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THE CARTAN-WEYL CONFORMAL GEOMETRY OF A PAIR OF
SECOND-ORDER PARTIAL-DIFFERENTIAL EQUATIONS

Kiplin Perkins, PhD

University of Pittsburgh, 2006

Abstract: We explore the conformal geometric structures of a pair of second-order
partial-differential equations. In particular, we investigate the conditions under
which this geometry is conformal to the vacuum Einstein equations of general rela-
tivity. Furthermore, we introduce a new version of the conformal Einstein equations,

which are used in the analysis of the conformal geometry of the PDE’s.
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1.0 INTRODUCTION

In late 1915, Einstein introduced his theory of general relativity (GR), which de-
scribed gravitation in terms of the curved geometry of space-time. Only a few months
after its publication, Schwarzschild discovered the first exact solution to Einstein’s
field equations, the Schwarzschild solution, which paved the way for the theory of
black holes. In the intervening 90 years, GR has had considerable success in multiple
branches of physics and mathematics. Some of the many topics explored using the
theory are the solutions of the field equations, gravitational waves, the formation of
galaxies, the formation of stars and black holes, quantum theories of gravity, and the

origin of the universe.

Another branch of research in GR has been the study the geometric structure of
the field equations. Because these equations are a set of 10 complicated, non-linear
partial differential equations, they are, in general, rather difficult to analyse. Thus,
many different techniques and concepts have been developed to aid in their analysis.

One idea in particular, conformal transformations, is used through-out this work.

Conformal transformations are transformations that preserve angles. They have
many applications in physics and mathematics, e.g., the study of solutions to La-
place’s equation in 2 dimensions. Another common application is cartography: on

a city’s map, the lengths of the streets have been rescaled, but the relative angles



between the streets have been preserved.

In GR, conformal transformations are obtained by multiplying the metric tensor
by a positive scalar function (the conformal factor) to obtain a new, conformally-
related metric. Since metrics are used to measure distance, the effect of a conformal
transformation is a rescaling of space-time. The rescaling can either be an expansion
or a contraction.

One of the major successes of conformal transformations in GR has been the
study of conformal infinity [21], [3]. In this case, one is interested in the “fall-off”
behaviour of physical quantities (e.g., solutions to the field equations) as they are
extended to infinity. In general, the limit procedures are very complicated. One
can simplify the issue, however, by using a conformal transformation to rescale the
infinite boundary of space-time to a finite, conformal boundary. Then any asymptotic
properties of interest are more easily found at this finite boundary.

Conformal transformations of the metric raise a natural question: what are the
properties of the Einstein field equations under a conformal transformation. This
issue, first raised in the context of null infinity, has found many related applications,
such as the numerical evolution of space-time for simulations [3]. In particular, we
will be concerned with the conformal transformations of the vacuum (i.e., source-
free) Einstein equations, which are a set of differential equations for the metric.
If the metric is conformally transformed, however, the conformal vacuum FEinstein
equations are (in the standard form) differential equations for the metric and the
conformal factor. These conformal field equations, containing the conformal factor,
have been extensively studied [3], [4].

In general, an arbitrary metric will not satisfy the Einstein equations, i.e., it
will not be an Finstein metric. One can ask, however, if there exists a conformal

factor that transforms this metric into a new metric that does satisfy the Einstein



equations. If such a conformal factor exists, then it and the original metric must
satisfy the conformal Einstein equations. In other words, this metric is conformally
Einstein.

In this work, one of our objectives will be the introduction of a new version of the
conformal Einstein equations which does not explicitly contain the conformal factor.
Thus, this version is a set of differential equations solely for the conformal metric; the
conformal factor is contained in a set of auxiliary differential equations. Therefore,
one can use these field equations to determine whether a given metric is conformally
Einstein without having to consider the conformal factor. The field equations only
determine whether this factor exists. If information about it is needed, one then uses
the auxiliary equations that contain the factor.

As an application of this new version of the conformal field equations, we explore
the Cartan-Weyl geometry of differential equations. Geometric methods have been
used to study differential equations and their solutions since the 1930’s [1], [2]. For
most of the time since then, this analysis has essentially been mathematical in na-
ture. Beginning in the early 1980’s [16] - [17], however, and considerably expanded
upon in the 1990’s, Frittelli, Kozameh, Newman, et al. [6] - [10] demonstrated that
when a certain condition, known as the Wiinschmann condition (23], is satisfied,
the 4-dimensional solution space of a pair of second-order partial-differential equa-
tions (PDE’s) naturally contains a conformal Lorentzian metric. In other words, the
solution space of these PDE’s can be interpreted as a conformal space-time.

In this picture, the conformal metric is constructed as a functional of the inhomo-
geneous functions of the PDE’s. Thus, all other geometric quantities (the connection
and the curvatures) are also functionals of these functions. This raises two issues,
which will be explored in detail in this work. First, what are the explicit forms of

these quantities in terms of the inhomogeneous functions. And second, what further



conditions on the inhomogeneous functions are needed in order to make the metric
constructed from them conformally Einstein.

These issues have been partially addressed using the standard form of the con-
formal Einstein equations [8] - [9], which explicitly contains the conformal factor,
and by considering the simpler case of 3-dimensional space-times [11] - [12]. Our
objective here is to 1.) fill in the details of the construction the geometric quantities
in 4 dimensions, namely the Weyl connection and the Cartan curvatures; and 2.) use
our new version of the conformal Einstein equations to analyse this geometry.

This work is organised in the following way. In chapter 2, we briefly present the
vacuum Einstein equations and some of their geometric structures. We also present
an alternate, non-standard form of the vacuum Einstein equations. Next, in chapter
3, we begin by reviewing conformal transformations of the metric and the associated
curvatures. We then construct three versions of the conformal Einstein equations,
the last being our new version, which does not contain the conformal factor. Then, in
chapter 4, we give an over-view of the null-surface formulation (NSF) of a conformal
Lorentzian metric. This introduces the notion of constructing a metric in terms of the
inhomogeneous functions of a pair of PDE’s. Also in that chapter, we first encounter
the Wiinschmann condition, which is the condition for the existence of a conformal
metric on the space-time (i.e., the solution space of the PDE’s). After reviewing
some of the details of the NSF, we change the context of our discussion in chapter 5
to the pair of PDE’s and their conformal geometry. In that chapter, we examine the
geometry (the metric, the connections, and the curvatures) in a fairly general and
technical manner. The purpose of this, as we have said, is to fill in many gaps in the
development of this geometry. Accordingly, much of the work in that chapter is new.
Furthermore, we will derive the Wiinschmann condition from a very different point

of view compared to its derivation in the NSF. Lastly, in chapter 6, we apply our



new version of the conformal Einstein equations to the Cartan-Weyl geometry of the
PDE’s. In particular, we present an outline for how one finds the conditions on the
inhomogeneous functions of the PDE’s that make the metric conformally Einstein.
The work discussed in chapter 6 is new, as is most of the work in chapter 5 and

section 3.3.



2.0 THE VACUUM EINSTEIN EQUATIONS

In this preliminary chapter, we briefly discuss the vacuum Einstein equations and
some of their features. Beginning in section 2.1, we define the necessary curvature
tensors and their identities on a standard space-time manifold. Then, in section 2.2,
we discuss the standard version of the vacuum Einstein equations and introduce an

alternate form.

2.1 DEFINITIONS OF THE CURVATURES

We begin with a standard four-dimensional space-time M which has a metric g, and

a metric connection V., which has the property

vc Gab = 0 . (21)

Using this connection, the Riemann curvature tensor R4 is given by

(Ve Vi — VgV )V = R gV | (2.2)



for an arbitrary vector V. From the definitions of the Riemann tensor and the

metric connection, it follows that the Riemann tensor has the symmetries

Rabcd = R[ab] led] (23)
Rabcd - Rcdab ) (24)
Rafpeq) = 0 (Bianchi symmetry) (2.5)

where Rjpeq = %(Rabcd + Rocap + Radve). Rapea also satisfies the Bianchi identity,

1
0= V[aRbc}de = g(VaRbcde + Vi Rewae + VCRabde) (Bianchi identity) . (26)

From the Riemann tensor and the metric, the Ricci tensor Ryq, the Ricci scalar

R, the Schouten tensor P, , and the Schouten scalar P are defined as

Ryq = gaCRabcd ) (2'7)
R =q¢®Ry , (2.8)
1 1
Pa = Sdilab — 75 a ) 2.
b 2R b 1239 b (2.9)
1
P =g"P,= o (2.10)

Using Eqs (2.4) and (2.7), it is clear that the Ricci tensor, and, thence, the Schouten

tensor are symmetric:
Rab = R(ab) s Pab = P(ab) . (211)

Remark 2.1.1. From its definition, one sees that the Schouten tensor contains the
same information as the Ricci tensor. We will find this fact useful in simplifying
many of our subsequent expressions (as we see in the definition of the Weyl tensor,
below) and in connecting the tensor language of the Einstein equations with the

p-form language of the Cartan construction found in chapters 5 and beyond.



The Weyl curvature tensor Cgypeq is defined as
Cabed = Ravea — 2P c9ap + 2BycGda - (2.12)

From its definition, the Weyl tensor inherits the symmetries of the Riemann tensor:

Cabed = Clavjlea) (2.13)
Cabcd = Ccdab ’ (214)
Ca[bcd] =0 . (215)

In addition, it is completely traceless,
gac abed — 0 . (216)

At this point, it will be useful for us to restrict our attention to so called generic

metrics, which are defined by the properties:

V%Cuwea =0 = V*=0 ,
HCpy =0 = HY=0 | (2.17)

T(ac),TFCabcd =0 = T(ac),TF =0 ’

where V¢, Hl®¥ and T(@):TF are arbitrary, and the trace-free tensor 7(*>TF is defined
by

1
T(ac)’TF — Tac _ ZTvgac . (218)

Since this restriction only excludes a few members of a small class of metrics (the
algebraically special metrics), we have not lost much generality. The above properties
of generic metrics will be used in the proofs of several important theorems in the this

chapter and the next.



2.1.1 The Contracted Bianchi Identities

Taking two consecutive traces on the Bianchi identity yields the contracted Bianchi

wdentities. They are, respectively,

VRepea = VeRay — VaRe (2.19)

1
V'R =35VaR . (2.20)

Using Eqgs (2.12), (2.9), and (2.10), the contracted Bianchi identities can be re-written

in terms of the Weyl and Schouten tensors:

VCeeid = VePyy —ViPy (2.21)
VP = VP | (2.22)

Clearly Egs (2.19) and (2.21) have the same form, as do Eqs (2.20) and (2.22). Under
a conformal transformation, however, the left-hand side of Eq (2.21) is much simpler
than that of Eq (2.19). (See section 3.1, Eq (3.18).) Therefore, we will often use the

second set of the contracted Bianchi identities, 7.e. those that contain C,;.q and P,,.

2.2 THE EINSTEIN EQUATION

The (vacuum) Einstein equations are
1
Ray — égabR + Agab =0 , (223)

where A is the cosmological constant. A metric that satisfies these equations is said

to be an FEinstein metric.



From the trace of Eq (2.23),

A=-R |, (2.24)

and, thus, the Einstein equations can be re-written as

R:{I)F = Rab - _gabR =0 s (225)

where RLF is the trace-free part of Ry,. Thus, for an Einstein metric, the Ricci

tensor is given as

1
Rab = ZRgab . (226)

Remark 2.2.1. If one takes the cosmological constant to be zero,

A=0 | (2.27)

then the Ricci tensor vanishes, R = 0, and the Einstein equations are simply

Ryp=0 . (2.28)



2.2.1 The Yang Equation and C-Space

According to Eq (2.24), R = 4\ = constant for Einstein metrics. Thus, the covariant
derivative of Eq (2.26) yields

VR = ivc(gabR) =0 ; (2.29)
or, terms of the Schouten tensor,
VePyp=0 . (2.30)
Therefore, for Einstein metrics the contracted Bianchi identity, Eq (2.21), is
Yoea = VCebea =0 . (2.31)
The tensor Yj.s has 16 components and is known as the Yang tensor. The 16
equations Y,.q = 0 are the Yang equations, and from their definitions, they are

clearly necessary conditions for the metric g, to be Einstein. They are not sufficient,

however, since the substitution of V¢Clepq = 0 into Eq (2.21) only implies
V.Py =V4Py; . (2.32)

This equation is not sufficient to have R, = iRQab-
A metric that satisfies the Yang equations defines a C'-space [18]. Since the Yang
equations are necessary but not sufficient for a metric to be Einstein, it follows that

Einstein spaces are subsets of C-spaces [18].

11



2.2.2 An Alternate Form of the Einstein Equations

As we have seen, the Yang equations, Y . = VCewe = 0, are not sufficient for
a metric to be Einstein. To gain sufficiency, metrics need to also satisfy another

condition, namely the vanishing of the Bach tensor By,
1
By, = VVCopea + §Rca abed - (233)

[ts vanishing, By, = 0, is called the Bach equations.

Theorem 2.2.1 (Kozameh, et al. [18]). The Yang- and Bach equations are nec-
essary and sufficient conditions for a generic metric to be Finstein (i.e., generically
FEinstein):

Y;Lbc =0 s 1
Jap 18 generically Finstein < = Ry = ZRg“b . (2.34)

By =0
Proof. The proof follows the work of [18]. We begin by showing that the pair (Y. =
0, Bap = 0) is necessary for all Einstein metrics. We have already shown that if a
metric is Einstein, then the Yang tensor must vanish. Since the first term of the
Bach tensor is just a derivative of the Yang tensor, it too must vanish. Moreover,
using Eq (2.26), the second term of the Bach tensor is

1
RcaCabcd - ZRgcaCabcd =0 ; (235)

where we have used the trace-free property of the Weyl tensor, Eq (2.16). Therefore,
the vanishing of the Bach tensor is necessary for a metric to be Einstein.

Before showing that the pair (Y. = 0, By = 0) is sufficient, we demonstrate
the insufficiency of each member of the pair. We have already seen that Y,,. = 0

alone is insufficient. In fact, the insufficiency of B,, = 0 follows a similar argument:

12



the vanishing of B, only determines that V¢VC ey = —%RCGC’ade, which, in turn,
does not imply that R, = %Rgab. Therefore, at least both the Yang tensor and Bach
tensor must vanish in order to have sufficiency.

To show sufficiency, begin with the pair

0 =Yue =VCobed , (2.36)

1
0= By = VVCopea + iRcaCade . (237)

Since the Yang tensor vanishes, the first term of the Bach tensor vanishes identically.
Thus, the vanishing of the Bach tensor becomes

1
0= Rcacabcd = (RCGJ,TF + ZRgca)Cabcd - Rca’TFOabcd ; (238)

where we have again used the trace-free property of the Weyl tensor and the definition

of RIF given in Eq (2.25). Restricting our attention to generic metrics,

R Cwea =0 = R*™ =0 = g, Iis generically Einstein . (2.39)

O

Therefore, presuming that we have generic metrics, as defined in Eq (2.17), the

set of conditions
Yie =0
” (2.40)
Bpa =0
is an alternate, though non-standard, form of the Einstein equations. These condi-

tions are actually the integrability conditions of Eq (2.26),

1
Rab = ZRgab ) (226)

13



which ensure the existence of solutions, namely generic Einstein metrics. Although
these integrability conditions are useful in the study of differential equations, they are
not of much interest to physicists. One normally either begins with a specific metric
(or class of metrics) and then imposes the Einstein equations on that metric, or one
begins with the Einstein equations for a specific (class of) Ricci tensor and then
attempts to solve for the appropriate metric solutions. In either case, the conditions
(2.40) are not generally needed for these procedures.

The conformal transformations of Eq (2.26), however, are particularly interest-
ing, as they arise naturally from physical considerations. We will demonstrate this
physical perspective in a later chapter. First, we define and briefly explore conformal

transformations in the following chapter.

14



3.0 CONFORMAL TRANSFORMATIONS

In this chapter, we introduce and discuss the idea associated with conformal trans-
formations. In section 3.1, we define conformal transformations applied to metrics
on the space-time and then apply it to the curvature tensors of the previous chapter.
Next, in section 3.2, we transform the Einstein equations and the pair of Yang-
and Bach equations, from which we obtain two versions of the conformal Einstein
equations. Finally, in section 3.3, we introduce a new version of the conformal

Einstein equations.

3.1 THE TRANSFORMATION OF THE METRIC AND THE
CURVATURES

Basically, the idea of a conformal transformation is a transformation that preserves

angles, i.e., a metric gq is the conformal transformation of g, if
gab - €2¢gab (31)

for some arbitrary smooth scalar function ¢, called the conformal parameter. Fur-

thermore, by requiring that

g Gep = 516; =9 Geb , (32)



one also has that

gab — e—2¢>gab ) (33)

Remark 3.1.1. One can also give a conformal transformation as

gab - Qanb 5 (34)

where 2 is called the conformal factor. By comparing the above equation with Eq
(3.1), the conformal-parameter and factor are clearly related by ¢ = In 2. Through-
out this work, we will actually use both versions of conformal transformations. After
the following comment, however, we will only use the version given in Eq (3.1) for

the remainder of this chapter

Remark 3.1.2. In addition to depending on the the space-time coordinates x®, the
function Q (or, equivalently, ¢) can, in general, depend on other parameters. In
particular, in chapters 4 and 5, we will be investigating the conformal transformations

of the form
gab ($a) - [Q (xaa S, S*)]zgab ('xaa S, S*) ) (35)

where the parameters (s, s*) are the complex stereographic coordinates on the 2-

sphere.

For an arbitrary vector V', the two metric connections of Eq (3.1) are related
by
@Cva = vcva + Xa bcvb ) (36)

16



where

Xabe = JabPe — JoePa + GeaPo (3.7)
and
Ga = b0 =Vad=Ved=0.0 . (3.8)
In particular,
Vegab =0 , Vegap =0 | (3.9)
and
Vegab = —20c gab - (3.10)

From Eq (3.6) and the definition of the Riemann tensor, Eq (2.2), one can con-

formally transform R® ;.4 to obtain

~

R peqa = R" ped

+ 2 (0L.0a s — Goicdad” + Vdie0g — Vdiegay — Pt 0fgap)

(3.11)

Then, from Egs (3.3), (2.7), (2.8), (2.9), and (2.10), the conformal transformations

of the Ricci tensor, etc. are

Rap = Rap + 200 — 2Vadp — ga (200 + V&e) (3.12)
R =e{R—6(V6 +00.)} : (3.13)
Py = P+ un — Vs — 306, , (3.14)
P = e P =V — ¢} : (3.15)

Since the connections V, and V, are torsion-free,

Vafo=Vafa (3.16)

17



for some arbitrary smooth function f, the conformal Ricci- and Schouten tensors are
symmetric.

From Eq (3.11) and the definition of the Weyl tensor, Eq (2.12), it is straight-
forward to show that, given the appropriate index position, the Weyl tensor is con-

formally invariant,

A

C%ed = C%ea - (3.17)

Thus, using Eqgs (3.6) and (3.7), it is easy to compute the conformal Yang tensor,

Y/;)cd = ﬁaéa bed = vaca bed T ¢a0a bed = YE)cd + gbaca bed - (318)

The vanishing of f/},cd is important for obtaining one version of the conformal
Einstein equations. In fact, as we will see in Section 3.3, it plays a central role in

the development of the third, new version.

3.2 PREVIOUSLY KNOWN VERSIONS OF THE CONFORMAL
EINSTEIN EQUATIONS

In this section, we encounter and briefly discuss two known versions of the conformal
Einstein equations. The first version is very well known, while the second is less
known. Each of the two versions is a set of equations containing the metric g,, and
the conformal factor ¢. We will expound upon this important point below. For
comparison, in Section 3.3 we will discuss a new version of the conformal Einstein

equations that does not explicitly contain ¢.

18



3.2.1 The First Version of the Conformal Einstein Equations

Suppose that a metric g, is Einstein:
R = R, — }leab -0 . (3.19)
Now, using Eqs (3.12) and (3.13), the inverse conformal transformation of RTF is
RIF = RI — 2Vt + 20060+ 500 (V6. — 6°6.) (3.20)
thus, we have our first version of the conformal Einstein equations,
0 =R — 2V, + 2005 + %gab (Vepe — ¢°¢c) (3.21)

The above equation is the first, and most well known, version of the conformal
Einstein equations. It has been extensively used to study null-infinity [20], [3] and
gravitational radiation [3], [4].

It is important to point out that this version of the conformal Einstein equations
is a set of equations for both the metric g, and the conformal factor ¢. If one is
given an arbitrary metric g, a priori, then, in general, it will not be Einstein. One
may wonder, however, if there exists a conformal factor ¢ so that the conformal
transformation of g, is Einstein. In general, such a ¢ will not exist. If it does exist,
then the pair (gq , ) must satisfy (3.21). In this case, the metric g, is conformally
Einstein, and, in general, the equations (3.21) can be solved for both ¢ and the g,

19



3.2.2 The Second Version of the Conformal Einstein Equations

To obtain the second version of the conformal Einstein [18], one simply conformally
transforms the set of conditions (Y. =0, By = 0), which are equivalent to the
vacuum Einstein equations. We begin by transforming the Yang- and Bach tensors,
and, then, we impose the vanishing of these conformally transformed equations.

In terms of the “unhatted” V, and C®.4, the conformal transformations of the

Yang tensor Y. and the Bach tensor By, are

}A/bcd - Y;)cd + ¢a0a bed — vaC«I bed T gbaca bed > (322)
N 1
Bab = 672¢<Bab) = 672¢(chaca bed + §Rc aC’“ bcd) . (323)

From theorem (2.2.1), we have that if g, is generically Einstein, then

A

Yabc =0
(3.24)

Bbd :0

Therefore, the second version of the conformal Einstein equations is obtained by

setting the right-hand sides of Eqgs (3.22) and (3.23) equal to zero:

O = Vaca bed + ¢a0a bed
(3.25)

0=VNV,C%eq + %Rc aC% bed

20



3.3 THE NEW VERSION OF THE CONFORMAL EINSTEIN
EQUATIONS

Recently, it was observed that one can construct the conformal Einstein equations
without explicit use of the conformal factor ¢ [14]. This is done by combining the
first version of the conformal Einstein equations with the conformal Yang equations

from the second version, namely

0= Ry} — 2V + 20,0 + %gab (Vo — ¢°¢c) (3.26)

0= VQO“ bed + ¢a0a bed . (327)

The idea is as follows. First, one somehow solves the conformal Yang equation
for the components of the ¢, gradient, which determines them as functions of the
Weyl tensor. Since the Weyl tensor is itself a function of the metric, the ¢, are then
functions of the metric, ¢, = K,[gas). The next step is to replace the ¢, of Eq (3.26)
with the K,, thereby obtaining equations involving only g, and its derivatives.

The difficulty with this method lies in how one actually solves all the conformal
Yang equations for ¢,. To illustrate this point, we present two different methods
for doing so. The first method seems elegant at first, but it then becomes fairly
messy. Worse, it has been incorrectly used by a few authors [18], [14] to obtain a
set of ¢, that did not satisfy all of the conformal Yang equations and was not a
gradient. The second approach is simply straight-forward algebra and is manifestly
correct by construction. Both of the approaches will depend on certain properties of

the conformal Yang equations, which we now discuss.
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3.3.1 Some Properties of the Conformal Yang Equations

In this subsection, we show how one counts the components of the Yang tensor. We
then follow with two theorems about the uniqueness- and gradient properties of any

vector V,, that satisfies the equation
ValC%%ea + ViC%ea =0 . (328)

A. Components of the Yang Tensor
The Yang tensor Yy.q = V,C%pq has 16 independent components, as the following
demonstrates:

First, from the skew-symmetries of the Weyl tensor, it follows that
chd = §/b[cd} . (329)

Since we are in four dimensions, the skew-index pair [cd]| has six components, and
the remaining index b has four. Thus, at most the Yang tensor has 6 x 4 = 24

components. Next, from the symmetry Cqpeq) = 0, we have
Yibeqg =0 . (3.30)

This gives rise to four equations — from the non-trivial skew-index sets [012], [013],
[023], and [123] — which constrain four components of Yj.q to be linear combinations
of the other 20. Finally, the Yang tensor also inherits the trace-free property of the
Weyl tensor,

9" Voea =0 (3.31)

which, from the four choices of ¢, yields four additional constraint equations for four
components. Therefore, the Yang tensor has 16 independent components and eight

dependent components, which are linear combinations of the other 16.
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Using the Eqs (3.30) and (3.31) we can determine, in a non-canonical fashion,
the eight dependent components of the Yang tensor. The following table represents
one possible choice of these dependent components. In the table, we list the 24 val-
ues of the Yang tensor’s index set {bed}. The index values that represent the eight

dependent components of Y;.4 are crossed-out.

001 | 101 | 201 | 301
002 | 402-| 202 | 362
003 | 463-| 203-| 303
02- | 112 | 212 | 342
03-| 113 | 243-| 313
023 | 123 | 223 | 323

Table 3.1: Index values of Y;.4. Slashed entries represent dependent components.

B. Theorems on the Conformal Yang Equations
We now present two important theorems about vectors V, that satisfy the 16 equa-

tions

VQC“ bed T+ V;Ca bed = 0 . (332)

These equations have the same form as the conformal Yang equations, but there is
an important difference: the conformal Yang equations are defined with a gradient
0o = V,¢, while the above equations are defined with an arbitrary vector V,. The
following theorems, however, prove that if there exists a vector V, that satisfies the
above equations, then, with the assumption that the metric is generic, the vector is

unique and is a gradient. Therefore, given a generic metric, the above equations are
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tdentical to the conformal Yang equations.

Theorem 3.3.1 (Kozameh, et al. [18]). Given a generic metric, a vector V, that

satisfies the 16 equations

ViC%ed + VaC%ea = 0 (3.33)

15 mecessarily a gradient.

Proof. From the contracted Bianchi identities and the properties of the Riemann

tensor, it is straight-forward to show that

V'Vl =0 (3.34)

where V, is a torsion-free connection. Thus, taking V° of Eq (3.33) and rearranging
indices yields

VEVICea =0 | (3.35)

where we have used the fact that Copea = Clayjjeq) - Since we have assumed a generic

metric, we have, from Eq (2.17),

vhyd —o . (3.36)

Therefore, because V, is torsion-free, we have that V, must be the gradient V,f of

some smooth function f. ]
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Theorem 3.3.2 (Gover, et al. [14]). The vector V, that satisfies Eq (5.33) is

unique.

Proof. The proof is by contradiction. Recall that for a generic metric,
VaCa bea=0 = V,=0 . (337)

Now, suppose that we have two different vectors V,, and V., that satisfy Eq (3.33):

0=VoC%q+ValC%%ca (3.38)
0=V, C%a + ‘A/aca bed - (339)

Subtracting the bottom equation from the top yields

~

(Va=Va)C%ea - (3.40)
Since the metric is generic,
Va=Va=0 , (3.41)

and, therefore, the vectors V, and V, are identical.

[
Therefore, given a generic metric, the equations
ViC%ed + VaC%pea = 0 (3.42)
are identical to the conformal Yang equations,
Yiea = VaC® bt + 0% 4ea =0, (3.43)

where the vector V, = V,¢ is unique.
Equipped with these properties, we are now in a position to solve the conformal

Yang equations for the gradient ¢, using our two approaches.
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3.3.2 The First Approach for Obtaining the Gradient ¢,

The first method of obtaining ¢, from the conformal Yang equations,

vaca bed T ¢a0a bed — 0 5 (344)

uses the following identities [18]:

<ﬁwawzixﬁ , (3.45)
meww:%w%', (3.46)
CwaCFdUC;“j::iégcﬁ , (3.47)
—G%ﬂmmﬁwzi$@3 , (3.48)

where the scalars

C? = C% oqC, " : (3.49)
C*C = C* % gCy v : (3.50)
C? = O pogC* ;C, " (3.51)
O3 = 0" pgC e ;O b (3.52)

are the real invariants of the Weyl tensor [19] and C},, is the dual to the Weyl
tensor,
1

abed = §€ab ijcijcd . (3.53)

To solve for ¢,, one can manipulate Eq (3.44) so that ¢, is not contracted. As

an example, one can multiply by C, % and use Eq (3.45) to obtain
1
ozzcghﬂv;C“Md+-1¢gj2 : (3.54)
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Assuming C? # 0 one can now solve for ¢.:

4

gbe:Ke:_Cz

C. "N 0% g (3.55)

Similarly, one can use the other three identities to obtain

4 * OC a
Ko =—55C: bed7 ,C® pea , (3.56)
4 c 1] a
K, = —@O 40N O e (3.57)
4 C * bij a
Re=m¢ 1O GO et (3.58)

At this point, we have four versions of solutions for K,. So the first complication
we encounter is the lack of uniqueness. Furthermore, none of these versions actually
solve all 16 of the conformal Yang equations! Instead, each K, is a solution to linear
combinations of equations. One can overcome these complications by demanding
that the four sets of K, were all the same, which puts conditions the Weyl tensor
and its divergence. In principle, this is a valid approach for finding a unique K,, but
in practice it is unnecessarily tedious. The explicit expressions of the scalars C?, etc.
are very long to calculate, and then many of the terms associated with these scalars
cancel anyway. The end result can be obtained in a more direct manner, as we see
below.

Before we move to the next approach for obtaining K,, however, we note that
previous authors ([18], [14]), missed the fact that each of the above versions of K,
by itself does not satisfy all 16 of the conformal Yang equations unless one further
imposes that each of the versions are equal to one another. This observation is new

and was recently made by us.
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3.3.3 The Second Approach for Obtaining the Gradient ¢,

The following work is new.

In the second method of obtaining the gradients ¢,, we do not use the scalar
invariants C?, etc. Instead, we isolate four of the 16 equations V,C® peq+KoC® peqg = 0
and solve them for the four components of K,. Then, we impose the 12 conditions
that these components of K, satisfy the remaining 12 equations. In this way, the
vector K, = ¢, is uniquely determined.

Note that there is some arbitrariness in how one chooses the four starting equa-
tions. The final result, however, is independent of this choice. An example of a
particular choice is given now.

Using table 3.1, which lists the independent components of Vied = 0, we choose

the four equations

0= VaC 001 + KaC%01 (3.59)
0=V,C%01 + KoC% 101 (3.60)
0= VaC%01 + KoC%01 (3.61)
0= Vo0 301 + KoC%01 (3.62)

which correspond to the top row of the table. From these equations, the four com-

ponents of K, are determined as

HKO = +00102va0a 301 — COIO?)vaOa 201 1 00123va0a oor
HKl = _00112va0a 301 1 COIl?;vaCa 201 — C’0123V0LC“1 101
HKZ = _00101va0a 201 + C(0102vacm 101 — CY0112vac(a 001 (363)
HK3 = +00101va0a 301 — OOlOBVaCa 101 + C’Olliivacm 0or
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where the common scalar H is defined as

H = Co101Co123 — Co102C0113 + Co103Co112 - (3.64)

From their construction, there is no indication that these components of K,
necessarily satisfy the other 12 conformal Yang equations. In fact, these components
are not necessarily even gradients! Thus, we must impose the conditions that these
components satisfy the other 12 equations. We refer to these 12 conditions as J, = 0,
where the label ¢ runs from 1 to 12. We choose the J, by simply reading along the
columns of table 3.3.1 while ignoring the dependent entries and the top row, which

was used to choose our starting equations (3.59) - (3.62):

J1 =VaC%02 + KoC%02
Jo =V,C%003 + KoC%03
J3 =V C 023 + KoC% 023
J1 =V, C10+ K,C%112 (3.65)

With the requirement that the 12 J, vanish, the components of K, given above
satisfy all 16 of the conformal Yang equations. Thus, by the previous theorems, the
vector K, is a unique gradient vector for some smooth function ¢, which we take to
be our conformal factor. We can now state the last version of the conformal Einstein

equations.
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The third — and new — version of the conformal Einstein equations is

0= RIF — 2V, K} + 2K, + Lga (VOK, — K°K.)

(3.66)
0=J, .
where the gradient vector K, is defined as
HEKy = +C0102VaC 301 — Co103VaC 201 + Co123VaC 001
HEKy) = =C0112VaC 301 + Co113VaC® 201 — Co123VaC" 101
HEK; = —Co101VaC* 201 + Co102VaC* 101 — Co112VaC 001 (3.67)

HK3 = +C0101VaC 301 — Co103VaC" 101 + C0113VoC" 001

H = C'OIOIC(OIQS - 0010200113 + C101()?>C(0112

3.3.4 The Next Step

We will now change topics to discuss the conformal geometry of a pair of PDE’s.
For the purpose of clarity, we will begin with a review of the null-surface formulation
of GR, in which the relevant PDE’s were first discovered. After fully analysing the
geometry of the PDE’s in chapter 5, we will return to the new version of the conformal

Einstein equations in chapter 6 in order to apply them to the PDE-geometry.
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4.0 THE NULL-SURFACE FORMULATION

The purpose of this chapter is to briefly review the null-surface formulation of general
relativity (NSF). In particular, we review the construction of a conformal metric
in terms of null surfaces. Since this construction has been extensively discussed
elsewhere [16] - [17], [6] - [10], we will not give the full details of the procedure.
Instead, we are interested in highlighting the properties of this construction. One
important property is the existence of a special class of differential equations, the
Wiinschmann class [23], which plays a fundamental role in the following chapters.
Another purpose of the chapter is to introduce notation that will be used throughout
the rest of this work.

In the standard formulation of general relativity, one treats the components of
the metric as the basic variables of the theory. In the NSF, however, the metric is
a derived concept, and the basic variables are families of null surfaces and a scalar
function:

a

u = constant = 7 (z%,s,s") , Q(z%,s,s") . (4.1)

The properties of these variables are as follows:

i.) The scalar function €2 is a conformal factor such that

gab — Qanb

Y
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for a pair of Lorentzian metrics ¢%° and §°° on the space-time M.
ii.) For each fixed value of the pair (s,s*), the level surfaces of the function Z
in M,

a

,8,8%) (4.3)

u = constant = Z (x

form, for different values of u, a 1-parameter family of surfaces which foliates a local
region of M. The geometric meaning of the pair (s,s*) is, in general, arbitrary.
Here, we take it to be the complex-conjugate pair of stereographic coordinates on
the 2-sphere. Thus, by letting (s, s*) vary for a given Z, we have a collection of a
sphere’s worth of families of surfaces through every point in the space-time M.

The requirement that the collection of surfaces Z (z,s,s*) = constant are null

for some conformal metric g% (z?) is that they satisfy the eikonal equation
g* (2°) [V Z][VpZ] = 0 (4.4)

for all values of (s,s*). In the standard treatment of general relativity, one assumes
the metric is known and then attempts to find the null surfaces from the eikonal
equation. As an example, consider null plane waves in Minkowski space-time. For
fixed values of (s,s*), the parameter u describes all plane waves in a particular
direction. Varying (s, s*) yields all plane waves in all directions.

The NSF poses the converse problem: given a function Z (z%,s,s*) that de-
scribes null surfaces for some unknown conformal metric, what conditions does the
eikonal equation impose on Z, and how does one use the eikonal equation and these
conditions to determine the unknown conformal metric. The procedure for solving
this problem essentially relies on taking successive derivatives of the eikonal equation
with respect to s and s*. One important result of this procedure is that the functions

Z must satisfy a pair of second-order partial-differential equations (PDE’s), where
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the equations belong to a what is known as the Wiinschmann class. These equations
and their solutions give rise to a rich geometry, which we will partially explore in the
next chapter.

This chapter will have the following organisation: In section 4.1, we explain our
notation and define several important functions. Some of these functions are taken
as a new set of coordinates on the space-time. Another set of functions will define the
pair of PDE’s that belong to the Wiinschmann class. Section 4.2 will have two parts:
In the first, we review the important properties that are obtained from constructing
a conformal metric from the eikonal equation. In the second, we outline the actual

procedure for constructing this metric.

4.1 A NEW COORDINATE SYSTEM

Before defining our new coordinate system, it is necessary to first describe our nota-
tion. We begin with a 6-dimensional fibre-bundle M x S? with coordinates (2%, s, s*).
The x* are the coordinates of the base space M (space-time), and the parameters
(s,s*) are coordinates on the fibres. For an arbitrary function f (z%, s, s*), we denote

the x®-derivatives by

of .
Bt = Ouf =fa=fa (4.5)
and the s-derivative by
of .
Bs = Df=fs=1f . (4.6)

The s*-derivative is similarly defined. When an object is clearly a derivative, we will

omit the comma before the derivative label.

33



Next, from the function Z (2%, s,s*), we define three new scalar functions,

W(x*,s,s")=DZ (4.7)
W (z*,s,s")=D*Z (4.8)
R(z%,s,8")=DD*Z = DW*=D*W . (4.9)

With the assumption that the Z is sufficiently generic, these four functions are used

to define an (s, s*)-dependent coordinate transformation on the space-time:

Z =7 (z%,s,s") , R =R (z%,s,5%) |,
W= Wi(*,s,s) , W'=W"(z%s,s") . (4.10)

By solving these equations, the ¢ are determined as
2 =XYZ,R,W W* s,s") . (4.11)

From the gradients of the {Z, R, W ,/W*} coordinates, we construct the gradient
basis (3 4

{8°,8" 0. 0%, 8%} ={Za, Ra, Wa ,W" o} . (4.12)

(Note that the indices (0, 1) refer to real objects, but the (2,3) refer to a complex-

conjugate pair.) The dual basis 3;® is defined by
BiBa=0, , Bi'By=10; (4.13)

In the next section, we will use the eikonal equation to construct a metric in terms

of this gradient-basis.
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From parametric derivatives of the variables in Eq (4.10), we obtain an important

set of complex functions, (S, 5*). To find them, begin with

DW (2%,s,8)=D*Z(2",5,5) =% (2°,s,5")

D*W* (2% ,s,8*) = D*Z (z*,s,s") = X" (2*,5,5") . (4.14)

Next, using the coordinate transformation z* = X*(Z , R, W ,W* s, s*) to eliminate

the z%-dependence of the X’s yields

D2Z:S (2725725*7288*7378*) )

D?Z = S*(Z .2y, Zg , Zose ,5,5%) . (4.15)

We interpret these expressions as defining a pair of PDE’s for the function Z (s, s*).
The solutions are given by Z = Z (2%, s,s"), where the constants of integration x®
become the local space-time coordinates. Furthermore, these PDE’s are members
of a broad but important class of equations known as the Wiinschmann class. The
condition for belonging to this class, the Winschmann condition, is derived from the
construction of the metric and will be given explicitly in section 4.2.2.

Other useful functions are the complex-conjugate pair (7', 7*) and the real func-

tion U, which are obtained by

T=D'S=DR , T*=DS =D'R , (4.16)
U=DT=DT" . (4.17)

Another useful set of derivatives are the directional derivatives

;=000 (4.18)
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which are the {Z , R, W ,W*}-coordinate derivatives,

{ai}:{ao,al,az,ag}z{%,%,%,ag*} (4.19)
The derivatives 0, and 0; satisfy
Ouf =B a0if  Oif =0;0a (4.20)
In particular, for derivatives of the function S defined in Eq (4.15),
Se=04S . Si=p6"S. . (4.21)

Since the coordinates {Z, R, W ,W*} have (s, s*)-dependence, the 0; will not,
in general, commute with D and D*. For any scalar function f, the commutator of

these derivatives is given by

D(f;)=(Df);—(Sjfa+Tjf1+02f0o+0fs) (4.22)

where the commutator for D*(f ;) is similarly defined.

4.2 THE CONSTRUCTION OF A CONFORMAL METRIC

For the construction of the conformal metric, we note that it is easier to work with the
contravariant components in the gradient basis (i.e., g) rather than the coordinate
basis (i.e., g?°). The components of the metric are then initially found in terms of

7 and its derivatives.
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4.2.1 Properties of the Construction

In the construction, we use successive (s, s*)-derivatives of the eikonal equation to
determine the components of the metric in the gradient basis. Given a metric g*(z¢)

in a space-time coordinate-basis, it is written in the gradient basis as
9UZ, R,W W* 5,8 = g™(a)5 s, (4.23)

where the 3%, are defined in (4.12). Letting the indices (i, j) take all possible values

yields the components of g as

9° =922y . g"' =g"R.Ry ,
2= gPWWy B = gt WrWy |
"' =9"ZRy, , ¢ =9g"ZW , §®=g"ZWVy (4.24)
g2 = gPRW, , g% = gPRW;
¢ = gPW Wy
In the next section, we show how the ¢g” can be constructed in the gradient basis

(up to a conformal scale) from the eikonal equation. Assuming for the moment that

the g are known, the g?°(2¢) can be determined by the inverse transformation
g(%) = g"B:°6;" . (4.25)

It is important to note that both g” and 3°, depend on the parameters (s, s*), but
the g% depends only on z¢.

From the construction of the g%/, one can only determine the ten components up
to an overall scale. One can take the component ¢°! as undetermined, and the other

components are scaled by it. Letting ¢°! = Q*(z%, s, s*), we have that
g7 =02, s,5%)§"7 (4.26)
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where ¢ is uniquely determined by setting ¢°* = 1. The construction also places
differential conditions on the Q?(z®,s,s*) which determine its (s, s*)-dependence

with an arbitrary multiplicative factor depending only on z¢, i.e,
Q*(2",s,s") =W (x")F[S, S (4.27)

where w(z®) depends only on 2% and the functional F[S,S*] is the determined
(s, s*)-dependent part of Q2. Therefore, using Eqs (4.25) - (4.27), we see that we

have a pair of conformally-related metrics,
9™ (a) = w(2") g™ («°) (4.28)

where
9 (x°) = F[S, 5% 976:°8;" . (4.29)

Since the F[S,S*] and the components of §”/ are determined by the construction,
all of the components of the §**(2?) can be determined by the above equation. The
w(z®) remains undetermined.

As was mentioned earlier, the functions S and S* of Eq (4.15) are forced by
the construction to satisfy the Wiinschmann condition. We thus have the following
important result: For every choice of the function Z = Z (2, s, s*) that satisfies a

pair of PDE’s in the Wiinschmann class,
D*Z2=S , D®Z=8" |, (4.30)

we can construct, via the eikonal equation and Eq (4.29), a conformal metric §%°(x¢)
that is solely a function of the z¢. Once the §%°(x¢) is determined, we have a conformal
class of metrics ¢g?° = w?§? that is characterised by the arbitrary scalar function

w(xz®). Thus, we can calculate a conformally-related pair of Ricci tensors, namely

38



R,y and Ry (see chapter 3). In general, R, will not satisfy the (vacuum) Einstein
equations. Therefore, we are interested in finding a conformal transformation §* —
g such that the Ricci tensor R, does satisfy the Einstein equations. Said another
way, we want to find a metric ¢*° that is conformally Einstein. Since this metric
is constructed from Z = Z(z*,s,s*), which is determined by Eq (4.30), it follows
that the conditions for % to be conformally Einstein can be interpreted as further
conditions on .S and S*. We will discuss the problem of determining these conditions
in chapter 6. We conclude with a brief review of the procedure for constructing ¢/

from the eikonal equation.

4.2.2 The Procedure of Constructing ¢

From the eikonal equation, the first component in Eq (4.24) becomes
9% =9 ZeZy =0 . (4.31)

Thus, we have already determined one component of ¢ to be zero. To determine
the other eight components of g, we take successive D and D* derivatives of the
eikonal equation, where we assume that g% (z¢) is independent of the parameters
(s,s"):

D[g™(z)] =0 . (4.32)

Below, we explicitly construct the components {g°%, ¢ ¢?2,¢%, ¢**}, which suf-
ficiently clarifies how the procedure works. The remaining components, namely
{g'?, g3, g'}, are then stated without the supporting details. All of the compo-

nents will be proportional to ¢°!, which we take to be a conformal factor:
Pt =0 . (4.33)
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Taking D and D* of Eq (4.31) and using Eq (4.24) determines ¢°* and ¢% to

both be zero:

D g" =29"ZW, =29 =0 = ¢”=0

D*900:2gabZaW1;k :2903:0 = 903:()

From D of ¢°2 = 0, we obtain ¢?*:

0= Dgo2 = gab(WaWb + Z,Sp) = 922 + Slg01

= g®=-S¢"

where we have used Eqs (4.21) and (4.24) along with ¢ = ¢"2 = ¢

D*g% = 0 yields

g% = —Srg™

In an analogous fashion, we obtain ¢** from D*¢"? = 0:

0= D*g" = g (W Wy + ZoRy) = g*° + g*

Taking Dg% = 0 yields the same result.

(4.34)

(4.35)

(4.36)
(4.37)

03 = (. Similarly,

(4.38)

(4.39)
(4.40)

Another order of parametric derivatives, along with the commutators of Eq

(4.22), yields the expressions for g'? and g'3 as

g4 =557 = g" STy —2Tn)

g [4 = 5187] = g™ [SITh — 2T7]

(4.41)
(4.42)

From further derivatives and an application of 4.22, the ¢g'! is found to satisfy

0 =2¢"[2+ 518} +4(T7 g2 +T1g"®) + ¢° [2U, — (S\ Ty + Si Ty + Ty +T5)] , (4.43)
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where the ¢'? and ¢' are given in Eqs (4.41) and (4.42).
In determining the ¢*? and ¢*3, one finds two sets of complex conditions associated
with the functions S and S*. One of them is a set of differential conditions on the

conformal factor ¢!,
(4—=5187)[D g™ = ¢" 2Ty + S(Ty = SiTh)] (4.44)
(4 — S1.57)[D*g™] = g™ 2T} + S3(Ty — S TY)] . (4.45)

By integrating this pair, one can determine the (s, s*)-dependence of the ¢°'. Thus,

referring to Eq (4.27), we have
g = Q* (2", s,5) =W (a")F[S, S (4.46)

where, using the definition

211 + Si(T} — S{Th)

H =
4— 5,57 ’

(4.47)
the functional F' is given as
F[S,S"] =exp [/ Hds + H*ds*} : (4.48)

(The integrability conditions of Eq (4.46) are rather complicated and are discussed
in [7].)
The other set of conditions is the Wiinschmann condition,
D*(Sl) =T — 51T1* ) (4-49)
D (57) =Ty = SiTh (4.50)
which restricts the functions S and S* to the Wiinschmann class. Thus, we see that
in order to construct a conformal metric from the eikonal equation, the function Z

must satisfy a pair of PDE’s, Eq (4.15), which, in turn, must satisfy the Wiinschmann

condition.
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5.0 THE GEOMETRY OF A PAIR OF 2Y?-ORDER PDE’S

In the previous chapter, we saw how one can use families of surfaces,
u=27(x%s,s") (5.1)

to construct a conformal metric from the (s, s*)-derivatives of the eikonal equation
(which makes the surfaces null). One of the main features of that construction was

that the function Z had to satisfy a pair of PDE’s,

D2Z:S<Z7257Zs*7ZSS*7878*) ’

D7 = SNZ , Zy, Zg , Zosr ,5,8°) (5.2)

where the functions S and S*, in turn, satisfied the Wiinschmann condition.

The purpose of the present chapter is to explore the conformal geometry asso-
ciated with these PDE’s. In particular, we construct a conformal connection and
its associated curvatures as functionals of S and S*. The overall goal of this ap-
proach, as we will discuss further in the next chapter, is to attempt to construct
the conformal Einstein equations directly from the PDE’s. In other words, we are
seeking conditions on the S and S*, in addition to the Wiinschmann condition, that
guarantee the existence of a conformally Einstein metric on the solution space of the

PDE’s.
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In section 5.1, we begin with a pair of PDE’s of the form of (5.2) and with-
out the initial assumption of a space-time. The solutions, in general, depend on
four constants of integration (the solution space) which is interpreted as space-time.
Also, from the solution of these PDE’s, we construct a tetrad, which will be taken
as null. We then introduce an unknown but to-be-determined connection that is a
functional of the S’s. By requiring that this connection is torsion-free, we partially
determine the connection and simultaneously derive the Wiinschmann condition.
Thus, the vanishing of the torsion guarantees the existence of a conformal metric on

the solution space of the PDE’s.

Next, in section 5.2, we use the formalism of Cartan [1], [2], [11], [12] to construct
several curvatures that depend on S and S*. By construction, the connection and its
curvatures represent a Cartan-Weyl conformal geometry that follows directly from
the PDE’s (5.2). Our goal in the next chapter will be to then analyse the conditions

for these curvatures to satisfy the conformal Einstein equation.

Since many of the details of the calculations in sections 5.1 and 5.2 are lengthy,

we will put them at the end of the chapter in section 5.3.

Many of the results presented below were recently found by us and have been
published [13]. We note, however, that some of the results of section 5.1 were orig-
inally found earlier using the NSF [16] - [17], [6] - [10], but were re-obtained here
using different techniques (namely the Cartan construction) and in a totally new

context. The results of section 5.2 are new.
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5.1 THE NULL BASIS AND ITS CONNECTION

On a 2-dimensional space with coordinates (s, s*), we consider the following pair of
PDE’s
Zes =S (Z,Zs, Ly, Zssr,5,8") (5.3)
Zs*s*: *<Z7Zs 7ZS* 7Zss* 7373*) ) (53*)
where the subscripts denote partial derivatives, and Z = Z(s, s*) is a real function.
We assume that these PDE’s obey the necessary integrability conditions. Though
it is possible to treat (s,s*) as a pair of real variables, it is more useful to consider

them as a complex-conjugate pair, namely the complex stereographic coordinates.

In this case, the second PDE is simply the complex-conjugate of the first equation.

Remark 5.1.1. In the following, (*) will denote the complex-conjugate. When discus-
sing a conjugate-pair of equations, we will label each equation with the same number,
but the number of the second equation will contain a (*). Occasionally, we will ex-

plicitly write only one equation of a conjugate-pair and imply the other.

To simplify notation, we define the functions W, W*, and R as
W = ZS s W* = ZS* s R = ZSS* . (54)

For an arbitrary function H = H(Z ,W ,W* R, s,s*), the total derivatives in s and

s* are
dH
d—EDHEHS +W Hz; +SHyw + R Hy«+1T Hp (5.5)
s
dH
e =D'H=Hs++W*Hz;+ RHy + S"Hy~ +T"Hpr (5.5%)
s
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where

T =D*S | (5.6)
™ =D §* . (5.6%)
The T and T™* can be expressed as explicit functionals of the S and S*. Letting

H = 5" 1in Eq (5.5) and H = S in Eq (5.5"), we get two equations that each contain

T and T*. From them, we find algebraically independent expressions for 7" and T™:

Sy +W*Sy + RSw + 5" Sw- + Sg(S* + WSy + SSi + RS;y.)

T 5.7
1 — SgrS% (5.7)

With the above definitions of D and D*, the integrability condition of (5.3) is
D?S* = D*S . (5.8)

Note that D and D* commute with each other but not with the Z-, W-, W*- and
R-derivatives. Instead, for H = H(Z , W ,W* R,s,s*) andy € {Z , W ,W* R},

D (H,)= (D H),,—(SyHw +T,Hr+wy Hz +r,Hw+) (5.9)

D*(H,) = (D*H),, — (S;HW* + TJHR +oweyHz + oryHw ) (5.9%)

where 6,,, is the Kronecker symbol.

Remark 5.1.2. The D and D* are actually the basis vectors es and e, respectively,

of the 6-dimensional space (Z, W ,W* R s, s*):

d 0 0 0 0 0
. d 9 ) o .0 , 0 ,
=D T Wz aw e " ar - 1)
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In addition to the integrability condition, Eq (5.8), we assume that the functions
S and S* satisfy the inequality

1 - SpSL>0 . (5.11)

From this inequality and the Frobenius theorem, it can be shown [5] that the solution

space of the PDE’s M is 4-dimensional. Thus, we can write

Z=7Z(x"s,s) , W=W (a2 s,s") ,
R=R(z%,s,s") , W'=W*a" s,s") |, (5.12)

where the constants of integration z (the solution space) are taken as space-time
coordinates. As in chapter 4, we interpret the above as defining an (s, s*)-dependent
coordinate transformation on M.

The exterior derivatives of (5.12),

dz =7, dz* +Wds+ W*ds* |
dR =R, dx"+T ds+T" ds*
aW = W,dz"+ S ds+ R ds*
dW* =W;rdx"+ R ds+ S* ds* (5.13)

can be re-written as the Pfaffian system of 1-forms

g = dZ —Wds—W*ds* = Z, dz*

' = dR —T ds—T" ds* = R, dz®
> = dW —Sds—R ds* =W,dz*
B = dW*— Rds— S* ds* = Wrds" . (5.14)
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The vanishing of the four §° is equivalent to the PDE’s of Eqs (5.3), which moti-
vates their definitions. (Note that 3° and ' are real, but 5% and 3° are complex
conjugates.)

The components of the Pfaffian system, 3?,, are identical to the gradient basis

of the previous chapter. Here, it will be useful to use another basis, %, defined by

00250 , «91:ﬁl+a62+a*53+cﬁ0 ,
6> = (6> +b5°) 6% = a(6° + b 6%) . (5.15)

along with its dual basis e; ,

€y = (62 — CaR) ) €1 = 8R )
0w — b 0w+ — (a — a*b*)0g B .
€9 = a(l — bb*) s €3 = (62) . (516)

The set of parameters {a,b,b* ,a,a*, c} are referred to as tetrad parameters. For
now, these parameters are undetermined functionals of S and S*. Later, after we
have introduced the torsion-free connection, we will uniquely determine the tetrad
parameters explicitly in terms of the S and S™.

From the %, we define a degenerate metric

g Z, W, W* R,s,s)=020" +0' 20 — 022 0° - 0° 262

o (5.17)
=nyt @¢
which defines the n;; as
01 0 O
10 0 O
00 0 -1
00 -1 0
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We will use the 7;; to raise and lower indices.

Remark 5.1.3. At this point, we are simply defining a metric on the 6-dimensional
space {Z,R,W ,W* s,s*} that makes the 6° basis a null tetrad. In the next chap-
ter, we will see how once can use this metric, along with a particular conformal

transformation, to define a conformal space-time metric on M.

Remark 5.1.4. It is possible to generalise the #° to include more parameters corre-
sponding to Lorentz transformations [11], [13]. In the Cartan’s equivalence problem
for differential equations, these extra parameters are needed. For our purposes, how-

ever, the transformation (5.15) is sufficiently general.

By adding to the 6 the pair of 1-forms
0:=ds , 0 =ds* |, (5.19)

which are dual to the e; and ey of Eq (5.5), we have a basis of 1-forms on the
6-dimensional space {Z , R, W ,W* s, s*}. We will refer to * and 6°" as the fibre 1-
forms and the four 6 as the space-time 1-forms. The space-time indices are denoted

by lower-case i, j, etc., and the general indices are denoted by upper-case I, J, etc.:

o' c {6°,0" 0%, 0%} , (5.20)
o € {6°,0",6%,0% 6° .05} . (5.21)
Note that, in general, a p-form with tetrad indices will have components in all six

directions. For example, the 1-form I ; and the 2-form Y* will have the respective

expansions

I =117 0% = T 08 + 117 j,0° + 11 ;05 (5.22)
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and

. 1_.
T = S0 K67 A0
1 i J k i j s i j s* i s s* (523)
= STt AOT + T 507 NG+ T 07 NG+ T 07 N O

In particular, the exterior derivatives of the #° yield 2-forms with components A? ;-

. 1 .
do' = SN gx07 NOE (5.24)

The A? ;i can be found by direct calculation and are functionals of the functions S
and S*. Their explicit expressions are given in section 5.3.
Using the A’ ;i defined above, we define two symmetric tensors G;; and G}, by

the fibre derivatives of the metric (5.17),

Dg=Gu0 ¢ | (5.25)
where
and
Nigk = NimA" jx . (5.27)
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5.1.1 The First Structure Equation

Following the formalism of Cartan, we will now use the 6-dimensional basis of 6§/
to construct a connection and its associated curvatures. Since the #/ depend on
the functions S and S*, the connection and its curvatures will also depend on these
functions.

We begin with the construction of the connection, which will be found from

Cartan’s torsion-free first structure equation,
do" +w' ;N =0 . (5.28)

Our goal now is to solve this equation for the connection 1-forms, w' ;. To do so, we

write
do’ = %N g0 N0 (5.29)
Wiy = WineK ) (5.30)
W'y =nwi : (5.31)

which defines the w;;jx. The structure equation then becomes
1 . .
5&% gr0T N0+ 0F AT =0 . (5.32)

Since we are interested the conformal geometry contained in the structure equa-
tion, we require that the connection 1-forms be generalised Weyl connections (“gen-

eralised” because of the extra degrees of freedom in the fibre directions, s and s*):

wij = Wi + N A (5.33)

where the 1-form

A=A = A0 + A0 + An0° (5.34)
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is the (generalised) Weyl 1-form.

In Egs (5.15), we expressed our space-time tetrad, 6, in terms of S, S*, and the
unspecified tetrad parameters, {a,b,b* ,a,a*,c}. Thus, we can explicitly compute
the A? ;i in terms of these functions and their derivatives. (The explicit expressions
for the A i, are given in section 5.3.) Therefore, we will use Eq (5.32) to solve for
the connection coefficients, w;;x, in terms of the A ;i and the undetermined A;. In
doing so, we will find several things: i) the four space-time components of the Weyl
1-form, A;, remain arbitrary; 7i) the skew-symmetric part of the connection, wy;, and
the fibre parts of the Weyl 1-form, A, and Ag«, are uniquely determined functionals
of S, §*, and A;; i) the tetrad parameters are uniquely determined functionals of
S and S*; and i) the functions S and S* must satisfy the Wiinschmann condition,
which, as we have seen, is a set of complex-conjugate differential equations in all six
variables of our 6-dimensional space, {Z, R, W ,W* s s*}.

We begin by splitting the structure equation it into its fibre-fibre-, tetrad-fibre-,

and tetrad-tetrad components.

A. The fibre-fibre component contains no information. By direct calculation,

Ay =0 . (5.35)

Our connection 1-form is compatible to this since it does not have fibre-fibre parts,

Wij = winHK . (536)
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B. The tetrad-fibre parts of the structure equation are
wijs = Dijs
Symmetrising on (i, 7) in Eq (5.37) and using Eq (5.33) yields
nz‘jAs = A(z’j)s )

while the skew-symmetric parts gives

Egs (5.38) uniquely determine A and Ay« in terms of S and S*,

1
As = ZA’C ks

In addition, the trace-free part of Eqs (5.38),

1
A(ij)ys — an’jAk ks =0

uniquely determines the Wiinschmann condition and the tetrad parameters.

Alternatively, from Eq (5.26), i.e., G;j = =205, and Eq (5.41) we have

TF _

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

where TF denotes the trace-free part. It is from these equations that we actually find

the explicit expressions of the tetrad parameters (see theorem 5.1.1). The details for

analysing Eqs (5.42), however, are quite involved and will be given in section 5.3.
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Remark 5.1.5. With the determined tetrad parameters and the Wiinschmann condi-
tion (see theorem 5.1.1 in the following subsection, 5.1.2), we have, using Eqs (5.38)
and (5.26), the result

Dg = Zé’g = —2A,9 , (5.43)

where £ is the Lie derivative along the parameter s. This result will be discussed

€s

further in subsection 5.1.3 below.

C. Returning to the tetrad-tetrad parts of the structure equations, we have that

A + 1Y (Winm — Wjmn) =0, (5.44)
or
1
Wiljk] = §Az’jk : (5.45)

From the tensor identity
Wijk = W(ij)k — W(k)i T Wikiyj + Wilik] — Wklig] T Witk (5.46)
and Eqs (5.33) and (5.45), we obtain the tetrad-tetrad coefficients of the connection,

1
Wik = NijAr — N Ai + e Aj + é(nmiAm ik = kA" i + 0 A" ) . (5.47)

This decomposes naturally into a Levi-Civita part vix = Vjijk (which is independent

of A;) plus a “Weyl” part, @, i.e.,

Wijk = Yijk T Wijk ; (5.48)
1

Vijk = §(nmiAm ik = Mk DA™ i + i A™ i) (5.49)

wijk = Nij Ak + 20k Aj) . (5.50)
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Since the A;j; depend only on S and S* (once the tetrad parameters have been
determined), the Levi-Civita part of the connection ~;;, also only depends on these

functions.

Remark 5.1.6. The Levi-Civita part of the connection, 7;jx , is actually the metric
connection of g of Eq (5.17). For an arbitrary vector V*, we denote this connection
by V:

ViVi=e, (V) ++" V7 (5.51)
and

Vg=0 . (5.52)

In summary, we have shown that Eqs (5.37) and (5.47) completely determine
the w;jx in terms of the A" ;i and the undetermined space-time parts of the Weyl

1-form, A;. In general, the undetermined A; are functions of (z%,s,s*).

5.1.2 A Theorem

To conclude this section we return to the vanishing of the trace-free part of A s.
They are nine complex equations for the determination of the tetrad parameters,
{a,a,a*,b,b* c}. Thus, there must be several identities and/or conditions to be
imposed on the S and S*. By explicitly solving these equations (see section 5.3) the

results can be summarised in the following theorem:

Theorem 5.1.1 (Gallo, et al. [13]). The torsion free condition on the connection:

1. Uniquely determines the connection w;;, via Eqs (5.47 ) and (5.37).
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2. Uniquely determines the tetrad parameters in terms of S and S* (see below).

3. Imposes a (complex) condition, the vanishing of the Wiinschmann invariant,

Db+ bD*b+ Sy — bSw + b2 Sy — b3S,
1 — bb* B

M[S,S*]E 0 ;

where the tetrad parameters are given by:

,_ —L+ /T~ 55,
_ 5 ,
, 1+ bb

Q=

(1= bb)?
a =010 (1= bb) P (14 bb)
x {b2(=Db + bSw — Sw-) + b(~D*b* +b* S}y — S}

9

and
. _Da + D*a* + Ty + Tt B aa*(1 + 6bb* + b2b*2)
B 4 2(1 + bb*)?
(14 0b*)(bS%, +b*Sz)  a(2ab — b*Sw+) + a*(2a*b* — bS}y)
2(1 — bb*)? 2(1 + bb*)
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5.1.3 A Space-Time Metric

Here we point out that one can use the result of remark 5.1.5 to construct a con-
formal metric that is independent of the fibre coordinates (s,s*). For the purpose
of generality, however, we will return to considering the metric (5.17), which is a
function of everything, for the rest of this work, i.e., the (s, s*)-independent metric
discussed below will only appear in this subsection.

Recall that the metric (5.17),
g(Z,R,W W* 5,8) =000 @6 | (5.58)
depends on the fibres (s, s*). Using Eq (5.43),
Dg = £g = —2A,9 , (5.59)

and its complex conjugate, one can construct a conformal factor such that the metric
g is independent of (s,s*) and is, therefore, a conformal metric on the space-time

M. This is done by taking the conformal transformation
§g=o%g (5.60)
and requiring, via Eq (5.59), that the conformal factor ® satisfy
D®=dA, , D'd=0>A, (5.61)

where A is an explicit functional of the functions S and S*, i.e., Eqs (5.40) and
(5.109). Clearly then, the conformal metric g satisfies

Dj=D"§G=0 . (5.62)
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Furthermore, the solution of Eq (5.61) contains the conformal freedom a multiplica-
tive function w(z®) such that Dw = D*w = 0, i.e. w(x®) is an arbitrary function on
the space-time manifold M. Thus, the solution is of the form ® = w(z*)®,[S, S*],
where

By [, 5] = exp ( / Auds + As*ds*) | (5.63)

(The integrability conditions of Eq (5.61) are rather complicated and are discussed
in [7].) The function w(z®) represents the standard conformal freedom discussed
in chapter 3. In other words, by taking w(z®) — f(2*)w(z®), the metric §(z®) is

conformally transformed as § — f2g.

5.2 THE CARTAN CURVATURES

In the previous section, we used the first structure equation, Eq (5.28), to alge-

braically solve for the components of a torsion-free connection,
wij = Wi + N A (5.64)

uniquely in terms of S and S* and the undetermined A;.

Our next goal is to compute the curvature 2-forms, ©,;, defined by the second

YR

structure equation,
) ) ) 1 .
dwlj+wlk/\wkj :@Zj - §@ZjLM(9L/\9M . (565)

By taking the exterior derivative of the first structure equation, Eq (5.28), and
using the second structure equation, Eq (5.65), we obtain the first Bianchi identity,

O, NV =0 |, (5.66)
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or, in terms of the tetrad-tetrad-, tetrad-fibre-, and fibre-fibre components,

0 = O4jm + Oikmj + Oimjr (5.67)
0 = Oj[js , (5.68)
0 == @ijss* . (569)

We now calculate the ©;; as explicit functions of S and S* and the undetermined
A;. First, note that from Eqs (5.64) and (5.65), it is straightforward to see that the

©;; inherits the symmetry of the w;;, and thus can be written as
Oij = Opj) + midA (5.70)

with
1
dA = 5(dA)LMeL ANOM (5.71)

which defines the components (dA)zy. Next, we split the components O,y into the
tetrad-tetrad parts, ©;jxm, and the tetrad-fibre parts, ©;jzs. (The fibre-fibre parts
are identically zero from the first Bianchi identity).

We begin by simply stating the tetrad-fibre part of ©;;,
Oijks = Mij(dA) ks + Nik(dA)js — Njk(dA)is (5.72)

One can find this by a direct calculation that is similar to the determination of
the tetrad-tetrad terms below. Instead, we will justify the above result in the next
subsection, in which O, is determined very easily.

In order to calculate the tetrad-tetrad parts, ©;ji, , we first note that it can be

split into terms arising from the Levi-Civita part of the connection and terms arising
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from the Weyl part of the connection. These are denoted respectively by Riijjum)

and (:)ij[km], i.€.,

Oijikm) = Rlijiikm) + O] (5.73)
= Rpijikm) + Opgiirm) + 1ij (dA) o)

The Ryijjkm) are the components of the standard Riemann tensor of the Levi-Civita
connection, v;;x , of Eq (5.49).

The (:)[Z-j] (km) depends on A and its derivatives. Using the Levi-Civita connection,
V, we have

ViAj = ei(Aj> - ’ijz‘Ak ) (5-74)

and

(dA);; = 2V Ay (5.75)
Thus, C:)[l-ﬂ [km] can be written as
1-
SOuIkm) = Mk V) Ai = 0 Vo] Aj + 2050011+ Al Ay — Ay Ay (5.76)
2

where A% = A™A,, .
Now, by defining
ij = T]lk@ljkm y (577)

and using Eqgs (5.73) and (5.76), we obtain
Rim = Rijm) — NimVpA? = 2{V Ay + mjmA> — AjAn} +4V A, (5.78)

where the R;,,) are the components of the Ricci tensor of the connection ~;;; . If we
also let

R=vw"Rj, , (5.79)
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then from Eq (5.78), we obtain
R=R-6{V,A" + A*} | (5.80)
where ‘R is the standard Ricci scalar.

Remark 5.2.1. If the undetermined A; are taken to be gradients of an arbitrary
function f,

Ai=Vif (5.81)

then the vanishing of Rg;»F ,

1
0= Ry =Ry — myR (5.82)

with R;; given in terms of fR;; above, yields the conformal Einstein equations for fR;;

(see Egs (3.19) - (3.21)). This will be discussed further in the next chapter.

5.2.1 The First Cartan Curvature

The Cartan first curvature 2-form is given by [15]
Qij = @ij — \I/Z VAN ankg + \I/j A Hkn]“ + 771]\1119 A 9’“ s (583)
where the (Ricci) 1-forms W; are appropriately chosen so that

1
Qi = §QijLM9L AOM (5.84)
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satisfies the following conditions

0=n"Vijkm (5.86)
0= Qijs . (5.87)

Note, from its definition, that €2;; also satisfies the first Bianchi identity, Eq (5.66),
i.e.,

QN =0 . (5.88)

With some algebra, one can show that the conditions (5.85),(5.86) and (5.87) are

satisfied uniquely by the 1-form

Uy = U0 = W60 + U3 0° + U300 (5.89)
with
1 1 1
Wiy = ZR[U] + ) Rj) — ER% . (5.90)
and
Vo = (dA);s . (5.91)

Note that from Eqs (5.91), (5.83), and (5.87), we find Eq (5.72), i.e.,
Oijks = Nij (dA) ks + Nik(dA) js — njr(dA)is . (5.92)
Using Eqgs (5.78) and (5.80), we obtain
U = Sy + VA — Vid)) + A4A; — %nijAQ : (5.93)
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where Sj; is the Schouten tensor associated with v,
L1 1
Sij = 5 | Rap — R |- (5.94)
2 6
By using Eq (5.93), we can insert the above expression into Eq (5.83), yielding
Qijem = Rijiem) — SikMim + SimMjk + Siklim — SimMie (5.95)

which is manifestly independent of the A;. Thus, we see that the ;;z,, is actually
the Weyl tensor (see Eq (2.12)),

Qijem = Cijkm (5.96)

i.e., the Qjjr, is the totally trace-free part of QRijpm)-

5.2.2 Second Cartan Curvature

Finally, we define the second Cartan curvature (with the covariant exterior derivative

D) of the 1-form VU, as

Q =DV, =dVU; + U, AW*; = %QUKQJ AOE (5.97)
Using Eq (5.89) in the above, we obtain, after a lengthy calculation, the simple
results
Qijr = Vi, O i + A C™ i (5.98)
and
Qijs =0 (5.99)

where V™ again is the Levi-Civita covariant derivative. Clearly, the components of
the second Cartan curvature resemble the conformal Yang tensor (see Eq (3.22)).
In fact, if the ;;; = 0, then, via the theorems of subsection 3.3.1, the A; would
be gradients and the ;;, would be identical to the conformal Yang tensor. We will

analyse this case in the next chapter.

62



5.2.3 Synopsis

Since so many different quantities and their symbols have been introduced, we have
added a few essentially pedagogical remarks concerning the placement of different
variables.

a.) The A;;x depends on the functions S and S*, which are defined by the starting
PDE’s.

b.) Since w;js = A5, the fibre components of the connection depend only on the S’s.

c.) All the quantities {S,S*, A;} appear in the tetrad components of the connection

1-forms, w;jx. These components can be split into
Wijk = Yijk + Wijk (5.100)

where the Levi-Civita part, v, , depends only on S and S*, while @;;; depends only
on the A;.

d.) The curvature ©;j(km) splits into two parts
Oijlkm) = Rij)ikm] + Oijkm] (5.101)

where the (standard) Riemann curvature Riijiem) depends on the S’s and (:)ij[km}

depends on everything.

e.) The first Cartan curvature 2-form, €;; , is the Weyl tensor, C;jm, , and depends

only on the S’s.
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f.) The second Cartan curvature 2-form,
1 .
Q= ) (VO™ ik + A C™ 1.} 07 A OF, (5.102)

depends on everything, though the A; appears explicitly just in the second term.

g.) Though the Ricci 1-forms,
Uy =007 + U,.0° + 0,00 (5.103)

depend on everything, their separate parts do not. W;, depends only on the A;.
From

1

we have that 3;; depends only on the S’s while the remaining terms depend on

everything.
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5.3 EXPLICIT RELATIONS

For completeness, we give relevant explicit expressions and derivations. We begin
by stating the components of A, G, and w. Next, we explicitly derive the tetrad
parameters and the Wiinschmann condition. Then, using the expressions for w and
the basis vectors ey, we give (without proof) the commutators of the basis vectors.
Finally, as an example of what the curvature terms look like, we state (without the
derivation) the component Wy;. All other curvature terms are, in general, much

longer and more complicated.

5.3.1 The A, G, and w

We begin by defining some quantities to simplify our expressions:

y=1-—0bb" , (5.105)

oc=a—"ba" (5.106)

(=agr—Vbay . (5.107)
and

hz = e9 + b*eg . (5108)

Also, when any two quantities are members of a complex-conjugate pair, we will

often display only one of the objects and imply the other.
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I. The Al JK-

—1 b*
AlSS*_A201—A253"‘—0 ) A02s—_ 5 AOQS*—_ )
ary ay
eola) — b*eg(a*
Ay = —ei(c) A102:_@2( )+ o(@) (@) ,
oy
Ao =—Dc+a‘c—eo(T) —ae(S) , Alp= o% ;
ho(a™) — h
Al 1s — _[61<T) + a* -+ ael(S)] s Al 93 = 2(a )a,y 3(@) ’
b*Da* — Da — ¢+ a*o
Al 2s — T [62(T) + CLGQ(S)] -+ oy ’
Al ogr = — [62(T*) —f-CL*GQ(S*)] + ( a C) a—+ ao ’
ay

b*eq(b b

AQOQZGO(lna)—L() , A2O3: 60( ) 7
v Y

Ao =albe—e(S)] , A%os =ale—beo(ST)] (5.100)

b*eq (b b
AN? 1y =e(lna) — c1(0) A% = e1(b)

v Y
A= —alb+e(S)] , A’ =-all+be(S)
ho(b

N? g3 = 2(0) —e3(lna)

A?5=—D(lna) + 0" Db — ayes(S) + bo

Y
*D* _ *
AZy. = —D*(na) 4+ L2 af@@)+a’
—Db — S bo*
A2, — ayes(S) + bo |
7
A2 —D*b — aybe3(S*) 4+ o*
3s* — ~ ,
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II. The Gijl

Goo = 2 [Dc — ca™ + aeo(S) + eo(T)]

GHZO s G01 :CL*+CL61(S>+€1<T) s

Goa = afc — b eg(S)] + aex(S) + eo(T) + a @ te-ao ,

ay
Gos = @ [be — eo(S)] + aes(S) + es(T) + 24— bD‘;; bezao” 5110)
1 b
— — —aqll+b - _ 7 _
G12 = all+b%e(S) . G = alb+e(S)] .

9 2
Gog = ; [0 — Db*] — 2vyb*ea(S) , Gsz = § [
D(bb*) — 2D(In «v)

Gggza*—a[€2(5)+b*€3(8)]+ "y s

bo* — Db] — 2ves(S)

ITI. The w;;:

wor = e1(c)0° + {A2 + L} 0% + {A:s + ¢
2ay 2ay

} 0% + 24,6

+24,0° +2A,.6° |

wig = —wo1 + 24
wop = {62(0) + Peole’) = eole) } 0° + {Az i} o o)

ay 209 g
2e0(bb*) + ay? [ha(a*) — ha(a)] | =
A 0
+{ o+ 2v(1 + bb*)
— b S,(1 + bb* e+ S5(1+ bb*) .
e 2(2 +bb") 4 U+ 2(2 +O6) gor
oy ary

Wo3s = (Wo2)* )
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wu:{Ag 4}90 alge | {A1+—61(bb*) }03

20y Y Y(1 + bb*)
ay . avyb*
1—|—bb*9+1—|—bb* ’
s = () (5.111)
—beo(b*) vy hs(a) — ha(a®)] | ,o
Wo3 = v
27 2(1 + bb*)
b’ b*bR hs(b*) (3 + bb*)ez(bb*>}
A R 91 _ 02
{ T } + { y 2v(1 + bb*)
h2 3 + bb*)eg(bb*) } 3
24550
{ ( oy
( SW +2A5) + a*(3 + bb*) ab(l + 3bb*) s
2(1 4 bb¥)
+ VSt + (a — 2As )(3 + bb*) _ a’b*(1+3b0%) |
4 2(1 + bb*) ’
W3g = —Wo3g — 214

5.3.2 The Tetrad Parameters

Here we determine the tetrad parameters {a,b,0*,a,a*,c} and the Wiinschmann
condition in term of the functions S and S*. The determination of the tetrad param-
eters also uniquely determines the torsion-free connection above. To find the tetrad
parameters, we use the vanishing of the trace of A;;; found in Eq (5.42). From these

conditions, we have

0==Go + Gz =Gy +G33 (5.112)

O:Gij:G:j ) fOI“(i,j) g {<O71)7<273)}
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Using the explicit expressions of the G;; of Eq (5.110), along with the definitions of
the e; in Eq (5.16), we solve for i.) the tetrad parameters and #:.) the Wiinschmann
condition.

As before, we will often list only one member of a complex-conjugate pair and
imply the other. We refer to the conjugate of a listed equation by writing the listed-
equation’s number with a superscript (x).

We start with the equations G2 = 0, G135 = 0, G}, = 0, and G753 = 0, which
depend only on b, b*, and a. They are four equations with three unknowns that

satisfy an identity. From G5 = 0 and G5 = 0, we have
b*Sp =05y . (5.113)

Next, using G3; = 0 and G113 = 0 to eliminate %, we obtain

14 /T= 955"
po -t e (5.114)
R

(We have chosen the positive root since we want b to vanish when S vanishes.) Using
Eq (5.113), one sees that b* is the complex conjugate of b. It useful to invert Eqs
(5.114) and (5.114*), yielding

—2b
Sr= T (5.115)
From Eq (5.115) and G5 = 0, we find
1+ bb*
e 5.116
C T =) (5.116)

All four equations G2 = 0, G135 = 0, G5, = 0, and Gj; = 0 are satisfied by Eqs
(5.114), (5.114*), and (5.116).
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Our next step is to determine a, a*, and the Wiinschmann condition from the
equations Gy + Gaz = 0, Gao = 0, G353 = 0, and their conjugates. From this set of
six equations we will be able to solve for a and a*, find the Wiinschmann condition,
and obtain further identities on some functions.

We first state some useful relationships. Taking D of Eq (5.116), we have, after

some simplification,

Doy — aD(bb*)(3 + bb*)

2(1 4 bb*)(1 — bb*)
Next, we find Tr = Tgr[Db, Db*,b, S] and its conjugate. By first taking D* of Eq
(5.115) and D of equation (5.115*),

(5.117)

—2b —2b*
(Sr) (1 + bb*) - DTSR =D (1 - bb*) ’ (5.118)

then using, Eq (5.9) to commute the R-derivative and the fibre-derivative, we obtain

two equations containing Tx and T3;. After simplifying with Eqs (5.115), they become

4b(Db* — b*2Db)  2(B2D*b* — D*b + 2b2S3,)

"=y —wre TE0E 5.119)
Sw(140b*)  2(1 + bb*)(b*Sw+ + bSy+) '
TERE (L= bb)?

We are now in a position to find a, a*, and the Wiinschmann condition. First,
from Go; + Ga3 = 0 and G, + G353 = 0, we solve for a and a*. With the aid of Eqs
(5.117), (5.119) and their complex conjugates, we find
(1+ 0b*) [b**Db + Db* + D* (bb*) + (1 — bb*) (b* Sy + bS]

(1 — bb*)?
When they are inserted into G33 = 0, we find that S must obey the differential

(5.120)

a =

condition

Db+ bD*b + S+ — bSyy + b2S;. — Sty

M
1 — bb*

0, (5.121)
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where b is the known expression in terms of S and S*. The expression M =
M [Db, D*b,b] is the Wiinschmann invariant. Its vanishing is the condition on the
S and S*, i.e., on the original pair of PDE’s, for the existence of a torsion-free
connection.

This condition tells us that this invariant must vanish if we are to find a non-
trivial torsion free connection. By substituting Db* from the Wiinschmann invariant

and its conjugate into Eqgs (5.120) and (5.120*), our expression for a becomes

062

bb*

a

[b**(M — Db+ bSw — Sw+) + b(M* — D*b* + b*Syy — Sy)] - (5.122)

or, with M = M* = 0, we have

o (2 (=Db+ Sy — Sy-) +b(=D"V + 'Sy, — Sip)] (5.123)

a

Summarising our results so far, we have obtained the five tetrad parameters,
{b,b*,a,a,a*}, as well as the Wiinschmann condition in terms of S and S*. The
search for the last parameter ¢, is the most interesting and at the same time the
most difficult part of the construction.

There are four equations for ¢, namely Gos = 0, Gz = 0, G, = 0, and G; = 0.
As we will see below, three of those equations become identities once we algebraically
solve for c. It is, however, instructive to keep the Wiinschmann invariant different
from zero when solving the equations. We then explicitly show how its vanishing
yields a unique solution for ¢, such that the remaining identities among the Gj; are
also satisfied. Thus, for the subsequent calculations, M is left in the equations.

By manipulating the expressions for a and M and their conjugates, we have

b(1 — bb*)(ab — a*)

1+ bb* ’

(1 —bb*)(a — a*b")
1+ bb*

Db =M + bSy — Sy + (5.124)
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Next, we insert the left-hand sides of Eqgs (5.124), (5.125), and their conjugates into
Egs (5.119) and (5.119%) to find T = Tgla,b; M| and T}, = Tjla,b; M]. The result
is
2(3ab — b*Sw+)  2a*(1 + 4bb* + b*b*?)

1 4 bb* (1 + bb*)? ’

Tr = (T + Sw) + (5.126)

where 7 = 7[M] (which vanishes with M) is given below. Third, using the fact that

the vectors D and D* commute,

DD*h=D*Db , DD*b" = D*Db" . (5.127)

Thus by taking the appropriate fibre-derivatives of the four Eqs (5.124 ), (5.124%),
(5.125), and (5.125%), simplifying with Eqs (5.9), (5.124), (5.125), and their con-
jugates, and by using the Eqs (5.127), we obtain two equations containing Da,
D*a, Da*, and D*a*. They can be solved for Da* = Da*[Da, D*a*] and D*a =
D*a[Da , D*a*] to find

1 b2b*2 2b2 *
Da* = (T+G*SW—CL*2—TW*)—|— SZ( + )+ SZ

(1— bb*)2
b(Da — D*a* + Tw — Tyy» + 4aa™) — 2a*b* Sy
5.128
+ (1 + bb) (5.128)
aSw+ (1 +0°0") + 20%(2a® + a* Sy )
(1+ bb")2

The term ¥ = Y[DM , D*M , M|, which vanishes with M, is given below. Finally, in

addition to Eq (5.128) above, we can use the integrability condition to derive another

identity on the fibre-derivatives of a and a*. We begin by taking D* of Eq (5.126):
2(3ab — b*Sy+)  2a*(1 + 4bb* + b*b*?)

DX(Tr) = D" (7 + Sw) + —— T 50 . (5.129)
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On the left-hand side, we use Eq (5.9%) to commute the R-derivative and the fibre-

derivative so that we obtain the term Ugr = Og(D*T), where

U= DT = D**S = D*S* = DT* (5.130)

denotes the integrability condition. We can then solve this equation for Ug. Refer
to the Uy that we obtain in this manner as U g). In a similar manner, we can obtain
Ug) by taking D of Eq (5.126*). Then equate Ug) and Ug), from which we find
an identity on Da and D*a*. With the use of Egs (5.9), (5.115), (5.124), (5.125),
(5.128), and their conjugates this identity becomes

2(1 + bb*) (bS}, — b*S;)
(1 — bb*)2

0=(=T"+Da—D*a*+Tw — Ty.) +
(5.131)

4(a*?b* — a®b) + 2(ab* Sy~ — a*bS}y,)
+
1 + bb*

The term I' = T'[DM ,D*M , M| and its conjugate vanish with M and are given
below. We are now in a position to find ¢ from the four equations Ggs = 0, Gp3 = 0,
Ggo = 0, and Gz = 0. We algebraically solve each of the four equations for c,
calling each solution ¢”. Next, we replace Sg , a?, Tx, and Da* by Eqgs (5.115),
(5.116), (5.126), and (5.128), and use Eq (5.131) to simplify. Finally, we separate
each ¢ into a piece that contains all terms with the Wiinschmann condition and
its fibre-derivatives, namely £ and another piece that contains no Wiinschmann

terms, namely C¥ so that ¢ has the form

D — o 4l (5.132)
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for all i. It is straightforward to verify that the four C are real and equal. Imposing
the Wiinschmann condition, M = M* = 0, so that the £ = 0, then C® = ¢ = ¢,

and we have our final expression for ¢, namely

_ Da+ D*a* +Tw + Ty aa*(1 4 6bb" 4+ 0°0*)

‘= 4 T 21t b)? (5.133)
(14 00*)(bS, +0*Sz)  a(2ab — b*Sy~) + a*(2a*b* — bSyy) '
21— bb*)? 2(1 + bb)

Had the Wiinschmann invariant been non-vanishing, the whole construction ob-
viously would have failed. Having determined all the tetrad parameters, we still
have to verify that Gpo = 0 and G}, = 0. By inspection, we see that these equations
contain fibre-derivatives of c¢. In fact, by explicitly taking these fibre derivatives on
¢, we find that Goo = 0 and G§; = 0 are identically satisfied. We see this in the
following fashion: From Eqs (5.128), (5.128%), (5.131 ) and (5.133), we find

2a*(2ab — b* Sy«
Da* = a*Sw — aSy+ — Ty + @(2a we)

1+ bb*
Sz(1+ bb*)2 B a*2(1 + 6bb* + b2b*2) (5.134)
(1 — bb*)? (1 + bb*)?
and
2a(2ab — b* Sy«
Da = —(2c+Tw) + - Ci + bb*SW :
(5.135)

26" Sz(1+bb*)  aa*(1+ 6bb* + bb*2)
(1 — bbr)? (1 + bb*)?

By taking D* of Eq (5.134) and D of Eq (5.135%), subtracting them and using the
commutability of D and D*, we have

2¢(2ab — b*Sy+)  ca*(1 + 6bb* + b*b*?)

De = ¢Sy — Ty — aS -
¢ = ow mz = asr T (1+bb7)2 ’

(5.136)
which is equivalent to Goy = 0.
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Note that in the above analysis we have used the following expressions, all of

which vanish when M = M* = 0:

T =2bv - )
T = 2bp + 2(1 + bb*) " H{u(1 — bb*) + v[a*b* + a(1 — bb* — b*b*?)] (5.137)
+ b2t (1 — bb*) + b*v*[ab + a*(1 — bb* — b*b*?)]}

Y

['= —b"[4p + 2v(2abb* + a*b* + 3a)]

Y

1
G =& =i (L =b07) +b7p+ 5v7[a"(3 — 26°™) — abl}
+ %b*u(a —a'b*)
1 1
=6 = E{“(l —bb*) +bp + 51/[@(2 + bb* — 26%b*%) — a*bb*?]} (5.138)

1
+ —bv*(a* —ab)
2
where

p=2"11—-b*)?(1+bb*){(b*DM + D*M)
+ M(b*2Sw~ — 2b* Sy — 2bSy, + Si)}
p=—-2""1-0b")2(1+bb")MM* | (5.139)

v=(1-0b")""1+0b")""'M
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5.3.3 The Commutators

From the definitions of the basis vectors e; in Eq (5.16), and using the relations
of the previous subsection, one can find the commutators [e;, e;] and [es,e;]. The
derivations of these commutators is complicated and not particularly instructive.
Thus, we simply state some of the results.

The commutators, [e;,e;], are found either by direct computation or by using

the fact that for a torsion-free connection,

e, ex] = —2w' [jiy - (5.140)

Thus, these commutators can be found from the w;j;, listed above. The commutators

containing e, or its conjugate are found by direct computation:

les,eo] = a{[bc —e(S)]ea + [c — b eg(S5)] es}

les,e1] = [a* _ b ha(S)],es—be
1+0 ™
les, ea] = _j_(’)y —afb*eg(S) — e
N {2(11&%1)*) b [eg@?&—7 bea(S)] ezf) } . 5.1
les, €3] = Z—? + albe —eo(S)] e
+ {(a* — ab) — 2(1753;%*) v [eg(Sz);bez(S)] } ..
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5.3.4 The \1111

As an example of the components of the curvatures, we give — without explicit

derivation — the component Wq;:
\1’11 = %11 — €1 (Al) + A% s (5142)

where
C [preR(d) + be(6%)]  [ea(b)] [en(b*)] (3 + 4Db" + 3b%D°2)
" (1 + bb7) 72 (L + bb*)?
(1 +20b*) (b2 [e1 (D)) + b2 [e2 (0%))°)
72(1 + bb*)?

R

(5.143)
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6.0 THE PDE’S AND THE EINSTEIN EQUATIONS

In section 5.2, we calculated several curvatures as functionals of the S and S* and
the undetermined A;. We now discuss imposing the conformal Einstein equations
on these curvatures. In other words, we explore the conditions that make the metric

(5.17),
g(Z,R,W,W*,s,s*):m]ﬁi@@j , (6.1)

conformally Einstein.

Since everything (the metric, the connection, and the curvatures) depends on
the functions S and S* which satisfy the Wiinschmann condition, the conditions
for the conformal Einstein equations are actually further conditions — in addition
to the Wiinschmann condition — on these functions. Our aim is to find these extra
conditions. To do this, we apply our new version of the conformal Einstein equations,
Eq (3.66). Thus, the following is the first known application of this version.

Unfortunately, this problem is very formidable. In principle, we can formulate
everything in terms of S and S*. We will not, however, give any of the explicit
equations since they are millions of terms long, even after severe approximations are
taken. Accordingly, we will only present an outline of our methods.

Finally, we note that we did not investigate the other two versions of the confor-

mal Einstein equations using this language. The first version, Eq (3.21), has been
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studied elsewhere using the language of the PDE’s [8], and the second version, Eq
(3.25), seems to be even more complicated than the third since it contains an extra
level of derivatives by way of the Bach tensor. (The study of the second version in

the language of the PDE’s was unsuccessfully attempted by Tod [22].)

6.1 A REVIEW

For clarity, we briefly review in this section our new version of the conformal Einstein

equations of chapter 3. We begin with the conformal transformation,
Jab = €"gap (6.2)
and the Einstein equations for §u,
ATF _ f Lo,
R, = Rup — ZRgab =0 . (6.3)

The inverse conformal transformation of Eq (6.3) yields the first version of the con-

formal Einstein equations,

0= RI — 2Vt + 2061+ 500 (Ved” — 6u5) (6.4)

where ¢, = V,¢. This form of the conformal Einstein equations is a set of conditions
on the metric g, and the conformal parameter ¢. The metric g,, that satisfies Eq
(6.4) is called conformally Einstein.

A necessary but insufficient condition for a metric g, to be conformally Einstein

is that it satisfy the conformal Yang equations,
vaca bed T+ gbaca bed — 0 . (65)
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It is from these 16 equations that we obtained our new version of the conformal
Einstein equations. The essential idea was to solve the conformal Yang equations for
the four ¢,, which determines them as functions of g,, via the Weyl tensor C% .4
and its divergence V,C%;.4. Call these solutions ¢,[g]. The ¢,[g] are then inserted
into the first version of the conformal Einstein equations, Eq (6.4), producing a set
of equations that depend only on g,. Note that since Eq (6.5) is 16 equations, we
obtain 12 conditions (J,[g] = 0) on the metric g, when we solve for the four ¢,[g].

The new version of the conformal Einstein equations are therefore

0= RE —2Vadslg] + 2¢a[9]06]g] + 59 (V9] — dc[g]9°[g])

0=1J,[g] ,

(6.6)

where the explicit expressions for ¢,[g] and J,[g] are given in Eqgs (3.63) and (3.65),

respectively.

6.2 THE METHOD

We now return to the Cartan-Weyl geometry of chapter 5. In particular, recall that

the metric was defined as

g(Z,R,W,W*,S,S*):ﬁij6i®0j : (67)

Our aim is to determine the conditions under which this metric is (generically) con-
formally Einstein. To find them, we follow the procedure reviewed in Eqs (6.5) and

(6.6). (See Eq 2.17 for the definition of a generic metric.)
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We begin with imposing the vanishing of the second Cartan curvature of Eq
(5.98),
Qijle = Vi, O i + A C™ i, = 0. (6.8)

By theorems 3.3.1 and 3.3.2, we thus have that the vector A; is a gradient and is
unique for the choice of the metric in Eq 6.7. Thus, as before in section 6.1, we solve
Eq (6.8) for the A;, which determines them as functions of g, i.e., A;[g]. In doing so,
we also find the conditions J,[g] = 0.

Now recall Eq (5.78),

ij = SR(jm) - njmvap -2 {v(mAj) + nijpAp - A]Am} + 4V[jAm] , (69)

which was derived from the second structure equation, Eq (5.65). To obtain the

conformal Einstein equations, we first require that the trace-free part of R;; vanish,
RIF =0 . (6.10)

Then, we insert the four A;[g] into R} = 0. Since the vector A;[g] is a gradient, the
term containing V[;A,, vanishes. Thus, we have the conformal Einstein equations
for our Cartan geometry,

0= R =2Vl + 2400400+ b (VAT - AdlglAg)

0= J,[g]
The above set of equations depend only on the functions S and S* and , therefore,
are the additional conditions on these functions.
Our goal, however, was to calculate the above set of equations explicitly in terms
of the functions S and S*. When we attempted to do this exactly, the length of

the equations became overwhelming. The solutions for the A;[¢g] and the conditions
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J-[g] = 0 contained several million terms per equation. After many months of effort,
with the aid of a supercomputing cluster and the mathematics programme Maple,
we were unable to successfully simplify these equations. Thus, we were forced to
try a severe approximation techniques, which we discuss below. Ultimately, this
approximation reduced the size of our equations by about an order of magnitude,
but we still had roughly a million terms per equation. Many more months of effort

to simplify the equations were unfruitful.

6.2.1 The Off-Minkowski Approximation

Recall that in Minkowski space-time, the metric 7., (in the standard coordinate

basis) is given by

1 0 0 0
0 -1 0 0
[Mab] = (6.12)
0 0 -1 0
0 0 0 —1

For null plane waves in Minkowski space-time, it can be shown [5], [8], [16] that the

function Z = Z (2%, s, s*) describing the collection of null planes can be written
Z = lx* | (6.13)
where the vector of coefficients [* = 1% (s, s*) is
[\/5(1 n ss*)} 9= {(1+s5%) ,(s+ ) ,i(s —s),(—1+ss))} . (6.14)

Using 1y, from above, one can show that this expression for Z satisfies the eikonal
equation, Eq (4.4), for each value of the parameters (s,s*). Furthermore, this Z

satisfies the pair of PDE’s

D*Z=D27=0 |, (6.15)
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i.e., the functions S and S* vanish.
Alternatively, one can start with the pair of PDE’s in Eq (6.15) and then follow

the procedure of chapter 5. In that case, the null tetrad of Eq (5.15) becomes

0" = 0" ,dx" | (6.16)
where
., =l, , 0,=n,=(D*Dl,+1,)
(6.17)
0*,=m,=Dl, , 0,=m’=D,
Thus, n%l, = 1 and m*m = —1, and all other scalar products are zero. The null
metric 7;; (see Eq (6.7)) is then re-constructed by
g=n0' 00 | (6.18)

where the components 6, are as above.
With null plane waves in mind — in particular, Eq (6.15) — a natural approxima-
tion to take in the analysis of the conformal Einstein equations is the “off-Minkowski”

approximation,

S — €S, (6.19)

where € is small. Using this approximation, we then calculate our system of equations
(6.11) to second-order in e.
To do so, we first use Eq (6.19) to approximate the set of tetrad parameters

{a,b,b* ;a,a*,c} given in Eqgs (5.54) - (5.57). For example,

b — 61(25) +0(&) (6.20)
and
3
a~1+ §bb* (6.21)
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The approximations of the other tetrad parameters are much more complicated and
will not be displayed.

The next step is to compute the connection and its curvatures in terms of these
approximated tetrad parameters. Then, we again apply Eqgs (6.8) - (6.11).

As we have said, even after the off-Minkowski approximation, the conformal
Einstein equations of (6.11) were roughly a million terms each. Thus, although we
were successful in finding these equations explicitly in terms of the functions S and

S*, the equations are much too large to be useful.
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7.0 CONCLUSION

In this work, we have accomplished many things. Of primary importance, we have
shown how to extend Cartan’s beautiful construction of differential geometric struc-

tures to the pair of PDE’s

DZZ:S(Z,ZS,Zs*azss*asas*) )

D% = SNZ , Zy, Zge , Zgsr ,5,5%) . (7.1)

The resulting geometry, namely the Cartan-Weyl conformal geometry, forms a rich
set of quantities which includes, as a special case, all conformal Lorentzian metrics
and their space-times. Consequentially, this geometry also contains all solutions to
the vacuum Einstein equations.

Specifically, the restriction of the Cartan-Weyl geometry to conformal space-
times was achieved via the Wiinschmann condition. This condition was obtained
geometrically through the torsion-free property of the generalised Levi-Civita-Weyl
connection of Eq (5.33). One of our accomplishments was to find the Wiinschmann
condition explicitly, Eq (5.53), in terms of the inhomogeneous functions S and S*
defined by Eq (7.1). We note that the Wiinschmann condition had been previously
calculated in the context of the null-surface formulation of GR (e.g. [11]). In this
work, however, we have re-obtained it from an entirely new point of view, namely

via the torsion-free connection.
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In order to explore the restriction of the Cartan-Weyl geometry to a conformal
Einstein geometry, we used our new version of the conformal Einstein field equations,
Eq (3.66), which does not contain the conformal parameter. When written explicitly
in terms of the functions S and S*, this version of the conformal field equations
becomes a set of further conditions on S and S*. We had hoped that this set
would be relatively simple to express explicitly, but, unfortunately the equations
were enormous, even after making the approximation of small S. Thus we concluded
that Cartan-Weyl geometry was not a particularly useful application of this new
version.

Perhaps this is not surprising. On the one hand, the new version of the field equa-
tions has an appealing geometric aesthetic since it is only a set of conditions of the
conformal metric. On the other hand, this version is very unappealing algebraically,
as it is a set of 21 complicated equations. (Nine of these come from the vanishing of
the trace-free conformal Ricci tensor, i.e., the first equation of Eq (3.66); the other
twelve we review now.)

In order to eliminate the gradient of the conformal parameter from the confor-
mal field equations, we had to solve the 16 conformal Yang equations for the four
components of the gradient. This left us with the twelve equations that we called
Js[g] = 0. These equations are, in general, rather complicated, and the fact that one
has to satisfy twelve such equations simultaneously makes them even more cumber-
some. If one could reduce or simplify them in some way, then the new version of the
field equations would certainly be more powerful.

As of now, it is not clear how to do this precisely. We note, however, that
very recently we have received suggestions that may simplify this set of equations,

although the analysis seems very complicated. Much more work remains to be done.
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