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NUMERICAL ANALYSIS OF THE AERODYNAMIC NOISE PREDICTION
IN DIRECT NUMERICAL SIMULATION AND LARGE EDDY
SIMULATION

Alexander Lozovskiy, PhD

University of Pittsburgh, 2010

This thesis presents the rigorous numerical analysis of the aerodynamic noise generation via
Lighthill acoustic analogy, [36], which is a non-homogeneous wave equation describing the
sound waves. Over more than five decades, the Lighthill analogy was extensively used as one
of the major tools in engineering applications in acoustics. However, the first mathematical
research of the Finite Element approximation for it is introduced here. Specifically, we focus
on both Direct Numerical and Large Eddy Simulations. The more or less intuitive derivation
of the Lighthill analogy is reviewed in section 1.3.

First, the semidiscrete and fully discrete Finite Element methods in DNS are presented
and the effect of the computational error in the right-hand side of the wave equation is
pointed out. The convergence of this error to zero is studied in the semidiscrete case. The
computational results support obtained theoretical predictions.

Second, the numerical analysis, using the negative norms of the error, is presented in the
semidiscrete case. The negative norms help obtain better convergence rate and require less
regularity of the data than positive norms.

Third, the sound power is defined as a non-linear functional of acoustic variables and
three independent ways of computing it in the semidiscrete case in DNS are presented. All
of these methods are based on the Finite Element scheme presented earlier. The methods
are compared from the point of view of computational cost, accuracy and simplicity. Again,

the computational experiments are presented.
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Finally, the concept of Large Eddy Simulation is introduced for aeroacoustic research
via Lighthill analogy. Two subgrid scale models, these are van Cittert deconvolution and
Bardina, are presented for the filtered acoustic analogy. The semidiscrete Finite Elemet
Method is analyzed for both of them. We present the numerical experiments for this research

as well.
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1.0 INTRODUCTION

Aeroacoustics is a large scientific field which studies the generation, prediction and control
of noise generated by nonlinear interaction in turbulent flows. It is an area of great practical
importance, inherently nonlinear and one in which the correct physical models are still under

depate. This thesis has focused on the so called Lighthill acoustic analogy and has treated

e the rigorous numerical analysis of the continuous Galerkin-type Finite Element Method

(FEM), both semidiscrete and fully discrete, for solving the Lighthill analogy,

e the error analysis in negative Sobolev norms for the numerical solutions of the Lighthill

analogy,

e evaluating numerically the sound power of the noise and estimating the computational

error for it,

e large eddy modeling and simulation for the Lighthill analogy and the corresponding

numerical analysis.

Generally, the motivation for the noise research is dictated either by the need of noise reduc-
tion in technologies and providing quiet and healthy environment or by the need of using the
noise itself as a part of the technological instrument. Prediction of the noise is an important
problem in various engineering applications such as transport by trains and jet airplanes.
For high velocities the aerodynamic noise tends to dominate other sources of noise, [63]. The
engines of the next generation fighter jets are expected to produce more than 140 decibels of
noise while 150 already damage internal organs, [45]. Home technology, such as coffee makers
or climate systems can also generate level of aeroacoustic noise that, while not dangerous,
is annoying. Another important application lie in ocean acoustics and submarine detection.

Measuring characteristics of the sound emitted from a blood flow in a valve of a heart would



help diagnose heart murmurs. Wind turbines and helicopter rotors also produce significant

amount of noise that designers are constantly seeking to reduce.

As we see, these problems require

e reliable and applicable description of the noise if the information about the turbulent

flow is provided,

e ways for controlling noise through control of the turbulent flow; in particular, ways for
reducing the noise and at the same time maintaining the non-acoustical properties of the

flow needed in certain applications.

The basic physical model for decribing the aerodynamic noise is very recent. It was proposed
by Lighthill [36] in 1951. Given the turbulent flow’s velocity u and density p, the Lighthill’s
model for the small acoustic pressure fluctuations p  is a wave equation with a nonlinear
source term
%@)/—Ap’:v-(V-(pou®u)—v-S—pof), (1.1)
ag Ot?
with deviatoric stress tensor S, the sound speed ag = \/g:’; | )=po» the external body force f and
the averaged density pg. A rigorous mathematical derivation of the Lighthill model is given
in Novotny and Layton [46]. The Lighthill model is the accepted approach to aeroacoustic
noise prediction. Since it is not commonly studied in the mathematical literature, we review

the model in section 1.3.

Definition 1. Mach number of a flow is defined as M = U/aqg, where U is the characteristic

velocity of the flow.

For low Mach numbers the generated noise itself plays little role in changing the flow and
thus the Lighthill model desribes a one-way process. Noise is generated by the flow whose
motion is dependent solely on the known external forces. No feedback from the noise to
the turbulent flow is considered, [36]. For small Mach numbers compressibility of the flow
has negligible impact on the sound generation, see for example [63]. Therefore, noise can be
predicted by solving the incompressible Navier-Stokes equations (NSE) for u and inserting

the incompressible velocity and density po into the right-hand side (RHS) of (1.1) and then



solving (1.1) for the acoustic pressure q. The Navier-Stokes equations may be written as

du 1 _
§+u-Vu—1/Au+p—0Vp—f,

V-u=0,

with the kinematic viscosity v and the pressure p. In this incompressible case V-V - § = 0,
Lemma 4 of section 1.3, and noise is produced through the nonlinear term in (1.1) if V-f = 0.
More on computational practice with Lighthill analogy may be found in [13], [56] and [68].
Although the Lighthill analogy has been used as one of the main tools for
computing the noise in lots of applications, not much significant mathematical
support was provided for it. In this research the first rigorous analysis of a
numerical method for computing the noise via Lighthill analogy is introduced.
The whole acoustic domain of our model equation (1.1) is divided in two parts. These
are the turbulent region €2; with the low where the generation of sound occurs and the far
field €25 where the acoustic waves propagate. We suppose that €); is surrounded by €25 and

the whole domain is Q2 = €y U 2, figure 1.

Figure 1: Turbulent flow region and surrounding acoustic region



Let R(t,x) = V- (V- (pu®u)—pf) inside ; and 0 around it in 5. The Initial Boundary

Value Problem is the following:

1 9%q 1
55— Ag=R(t,2) + 5G(t2) V(t,2) € (0,T) x (1.2)
ag Ot ag
9
(0, 2) = 1 (), 8—3(0,1‘) = go(z) V2 € Q,
Vg-n+ 1o (t,z) VY(t,z) € (0,T) x 09Q.
ao ot

The functions G(¢,z) and ¢(t,z) are arbitrary control functions that we add according to
the problem’s physics and goals. The case g = 0 in (1.2) gives the non-reflecting boundary
conditions of the first order. The computation of the incompressible NSE in §2; is carried
out on some mesh of size h; < 1, thus generating the numerical approximation Ry, of the

term R.

1.1 LITERATURE SURVEY

Lighthill analogy was first formulated in [36] in 1951. The results were based mostly on
deep physical observations. It was shown that the noise generation is often dependent only
on the term pyV - V- (u ® u). The strength of the noise is that which would be produced
by a static distribution of acoustic quadrupoles. This follows from the solution of the wave
equation obtained as an integral via Greens function. Also, the intensity of the noise was
predicted to be proportional to the eighth power of the characteristic velocity of the flow,
assumed the speed of sound is a constant. However, the direct computation of the integral
in order to compute the fluctuation of pressure in (1.1) may be challenging, needless to say
it is almost always impossible to evaluate analytically. Thus some efficient computational
method is required for (1.1). Other acoustic analogies were presented in [38], [49], [28],
[43] and rely on the Lighthill approach. [25] investigates the generation of sound by high
Reynolds-number turbulent shear flows. According to this paper, Lighthill analogy explains
prominent properties of this phenomenon very well, but some subtle features are better

explained with other analogies.



[66] gives a good overview of modern computational methods for aeroacoustics and prob-
lems associated with them. Authors specified that science has entered the second so-called
Golden Age of aeroacoustics, meaning the appearance of stricter noise regulations than they
were during 1950s-70s and larger variety of problems, and, at the same time, more efficient
and accurate methods for solving acoustic problems. [65] also gives a good critical review of

common techniques for the computation of the aerodynamic sound.

Most of the work on the Lighthill analogy and aeroacoustics in general is related to
computational and engineering aspects of the field. For example, [58] studies the prediction
of the jet noise via Lighthill analogy and compares the results with experimental data. [13]
and [56] present and validate the computational results for the fan noise predicted through
Lighthill model using FEM. [57] provides wide results of aeroacoustic computations in the
case of Direct Numerical Simulation (DNS), including acoustic spectrum. These results agree
with those from [51], the latter were obtained analytically. [29] proposed the Linearized Euler
Equations (LEE) for solving aeroacoustical problems. The presented numerical method uses
finite volume scheme and the LEE are integrated in pseudo-time plane using a Runge-Kutta
algorithm. The accuracy of the method is proven, as well as numerical examples for a few
aeroacoustical model problems. In [1], a method that couples Finite Difference NSE solver
in the turbulent region and the Discontinuous Galerkin (DG) LEE solver in the far field is
presented from the point of view of computational performance, obtaining good results. [48]

considers physical aspects of sound control in different technological areas.

RANS method is also used for the noise prediction, [9]. Large Eddy Simulation (LES) is
another promising, quickly growing field in the Computational Fluid Dynamics and has been
applied to the Computational Aeroacoustics (CAA) as well. The book [63] gives an excellent
general overview of the common aeroacoustic problems and computational methods for them.
Papers [67], [42] and [50] present the filtered Lighthill analogy with or without correcting
subgrid scale tensor. The methods of parametrization of the subgrid scale tensor were
addressed, for example, in [60], [8], [39]. The paper [59] is the one on which the LES chapter
of this thesis is based on. It analyzes a simple case of noise generated by decaying isotropic

turbulence and obtains numerical results that are compared with theoretical predictions.

The rigorous mathematical theory for the practical computational methods are to be the



next research step. Complete mathematical theory would help understand which methods
are to be used most efficiently and accurately in certain applications. It is also important to

create a reliable mathematical basis for future CAA development.

1.2 THESIS CONTENTS

This thesis presents and studies both semidiscrete and the fully discrete Finite Element
Methods for the Lighthill analogy in chapters 3 and 4 respectively. The analysis is based on
Dupont [19] where the basic FEM scheme, both continuous and discrete in time, for the wave
equation with RHS known exactly was analyzed. Our analysis differs by the presence of the
computational error in the RHS of the wave equation in (1.2). We show in chapter 3 that
the FEM formulation of the problem (1.2) has a stable solution for bounded time periods.
The main convergence results are presented in Theorems 11 and 14. The right hand side
of the error estimate has one bounding term that involves the error in the turbulent flow
that generates the acoustic noise. The numerical experiments in chapter 5 support these
theoretical results. We expand the analysis of chapter 3 through negative norms of the error,
Theorem 18 of chapter 6.

The acoustic intensity or sound intensity is a nonlinear funtion of the acoustic variables,
[37],

I=q-v,

where v is the velocity of the fluid, and in the case of the far field it is a small velocity
fluctuation about the zero state. The flux integral of the intensity along a surface S gives a

sound power

A:/I-ndS.
s

Is is often the fundamental quantity needed in a simulation. Chapter 7 studies three different
ways on calculating the sound power on a given surface S and estimating the numerical error
for it.

The first method uses the linearized continuity and momentum equations as a starting



point in order to obtain exact formula for computing velocity v in the far field. Formally,

the algorithm consists of three steps:

1. Compute ¢, using FEM on ).
2. Compute the velocity by the formula

1 t
vi(t, ) = —% i Vau(T,-)dr.

3. Compute the sound power A; = fs qnvy - ndS.

This is the cheapest method computationally, but theoretically is the least accurate. We
prove an improvement in the rate of covergence when S C 0f2.

The second approach considered in 7.2 is to obtain an upper bound for sound power.
This bound is computed via the acoustic pressure ¢, only. The numerical error in the bound
is analyzed.

The last method is based on duality analysis. The convergence analysis techniques are
only presented for the case S C 9€) and time-averaged sound power. This method breaks
the problem in two computational subproblems, one is for finding ¢, and the other is for

finding vj, on the other independent grid of mesh size hy < 1 in :

1. Compute ¢, using FEM on ).
2. Compute the velocity vy, using FEM on (2.
3. Compute the sound power A, = [ ¢rvp, - ndS.

Although duality method gives the highest possible rate of convergence for the term contain-
ing gy in the error, the scheme for vy, still requires more study since the rate of convergence
it gives is 1 degree less than that for the term with ¢,. From this point of view, we can only
say that duality method is less preferable compared to the exact formula approach, since
they both give the same rate of convergence in case h = O(hy) and computationally the
duality method is much more expensive.

Chapter 7 also contains the numerical experiments of computing the sound power.

Finally, the numerical analysis of the Large Eddy Simulation applied to (1.2) will be
presented in later sections. The filtering procedure of the Lighthill analogy (1.1) bears the

necessity for presenting some subgrid scale model. Chapter 8 is an introduction to the LES



in general and its application to the aeroacoustics. Section 8.1 presents the analysis for
the zeroth order van Cittert deconvolution model. Section 8.2 studies the case of Bardina
subgrid scale model. The final Section 8.3 contains the numerical results for an academic

solution that uses the Bardina subgrid scale model.

1.3 DERIVATION OF THE LIGHTHILL ANALOGY

To understand Lighthill’s contribution, we consider first the derivation of the far-field acous-

tic equation. We start with the compressible NSE for density p, velocity u and pressure

p:
dp
ou
pa—i—pu-Vu—ier:V-S—i—pf. (1.4)

In the far field the external forces f and the viscous stress tensor S are typically negligi-
ble. Additionally we have a relation p = P(p, s) where s denotes the entropy. The wave
equation is the result of linearization of the equations with respect to the rest state which is

characterized by constants ug = 0, pg, po, f = 0:
u=uy+Vv,p=po+7,p=p+q (1.5)

Next differentiate the linearized continuity equation with respect to time and take the diver-

gence of the linearized momentum equation. Subtraction of the results leads to the equation

O*r

Using the relation between pressure and density gives the homogeneous wave equation in

the form
1 9%q
a} ot?

The above wave equation only holds in the far field in which the sound propagates. Coupling

— Ag=0. (1.6)

equations for the turbulent region and the fluctuations requires some efficient physical model.

Lighthill’s approach has erased the gap between the turbulent region and the far field in (1.1).



The derivation of the Lighthill analogy is presented below. See, e.g., [36] for extensions,
alternate derivation and complementary work. Rewrite (1.4) in the divergence form assuming
(1.3):

d(pu)

7+V-(pu®u)+Vp:V-S+pf. (1.7)

Differentiate (1.3) with respect to time and apply divergence operator to (1.7) :

#?p 0

eraV-(pu):O,
%V~(pu)—l—V~V'(pu@u)+Ap:V~V-S+V-pf.

Subtraction of these two equations gives the following holding in :

82
—Ap:V~(V~(pu®u)—V~S—pf)—a—t§. (1.8)

Consider the far field where the perturbations of the pressure and density are defined with
respect to the rest state. Then (1.8) is mathematically equivalent to
1 0% 9? q

a_%ﬁ‘APZV-(V-(pu@?u)—V'S‘PfH_(

)] (1.9)

a
We choose ag to be the speed of sound in the medium at rest state. Equation (1.9) may
already be called Lighthill’s analogy. Now some considerations must be made. First, in the
far field the last term g—;(% —p) = g—;(% — r) is negligible because it is simply the LHS of
the classical wave equation in the quiescent state ( see [34] for details ). Moreover, in this
medium the first term on the RHS is also negligible because it consists of the nonlinear term
and two linear terms that make no significant influence on the sound propagation in the far
field. Therefore, in the far field equation (1.9) reduces to the wave equation (1.6) for the
acoustic pressure. Lighthill’s model extends equation (1.9) to the whole fluid including the
turbulent region. Suppose that perturbations of the pressure and density are defined on the
whole © and the last term on the RHS of (1.9) is negligible on 2. These two suppositions

together give a picture of the whole aerodynamical system as a field of wave propagation

with the divergence term playing a role of a sound source.

Definition 2. T = pu® u — S is called the Lighthill tensor.



The Lighthill tensor is not negligble in the turbulent region and is negligible in laminar

regions including the far field. The whole system is described by the following equation:

al%g—ig—Aq:V-(V-T—pf). (1.10)
This model of sound generated by turbulence allows breaking this problem in two subprob-
lems. In the turbulent region we can use methods applicable for solving incompressible NSE
and this will provide us with tensor T. Knowing the RHS of the equation (1.10) we can solve
the non-homogeneous hyperbolic problem for the whole domain. In the far field we set the
RHS to zero.

In fact, for relatively small Mach numbers the compressibility of the flow has negligible
impact on the sound generation ( see, e.g., [63]). The fluctuations of the density r = p — pg
in the RHS of (1.1) are the terms of high order and may be neglected. Thus we consider the
coupled problem of (1.10) holding in 2 and

9
p 22 L V- (u®u)+Vp=V-S+ pf,

ot (1.11)
V-u=0,

holding in €;. The boundary conditions for (1.11) depend on a certain application.

Lemma 3. If p=py and V-u =0, then V-V - (pu®u) = pyVu : Vu'.
Proof. Since p is constant,
V-(pu®u)=pV-(u®u) = po(uu;): = po(uiiu; + uiu;;),

where u; denotes the i-th component of the vector u and repeating index means summation.

Due to the incompressibility condition, the last expression equals
po(Uigu; + uittj;) = pouittj; = pou - VL.
Finally,
V- (pou-Vu) = peV - (u-Vu) = po(uin;) j = polwiuj; + wittji;) = polli juj,.

The last term is precisely poVu : Vu'. O

10



Lemma 4. If V-u=0, then V-V -S(u) =0.

Proof. Let 1 > 0 be the shear viscosity coefficient of the fluid. Since in incompressible flows

then

Consider

]

The last two lemmas allow us to rewrite the RHS of the Lighthill analogy in the form

po- (Vu:vu' — V- f).

1.4 THE EQUATION FOR THE FLUCTUATION OF VELOCITY

Since one of the methods for calculating the sound power uses some FEM scheme to compute
the velocity fluctuation v, defined by the first equality of (1.5), it is therefore important to
derive an equation for v. One way is to start from the first order system of two equations

governing the fluctuations of pressure ( or density )and velocity:

1 0q 9

i V-v=0
oy Ot +agV v ,
ov 1 1
T4 —Vg=—_F
at  po Po

where F is zero in the far field and
F=—-pV-(u@u)+p-f+V-S

in the turbulent region of the flow. A similar system was presented in [46], (1.2), and may

be derived by simply linearizing the first two equations of (4) of [36].

11



Here we give our own derivation of the equation, rigorous up to some neccessary physical
assumptions. Rewrite the exact mass and momentum conservation equations (1.3), (1.7) as

dp

N +agV - (pu) =0,

2
Qg

@—l—a%Vp:ang—Vp—V-(pu®u)—|—V-S—|—pf.

Take the gradient of the first equation and differentiate the second with respect to time t

and subtract to get

P(pu) 0 Op dp 0 9, 9]
. asV(V - (pu)) = aova — Va - av (pu®u) + av S+ apf,
or
P?(pu) o Or dg 0 9, 0

Since it is assumed that Mach number M is small, the entropy production term V%(a%r —q)
is negligible even in the turbulent region, so it is dropped. Next, expand the left-hand side
(LHS) of the last equation using (1.5). This gives

R(rv) 0*v 9 0 0 0
T agV(V - (rv)) + Poam poagV(V - v) = —EV (pu®u) + EV S+ apf.

Low Mach number allows to neglect compressibility and assume that the first two terms of
the last equation are of high order compared to others and may be dropped. The following
is the equation for the fluctuation of velocity v:

o'
ot?

10

—agV(V-V):%a(—v-(pu®u)+v-8+pf). (1.12)

In the far field the RHS of (1.12) is reduced to zero. If % is negligible and the Reynolds

number is high, then the RHS is simplified to

0
—EV (u®u).

12



2.0 NOTATION AND PRELIMINARIES

In this paper we assume that both 2 and 2; are open bounded connected domains in R",
n = 2, 3, having smooth enough boundaries 02 and 9, respectively. (-,-) and || - || without
a subscript denote the L*(Q) or L?*(£2;) inner product and norm depending on which domain
is considered at the moment. The norms || - || z»(q) may be used for vector functions u with

two or three components in a Banach space H. If 1 < p < oo, they should be understood as

1
n P
lallzee) = (Z ||Ui||22p(g)) ,
i=1

where u; denotes i-th component of u and n is the number of components. The inner product

should be understood as

(u,v) = Z(uz,vl)

i=1
L*(09) denotes the space of the real-valued square-integrable functions on the boundary

0N of the domain €. The inner product in this space is denoted as < -, - >:
<u,v >= / u - vdS for u,v € L*(09).
o0

The norm induced by this inner product is denoted as | - |:

lv| = /< v,v > for v € L*(0N).

For any integer s > 0 let H*(2) denote a Sobolev space W*2(Q) of real-valued functions on
a domain 2. The inner product and norm in the space H*({2) are defined by

S

(u, ) s () = Z(aa%@%% | i) = £/ (u, w) s (),

|a|=0

13



where « is a multiindex and 0%u denotes a weak partial derivative of the order |a| of the
function u. Next, if B denotes a Banach space with norm || - || and u : [0,7] — B is

Lebesgue measurable, then we define

il = ([ Iulde) ol = esssuporcrlatt
and the space
LP(0,T;B) = LP(B) = {u : [0,T] = Bl||u||Lr(o,r;5) < o0} for 1 < p < oo.
Theorem 5. Let v € H (). Then v € H%(aﬁ) and the following inequality holds

0] 2200y < Crl|v]]1,

where Cy,. is a constant that depends only on the geometry of the domain ).

2.1 FINITE ELEMENT SPACE

Let us build non-degenerate, edge-to-edge, shape regular mesh by introducing the partition
IT={Ty,T>,....,Tys} of Q into triangles. The characteristic size of the mesh h < 1 is defined
by

h = maxi<i<cprdiam(T;).

Following [11], define
M™Q) = {u € L3Q) | ulr € Pt VT € T} and M(Q) = M™(Q) N CO(€),

where P, is the space of polynomials of degree no more than m and C°(Q) is the space of
continuous on {2 functions. Therefore, by MJ" we mean the space of continuous piecewise
polynomials of degree no more than m — 1. The space M{}(€2) consists of all functions from

M () with zero trace on the boundary 0f2.

14



From now on, C' will denote a generic constant, not necessarilly the same in two places.
As in [19], we suppose there exist a positive constant C' and integer k > 2 such that the

spaces MJ"(€2) have the property that for 0 < s < 1land 2<m < k,and V € H™(Q)

infyemp @IV = Xl < CA" (V[ gm(q).-

Following [19], we define the H'-projection @ € M () for u € H*(Q2) by the formula:
ad(Vu, Vup) + (u, up) = ag(Vi, Vuy) + (4, up) Yus, € MJ(Q).

Below is the lemma that will be used in the proof of the main theorem about the error

estimate.

Lemma 6. (Dupont [19], Lemma 5) Let u, 2% € L®(H"*()) and % € L*(H*(2)) for some

7 ot

positive integer k, m > k > 2. Then for some positive constant C' independent of h the error

in the H'-projection i satisfies

0" (u — )

otr

0" (u— )
otr

L3 (L*(9)) ’

where s = 00, 00,2 for r =0,1,2 respectively.

A mesh with above properties is called quasi-uniform, if there exist constants C; and Cs

independent of h, such that
Cy - diam(T;) < diam(T;) < Cy - diam(T5)

for any distinct triangular elements 7; and 7} of the mesh.
If a mesh is quasi-uniform and functions vy, from the space M["(£2) built on this mesh

satisfy the following regularity condition for non-negative integers [y, lo and real numbers

p,g>1
v, € WHP(Q) N W249(Q),

then the following inverse estimate holds (see [12]):
lonllwnsgy < CAEH O oy |10 0
for any v, € M (Q2) and some positive constant C' independent on h.

15



For a given FEM space MJ"(2), m > 2, consider the nodal basis consisting of functions
¢j. An arbitrary function v € H™(Q) has a unique continuous representation on 2 and
therefore we define a piecewise polynomial interpolant [j,(u) for this function. If N; denote

the nodal points then

In simulations of the incompressible NSE the FEM spaces for velocity X, and pressure ),
must satisfy the LBB-condition. It guarantees the stability of the approximate pressure. It
is as follows:

' (Qh, VA 'Uh)
anqhthsupvaXhm

where [, is bounded away from zero uniformly in h. More on the LBB-condition may be

found in [35].

> B >0, (2.1)
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3.0 SEMIDISCRETE SCHEME

Definition 7. Define
Q(u,v) = pyVu: Vv’

In fluid mechanics the term poVu : Vu! is called Q. The @ > 0 is used for eduction of
persistent coherent vortices. It is interesting that, according to Lemmas 3 and 4 of section
1.3, this same quantity occurs in the RHS of (1.1) as the dominant sound source in its
generation by turbulent flows.

Consider the following initial boundary-value problem

82

L A= Q) — ¥ £) £ Gl ) Vi) € (0.T) < (B)
0%q

ol adAq = 0VY(t,x) € (0,T) x Q/Q,

(0,2) = ai(2), 510,2) = ala) Vo € 0,

1
Voont+ 22 o) Wit a) € (0,7 x 00,
Qo ot

where all functions on the RHS are known and n being the outward normal on the boundary
0f). The case G = 0 refers to the turbulent flow being the only source of the sound. The
question of proper boundary conditions depends on the physical problem. g(¢,z) = 0 gives
the case of the first-order non-reflecting boundary conditions. Although more accurate non-
reflecting boundary conditions are known, those in (3.1) with g(¢,2) = 0 are the first step
in applications where the interest lies in the sound waves that propagate in infinite space
without reflection. This allows a simulation to measure acoustic power of the waves generated

solely by the turbulent flow. The non-zero boundary control function g(¢,z) may be used

17



if we want to consider additional sources of sound on the boundary. Adding g(¢,z) to the
right-hand side of the boundary condition has no effect on the error estimates.

In computations, @(u,u) is given approximately due to two reasons. First, () consists
of the solution of the incompressible NSE. Second, the solution of the incompressible NSE is
found via computations and thus contains error which follows from inaccuracy of the scheme
used. Let h; denote the mesh size of this scheme. The modeling error due to incompressibity
is analyzed in [46]. The second one is of computational importance and is analyzed here.

The total error between the exact solution ¢ of (3.1) and the approximate g;, will consist of
the FEM error caused by computations and the perturbation of the RHS caused by replacing
Q(u,u) — poV - f with Q(up,,up,) — poV - £.

The variational formulation is as follows. Assume that
1
Q(u,u) — pV - f + ga € L*(0,T; L*(Q1)),q(0,-) € H'(Q),
0
9%

ot
Find ¢ € L2(0,T; H'()) such that ¢ € L2(0,T; H'(Q))

d%q ) dq
(@, v) +ag (Vq, Vv) + ag <a, v> =

(0,-) € L*(Q),g € L*(0,T; L*(09)).

29 ¢ 12(0,T: L*(Q)) and

) Ot2

] (3.2)
—a%(@(u,u)—pov-f+—2G,v> +ag < g,v>
a3 .
Yo e H(Q),0<t<T,
(Q(0> ')?U> = (Q1(')7U> Vo € Hl(Q)> (3'3)
(%(O, -),U) = (g2(+),v) Yo € HY(Q). (3.4)

The condition that Q(u,u) € L*(0,T; L*(£;)) is satisfied if we impose the following regu-
larity condition for u:

uc L0, T; W ().

This fact easily follows from Holder’s inequality.
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The finite element approximation will be based on finite-dimensional spaces M{*(2) C
H'(Q) of continuous piecewise polynomials of degree no more than m — 1, chapter 2. Tt is

as follows. Assume that

1
Q(up,, up,) — poV - f + ga € L*(0,T; L*(Q)), g € L*(0,T; L*(09)).

0

Find such twice differentiable map ¢y : [0,T] — MJ*(€2) that

0%q dq
< 3t2h7vh) + CL(Q) (Van, Vou) + ag <6_th’vh> =

1
:CL(Q) (Q(uhl,uhl)—pgv-f+¥G,vh) +CL(2) < g,vp >
0 951

(3.5)

Vo € M"(2),0 <t < T,

qn(0, -) approximates ¢q; well,

9an

o (0, ) approximates g, well.

The regularity condition Q(uy,,uy,) € L*(0,T; L*(Q4)) is handled by the following lemma.

Lemma 8. Suppose the exact velocity u satisfies condition

uc LY0,T; H*(Q)) N LY 0, T; WH(Qy))

and the mesh used for computing uy, in Qy is quasi-uniform. Finally, let ||[u —up, ||Lar2(0.))
converge to zero no slower than O(hﬁz), where n = 2 or 3 is the dimension of the physical

space. Then

up, € L4(07 T; W1’4(Ql))a

and thus Q(uy,,uy,) € L*(0,T; L*(£)).
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Proof. Due to the triangle inequality, it is obvious that

lun, | zawraayy) < [l sy + u = Inullpagyraqyy) + [un, — I allzagwiay))-

Here Iy, is a piecewise polynomial interpolant, chapter 2. The first term on the RHS is
bounded due to the assumption of the lemma. The second term may be bounded as shown

(see, for example, [12]):
[a = Inullpsmnage,)) < ClVullpaga@))-
To bound the third term, we need to use the inverse estimate in the following manner:
Huh1 - IhluHL‘l(Wla‘l(Ql)) < Chl_l_%Hllhl - [hluHL‘l(LQ(Ql))-
The final step is to use the triangle inequality

_1-n

lup, — Inyuflpagwragay) < Chy * (Jlu— Inull sz + lu = un, |l a2 n))) -

The first term on the RHS may be bounded by Ch'~%||VVu||1(z2(0, ). The assumption on

the speed of convergence of ||u — uy, ||L4(z2(0,)) finishes the proof. O

Theorem 9. The solution q, of (3.5) is stable and the following inequality holds:

9an
ot

+ (gl 2 (22 (00)) +

L2(L?(0))

1
+aolVa| <C (chmhl,uhl) R R
0

. H%m, )H + IV an 0, ->H)

with positive constant C = C(t).
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Proof. Set v, = aqh. Then

5%
2 dt

dan*

ot

+ag [Vanl*) + ag

0 0
= Q) -7 50 ) i (0. ),

(e

dq a3
NV%W> (o) = 9 £+ 5 2
%, t 1)
H h —|—CLSHthH2 < / (aé Q(up,,up,) — poV - f + ?G +
0
dqn ? ag 2 gy, 2
kL 20 d Zhg .
o P R ) (R AT
Applying Gronwall’s lemma to the inequality above finishes the proof O

Remark 10. The function C(t) from the theorem may grow exponentially fast

. This fact
may be related to the phenomena of resonance which is common for hyperbolic problems

Consider the H'-projection ¢ € L*(0,T; M{(9)) of the solution of (3.2)-(3.4) given by
the formula

ag(Vq, Vup) + (q,vn) = a2 (Vq, Vo) + (q,vp) Yo, € MI(Q). (3.6)
Theorem 11. Let the solution q of (3.2) satisfy the conditions: q, % aq € L*(H*(Q)) and
gtg € L*(H*(2)) for some positive integer k, m >k >

>k > 2. If the initial conditions are taken
so that

N — )0, )y + H—%—@<> <Ot

with some posititve constant C independent of h, then the solution of (3.5) satisfies

g — anllLoo(z2(0))+ H— q—qn)

N

L (L2(9))

< C (W +1Q(u,u) — Q(up,, un) |22y

with some constant C' > 0 independent of h.
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Proof. Denote ¥ = ¢ — qn, n = q¢— ¢. The proof of the theorem technically resembles that of
Theorem 2 in Dupont’s work [19] except there is additional error term ) — ()5, on the RHS
of the error equation. The complete proof with all the details may be found in [40]. We will
go straight to the inequality

2

o ||? ! o
H— + [¥l7 g +/ Va- 20| S
0
2 2 82
+ 1@ | A7+ Inll72z2 ) + e
L2(L2(2 Loo(H™3 (00))
2
E \ . +[Gr0] + 160, M + / 1@, - @\|2dr]
L2(H™ % (00)) 0

with some positive constant C. Apply Gronwall’s lemma to yield

Wl Hf

LA L2(12(09)
onl? 9 ’
Il + | 5 v |5
H6t2 ) Ot || Loo (1% 00) O || La(ar-4 (o)

where C' = C(T') grows exponentially fast. Next we can use Lemma 6, i.e. for some constant

|

where s = 00, 00,2 for r = 0,1, 2 respectively. If qh(O, ), %(0, -) are taken so that ||(gn —

0. / 1Qn — @ dT],

C independent of h
87"
ot

ar
otr

< Ch*,

|

Ls(L2(Q)) H‘?(aﬂ))

§)(0, )| 1) + H%(Qh —q)( || C1h*, where C) is independent of h, then there is a
constant C' independent of h such that

<O (W +11Qm = Qllzz2ny) -
Lo (L ()

g — qnll L2 o)) + H— q— qn)
]

Now the estimate for Q(u,u) — Q(up,, up,) must be found. Here we deal with another
Finite Element scheme of the mesh size h; used for computing velocity field u,, of the
turbulent flow in the inner domain ;. Let X}, and (), denote the Finite Element spaces

satisfying the LBB-condition (2.1).
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Theorem 12. Suppose the solution u of the incompressible NSE in €}y satisfies the following

reqularity condition:
uc L®0,T; H*(Q1)) N L0, T; W) N L2(0, T; W™*(Qy))

for some integer m > 2. In addition, assume that the mesh which is used for computing uy,,
is quasi-uniform. If the approzimating space MF(Qy) is used for computing velocity u with
k> m and the error [[u — uy, || (2(0,)) converges to zero no slower than O(h?r%), where
n =2 or 3 is the dimension of the physical space, then there exists such positive constant C'

independent of hy that

[Q(u,u) — Q(up,, up, )| 2(z2(0y)) <

Chy * - (R 710"l p2zagany) + IV (0 = w2200 ) -
Proof. 1t is easy to see that

Q(u,u) — Q(uy,,up,) = po- (Vu: Vu' — Vuy, : Vuzl) =
=po- (Vu:V(u—uy)") +po- (Via—uy): Vuy, ).

Bound both terms separetely. For the L2 norm of the first one obtain
oo+ (Vu: V(w=w ) < C [ Va9 w, )P
for some suitable positive constant C'. By Holder’s inequality
o [Vul|V(u—up,)I* < C[Vul[faq, - IV (a = up)l7aqy):
Consider the continuous piecewise polynomial interpolant I, (u) for u. Obviously,
V(u—uy,)=V(u-— I )+ V(I (u) —uy).

Hence,

lpo - (V: V(u —uy,)")|| <

ClIVallzsay (IV (= In, (@) | s + 1V n (@) = wn) [ 2agqy)) -
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In the same manner,

lpo - (V(u = uy,) : Vg, [ <

ClIVag llza@y) (V@ = I, ()2 + IV (Iny (@) = un) 2500 -

To bound the term [[Vuy, ||14(q,) use the triangle inequality:

IVun, [ < IV (an, = Iy (@) |23y + V(@ = Iy ()| 2300) + [Vl 21 0y)-
Using the inverse estimate, we obtain

IV, s < Chy g, — Ly (W) + [V (0 = I, ()| s + 170 2.
The last two terms are bounded uniformly in time due to the regularity assumption of the

theorem. For the first term on the RHS apply the triangle inequality as shown below:

=

_1_n _
Chy ™ *lun, = Iy ()| < Chy ™ * (lu = L, (@) || + [lan, —ul]).

Both terms on the RHS are bounded uniformly in time, which follows from the assumption

on the regularity and the speed of convergence. We obtain

_n
4

1Q(u, ) = Q(un,, un, )| < C(IV (0 = In, (W)l Lay) + Crhy * [V (In, (1) — wp,))),

where C' = C(u) is a function of u independent of hy. Further,
IV (a = I, (W) [[22(00) < CLAT 0™ Ly
Next
IV (T, (0) = )| < V(@ = Iy ()| + [V (0 = an, )
IV (= In, ()| < CRTH 0™l < CrhH| 0™l o0y

So finally

”Q(u> 11) - Q(uh17uhl)” g
o™l pagay + by TV (0 —ap,) )

m—1—

C(hy
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Since we are interested in L?(L?)-norm of Q(u,u) — Q(uy,, us, ), we square and integrate the

last inequality:

/0 100w, ) — Q(un, un)|Pdr <
t

Chy - [ @20 alE sy + IV (a = ) )
0
The statement of the theorem follows after extracting the square root of both sides of the

last inequality. O

Remark 13. The term ||[V(u — up,) | r2(22(,)) may be bounded by ChY with some positive
integer p, depending on which FEM space is used to solve the incompressible NSE in €. For
example, for the space of MINI-element p =1 and for Taylor-Hood element p = 2 ( see [35]
or [11] for details ).
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4.0 FULLY DISCRETE SCHEME

Next, we construct a stable, second order in time, fully discrete scheme for the initial
boundary-value problem (3.1). Denote R = Q" — poV - f, where Q" = Q(uy,, uy, ).

Below we will follow Dupont’s notations from [19]. Suppose the time step At = T'/N
for some fixed positive integer N. If some function f is defined for time levels iAt with all
integers i, 0 < 7 < N, then denote by f, the function f at the time level ¢t,, = nAt. Other

notations are

1 1 1 1
fn—l—% :§<fn+1+fn)7 fné :Zlfn—1+§fn+1fn+la
_ fn+1_fn 20 _ fn+1_2fn+fnfl _ fn+1_fnfl
atfn—‘r%_ At ) atfn_ (At)Q ) 6tfn_ 2At
and for any norm || - || x

||f||ZOO(X) = mazocn<n|| ful x, ||f||Loo(X) = max0<n<N||fn+%”X'

We assume that the term Q(uyp,,up,) is given either continuously or discretely in time. In
the second case we additionaly impose that this term is defined for all the time levels ¢,, used

for the wave equation. Consider the discrete scheme

(07 Q> vn) + aS(th,n,i, Vun) + ag < 6Gnp, vn >=
=ai(R

n

1
2
1 + G%Gné,vh)—i-ao < In,1> Vn >

Vo, € M (), forn=1,..,N —1,

gno and gp 1 are the initial data.
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Theorem 14. Let q be the solution of (3.2) and q,q; € L®(H*(Q)) and gy € L*(H*(Q)) for

some integer k, m >k > 2. Also let % € L*(L*(0Q)), % € L*(L*(09)). Finally, assume

that the initial data satisfies conditions

dhg —Gno G — Qo

< Ch*
At At ¢

lgn.o = dollzr ) + llany — @ullmr) + ’

with constant C' independent of h. Then the solution q, of (4.1) satisfies

N-1

10:(a = an)ll 2o (z2()) + 10 = anll e 1200y < C (hk + Z AtHQn% - Qn,in + (At)2> :
n=1

with constant C' independent of h.
Proof. The major part of the proof is following Dupont’s work [19]. The exact solution ¢
satisfies

1
(02qn, vp) + ag(ané, Vo) + ag < 01qn, vy >= ag(Rn& + F(Gn& + 7)), Up)+
0

+ag < 1y, vn > +ag < Gp, 1> Vn > -

! . .
Here r,, and r,, are the approximation errors and

2

dr.

0q 2

ot

, tnt1 a3q
dr and |2 < C(At)3/ o

tn—1

tn+1
Il < Ca0° [

tn—1

Then set n = ¢ — q, ¥ = q, — ¢. We leave all the details in [41]. The main idea is to use
energy method and reduce the error equation to such an inequality that discrete Gronwall’s
lemma might be used. Notice that the error @) — @5, must be taken into account. Just as in
the semidiscrete case, this term will appear on the RHS of the error inequality. The result

will be

106\l oo (r2(0)) T N1 oo (1 () <
0? 0 0?
< C(llzee @) + Ha—g + Ha—n .t ‘ 3_727 .t
t L2(L2(Q)) t L>(H™2(09)) t L2(H™2(069Q))

N-1
N0l + 1ol ey + 1l ey + D ALIQ, = Qu sl + (A)?).
n=1
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Next use the triangle inequality

10ell poo 2y + €l oo 22y <

SN[ oo 20y + 191 2o (2202)) T 107l e (2202)) + 171l 200 (22(02))-

L°°(L2(Q))> 7
(Q)))

For the last two terms we have

0n

2
+ (At) BT

Loo(L2(Q))

100l 1 2y < C (H

82
o

||77||zoo(L2(Q)) <C (||77||L°°(L2(Q + (Ar)?
Therefore, the final result will be

10ell poo (2 () + €l oo (z2()) <

82
o

O

o +

L2(H™ 3 (69))

‘

Lo (H™% (502))

< C(nlliewro ] H
L2(L2(Q))

Use Lemma 6 and obtain the theorem. OJ

N-1
+ 106031l + ol i@y + 91l arney + Y AHIQ, 1+ = Qs + (A1)?).
n=1

Lo (L2(Q2

Remark 15. The term \/ZN;I AtQ , —Q %HQ is a discrete analogue of the term [|QQ —
’4

n,

Qny || L2(22(021)) from Theorem 11.
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5.0 NUMERICAL EXPERIMENTS

In this chapter we present the results of some numerical experiments in two-dimensional case.
Our main purpose is to check the rate of convergence for some exact smooth solution ( not
necessarily representing real physical phenomena ) and compare the theoretical predictions
with the experimental results. We focus on the case when the no-slip boundary condition is
imposed for the NSE in the inner domain €2;. Physically this simulation may represent the
turbulent flow in the center of the medium, which decays in space fast enough to vanish in
the quiescent media. For example, this could be a large storm eddy that does not affect the
air far from its epicentre but generates a noise.

Let Q; and € be squares such that Q; = [0, 1]? and Q = [—0.25,1.25)%, so Q; is embedded

into §2 symetrically, as shown on figure 2. The time-dependent incompressible flow is taking

0/

{

Figure 2: One domain inside the other

place inside ;. The fluid’s viscosity u = 0.0172 and density p = 1.2047 .The external forces
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f are given explicitly by:

Ful 1) = —C - (ufp) - sin(m 1) - (2 — 205 + %) - (—12 4 2y)+
+ (2 — 12z + 122%) - (2y — 6y* + 4y*)) + C? - (sin(w - t))? - (2" — 22° + 2?)-
(4% — 627 + 22) - (49 — 6" + 2)" — (' — 2" +y7) - (129" — 12y +2))+

+C - (2t — 22 + 27) - (4y® — 6y* + 2y) - 7 - cos(m - ) + (VDp)1,

folx,y,t) = —C - (u/p) - sin(m - t) - (=2 + 62% — 42®) - (2 — 12y + 12¢°)+
+ (12 — 24z) - (v* — 20" + ")) + C* - (sin(r - 1))* - (v* — 2¢° + )
- (4y® — 6y + 2y) - ((4a® — 62° + 22)* — (2* — 22° + 27) - (1227 — 120 + 2))—

—C - (42® — 62% +22) - (y* — 20° + %) -7 - cos(m - t) + (Vp)a

with positive constant C' and the fluid pressure p of our choice. Driven by this force f, the

fluid has the following velocity:

ui(z,y,t) = C - (x* — 22 + 2?) - (49 — 6y* + 2y) - sin(7m - 1),
ug(z,y,t) = —C - (y* — 2y° + 9?) - (42® — 62 + 22) - sin(7 - t).
The pressure in this case is constant: Vp = 0. This incompressible flow gives a vortex with
periodically changing direction. The velocity vector field for that flow looks like the one
shown on figure 3. The no-slip boundary condition here is satisfied. The exact nonlinear
term @ is given by
Qo y,t) = 2- CF- (sin(r - 1))? - (42" — 622 + 20)? - (4y" — 6" + 29)*—

—(122* =122+ 2) - (v — 2y° + ) - (2" — 22° + 2?) - (12¢° — 12y + 2)).

Consider the following hyperbolic problem:

82
a_tg — 2Aq = a2Q(u,u) + G, Y(z,t) € Q x (0,T) (5.1)
with
Vont+ 229 _ g vty €09 x (0,7)
q a,O at _g7 Y ? '
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Figure 3: The flow for C' = 10 and time level T'= 0.5

We set ag = 2. As an exact solution we choose ¢ to be the following:

q(z,y,t) = cos(wt+k(x+y)—k)+cos(wt—k(x+y)+k)+q(x,y,t), V(z,y,t) € Qx(0,T),

w

where w =2, k =

aoV2’
(e
e 120" . (cos(wit + ki(z +y) — k1)+
a(z,y,t) = +eos(wit — ki(z +y) + k1)), if (x =22+ (y—3)? < 1,
0, otherwise

\

with w; = 4 and k; = a:\1/§ The plots of the acoustic pressure as a function of space are
given for t = 0 and ¢ = 0.5 on figures 4 and 5 respectively.

For our tests we take a uniform triangular mesh in €; of the size N x N with N > 4
even and hy = 1/N. Let the finite element space for the velocity field consist of piecewise
linear functions, while for the pressure we use piecewise constants on the coarser mesh of size

2h; (see figure 6). These spaces satisfy the LBB-condition, [24]. For the wave equation in
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Figure 4: The graph of g at t =0

i
L
\‘“““:“\:““ il

\\\\w%;“

Figure 5: The graph of ¢ at t = 0.5
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Figure 6: Four small triangles inside a big one

consider the trinagluar mesh of the same size h = h; and the space of the piecewise linears.
Both grids for the NSE and the wave equation are the same in 2;. The example is shown
on figure 7. For the simulation of the incompressible flow we choose Stabilized Extrapolated
Backward Euler Method in time with parameter § = 0.005, [35]. This means that the values
of the velocity u”_; and pressure pl’, | at the time step n+ 1 can be found from their values

at the previous step n via the relation:

uZ — uZ K 1
( JZtl vvh> + (; + 5) (VUZH, VVh) + 5(‘12 : Vuﬁﬂ,vh)

1
Sl IVl = (s V V) = (ElE), v + 6(Tul, V), v e X!

and

(V ' uZ+17 qh> = 07 vqh € Qha

where X" and Q" denote the finite-dimensional spaces described earlier for velocity and
pressure respectively.

The dimension of the space of piecewise linears built on the elements in € is equal to
d= (%N +1)2. If functions ¢; denote the basis functions in that space, then the solution g, of

the wave equation (3.5) can be written as a linear combination g, = ), a;¢; with coefficients
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Figure 7: The grid for the whole Q2 when N =4

a;. Let these coefficients organize a vector qj, = (a1, as, ..., aq)". This vector satisfies a linear

differential equation in the form
Méy + aoLdn + ajSan = frus

with the mass matrix M and the stiff matrix S and matrix L related to the boundary term
in the LHS of (3.5). This equation may be rewritten as the first-order system of differential

equations:
qn _ 0 I o3 N 0
r, —aiM~S —agM~L r;, M~Yrys

Initial conditions qy,(0, -) and r;(0, ) are found from the H'-projections of the functions
q(0, ) and %(O, -) via the formula (3.6).

For time integration we use the Trapezoidal Method with the time step At = 0.025,
while for the Backward Euler Method above we use At; = 0.0125 = At/2. Every time step
for the wave equation is done after two time steps for the NSE. We perform 20 steps for the
wave equation until we reach the final time 7" = 0.5. This corresponds to the case, when

the vortex in €y reaches its maximum velocity. Among the computed values of the error

¢ = qnllr2() and ||%(q — qn)||2() at each time step we choose the greatest ones for both
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and add them. The result is the total error on the LHS of the inequality in Theorem 11. At
the same time, we also compute the error [|Q(u, u) — Q(us, up)|| r2(22(0y))-

Since the estimate from Theorem 12 is not sharp due to regularity assumptions, the
actual rate of convergence for term () may only be obtained experimentally. Suppose it is
of order . Then according to Theorem 11 the error for the acoustic pressure satisfies an
inequality

< K h? + Koh® (5.2)
Leo(L2(82))

0
g — anll o r2)) + HE@ — qn)

with some positive constants K; and K5 independent of h. The actual rate of convergence
for the acoustic pressure in this case is v = min(«, 2).

The rate of convergence may be estimated by evaluating the ratios of the error related
to the mesh of size 2h to the error related to the mesh of size h. Indeed, for the first and

the second grids we have error; and errory respectively:
errory ~ K - (2h)7, errorg ~ K - h7.

Division gives

error
L

ETTOT2

As we refine the mesh by halving h, i.e. doubling N, the above fraction approaches constant
27. The tables below present the results of numerical simulations for different external force

vectors f.

Table 1: C' =10, p(z,y,t) = z(1 —2)y(1l —y)

N Q= Qullr2rery | ratio | [lg = gullzeezz)) + 15 (@ — @)l Lez2y) | Tatio
4 0.10927 0.9619

8 0.0932 | 1.1720 0.3635 | 2.6463
16 0.0557 | 1.6736 0.1060 | 3.4292
32 0.02567 | 2.1704 0.0271 | 3.9056

According to Theorem 11, the rate of convergence for the solution of the wave equation

in the absence of the error Q) — @y, is expected to be quadratic, i.e. K = 2. This means that
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Table 2: C' =100, p(z,y,t) = const

N | 1Q = Qullr2z@uy | ratio | llg = anllezzi) + 5@ = an)lloe 2y | ratio

4 8.8487 4.9921

8 3.7567 | 2.3555 1.4432 | 3.4590

16 1.7709 | 2.1214 0.4119 | 3.5038

32 0.88578 | 1.9992 0.14264 | 2.8878
Table 3: C' = 100, p(x,y,t) = (1 — z)y(1 — y)

N Q- QhHL2(L2(Ql)) ratio | |lg — QhHLoo(LQ(Q)) + H%(q - qh)HLOO(LQ(Q)) ratio

4 9.1412 5.1537

8 4.0375 | 2.2641 1.6182 | 3.1849

16 1.8930 | 2.1329 0.4889 | 3.3097

32 0.9338 | 2.0273 0.1626 | 3.0075
Table 4: C' =100, p(z,y,t) = 4x(1 — 2)y(1 — y)

N Q= @nllzz@y | ratio | lg = gulloezz@)) + 15:(¢ — an)ll e z2(y) | ratio

4 10.3300 5.9369

8 5.6410 | 1.8313 3.0508 | 1.9460

16 2.7856 | 2.0251 1.2187 | 2.5034

32 1.3353 | 2.0860 0.3774 | 3.2292
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the ratio in this case must be reaching 4 as we refine our mesh. The experimental rate of
convergence for the term () appears to be linear. This fact follows from the third column of
all tables where the ratio is approaching 2. So that means that the total rate of decrease of
L>®(L?*(Q))-error for fluctuations of pressure must eventually reach 1 as we refine the mesh.
This tendency of the rate to decrease may be seen in cases when the L?(L*(€)))-error for the
term @ is large compared to the L>(L?(Q))-error for ¢ and its time derivative. The example

is presented below in the 5-th table. We can see that for N = 32 the ratio is dropping.

Table 5: C' =300, p(z,y,t) = const

N | 1Q — @Qullrzzy | ratio | lg — anlle2@) + 15(q = an)lL~2()) | ratio
4 125.90 49.614

8 42.593 | 2.9558 15.295 | 3.2437
16 19.714 | 2.1605 4.3770 | 3.4945
32 9.7621 | 2.0194 1.6236 | 2.6958
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6.0 NEGATIVE NORM ANALYSIS

Let R=Q — poV - f be given. Consider the problem

2 2 -

Qi — a5Aq = agR+ G, in (0,7T) x €,

tt 0 0 ( ) (61)
Vq-n+ —alofh =g, in (0,T) x 01,

with initial conditions for ¢(0,-) and ¢;(0, ). Here G and g are control functions. Introduce

operators T and 77 as shown below. Consider the elliptic problem

—aiAp+p=f, in Q,

Vp-n=0, in 0.

Definition 16. T : L*(Q)) — H'(Q) is a solution operator to this problem and is given by
the formula T f = p, for f being a given data.

This operator is well-defined on the whole L?(€2), which follows from the Lax-Milgram
theorem. Clearly, T is self-adjoint and positive definite.

For T7 consider another elliptic problem

—alAp+p=0, in Q,

Vp-n =g, in 09.

Definition 17. T} : H2(9Q) — HY(Q) is a solution operator to this problem and is given

by the formula Tig = p.
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The existence of this operator again follows from the Lax-Milgram theorem. The trace
operator is denoted  : H'(2) — Hz(89).
Rewrite the given hyperbolic problem (6.1) in the form

Gu — agAq+q—q=aiR+G, in (0,T) x Q,

V¢ -n= —%qt+g, in (0,7) x 9.

Now apply operator T' to both sides of the wave equation and take into account the non-

homogeneous boundary condition.
1 :
Tqu+q—Tq+ a_Tl (vq: — apg) = T(agR+ @), in (0,T) x Q. (6.2)
0

This is the main equation in the negative norm analysis to start from. Next define its

semi-discrete analogue with operators 7},,1 5, and 7y, see [62] for details.
1 .
Thqnee + qn — Than + a—TLh(%CJh,t — aog) = Th(agRy, + G), in (0,T) x €. (6.3)
0

The last term contains Rj, which comes from the Direct Numerical Simulation (DNS) on
the different grid of size hy in €2;.

Introduce the inner product and the norm

(U,U>,1 = (TU7U>7 ”uH*l =V (u/u’)*lv

and the semi-inner product and the semi-norm

(U, v)—l,h = (Thua U)a ||u||—1,h - (U, u)—l,h’

defined on all functions u,v € L*(€). The error equation comes from subtracting the exact

and discrete ones, i.e. if e = ¢ — g5, then

1
Thew +e—The + (T —Th)qu — (T —Th)q + a—(Tw — Ty wyn) e —
0

(6.4)

1

— (1" — Tl,h)g + a—Tl,h’Vhet = (T - Th)(agR +G) + agTh(Q — Qn,)-
0
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Multiply by e; and integrate in space:

1
(Thew, er) + (e er) = —a—((Tl’Y — Tyonvn)aeser) + (T — Thp)g, er) + (The, er)—

0 (6.5)
1 )

—a—(Tl,h’Yhet, e)+ (T — Th)(agR +G+q—qu) e) + aﬁ(Th(Q — Qhny), €1).
0

We moved the term (7} pyner, er) to the RHS because the operator T} 57y, is not positive
definite and thus we cannot hide it in the LHS as a part of the global error. From this
point, we work with the Neumann boundary condition that has no time derivative, since the
mentioned term (77 pynes, ;) is not of high order with respect to the others and it is not

possible to increase the accuracy in this case. Therefore, we are now considering the problem

@ — agAg = a}R+ G, in (0,T) x £,

(6.6)
Vg-n=g, in (0,7) x 09,
and the equation (6.5) reduces to
(Thett, et) + (6, €t) = (The, et) + ((T — Th)(a%R + G+ q— qtt), €t)+ (6 7)

+ay(Th(Q — Qn,), &) + ((Ty = Tin)g, ).

Theorem 18. Let the exact variational solution q of (6.6) satisfy conditions: q,q; € L>®°(H*(Q)),
g € L*(H®(Q)) with integer k, m >k > 2 . Also let the initial data satisfy conditions

= 0. oy + S0 — 0. | <

with the constant Cy independent of h. Finally, let a2R + G € L*(H*(®4)) and g €
L2(Hzt%(592)). Then

+1lq = anll e r2 ) <
Lee(H=1(%))

0
-

1
CIT + 211Q = Qullezar—2) + hQ = Qui 2201+

+ (g = ¢1)(0,)])

-1

H— q—aqn)( )‘

with constant C' independent of h.
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Proof. (6.7) is equivalent to

1d

sz UledZin + llell”} = (Tae,e0) + (T = Tw)(agR + G + 4 = qu), e0)+

+ai(Th(Q — Qn,)er) + (T — Tin)g, €).

It is obvious that

(Th€> €t) = (67 Th6t>'

Integration of (6.7) yields

t
Jee o+ el? < f (el + [ Zaeal?)+
t t
+2 [T = TR+ G+ - au)oe)| +263 [ (1@ - @u).edl+
0 0

2 / (T = Ton)g. el + lled? 1.1(0) + lel(0).

The term [|Thed|* = [ledl|2, 5 < lledl2y 5

Using Gronwall’s lemma, we obtain

Next,

lellZyn + llell* <

e / (T = To)(@2R + G+q — qu).er)| + / (Th(Q = Qn)se0) [+

+/0 (T2 = Tia)g.en)] + llecll 1 4(0) + [le]*(0))-

(T = Ti)(agR+ G + ¢ — qu) e)| < (T = Th)(agR+ G+ g — qu) | - lles]| <

1

<
4

hQsJFZHCLgR—'— G+ q — qtt|

%IS(Q) + h2[le)?

with integer s > 0, and

RIT(Q - Qun)ve] < € (5ITQ - QuI + el ) =

1
=0 (1Q = QulPas + el

1
(T = Tan)gll - lleddl < 0 llgll; 1.

|((Ty = Ty n)g, e0)] < 3+ (00
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Thus

or

lecll7oo -1y + el Foe(z2gy) <
1
C(W**|aiR + G + q — qull72(ar ) + ﬁ”(Q — Qn)lI72(pr-2(0y) T
G, s Ry + ledea(0) + eI0)),
||€t||L°°(H*17h(Q)) + ||6||L°°(L2(Q)) <
k+1 2 1
Ch" lagR+ G + q = qull 2(rv ) + EH(Q = Qu) 221+

+h gl y T hlledll 2z + lleall-1,1(0) + €]l (0))-

L2(H3 (00

According to V. Thomee’s results, [62],

leel|—1 < Clleel|—1,n + hlledl)

and therefore

el oo (zr-1(0)) + llell 2y <
COFa2R + G + g — qul 210 - Qul +
0 q — Qut||L2(H*(Q)) n hillL2(H-2h(Q))

+RE gl y T lledllze 2@ + lledll-1,4(0) + le]| (0)).

L2(H3 (00

For the initial data

led]|-1.1(0) < C(llec]|-2(0) + Alle][(0)).

For the term ) — @5, we have

H1Q = Qullan <€ (F1Q - Qull-e +HQ - Qul )

The final result is, due to Theorem 11,

el oo (zr-1(0)) + llell e z2)) <

1
C(h* + EHQ — Qn |22 + MQ — Qn, 222 (01)) + lled||-1(0) + [le]|(0)).
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Theorem 19. Suppose the exact solution u of the incompressible NSE satisfies condition
u e L2(H' (%))

and also has a continuous representation on €y for almost all 0 <t <T. Assume the mesh
on 1 used for the DNS of the incompressible NSE is quasi-uniform. Then the following

estimate holds:
1Q = Qnll22m-2(0)) < C(u) - [V(a = upy)[| 22200

with constant C'(u) independent of h;.

Proof. The norm || - ||z is equivalent to the norm

('77))
SupUEHZ(Q) HUHQ .

Using this, we obtain

(Q _ th?v)‘

1Q — Qnill—2 < C - supuen(a)
[v]]2

Since @ — @y, is zero outside the smaller domain 24, it is obvious that

(Q_Qhuv)'

HQ - Qh1H*2 <C- SUPyeH?(04)
[0]l2

We know that
(Q = Qny,v) < pol(Vu: V(a — )’ v)] + pol(V(a —uy,) : Vg, 0)].
For both terms use Holder’s inequality. For example, for the first term we get
pol(Vu: V(u—up,)', 0)| < OVl ooy IV (0 = up,) ey [0l 2@y,

where 1 + ]lo = 1. Choose p,7 = 2 and use Sobolev embedding ||v||=(0,) < C|v||2. This
gives

1@ = Qn [l < CUIVall + [V, [[) - [V (0 = an, )|

Next,
IVay, || < [Vul] + [[V(a = I, u) || + |V (an, — L),
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where [, is the piecewise polynomial interpolant, chapter 2. The first two terms on the

RHS are bounded. For the last one we use the inverse estimate, [12],
IV (un, = Inyw)ll < Ch7 g, — Iy, ull.
Using triangle inequality, we obtain
h = wp, — Inul| < A7 Hu— Lyu|| + 27 Hu =y, ||

These two terms are bounded for any continuous piecewise polynomial element satisfying

LBB-condition, [35], and converging to the exact solution. Thus we showed that

1Q = Qnll-2 < C-[[V(a =y,

with some positive constant C' = C'(u) depending on the solution u. O

Remark 20. If h = O(hy), then in order to have convergence for the total error in Theorem
18, it is necessary that |V (u—up, )| 12(12(q,)) converge superlinearly. This means we have to

use high-order FEM scheme for the NSE. For example, Taylor-Hood element will be sufficient,

[35].

44



7.0 ESTIMATING THE ERROR IN ACOUSTIC POWER

Let surface S be Lipschitz continuous and belong to the far field. Consider the semidiscrete

FEM scheme (3.5) for solving the problem (3.1). The acoustic power on S is given by

At) = /Sq(t, Jv(t,-) - ndS.

Its approximate analogue is defined as

Ah<t> = /th(t, -)Vh2 (t, ) -ndS.

Decompose the error in power in two terms:

A(t) — Ap(t) = /S(q — qp)V -ndS + /th(v — Vp,) - ndS. (7.1)

Denote the terms on the RHS as F;(t) and Fs(t) respectively. For computing ¢, we use the
semidiscrete FEM scheme.

Estimating the error in intesity depends on how the velocity v, is computed.

7.1 METHOD 1: EXACT FORMULA

7.1.1 Statement of the algorithm

1. Compute g, in €, using (3.5) with homogeneous initial conditions.

2. Compute the sound power directly as

Ap(t) = —%/S%(t, ) - (/Ot Van(r, -)dr) ds.
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7.1.2 Analysis of the method

In order to find the exact formula for v, consider the compressible linearized NSE in the far

field:
%% + pov V= 07
,00%—;’ + Vq =0.

The second equation gives

1 t
v(t,-) = —% Vq(r,-)dr +v(0,-).
0

Set v(0,-) = 0. This agrees with the homogeneous initial conditions for q. Thus define

Vi (L, ) = —% Ot Van(r,-)dr +v(0,-). (7.2)

The errors will be

Bt = [-ae) ([ V() udr ) ds

and

Ey(t) = L an(t, ) (/Otv(q —qn)(7,°) - ndr) ds.

Po Js

Using Fubini’s theorem, write the first term in the form

E(t) = —pio / / (¢ — a)(t,)Va(r, ) - ndSdr.

Next obtain the bound:

()] <c/0t

/S (4 — a)(t,)Va(r, ) - ndS| dr <

t
<Clla=a)t )l [ 19a(r) nll, -y i <
S Clla = anllzerm@) - IVE- 0l g 71 )

For the second term, again, using Fubini’s theorem, we obtain
1 t
Bat) =~ [ [ au(t.)9(a— (o) - mdSir
PoJo Js
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Thus, in the same manner,

t
B2)] < Cllan(t oy - [ 1900 = an(r.) - mil, g <
0

< CthHLOO(O,T;Hl(Q)) : ||V(q - Qh> ' n||L1(0,T;H_%(S))'

For a regular enough function g, the rate of convergence in the term FE} is no slower than
that of ||g — qn || Lo (0.7:01 (@), Which is O(h* +{|Q — Q. || 22(22(e1))) for continuous piecewise
polynomials of degree no more than m—1, m > k > 2. In the term FEj the rate of convergence

is defined by that of the term ||V(q — ¢) - n|| which is O(hk*% + h*%HQ _

L1(0,T; H 3 (S))
Q|| 22(22(0,)))- Thus the rate of convergence for the total error may be estimated as O(hk3+

_%HQ—Q;” | z2(z2(02,)))- The conditions || Vg-n|| < o0 and ||qn|| poe 0,1 (0)) < 00

LY(0,T;H "2
will be guranteed by the regularity assumption ¢ € L”(}I)’“)(Q)) for £ > 2 and the stability
theorem for g ( chapter 3 ) respectively.

The advantage of this approach is that the velocity and thus the sound power are com-
puted quickly once ¢, is known. The disadvantage is that we lose % power of h compared
to the L?-norm of error in the fluctuation of pressure ¢. This is the least accurate method
among those presented here.

In the particular case S C 02 we can make an improvement. In the term FEs(t), due to

the boundary condition,

1 /0 0
Via-a) = (G-,
Qo

ot ot
and so
dq  Ogy
) <CO|5 — 5 S
V(g —qn) n|| 3 (6Q)) ‘ ot ot LY(H?(Q))

< C(h2 + h72(|Q — Quyllzazaany)-

Then the total rate of convergence will be of order O(h*~* + h™2(|Q — Qu, |l z2(22(02,))), which
comes from the term E;(¢). In the case S C 09 there is a loss of only one power of h

compared to the L2-error in gq.
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7.2 METHOD 2: BOUNDING THE SOUND POWER

7.2.1 Statement of the algorithm

1. Compute g, in €2, using (3.5) with homogeneous initial conditions.

2. Complete the curve S to an arbitrary closed curve S so that the new domain €, bounded
by that curve 9Q = S, did not coincide with Q.

3. Find the norms of the trace operator v, : H'(Q) — Hz(S) and the normal trace operator
Yo Hyi(Q) — H2(S). Denote these norms as C1(Q) and Cy(€2) respectively.

4. Compute

1 2

2
SQn(t) = \/IO_(Q)HthHil(O,t;L?(Q)) +

1 2
%)

oqn

ot

2@

5. Compute the bound for the sound power by the formula
Py(t) = Cr(QCo(D)[lgn(t, )l 1@y - SQn(t).

7.2.2 Analysis of the method

Instead of finding the sound power exactly, we consider the question of finding a good upper
bound. This may be used in applications where one needs to know whether the loudness
surpasses a certain level. If () is given exactly as a function of space and time, then using
this method only has meaning if S is not a part of 0f2 since otherwise it has absolutely no

advantage compared to the first approach. We have

[ v ndS < lall -1l 55y < ) Co@ Nl 191

Here Q is some domain of our choice that has S as a part of its boundary and that does
not coincide with the turbulent region. Constant C' is the norm of the trace operator from
HY(Q) to Hz(99) and C is a norm of the normal trace operator from Hy;,(€2) to H~2(9).

In fact, C} is constant (Y, from the trace theorem 5, chapter 2. Next,

Vi = IV Iy H IV VI g
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Figure 8: Domain

From the continuity equation of the linearized compressible NSE we have

1 9Jq

Vove —— 4
M atpo Ot

and also

L2()

v
Ivlt sy = V0 Mgy < () = ¥(0, sy = | [ G

t 1 t
/ vedr| <t / IVall 2yl
0 LQ(Q) Po Jo

1
IVllzz@) < 21Vl oazz@y + IVl

1

Po

Thus at time ¢

As in method 1, set v(0,) = 0. That is why we obtain

1 (9q
5 \Y ~ 2||v(0,)|?, ..
”VHHdw (Q) = \/ 2 H qHLl (0,6L2()) + Gt @) + HV< )HLQ(Q)
For simplicity, denote
1 8q
SQ = \/ QHVq”L1 0, L2 Q))+ (915 ~ +2HV(07)Hizg
2(Q2)
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and

2
SQn = \/%quhﬂil(o,m(m) * 41 6@? s 2000, )ze(q)
Our bound will be
P = Ci()Co(Q)llgll 113y - SQ- (7-3)
Introduce
Py = Co()Co (Dl anll 1@y - SQn- (74)

The purpose now is to get the rate of convergence for the error P — P,. If we require that
V(Ov ) € LQ(Q)7

then both S@Q and S@Q; will be bounded due to earlier regularity assumptions and stability

theorem from chapter 3. Obviously,

P =P, =Ci(Q) - Co() - (lall gy — llanll ey - SQ@+
+C1(Q) - Co(Q) - gl e - (SQ — Q).

The first term of the error may be bounded by

Ch () - Co() - [lg = anll g - S

and thus converges as O(R* ™ + ||Q — Q. |l12(12(0,))). The second term of the error may be

bounded by ) ,
SQ* — SQ3|

C1(€2) - Co(Q) - llgnl praery - SQ + SQu

Next,
1SQ* — SQ3| =

2 1 dq "
== (|Ival? = IV ' ) — [ 1Z
P (” oo irz@y = Vo lnop@y) + 22 | |5

The first and the second terms in this expression converge as O(hk 1—i- |Q—Qn, H £2( LQ(QI))) and

H 3%

O(h* +1|Q — Qn, || r2(r2(qr)) ) respectively. Therefore, we conclude that the rate of convergence
for the total error P — P, is of order O(h*™* + ||Q — Qn, |l 12(22(0)))- The advantage of this
approach is obvious: it gives more accurate approximation. A big disadvantage is that we
compute the upper bound for the sound power instead of itself. This approach also suffers
from the necessity for the user to know constants C(€) and C5(Q) whose behavior depends

on the geometry of the domain 2 chosen.
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7.3 METHOD 3: DUALITY

7.3.1 Statement of the algorithm

1. Compute g, in €2, using (3.5).
2. Compute vy, in €2, using (7.11), which a FEM approximation for the variational problem
(7.10).

3. Compute the sound power directly as

A(t) = / Gn(t, )i (£, )dS.

7.3.2 Analysis of the method

The error in the sound power cannot converge to zero faster than the error ¢ — ¢, in the
solution of the wave equation, i.e. the greatest rate of convergence may be of order O(h*).
The way we may reach this rate is by using the duality approach. It also allows to reduce
the regularity of the exact solution needed for reaching the desired rate of convergence. This
advantage may be crucial if one works with turbulent irregular effects. In this case we work

with time-averaged sound power

_ 1 [T
A:—/ /qv-ndeT
T Jo Js

and the error

T(A—A) = /OT /S(q —qp)v - ndSdr + /OT/th(V — Vp,) - ndSdr. (7.5)

Also assume that S C 9. Denote these error terms as F; and E, respectively.
Let us demonstrate duality approach by estimating the error term F; first. First, write
the variational formulation for the wave equation, using integration both in space and time.

If v denotes a test function, then

T 82(] ) T T aq
/0 <ﬁ,v)+ao/o (Vq,Vv)+ao/O <§,v>—

T 1 T
:ag/ (R+—2G,v)m+a§/ < g,v>.
0 ap 0

o1



Integration by parts in time gives

(G - (5L0.00) - (Gr.am) + ( a0)+ [ (G5a)+

T T 81}
+a§/ (Va, Vo) + a0 < g(T), o(T) > —ag < (0),v(0) > —ao/ <q, 8t>
0 0
T 1 T
—ao/ (R+ GU)Q1+(IO/ < g,v>.
0 ag 0
The initial data is given:
dq
4(0,) = a1(-), 5,(0,-) = ()
and thus
dq ov T 792 , [T T ov
(G - (Gomna) + [ (Gga) +ai [ @avo—a [ (a5)+

b < (1), 0(0) 5= a3 [ (R4 6o+ (o) - (G000 ) +

+ag < q1,v(0) > +ai < g,v > .

Consider function ¢ by the formula

v-n, if x €5,
U(t,x) =
0, if x € 9Q/S.

The weak formulation for the dual problem with unknown function ¢ will be

(Seram) - (Shom) + [ (50) i [ (vavo-
—aO/OT< g§>+ao<q(T) o(T) >—a0/ (1, v) .

In order to get rid of the terms at final time 7', we may reduce this formulation to the
following point-wise problem:

(

G — a2AG =0, on Q x (0,7),

g(T,-) =0, on €,
(7.6)
G(T,-) =0, on Q,

V§-n— a—lo('jt =1, on 00 x (0,7).
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and so

T 826 ) T ~ T aq 2 T
[ (o) vt [ a0 -a [ (o5 = [ wo.

Next we present the stability lemma which will be needed for the error analysis.

Lemma 21. Let v € L*(0,T; H'(Q)). Then the variational solution of the dual problem is

stable in the following sense:

Proof. The change of time variable 7 = T" — t will give us the problem
Set v = 24

T 826 ) T ~ T a(j ) T
/0 <8_72’v) —|—a0/0 (VQ»VU)+CL0/O <U,§> —%/0 <1/}av>-
or-
’ Ly ~112 ~112 T
+5a(IVall=r = [IVallz=o) + a0 i

1
2 =0 or
T ~
9q
— 42 3
Since we have homogeneous conditions at time ¢t = T', or 7 = 0, we can simplify the equation:
a»« 2 T 8"’
o1 —2ai [ (v.50),
ot ||._p 0 or
Bound the RHS using Young’s inequality as shown below

9q

This results in cancelling the boundary term with the time derivative:

|71...

3
+ a0Vl z(z2(0)) < agl|v - nl[r2r2s))-

Lo (L2(Q

2 2

@ -

or

9q

=T H 87—

%

or

T
T @RIVallPoy + 2a0 /
0

afi
ao | O

? A ag 2
+a’0HVQHT TS by ; || :EHV'HHLQ(O,T;LZ(S))'

Extracting the square root out of both sides and using the fact that |a|+|b] < v/2- Va2 + b2,

we obtain the formulation of the theorem. ]

Remark 22. The analogous stability result may be obtained for the FEM solution q;, of the
dual problem, if we use the same space M (Y) of piecewise polynomials as for the original

problem.
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Proceeding with the error analysis, set test function v = ¢ — ¢, in the variational formu-

lation of the dual problem:

) T T 826 ) T R T aq
ao/ <¢aq—Qh>:/ o204~ 4n +a0/ (VQ7V<Q_Qh))_a0/ 49— 4n 5, ) -
The LHS is exactly a2E;. Let us integrate by parts again:

T
ag/ov <¢;Q_Qh>:

— /OT (W,q) + (q(o), W(O)) + 3/0T(Vq,V(q —qn)—

(Z‘j( ) <q—qh><0>) +ao<<q—qh><o>,q<o>>+a0/0T<w,q~>.

Let vj, be some arbitrary test function from the approximating space M{"(2). Then Galerkin

orthogonality gives

a; /OT (V.0 —an) = /OT (W,q- vh) + (g(o), W(o)) _
(gﬁf@ (¢ %><0>) +ag / (V@ o), Vg — a)) + a0 ((a — ) 0),G(0) +

T . T
+a0/0 <W7g_vh>+a(2)/o (Q_thvh)ﬂl

The next step will be the integration by parts of the second derivative term once:

i [ wa-a0 = (2200 - um) - (L2 0).40) - o)) -

) /OT <a<qa—t o) a@a—tvh)) N (cz<0>, w@) _ (g_f@),(q_ qh><o>) ;

a2 / (VG — o), V(g — qu)) + a0 (g — @1)(0), G(0)) + a / <W@— > i

T
+a3/ (Q — Qnysvn)a,

Let v, = g, be the FEM solution for q. We assume that at time t =T ¢;, and 8% are chosen

3%

to be the H'-projections of the corresponding functions, just as in case of ¢, and being
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H'-projections of exact functions at time ¢ = 0. This implies that the first term in the RHS

is zero since (7)) = 0 and H'-projection of zero function is also zero. Finally, we have

ag /OT (¥, q—aqn) = (W(om(m) - /OT (8(qa—t @) 8(@@; cih)) N (7.7)

. (g_cti(o)’ (4— qh)(o)) td / (V(@— @), V(@ = an)) + a0 ((a = @)(0), 4(0)) +

T B T
+GOA <W7Cj_gh>+a(2)/o (Q_Q}H?gh)ﬂl'

Now we must bound optimally each term on the RHS.

Definition 23. Let r € R and r > 0. Then |r[ denotes the smallest possible integer s € N

with a property s > r.

Theorem 24. Assume the initial data satisfies

(0. € H'(©), 90(0,.) € (@),

where integer k satisfies 2 < k < m. Also let q,(0, ), %}L(O, -) be H'-projections of the initial

data. If the exact solution q and the solution § of the dual problem (7.6) satisfy reqularity

conditions
¢,q € L>(0,T; HIsF (),
94 94 oo . gl
Srobe 120, HS (@),
d0%*q 0*q 2 |&[+1
92 o € L*(0,T; HI2I"(Q)),
then

_ K71
E, < O(h* + plal-s 1Q — Qn. 22y + 1Q — Qni |l Lr-1(01))

with some positive constant C' independent of h.
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Proof. Using stability lemma, for the first term of (7.7) we obtain

Kg%%@@WM®N<Hg%¥Q@ NG (0) ey < CHFH

H=1(Q)

Next, in the same manner,

() < - <

a0 |{(a — 3)(0), 50} < Clla — B)O)l-3 g - 1Oy < OB

For the integral terms, using Theorem (11), we obtain:

/OT (a(qa—t a) 3(6?6; éh))‘ < CHW

. H 9(q — Gn)
Lo (L2(9) ot

N

L>(L* ()

< (A2 1 W50 — Qu Iz,

2

T
/0 (V(@—an), V(g — Qh))’ < C|\V(G = @) llez2@) - IV(@ = an)ll o2y <

Qg
<comdsl+ h]g[HQ - lele (L2(@));
T
3(q—qh) . >‘ i—q

wl [ (M 1 = dnll ey <

O = b (H' (@)
< cnlsl 'M < omAiE 1Rl 1Q - Qullieecony).
ot LU(H % (00))
and finally

< CHQ - Qh1||L1(H*1(Q1)) ’ ”(IhHL‘X’(Hl(Q))

T
ag/o (Q = QnysGn)o,

Therefore, the total rate of convergence for E; is given by

— k[_1
By < CF +1E03Q = Qu iz + 1Q — Qu Lo -1 en)-
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To obtain the bound for Fj it is necessary to formulate and solve a variational problem

for v. The equation for v will be as (1.12):

9%y 0, in the far field Q/Qy,

2(-V-(u®@u)+f+vAu) — %ﬁ%(}h in (),

with initial conditions

ov
ot

Here Gy is such control function that V - G; = G. The boundary conditions are

v(0,z) = vi(x) (0,2) = va(x).

0 1
a—::-njtaov-v:—%g, on 09 x (0,7).

The variational formulation for this problem will be as follows. Assume

a(—V-(u<§§>u)+f+l/Au— 5

— L?(0,T; L*(Q ) € Hy(Q
8t a0p0G1>€ (07 ) ( 1)>7V(07 )6 dw( )7

ov

ot
Find v € L*(0, T; Hy:,(Q2)) such that 2% € L2(0,T; Hyi () and 2¥ €
L?(0,T; L*(Q)) and which satisfies

(0,-) € L*(Q),g € L*(0,T; L*(09)).

02 0
(a—t;,w)+a3(V-V,V-W)+a0<a—Z-n,w-n>: (7.10)

1 /0
:% (aF,W) —@<g,w-n>
for Vw € Hy,(2),0 <t < T,
(v(0,-),w) = (vi(+),w) YW € Hy;, (),

at

Construct a space My"*(2) of vector continuous piecewise polynomials of degree no more

<5V(0’ -),w) = (va(+),w) VYW € Hy,(Q).

than my — 1, where mo > 2 is an integer. The mesh has a characteristic size hy < 1. The

FEM semidiscrete formulation is as follows. Assume

9, 1
a(f - a2_poG1> € L2(0,T; L2(91>>79 € LZ(OaT;LQ(aQ))'
0
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Find a twice differentiable map vy, : [0, 7] — M"*(2) such that

82V 2 aV
< 8t2h’ >+a0(V Vhg, V- Wh2)+a0< 5 W, >: (7.11)

1 0 ag
= (achl,WhQ) —%<g,wh2-n>

for Vwy, € M"(Q),0 <t < T,

(th(oa ')7Wh2> = (Vl(')vwhz) Vwy, € M(;nQ(Q)?

(8vh2 (0, _)7wh2) = (va(+), Wny) YWy, € MJ™(Q).

Definition 25. Let vector function w € Hy;, (2). Then its Hg;,-projection 0 is defined by

the formula
ag(V -1,V -wp,) + (0, wi,) = a3(V-u, V- wyp,) + (0, wy,), ¥ wp, € M (Q).
Assume u € H'(Q), with mg > [ > 2. Then
Ju—dlly < CHE -l (7.12)

Theorem 26. Let the solution v of (7.10) satisfy conditions: v,%% € L*(H'(Q)) and

at2 € L2(HY(Q)) for some positive integer |, my > | > 2. Let the inital conditions be the

H g, -projections of the corresponding initial functions:

. v, ov
Vhs (Oa ) = V<07 ')7 8: (Oa ) = E(Oa )

Then the solution of (7.11) satisfies:

<C <hl2_1 + Hg(F —Fp)
Lo (L2(Q) t

LQ(L2(91))>

IV = Vil =t \\ i)

with some constant C > 0 independent of hs.

o8



Proof. The equation for the error has the form

D*e ) ) de 1[0
— Wp, | +a5(V-e,V-wp,)+a < ‘N, W, - > = < (F —Fy,), wh2) )
(82&2 0 "\ ot ot 0

Decompose the error € = v — vy, = €1 + ey, where g = v — v and e; = v — vy,,. Notice

that ey € My (Q2). It is obvious that

d%e e,
( @t;’w ) +ag(V-ey, V- wp,) —|—a0< By ‘I, W, - n> = —a(V-e,V-wp,)—

8281 1 0 Oeq
— (W’W}m) + — (at<F Fhl) WhZ)Ql — Qg <§~n,wh2 Il>

Using the definition of the Hgy;,-projection, we obtain

D%e dey 0?%e
( 6)75227 ) —|—a0(V e, V- wy,) +a0< ot ‘N, W, - n> = <e1 — W;’W}m) +

1 /0 Oe
+— ((915(F F;,), whz)Ql—a0<a—;'n,th-n>.

Next we use energy method by setting wy, = %.
des||”  ,1d IV el + dey > 1/0 F_F,) des\
[ — JE— a —_ e JR— — JE—
2dt || ot 02 dt 2 O ot oo \ Ot "ot ),

0%e; Oe, e, oesy
& T )\ e )

Using the fact that (a,b) < 5|/al|* + £||b]|? for any inner product (-, -) and any € > 0, we can

get
d 862 2 2 2 2 aeg 2
%(‘E reallveell s oola Il e
0%, ||? ey || ao|oe; |?
2lleq||? + 2 ==
led™+ ‘ ot +‘ ot or "
Add )
d 9 862 2
il < )
ey < (\ 2| 4 feal
to the previous inequality:
122 + reae + i -ear) < 22|+ (2 1) %2
—_— — a . \_ JR— JE—
dt \ || ot 2 0 2 o |0t ", ot

29



Oer | ao|der [
ot? ot

Integrate assuming that initial data is approximated via Hg;,-projection.

Qo

leall? + 2fer]? +2 H

882 2 2 2 1 t 882 2 2
+llex|* +ag [V -eqf|” < [ 24+ — — | + e ) dr+
Po/ Jo ot

1]o 2

L —(F—Fy,) +2|le1 1322yt
ot (L2(Q2))

L2(L2(21))

0%e, ||? B

+2H 7 e o B
ot L?(Q)) Ot || 2 ey

where (. denotes the constant from the trace theorem. Applying Gronwall’s lemma and

extracting the square root of both sides yield

862
+ lle2f oo (4, (2)) <
L=(L2())
0 d%e Oe
C Ha_(F_Fhl) +||el||L2 L2 Q))"” a 1 ‘I—' a]_
t L2(12(2)) 2 ] L2 (L2(Q)) tll 2 )

with some constant C' = C(T') growing exponentially fast. This implies, due to the triangle

|

inequality, that

+ el oo (b4 )) <

Lo L2
e de
o] gr-ru Fletlmono +[ G| |5 -
L2(12(0)) 22T L= ()
Using (7.12), we obtain the statement of the theorem. O

In order to estimate Fj it is necessary to formulate a corresponding dual problem. Simi-

larly to the case with E;, the pointwise dual problem with unknown function v has the form

Vi —agV(V-v) =0, on (0,T) x €,

v(T,-) =0, on , (7.13)
1

vi(T,-) =0, on €,

VWN’—%\N/}-n:f, on (0,7) x 09,

\
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where

qn, if x € S,
&(t,x) =
0, if x € 092/S.

The equation in the weak form will be

T /525 T T 9% T
/ (8_1:7“])_'—@3/ (V~\7,V-W)—a0/ <W-n,a—‘t/'n>:a3/ (&, w-n).
0 0 0 0

Next we present a stability lemma similar to Lemma 21. Its proof resembls that of Lemma

21.

Lemma 27. The variational solution of the dual problem is stable and the following inequal-

ity holds:

Remark 28. The same stability result holds for the approximate solution vy, .

ov
ot

3
+ aol|V - V|| 2o 0,522 < a6 |l 20.7:22(s))-
Lo (0T L2(9))

We will follow the same ideas as those used for obtaining the estimate for the error Ej.

Integrating the second derivative term by parts twice and then setting w = v — vy, lead to

a3/0T<s,<v—vh2>-n>=

z/OT <w,v) +a§/OT(v.v,v.(v—vhg))+a0/0T<g.n,w,n>+

+ (70, 572 0) - (=)0, 5 0) +a0 < 90) 0, (v = vi)0) >

Next use Galerkin orthogonality with a test function wy,:

@ [ 6w m=
- [ (P s ) i [ 6wV v

T (v —vp,) 1 (T/o
—l—ao/o <(V—wh2)'n,T~n>+%/o (WFM —F),th)Ql—

. ((v — v )(0), %j(@) Fag<¥(0)-n, (v —vi)(0) - n >+ <\7(0), M(O)) .
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Let wyp, = v, be the FEM solution for v in the space M;"*(2). We assume that at time

t =T the solution vy, is an Hg;,-projection of the exact solution v, i.e. it is zero. The same

ag? (T, -) since it is an Hgy;-projection of 4%(T,-) = 0. Then finally

goes for

i [ e =i om = (21 0.9,0) - (v, 50) +

ot ’ ot

—|—a(2)/OT(V-({f—ffhz),v-(v—th))+ag/0T<(\7—\7h2)-n,w-n>—|—

+ag (¥(0) - m, (v — v4,)(0) - m) —/OT (8(V_V"2) 8“"“”) +

1 5 I Vi,
+— ((F = Fy,)(0), %, (0)), + — (F —F,,, Db ) .
£o Po Jo 0

Now we have to estimate each term separately.

Theorem 29. Assume the initial data satisfies

0
v(0,) € H'(Q), 50, ) € H'(),
where integer | satisfies 2 < 1 < my. Also let vp,(0,-), a:;? (0,-) be Hgi,-projections of the

initial data. If the exact solution v and the solution v of the dual problem (7.13) satisfy

reqularity conditions
v,v € L0, T; Hl: [ (q)),

ov ov o L
o0 or € Lo HE @),
0’v 0*v 1
2 o2 € L2(07T; H]Q[H(Q)),

then

O, —F)

_ _ %_1
Ey < C(hh 1+h]2 [ o

+ ||F = Fu 12000 +
L2(L2())

+[|(Frn, = F)(0,)])

with some positive constant C' independent of hs.
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Proof. For each term we have estimates

‘(Wm),m(e))‘ < HW@)H ()] < O
'((v - vh2><o>,‘2—j<o>)‘ < v — Vi) O] - ‘ %(O)H on,

ag [(V(0) - 1, (v = v3,,)(0) - )| < CIIV - ¥(0)[] - [[(v = v, )(0) [l < Chy
/T (6(v—vh2) 8(\7—\7;12))' <
0 ot ot h

< CHa(V—VhQ) ) Ha(\Nf—\Nf}m) <
ot L2 ot ez
25 | L J4[]| 9
<C | hy* +hyt || =(F —Fy,) :
ot L2(12(0))
T
ag /0 (V ’ (‘7 - {’h2 V - Vh2))‘ C”V - Vh2||L°°(Hdw Q) - HV - Vh2||L°°(Hdw(Q))
C ( (F Fhl) > y
L2(L2())
O(v —vp,)
_ a7, <
/ < V Vh2 n, 81& n NS
- (v —vp,)
<9 = Vsl HT <
Lo°(H1())
L _1 |l o
gc h;]?[ 1+h]22[ 1 —(F—Fhl) )
ot L2(12(0))
1 3 N
%«F—memwdmhl<CWF—Eﬁ®m¢Wm®M
Finally,
1 /T< ovy, > ovy,
— F—Fhl,—2 <C||F—Fh||1 2004 )) 2 .
po Jo ot g, HHEEED 0 e 20

The estimate for E, will be

2 F-F,)

Ey, <ChSt + h]f[ 615(

+ F = Fu o2 +

L2(L2())
+[I(F = Fn,)(O)[]).
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Combining both estimates for E, and E,, we obtain
|A— A <

E[_1
< CHF + WEERQ — Qi lleain) + 1Q — Qn Il -1 (@ +

D F_F,)

. 5|1
+hi ! +h]22[ o

HFn = Fllzize ) + [[(Fr = F)O)]]).
L2(L2())

We see that in term E; the rate of convergence is dictated by h* whereas for the exact

formula approach the convergence is of order h¥~1.

7.4 NUMERICAL EXPERIMENTS

In this section the results of computing the sound power in a two-dimensional simulation will
be presented. More specifically, we will compute the line integrals of the the sound intesity
multiplied by a fixed unit vector over certain straight line segments of the computational
domain. We will test both the exact formula method, section 7.1, and the duality method
requiring an additional scheme for the fluctuation of the velocity v, section 7.3. Our main
purpose is to obtain plots for the computed acoustic powers. The specific conditions of the
experiment are presented below.

The domains ; and €2 are the circles of radiuses 0.33 and 1 respectively, and €; is
embedded in 2 symetrically. A decaying flow, i.e. the one with no external forces, is taking
place in €2y and satisfies the no-slip boundary condition on 9€2;. Both the NSE and the wave

equation are non-dimensionalized and presented in {2; in the form

ou i

E—l—u-Vu%—Vp—ReAu:O,
V-u=0,
2
MQ%—Aq:Vu:Vut,

and the last one is given with the boundary condition on 02

dq
) .n=0.
M t—i—an 0
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Here Reynolds number Re = 16 and Mach number M = 0.075. If r denotes the radius-
vector of the point in space and r denotes its magnitude, then we present the following

initial condition for the velocity:

0 -1
up = 36.73- (0.33 — r) - T,
1 0

This gives a rotational flow similar to the one presented on picture 3.

For all of the tests we construct a uniform mesh in ; with A; ~ 0.0207. The Finite
Element used is Taylor-Hood element, i.e. the piecewise quadratics for the velocity and
piecewise linears for the pressure. This scheme satisfies the LBB-condition, [35], and is
second order accurate.

As a time-stepping scheme, we use the Stabilized Extrapolated Backward Euler Method,
same as in chapter 5, with parameter 6 = 0.0075. The simulation is carried out from ¢ = 0
to t = 0.6 with a constant time step At = 0.0025. The examples of the computed velocity
and pressure fields are shown below on figures 9 and 10:

For both methods of sections 7.1 and 7.3 we use the second order in time scheme presented
in chapter 4 in order to compute the field of acoustic pressure ¢ in 2. The time step At
is the same as for the NSE. For space discretization, piecewise quadratics are used on the
uniform mesh of size h ~ 0.028. The initial conditions are set to be zero for both ¢(0, -) and
¢:(0,), i.e. gno = 0 and gp1 = 0. Three pictures of the pressure fluctuations are presented
below for time levels ¢t = 0.2,0.4, 0.6.

For the evaluation of the time integral from (7.2), the Trapezoidal Method is used. For
the duality argument, the scheme (7.11) is implemented with a second order time-stepping
algorithm.

The initial conditions of (7.11) must be chosen carefully for they cannot be arbitrary
once the initial conditions for ¢, are given. The conditions for the fluctuation of velocity are
to be found from

9q

M2E+v-v=o,

ov

= =F
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Figure 9: The velocity field in €; at time ¢ = 0.3
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IsoValue
M o0.490939

Mo.20364
Mo.20418
Mo.49472
M 0.495261
M 0.495801
Mo.496341
Mo.496881
Wo.407422
Mo.407962
M o.408502
M o.499042
M o.499582
Mo.500123
M o.500663
Mo.501203

Figure 10: The pressure field in €2; at time ¢ = 0.3
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IsoValue
M -0.0480096

M -0.0331602

M -0.0196607
M -0.0169608
W -0.0142609
W -0.011561

M -0.00886114
M -0.00616124
M -0.00346135
M -0.000761455
M 0.00193844
M 0.00868817

Figure 11: The acoustic pressure field in 2 at time ¢t = 0.2
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IsoValue
M -0.0019952

W -0.00124551
M -0.0011092
-0.000972894

. -0.00070028
-0.000563973
M -0.000427665
l-0.000291358
-0.000155051
-1 87438¢-005
M 0.000117563
M 0.000253871
M 0.000390178
M 0.000526485
M 0.000867253

Figure 12: The acoustic pressure field in ) at time ¢t = 0.4
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IsoValue
Il -0.000286422

Ml 4.8022¢-005
M 0.000109804
M o.000170865
Mo0.000231837
M 0.000292808
\ Mo0.00035378

M o.000414752
Mo.000475723
1 M o.000536695
M o.000597667
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Figure 13: The acoustic pressure field in €2 at time ¢ = 0.6
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where F is zero in the far field Q/Q; and

1 1
F=— . _ = _u- _
V:(u®u)+ ReAu u-Vu-+ ReAu

in Q4. vy is set to 0. However, since g,o = 0, we have %(O, ) = F(0,-). The following

second-order approximating scheme is used for this condition:

Vil = Vao _ Va1 _ Fro+Fna
At At 2 '

i.e.

1

1
Vi1 = 0.5 -At- (—uhho : Vuhho -+ —Auhho —Up; 1 Vuhl,l + Re

o Aup,p).  (7.14)

The sound power is computed for all time levels along two straight line segments, these are
with end points (0.34, —0.37), (0.34,0.37) and (0.66, —0.37),(0.66,0.37). The normal vector
n = (1,0)" for both cases. The first line is almost tangent to the boundary 99 but is still
in the far field. For the evaluation of the line integrals, we use the Midpoint Method, with
100 subintervals of length 0.0074 each. Additionally, the sound intensity is computed for all
time levels at the point (0.999, 1) in the same direction (1,0)".

The graphs of the sound power and intensity are shown on pictures 14, 15 and 17 from
t = 0 to 0.3. The blue and red curves present the cases of section 7.1 and 7.3 respectively.
The results show that graphs obtained by two methods are hardly different from each other.
We also present a zoomed version of the graphs for the case of the line segment at z = 0.66,
16. Note that the experiment was run both with and without the viscous term in the RHS
of (7.9) and (7.14), and the differences in the graphs appeared to be too small for a human
eye to see in the scales of the presented pictures. This proves that for this combination
of Reynolds and Mach numbers the viscous term plays no significant role in affecting the
acoustic intensity in the far field.

As we see on the graphs, the distance between zero and the elevation of the graph is the
time required for the acoustic waves to travel from the turbulent region to the specified line
or point in the far field. The following decay to zero is due to decay of the sound source in

Q.
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Figure 14: The sound power as a function of time along the line (0.34, —0.37) — (0.34,0.37)
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Figure 15: The sound power as a function of time along the line (0.66, —0.37) — (0.66, 0.37)
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Figure 16: The sound power as a function of time along the line (0.66, —0.37) — (0.66, 0.37)
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Figure 17: The intensity as a function of time at (0.999,0)
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The methods from 7.1 and 7.3 work well for a coarser mesh also. The picture 18 shows
the results of the experiment for hy =~ 0.052 and h =~ 0.0785. The black and the blue graphs
belong to the sound power computed via the method of 7.1 on the fine ( the old one ) and
coarse mesh ( the new one ) respectively. The green and the red graphs are computed via
the method of 7.3 on the same meshes. We see that the graphs of each pair are very close
to each other.

Although this thesis has not covered a theory of fully discrete methods for computing
a sound power, it should be evident that time steps must be taken small since the recent
pictures show steep behavior of the graphs of the sound power. Indeed, the picture 19 below
shows that for the fine mesh and for At = 0.01 oscillations start to occur. Moreover, the
highest position of the graph happens at ¢ ~ 0.09, whereas on 16 it is at ¢ ~ 0.05.

Finally, we present a graph of the time averaged intensity on the boundary from ¢t = 0
to 0.4, using the argument of section 7.3. The graph is shown on the picture 20. It is
obvious that, as time continues increasing, the time averaged intensity drops to zero for this

experiment.
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Figure 18: The sound power on the fine and coarse mesh along (0.66, —0.37) — (0.66, 0.37)
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Figure 19: The sound power along (0.66, —0.37) — (0.66,0.37) for At = 0.01
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Figure 20: The time-averaged intensity as a function of time at (0.999,0)

79



8.0 LARGE EDDY SIMULATION IN AEROACOUSTICS

Several computational strategies in noise generation have been developed during the last
decades, among which the Large Eddy Simulation technique is recognized as being the most
promising for unsteady simulation of turbulent flows in complex realistic systems. Since
the full computation of all active scales which are present in a turbulent flow is far beyond
the capability of available supercomputers due to the required memory and computational
effort, LES introduced a scale-separation operator: scales smaller than the arbitrarily fixed
cutoff length scale are removed from the computation, allowing for the use of much coarser
computational grids and therefore tractable simulations for engineering purposes. Since gov-
erning equations of fluid mechanics are nonlinear ones and that turbulence is an intrisically
nonlinear multiscale phenomenon, the effect of missing small scales on the large simulated
scales must be taken into account. This is usually done adding a new term, referred to as a
subgrid model, in the governing equations. The reader is referred to specialized books for a
detailed introduction to LES [54, 55, 22].

While closing the Navier-Stokes equations for aerodynamics and combustion has received
a large attention since the 1960s, definition of subgrid models for other physical mechanisms
driven by turbulent fluctuations is still an almost open problem. This is true of noise gener-
ation by small scales in a turbulent flow, which has been addressed in very few papers only
[59, 60]. In these works, a scale-similarity strategy is used to obtain a model for small-scale
contribution, which can be interpreted as a low-order deconvolution method. This approach
has been extensively and successfully used to close momentum equations for aerodynamic
computations, and related mathematical analysis has been performed considering incom-
pressible momentum equations [10, 32]. On the other hand, mathematical analysis of scale-

similarity modeling for other physical mechanisms described by new governing equations,
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such as the Lighthill equation for turbulent noise production and acoustic wave propagation,
has not been addressed up to now. The goal of the present paper is to provide the reader
with such an analysis.

In this paper we will present the numerical analysis of the semidiscrete FEM for com-
puting the noise generated by a turbulent flow in a field with no walls using the filtered
Lighthill model. The starting point is the Lighthill analogy. While filtering the Lighthill
analogy, we neglect the so called unresolved scales that satisfy the condition [ < §, where ¢
is the cut-off length scale, typically corresponding to the allowed computational mesh size.

For this purpose we will use the differential filter, [23], given by the condition

a - 52A§_b - ¢7 on Qh
(8.1)
5 = ¢7 on an?

where ¢ means "the filtered ¢’, and €2 is the domain where both ¢ and ¢ are defined. Assume
that, as the flow approaches the boundary, its velocity, as well the external force are decaying
to zero so that in a neighborhood of the boundary 02 of a size § the flow is already reduced
to the rest state. In this case the condition w = 0 on 99 ( and the filtered velocity of higher
orders ) is physically justified. Moreover, two filters such as defined by

a - 62A5 = (ba on Ql?

a = 0, on 891,

and

¢ —62Ap = ¢, on Q,

¢ =0, on 09,
are equivalent for this class of functions ¢, i.e. decaying as reaching the boundary 0€2; and
being equal to zero on /€. This equivalence allows us to filter the Lighthill analogy whose
RHS is defined on the whole €2, including both the turbulent region {2; and the far field.

While filtering over {2, we are implicitly assuming that u is defined on the whole €2 and
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is zero in the far field. In this part of the thesis, we use notation p' for the real acoustic
pressure, since the letter ¢ will be used as a filtered acoustic pressure. The filtering leads to
1 9%q
————Aq=F
with ¢ = p/, F = f and

- poV -V -(u®@u)—pV-Fon Q,
1:

0 on Q/Q;.
The question of proper boundary conditions for the fluctuation of pressure ¢ is a non-trivial
one and, in addition, depends on an application. We specifically choose the non-reflecting
boundary conditions of the first-order with a boundary control function g in the form

1 O0q
Vq - —— = Q.
q n+a08t 0 on 0

Introducing the subrid scale tensor R = u ® u — u ® u, we can write the previous equation

as
1 9%
ag ot?

Note R is a symmetric tensor. More on the filtered Lighthill analogy may be found at

[59]. The term u ® 1 is called the resolved Lighthill tensor. It is important to notice that
the variable u satisfies the exact filtered NSE. LES of the incompressible NSE requires that
some subgrid scale model be introduced and used during the computations. The new function
v & 1 satisfies that model, and the more accurate the model is, the closer v to the original
u is. This variable v will be used in the first term of the RHS of (8.2) instead of ©, and
since that point it is assumed that some model for the filetered NSE is already implemented.
Note that here the notation v is not related to the fluctuation of velocity used in chapter 7.
Next, since the incompressibility condition V-v = 0 follows from the original NSE, using
the idea of Lemma 3 from section 1.3, we further simplify the RHS of (8.2) so that we have
%@—Aq:pOVV:Vvt—l—poV-V-R—poV-F (8.3)
ag Ot?
in €.
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Since the subgrid scale tensor R contains the term u ® u, some model for R, containing
only the filtered variables, is required. We will present and numerically analyze two models.
For simplicity, we will preserve the same letter ¢ in the wave equation, although we should
always keep in mind that it is not exactly p’ due to the inaccuracy of the used models. The
models are the zeroth order van Cittert deconvolution model and the Bardina subgrid scale

model and are given by the equations, respectively,

and

R=vv-vVveV. (8.5)

Interestingly, for the filtered NSE and the filtered Lighthill analogy different subgrid scale
models may be used. Although Bardina model is not stable in the LES of the incompressible
NSE, it recovers fairly accurate results in terms of acoustic intensity, [59]. Using the definition

of the differential filter (8.1), we can conclude that

R - PAR = A(vav)

for (8.4). Denoting w = v, for (8.5) we get

R—-FCAR=FPAWRIW)+ VRV -—WRW,

W — 02Aw = V.

Coupling these results with (8.3) for each model respectively, we obtain the closed problem

that can be studied numerically.
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8.1 THE ZEROTH ORDER VAN CITTERT MODEL

In € for any 0 < ¢t <T" we have

|~

9 _ Ag=poVv:Vvi+pV-V-R—pV-F,

+2

ON)

Q,

R — §2AR = 82A(v @ v).

The boundary conditions are the following:

R =0VY(t,z) € (0,T) x 8,

1 0q
Vg nt+—2 T x 09
q n+a06t gV(t,x) € (0,T) x0

The system above is decoupled with respect to variables R and ¢. This means that first we
can solve the second equation for each time level ¢ and then solve the first equation with R
known. The grids for the first and the second equation have characteristic sizes h < 1 and
hy < 1 respectively ( we do not use index 1, since it is already used by the grid for solving
the NSE; moreover, it has no relation to the mesh for computing v in chapter 7). In order to
write the variational formulation, it is necessary to make regularity assumptions first. The
RHS of the first equation has the double divergence of R, so in order for the RHS to be of
L*(0,T; L*(©4)), we can require that R € L*(0,T; H*(Q1) N H3(Q4)). This regularity of R
follows from the assumption that A(v;v;) € L*(0,T; L*(€4)) for any pair 4,5 = 1,n. This
may be guaranteed by the condition vv; € L?(0,T; H*(Q1) N Hg (1)) for any pair 4, j = 1, n.

The last condition is satisfied if the following assumption is true about v:

v € LY0,T; W>*(Qy) N Hy (). (8.6)

This is the weakest assumption that can be required. Stronger assumptions for practical

purposes could be

v e LY0,T; L= () N Hy (1)), Vv € L0, T; L* (1)), VVv € L*0,T; L*()).
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The condition (8.6) is already sufficient for the term poVv : Vv’ to be in L2(L?(€2;)). Refer
to chapter 3 for details. The variational formulation for the first equation is given by a

formula

9q ) 2 dq
—,v | +a (Vq,Vv)+a0<—,v> =

=agpo (V-V-R+Vv:Vv' -V -F,0)

2
o, T <gv>.

with v being a scalar test function on the whole domain (2.
The variational formulation for the second equation is as follows. Let v € L*(0, T; Wh4(Q,)N

H(Q4)). For all pairs i, j = 1,n find R;; € L*(0,T; H} (1)) such that

(Rij, 0) + 6*(VR;;, Vo) = —0*(V(vv;), Vo) Vo € Hy(),0 <t < T. (8.8)
We can easily obtain the stability result by setting v = R;;. Then

IRl + 2V Ry |12 = —6%(V(vivy), VRy) < &V (o)) - [V R

There follows

1Rl < maz(1,6%)|V (vivy)]-

Using the product differentiation rule and Holder’s inequality we obtain
IV (vl < llviVsll + [l Voill < ClivIizsn - 1VVIiza@) < ClIvIag,)-
So the stability result is, after integration in time,

1Rij| 20,300 < CrOIVILao mwragau)s

where

lim(;_,0+01(5) = C() > 0 and lzm5_>+0001(5) = +00.

The Finite Element formulation will be as follows. For all 4,5 = 1,n find such map Ry, :

0, 7] — MZ2(Q,) that
(Rijhgs Ony) + 6°(V Rijng, Vin,) = —6%(V (03,04, ) Vn,) (8.9)

Vop, € My?(21),0 <t <T.
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Theorem 30. Let R;; € L*(0,T; H™ () N Hy(4)). Then

IRij = Rijmsll 2052y < CO)(h5=2 1 + [V (0305 = 03 0y Vi) 220, 1322(00))

with some positive constant C(8) = Cy - (1 + /2 - max(572,0%)), where C; > 0 and is
independent of both & and hs.

Proof. Denoting e;; = R;; — R;;,, subtract (8.8) and (8.9) to get the error equation
(€3 Ony) + 0% (Ve Vo) = =0 (V (05 = Vi, Vi ) VOny).

Decompose the error as e;; = n;; + ;;, where n;; = R;; — Ry and ¢;; = Ryj — Ryjp, and

Ry € M2(9). Then we get

(Vig, Oy ) + 6°(Vbij, Von,) = = (g, 0ny) — 6% (Vi Von,) — 6°(V (0105 = vipy Vjiny ), Vo, )-
Since ;; € M{;*(€21) we can set 0y, = 10;;. This gives

131> + 21V 12 < Hlmigll - 10|l + 821V mig 1] - 1V s3]l + 03[V (vivy — visny vjn) | - V3511

Thus
[3]lr < V2 maz (672,6%) (nill + 11V (005 = vipvim)]) -

SO
leglly < (1+ V2 maz (672,0%) ) (infacage o | R = Rl + 1V (005 = i vg,)1]):

Finally,
lesilln < CO) (RS + [V (viv; — vipyving)]))-

Here C'(§) is such that

lims_0,+C(9) = 400 and lims_, 1 ,C(J) = +oc.
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Lemma 31. Let the velocity v € L*(0,T; Wh4(Qy) N H2() N HL(Qy)). Also let the mesh
for Mgt (£21), my > 2, used for computing vy,, be quasi-uniform and ||v — vh1||L4(07T;H5(Ql))

converge no slower than O(hl%) Then for any pairi,j = 1,n

|V (viv; — vin Vi) 200220 < CIV = Vi ||l o, mwra@y))-
Proof. Regroup terms in the subtraction in the way shown:

V(vivj = vinvin) = V(0i(v; = vin)) + V(0jn (00 = vip, ) =

= Vi - (vj = Vjny) + i - V(0 = Vi) + VUi, (0 = Viny)) + Vg - V(0 = Vipy)-

For all four terms the idea is to use Holder’s inequality. For example, for the first one
Vi - (v = v )l < ClIVVIa@) - IV = Vi ll2a@y)-
For all four we obtain, using the triangle inequality for a norm,
IV (viv; = vinvin) || < CUVIIwra@) + [Vallwia@n) - IV = Vi lwragey).-

What is left to show is boundness of ||vy,||za0,rwra(0,))- The way to show it is using the

inverse inequality. Write
Vi, =Vp, +Vv—=v+1I,,(v)— I, (v).

Then

1V, ||L4(0,T;W174(Q1)) < ”VHL“(O,T;WL‘l(Ql)) + v - [hl(V)HL4(0,T;W1A(91))+
+[ Vi, — Ihl(V)HL‘*(O,T;WV‘(QQ)-

The first two terms on the RHS are bounded. For the last one use the inverse estimate
Vi = Iy (V) lwrascan) < by *1va = T (V)]

Decompose the last error as
[V = Iy (W)l < [lviy = Vil + IV = In, (V)1

The statement of the lemma follows immediately from convergence of these two terms. [
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Remark 32. Let us require in the lemma that v € L*(0,T; W1*°(Q) N HA (1) N HY(Qy))
with 2 < l; < my and convergence of ||v — vh1HL4(0,T;H5(Ql)) be no slower than O(hlg). Also

let ly = 3 if n = 3. Then we may obtain in the same manner as before that

IV (viv; = vinvjn)ll 207 c2@0) < ClV = Vi || 20,7503 00))

for any pairi,j = 1,n.
Using the main convergence theorem 11, chapter 3, we can obtain

Theorem 33. Let the solution q satisfy the conditions: q,% € L®(H*(Q)) and % €
L2(H*(Q)) for some positive integer k. Assume the approximating space of continuous piece-

wise polynomials M (Q) is used and m > k > 2. If the initial conditions are taken so that

s = DOiry + | g5 - 0.9 < Con

with some posititve constant Cy independent of h, where § means H'-projection of q, then

the solution q, satisfies:

<
Lo (L2(9))

0
g — anll L2 )y + Ha(q —qn)

<C (hk + ||v V- ( R — ha)HLQ(LQ(Ql)) + ||VV : vvt - VVhl : VV21||L2(L2(91)))

with some constant C' > 0 independent of h.

Lemma 34. Let v € L*(0,T; W' (Q1) N HY(Q1)) and Ri; € L*(0,T; H™ () N H () for

any pair i,j = 1,n. Then, if the mesh for My () is quasi-uniform,
IV - V- (R = Ra, )| 22200y < CO) (5™ + hy |V (0305 = viny vj) 2222 (000)))-

Here C(6) is the same as in Theorem 30, up to some constant positive factor independent of

both 6 and hs.
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Proof. Obviously, [|[V -V - (R —Ry,)|| < C 327, [[Rij — Rijnll2. Further, for each pair i, j

| Rij — Rijnyll2 < || Rij — Iny (Rij)ll2 + [ Rijhy — Tny (Rij) |2,

where Ij, is a piecewise polynomial interpolant into space Mj;?(€21). Then

|Ri; — Iny(Rij)ll2 < Ch5 72| Rijl|my.-

The inverse estimate for the second term gives

| Rijhs — Iny(Rij)ll2 < B M| Rijhg — Ing (Rij) |1,

then
[ Rijny — Iny(Rij)lly < || Rij — Iny (Rij)[l1 + [ Rij — Rijno|l1-
For the first term in the RHS,
|Rij = Iny(Ri)|l1 < Chy | Ryl ms-

Using Theorem 30 in order to deal with the second term, we obtain

|Rij — Rijnsll2 < CO)(RE* 72 + hy ||V (viv; — vy v )]])-
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8.2 BARDINA MODEL

In € for any 0 < ¢t <T" we have

(

|~

0 _Ag=poV-V-R+pVv:Vvl—pV-F,

N

a,

R—CAR=FPAWRIW)+ VRV -—WRW,

W — 02AwW = V.
\

The boundary conditions are:
w=0VY(t,x) € (0,T) x 9y,

R =0Y(ta) € (0,T) x 9,
1
Vg-n+——=gV(tx)e (0,T) x 0.

As in the previous section, we need to make the regularity assumptions first. We are already
assuming that v € L0, T; Wh4(Q;) N HL(Q4)). First, we can solve the third equation for
each time level ¢ on the mesh of size hy < 1, then solve the second equation with w known

on the mesh of size hy < 1 and finally solve the first equation for ¢ on the mesh of size h < 1.

The RHS of the first equation has the double divergence of R, so in order for the RHS to be

of L?(0,T; L*(€)), we can require that R € L*(0,T; H*(Qy) N H3(€4)). This regularity of

R follows from the assumption that w € L*(0,T; W24(Q,) N H} (4)).

The variational formulation for the third equation starts with condition v € L*(0, T; H~*({4)).

For all i = 1,n find w; € L*(0,T; H}(4)) such that

(w;, D) + 6*(Vw;, Vo) = (v;,0) VO € Hy(4),0 <t < T. (8.10)
We can easily obtain the stability result by setting v = w;. Then
lwill* + 0%V wil|* = (vi, wi) < il -1 - w1

There follows

1
il < maz (15—) ol
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So the stability result is

\|WHL4(0,T;H3(QI)) < Cl<5>HV’|L4(0,T;H—1(Q1))>

where

lims_04+C1(0) = 400 and limgs_, 1 ,C1(6) = Cy > 0.

The Finite Element formulation will be as follows. For all i = 1,n find such map w;p, :

[0, T] — M2(€2) that
(Wishg, Bny) + 02 (VWi g, Viny) = (Vinys Ony) Yon, € M2 (1),0 <t < T. (8.11)
Theorem 35. Assume v € L*(0,T; H (1)) and w € L*(0,T; H™(Qy) N HY(Q4)). Then
W = Whs | Loz @)y < CO) (5" + IV = Vi [l 073-100)))

with the same constant C(9) as in Theorem 30, up to some constant positive factor indepen-

dent of both 6 and h.

Proof. The technical details resemble those from the proof of Theorem 30 so we omit them

here and get straight to inequality
[wi — wi |1 < C(8)(in ﬁ;eMmQ(Ql)Hwi — W[}y + Jvi = Vi ll-1),
00

and so

[w; — wip, |lr < CO)(RE2T + |lvi — vip, [|-1)-

Here C(9) is such that

lims_0+C(5) = +o0 and lims_,10,C(J) = +oc.

Lemma 36. Ifn = 2, then

||V Vi ||L4(0,T;H’1(Ql)) < C(p)”V - Vh1||L4(O,T;LP(Q1)) Vp, 1 <p < oo
If n =3, then

||V —Vn ||L4(07T;H71(Ql)) < CHV —Vn ||L4(0,T;L%(Q1))'
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Proof. By definition,

[V = Vi |1 = SUPGeH (Q1)
The Holder’s inequality and then the Sobolev embedding for n = 2 give
(v =vn V) <V =vullr@) - [Vl < CIv =vile@) - V],

where % + é =1 and 1 < q < oo strictly. Constant C' depends on ¢, and we can write this

dependence in terms of p as C' = C(p). Then it’s obvous that

||V - Vh1||—1 < C(p)HV — Vi ||Lp(91)

for any 1 < p < co. If n = 3, then the Sobolev embedding gives

[¥]l 2oy < C@)IVIL
only for ¢ < 6. Set ¢ = 6 and obtain the result of the lemma. O

The variational formulation for the second equation will be as follows. Let v € L*(0,T; L*(Q4))
and w € L*(0,T; Wh*(Qy) N H{ (). For all 4,5 = 1,n find R;; € L*(0,T; H} (1)) such
that

(Rij, 0) + 6*(V Ry, Vo) = —0*(V(wsw;), Vo) + (vv; — wywj, 1) (8.12)

Vo € Hy(),0 <t <T.
The stability result follows from setting 0 = R;;.
|Ri;|I” + 6° |V R;;||* = —6*(V(wiwy), VRi;) + (viv; — wjwy, Rj) <
< 8|V (wiw;)|| - IV Ryl + Jviv; — wiw;|| -1 - || Rl

There follows

1
[ Rijlly < maz (527 ﬁ) IV (wiwy)|| + [Jviv; — wiw]|-1) -
Holder’s inequality and integration in time help obtain

1 Rijll 20,7301 20)) < C(9) <”W||%4(O,T;W174(Ql)) + [lviv; — wz‘ijL?(o,T;H-l(Ql))) )
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where
lims_s0. C1(0) = 400 and lims_,, ,C1() = +o0.
The Finite Element formulation will be as follows. For all 4,5 = 1,n find such map Ry, :

[0, 7] — M'5(Q,) that

(Rijhgs Ony) + 0*(V Rijng, Ving) = —0*(V (Wi, winy ), Ving)+ (8.13)

+ (Vihy Vjhy — Wi hy Wi hys Ong)
ViR, € Mip?(£21),0 <t < T.

Theorem 37. Assume v € L*(0,T; L*()), w € L*(0,T; Wh4(Q,) N HY (1)) and R;; €
L2(0,T; H™ () N HA()). Then

|Rij = Rijns |l r20,msm2 0y < C(0) (R 4 [0i0j = viny vjm L 2200,0 1000+

Fllwiw; — wip,wjnll 20,83 (00)))

with the same positive constant C'(§) as in Theorem 30, up to some constant positive factor

independent of both 6 and hs.

Proof. Similarly to the proof of Theorem 30, obtain
[1Rij — Rijhslli < CO)(infpepsms ol Bij — Rl + lvivy — vipvjn, |1+
00

+Hwiw; — w; pywspy 1),

or

IRi; — Rijnslli < CO) (A5 + [Joiv; — vipy Ui |1 + [[wiw; — wipnywjnl|1)-

Here C(9) is such that

lims_0+C(5) = 400 and lims_, 15, C () = 00.

Similar to Lemma 31, we can obtain
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Lemma 38. Let w € L*(0,T; W'(Q)NH?(Q)NHE (). Also let the mesh for Mig?(£2y),

mo = 2, used for computing wp, be quasi- um'form If for a fixzed p > 1 the error ||v —

Vi || 40,100 (1)) converges no slower than O(hQ) forn =2 or||v—vy, HL4 o118 (@, COTVETYES
no slower than O(h‘*) for n = 3, then for any pairi,j = 1,n

[wiw; — Wiy Wi, 22013 1)) < ClIW = Wiy || Lao,rwra0y))
Proof. Since the trace of w;w; — w; p,wjp, on 08 is zero, the norms | - ||; and ||V - || are

equivalent. Thus the proof of the lemma may be done for the error ||V (w;w; — w; p,w;p,)||
instead of ||w;w; — w; pyw;p,||1-

The idea of the proof resembles that of Lemma 31. It is necessary to require that the
rate of convergence of [|[W — Wy, [|Ls01:m1(,)) Pe no lower than h? Next use Theorem 35
that gives the estimate for [[W — W, || 110, 1;1(0,)) in terms of ||V — v, [|Laorm-1(0,))- This
last error may be bounded, due to Lemma 36, by ||v — v, ||40,7;2r(0,)) With some p > 1
in a two-dimensional case and by ||[v — v, || 6 in a three-dimensional case. The

LA(OTLS (1))
statement of Lemma 38 then follows immediately. O

Remark 39. Let us require in the lemma that w € L*(0,T; Wh(Q,) N H2(Qy) N HY(Qy))
with 2 < ly < my. Let [V — v || 40/m20(00)) converge no slower than O(hy) for some fived

3
p > 1 in a two-dimensional case and let ||[v—vp, || converge no slower than O(h3)

LA(0,T5L8 (Q1))
in a three-dimensional case. Finally, let [y > 3 if n = 3. Then we may obtain in the same

manner as before that

Jwiw; — win,Wjhs L2018 1)) < ClIW — Wy | 230,153 (001

for any pairi,j =1,n

Lemma 40. Let v € LY0,T; H*(C4) N HL(Q4)) and the mesh used for computing vy, be
quasi-uniform. In addition, let v € L*(0,T; L%(Ql)) with some 1 < p < 2 forn =2, and
v € LY0,T; L3(Q)) for n = 3. Then for any pairi,j = 1,n

Hvivj — Vi,h1 Vj,hy HLQ(O,T;H—l(Ql)) < C'HV — Vi HL4(0,T;L2(S21))

with positive constant C = C(p) in a two-dimensional case.
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Proof. Use triangle inequality
[0iv; = Vi n Vi -1 < Nlvilv; = vjp) =1 = [ n, (vi = 0500l -1

For each term the idea is to use Holder’s inequality. The example will be shown for the first

term. By definition,

(vi(v; — Vjn ), D)
19]]1

[vi(vj — vj)ll-1 = supser(ay)
Then
(Ui<vj - Uj,hl)vﬁ) < HUiHL’”l(Ql) ) ij - Uj,hluL’”"?(Ql) ) H@HL‘?(QQ‘ (8'14)

Here % + % =1 and % + % = 1. We want ¢ to be as large as possible. For n = 2 we require
that 1 < ¢ < co. Set pro = 2 and use the Sobolev embedding for the term v to obtain

(0i(v; = vjn,), 0) < Cv]| v = v 119l

2p
LZP (2,

In the end, the result will be

oy = wiatyls < € (I, ) + ¥l ) IV = vl

The way to show boundness of ||vy, HLQLP(Q : is similar to that in case of ||vp, [|w1.4(q,) from
5

Lemma 31. Applying the inverse inequality consequently requires that ||[v — vy, || 40,7:22(0.1)
2(p—1)
converge no slower than O | h; ¥ |, where p is fixed and 1 < p < 2, and that is automatil-

cally guaranteed since the space Myy'(£21) with my > 2 is used for computing the velocity
field Vh,-
If n = 3, then proceeding with (8.14) we can only require that ¢ = 6 in order to use the

5

3 we end up with

Sobolev embedding. Then p = g and after setting ry =
v = Vi Vil -1 < C (VI3 + [Villzs@n) - [V = Vaull-

Again, the boundness of ||V, ||L40,7;03(0,)) requires that ||v — vy, |[z40,r;02(0,)) converge no

1
slower than O (hf), and that is satisfied. The lemma is proven. n
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We present the following lemma without a proof, due to its resemblence to the proof of

Lemma 34.

Lemma 41. Letv € L*(0,T; L*()), w € L*0, T; WH(Q,)NH (1)) and R;; € L*(0,T; H™(Q1)N
H{()) for any pairi,j = 1,n. Then

IV -V (R = R )l 222200 <

< C(8) (M52 + hy' oy — vinyvin 2@ + hs lwiw; — Wip,wjpe| 2 @u))

with the same positive constant C'(§) as in Theorem 30, up to some constant positive factor

independent of both 6 and hs.

8.3 NUMERICAL EXPERIMENT FOR TWO MODELS

The purpose of this section is to provide plots of a simulation using the filtered Lighthill
analogy with both zeroth order van Cittert deconvolution model and Bardina subgrid scale
model. The conditions of the experiment are the following.

The domains used are the same as in section 7.4. It is assumed there are no external

forces acting on the flow in ;. The filtered non-dimensionalized NSE have a form

ov 1
5 +v-Vv+Vp— EAV — V- (2vrD(v)) =0, (8.15)

V.-v=0,

where the Reynolds number is taken as Re = 16.2, D(v) = (Vv + Vv') and vy is the
turbulent viscosity coefficient. The mesh in €2; is the same as it was in 7.3, i.e. it is uniform
and hy; ~ 0.028. Thus set the filter cutoff width 6 = 0.028. Let v be a constant. Practically,
this trivial model is not used in real applications, [35], since it reduces turbulent flows to a
laminar one, but we are using it in this section due to simplicity for the purpose of acoustic
simulation. Following [35], choose vy = 6% = 0.000784. The non-dimensionalized filtered
wave equation is
0%q

MQﬁ—Aq:VV:Vvt%—V-V-R
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and is given with the boundary condition on 0f2

Jdq
M—+Vqg-n=0.
" qg-n=20

The Mach number M = 0.075. As in 7.4, the initial condition for the filtered velocity is

0 —1
vo=36.73-(0.33 — r) - T,
1 0

The Finite Element used for the filtered NSE is Taylor-Hood element. For time integration
from ¢t = 0 to t = 0.6 the same Stabilized Extrapolated Backward Euler is used as in 7.4,
with the time step At = 0.005.

After each time step, the Poisson problem (8.9) is solved for van Cittert model or two
Poisson problems (8.11) and (8.13) are solved consequently with obtained vj, as an input
data. The pictures with plots of components of tensor Ry, are presented below for both
models. For the Bardina model, the plot of the twice filtered velocity wy, is presented.

For the wave equation we use the same second order in time scheme in €2 presented in
chapter 4, starting with homogeneous initial conditions. Also, piecewise quadratics are used
on the uniform mesh of size h ~ 0.028. Pictures of the filtered pressure fluctuation are
presented for the final time level t = 0.6, for both models.

Additionally, pictures 30-32 show the subgrid scale tensor for van Cittert model with the
same collection of values of isolines as for Bardina model from pictures 25-27. The empty

spaces are those not included in the interval of values for the case of Bardina model.
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IsoValue
Ml -5.78734¢-006

Ml -4.93525¢-006
Ml -4.16483¢-006
M -3.30442¢-006
M -2.624e-006

M -1.55358¢-006
M -1.08316¢-006
Ml -3.12745¢-007
M 4.57673¢-007
M 1.22809¢-006
M 1.99851¢-006
M2 76893¢-006
M 3.53935¢-006
M 4.30976¢-006

~— M508018¢-006

Ml5.8506¢-006

Figure 21: The subgrid scale tensor component Rj; in €2; at time ¢ = 0.6, van Cittert
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IsoValue
Ml -5.74435¢-006

M -2.72113¢-006
M -2.11649¢-006
l-1.51184e-006
W -9.07198¢-007
Il -3.02554¢-007
W 3.0209¢-007
W 9.06734¢-007
1511380006
M 2.11602¢-006
M 2.72067¢-006
M 3.32531¢-006
M 3.92995¢-006
M4 5346¢-006
W 5.13924¢-006
Ml 5.74388¢-006
\.

Figure 22: The subgrid scale tensor component Ry = Ry in €2y at time ¢ = 0.6, van Cittert
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IsoValue
M -5.79172¢-006

Ml -4.93341¢-006

16175e-006

M -2.61843¢-006
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in ; at time ¢ = 0.6, van Cittert

Figure 23: The subgrid scale tensor component R
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Vec Value

Mo

.00649651

Mo0.00324825
.- 0.00360917
. Mo.00397009
Mo.00469192
M o.00505284
M o0.00541376
M o.00577467
M 0.00613559

\

Mo.00180459
" Mo.o021655
Mo.00288734

- Mo.00252642
Mo.004331
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IsoValue
Ml 156397¢-007

M 1.72037¢-006
M 2.03317¢-006
W 2.34596¢-006
M 2.65876¢-006
W 2.97155¢-006
Ml 3.28435¢-006
Ml 3.59714¢-006
Ml 3.90994¢-006
W 4.22273¢-006
4 53553¢-006
4. 84832¢-006
M 5.16112¢-006
W 5.47391¢-006
W 5.78671¢-006
M 6.0995¢-006

Figure 25: The subgrid scale tensor component Ry, in §2; at time ¢t = 0.6, Bardina
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IsoValue
-1 56529¢-006

-7.40014e-007
M -5.76038¢-007
Ml -4.11162¢-007
Ml -2.46287¢-007
Ml -5.1411e-008

W5 34647¢-008
W 2.4834¢-007

Ml 4.13216e-007
M5.78092¢-007
W7.42967¢-007
W 9.07843¢-007
W 1.07272¢-006
\ M 1.23759¢-006
W\ W 1.40247¢-006

\
|
\ M 1.56735¢-006 |
\ \\\\ ~——— —/ )
\
\ ‘

Figure 26: The subgrid scale tensor component Ris = Ry in §2; at time ¢t = 0.6, Bardina
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IsoValue
Ml 1.56494e-007

W 1.72144e-006

M 2.03442¢-006

W 2.34741¢-006

M 2.6604e-006

M 2.97339¢-006
— l3.28638¢-006

M 4.22534¢-006

Ml 3.59937¢-006
Ml3.91235¢-006

g

-006

M4 85132¢-006

4 53833¢-006
Ws5.16431e

006

M6.10327¢

in ; at time ¢ = 0.6, Bardina

Figure 27: The subgrid scale tensor component Ry
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IsoValue
M -0.0292973

00284499
b l-0.0282058
M -0.0281417
M -0.0279876
M -0.0278336
M -0.0276795
W -0.0275254
W -0.0273713
-0.0272173
W -0.0270632
M -0.0269091

-0.0266009
4 M-0.0264469
0260617

i

Figure 28: The filtered acoustic pressure field in € at time ¢ = 0.6, van Cittert
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IsoValue
W -0.0274672

Ml -0.0268162
§ W-0.0266078
M -0.0265795
M -0.0264611
W -0.0263427
W -0.0262244
Ml -0.026106
l-0.0250877
Y Ml -0.0258693

M -0.0257509
- W.0.0256326
0.0255142
-0.0253958
Y M-0.0252775
0249816

Figure 29: The filtered acoustic pressure field in €2 at time ¢ = 0.6, Bardina
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IsoValue
Ml 156397¢-007

M 1.72037¢-006
M 2.03317¢-006
W 2.34596¢-006
M 2.65876¢-006
W 2.97155¢-006
Ml 3.28435¢-006
Ml 3.59714¢-006
Ml 3.90994¢-006
W 4.22273¢-006
4 53553¢-006
4. 84832¢-006
M 5.16112¢-006
W 5.47391¢-006
W 5.78671¢-006
M 6.0995¢-006

Figure 30: The subgrid scale tensor component Ry; in €y at time ¢t = 0.6, van Cittert
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IsoValue
-1 56529¢-006

W -7.4094e-007

M-4.112¢-007

M -2.4633e-007
M -5.146e-008

M s.341¢-008

W 2.4828¢-007

M 4.1315¢-007

W5 .7802¢-007

W7.4289¢-007

M o.0776e-007

M 1.07263¢-006
M 1.2375¢-006
M 1.40237¢-006

Figure 31: The subgrid scale tensor component Ry, in 2y at time ¢t = 0.6, van Cittert
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IsoValue
Ml 1.56494e-007

W 1.72144e-006

M 2.03443¢-006

W 2.34742¢-006

M 2.66041¢-006

M 2.9734e-006

M 3.28638¢-006

Ml 3.59937¢-006

Ml3.91236e-006

4225350006

4 53834¢-006

M4 85133¢-006

Wl 5.16432¢-006

W 5.47731¢-006
Wl 5.7903¢-006

Figure 32: The subgrid scale tensor component Ry, in €2y at time ¢t = 0.6, van Cittert
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9.0 CONCLUSION AND FUTURE PROSPECTS

The main results of this thesis may be summarized as follows.

e The semidiscrete scheme for the Lighthill analogy was introduced and analyzed in case
of the Direct Numeical Simulation. The stability and convergence were proven for the
case of regular enough source term.

e Analogous result was shown for the fully discrete scheme.

e The numerical results agreed with the mentioned theoretical predictions.

e Analysis of the negative Sobolev norm of the solution error was performed for the semidis-
crete scheme.

e The semidiscrete scheme for computing the fluctuation of velocity was presented and
analyzed.

e Two methods for computation of the sound power were introduced and fully analyzed
for the semidiscrete case. Both methods were supported by numerical expertiments.

e A method for bounding the sound power using only the fluctuation of pressure was given
and analyzed.

e The Large Eddy Simulation for the Lighthill analogy was presented as two models, these
are the zeroth order van Cittert deconvolution model and Bardina model. Both were

analyzed and checked numerically.

The presented work gave the rigorous numerical analysis of noise generation in the most
trivial case, that is turbulence driven by given forces in infinite space with no walls. Future
work is to be directed toward solving more practical problems. These include the noise
generated by jet planes, single wind turbines and complex wind farms and blood flows.

In general, the boundary conditions for the fluctuations of pressure p’, equation (1.1), are

110



different for these problems and involve such phenomena as absorbtion and reflection. More
on the engineering aspects of the wind turbine noise may be found at [64].

The obvious consequent problem is the noise control. Assuming the driving forces and
the boundary conditions involve control functions, we need to present criterions for desired
broadband noise levels. This problem requires results of the general control theory for the
wave equation.

Also, the Large Eddy Simulation offers other subgrid scale models for the noise research.
These could be higher order van Cittert deconvolution models or Lius subgrid scale model,
[39], given by the equation

R=045- (VO vV —-v®Y),

where ~ denotes a filter at scale 25. According to [59], Lius model recovers a little better

results than Bardina model.

9.1 THE RESEARCH OF THE NOISE GENERATION IN THE
NON-INERTIAL FRAMES

The research of the non-inertial effects in the noise generation, caused by motion of the frame
of reference, represents a particular interest in the aerodynamic noise research. This research
was aslo pioneered by Lighthill, [36]. This may be used, for example, in the research of the
noise generated by wind turbines, where we may consider the rotating blades as a moving
frame of reference. If the frame of reference is moving with non-zero acceleration, then the

NSE in that frame have a form

ou 1
e +u-Vu—rvAu+ p—Vp+2[C,u] +[¢,[¢,r]] + [e,r] = g — a,
0
where ( is the angular velocity of the reference frame, € is the angular acceleration and r is the
radius-vector from the origin of the frame. a is the acceleration of the origin of the frame of

reference and g is the gravity acceleration. The last three terms on the LHS are the Coriolis

force, the centrifugal force and the Euler force respectively. The non-dimensionalization of
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this equation gives, beside the Reynolds number Re and the Froude number Fr, the Rossby

number Ro, given by the formula

where U is the characteristic velocity and L is the characteristic length of the low domain.
The general purpose is to answer the following question: if the velocity of the flow is being
computed in the non-inertial frame, for what range of Ro can we neglect the fictitious forces
when evaulating the sound power arising from the solution of the Lighthill analogy? In other
words, if the sound powers for two cases, one containing the inertial forces and the other

not, are not significantly different, then the velocity field may be sought from the equation

1
@—Fu-Vu—yAqu—Vp:g,
ot Po

which is a great simplification of the previous model.
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