristics. As expected, the frequency

and width of the rectangular pulses match the frequency and the width of the pulses from

the optical sensor. The Gibbs phenomena causes the oscillations in the neighborhood of
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Figure 47: Comparison of the Fourier series expansion of a rectangular pulse train to the

signal from the optical sensor. The DC components, amplitudes, pulse frequency, and pulse

widths match but there are obvious differences in the shapes of the signals.

jump discontinuities, which is evident in Figure 47 [27]. As the order of the Fourier series

of the rectangular pulse train is increased the magnitude of the oscillations at the jump

discontinuity will increase. This means that higher order approximations will have greater

error at the jump discontinuities.

It can be observed from the plots of the signal from the optical sensor for a velocity

tracking test that the shape of the peaks resemble a Gaussian function better than a rectan-

gular pulse. A Gaussian pulse train can be modeled using a sum of Gaussian pulses where

each pulse can be described as

gn(t) = Pn exp

[
−(t− nτc − t0)2

2τ 2p

]
, (6.23)

where Pn is the amplitude of the nth pulse and t0 is the delay of the zeroth pulse. The delay,

t0, is used to align the Gaussian model of the signal with a measured signal to determine

how accurately the model fits. By adding up the individual Gaussian pulses, described by

Equation (6.23), the signal from the optical sensor can be approximated as

sg(t) =
∞∑

n=0

gn(t) =
∞∑

n=0

Pn exp

[
−(t− nτc − t0)2

2τ 2p

]
. (6.24)
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Figure 48: Comparison of the Gaussian function approximation to the signal from the optical

sensor. All characteristics of the Gaussian function approximation match the signal from

the optical sensor quite well.

To determine how well the Gaussian pulse function approximates the signal from the

optical sensor the first three peaks were calculated using Equation (6.24). The plot of the

signal from the optical sensor and the Gaussian pulse approximation can be seen in Figure 48.

The Gaussian pulse train is clearly a better model of the signal from the optical sensor than

the rectangular pulse train or the cosine function, which was used in the previous section.

This means that the correlations and the spectral densities calculated with the optical sensor

signal will be different from the ones previously calculated and discussed.

It is expected that each time a ball enters the loaded section of the race there is a spike

in the friction force. We do not expect the friction force to have a steady oscillation, as was

described by the sinusoidal model of friction force in Section 6.1. For this reason, it is likely

that the Gaussian pulse train is also a better model of the friction force than the sinusoidal

model. If the friction force is modeled using the Gaussian pulse train (described by Equation

(6.25)) we can conclude the the frequency response of the friction force will be similar in

shape to the frequency response of the optical sensor signal.
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From the coefficients of a Fourier series expansion of a Gaussian pulse train the frequency

response of a Gaussian pulse train can be determined. Since it has been determined that

the Gaussian pulse train is a good model for the optical sensor signal and the friction force,

the Fourier coefficients will give some insight into what the frequency responses of the two

signals may look like.

The Gaussian pulse function can be approximated through using the Fourier series ex-

pansion

sg(t) =
∞∑

n=−∞

Cn exp

(
j2πn

t

τc

)
, (6.25)

where Cn are the Fourier coefficients of the Gaussian pulse train. The coefficients can be

calculated using a similar method as used in calculating the coefficients of the Fourier series

expansion of the rectangular pulse. The Gaussian Fourier series coefficients can be solved as

Cn =
1

τc

∫ τc/2

−τc/2
g0(t) exp

(
−jπn t

τc

)
dt, (6.26)

where g0(t) is the zeroth pulse, which can be calculated from Equation (6.23), for n = 0.

Substituting g0(t) into Equation (6.26) and solving, the coefficients for the Gaussian Fourier

series expansion of the signal are

Cn =
√
π
τp
2τc

exp

[
−
(
πnτp
2τc

)2
]
. (6.27)

Substituting the coefficients into Equation (6.25) the signal can now be approximated as

sg(t) =
∞∑

n=−∞

√
π
τp
2τc

exp

[
−
(
πnτp
2τc

)2
]

exp

[
−j2πn t

τc

]
. (6.28)

The Gaussian Fourier coefficients are used in Equation (6.28) to model the signal from

the optical sensor, however, they can also be used to illustrate the frequency responses of

the optical sensor and the friction force. The nth Fourier coefficient, Cn, corresponds to the

magnitude of the frequency response at the nth harmonic. A plot of the Fourier coefficients

versus normalized frequency can be seen in Figure 49, where the vertical axis is logarithmic.

The plot of the Fourier coefficients illustrates that the magnitudes of the harmonics decrease

exponentially. This is to be expected since the Fourier coefficients of the Gaussian pulse are
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Figure 49: Qualitative plot of Fourier coefficients of a Gaussian pulse train. The vertical

axis is logarithmic.

also Gaussian. The exponential decay in the Fourier coefficients means that in the spectral

density of the optical sensor signal and the friction force only the first few harmonics will

be noticeable. The higher harmonics will likely be indiscernible. From the spectra of the

friction force and the transfer function from the friction force to velocity, we can determine

what one period of the velocity may look like. This is done by first determining the Fourier

coefficients of velocity from the Fourier coefficients of the friction force and the magnitude

of their transfer function at the harmonics of fc.

The transfer function between friction force and the velocity is Gvf (s), as determined in

Section 6.1, Equation (6.6). The frequency response of velocity can be determined from the

frequency response of the friction force and the frequency response of G(s), which is found

by setting s = jω. Thus, the magnitude of the frequency response of velocity is |V (jω)| =

|G(jω)||Ff (jω)|. A plot of the magnitude of the frequency response of the Gaussian pulse

approximation of friction force, the frequency response of the transfer function G(s), and

the resulting frequency response of the velocity can be seen in Figure 50. The frequency

response of G(s) shows a system with a natural frequency that occurs at a frequency that is
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Figure 50: Qualitative plot of the frequency reposes |Ff (jω)|, |G(jω)|, and |V (jω)|. The

vertical axis is logarithmic and the horizontal axis is normalized with respect to fc.

fifteen times fc, and has very little damping. This was done to make the natural frequency

more apparent in the plot. Since fc is expected to be small, on the order of a few hertz, it

is likely that the natural frequency of G(s) will be much greater than fc. Only the first few

harmonics of the frequency response of the friction force will be discernible, and they will

likely be well below the natural frequency of G(s). Therefore, it can be concluded that the

systems natural frequency will not increase the magnitude of the disturbance in the velocity

caused by the increases in friction force.

One period of the expected velocity can be calculated to be

v(t) =
∞∑

n=−∞

Dn exp(jn2πfct), (6.29)

where Dn = Cn|G(jn2πfc)| is the Fourier coefficients of velocity and |G(jn2πfc)| is the

magnitude of G(s), evaluated at the harmonics of fc. A plot of one period of the expected

velocity is shown in Figure 51. It is important to recall that plot of the expected velocity
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Figure 51: One period of the velocity time response reconstructed from the Fourier coeffi-

cients of velocity.

assumes that the system is modeled by G(s), which includes a PD controller, and that the

friction force is modeled by a Gaussian pulse train. This plot indicates that if the system is

as predicted we can expect the velocity to have spikes with some oscillations at the base of

the spikes.

6.4 CENTER PERIOD AND PULSE WIDTH OF OPTICAL SENSOR

SIGNAL

The parameters τc, the center period, and τp, the pulse width, appear in many of the equa-

tions described in this chapter. It has been observed from velocity tracking tests that these

parameters vary with the tracking velocity, and it is believed that they are both inversely

proportional to tracking velocity. If they are both proportional to tracking velocity then

it can be concluded that their ratio, which appears in multiple equations in the previous

section, should be constant for all tracking velocities. To show that the parameters τc and

τp are both inversely proportional to velocity, the two parameters were calculated from the
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Figure 52: Logarithmic plots of τc and τp versus tracking velocity. These logarithmic plots

show that τc and τp are both inversely proportional to the tracking velocity.

optical sensor signal during velocity tracking tests. Five tests were performed at each track-

ing velocities ranging from 1 mm/s to 20 mm/s, incrementing by 1 mm/s. The values of τc

and τp were averaged for each peak during each test, and then averaged over the five tests

at that velocity. The resulting calculated values for τc and τp are plotted versus the tracking

velocity on a logarithmic scale as seen in Figure 52. The standard deviations are also shown

using error bars; however, because the vertical axis is logarithmic they appear insignificant.

By plotting the parameters versus tracking velocity on a logarithmic scale if the τc and τp

are inversely proportional to tracking velocity then their plots will appear to be linear, as

it does in Figure 52. This means that the parameters are both inversely proportional to

velocity. Since both τc and τp are inversely proportional to tracking velocity then their ratio

is constant for all tracking velocities.

The ratio τp/τc was calculated from the average values of τc and τp for each trial, and then

averaged over the five tests at that tracking velocity. The result is plotted versus the tracking

velocities, as seen in Figure 53. The horizontal black-dashed line in the plot illustrates the

mean of the twenty data points from the twenty different constant tracking velocities that

were tested. The error bars in Figure 53 illustrate the standard deviation calculated for the
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Figure 53: Ratio of τp and τc. The horizontal black-dashed line is the mean of all of the

ratios and the error bars are generated from the variance of τp and τc for each individual

peak in the signal.

τ ratio of the five trials at each tracking velocity. From Figure 53 it can be concluded that

τp/τc = 0.155, which is the mean of all of the τ ratios, is a good approximation for the τ

ratio that is constant for all tracking velocities.
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7.0 VELOCITY TRACKING TESTS

To demonstrate that the friction force, velocity error, and the signal from the optical sensor

contain periodic content, with a frequency of approximately fc, multiple velocity tracking

tests were run at different velocities. The autocorrelations and auto-spectrum of the three

signals will be used to show that each signal contains periodic content at the frequency

fc = v/(2davg). The cross-correlations and cross-spectrum of the three signals will be used

to show what frequencies the signals are correlated at.

For each velocity tracking test the air bearing stage begins from rest, accelerates to the

tracking velocity, and then travels at a controlled velocity. Once the stage has settled to

the tracking velocity the signals from the load cell, optical encoder, and optical sensor are

sampled and recorded. The data recording does not begin at the exact moment the stage

begins moving so that the inertial effects from the acceleration of the stage are not recorded.

The transients, which result from the acceleration of the stage, are are excluded by giving the

signal acquisition a distance that triggers the recording. This distance is determined from

the acceleration rate and the tracking velocity, and allows enough time for the transients to

dissipate before the signal is recorded. The transients are not recorded because they could

potentially affect the signal processing that will be done. An example of the sampled signals

for a velocity tracking test of 9 mm/s with Fs = 1000 Hz can be see in Figure 54.

In the plot of the friction force, Ff (t), seen in Figure 54 we can see that the signal does

not maintain its DC component very well. The load cell’s specified time constant should be

≥ 50 s, as previously discussed, however it appears that the signal dissipates much quicker

than expected, and also goes negative after approximately 10 s. Since we are more concerned

with the AC components of the signal from the load cell, the fast dissipation of the load

cell’s DC component should not affect the signal processing that will be done later.
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Figure 54: Signals acquired for a velocity tracking test at 9 mm/s (corresponds to

τc =0.901 s). The signals from top to bottom are the signals from the load cell, the en-

coder, and the photodetector respectively.

Velocity tracking test were performed for tracking velocities of 1 mm/s to 20 mm/s, in-

crementing by 1 mm/s. Five velocity tracking tests were performed for each tracking velocity.

Since the velocity tracking error at 9 mm/s showed the highest standard deviation in Chapter

4 (see Figure 29), the calculations of the correlations and the power spectral densities shown

in this chapter will all be for a tracking velocity of 9 mm/s. The time duration of each test

was 30 s, with a sampling frequency of Fs = 1000 Hz. The signals of the friction force and

the optical sensor were filtered using analog low-pass filters, with a cutoff of 400 Hz, before

sampling to reduce aliasing. The signal from the optical encoder is decoded by dSPACE

and therefore cannot be analog filtered before it is sampled. The digital signals were then

low-pass filtered, using a 5th order Butterworth filter with a cutoff frequency of 20 Hz, and

detrended before the correlations and power spectral densities were calculated. This was

done to make the lower frequency content more apparent. The correlations and spectral

densities were calculated for each test. Then the five resulting correlations and spectral

densities that were calculated for the same tracking velocity were averaged to reduce noise.
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The signals acquired from the sensors are discrete time signals, unlike the continuous

time signals used in the analysis of the model signals. This means that the continuous

time signal processing methods, discussed in Section 6.2, must be redefined for discrete time

signals. Although the signal processing methods will be redefined for discrete time signals,

we expect the resulting correlations and spectra to be similar to the results achieved for

the continuous time model signals. The discrete time signal processing techniques used are

referenced from Oppenheim and Schafer [27].

7.1 CORRELATION ANALYSIS

Given two discrete time signals, x[n] and y[n], the cross-correlation of x[n] with y[n] is defined

as

Rxy[m] =
∞∑

n=−∞

x[n+m]y[n], (7.1)

where n is the index of the discrete time signal and m is the index of the cross-correlation.

The index n is related to time t through the sampling period, Ts = 1/Fs, which for these

tests is 1 ms. Similarly, the index m is related to the correlation time τ through Ts. These

relations are expressed as t = nTs and τ = mTs.

The cross-correlation of two signals is used to show how two signals are related in time.

Periodic increases in the cross-correlation of two signals illustrates that the two signals share

periodic content, with a period equal to the difference in τ between peaks. Information

about the phase between the shared periodic content can also be determined from the cross-

correlation. Cross-correlations that are low at τ = 0 and then increase periodically indicate

that there is some phase between the shared periodic content of the signals. Also, as pre-

viously discussed in Chapter 6, because Rxy(τ) = Ryx(−τ) it is only necessary to calculate

three cross-correlations for the three signals.
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From the definition of the cross-correlation in Equation (7.1) we can define the discrete

time autocorrelation, which is the cross-correlation of a signal with itself. The autocorrelation

of a discrete time signal, x[n], is defined as

Rxx[m] =
∞∑

n=−∞

x[n+m]x[n]. (7.2)

The autocorrelation is used to show how a signal is correlated with itself in time, and is used

to reveal periodic content of a signal. Like the cross-correlation, periodic increases in the

autocorrelation indicate that the signal contains periodic content, whose period is equal to

the change in τ between peaks in the autocorrelation. Since the phase between any signal

and itself is always zero the autocorrelation of a signal will always be greatest at τ = 0, and

the periodic content of a signal will appear as increases in the autocorrelation for positive

and negative integer multiples of its period.

First to illustrate the periodic content of the friction force, velocity error, and the optical

sensor signal the autocorrelation of each signal was calculated. The signals were low-pass

filtered and detrended before their autocorrelations were calculated to make the lower fre-

quency content more apparent in the plots. The calculated autocorrelation of the friction

force is shown in Figure 55. The vertical red-dashed lines in the zoomed plot of the autocor-

relation of the friction force are used to illustrate the positive and negative integer multiples

of τc = 0.901 s, the expected period of the disturbance for a tracking velocity of 9 mm/s.

As seen in Figure 55 there is an increase in the autocorrelation of the friction force at the

integer multiples of τc. This means that the measured signal of the friction force has some

periodic content with a period of approximately τc = 0.901 s.

Next the autocorrelation was calculated from the velocity error for a 9 mm/s velocity

tracking test. The calculated autocorrelation of the velocity error is shown in Figure 56.

Again vertical red-dashed lines are used to indicate integer multiples of τc = 0.901 s. The

periodic increases in the autocorrelation of the velocity error at integer multiples of τc indicate

that the velocity error contains some periodic content with a period of τc = 0.901 s.

Finally the autocorrelation of the optical sensor signal, for a 9 mm/s velocity tracking test,

was calculated. The resulting autocorrelation of the signal from the optical sensor is shown in

Figure 57. Like the autocorrelations of friction force and velocity error, the autocorrelation
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Figure 55: Autocorrelation of friction force for a velocity tracking test at 9 mm/s (corre-

sponds to τc = 0.901 s). (a) Full temporal range for the RFfFf
(τ) (b) Zoomed section of

RFfFf
(τ) showing the range of delay times within a few multiples of the expected period of

the disturbance. The vertical red-dashed lines indicate periodicities of τc.
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Figure 56: Autocorrelation of velocity error for a velocity tracking test at 9 mm/s (corre-

sponds to τc = 0.901 s). (a) Full temporal range of Rveve(τ). (b) Zoomed section of Rveve(τ)

showing the range of delay times within a few multiples of the expected period of the dis-

turbance. The vertical red-dashed lines indicate periodicities of τc.
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Figure 57: Autocorrelation of the optical sensor signal for a velocity tracking test at 9 mm/s

(corresponds to τc = 0.901 s). (a) Full temporal range of Rss(τ). (b) Zoomed section of

Rss(τ) showing the range of delay times within a few multiples of the expected period of the

disturbance. The vertical red-dashed lines indicate periodicities of τc.

of the optical sensor signal increases periodically at integer multiples of τc = 0.901 s. This

illustrates that the estimated value of τc, calculated from the inverse of Equation (1.2), is a

good approximation for the period of the ball passage. Also it can be observed from Figure

57 that the shape of the peaks in the autocorrelation have a Gaussian shape.

The autocorrelations of the friction force, velocity error, and optical sensor signal all

showed that each signal contained some periodic content with a period that was approx-

imately equal to τc. The cross-correlations between the three signals can reveal how the

signals are periodically related with each other in the time domain and if the shared periodic

content has any relative phase. Since the autocorrelations of the three signals revealed that

they each contain periodic content with a period of approximately τc we would expect the

cross-correlations to illustrate that they share that periodic content. Like the autocorrela-

tion, periodic increases in the cross-correlation of two signals illustrate that the two signals

share periodic content with a period equal to the difference in τ between peaks. Unlike the

autocorrelation, a phase difference between shared periodic content of two signals can be de-
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Figure 58: Cross-correlation between friction force and velocity error for a velocity tracking

test at 9 mm/s (corresponds to τc = 0.901 s). (a) Full temporal range of RFfve(τ). (b)

Zoomed section of RFfve(τ) showing the range of delay times within a few multiples of the

expected period of the disturbance. The vertical red-dashed lines indicate periodicities of τc.

termined from the cross-correlation. The relative phase difference will result in the periodic

increases in the cross-correlation being shifted from τ = 0. The phase difference between

the shared periodic content can be determined from the peak in the cross-correlation that

occurs closest to τ = 0.

The calculated cross-correlation between friction force and velocity error is shown in

Figure 58. As previously done with the autocorrelations the plots of the cross-correlations

will also use vertical red-dashed lines to indicate the first few periodicities of τc. The plot of

the cross-correlation of friction force with velocity error has periodic increases in the cross-

correlation at integer multiples of τc. This illustrates not only that the two signals share

periodic content with a period of τc = 0.901 s, but it also illustrates that the phase difference

of the shared periodic content of the two signals is zero. It can be determined that the phase

difference is zero because a peak in the cross-correlation occurs at τ = 0.
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The calculated cross-correlation between friction force and optical sensor signal is shown

in Figure 59. Unlike the cross-correlation between the friction force and the velocity error

the cross-correlation between the friction force and the optical sensor signal does not have

periodic peaks occurring at integer multiples of τc. Although the periodic peaks do not occur

at integer multiples of τc it can be observed from Figure 59 that distance between each peak

in the cross-correlation is approximately τ = 0.901 s. This indicates that the friction force

and the optical sensor signal share periodic content with a period of 0.901 s, as expected.

In Figure 59, the periodic peak in the cross-correlation that occurs closest to τ = 0 is

the peak at τ = −0.39 s. This means that the optical sensor signal must be delayed by 0.39 s

for the periodic content of the optical sensor signal to be in phase with the friction force. A

delay of 0.39 s, corresponding to a periodicity of 0.901 s, would result in a phase difference

of −125◦. This means that the periodic content with a period of τc of the signal from the

optical sensor signal has a phase of −125◦ relative to the similar periodic content of the

friction force.

The calculated cross-correlation between the velocity error and the optical sensor signal

is shown in Figure 60. Like the cross-correlation between friction force and optical sensor

signal, the cross-correlation between the velocity error and the optical sensor signal has

periodic peaks that do not occur at integer multiples of τc. However, the distance between

the peaks is approximately τc. This means that the velocity error and the optical sensor

signal shared periodic content with a period of approximately τc = 0.901 s, and have some

phase difference.

In Figure 60 the periodic peak in the cross-correlation closest to τ = 0 occurs at τ =

0.41 s, which would correspond to a phase difference of 133◦. The phase of the optical sensor

signal relative to the friction force is −125◦ and the phase of the velocity error relative to the

optical sensor signal is 133◦. Therefore it would make sense that the phase of the velocity

error relative to the friction force is approximately zero, as was illustrated in the plot of the

cross-correlation of the friction force and the velocity error.
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Figure 59: Cross-correlation between friction force and optical sensor signal for a velocity

tracking test at 9 mm/s (corresponds to τc = 0.901 s). (a) Full temporal range of RFf s(τ).

(b) Zoomed section of RFf s(τ) showing the range of delay times within a few multiples of

the expected period of the disturbance. The vertical red-dashed lines indicate periodicities

of τc.
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Figure 60: Cross-correlation between velocity error and optical sensor signal for a velocity

tracking test at 9 mm/s (corresponds to τc = 0.901 s). (a) Full temporal range of Rvies(τ).

(b) Zoomed section of Rves(τ) showing the range of delay times within a few multiples of

the expected period of the disturbance. The vertical red-dashed lines indicate periodicities

of τc.
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7.2 POWER SPECTRAL DENSITY ANALYSIS

Given two discrete time signals, x[n] and y[n], the cross-spectral density between the two

signals is defined as

Sxy[ω] = F [Rxy[m]] =
1

2π

∞∑

m=−∞

Rxy[m]e−jωm, (7.3)

where F is the discrete Fourier transform (DFT). Like the continuous time cross-spectral

densities, illustrated in Section 6.2, the discrete time spectral density shown in Equation

(7.3) is symmetric about ω = 0. It is for this reason that it is only necessary to observe one

side of the spectral density. However, since the left-half plane of the cross spectrum contains

half the power if only one side is being observed Sxy[ω] must be doubled for magnitude

correction.

Similar to the cross-spectral density, defined by Equation (7.3), the auto-spectral density

is defined as the DFT of the autocorrelation, which is expressed as

Sxx[ω] = F [Rxx[m]] =
1

2π

∞∑

m=−∞

Rxx[m]e−jωm. (7.4)

Like the cross-spectral density the auto-spectral density is symmetric about ω = 0, which

means that it is only necessary to observe one side of the spectrum. Also like the cross-

spectrum, if only one side of the auto-spectrum is being observed Sxx[ω] must be doubled

for magnitude correction. The auto-spectrum will illustrate frequency content of one signal,

while the cross-spectrum will illustrate frequency content shared by two signals.

The Nyquist-Shannon sampling theorem states that the bandwidth of discrete time sig-

nals are limited to half of the sampling frequency. As discussed previously in this chapter

the sampling frequency used in the tests is Fs = 1000 Hz. This means that the Nyquist

frequency is FN = 500 Hz. Due to the range of tracking velocities used in the tests, which is

1 mm/s to 20 mm/s, we would expect the range of fc to be 0.12 Hz to 2.47 Hz. This range of

fc is well within the bandwidth of the spectral densities, according to the Nyquist-Shannon

sampling theorem. Although the range of frequencies that we wish to observe are well within
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the bandwidth it may be difficult to achieve a good estimation of the power spectrum at

such low frequencies. This is because the frequency bin spacing is too large, or there is too

much noise in the spectrum.

The frequency bin spacing is calculated as ∆f = FN/N , where N is the number of points

used in the DFT. This means that the resolution of the power spectrum can be increased by

increasing N , or by decreasing FN . For tests of the same time duration if N was increased,

or if FN was decreased, the length of the recorded signal would be decreased. This would

decrease the number of averages used to calculate the power spectrum, increasing the noise

in the power spectrum. To increase the resolution of the power spectrum while maintaining

the number of averages the time duration of the tests would have to be increased. However,

due to physical limitations, specifically the length of the guide rail, the time duration of the

tests is limited.

To increase the resolution of the power spectrum, without reducing the number of av-

erages or increasing the time duration of the tests, a method of zoom processing is used.

The recorded signals from the sensors are processed using a series of decimations and delays,

which reduces the bandwidth of the power spectrum without reducing Fs. A discrete block

diagram of the method is illustrated in Figure 61, where M is the decimation factor. If a

decimation factor of M is used then the signal x[n] is split into M signals. The M signals

that result from the series of decimations and delays each contain unique data points of

the original signal, and all have the same frequency content. The bandwidth of each of the

M signals has been reduced from FN to FN/M , and the frequency bin spacing has been

reduced from FN/N to FN

NM
, without decreasing the number of averages used in calculating

the power spectrum. This method allows for increased resolution at lower frequencies while

maintaining a sufficient number of averages to reduce the noise.

From the test signals acquired, and using the discussed method of a series of delays

and decimations to better resolve lower frequencies, the auto and cross-spectral densities

were calculated. The auto-spectra of the three acquired signals will illustrate the frequency

content of each signal, while the cross-spectra of the three signals will illustrate the frequency

content which they share.
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Figure 61: Series of delays and decimations used to segment the signal x[n] into M segments

that each contain unique points of x[n] but have the same frequency content. The bandwidth

of the signals is reduced from FN to FN/M .

First, the full range of the auto-spectra was calculated using Welch’s method. Since

the sampling frequency used was 1000 Hz the range of the auto-spectra is 0 Hz to 500 Hz.

The full range of the calculated auto-spectra of the friction force, velocity error, and optical

sensor are shown in Figure 62. The plot of the full available range of the auto-spectra

show that most of the frequency content of the three signal is in the lower frequency range,

approximately 0 Hz to 25 Hz. The higher frequency content appears flat for the most part,

which indicates that it is mostly white noise.

As previously discussed, the low frequencies cannot be resolved very well from these

auto-spectra, so the zoom processing method discussed in this chapter was used alongside

Welch’s method. Before the auto-spectra were calculated the signals were low-pass filtered

and detrended, as done before calculating the correlations, to make the low frequency content

more apparent. The auto-spectra of friction force, velocity error, and optical sensor signal

resolved in the range of 0 Hz to 10 Hz is shown in Figure 63.
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Figure 62: Full range of auto-spectra calculated from friction force, velocity error, and optical

sensor signal for a velocity tracking test at 9 mm/s .

The vertical red-dashed lines in Figure 63 are used to illustrate fc = 1.110 Hz, as well

as higher harmonics. The auto-spectra from the friction force and velocity error, as seen

in Figure 63 (a) and (b), do not appear to have frequency content at fc, even though

their autocorrelations appeared to have some periodic content at that frequency. The auto-

spectrum of optical sensor signal, shown in Figure 63 (c), shows that the optical sensor signal

does have frequency content at fc because of the increases in the auto-spectrum at fc and

its harmonics. As can also be observed from the auto-spectrum of the optical sensor signal

the harmonics appear to decrease exponentially. This is as would be expected, considering

the Fourier coefficients of the Gaussian pulse train discussed in Section 6.2.

To illustrate the frequency content that is shared by friction force, velocity error, and

optical sensor signal their cross-spectra were calculated. The full available range of the cross-

spectra, that was calculated before the signals were low-pass filtered and detrended, is shown

in Figure 64. The cross-spectra in Figure 64 show that the shared periodic content with the

greatest magnitudes occur at low frequencies, as would be expected from the plot of the full

available range of the auto-spectra.
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(a) Zoom processed auto-spectrum of friction force.
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(b) Zoom processed auto-spectrum of velocity error.
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(c) Zoom processed auto-spectrum of optical sensor
signal.

Figure 63: Auto-spectra of friction force, velocity error, and optical sensor signal for a

velocity tracking test at 9 mm/s (corresponds to fc = 1.110 Hz). The vertical red-dashed

lines indicate indicate the expected fundamental frequency of the disturbance and higher

harmonics.

98



0 100 200 300 400 500
10−10

10−8

10−6

10−4

10−2

100

102

Frequency (Hz)

Po
w

er
/F

re
qu

en
cy

 

 
SFv

e
 (Nmm/s/Hz)

SFs (NV/Hz)
Ssv

e
 (Vmm/s/Hz)

Figure 64: Full range of cross-spectra calculated from friction force, velocity error, and

optical sensor signal.

As was done with the auto-spectra, the zoom processing method alongside Welch’s

method was used to achieve better resolution at low frequencies. Also, the signals were

low-pass filtered and detrended before the cross-spectra were calculated. The zoom pro-

cessed cross-spectra of the three signals can be seen in Figure 65.

As previously done for the plots of the zoom processed auto-spectra, vertical red-dashed

lines in the plots of the cross-spectra are used to indicate fc = 1.110 Hz, and higher harmon-

ics. Although the optical sensor signal appears to share frequency content with the velocity

error and the friction force at approximately fc, as seen in Figure 65 (b) and (c), the fric-

tion fore does not appear to share frequency content with the velocity error at fc. This is

unexpected because both signals appear to share frequency content with the optical sensor

signal at the same frequency, and the cross-correlation of friction force and velocity error

(see Figure 58) illustrated that the two signals share some periodic content with a period

of approximately τc. It was shown in Section 6.2 that the magnitude of the peaks in the

cross-spectrum are dependent on the amplitudes of the periodic components of the signals.

It is likely that the amplitudes of the periodic components with frequency fc are quite small,

making the peaks in the cross-spectrum indiscernible from the noise in the spectrum.

99



0 2 4 6 8 10
10−7

10−6

10−5

10−4

10−3

Frequency (Hz)

S Fv
e(f)

 (N
m

m
/s

/H
z)

(a) Zoom processed cross spectrum between friction
force and velocity error.
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(b) Zoom processed cross spectrum between fric-
tion force and optical sensor signal.
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(c) Zoom processed cross spectrum between velocity
error and optical sensor signal.

Figure 65: Cross-spectra between friction force, velocity error, and optical sensor signal for

a velocity tracking test at 9 mm/s (corresponds to fc = 1.110 Hz). The vertical red-dashed

lines indicate indicate the expected fundamental frequency of the disturbance and higher

harmonics.

100



8.0 EVALUATION OF ROLLING ELEMENT BEARINGS

PERFORMANCE USING FRICTION FORCE AUTO-SPECTRA

Some rolling element bearings have exhibited abnormal and unsystematic behavior, such as

sticking during tracking velocity motion. This behavior can be noticed simply by pushing a

mechanical bearing by hand along a guide rail, and is believed to be caused by the motion

of the balls. While moving the bearing along the guide rail at certain erratic positions the

ball bearing will feel as if it is stuck in its current position along the rail. The force needed

to move the bearing from the position in which it sticks is much greater than the maximum

static friction force.

To determine how this behavior could be identified five SR25W ball bearings were tested

ten times each for a tracking velocity of 20 mm/s using the previously discussed test setup.

One of the ball bearings exhibited the irregular sticking behavior previously discussed. That

ball bearing is Bearing 4 in the following discussion of the results. A plot of the load cell

signals for Bearing 1 and Bearing 4, during one of the tracking velocity tests, can be seen in

Figure 66. It is apparent in Figure 66 that Bearing 4 exhibits erratic spikes in friction force

whose magnitude is up to ten times the friction force seen by Bearing 1. The magnitude of

these spikes appear to be very random; however, the spikes in the friction force appear to

be periodic with a period of approximately τc = 0.405 s. To investigate the periodic nature

of the friction force spikes the auto-spectra of the five test bearings were calculated, as done

in the previous chapter, and compared. The resulting auto-spectra of the friction force of

the five bearings is shown in Figure 67. From Figure 67 it can be observed that the auto-

spectrum of Bearing 4 is an order of magnitude greater than the auto-spectra of the other

bearings at low frequencies (less than 25 Hz). This is expected because the frequency of the

spikes in the friction force of the bad bearing occur at a frequency of fc = 2.47 Hz.
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Figure 66: Friction force measurements from two different bearings during constant tracking

velocity motion. Bearing 1 is considered to be a good bearing while Bearing 4 is considered

to be a bad bearing.
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Figure 67: Auto-spectra of the friction force for 5 different bearings that were calculated

from tracking velocity tests at 20 mm/s. Bearing 4 is considered to be a bad bearing that

exhibits an abnormal sticking behavior during motion.
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Figure 68: Auto-spectra at low frequencies of the friction force of 5 different bearings that

were tested during a constant tracking velocity of 20 mm/s. Bearing 4 is considered to be a

bad bearing that exhibits a sticking behavior during motion.

Since the greatest difference in the auto-spectra of the five bearings appears to occur

in the low frequency range the previously discussed method of using a series of delays and

decimations for zoom processing was used to evaluate the auto-spectra at lower frequencies.

The resulting zoomed auto-spectra of the five bearings can be seen in Figure 68. From

Figure 68 it can be seen that the auto-spectrum of Bearing 4 is two orders of magnitude

greater than the auto-spectra of the other bearings at low frequencies. The auto-spectra of

the friction force of the bearings at 0 Hz are approximately equal in Figure 68, unlike in the

plot of the full range of the auto-spectra. This is a result of the detrending, which is done

to the friction force signal to make the lower frequency components more apparent in the

auto-spectra.

As previously done in plots of the auto-spectra vertical red-dashed lines are used to

indicate fc and its higher harmonics, which for a tracking velocity of 20 mm/s is 2.47 Hz.

The plot of the auto-spectrum of the friction force shown in Chapter 7 (see Figure 63 (a))

contained no discernible peaks at fc or its higher harmonics. The good bearings do not

have any discernible peaks at fc either. However, the bad bearing clearly has peaks in its
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auto-spectrum at fc and its higher harmonics. This indicates that the motion of the balls

traveling through the race are the cause of the sticking behavior. It can be concluded from

these results that the spectral density of the friction force of a bearing can be used to diagnose

its performance.
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9.0 CONCLUSION

This research has illustrated that ball-element bearings show periodic fluctuations in friction

force for velocity tracking motion. This periodic fluctuation in friction force is caused by the

motion of the balls. This was concluded by demonstrating that the frequency of the periodic

fluctuation is equal to the frequency of the balls passing a position in the race, which can be

approximated by fc = v
2davg

.

To illustrate the relation between the fluctuating friction force and the motion of the balls

a testbed was built. The testbed measures friction force, ball passage rate, and position.

The velocity error is calculated from the measurement of position, and can show how the

periodic fluctuations in friction force acts like a periodic disturbance to the velocity. The

testbed measures friction force using a load cell, and measures position using an optical

encoder. To detect the motion of the balls in the race an optical sensor was designed and

built that would be minimally intrusive to the motion of the balls.

The optical sensor, discussed in this paper, measures light that is reflected off of a ball

as it passes the sensing fiber. It was necessary to make some adjustments to the original

design of the optical sensor to correct for an instability in the signal, which resulted from

the single-mode fiber and the coherent light source. The measurement of the ball passage

rate allowed us to determine the frequency of the balls motion, which was compared to the

predicted frequency. The measurement of the balls motion was also necessary because it is

known that it is possible for the frequency to vary slightly, but it is limited by the physical

parameters of the ball bearing.

Before analyzing the test results some qualitative analysis of the system and signals were

discussed to give insight into what we may expect from the results. The qualitative analysis

discussed the characteristics of the system being studied, and model signals that imitate
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attributes that we hoped to observe in the measured signals. The expected output of a

system for a given input can be concluded from the block diagram analysis of the system.

The analysis of the model signals discussed what we may expect the resulting correlations

and spectral densities of the signals to look like, and what we may conclude from them,

should they contain the proposed characteristics.

In the correlation calculations, which resulted from measurements taken during tracking

velocity tests, the friction force, velocity error, and optical sensor signals were each shown

to contain some periodic content with a period of τc. The cross-correlations of the signals

illustrated that the three signals shared periodic content with a period of τc, and that some

of the signals had some relative phase. From the correlations it can be concluded that each

signal contains periodic content at a period of τc, as was expected. This demonstrates that

the motion of the balls is affecting the precision of the velocity tracking.

The auto-spectrum of the optical sensor signal showed that the signal contained periodic

content with a frequency fc, while the auto-spectrum of the friction force and the velocity

error signals did not appear to have any distinct frequency content. It was odd to see that

the friction force and velocity error did not contain distinct periodic content, despite their

correlations illustrating otherwise. This was most likely a result of the noise in that range of

the spectrum being greater than the magnitude of their periodic content. The cross-spectra

between friction force and optical sensor signal, and optical sensor signal and velocity error

illustrated that those signals share frequency content with a frequency of fc. The cross-

spectrum of the friction force with the velocity error did not show shared frequency content

at fc. This was most likely because the noise in that range had a greater magnitude than

the magnitude of their shared periodic content.

During the velocity tracking tests it was noticed that some ball bearings exhibited a

sticking behavior during their motion, where the friction force greatly increased periodically

with a period of τc and with randomly varying amplitudes. This sticking behavior, which

would characterize a bad bearing, was evaluated using the auto-spectrum of the friction

force measurement. The bearing that exhibited the discussed sticking behavior had a higher
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spectral density at low frequencies, especially at integer multiples of fc. This illustrated that

the balls are the cause of the sticking behavior, and it also emphasized how the motion of

the balls are causing periodic fluctuations in the friction force.
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