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ON THE REGULARITY OF p-HARMONIC FUNCTIONS IN THE
HEISENBERG GROUP

Andras Domokos, PhD

University of Pittsburgh, 2004

In this thesis we first implement iteration methods for fractional difference quotients of weak
solutions to the p-Laplace equation in the Heisenberg group. We obtain that Tu € L{ (Q)
for 1 < p < 4, where u is a p-harmonic function. Then we give detailed proofs for HW?22-
regularity for p in the range 2 < p < 4 and HW?P-regularity in the case @ <p<2for
e-approximate p-harmonic functions in the Heisenberg group. These last estimates however
are not uniform in . The method to prove uniform estimates is based on Cordes type
estimates for subelliptic linear partial differential operators in non-divergence form with
measurable coefficients in the Heisenberg group. In this way we establish interior HW?22-
regularity for p-harmonic functions in the Heisenberg group H" for p in an interval containing

2. We will also show that the 'Y regularity is true for p in a neighborhood of 2.

In the last chapter we extend our results to the more general case of Carnot groups.
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1.0 INTRODUCTION

The Heisenberg group plays an important role in several branches of mathematics such as rep-
resentation theory, harmonic analysis, complex variables, partial differential equations and
quantum mechanics. It can be constructed in many different ways, for example, as a group of
unitary operators acting on L*(R"), or it can be identified with the group translations of the
Siegel upper half space in C™, or it can be realized as a group of unitary operators generated

by the exponentials of the position and momentum operators in quantum mechanics.

In the Heisenberg groups we find an abstract form of the commutation relations for the
quantum-mechanical position and momentum operators. The commutation relations will
be present in the form of the noncommutatitvity of first order differential operators, more

exactly of the horizontal left invariant vector fields.

The number of the horizontal vector fields we use is 2n in a 2n + 1 dimensional space.
The horizontal vector fields and their commutators span the tangent space at any point,
so they form a completely nonholonomic or bracket-generating family. According to the
Rashevsky-Chow theorem, we can connect any two points in the Heisenberg group using
curves that have tangent vectors at each point in the subspace generated by the horizontal
vector fields. This is a very important fact in control theory and has important consequences
in the regularity of weak solutions of partial differential equations. The study of regularity
of weak solutions is needed because it is difficult to find classical solutions that match real
world situations. Therefore, we have to extend the search and first get solutions in a very

general class of functions. After that one has to show that it has the required properties.

Let us consider the Heisenberg group H" as R” x R™ x R endowed with the group



multiplication

n

1
(@1, s Tons ) - (Y1, -0y Yo, U) = (:ﬁ YL Tt Yo tHu— 5 > (@nriyi — xiyn-i-i)) :
i=1

With respect to this operation the neutral element is 1 = (0,...,0) and the inverse is given
by

(21,...,Ton, 1) = (=21, ..., —Top, —1).
The conjugation by = = (z1,. .., oy, t) is defined as Ad((z1,...,zo,,t)) : H* — H"”,

Ad(('rla c o5 T2, t))(yla oy Yon, 5) = <y17 ey Yon, S — Z (anrly’L - ‘xlynJrZ)) :

i=1
The tangent space at 1 and at the same time the Lie algebra of the Heisenberg group is

R?"*1 hence the differential of Ad(z1, ..., 7o,,t) at 1 is
Ad(l‘l, vy Lop s t) = D]_Ad(l’l, vy Lops t) . R2n+1 — R2n+l

given in matrix form by

1 0 0 0 0

0

0 1 0 0 0

Ad((xq, ..., xon, t) = 0 .o 0 1 ... 0 0
0

0 . 0 0O ... 1 0

—Tpy1 .. —Toy T1 ... Ty 1

Therefore we can consider the mapping Ad : R+ — GL(R?"™!) and its differential at 0,

ad = D(o,00Ad : R*T! — L(R*"*! R*"*1) given by
0 0 0O ... 0 O
0
0 0 0 0 0
ad(Xy, ..., Xon, T) = 0 ... 0 0 ... 00
0
0 0 0 0 O
“Xpir e —Xow X1 . X O



The Lie bracket or commutator of X,Y € R?***! is given by

[X,Y] = ad(X)(Y) = (o, 0, — i (XiiV; — XZ-YnH)) _

The left multiplication by x = (z1, ..., xa,,t) is defined by L, : H* — H",

n

1
Li(y) =z -y=(z1+y1, s Ton + Yon, t +u— 3 Z(In-l-zyz — TilYnti)) »

245
and its differential at 1 is
1 0 0 0 O
0
0 1 0 0 O
DL, = 0 .0 1 ... 0 0
0
0 . 0 0O ... 1 0
—%an —%xgn %xl %xn 1
For each v = (vy,. .., V9, s) € R?"™! corresponds a left invariant vector field X, given by

Xo(z) = D1L,(v) =

=1

0 0 1 — 0
= 1113—x1 +...F U2n8x_2n + (5 D) Z(l’mwl’ - innJri)) o

Therefore, if i € {1,...,n} and ¢; € R**! is the vector with the i’ component 1 and the

others 0, we have the corresponding left invariant vector field

0 Tnti 0
X;(x) = — —.
=55~ 2 &
For e,,.; we have
Xn i - o ag
while for eg,1 = (0,...,0,1) we have
0



The commutators of the horizontal vector fields X satisfy [X;, X, +;] = T, otherwise [X;, X;| =
0. Therefore the horizontal vector fields X; and their commutators span the tangent space

of H" at each point and hence satisfy the Hérmander’s condition of hypoellipticity.

Let 2 be a domain in H” and let p > 1. Recall that the Haar measure in H" is the
Lebesque measure of R?" ! therefore the space L?(f2) is defined in the usual way. Consider

the following Sobolev space with respect to the horizontal vector fields X;
HW(Q) = {u € LP(Q) : X e LP(Q), for all i€ {1, ..., 2n}} .

HW'P(Q) is a Banach space with respect to the norm

2n

[fullwro = lullz + Y [ Xsullzo

i=1
We denote by HW," () the closure of C3°(Q) in HW'(Q). We will also use the local

Sobolev space

HWP(Q) = {U:Q—>]R cqu € HWP(Q), for all n € C'SO(Q)}

loc

Consider the p-Laplace equation:

2n
= X (|XufXu) =0, in Q (1.0.1)
i=1
where Xu = (Xju, ..., Xo,u) is the horizontal gradient of w.
A function u from the horizontal Sobolev space HW,!?(Q) is called a p-harmonic function

loc

if it is a weak solution of equation (1.0.1), that is
/ | Xu(z)[P~3(Xu(z), Xo(z))de =0, forall p € HW,?(Q). (1.0.2)
Q

Together with equation (1.0.1) we will consider for € > 0 small the approximating equations

2n _
=3 (e + 1XuP) T Xw) =0, in © (1.0.3)
=1

and their weak solutions u, € H VVéf(Q) which we will call e-approximate p-harmonic func-

tions.



In the case p = 2 the left hand side of equation (1.0.1) is the Kohn-Hérmander Laplacian
and the C*-regularity of the weak solutions v and wu. follows from Hormander’s celebrated

theorem [12].

In the case p # 2 the equation degenerates. In the classical Euclidean case we know
that u, € C®(Q) and u € CL¥(Q) for 1 < p < oo and u € W2(Q) for p close to 2. In
the case of the Heisenberg group or in general in the subelliptic case there are no definite
answers yet. We can mention the results from the papers of Capogna [2, 3], Capogna and
Garofalo [4] and Marchi [17, 18, 19]. In the papers [2, 3, 4] the a priori assumption on the
boundedness of the horizontal gradient allows the use of some aspects of linear theory like
L? spaces or fractional derivatives defined via Fourier transform to gain control on difference
quotients and prove interior C'* regularity for the weak solutions of (1.0.1). Due to the
noncommutativity of the horizontal vector fields in the Heisenberg group, the first thing to
be proved is the differentiability in the non-horizontal direction 7". Under the boundedness
condition of the horizontal gradient it is possible to prove for any p > 2 not just that
Tu. € L} ,(Q) but Tu. € HW,>?(Q). This opens the way to the proof of u. € HW.>(2) and

then differentiating equation (1.0.1) we can prove C'*-regularity.

In the general case proving Tu € L} (€?) is more difficult. Marchi [17, 18, 19] proved this
for 1+ \/ig < p < 1+ +/5. She used the fractional difference quotients to show that a weak
solution is in some truncated versions of fractional Besov and Bessel-potential spaces. Marchi
used the embedding among these spaces (see [21, 23, 24, 25]) to obtain more information on

the differentiability of weak solutions.

It is clear that the way we manage the fractional difference quotients constitutes a key
point in the further development of this theory. We propose a direct method to bound the
first order difference quotients. Using the semi-group properties hidden in the second order
difference quotients we will be able to control the first order fractional difference quotients
and hence to get a complete nonlinear treatment of the regularity problems. Among our
main contributions are Lemma 2.2.1 and the implementation of several iteration schemes on
fractional difference quotients. The point here is that using an appropriate test function,
and exploiting the geometry of vector fields in the Heisenberg group described by the Baker-

Campbell-Hausdorff formula, we get information on the second order difference quotients.



Using Lemma 2.2.1 we transfer this information to the first order difference quotients and do
our iterations. In this way first we will extend Marchi’s results by proving that Tu € L¥ ()

loc

for 1 < p < 4. Our method can be used also to give a new proof of Tu € HW,>*(Q) for
1 < p < oo under the boundedness assumption of the papers [2, 3, 4].

Once we have the differentiability in the 7" direction we can prove second order differen-

tiability in the horizontal directions. We do modified, and at the same time relatively simple

versions of Marchi’s proofs, that are independent of the embedding properties of Besov and

Bessel-potential spaces.

We remark that our HW?2?2 estimates for 2 < p < 4 and the HW?P estimates for

\/i’l < p < 2 are essential to be able to differentiate equation (1.1) and use the Cordes
conditions in order prove uniform HW??2? bounds, which leads to interior HW?? and C®
regularity of p-harmonic functions in intervals that contain p = 2 and depend on n.

Here is the plan of this thesis. In the next chapter we prove that Tu € LI (Q) for
1 < p < 4. Our main contributions are Lemma 2.2.1 and the implementation of several
iteration schemes in the T-direction. Lemma 2.2.1 presents a direct proof based on a classical

argument of A. Zygmund used for Hoélder-Zygmund spaces of one variable functions [30].

In the third chapter we prove HW?? estimates for 2 < p < 4 and the HW?? estimates

V17—1

5— < p < 2 of the e-approximate p-harmonic functions.

for

In the fourth chapter we use the Cordes condition [5, 28] and Strichartz’s spectral analysis
[27] to establish HW?? estimates for linear subelliptic partial differential operators with
measurable coefficients. As an application we obtain uniform HW?? bounds for the e-
approximate p-harmonic functions for p in a range that depends on the dimension of the
Heisenberg group H". Using a stronger version of Cordes condition we prove C%® regularity
of the p-harmonic functions for p close to 2.

In the last chapter we extend the results from the previous chapters to the case of Carnot

groups of an arbitrary step.



2.0 DIFFERENTIABILITY ALONG THE T-DIRECTION

2.1 PRELIMINARIES

In this section we introduce the first and second order difference quotients and state the

first results involving them. In the next section we prove the lemma about the connection

between second order and first order fractional difference quotients. The third section is

devoted to the iteration scheme in the T-direction for 2 < p < 4, while in the fourth section

we discuss the case 1 < p < 2.

Let us rewrite equation (1.0.1) in the following way
2n
=3 Xi(ai(Xu)) =0, in Q
i=1

where

a;(€) = [€["7%&, for all ¢ € R*".

A p-harmonic function u € HWLP(Q) is a weak solution of equation (2.1.1), i.e.

2n
Z/ a;(Xu(z)) Xip(z)dz =0, for all o € HW,?(Q).
i=1 Y

For € > 0 small the e-approximating equation to (2.1.1) is

2n
_ZXi (a5(Xu)) =0, in Q
i=1

where
p—2

a;(§) = (e+€f) * &, forall ¢ € R™™.

We will use the following properties of the functions a; and a;:

(2.1.1)

(2.1.2)

(2.1.3)



(i) There exists a constant ¢ > 0 such that

cleP2|q)? < Z a .q; , for all £, ¢ € R*"

i,7=1

and
c(e+1¢%) |q\2 Z (9 qij, for all £,q € R*.
1,J=1
(ii) there exists a constant ¢ > 0 such that
9ai(6) ‘ < cfe[P?, for all € € R*"
9&;
and
’8%(5)‘_ ( +‘£’ ) fOI' allfeRZ”
9E;

If Z is a left invariant vector field then for some

2= (zg,2r) = (215 - 220, 2T)

we can write

7 =

The exponential mapping in canonica

In particular,

eX = (1,0,...,0,0), ..., ¥ = (0,0,...,1,0), and e’ =

2n

=1

| coordinates is defined by

(2.1.4)

(2.1.5)

(2.1.6)

(2.1.7)

Recall that in the Heisenberg group the Baker-Campbell-Hausdorff formula for two left

invariant vector fields Z = ZZ 12X + 2T and V = ZZ L UiX; +orT' is

Z.V _

1
GZAVHIZV



Let 2 C H" be a bounded domain. For x € €, a left invariant vector field Z, s € R

sufficiently small, 0 < o, 6 <1, and u : €2 — R let us define:

Agsu(z) = u(z- e?) — u(z),
Ay u(z) = u(x-e?)+u(z-e ) —2u(x),

Dzspou(z) = ua ¢ |S|)9_ ulz) )

Dy woulz) u(x - e 7)) — u(x)

Then

u(x - es?) +u(x - e %) — 2u(x) A qu(x)
|5|a+o o |s|ote

DZ,—s,ozDZ,s,Gu(x) = DZ,S,GDZ,—s,au(:E) =

We will use the following result [2, 12]:

Proposition 2.1.1. Let Q C H" be an open set, K a compact set included in 2, Z a left

invariant vector field and w € Lf, (). If there exist o and C two positive constants such

that
sup / |Dzs1u(x)’ de < CP
K

0<|s|<o
then Zu € LP(K) and || Zul|rx) < C.
Conversely, if Zu € LP(K) then for some o >0

p
sup / |Dzsau(x)|” do < <2||ZU||LP(K)> :
K

0<|s|<o

The following result is a direct consequence of the Baker-Campbell-Hausdorff formula

(see [2, 12]). We will use the notation s = (0, ...,0,s) and
D; ou(z) = Dp s qu() .

Proposition 2.1.2. Let Q € H" be an open set, 1 < p < 0o, u € HWl’p(Q), o € Q and

loc

r > 0 such that B(xg,3r) C Q . Then there ezists a positive constant ¢ independent of u
such that

? e < c/ (Jul? + | Xul?) dz (2.1.8)
B(zo,2r)

10



Remark 2.1.1. Let us observe that if g is a cut-off function between B(xg,r) and B(zo, 2r)
then

/B(xoﬂ")

p

D, 1 (¢*u)(z)| dx

5

p
D, u(x)‘ dx < /
2 B(xo,2r)

1
2

< c/ (|ul? + [ Xul’)dz. (2.1.9)
B(zo,2r)

2.2 FRACTIONAL DIFFERENCE QUOTIENTS

In this section we will prove a lemma that will help us handle the second order fractional
difference quotients. The classical method is to use the interpolation properties or equiva-
lent norms of Besov (or Lipschitz) spaces, and Bessel potential (or Triebel-Lizorkin)spaces.
However, our approach requires a truncated version of these spaces. Rather than referring
the reader to a modified version of Theorem 2.5.1 on page 189 [24], we present a direct proof
based on a classical argument of A. Zygmund (Theorem 3.4 [30]).

Let us continue to denote by 5 = (0, ..., 0, s) € R?"*1. Although our lemma will be stated
in R?"*! we will be able to use it in the Heisenberg group, because the group multiplication
by § is just the addition in the last variable. Let us observe that a similar proof can be
carried out if we replace the Euclidean space by a nilpotent stratified Lie group and the
translations by the flow of a left invariant vector field. Let us recall our notations for the
following lemma:

Azu(z) = u(x + 5) — u(z)
Au(z) = u(z + 5) + u(z — 5) — 2u(x) .

S

Lemma 2.2.1. Let u € LP(R*™), 0 <, 0 < o and M > 0. Suppose that

AN2ul| e
sup M <M. (2.2.1)
0<|s|<c |5’a

Then for all 0 < f < min{l,a} if a« # 1 and for all 0 < § < 1 if « = 1 there ezists ¢ > 0

independent of u and 0 < o’ < o such that

HAEuHLp M
o s = e g 2.2.2
0<|s|<o” |5|ﬂ (|| || P 2a) ( )

11



Proof. Using u € LP(R**!) we have that Azu € LP(R**1) and ||Asul|r < 2||ul|p» for all
0 < |s| < o. Let us denote g(s)(x) = u(x + §) — u(x). Condition (2.2.1) implies that

u(-+35) +u(- —35) — 2u(:)||z» < M|s|®.

Without loss of generality we can work just with s > 0. Replacing s by 3, denoting M’ = 5%

and then changing the variables  — = + 5 in the integral gives

Hu(-—l—§)+u(-) —2u <+§>‘ < M's*,
Lp
and hence
Hg(s) —2g <f> < M's”. (2.2.3)
2/ e
Replacing s by 3 in formula (2.2.3) we get
S S @
R
Hg (2) N2l =" 20
and hence
s s
2 (—) _9? (-)’ < M’ soole 2.2.4
Repeating this procedure we get
n—1 S n s 1 san(l—a)(n—1)
2" g —2"g(— < M's*2 . (2.2.5)
2n—1 2n /Al e
Adding the above inequalities we get
s n—1
__on 2 I L« (1-a)k
Hg(s) 2 g(2n)‘ BESVED S (2.2.6)
k=0
If 0 < a< 1 then
S 2(1701) -1 2(1704)71
_2n (_) <M/a <Mla
Hg(8> I\ )l =707 Tora =707 91a

and hence

1
Hg (i>H < —2||ul|pp + cM's* 27",
27/ e AL

12



Consider now 0 < a < 7 fixed and s € [“ a}. For all h > 0 sufficiently small there exist

29
ne€Nand s € [%,a] such that h = 5. Then

4h
g(h)[|zr < ?HUHLP +cM'h>.

Dividing this last inequality by h® we get (2.2.2).
If a = 1, then inequality (2.2.6) implies that

< M'sn.
Lp

o) =2 (57)]

(2.2.7)

Consider now h = 5 in a similar way as for the previous case and observe that n = O(log h)

to get
lg(W)llze < 2h[ullLr + hO(log h),

and hence we can use any § < 1 to get (2.2.2).

If & > 1 then inequality (2.2.6) implies that

S
_ong ([ < - -
Hg(s) 2" <2n> o =M oAy

Therefore, we have

s 1 1 .1
g (2—”> | < 2—nQ||U||LP + Q—nMS T o0 a)
and hence for h = 5 and s € [§, a] we obtain
4h 2h 1 N
g(R)|| e < ?HUHLIJ + Mg

Now we can use =1 to get (2.2.2).

(2.2.8)

(2.2.9)

(2.2.10)

]

Remark 2.2.1. Proposition 2.1.1 together with Lemma 2.2.1 implies that if v has compact

support K and (2.2.1) is satisfied with o > 1, then Tu € LP(K).

13



2.3 ITERATIONS IN THE T-DIRECTION FOR P > 2.

We prove a general lemma, that constitutes the key step in our iteration. In an informal
way, we can say that if u. has locally % + « derivatives in the T direction, then it also has

% + ]% + ]%04 derivatives in the same direction.

Lemma 2.3.1. Let u. € HW."?(Q) be a weak solution of (2.1.3), xo € Q, 7 > 0 such that

loc

B(xo,3r) € Q. Let us suppose that there exists constants ¢ > 0, o0 > 0 and « € [0, %) such

that
sup / Dy, (ue) " dz < c/ <(8 + |Xu5(av)|2)g + |u5(:z:)|p) dr. (2.3.1)
0+#£|s|<o J B(zo,r) 2 B(zo,2r)
If we have
1+2a0 1
P 2

then for possibly different ¢ > 0, o > 0 holds

p

dx

sup / Dy1y1pz(ue)
0£[s/<0 J/ B(zo.3)

< C/B@O 5 ((g+ | Xua(x)[2)? + ]ug(x)\p) dr. (2.3.2)

In the case
142a 1
p
we have that
/ T ()P da < c/ (e + 1Xue@)P)E + fuc(@)l?) da (2.3.3)
B(zo,3) B(xo,2r)
Otherwise,
I+2a 1
p
and we have that
/ T (2)P dz < / ((e+ | Xu(z)?)® + |ua(x)|p> dz | (2.3.4)
B(zo,7) B(zo,2r)

14



Proof. Consider

Ly
=—-+4+a«
Y 5 )

and let g be a cut-off function between B(x, 5) and B(xzg,r). We use now the test function
Y = D—E,w (92D§,'y ue) (235)
to get
2n
S [ X)X (Do (6D ele)) ) = 0
i=1 /&
and from here, by the fact that X; commutes with D;, and D_; ., we obtain
2n
> [ Do i (Xuu(o) 62(0) Dery (Xt () do
i=1 /&

+ Zl /Q Ds,, ai (Xu(x)) Dy, ue(z) 2g(x) X;g(x)der =0. (2.3.6)

We can use now similar arguments as in Marchi’s proof [17, 19], involving the properties of

the functions af and Lemma 8.3 [11] to get

p—2
/ O (X 4 Xl )T |Dsy X (o) da
B(xo,r

p—2
<c/ (e + [ Xue(@)]? + [Xua(z - 5)) T | Dy, Xua(o)
B(zo,r)

| Dsyue()| |g(a)] [ Xg(z)|de .
Using the fact that p > 2 we get
p=2
/( )gQ(a:') (e + | Xuc(z) + [ Xuc(z - 5)°) 2 |Ds, Xu(z)|? d
B(xg,r
p—2
<of (et Xu@P + Xue )T 1D w@)f [Xo@)Pde. (237)
B(zo,r)
Denoting by RHS the right hand side of (2.3.7) we have that

RHSSC/

((6 + | Xue(2)* + | Xue(z - §)|2)§ + |Ds 4 ue(aj)|p> dx .
B(zo,r)

15



Using (2.3.1) we get that
RHS < c/ (e + | Xue(2)?)? + uec(2) P da
B(zo,2r)
and therefore

p—2

2

/( ) (o K@l + Xl ) T 1Dsy X do
B(zg,r

< c/ (e + \Xug(.?c)\Q)% + |us(z)|P dz . (2.3.8)
B(zp,2r)

From the inequality

|s7 D Xu.(z)] < \/5\/6 + | Xue(2)]? 4+ [ Xue(z - 5)[?

we get

/( 92(:6) sP=2) | D5 Xue(2)]P de < c/ (€+ \Xug(x)\z)% + |uc(x)|P dx .
B(zo,r)

B(zp,2r)

Since

Ds X(g%ue)(7) = Dsy X(9%)(2) ue(x - 5) + X (9°)(2) Dy ue()
+ Ds~ ¢*() Xue(z - 8) + ¢*(x) Dsry Xue(z)

it follows that

/B(xo,r)

Let us denote the right hand side of (2.3.9) by MP. Using Proposition 2.1.2 we get

/B(mo )

Therefore, for all s sufficiently small we have

D, X (gu)()| dr < c/ (e + Xue@)P)E + fue@)?) de. (239)

B(zo,2r)

D

D. (g2u6)(x)‘p dr < MP. (2.3.10)

_1 _
—S3 s

236" s _

1., 1+2a =
S2+

P

so there exists o > 0 such that

AN2(G%u) || o on
124 ; ﬂh ™ <M. (2.3.11)
st

sup
0<|s|<o

16



If it happens that

1+ 2« - 1
P 2
then by Lemma 2.2.1 we get (2.3.2).
If we have
1+ 2« - 1
P 2

then by Lemma 2.2.1 we have Tu € L} () and estimate (2.3.3) is valid.

loc

In the remaining case

I+2a 1
p 2
and then using that a € [0, 1) we get
p—2 1
0<—< =
! 2

which gives 2 < p < 4. Lemma 2.2.1 implies that we can use (2.3.1) with o arbitrarily close
to %, in particular o > ’%2, to get back (2.3.11) with

1+2d
b

- 1
2
and then use the previous case. O

Proposition 2.1.2 implies that we can start with oy = 0 in the assumption (2.3.1) to get

1

ar = in (2.3.2). Now we can use a; in (2.3.1) to get

1 2
Oé2:—+—&1
p D

such that estimate (2.3.2) is true. In general, if we already found «q, ..., o, then we get

k
_ ; 2
L, 2 Ly 202 1% <2> 1 <5>
A1 = — - = — ap = - — —_ .
" p P p pk=t o pht P \p p 1-2

Therefore, for a given p > 2 the supremum for the numbers ay, k € N is given by

p—2
Hence, for p € [2,4), after a number sufficiently large of k iterations, we get that ay > % and

this means that Tu. € L} (Q).

loc

17



Remark 2.3.1. If we ask for ay > % then we get the inequality
pPP—2p—4<0

that leads to Marchi’s result p € [2,1+ V/5).

We can summarize our results from this section by the following theorem that extends

the results of Marchi [17].

Theorem 2.3.1. If 2 < p < 4, then for any weak solution u. of (2.1.3) we have that
Tu. € L

loc

() with bounds locally independent of €.
In the case p > 4 our proof gives the following result.

Theorem 2.3.2. For p > 4 and weak solutions u. of (2.1.3) we have

wp [ [pugeate
0#lsI<o J B(ao, %)

p

dx

<c /B . ((€+ Xua(x)]?)? + |u€(x)|p) dr. (2.3.12)

for ¢ > 0 independent of €, o less then, but arbitrarily close to =T and a corresponding

number k of iterations.

2.4 ITERATIONS IN THE T-DIRECTION FOR 1 <p < 2.

Theorem 2.4.1. Let 1 < p < 2 and u. € HWP(Q) be a weak solution of (2.1.3). Then

loc

Tu. € LT () with bounds locally independent of e.

loc

Proof. Let us consider arbitrary xy € €2, r > 0 such that B(zo,3r) C Q and let g be a cut
off function between B(xo, ) and B(zo,7). We can follow then the proof of Lemma 2.3.1

for « =0 and 7 = % until we get
/B(xo,T) g*(x) (8 + | Xue () + | Xue(z - 5)\2)% |Ds Xug(az:)\2 dx
< c/B( )(5+ Xue (@) + [Xue(z - 5)2) T |Dsy Xue(a))
o,
D5y ue ()] |g()] [ Xg(z)|da.

(2.4.1)

18



Let us denote by RHS the right hand side of (2.4.1). We will keep using ~ instead of % to
get a general iteration formula. Then

RHS < s%/ (e + [ Xuc(z))* + | Xue(x - §)|2)%.|Xue(x.§)—Xu6(m)| |Ds . us(x)| dx
B(zo,r)

< i/ (e + | Xuc(z)]” + | Xue(z - 5)[)) =
s7 B(zo,r)

p—1

< i(/ (e + [Xue(@) + [Xue(a - 5)2)* dw) o (/ v S’”“E(”“")'pdx)
s7 B(zo,r) Bmo.r)

p—1

B =

Cc

(/ (”'X%(@FHME(%E)F)Qdl‘)p (/ (|us|p+|Xue|p)d:c)
S B(zo,r) B(zo,2r)

<

< i/ (€+|Xu5(x)|2)% + |ue(x)|P d .
s7 B(zo,2r)

Therefore,

/ 7 (z) (e + | Xu())* + [ Xue(z - §)|2)% | Xu.(z-5) — Xuc(2))* do
B(zo,r)

< 087/ (e + [Xu(@))? + |ua(a)Pde. (24.2)
B(zo,2r)

19



We need the following inequalities used initially in the Euclidean case (see [16]).

[N4S)

(e + [Xue ()] + [ Xue(z - 5))

%]

< (e + [Xue(@)]? + [ Xuo(z- 5)]°) 27 (e + | Xue(@) + [Xu(z - 5)2)

< (e + | Xue(2)” + [ Xue(z - _)\2)§_1 e+ | Xue(z) + [Xue(z - 5) — Xus(:c)|2)

V)

p_
2

<3(e+ \Xug(.izz)\z)g +3 (e + | Xue(2)]? + | Xuc(z - 5)%) t | Xu.(x-5) — Xuc(z))?

We can suppose s < 1 and then

[SS]

g (@) (¢ + [ Xue ()] + [ Xu(x - 5)P)* do

B(zo,r)

3/3(%#) 9% (x) (5 + ’XUE(ﬂf)P)g dr + ¢ /B (5 + ]Xus(;c)P)g + Jue(z) P dw

(z0,2r)

IN

IN

c/ (e + | Xue(@)2)? + uc(@) da
B(zo,2r)

Also, by Holder’s inequality we get

/ 7 (2) | Xuc(z-5) — Xu.(2)|P do
B(zo,r)

[NiS]

= /B( | (gZ(x) (e + | Xue () + [ Xue(z - 5)]2)5_1 | Xue(z-5) — Xus(:v)|2>

. (g%(x) (6 + |1 Xua(@) 2 + [ Xuc(z S)|2)>(1

[NJ4S]

< (/B(xw) 92(x) (5 + |Xug(:p)|2 + | Xue(z - §)|2)%—1 Xu.(z-5) — Xue(x)|2 dx)

. (/B(xo,r) (9%(96) (2 + [Xue(2)]? + | Xue(z - §)|2)>g d:p)l

20



I3

2

(e[ erXu@PF +pep )
B(zp,2r)

| (/Bm,r) G(2) (= + | Xue(@) + [Xuc(o - 5)) d:c> 1_

[NI4S)

X
2

ceot ([ e Xu@p) +lupa)
B(zo,2r)

| (/B(mo’?r) (e + X)) ? + Juc ()" dx>1

< csp;’/ (e + [Xu(@)P)F + us()p de.
B(zo,2r)

Therefore,

/ g (z) ‘D&%XUE(.??)‘Z? dr < c / (e + ]Xug(a:)]?)g + |ue(z)|P dx .
B(zo,r)

B(zo,2r)

In the same way as we obtained inequality (2.3.9), we get

/B(xo,r)

Proposition 2.1.2 implies that

/;(a:o,’r)

and this means for a sufficiently small o

D§7%X(g2ug)(x)‘p dr < c / (e + |Xu€(x)|2)g + |ue(z)|P dz .

B(zo,2r)

i <c / (2 + [Xue(@))? + fue() P do
T2 B(z0,2r)

0<|s|<c |S|%

de < c/ (5+\Xu€(x)\2)g + |ue(z)P dx,
B(zo,2r)

M|

[S]4S)

(2.4.3)

(2.4.4)

(2.4.5)

We started with v = 3 therefore in (2.4.3) we have a power of ; for s while in (2.4.5) we

have a power of %. Using Lemma 2.2.1 we can do iterations to obtain after k steps and

corresponding cut off functions between B(z¢, 57) and that B(z, z7=r) that

/B<a:o,2,k11>

p

Dy X(g*u)(x)| dx

S, 2k+1

gc/ (e + [Xuc(@))? + [uc(a) P de, (2.4.6)
B(zo,2r)
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and

[ As(gue)|| Lo rmy

0<|s|<c |8| k1

Let us consider now & € N such that

<p—1.
ok _—1 7P

Then for
2k _ 1 ok+l _ 1

CL:W and b:W

we have

ap—1)+b>1.

Let us consider now
alp—1)+b _ 1

— >_
2 2

P
gy ¢ / (e + [ Xuc(@)]*)* + Jus(2) [P do.
B(zo,2r)

(2.4.7)

and return to (2.4.1) with a cut off function g between B(xo, 5557) and B(zo, 57). Then

RHS < c/ (e + | Xue(z)]* + | Xue(z - §)|2)1%2 | Xu.(z-5) — Xuc(x)]* P

Blzo, %)

| Xue(x-5) — Xue(x)P~
' 3“(?‘1)

Sa(p—l)

Xu.(z - 5) — Xu.(z)]"!
< [ P Xl
B(z0, %)

INA
7N
5

B
|5
>
I~
o
=
Vo]
[V =
S|
P
I~
o
=
S~—
=
oW
s
~_—
|
VR
T
B
|

72k)

Therefore,

—2

[ ¢@ EHXu@P + X s)?) T [Xufe-s) - Xuo)f do <
B(zo, %)

22
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1
| Ds pue(x)|dx
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< 6527/ (e + \Xug(an)|2)g + |ue(2)|P dx . (2.4.8)
B(zo,2r)

Doing a similar proof as we did starting from formula (2.4.2) we get that

|| A% (g%ue)l| o rm)
sup

0<|s|<o |S|%+’Y

<c / (e + [Xue(@)2)? + Jue (@) da. (2.4.9)
B(zo,2r)

Using the fact that % + v > 1, Lemma 2.2.1 implies now that

/ | Tu. ()P dz < ¢ / ((5 + [ Xuc(2)P)? + \us(x)]p> dx (2.4.10)
B(zo,ﬁ) B(zo,2r)
and therefore Tu. € Lj (). O
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3.0 SECOND ORDER HORIZONTAL DIFFERENTIABILITY OF THE
APPROXIMATING p-HARMONIC FUNCTIONS

3.1 CASE p>2

In this section we prove the HW?>? regularity of the approximate p-harmonic functions ..

As immediate consequences of the results from the previous section we can prove that:

Proposition 3.1.1. With estimates depending on € we have the following two regularity

properties.

(1) For all p > 2 we have Tu. € L% ().
(2) For 2 < p < 4 we have that also XTu. € L} _(Q).

Proof. For 2 < p < 4 we know that Tu. € Lt (Q) C L .(R2). Theorem 2.3.2 implies that for
all p > 4, xg € Q2 and r > 0 sufficiently small we can choose an o > 0, a cut off function ¢

between B(x, z7r) and B(zo, 57) and repeat the proof of Lemma 2.3.1 until we obtain for

v = % + « and

w= [ e Xu@P) s

B(zo0,2r)

we have

/ ) |Dsy Xu(z)]” do < cMP.
From here we obtain

[ AP X(u)@f e < e e s ), B.L1)
B(zo,57)

Proposition 2.1.2 implies that
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and hence for some o > 0 holds

1A2(g%u.) ||L2(Hn)
<
Sl+a -

(csg%”(Mp + M?))5 .

0<|s|<o

Lemma 2.2.1 gives now that Tu. € L2 ().
To prove the second part let us observe that in the case 2 < p < 4 we can start the proof

with v =1 and get

r
ok

/ ‘Dg,1X(g2u5)(x)’2 dr < CE?(MP + M?), (3.1.2)
B(IOvi)

and hence by Proposition 2.1.1 we have TXu. = XTu. € L} (). O

Theorem 3.1.1. Let 2 < p < 4 and u. € HW,""(Q) be a weak solution of (2.1.3). Also

loc

consider xog € Q, r > 0 such that B(zo,3r) € Q and let k be the number of iterations

depending only on p. Then we have

(5 + \Xu(x)|2)g + |u(x) P dx .

(3.1.3)

/B( . (6+\Xus(a:)\2)p%2 | X?u.(2)]” dr < C/

$0742k+2) B(wo,2r)

Proof. For the proof we use a simplified version of Marchi’s method [17] and use the extended
range of 2 < p < 4 obtained in the previous chapter.
For iy € {1,...,n}, h > 0, let us denote h;, = (0,...,h,...0,0) € H" with the h in the ioth

place. We will use the notation
Dhio = DXio,h,l and thio = DXio,fh,l

and the test function
v = D_hio Dhio (g4u6)

where g is a cut-off function between B(z¢, 555=) and B(zo, 7).

For 7 # ig +n we have

X; (D, D, (9*42)) = Doy D, (Xi(g'uc) )

25



while for ¢ = ig +n we have

To see that formula (3.1.4) is true it is enough to observe that

Xign (9= hig) ) = Xigin (9°02) (2 - hiy) = BT (g"0c) (- i)

and

Xigon (g0 15)) = Koo (5'00) (2 10,)) + K (0" - ).

Using the test function ¢ in the weak form of the equation (2.1.3) we get

Z/ (Xue(x)) D_py, Dy, Xi(g"ue) () dow =
=Ammu%u>

SRS

Therefore,

S [ Duaf (Xs(0)) u X)) o =

26

(3.1.4)

(T(g4u5) (m . hio) T(g ue) (x hi_ol)>dx. (3.1.5)

— _/Q a5 o (Xue(z)) <Dhi0T(g4u5) (z) + D_hiOT(g‘luE) (:v))d:z



We use that

Di, Xi(g'u) (@) = Dy, (49°(x) Xig(@) u-() +¢*(2) Xou. () ) =
= 4Dy, g(x) g*(x - hiy) Xig(x - hiy) u(z - hy)
T 4g(2) Du,9(@) g(x - hiy) Xigle - hiy) el - )
+ 49°(@) Diyg(x) Xigl - hig) uc( - )
+ 4g°(x) Dy, Xig(x) u(x - hi,)
+ 4g°(@) Xig(a) Duu.(x)
+ D, g(2) 6@ - hig) Xoue(a - hyy)
+ 9(@) Da,g(w) g% hig) Xiue(o - )
+ g°(2) Dy, g(x) g(x - hiy) Xgue(x - hy)
+ g'(@) Diygle) Xouo(a - hiy)

+ g'(x) D, Xiue(x)

Therefore, equation (3.1.5) has the form

2n
Z/ Dy, a5 (Xue(x)) D, Xiue () g*(x)dx =
i=1 79

(L1)
= /QD_hiOafoJrn (Xue(z)) T (g u(x)) do + /QDhioafﬁn(XUE(ﬂf)) T(g'u.(x)) dx

(R1)
= [ D (X)) 4D, 900 (o i) Xiglo ) i)

(R2)
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_i/QDhioaf(Xua(x)) 4g9(x) Dy, g(x) g(x - hig) Xig(x - hig) ue( - hiy) dz
- i‘ /Q Dy, a5 (Xuc(x)) 49°(x) Dh, g(x) Xig(@ - hiy) ue(x - hiy) dz

—i‘ /Q Dy, a5 (Xuc(x)) 4g°(x) D, Xig(x) u(z - ) da

- 2271 /Q Di, a5 (Xue(2)) 4g°(x) Xig(x) Dy, ue(w) dz

—f; /Q Dy, @ (Xue(z)) Dy, g(x) 6*(x - hiy) Xiue(z - hiy) da

_ Zl/QDmOaf (Xue(x)) g(x) Dy, g(x) g*(x - hig) Xiue(x - hiy) da

28

(R5)

(R8)



(R10)

We estimate now each of the above lines. We will use § > 0 as a sufficiently small number.

(L1) zc/Q(HyXuE( )+ | Xue(z - hig)PP) 7 \Dh Xu(z)|* ¢'(z) da .

(R1) < c/ (€+ | Xue(z)* + | Xue(z - h ) }D XuE ‘ g*(2)|Tu.(z)| do
+c 5 + | Xue () + | Xue(z - h ) ‘D XuE )| 4% (@)||Tg(z)| |ue ()| do
+e [ (g4 | Xu(a)f + [ Xuc(z - by, ) ‘Dh Xue(z)| ¢*(x) |Tu.(x)| do

5+|XU€ |2—|—|Xu5(a: hzo) ’Dh Xue(x )‘ 4|93(x)| Tg(z)| |uc(z)| dx

D\s\@\

+5/§2(8+|Xu5(:1:)|2+|Xu5(:c~h¢0)]2)p? D,
+e(6) /Q (6 + [Xue (@) + | Xue(x - hiy)?)

+C(5)/Q(€+ Xue (@) + [Xue( - hi)2) = g%(x) [Tg(@)]? |ue(2)]? da
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(R2) < C/Q (e 4+ | Xue(z)]” + | Xue(z - hyy)|? |Dh Xue(z)| |Dhi09($)‘
g*(x) [Xg(x - hiy)| [us(z - hiy)| d

+c/ (g + | Xuc(z) ] + [ Xue(z - by, ‘Dh Xue(z)| ‘Dhiog(z)‘
0

. . - 2
aC: h; O X g(a - hig)l el - by do

? g*(z)dx

gé/Q(e—i—]XuE(x)]Q | Xue(z - hy, ) ‘Dh Xu.(x )}
+C(5)/Q(ﬁJr\Xua(ﬂff)l%r|Xue(%"hio)|2)p52 | Dy 9(2)|* X g - i) Pluc(@ - iy ) do

v [ (e IXua) + 1Xute b)) F Dhgal@)” |Xgla b fucle - o)l do

The estimates for (R3) - (R5) are similar to that of (R2).

(R6) < 5/9 (6 + | Xu (@) + [ Xuala - hig)P) T \Dhioqu@)F G (x) da

-2

+c(6>/g(e+|Xua(rc)l2+|Xu5(w-hio>l2)p2 () | Xg()]* |Dpyuc|” da

(R7) Sc/g(s—HXug( 2)|? + [ Xue(x - hyy)? |Dh Xug( )| |Dhiog(x)‘
19°(@)] [ Xue(z - Ry, )| do

+C/Q(€+|XU5(IE)|2 | Xue(z - hiy) ) ‘Dh Xua(x)| ‘Dhiog(z)‘

3 “h; ) — @3
B |9 h“}i SO | Xuu(a - bl da
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2

§5/Q(€+|XU5( )2+ | Xue(x - hy)| ) ‘Dh Xue(2)|” g*(2) dx

2

+C(5)/Q(€+\Xus($)|2+IXus(x'hio)IQ)pQQ | Xue(x - hi)[* | Dr,yg(2)|” g*(2) d

+c/(€+|Xu5( )24 | Xua(w - hig)2) T |Day 9(@)|” [Xuelz - hiy)| da
Q

The estimates for (R8)-(R10) are similar to that of (R7). We can go back now to the

beginning of the proof and use a test function
¥ = Dhio ‘D—hio (g4u€)

to get similar results with z - h;, changed to x - h;ol. Adding the two inequalities, embedding
the terms with § coefficient into the left hand side and using Theorem 2.3.1 we get that for

all h > 0 sufficiently small we have

p—2
/ e+ | Xue(@) ] + [ Xue(z - hiy)|*) = |Dh, Xue(x)|2 g*(z) dw
Q

X @)+ Xl D) T Do,
Q

< c/ (6 + |Xu(x)|2)5 + |u(z) P dx
B(zo,2r)

2 (Q) and this leads
o (3.1.3). -

We can repeat the proof for n < iy < 2n and then we get that X?u. € L

Remark 3.1.1. Theorem 3.3 shows that u. € HW>?(Q), even if for this case the bounds for

loc

the second order horizontal derivatives have bounds dependent on ¢.
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32 CASEl<p<2.

Let us use in equation (2.1.3) a test function

o@) = Bs(9 @) Do)

where g is a cut-off function between B(x¢, 77+z) and B(zo, 5557) to get

[ 26 (e Xu@l + Xuete - 9F)'T 1 Xuele +5) = Xuelo)l do <
< C/Q (8 + | Xue(2)* + | Xue(z - §)|2)p7_2 | Xu(x - 3) — Xu(x)| 2|g(z)]
[ Xg(z)] |ue(z - 5) — uc(z)| d

(3.2.1)

Following a method from [11, 18] and using Young’s inequality we estimate the right hand

side as follows.

RHS = c/ (e + [ Xue(@)2 + [Xuc(z - 5)2) 7 T
Q

(e 4+ [ Xuc(z)]” + | Xue(z - §)|2)% | Xu(x-5) — Xuc(z)]

2lg(x)] [Xg(@)| Jue(z - 5) = ue(z)]dr <

(p—2)(p—1) 2(p—1)

W) [ Xue(a - 5) = Xue(a)|

V)

< c/ (e + | Xue(z)]* + | Xue(z -
Q

l9(2)| [Xg(@)| Juc(z - 5) — ue(z)| da

p—

< 5/9 (e + [ Xu(@)P + [Xualz - 5)) 7 [ Xua(z - 5) — Xua(o)? ¢() da

ed) / 9(@) PP | Xg(@)? [uele - 5) — ue(2) P de
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Therefore,

—2

(2) (g4 |Xuc(z)]” + | Xu(z - §)|2)pT | Xu.(z - 5) — Xu(z)| de

\

| /\

/ e s,

Z0, ka-l )

The method used in the previous section for handling the left hand side gives

7 (z) |Xu(z-35) — Xu(2)]P de < ¢
0 B(

b
2

|us(x - 8) — ug(x)|pda:>

xo,ﬁ)

Using Theorem 2.4.1 and Proposition 2.1.1 we get that
p
/Q ‘Dg,gxua(x)} < M? (3.2.2)

where we denote
Mp:c/ (A—I— |Xu(x)|2>5 + |u(z) P dx.
B(zo,2r)

This shows that Xu. has locally £ derivatives in the T" direction. Now we use Proposition

2.1.2 to get that for a sufficiently small ¢ > 0 we have
1 83(g%ue)||ze

sup e
0<s<o S 2

<M. (3.2.3)

We will use the fact that for a for small § > 0 we have u. is locally C° (see [1]) and that for

‘ﬁ vITZL <) < 2 we have

Therefore, for all 0 < s < ¢ and for §' =

|A2(gPu.(x
/ |2+5/ d$

/IAQQUE DA )

P pP_Pp
B4 |25

dx < cMP ||g2u5||zcgfﬂ)

[

205"

Theorem 2.2.1 shows now that Tu. € L2 ().

Therefore we have proved the following lemma:
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Lemma 3.2.1. Let \/i_l <p < 2andu. € HWLP(Q) be a weak solution of (1.1). Let

xg € Q, > 0 such that B(xo,3r) € Q, and let k be the number of iterations from the proof
of Theorem 2.4.1. that depends only on p. Then we have Tu. € L3 () and

loc

/ |Tu.(z)]? dx
B(

930:2;6%)

2— &
< c( 1l oo B, ) /B(m , ((e + | Xuc(2))?)? + |ug(x)|p> da

ok+1

+Hu€||i2(B(;c0, r )))- (3.2.4)

As an immediate corollary of the above lemma we have:

Corollary 3.2.1. For @ < p < 2 we have XTu. € LE (Q) with bounds depending on ¢.

loc

Proof. Lemma 3.2.1 allows us to estimate the right hand side of (3.2.1) in the following way.

-2

RHS < (5/95]2(3:) (g + | Xuc(z)]” + | Xue(z - §)|2)pT | Xu.(z-5) — Xu(z)|* dx

—2

+c(5>/Q|Xg<x)y2 (e + | Xue(@)? + [ Xu(z - 9)P) T Jusla - 5) — u.(2)P da.

Therefore,

/ng(:z:) (5 + | Xue(2)* + | Xu(z - §)|2)pT_2 | Xu.(z-5) — Xu(2))* do

sdaéuwmm%@@wwwmwx

and hence

[ 26 1Xudee9) - Xutol o < o) ([ hum@—%@WmJg@zm

(z0,2r)

which gives XTu, € L?

loc

(Q). O
We will prove now a theorem on estimates of the second order horizontal derivatives.
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Theorem 3.2.1. Let @ < p < 2and u. € HWLP(Q) be a weak solution of (1.1),
Consider xo € Q, r > 0 such that B(xo,3r) € Q, and let k be the number of iterations from
the proof of Theorem 2.4.1 that depends only on p. Then for each iy € {1,...,2n} and s > 0
sufficiently small we have

/B( (e + | Xue () + [ Xue(z - by, ) ‘Dh Xue(x )}2 dx

'3k F3)

p
< c(e 2 ||u||C(;(B(gc0 _E) /B(xo . ((5+ | Xue(2)]?)? + |ug(x)|P) dx

p=2 4
+e2 ||u||%2( (20, 5751)) —|—c/B( . ((5—|— |Xu5(x)|2)z + |u5(x)|P> dx) )
0,21
(3.2.6)

and hence u. € HW2P(Q).

loc

Proof. Let g be a cut-off function between B(z¢, 5555) and that B(xo, z+z). The proof
begins in the same way as the proof of Theorem 3.1.1, until we get the extended form of our
inequality with the lines (L1) and (R1)-(R10). We can remark that although we could use a
test function ¢ = D_, (gQDhiO u.), we cannot avoid estimates similar to that of line (R6).
For the line (L1) the estimate is the same as in the proof of Theorem 3.1.1. For the lines
(R1)-(R5) we keep again the same estimates and use Lemma 3.2.1 with the facts that for
p < 2 we have

p=2 P

(5 + | Xue(2)* + | Xue(z - §)|2) 5

|
N

INA
4

For (R7) we have

(R?)gc/(5+|Xu5( )P+ [ Xue(z - Ry, ) |Dh Xuc(x)| |Dn,yg(2)|g°(x - hiy)| dz
Q

(E—HXUE x)|2+|Xu5(x-hio)|2)% ’DhioXug ‘ ’thog | \g° ()| dz

/ (
+C/Q(5+|Xua( W+ | Xue(z - hiy) ) ‘Dh Xug( )| ‘Dhiog(x)‘

3 b, 43

X
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:C/(s+|Xua( )P+ [Xue(e - b)) T | Doy Xue(o)] ¢*(2)
Q
(6+\Xu€( W+ | Xue(z - Ry, ) |Dh109 Hg )| dx
+c/ (e + | Xuc(z) ] + [ Xue(z - hyy)? ‘Dh Xue(z)| ‘Dhiog(if)‘
Q

3 b, 43

i

< 5/ (e + [Xue(@) + | Xua(z - hig)2) T | D Xueo)|* o'(2) d
Q

2

+ ¢(9) /Q (6 + | Xue () * + | Xue(z - hi0)|2)g |Dhi09($)‘ g*(x) dx

+c/ (e + [Xue(@)]? + [ Xuc(@ - hig)*) * | Diy, 9(2) [ da
Q

The estimates for (R8)-(R10) are similar. It is left to estimate the line (R6). Following the

methods in [11, 18] we consider for small A > 0 and a.e. x € B(x¢,4r)

and

—1

Y(x):/o (e + [Xuc(x - (thy)[?) ® dt.

In the distributional sense we have
D, a; F(Xue(2) = Xjou(x) .
Also,

lai(z)| <Y (z), a.e x € B(xg,4r).
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Therefore, we can estimate (R6) in the following way.

:45;/9%@ 39%(2) Xiy9(2) Xig(x) D, ua(e) da
+4Z/az ) Xy Xig(x) Dy, u-(z) dz
+4Z/al Xig(x) Dp, Xiyue(z) dz

< [ #@) Yito) |Dhuule)]| da (R6,)
+c/Q 9°(x)| Yi(z) |Dp, Xuc(z)| da (R6y)

Because of

Yie L], 1((2)

loc

and Xu. € L} (Q) we get that (R6,) is finite. To estimate (R62) we follow the method from
[11]. Therefore,

(R62):/Qg2(x) (5+|Xu€( )P 4 | Xue(z - hyy)|? ’Dh Xua(x)’

l9(2)] Yi(z) (g + [ Xu(2)]? + [Xue(x - hyg)[?) © d

§5/Qg4(:x) (g4 | Xuc(z)]” + | Xue(z - hyy) ) ‘Dh Xue(z )‘ dx
—l—c(é)/ﬂgQ(x) Y2 (z) (&t—i—|Xu€(:c)|2—i—]Xus(x-hio)|2)%p dz
§5/Qg4(x) (e + [ Xuc(2) ] + | Xus(z - hyy)|? ’Dh Xu.(z)| dz

+el0) [ @) (Yﬁ(x) + (e 1Xue@) P+ [Xua(r - b)) ) do
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We can now continue the proof in the same way as we did in the case p > 2, going back to

the beginning of the proof and using a test function
¥ = Dhio thio (94%) )

then adding the two inequalities and embedding the terms with ¢ coefficients into the left

hand side. Therefore, we get
p—2
/94(93) (6 + [Xua(e)? + | Xua(z - i) 2)'T | Dy, Xua(2)[* die < M(e)
Q

where by M(e) we denote the right hand side of the inequality (3.2.6). Quoting again the

method in section 2.4 we get that
/94(x) ’DhiOXus(w)’p dx < M(e), (3.2.7)
Q

and this proves that X?u. € L?

loc

Q).
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4.0 CORDES CONDITIONS AND UNIFORM ESTIMATES IN THE
HEISENBERG GROUP

4.1 BOUNDING THE SECOND ORDER HORIZONTAL DERIVATIVES
BY THE SUBELLIPTIC LAPLACIAN

We denote by X2u the matrix of the second order horizontal derivatives and by Apu =

21221 X;X,u the subelliptic Laplacian associated to the horizontal vector fields X;.

Lemma 4.1.1. For all u € HWy*(Q) we have

||X2U||L2(Q) < cnl|Arullrz@),

/ 2
Cn = 1+_7
n

and it is a sharp constant when € = H".

where

Proof. We follow the spectral analysis of Ay developed by Strichartz [27]. Let us recall the

fact that —Ap and i7" commute, and share the same system of eigenvectors

By, A . it
frd - ex —
A @m)i(n+ 2k P\ Tt 2k

(MR N (P
A\ dmr2m)) T 2t 2k))

where [ = 41, k € {0,1,2,...} and L}~ is the Laguerre polynomial

t 1 dk
L7 (t) = £ .

ey ﬁ (e—ttk—i—n—l) )
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For the eigenvalues, we have the following relations

A
JETEX = P 4.1.1
LU X Py g " 2k:u* Akl ( )
—AHU * (I))\,k,l = Aux* (D/\,k,l s (412)

where * denotes the group convolution. Therefore, the spectral decomposition of Agyu for

u € C§°(2), the Plancherel formula, and relations (4.1.1)-(4.1.2) give

Al = 203 Zm%/ / At Dy (=, 0)[2 d=d

k=0 I=+1
2k 2
= 27‘(‘2 Zn+2k/ / + iTu* @y i(2,0)| dzdA
k=0 I=+1

> 0| Tul ()
Therefore, for all u € C§°(§2) we have
1

In the following we will use the fact that the formal adjoint of X is —Xj. Let u € C§°(Q2).
For k € {1,....,n} and j # k +n, Xy and X, commute, therefore

/(X;ngu(:zc))2 dzx = / X Xpu(z) - X; X u(z)de .
Q Q

For j = k + n we have

/Q (X X;u(2))? de = /Q X Xju(e) - (X, Xeu(z) + Tu(z)) da
_ / XX ju(x) - X; Xu(x) do + / X, Xju(z) - Tu(z) d
_ /Xu XX, Xeu(2) dx—i—/Xqu( ) - Tu(x) do
_ /Xu (X, Xy +T) Xpu(zx dx+/Xqu( ) - Tu(z) dx
. /Q Xju(z) - X, X Xyu(x) de + 2 /Q X Xju(z) - Tulx) da

= /QXkau(x) - X Xju(z) dx + Q/QXkau(a:) -Tu(x)dx.
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Similarly,
/ (X, Xpu(z))? de
Q

= /Xkau(x) - X Xju(x) doe — 2/ X; Xpu(z) - Tu(x) de .
Q Q

Therefore,

2n
||X2U||%2(Q) = Z ||Xkau||%2(Q) =

k,j=1

= Z /QXkau(a:) - X; Xju(x) dx+QZ/Q[Xk,Xk+n]u(x) -Tu(z)dx

k,j=1

- /Q(;Xk)(ku(x)> dx—i—?n/Q(Tu(x)) dx

1 2
(1205 ) Nl = (142 ) I8mul-

IN

The constant /1 + % is sharp when €2 = H", because for v = ®, o ; we have Tv = %AHU. O

4.2 CORDES CONDITIONS FOR SECOND ORDER SUBELLIPTIC PDE
OPERATORS IN NON-DIVERGENCE FORMS WITH MEASURABLE
COEFFICIENTS

Let us consider now )
n

AU = Z aij(.flf)XinU

ij=1
where the functions a;; € L>(f2). Let us denote by A = (a;;) the 2n x 2n matrix of

coeflicients.

Definition 4.2.1. [5, 28] We say that A satisfies the Cordes condition K., if there exists
e € (0,1] and o > 0 such that

n 2n 2
1 , 1
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Theorem 4.2.1. Let 0 < ¢ < 1, 0 > 0 such that v = /1 —€ec¢, < 1 and A satisfies the

Cordes condition K. . Then for all u € HW;*(Q) we have

2 1
1X%ullz <314 — 7= [lallp=|[Aul]2 ,
nl—vy

(Alx), I)
[A@)I12

where
afz) =

2n

(4.2.2)

Proof. We denote by I the identity 2n x 2n matrix, by (4, B) = > /"_, a;;b;; the inner
product and by ||A]| = WZ?? , az; the Euclidean norm in R****" for matrices A and B.

The Cordes condition K., implies that

A 1p
T =2~ =)

for all x € 0 C ), where the Lebesgue measure of Q2 \ ' is 0.

Let be now z € ' arbitrary, but fixed. Consider the quadratic polynomial
P(a) = ||A(z)|*a® — 2{A(z),)a +2n — (1 —¢€).
Inequality (4.2.3) shows that

mp P(0) = P ((3057) <0

Therefore there exists

(Alx), I)

) = AR

such that P(a(z)) < 0. Observing that
11 = a()A(2)|[* = [|A(2)|[*a*(z) — 2(A(2), Ha(z) +2n
we get that (4.2.4) implies that
11— a(z)A(2)|]* < 1—e,

which is equivalent to

(I —a(x)A(x), M)| < V1 —¢||M]||, for all M € My, (R).
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Condition (4.2.6) can be written also as

Zm” a(x) Z a;;j(z)m;;| < V1—¢ <Z m%) (4.2.7)
=1 i,j=1 i,j=1

for all M € Mo, (R).
Formula (4.2.7) and Lemma 4.1.1 imply that for all u € HW;*(Q) we have

/Q |Agu(z) — az)Au(z) | de < (1 — ¢) /Q Z (X X;u(z))? do <

2,7=1

<(1- 5)0721/9|AHu(x)|2 dx .

Therefore, for v =1 —cc, <1 we get
[[Aru — aAul[z2) < YI[Arul|z2 @)

which shows that
| X?ul|r2(0) < eanllAnul|r2@) <

Cn

Cn
< <
=7 l|aAu|p2q) < |

||| oo (o) [ | AUl 20y -
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4.3 HW?*2-INTERIOR REGULARITY FOR p-HARMONIC FUNCTIONS
IN H"

Let Q € H" be a domain, h € HW"(Q) and p > 1. Consider the problem of minimizing

the functional
O(u) = / | Xu(x)|P dx
9)
over all u € HW'?(Q) such that u — h € HW,?(Q). The Euler equation for this problem is
the p-Laplace equation
2n
= X (|Xul 7 Xu) =0, in Q. (4.3.1)

=1

A function u € HWP(Q) is called a weak solution for (4.3.1) if
2n
Z/ | Xu(z) P2 Xu(z) - Xyp(x)de =0, ¥V o € HVyP(Q). (4.3.2)
— Jo

® is a convex functional on HW?'P therefore weak solutions are minimizers for ® and vice-
versa.

For m € N let us define now the approximating problems of minimizing functionals

@m(u):/ﬂ (%+|Xu(x)|2>g dx

and the corresponding Fuler equations

p—2

—ZX (( + ]Xu]2)2 Xm) =0, inQ. (4.3.3)

The weak form of this equation is

p—2

Z/ ( + | Xu(x)| ) ) Xou(z) - Xyp(z)dz =0, for all ¢ € HW,P(Q). (4.3.4)

The differentiated version of equation (4.3.3) has the form
2n

Y al XiXu=0,inQ (4.3.5)

,j=1
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where
Xiu(x) Xu(x)
o T Xu(@)?

aij(x) =6 + (p — 2)

Let us consider a weak solution u,, € HW,"*(Q) of equation (4.3.3). Then aip € L>(Q).

loc

Define the mapping Ly, : HW3*(Q) — L*(Q) by

2n

Ln()(z) = Y af(2)X:X;v(z). (4.3.6)

i,j=1

We will check the validity of Theorem 4.2.1 for L,,. We have

2n Xty |?
> () =20+ (- )T
" N 2 | Xt 2 X!
le (af(z))” =2n+2(p — 2)m +(p—2) s xu )
Denote ,
(p— 2)% =

Therefore, for an e € (1 — &, 1) we need

1
2n+2A+A2§—(2n+A)2.
2n—1+¢

This leads to
1
2n—1DA*<(1—¢)(2n+2A+A%) < = (2n+2A + A?) .

Hence,

(2n—1)cd —1)A* —2A —2n < 0.

Solving this inequality we get

I—yv2n(2n—-1)2-1)+1 1 2n((2n—1)c2 —1)+1
(2n—1)c2 —1 (2n—1)c2 —1
Using ¢2 = "T“ and the fact that % < 1 we have that for all m € N we have
n—nvin?+4n—3 n+nv4an?+4n—3
—9 4.3.8
P E( rt2n—2 ' 2n2t2n -2 > (4:38)
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and that the operators L,, satisfies the assumptions of Theorem 4.2.1 uniformly in m.
Let us remark that in the case n = 1 our methods gives

5—v5 5+4/5
pe 2 7 9 '

Theorem 4.3.1. Let
n+nv4an2 +4n — 3

2n? +2n — 2
If u € HW'(Q) is a p-harmonic function then uw € HW2?(Q).

loc

2<p<2+

Proof. The case p = 2 it is well known, so let us suppose p # 2. Consider zy € €2 and
r > 0 such that By, = B(xg,4r) CC . We need a cut-off function n € C5°(By,) such that
n =1 on B,. Also consider minimizers u,, for ®,, on HW1? (Bs,) subject to the condition
Up — u € HWyP(Bay,). Then u,, — u in HWP(By,) as m — oco.

By Theorem 3.1.1 we get that for 2 < p < 4 we have u,, € HW2>?(Q2), but with bounds

loc

depending on m, and also that w,, satisfies equation L,,(u,,) = 0 a.e. in By,. So, in By, we

have a.e.
XZ'X]' (772'Ll,m) = X1X3<7]2)Um + XJ(T]2)XZUm + Xz(ﬁ2>XJUm + UQXinum
and hence

2n
Lm(n2um) = Um Lm,um (772) + Z azz(x) (X](n2)Xlum + Xl(nz)X]um> :

ij=1

By Theorem 4.2.1 it follows that
X% umlleas,y < X0 wm)llL2() < el Lin (7°0m) | 22(52,)
< dumllawres.,) < cllullpwisp,,)
where c is independent of m. Therefore, u € HW??(B,). O

Remark 4.3.1. Observe that the range for p given by Theorem 4.3.1 is shrinking from [2, %5)

to [2, 3] as n increases from 1 to co.

For the case p < 2 we need the following lemmas. The first lemma is an interpolation

result and its proof is based on integration by parts.
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Lemma 4.3.1. For all u € C3°(2) and for all 6 > 0 there exists ¢(6) > 0 such that
1 XullZ2) < 0l X*ullZ2(q) + c(0)lullz2q)

Proof.

\|Xu||%z(g>= /Xu ) Xou(z Z/ ) X Xou(w)dr =
. /Q u(r) Ayu(r) do < - /Q Agu(z)? dz + o(6) /Q (z) dx
S5/Q|X2u(x)|2dx+c(5)/ﬂu2(:v) dx

]

From Lemma 4.3.1 and the higher order extension results available for the Sobolev spaces

on the Heisenberg group [15, 20] we get the following result.

Lemma 4.3.2. For allu € HW?%**(B,) and all 6 > 0 there exists c¢(§) > 0 such that
[1Xul[Z2(5,) < 01X ullL2(s,) + c(O)lullZ2s,) -

By Lemmas 4.3.1 and 4.3.2 we can use a method similar to the proof of Theorem 9.11

[10] to get the following result.

Lemma 4.3.3. Let us suppose that the operator A satisfies the assumptions of Theorem

4.2.1 and that Bz, C ). Then

X2l 25, < eIl Aull2p + lull 2z, )

for allu € HW22(BgT).

loc
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Proof. Let n € C§°(Bsy,), 0 <0 <1 and o’ = 1+ch such that 7 is a cut-off function between

By, and B, satisfying

2 4
Xn < ——— and |X*| < ——— .
[Xn| < (1—o)r and | X7 < (1 —0)2r?
Then we can use Theorem 4.2.1 for nu to get
X2l 28,20 < (| X2 (W) L2(Bs0) < ol [ AU |22(52,,)
2n
= c||nAu+uA(n) + Z aij (Xj(n)Xiu + Xi(n)Xju>
L=l L2(Bay)

1 1
< C<HAUHL2(B%) + (1 _ O.)THXUHL2(BU’27~) + (1 _ O'>2T2 HUHLQ(BU/QT))

For k € {0,1,2} let us use the seminorms

ullle = sup (1= o)*r*| X" |25

027‘) N
0<o<1

Then
llellz < e(r2llAul 2 + il +llulllo)

Lemma 4.3.2 implies that for § > 0 small we have

[l < dlffelllz 4 c(@)l|ulllo -

Therefore,
lllla < e(r2llAul 2, + lulllo)
and hence
X% ullr2(5,0,) < ﬁ(ﬁ\b‘\u“mwm + HUHL%BQT)) :
For o = % we get the desired inequality. O]

Theorem 4.3.2. Let us consider the Heisenberg group H' and

—~172_1§p§2.

If u € HW'(Q) is a p-harmonic function then uw € HW2?(Q).

loc
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Proof. We start the proof in the same way as we did in the proof of Theorem 4.3.1. Consider
xg € Q and r > 0 such that By, = B(x,4r) CC Q. We need a test function n € C§°(Bs,).
Also consider minimizers u,, for ®,, on HW"?P(Bs,) subject to the condition u,, —u €

HW,?(Bs,). Then u,, — u in HW'?(Bs,) as m — co. We use the facts that

5—v5  V1T-1
< <

1 < 2
3 2 2 ’

the homogeneous dimension of H! is Q = 4, and

4 4
2§4—p forall§§p<2.

- P
The Sobolev embeddings result in the subelliptic setting [1] says that

HW()l’p(Bgr) — Lq(Bgr) , for 1< g < éf—p

-Pp

Therefore, u,, — u in L? (Bgr). Also, using Theorem 3.2.1 we have for ‘/z_l < p < 2 that

Uy, € HW?2P (Bs,) we get that Xu, € L} (Bs,). Let us remark that these bounds of X?u,,

loc loc

in L? may depend on m and that L,,(u,,) = 0 a.e. in Bs,.. Moreover,

2n
tn L) + > () (X () Xt + Xi(0%) X

1,j=1

L (0P ) || £2(Bsy) = €

L2(Bg7«)

< c(Iumllzzuppy + [1X tmllzzsuppn ) < +oo.

and hence u,, € HW?>? (B3r). By Lemma 4.3.3 for all m sufficiently large we have

loc
|1 X* (um) || 22(8,) < clltml|r2(ma) < 2¢llullr2(8,

which shows that X?u,, is uniformly bounded in HW??(B,), hence u € HW??(B,). O
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4.4 C"-REGULARITY FOR p-HARMONIC FUNCTIONS IN THE
HEISENBERG GROUP FOR p NEAR 2

In this section we use previous results regarding the Calderén-Zygmund theory in Heisenberg
group (see [9, 13, 14], the HW?*? regularity of p-harmonic functions from Chapter 3 and the
properties of second order PDE operators that are near to the subelliptic Laplacian, to prove
Cbe regularity for p-harmonic functions in the Heisenberg group for p in a neighborhood
of 2. In the Euclidean case this result is known for 1 < p < oo, while in the Heisenberg
group there is no definite answer yet. Our result constitutes the first indication that the
C1@ regularity for p-harmonic functions in the Heisenberg group is possible.

We keep the general setting from the previous section given by formulas (4.3.1) - (4.3.6)
and update the working methods from those corresponding to L? to those corresponding to
L? with s > 1.

The Calderén-Zygmund theory gives the following lemma (see the theorem on page 917
in [9]).

Lemma 4.4.1. For all 1 < s < oo there exists Cp > 1 such that for all u € HWy*(Q) we
have

1%l

@) < Crsl|[Axul

Ls(Q) -

Recall that in the case s = 2 we have

/ 2
Cn,QZ 1+ -
n

and this is a sharp constant as shown in the previous section.

Let us consider now
2n

AU = Z aij(l')Xinu

1,j=1

where the functions a;; € L>(€2) and denote by A = (a;;) the 2n x 2n matrix of coefficients.

Theorem 4.4.1. Let 0 < e <1, such that € - C,, s <1 and suppose that

|Axu(z) — Au(z)| < e | X u(z)| (4.4.1)
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for a.e. x € Q and for allu € HW}*(Q). Then A: HWy*(Q) — L5(Q) is an isomorphism

and there exists ¢ > 0 such that
X2l ey < ellAul (o) (44.2)

for allu € HW}*(Q).

Proof. The proof follows from the fact that Lemma 4.4.1 and formula (4.4.1) shows that
A HWS®(Q) — L*(Q) satisfies the relation

|Axu — Aul

o) <€ Cosl|Axul|rs @)

which proves that A is near to Ax and hence it is an isomorphism. For the properties

inherited by operators that are near to each other we quote [6, 7, 29]. [

We need the following result which involves interpolation inequalities and higher order

extensions of functions over the boundaries of homogeneous balls (see [15]).

Lemma 4.4.2. Let u € HW(Q), ©o € Q and r > 0 such that B(wo,2r) C Q. Then for all
d > 0 there exists ¢(0) > 0 such that

|| Xl

L$(B(zo,r)) < 5‘ |X2U,|

Ls(B(zo.r) T ()| [ul|Ls (B (o) -

We can use now Theorem 4.4.1, Lemma 4.4.2 and a method similar to the proof of

Theorem 9.11 in [10] and Lemma 4.3.3 to get the following result.

Theorem 4.4.2. Let us suppose that the operator A satisfies the assumptions of Theorem
4.4.1 and that B(xg,3r) C Q. Then

1%l

L5(Bao,r) = C(||AU| L#(B(xo,2r)) T [l LS(B(xO,Zr))>

for allu € HW2(Q).

For v > 0 small but fixed, let us denote by

17—-1
6:max{C’nvs, s € <\/_7T, 2n+2—|—7>}.

o1



Theorem 4.4.3. For

VI7 —
()

1
<p<2+ —

max =
cn

and a p-harmonic function u in H™ there exists 0 < a < 1 such that we have the interior

reqularity u € Cu%(Q).

loc

Proof. The case 2 < p.
Theorems 4.4.2 and 3.1.1 shows that Xu. € HW,'*(Q) with uniform bounds. We use the

loc

embedding
HWL(Q) — L®

loc loc

(©2)

where
B (2n+2)-2 _ 2n+2

qo_2n—|—2—2— n

For corresponding cut-off function n between homogeneous the balls B, and B,, we have

||Lm (772Um) | |qu(33r)

=C

2n
o Lon(0) > (@) (X (r) Xettm + X:(0%) X

1,j=1

L90 (Bs;)
< ¢(llmllsuppm + Xt [z (suppn) ) < +00

(4.4.3)

Therefore, by Theorems 4.4.1 and 4.4.2 we have that u,, € HW.>2%(Q) with locally uniform
bounds. Repeating this procedure k times we get that u,, € H WQ’q’“(Q) for

loc

_2n—|—2
qrx = S

We stop after n — 1 steps and get ¢,_1 = 2n + 2 which is the homogeneous dimension of H"

and obtain u € HW2>>"**(Q). Let us choose now 1 < 3 < 2 close enough to 1 such that

loc
5

(2n+2)m

<2n+2+47.

Then we use the embedding

1’2n+2ﬁ

s
= (2n+2) 525

loc

HW,

loc (Q) — L (Q)



and inequalities similar to (4.4.3) to conclude that

2,(2n+2)

B
Um € HVVIOC = (Q) .

The embedding
1,(2n+2) 525 282

() = C*

HW,

loc

shows that u,, has interior regularity C1® where

282
==

Because of the estimates for wu,, are uniform, we can conclude that u € C'IIOS(Q)

(07

The case p < 2.
Theorems 4.4.2 and 3.2.1 implies that Xu,, € HW,'?(Q) with uniform bounds. Then we

can start with gy = p and follow the proof of the previous case until we get the first k£ with

(2n +2)p 2n + 2

= >
I 2n+2—kp 2

Let us choose now (8 > 1 enough close to 1 such that

(2n+2)% <2n+247
and
(2n + 2)§ < g .
The rest is similar to the last part of the previous case. O
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5.0 REGULARITY OF p-HARMONIC FUNCTIONS IN CARNOT
GROUPS

In this chapter we generalize our results from the previous chapters to the more general case
of a Carnot group of arbitrary step. Note that the Heisenberg group is a Carnot group of

step 2 and the methods elaborated for it will be used heavily at each step of our iterations.

5.1 BASIC FACTS ABOUT LIE GROUPS

Definition 5.1.1. A Lie group is a group G that is a finite dimensional smooth manifold

such that the group operations

p:GxG =G, uzy =y

and

inv:G — G, inv(z) =a27!

are smooth mappings.

We denote the identity element of G by 1 and the tangent space of G at 1 by g, which
is a vector space, having the same dimension as G. Looking to the differential of y at (1,1)
we find

D(]_}]_)/J,(X, Y) =X + Y.

At the same time

Dyinv(X) = - X
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which shows that first order derivatives do not reflect the noncommutativity of G. Therefore
we have to turn to the level of second order derivatives.

For each x € G let us consider the conjugation by z, that is
Ady:G— G, Ady(y) =x-y-x".

In the case of a commutative Lie group Ad, is the identity mapping of G for all x € G. The

infinitesimal conjugation by x on g is defined as the differential of Ad, at 1, that is
Ad, = Di(Ad;) : g — 3.
The chain rule for differentiation shows that
Ad,., = Ad, o Ad,

and therefore

Ad: G — GL(g)

is a homomorphism of groups, called the adjoint representation of G. In the case of a
commutative group Ad is the trivial homomorphism.

Taking the differential of Ad at 1 we get the mapping

ad:g— L(g.9).
For each X,Y € g we define the Lie bracket of X and Y by

(X, Y] =adX (V).
The Lie bracket satisfies the anti-symmetry

(X, Y] = [V, X]
and the Jacobi identity

X,V 2]+ [V, [2, X[+ [Z,[X, Y]] = 0
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and therefore g has the structure of a Lie algebra.

For each x € G we define the left and right multiplications by

R,:G—G, R(y)=y-x.

A vector field X is called left invariant if

X(La(y)) = DyLa(X(y))
and right invariant if
X(Ra(y)) = DyRo(X(y)) .-

It turns out that left and right invariant vector fields are completely determined by their
value at 1, namely

X(z) = D1L,(X (1))

for left invariant, and

X(z) = D1Ry(X(1))

for right invariant vector fields. Conversely, any element X of g determines a left invariant
vector field by the formula
X(x)=D1L,X

and also a right invariant vector field by

X(z) = D1R, X .

From this moment we will concentrate our attention on left invariant vector fields. We can

introduce the Lie bracket of left invariant vector fields by

[X,Y](x) = D1 L. [X(1),Y(1)].

So, we can identify the space of left invariant vector fields by g and talk about the Lie

algebra of left invariant vector fields, that is isomorphic to g. Therefore, we will identify a
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left invariant vector field X by its value at 1.

For every X € g there exists a unique differentiable homomorphism
(PX : (Ra +) i (g7 )

that satisfies
ddx

dt
The mapping t — P x(t) is an integral curve of the left invariant vector field X satisfying

Oy (0) = 1.

(t) = X(Dx(t)), Vt € R.

Definition 5.1.2. We define the exponential mapping exp : g — G by
expX = dx(1).

By the uniqueness of solutions for initial value problems for ordinary differential equations
we get that
éx(St) = q)tX(S) s v s,t € R.

Therefore we have

exp(tX) = Px(t)

and hence t — exp(tX) is a homomorphism between (R, +) and (G, -). Differentiating and
using the definition and the differential equation of ®x we get

d

Eexp(tX) = X(exp(tX))

and hence the differential of exp at 0 is the identity mapping of g. Using the inverse function

theorem we get the following result.

Theorem 5.1.1. There exist open neighborhoods of U of 0 in g and V' of 1 in G such that
expl, : U=V
s a diffeomorphism and the inverse mapping
log:V —U
1s called a logarithmic chart for G.
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We recall now the Baker-Hausdorff-Campbell-Dynkin formula for the exponential map-

ping. For all X and Y from a small neighborhood U of 0 in g we have
exp(X) - exp(Y) = exp(u(X,Y))
where

n(X,Y) = X+Y+ %[X, Y]+ 1—12 (X, [X, Y] - [, [X,Y]) +

+ commutators of order four and higher

If we look for the expansion up to order 2 we get

w(X,Y)=X+Y + %[X,Y] +O((X,Y)), as (X,Y) — (0,0).

5.2 NILPOTENT LIE GROUPS

Let G be a simply connected Lie group and g its Lie algebra. For U,V C g we denote by
[U, V] the subspace of g generated by the elements of the form [X, Y], where X € U, Y € V.
For A, B C G we denote by [A, B] the subgroup of G generated by elements of the form

a-b-a"'-b7!, where a € A and b € B. The lower central series of g are defined by

g =9, 8¢ = [8.9G-]-
The lower central series of G are defined by
0 =9, G4 =19.9-1]
Then each G(;y is a connected Lie normal subgroup of G and has its Lie algebra g(;). The

lower central series form a descending chain of subspaces, respectively of normal subgroups.

Definition 5.2.1. If there exists v € N such that g1y = {0}, or equivalently G(,41y = {1},

then G 1is called a nilpotent Lie group and g is called a nilpotent Lie algebra.
We recall two basic properties of nilpotent Lie groups.

Proposition 5.2.1. Let G be a nilpotent Lie group. Then
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(1) The exponential map is a diffeomorphism from g to G.
(2) If X denotes the Lebesgue measure on g, then X o exp™! is a bi-invariant Haar measure

on@G.
Definition 5.2.2.

(1) We say that g is a graded Lie algebra of step v € N, if there exist subspaces V;, 1 €
{1,..,v} of g such that g = @;_,V;, [Vi,V;] C Vi if i +j < v and [V;,V;] = 0 if
1+ >v.

(2) A simply connected Lie group with a graded Lie algebra is called stratified if Vi generates
g as an algebra. A simply connected nilpotent Lie group with stratified Lie algebra of step

v 1s called a Carnot group of step v.

Definition 5.2.3. The homogeneous dimension of a Carnot group of step v is defined as

szyzidz‘»
=1

where d; = dim V.
Let us choose an orthonormal basis X; ;, j € {1,...,d;} for each V;. For each x € G we can

give a unique set of scalars {c; 1, ..., ¢,4, }, called the exponential coordinates of z, such that

v d;
exXp (Z Z Ci,jX’L',j) =Xx.

i=1 j=1

For r > 0 we define the dilations ¢, : G — G by

v d;
0.(x) = exp (Z Zrici,jXLj)

i=1 j=1
The natural metric is determined by homogeneous norms.
Definition 5.2.4. A homogeneous norm on G is continuous function
|+]:G — [0, +00)

such that

(1) |z| =0 if an only if x = 1.
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(2) |z~ = |z| and |6,x| =r|z|, V2 € G, r > 0.

Homogeneous norms always exist, for example if we use the exponential coordinates, and

we denote for z = (¢; j), we can define

NI

|| = Z (Z (%’)2)

i=1 \j=1

So, we may assume that G is equipped with a fixed homogeneous norm. We can define the

homogeneous ball with radius r» and center at x, by
B(x,r)={yeqG : |z~ -yl <r}.

We can observe then, that B(z,r) is a left translate of B(1,r) and the Haar measure of
B(xz,r) is a constant multiple of r?.

For simplicity we will denote X; = X ; and d = d;. We call
Xu= (Xlu, ...,Xdu>

the horizontal gradient of a corresponding function w.
Also, V), is the center of the Lie algebra, therefore the vector fields X, ; - which commutes
with any X, ; - will have a special role. Let us denote T; = X, ;.
Let 1 < p < 400. Consider the following Sobolev space with respect to the horizontal vector
fields X;

HW'(Q) = {u € LP(Q) : Xpue LP(Q), for alli € {1, ..., d}} .

HW1?(Q) is a Banach space with respect to the norm

d

[fullwro = llullze + Y [ Xsullzo
i=1

We denote by HW,?(Q) the closure of CS°(Q) in HW?(1).
We consider the p-Laplace equation in a bounded domain €2 C G.

- iXZ- (a;(Xu)) =0, in Q (5.2.1)

i=1
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where

ai(€) = €72, , for all € € RY.

Then a function v € HW,'?(Q) is a weak solution for (5.2.1) if

loc

Z/ a;(Xu(z)) Xip(z)dz =0, for all p € HW,P(Q). (5.2.2)

For € > 0 small, let us consider the approximating equation to (5.2.1)

=) X (af(Xu)) =0, inQ (5.2.3)

i=1

where

p—2

ai(€) = (e+ ) 7 &, forall € RY.

5.3 DIFFERENTIABILITY ALONG VECTOR FIELDS FROM THE
CENTER OF THE LIE ALGEBRA

In this section we consider a fixed jo € {1,...,d,} and denote ' = T},. For z € Q, s € R
sufficiently small such that z-e*T € Q and 0 < o, < 1 we consider the following differences

and difference quotients in a similar way as in section 2.1:

Agsu(w) = ulz-e?) —u(x),
Ahu(r) = ulr-e”) tule-e?) —2u(z),
u(z - e$?) —u(x
.DZ’S’QU(I) = ( >0 ( )7
5]
w(z - e ) —u(x
DZ,fs,Hu(x) ( )0 ( )
—|s]
Then
AZ ulz)
Dz —saDzsou(r) = Dzs0Dz_squ(x) = W

Proposition 2.1.1 remains valid also in the case of Carnot groups, while Proposition 2.1.2

has the following form.
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Proposition 5.3.1. Let 1 < p < 0o, u € HW,2?(Q), 2o € Q and r > 0 such that B(xo, 3r) C

Q . Then there exists a positive constant ¢ independent of u such that

/; (zo,r)

Remark 5.3.1. If we use in Proposition 5.3.1 the vector field X, j, = T then we have

/B(:ro,r)

The following lemma is the counterpart of Lemma 2.2.1 and, as we mentioned in section

DXijysylu(x)‘pdx < c/ (Jul? + | Xul?) dz. (5.3.1)

B(zo,2r)

DT,s ;UJ(IE)

v

" e < c/ (Jul + | Xul?) da . (5.3.2)
B(zo,2r)

2.2, its proof needs just minor modifications.

Lemma 5.3.1. Let uw € LP(G), Z a left invariant vector field, 0 < o, 0 < o and M > 0.

Suppose that
A ul|e
sup N2z, ullir <M. (5.3.3)
0<|s|<c |S’a
Then for all 0 < f < min{l,a} if a« # 1 and for all 0 < 5 < 1 if « = 1 there exists ¢ > 0

independent of u and a possibly different o > 0 from that one in (5.3.3) such that

Agat|| 1 M
N&zsuller g+ My (5.3.4)

sup 7

0<|s|<c |S‘ﬂ
5.3.1 The case: 2<p< o0

Let us fix jo € {1, ...,d, } and denote T' = T},. The proof of the following lemma is similar to
the proof Lemma 2.3.1, because T' commutes with X; and the translations  — x - e*7 leave

the integrals invariant.

Lemma 5.3.2. Let 2 < p < +o0, u. € HW.'?(Q) be a weak solution of (5.2.3), zo € Q,

loc

r > 0 such that B(xg,3r) € Q. Let us suppose that there exists a constant ¢ > 0, o > 0 and
0<a< ”7_1 such that

p

DT,s,l—i—a(uE) d.ﬁE

sup /
0#|s|<o J B(zo,r)

<e /B - (e + [Xue@)P)E + fue@)?) do. (535)
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If we have
24+ 2va v—1
<
vp v

then for possibly different ¢ > 0, o > 0 holds

p

dx

Dy l+i+§a<ue)

‘v ' vp

sup /
0#|s|<o J B(xo,5)

<ec /B . ((g+ | Xu(z)]?)? + |u5(x)|p> dz. (5.3.6)

In the case
24 2va  v-—1
>
vp v
we have
/ T (z)P do < ¢ / ((H | Xu(z))® + |ua(x)]”> dz . (5.3.7)
B(zo,7) B(zo,2r)

and hence Tu € L7 ().

Otherwise,
24 2vae v-—1

vp v
and we have that
/ T ()P da < c/ (e + 1Xue@)P)? + fuct@)l?) da (5.3.9)
B(zo,7) B(w0,2r)
Proof. Consider
1
Y == + 5
v

and let g be a cut-off function between B(x, 5) and B(zg,r). We use now the test function

Y= DT,—S,’Y (gzDT7s;yua) (539)

to get



and from here, by the fact that X; commutes with Dz, and Dz _ -, we obtain
d
> [ Drq ai(Xu.(0)) 67(0) Drs (X () d
i=1 /8

d
+Y) / Dy a5 (Xue(2)) Dpgoue(z) 2g(2) Xig(z)dz =0. (5.3.10)
=179
Using the properties of the functions a; we get

/ gg(x) (5 + |Xu5(ar)|2 + | Xue(x - 63T)|2)T |DT7SWXu8(x)|2 dx
B(zo,r)

p—2

< c/ (e + | Xuc(z)]” + | Xuc(z - €T)|*) 2 |Drs,Xue(z)|
B(zo,r)

Dy ()] lg()] |Xg(a)|da.

Using the fact that p > 2 we get
/3( )92(:1:) (e + [ Xue(2)]* + \Xue($'€ST)|2)¥ | Do Xue ()] da
o,
: C/B( ) (e + [ Xue(2)]* + [ Xue(w - GST)|2)% | Drsue ()] [Xg(@)]* da. (5.3.11)
w0,
Denoting by RHS the right hand side of (5.3.11) we have that

RHSSC/

B(zo,r)

((8 + | Xue () + | Xue(z - 68T)|2)g + ’DT,S,»YU@(Z‘)‘I;) dux .
and then by assumption (5.3.5) we have
RHS < c/ (£ + | Xue(@)2)? + ue(@) da.
B(zo,2r)
Therefore

p—2
[ ) (4 1K@ + [Xude - eDP) 7 1 Dp Xu(o)f* da
B(ZOJ‘)

< c/ (£ + | Xue(2)2)? + uc(z)P dz. (5.3.12)
B(zo,2r)

From the inequality

|57 Dy X (2)] € V2v/e 4 [ Xua(2)]? + | Xu(z - esT) 2
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we get

/( )gQ(m) sP=2) | Dy s Xuc(x)]P de < c/ (6—|—|Xu5(m)|2)% + |u.(z)P dx .
B(xg,r

B(zo,2r)

Since

Dr,sy X (g%ue) () = Drsy X (9°)(2) ue(z - ) + X (9%)(2) Dr,sque(2)

+ DT,s,'yg2($) Xue(z - eT) + g*(z) Dy Xue(x)

it follows that

/B(xo,r)

Let us denote the right hand side of (5.3.13) by MP?. Using Lemma 5.3.1 we get

/B(xo,r)

Therefore, for all s sufficiently small we have

’p

DTvsng(g2u5)(x))p dr < ¢ /B o ((g+ Xu(2)]?)? + |u5(x)|p> dr. (5.3.13)

"< M7, (5.3.14)

DT,—s,lDTs 2—7(g2u6)<x>
v ' p

|27, (g%u)||
a 1 Qjﬂ[/p(g) S M?

Sv vp

so there exists o > 0 such that

H A%,S (g2u5) HLP(g)

Sup l+ 24+2ra
0<|s|<o svtoup

<M. (5.3.15)

If it happens that
24+2va v—1
<
vp v

then by Lemma 5.3.1 we get (5.3.6).

If we have
2+ 2ra v—1
>
vp v

then Tu. € L? (Q) and estimate (5.3.7) is valid.

In the remaining case
2+2va v—1
vp v
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Therefore,

o plv—1)—2
2v
and then using that « € [0, ”7_1) we get
v
2<p< ——.
b=y

We can use assumption (5.3.5) with o arbitrarily close to ”7’1, in particular for o/ > %

to get back (5.3.15) with
242vdd  v—-1
>
vp v

and then use the previous case. ]

Lemma 5.3.1 implies that we can start with oy = 0 in the assumption (5.3.5) to get

ap = le in (5.3.6). Now we can use «; in (5.3.5) to get

k
: 2
2 2 2 ok p (2) 2 1= (5)
Q1 = — 4+ “ap = — 4+ . F — = — - = = — 7
" vp - p vp vpk VPZ p 2

Therefore, for a given p > 2 the upper bound for a4 is given by

2 1

vp—2°

Hence, for p € [2 27”1), after a sufficiently large number £ of iterations, we get that oy > "7’1

‘v

and this means that Tu. € LY ().

loc

In conclusion we have the following theorem.
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Theorem 5.3.1. Let 2 < p < 24 and u. € HWP(Q) be a weak solution of (2.1.3). Then

for xg € Q, r > 0 such that B(xg,3r) C Q and for a number k € N of iterations depending

only on p and v we have

A

and hence Tu. € L

loc

|Tu.(z)P dx < c/

B(zo,2r)

((8 + |Xu€(x)|2)§ + |u5(x)|p) dx (5.3.16)

20, 5557
(Q).

In the case p > % our proof above gives the following result.

Proposition 5.3.2. For p > -2~ and weak solutions u. of (2.1.3) we have

p

dx

sup / ‘DT,s,l-‘ra’ (ua)
0#|s|<o J B(zo, ;) v
<of (e Xu@P) 4 lu@P) de. (5317)
B(zo,2r)

2

for ¢ > 0 independent of €, o less then, but arbitrarily close to st and a corresponding

number k of iterations.

5.3.2 The case 1 <p < 2.

Let us consider u. € HW,'?(Q) a weak solution of (2.1.3), v = L and the test function

loc
¢ =Dy (9*Drsyue) - (5.3.18)
We can follow the proof of Theorem 2.4.1 until we get

/B(zo,'r)

By the fact that our Carnot goup has step v we get

/B(:vo,'r)

and this leads to the fact that for a sufficiently small ¢ we have

DT’S,%X(gQUE)(x)’p de <c / (e + \Xug(:lr)\Q)% + |u-(2)|P dz . (5.3.19)

B(zp,2r)

Dy, 1D 3 (g%ue)(x)

" da <c / (e + |Xug(x)\2)% + |us(x)|P dx, (5.3.20)
B(zo,2r)

1A7,5(g%ue)l Lo (9)

0<|s|<o |S’%+$

<e / (e + [Xu(@))F + () da (5.3.21)
B(zo,2r)
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Therefore, knowing that we have a control on % derivatives of u. in the T direction, we

3

5, derivatives of u.. Doing

obtained that we can control % derivatives of Xu and hence

iteration, and choosing corresponding cut-off functions, in general we get after k steps that

p p
/ D, o X(g%ue)(7)| dx < c/ (e + | Xu(z)*)? + |uc(z)P dz, (5.3.22)
B(zo QLk) 2ky B(zo,2r)
and
D s 2U5 P p
sup 1Dz, <gzk+11|L © < / (e + | Xuc(z)*)? + Jus(2)|P da. (5.3.23)
0<|s|<o |8‘ 2k B(zo,2r)

In the case of a Carnot group of step v = 2 we can continue the proof of Theorem 2.4.1 and
get Tu. € LY (Q). In the case of v > 3 this method gives at most 22 < 1 derivatives for u.

in the 7" direction. In conclusion, we have

Theorem 5.3.2. In the case of a Carnot group of step 2, for any weak solution u. of the

approzimating equation (2.1.3) we have Tju. € LY. (Q) for all Tj € V5.

loc

5.4 DIFFERENTIABILITY ALONG HORIZONTAL VECTOR FIELDS

We recall the following identities [8]:
Proposition 5.4.1. For each X,Y € g and x € G we have :

1. [X,Y] = adX (V).

2. Adex = eadx‘

3 z-eX . gl = Ade)
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We have denoted by R, : G — G the right multiplication by x. Let Z be a left invariant

vector field. Then, using the identities from Proposition 5.4.1 we get

Xu (m . eSZ> = X; (u o Resz> (x) = % » o Resz (m . etX’)
u(;p et ) % g u(:r VRSV o esZ)
u(x 57 . tAd oz (X )) = Ade_SZ(Xi)u<$ . esZ)

ad (Xz) ( >
_ ((Id_sad(z)+m_’_(_1)u—18u—1adu—1(z>>(XZ.)>u(x.esz)

= Xiu(x . €SZ> -5 ad(Z)(XQu(x : 6SZ> + ...+ (—1)”_18”_1ad”_1(Z)(Xi)u(x : esz>

In the same way we can prove that

Xiu (m . e_SZ>

= Xm(:r : 6_8Z> +s ad(Z)(Xi)u(a: : 6_8Z> +...+ s”_lad”_l(Z)(X,-)u<$ : e_SZ>

Therefore, we have the following result:

Lemma 5.4.1. For any left invariant vector field Z, any u € C§°(S2) we have

Xz‘DZ,—s,lDZ,s,w(il?) =

1
=Dy _s1Dz 1 Xu(z) — B <[Z, Xl]u<x . 65Z> -1z, Xl]u<a: . 6_SZ>
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5.4.1 The case: 2<p< %

Theorem 5.4.1. Let u. € HW,2P(Q) be a weak solution of (2.1.3), xo € Q, 7 > 0 such that
B(xg,3r) € Q. Then there there ezists a constant 0 < M < oo independent of € such that

for a number | € N that depends only on p and v we have

2

/B( (e + 1Xu(@)?) T [Xou(o) < M. (5.4.2)

Proof. We know that we can control the derivatives in the direction of V,,, the center of Lie
algebra. We will use formula (5.4.1) to control the derivatives in the direction of V,,_; and
going backwards we will gain control over V,_o, V,_3, ... until we reach V.

Let Z € V,,_; and we use a test function

wo=Dz_s1Dzs1 <g4ue>

where g is a cut-off function between B(zo, 55 ) and B(zo, ) and the number k is given

by Theorem 5.3.1. Formula (5.4.1) gives in this case the formula,

XiDg _s1Dz 41 (94Ua> () =Dy _s1Dz 51X <94U5> (x)

i) ) - i) o)

(5.4.3)

We know that [Z, X;] € V,, therefore [Z, X;] € LY

he(£2), so we can use the same method of

proof as for Theorem 3.1.1 to get an M > 0 independent of € such that for all s sufficiently

small
/Q (e + | Xuc ()] + [ Xue(z - eSZ)|2)% 1Dz o1u:(x)] g*(z)de < M. (5.4.4)
Hence,
[ 4@ 97 Dzl < M
and hence

p
[ |Panz @) <.
Q P
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Now, using the fact that Z € V,,_;, we get that there exists 0 > 0 such that

sup
0<|s|<o Sv— 1

<M. (5.4.5)

4%, (90) 1010

The fact that p < 21’ implies that —= —|— > 1, so by Lemma 5.3.1 we have Zu € L} (9).

Now let us consider W € V,_, and a test functlon

Y = DZ,fs,lDZ,s,l (94105)

where g is a cut-off function between B(zo, i75) and B(zo, 55 ). Formula (5.4.1) in this

case looks like

X;Dw 1 Do (90 ) (@)

= Dw _s1Dws1X; (g4u) (x) — é ([W, Xi] (g4u) <x . eSW) — W, Xi] (g4u) (x . esw>

LY 2( adk(W)(Xi)(g‘lu)(x-eSW)+adk(W)(Xi)(g4u)<x-e‘sz>>.

k=2

(5.4.6)

We observe that [Z, X;] € V,,_; and the vector fields in the third line of formula (5.4.6) are

in V,, or are null, so we can repeat, with minor changes, the proof of the previous case to get
WuE € Lf0c<Q)

Continuing in this way we arrive to the case when we can use a test function

Y= DXjO,—s,lDXjO,s,1 <g4u5>

for an arbitrary jo € {1, ...,d} and get formula 5.4.2. with [ =k + v. O
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5.4.2 The case 1 < p <2 in a Carnot group of step 2

As we have seen in Theorem 5.3.2 in the case 1 < p < 2 our methods control the derivatives
in the direction of the center of the Lie Algebra if the Carnot group is of step 2. But in this
case the results are essentially the same as in the Heisenberg group and require just minor
modifications. For example we can prove the following theorem which is a counterpart of

Theorem 3.2.1.

Theorem 5.4.2. Let G be a Carnot group of step 2, 2 C G be an open set, ‘/i_l <p<2

and u. € HWLP(Q) be a weak solution of (5.2.3). Consider o € Q, r > 0 such that

loc

B(xg,3r) € Q. Then there exists a positive number k depending only on p such that for each

ip € {1,....2n} and s > 0 sufficiently small we have

/ (e + | Xue () + [ Xue(z - hlo)|2)¥ ‘DhiOXue(x)}g dx
B(

900,2;9%)

ok+1

p—2 _ ya
: C<€ ) ||“e||206€3(ro7 ') /B( 2r) <(€+ [Xue(x)P)* + ]ug(x)|f’> du
To,&aT

p—2 p
+" T el Baaton e + C/B< ,, (E+ Xu@P)E + o)) d“”) |
T,4T
(5.4.7)

and hence u. € HW2P (1),

5.5 CORDES CONDITIONS IN CARNOT GROUPS

Let us consider a Carnot group G of step v such that the horizontal subspace of the Lie
Algebra has dimension d and for a fixed inner product on V; we consider an orthonormal
basis X7, ..., Xq. We remark that in our previous results regarding the HW?? regularity
of the approximating p-harmonic functions, the step of the Carnot group had the major
effect on the admissible values of p, while in our next results regarding the HW?? and C1*
regularity of p-harmonic functions the dimension of V; will also have an important role.

We recall first the following result from the Calderén-Zygmund theory in Carnot groups
(see [9, 13, 14].

72



Lemma 5.5.1. For all 1 < s < oo there exists Cgs > 1 such that for all u € HWy*(Q) we

have

1%l

rs(9) < Cgs||[Axul[rs@) -

Let us consider now the following second order linear subelliptic PDE operator in non-

divergence form with measurable coefficients

where the functions a;; € L>(Q2). Let us denote by A = (a;;) the d x d matrix of coefficients.

Definition 5.5.1. We say that A satisfies the Cordes condition K. , if there exists € € (0, 1]
and o > 0 such that

0<

Q| +—

J 2
1
< g aZ(r) < —— ( aii(x)> , a.e.x €§). (5.5.1)
byt / d—1+¢

<.
Il Q
—

We will now list results similar to those from section 4.2. We will omit the proofs which
differ from their counterpart just by replacing 2n, which is the dimension of the horizontal

subspace for the Heisenberg group, by d which is the dimension of the horizontal subspace

in our Carnot group.

Theorem 5.5.1. Let 0 < e <1, 0 > 0 such that v = /1 —eCga < 1 and A satisfies the
Cordes condition K. ,. Then for all u € HW;?(Q) we have

1
X%l < Coa 1 llllux [ Aule (5.5.2)
where
(Ae). 1)
oalxr) = .
@) = A@P



Let us recall that the p-Laplace equation is

d
=3 X (| Xul 7 Xu) =0, in Q. (5.5.3)

i=1
and for each m € N we consider the approximating equations

p—2

—ZX <( + ]Xu]2)2 Xm) =0,inQ. (5.5.4)

The differentiated version of equation (5.5.4) has the form

Z a’ X;X;u=0, in Q (5.5.5)

3,7=1

where
Xiu(x) Xju(x)
o+ Xu(@)?

Let us consider a weak solution u,, € HW'?(Q) of equation (5.5.4). Then a} € L>(Q).
Define the mapping L, : Wo*(Q) — L*(Q) by

agj(x) =6 + (p — 2)

Z )X X;v(z) . (5.5.6)

L,, satisfies the assumptions of Theorem 5.5.1 if

1—\/d —1052 D41 14 /d((@d=1)C3, 1) +1
w2 “1c, - ’ @-1)c2, -1

(5.5.7)

Taking into consideration Theorem 5.4.1 we have the following result:

Theorem 5.5.2. Let

5 1+\/d —1052 1) +1
v—1 (d—1)Cg, —

2 <p < min

Then any p-harmonic function is in HW?> 2(9)

loc
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5.6 (' REGULARITY OF p-HARMONIC FUNCTIONS FOR p CLOSE TO
2

Let us consider the setting from the previous section.

Theorem 5.6.1. Let 0 < e <1, such that e - Cg s < 1 and suppose that
|Axu(z) — Au(x)| < e |X2u(x)| (5.6.1)

for a.e. x € Q and for allu € HW}*(Q). Then A: HWy*(Q) — L5(Q) is an isomorphism

and there exists ¢ > 0 such that
1X%ul|Lo() < cllMullzs@) (5.6.2)

for allu € HW}*(Q).

Proof. The proof follows from the fact that Lemma 5.5.1 and formula (5.6.1) show that
A HWS®(Q) — L*(Q) satisfies the relation

[|Axu — Aul

@) <€ Cgs||[Axullrs

which proves that A is near to Ax and hence is an isomorphism. For the properties inherited
by operators that are near to each other we quote [7, 29]. O]
We need the following interpolation result (see [15]).

emma 5.6.1. Let u € ’ , Tg € 2 and r > 0 such that B(xg,2r) C (2. en for a
L L HW2(Q Q and r > 0 such that B(zo,2r) C Q. Then for all

loc

d > 0 there exists c(0) > 0 such that

|| Xul

T Blaomy) < O/ X 7l

iS(B(mo,r)) + c(6)]]u] %S(B(acg,r)) :

We can use now Theorem 5.6.1, Lemma 5.6.6 and a method similar to the proof of

Theorem 9.11, [10] and Lemma 4.3.3 to get the following result.
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Theorem 5.6.2. Let us suppose that the operator A satisfies the assumptions of Theorem
4.1 and that B(xg,3r) C Q. Then

1%l

Ls(B(zo,2r)) T |[u]

L3 (B(wo,r)) < C(||AU| LS(B(Z‘O,QT‘))>

for allu € HW2(Q).

loc
We remark that

L) — Axe(a)] < Ip—2) § [X%0(a)

for a.e. x € Q and for all v € HW?#(Q).

For a v > 0 arbitrary small but fixed, let us denote by

¢= Sup{C'g,s, se(1,Q +’y)}.

5.6.1 The case 2 <p

Theorem 5.6.3. For

p + min
o o I/—l’éd

and a p-harmonic function u there exists 0 < a < 1 such that we have the interior reqularity

uwe Cche,

Proof. Theorem 4.2 shows that Xu. € HW,?(Q) with uniform bounds. We use the embed-

loc

ding
HW,2(Q) < L.(Q)
where
2Q)
qD - Q . 2 9



and () is the homogeneous dimension of the Carnot group. For corresponding cut-off function

7 between homogeneous balls B, and B,, we have

||Lm (772um) | |qu(B3T)

=C

tn Lon (07) > @) (X5 (0%) Xt + X (0%) X

ij=1

L90(Bs3,)
< ¢(llmllosuppn + Xt [z (suppn) ) < +00

(5.6.3)

Therefore, by Theorems 5.4.1 and 5.6.1 we have that u,, € HW2>%(Q) with locally uniform

loc

bounds. Repeating this procedure k times we get that u,, € HW.2%(Q) for

loc
2Q
Q—2k°

We stop after [ steps for the smallest [ for which we get Q — 2] < 4. Let us choose now

qx =

1 < 8 < 2 close enough to 1 such that

9. QB
we mEE @)

and
02— <.
2—0~
Then we use the embedding
1.Q8 QL
HW.* (2) = Ly 7 (Q)

and inequalities similar to (5.6.3) to conclude that

2,052

Um € ‘HV[/loc (Q> .

The embedding

shows that u,, has interior regularity C1® where

282
et

Because the estimates for u,, are uniform in m, we can conclude that u € C*<. O

(07
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5.6.2 The case p <2 in a Carnot group of step 2

For a Carnot group of step 2 the results are essentially the same as in the case of Heisenberg
group.
Theorem 5.6.4. In the case of a Carnot group of step 2 and

V17T —1 2
max{7—,2—~—}§p§27
2 cd

for any p-harmonic function u we have the interior reqularity u € CY* where 0 < a < 1.

Proof. Theorems 5.4.2 and 5.6.1 implies that Xu. € H VVkl)Cp(Q) uniformly in €. Then we can
start with ¢o = p and follow the proof of Theorem 4.4.3 until we get the first [ with
Qr__ @

Qz—Q_lp 9"

The rest is similar to the proof of Theorem 5.6.3. O
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