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Estimation and inference with Weak Instruments and Near Exogeneity
Ying Fang, PhD

University of Pittsburgh, 2006

Empirical economic studies are often confronted by the joint problem of weak instruments and
near exogeneity, such as labor economics and empirical economic growth theory. This
dissertation presents new evidence and solutions on estimation and inference with weak
instruments and near exogeneity. Chapter 1 reexamines the effect of institutions on economic
performance in Acemoglu, Johnson and Robinson (2001) where the measurement of current
institutions is instrumented by European settler mortality rates. Since many economists argue
that the settler mortality rates can possibly affect economic performance through other channels,
I reexamine the effect of institutions by considering near exogeneity. | provide some evidence to
show that the effect of institutions is not significant in many regression specifications when the
settler mortality rates are used as the main instrument. Chapter 2 studies estimation and inference
with weak instruments and near exogeneity in a linear simultaneous equations model. | show that
near exogeneity can exaggerate asymptotic bias of the TSLS and the LIML estimators. When
using critical values from chi-square distributions, Anderson-Rubin and Kleibergen tests under
exogeneity have a large size distortion. | propose the delete-d jackknife based Anderson-Rubin
and Kleibergen tests to automatically reduce the size distortion in finite samples without a need
for any pretest of exogeneity. Chapter 3 extends estimation and inference with weak
identification and near exogeneity into a GMM framework with instrumental variables. A GMM
framework allows nonlinear and nondifferentiable moment conditions. | examine asymptotic
results of one-step GMM estimator, two-step efficient GMM estimator and continuously
updating estimator with weak identification and near exogeneity. Near exogeneity can produce
relatively large bias for all these estimators. The Anderson-Rubin type and the Kleibergen type
tests under near exogeneity converge in distribution to nonstandard distributions, which creates
large size distortion when using critical values from chi-square distributions. The delete-d

jackknife based approach can reduce the size distortion.
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1.0 INTRODUCTION

Estimation and inference with instrumental variables ( V) have wide applications in empirical
studies. In order to justify the IV method, it should satisfy two important criteria. One is called
"instrument exogeneity”, which means that instruments excluded from the structural equation
should be uncorrelated with the structural errors. The other is called "instrument relevance"”,
which requires that instruments should be strongly correlated with the endogenous explanatory
variables. Finding valid instruments to satisfy the two criteria is not an easy job.

In an influential empirical study of labor economics, Angrist and Krueger (1991) use quarter of
birth as an instrument for education to estimate the impact of compulsory schooling laws on
earnings. They argue that children's quarter of birth is random, so it is uncorrelated with ability
and should be exogenous. Because of compulsory laws, average education is generally longer for
children born near the end of the year than for children born early in the year, which means that
quarter of birth is correlated with educational attainment. Based on large samples ( 329,000
observations or more) from the U.S. census, they estimate the return to education by the TSLS
procedure, using as instruments for education a set of three quarter-of-birth dummies interacted
with fifty state-of-birth dummies and nine year-of-birth dummies respectively. But Bound,
Jaeger and Baker (1995) point out that the instruments used in Angrist and Krueger's paper are
weak and nearly exogenous in which case the resulting estimation and inference are misleading.
Many authors work on improving inference under weak instruments; see, for example, Staiger
and Stock(1997), Dufour(1997), Kleibergen(2002), Moreira(2003), among others.

Instrument exogeneity is another important criterion for valid instruments. In empirical studies,
the validity of instrument exogeneity is mainly based on economic reasoning. But unfortunately,
it is almost impossible to control for all possible variables that might be correlated with
instruments and dependent variables. As a result, the instruments might catch the effect on

dependent variables through other channels. It is hard to argue that instruments are exogenous in



empirical studies. For example, Acemoglu, Johnson, and Robinson (2001) estimate the effect of
institutions on economic performance by using as instrument the logarithm of the European
settler mortality rates. They argue that the settler mortality rate more than 100 years ago is
strongly correlated with current institutions in the countries colonized by Europeans in the
history. The mortality rates expected by the first European settlers determined the settlement
decision and then influenced the colonization strategy: introducing “extractive states” ( bad
institution) or "Neo-Europes™ (good institution). In a study of whether a reversal in relative
incomes among the former European colonies reflects changes in the institutions resulting from
European colonialism, Acemoglu, Johnson, and Robinson (2002) use data on urbanization and
population density in 1500 to proxy for economic prosperity. In order to test whether population
density or urbanization in 1500 affects income today only through institutions, the settler
mortality rate is used as instruments again. But Glaeser, La Porta, Lopez-De-Silanes, and
Shleifer (2004) argue that the settler mortality rate is not an exogenous instrument because the
mortality rate might affect today's income through other channels, for example, the human
capital. This is a problem of near exogeneity where the instruments are weakly correlated with
the structural errors. Due to the nature that it is almost impossible to control for all possible
variables that might be correlated with instruments and dependent variables of interest, the
problem of near exogeneity is prevalent in empirical studies. Angrist (1990) estimates the effect
of veteran status on civilian earnings by using as instruments the draft lottery numbers. But
Wooldridge (2002) argues that the draft lottery numbers might be correlated with the structural
errors if education is not controlled in the earnings equation. Bound, Jaeger, and Baker (1995)
argue that the instruments used by Angrist and Krueger (1991) are not only weak but also suffer
from near exogeneity.

This dissertation presents new evidence and solutions on estimation and inference with weak
instruments and near exogeneity. Chapter 1 reexamines the effect of institutions on economic
performance in Acemoglu, Johnson and Robinson (2001) by considering near exogeneity. |
provide some evidence to show that the effect of institutions is not significant in many regression
specifications when the settler mortality rates are used as the main instrument. Chapter 2 studies
estimation and inference with weak instruments and near exogeneity in a linear simultaneous
equations model. | show that near exogeneity can exaggerate asymptotic bias of the TSLS and
the LIML estimators. When using critical values from chi-square distributions, Anderson-Rubin



and Kleibergen tests under exogeneity have a large size distortion. | propose the delete-d
jackknife based Anderson-Rubin and Kleibergen tests to automatically reduce the size distortion
in finite samples without a need for any pretest of exogeneity. Chapter 3 extends estimation and
inference with weak identification and near exogeneity into a GMM framework with
instrumental variables. A GMM framework allows nonlinear and nondifferentiable moment
conditions. | examine asymptotic results of one-step GMM estimator, two-step efficient GMM
estimator and continuously updating estimator with weak identification and near exogeneity.
Near exogeneity can produce relatively large bias for all these estimators. The Anderson-Rubin
type and the Kleibergen type tests under near exogeneity converge in distribution to nonstandard
distributions, which creates large size distortion when using critical values from chi-square

distributions. The delete-d jackknife based approach can reduce the size distortion



20 REEXAMINING THE EFFECT OF INSTITUTIONS BY CONSIDERING NEAR
EXOGENEITY

In empirical studies, instrumental variables have wide applications by using the exogenous
variance of instruments to estimate the effect of endogenous variables. In order for the valid use
of the instrumental variables method, it requires a strict orthogonality condition between
instrumental variables and the error terms in the structural equations. The validity of instrument
exogeneity is mainly based on economists' knowledge about a specific economic issue at hand.

But unfortunately, it is almost impossible to control for all possible variables that might be
correlated with instruments and dependent variables. As a result, the instruments might catch the
effect on dependent variables through other channels. It is hard to argue that instruments are
exogenous in empirical studies. For example, Acemoglu, Johnson, and Robinson (2001) estimate
the effect of institutions on economic performance by using as instrument the logarithm of the
European settler mortality rates. They argue that the settler mortality rate more than 100 years
ago is strongly correlated with current institutions in the countries colonized by Europeans in the
history. The mortality rates expected by the first European settlers determined the settlement
decision and then influenced the colonization strategy: introducing “extractive states” ( bad
institution) or "Neo-Europes™ (good institution). In a study of whether a reversal in relative
incomes among the former European colonies reflects changes in the institutions resulting from
European colonialism, Acemoglu, Johnson, and Robinson (2002) use data on urbanization and
population density in 1500 to proxy for economic prosperity. In order to test whether population
density or urbanization in 1500 affects income today only through institutions, the settler
mortality rate is used as instruments again. But Glaeser, La Porta, Lopez-De-Silanes, and
Shleifer (2004) argue that the settler mortality rate is not an exogenous instrument because the
mortality rate might affect today's income through other channels, for example, the human

capital. This is a problem of near exogeneity where the instruments are weakly correlated with



the structural errors. Due to the nature that it is almost impossible to control for all possible
variables that might be correlated with instruments and dependent variables of interest, the
problem of near exogeneity is prevalent in empirical studies. For example, Angrist (1990)
estimates the effect of veteran status on civilian earnings by using as instruments the draft lottery
numbers. But Wooldridge (2002) argues that the draft lottery numbers might be correlated with
the structural errors if education is not controlled in the earnings equation. Bound, Jaeger, and
Baker (1995) argue that the instruments used by Angrist and Krueger (1991) are not only weak
instruments but also suffer from near exogeneity.

The usual overidentification tests, like the Sargen test and the J test, cannot solve the problem of
near exogeneity satisfactorily. First, these overidentification tests usually have power problem in
finite samples. Even the instruments pass through these overidentification tests, we cannot
blindly assume a zero correlation between instruments and structural errors. Second, finding
instruments is a creative but very tough job. It's statistically impossible to test the instrument
exogeneity in the case of just-identification. Last, these overidentification tests cannot apply

when there is a joint problem of near exogeneity and weak instruments.

One of the most widely test statistics used in empirical studies is the t -statistic. For instance, it's
a routine to use the t -statistic to test whether an estimator of interest is significant away from
zero. We show that under the t -statistic has a large size distortion even when there is a slight
violation of the orthogonality condition. The subsampling based or the delete- d jackknife based
t -statistic cannot help to solve the size problem. We propose the subsampling based or the

delete- d jackknife based Anderson-Rubin test in empirical studies under near exogeneity. We
reexamine the estimates in Acemoglu, Johnson and Robinson (2001) by considering the effect of

near exogeneity.

This paper is organized as follows. Section 2.1 examines the large sample property of the t -
statistic and the Anderson-Rubin test and their corresponding resampling based versions when
the knife-edge exogeneity assumption is slightly violated. Section 2.2 provides an reexamination
of the estimates in Acemoglu, Johnson and Robinson (2001) by considering the effect of near
exogeneity. Section 2.3 conducts simulations to compare their finite sample performance, and
Section 2.4 concludes. Appendix is included in last section.



21 THE EFFECT OF VIOLATION OF EXOGENEITY ASSUMPTION

In this section, we consider a linear simultaneous equations model (Hausman, 1983; Phillips,

1983) which is popular in empirical studies when instrumental variables are used,

y=YB+u

Y=ZI1+V
where Y and Y are respectively an N x 1 vector and an N x m matrix of endogenous
variables, Z isan N x K matrix of instruments, U isan N x 1 vector of structural errors, V
isan N x m matrix of reduced form errors, and errors have zero means and finite variance. The
B and II are respectively an m x 1 unknown parameter vector and a K x m unknown

matrix of parameters. Note that we require K > m . Other covariates can be added into
Equations (100) and (110). We can always use the Frisch-Waugh-Lovell Theorem (see Davidson
and MacKinnon, 1993, p19) to project out these covariates so the above equations give a simple
linear model without loss of generality. The first equation is a structural equation and the second

equation is a reduced form equation.

To estimate B properly we need valid instruments. Valid instruments depend on two criteria.
First, the instruments should be well correlated with endogenous variables, i.e., instrument
relevance. The second and more difficult criterion to satisfy is the assumption of exogeneity of

instruments. This means that the covariance between instruments and structural errors is zero

( covZiui = 0 ). Even for the most carefully chosen instruments in empirical studies, it is

almost impossible to argue a strict exogeneity condition.

We are interested in estimation and inference about B when there exits a small correlation
between instruments and structural errors. We model this small correlation as near exogeneity

which is a local to zero setup such that

E[Z/ui] = CIIN
where C is a fixed K x 1 vector. This is used as our main assumption in the paper. The

correlation between instruments and structural errors shrinks toward zero as the sample size N

6



grows large. Fang (2005) considers near exogeneity in a linear simultaneous equations model.
Caner (2005) considers near exogeneity in nonlinear moment restrictions in generalized
empirical likelihood estimators. Near exogeneity is a more realistic assumption in applied works
than the knife-edged assumption that requires a zero correlation between instruments and the
error terms in the structural equation. We show that even a slight violation of this orthogonality
condition can lead to a large size distortion of the t-statistic and the limiting distribution is
different.

2.1.1 The t-statistic under Near Exogeneity

A
Consider the TSLS estimator Brsis in a linear model,

A
Brsis = (Y'PZY) L (Y'Pzy).

where Pz = Z(Z'2)7*Z' . Under near exogeneity assumption, it is easy to show that the TSLS

A
estimator Brsis  is consistent and converges to a normal distribution with a nonzero mean. The

main reason why we can obtain consistent estimator under near exogeneity is that the correlation
between instruments and structural errors shrinks toward zero at the rate of the square root of N

when the sample size N grows infinity. The nonzero mean is due to the fact of near exogeneity.

For these details, see Lemma 1 in Appendix 1.

Now, consider the t -statistic in the two-stage least squares method which is heavily used in the

empirical literature. We want to test

Ho : Bitsis = Pio
against

Hi : Bitsis # PBio

The t -statistic is given by
A

ﬁi,TSLS - Pio

A
yavar(Birss )

t:



A 2
where i=12..m | avar(B, s ) = 0ul(Y2)(Z' D)@'V and
2 A A
6'\u = m(y -Y ﬁTSLS ),(y_ Y ﬁTSLS ) .
Under near exogeneity, the t -statistic converges in distribution to a normal distribution with
nonzero mean which is showed in Theorem 1 in Appendix 1. When C = 0 , we can obtain a
standard normal distribution for the t -statistic under the exogeneity assumption. Near

exogeneity shifts the asymptotic distribution to the right when C > 0 . Using critical values

from the standard normal distribution can lead to a large overrejection in finite samples. Table 1
shows the size distortion of t -statistic under near exogeneity from the simulation. When the
correlation between instruments and structural errors is 0.15 | the actual size can be 39.1%

while the nominal size is just 10% . This means that the t -statistic can overreject a true null

hypothesis in empirical studies when there is near exogeneity problem.

The employment of the t -statistic heavily relies on the exogeneity condition. A slight violation
of the exogeneity condition like the near exogeneity assumption can exaggerate the size

distortion immensely. We also consider whether the resampling versions of the t -statistic can

correct the size problem. The delete- d jackknife based t -statistic can be constructed by
following the steps described in the appendix and Theorem 2 in Appendix 1 summarizes the

limiting results of the delete- d jackknife based t -statistic. The delete- d jackknife based t -
statistic cannot replicate the near exogeneity effect in the limiting distribution and the simulation
in Table 2 shows that it works very bad in finite samples.

Note that bootstrap cannot be a solution to near exogeneity problem since it cannot replicate the
correlation between instruments and structural errors in bootstrap samples. Subsampling cannot
replicate such a correlation either. This can be seen in papers by Caner (2006) and Fang (2005).

We should be very careful in empirical studies when using instruments and making inference

based on the t -statistic. But, we will show that the delete- d jackknife method works very well

in the case of the Anderson-Rubin test in the next section.



2.1.2 The Anderson-Rubin Test

In the last section, we show that the t -statistic has a large size distortion under near exogeneity.
Another weakness of the t -statistic is the nonstandard limiting distribution when the nuisance
parameter Il is close to zero, which is called weak instruments in the literature (Staiger and
Stock, 1997). The nonstandard distribution is due to the fact that the t -statistic depends on the
TSLS estimator and the TSLS estimator with weak instruments is inconsistent. Instead of the t -
statistic, we propose the delete- d jackknife based Anderson-Rubin test. We show that the

delete- d jackknife based Anderson-Rubin test is not only robust to weak instruments but also
has only a slightly liberal limit compared to the regular asymptotics when there is near

exogeneity. The size performance of the delete- d jackknife based Anderson-Rubin test in finite
samples is summarized in Table 4.
We first examine the Anderson-Rubin test (Anderson and Rubin, 1949) under near exogeneity.

The test is given by
AR(Bo) = (y = YBo)'Pz(y — YBo)/[(y — YBo) Mz(y — YBo)/(N — K — m)].
where Mz = Iy — Pz and In is an identity matrix with dimension N . Wetest Ho @ B = fBo

against Hi @ B # Po.
The Anderson-Rubin test is robust to weak instruments since the test itself does not use any

A
information about the estimator of the first-stage parameter II . We know that under weak

instruments the first-stage parameter II cannot be consistently estimated. Under the null
hypothesis of B = Po , the test converges in distribution to a chi-square distribution with
degrees of freedom K, the number of instruments. Moreira (2003) shows that the Anderson-

Rubin test is uniformly most powerful among the class of unbiased tests when K = m |
The Anderson-Rubin test is also affected asymptotically by near exogeneity problem. Theorem 3

in Appendix 1 shows that the test converges in distribution to a noncentral chi-square distribution.

The limit of the test depends on the nuisance parameter C which comes from near exogeneity.



We obtain the result of the test as a chi-square distribution when C = 0 . Near exogeneity leads

to a distortion in size when we use critical values from the chi-square distribution with degrees of
freedom K . This can be showed by simulation results summarized in Table 3. When the
correlation between instruments and structural errors is in the range of 0.10 and 0.15 | the
actual sizes are between 20% and 35% while the nominal size is just 10% .

Our strategy is to use the delete- d jackknife procedure to mimic the noncentral chi-square

distribution defined in the appendix.

To introduce the delete- d jackknife based Anderson-Rubin test, we need to explain how we
resample the sample data. First, d observations are randomly chosen without replacement from
all of the sample observation, and then we form a subsample by deleting these d observations
from the whole sample. Given d , the block size b of the subsampleis N —d . Let Yo, Yo
and Zp are respectively subvectors or submatrixesof Y, Y and Z.So Yo isa b x 1 vector,
Yp isa bxm matrix, and Zp isa b x K matrix. These variables are denoted with subscript
b because Yo, Yo and Zp represent randomly resampled data with block size b = N-d
from all sample observations without replacement. Let d = yN and then b = (1 -7)N |

Various 7 's will be tried in simulations, 0 < ¥ < 1 . From simulation results summarized in

_ 3 e .
Table 4, we see that ¥ = 4 works very well in finite samples. This is also suggested by Wu

(1990). Given ¥ and N, the number of such blocks (denoted by Ny ) we can generate is

_ N _ 64
No = (yN) .When N =64 and 7V = % then b =16 and Nb = (48) which is a very

large number. In the simulations, we use 1000 such random blocks. Next, we need to compute

the Anderson-Rubin test in each block.

Denote by ARs the delete- d jackknife based Anderson-Rubin test

ARs(Bo) = (Yo — YbB0)'Pz,(Yo — YbB0)/[(Yo — YoBo) Mz, (yb — Yo Bo)/(b — K — m)]

The delete- d jackknife based Anderson-Rubin test can be implemented by following steps:

Step 1: Randomly choose d observations from the sample without replacement, where d < N ;

10



Step 2: Given d , the block size is b = N —d . Our subsample data are Yo , Yp ,and Zp .
Compute the delete- d jackknife based Anderson-Rubin test defined as above by using sample
observations not deleted by Step 1 and the null hypothesis that 8 = Bo ;

Step 3: Replicate Step 1 & 2 by at least 1000 times and sort these computed delete- d

jackknife based Anderson-Rubin test;

Step 4: Use the 90% quantile as the data-dependent critical value. The delete- d jackknife

based Anderson-Rubin test rejects the null hypothesis when the value of the Anderson-Rubin test

for all sample observations, AR(Bo) defined in (160), is larger than the data-dependent critical

value.

Theorem 4 in Appendix 1 gives the limiting result of this delete- d jackknife based Anderson-
Rubin test. It also converges in distribution to a noncentrality chi-square distribution. The
noncentrality parameter is a fraction of the noncentrality parameter found in Theorem 3, which

means the delete- d jackknife based Anderson-Rubin test is slightly liberal in large samples. By
increasing the block size we can expect to reduce the size distortion due to near exogeneity. We
can also observe this fact from simulations summarized in Table 4. Wu (1990) suggests

|eo

4 for delete- d jackknife. We propose 7 = % in finite samples. When 7 = % ,

1

<A<
the block size b = 16 . The actual sizes are 7.4 and 11.8 respectively when the correlation
between instruments and structural errors is between 0.10 and 0.15 . Compared to actual

sizes in Table 3, we can see that the delete- d jackknife based Anderson-Rubin test can reduce

the oversize problem under near exogeneity.

2.2 AN APPLICATION TO AJR (2001)

In this section, we reexamine Acemoglu, Johnson, and Robinson's (2001) estimates of the effects
of institutions on economic performance by the foregoing results. One of their main

contributions is to exploit the effect on economic performance by using European settler

11



mortality rates as an instrument for current institution. They argue that the European mortality
rates determined the settlement decisions and then the early institutions in the countries
colonized by Europeans. Since institutions persisted even after independence, the authors utilize
the source of variation in European settler mortality rates as an instrument for current institutions,
and then use the TSLS methods to estimate the effect of institutions on economic performance.

The linear regression model used in their paper can be summarized as follows:
logyi = p+ aRi + Xjy + &
Ri = ¢+ BlogM; + X5 + v;
where Yi is income per capita in country i, Ri isthe measurement of institutions, an index of
protection against expropriation, Xi is a vector of other covariates, M is the European settler

mortality rate in 1,000 mean strength, & and vi are random errors. The logarithm of
European settler mortality rates is the only instrument and other covariates which appear in the
first-stage regression also appear in the second-stage regression.

Although most economists agree that the effect of institutions on economic performance is
important and significant, it's still far from clear among economists that the instrument, the

European settler mortality rates, is exogenous in this model with only sixty-four observations.
In empirical studies, one of the most important inference procedures is to use the t -statistic to
test whether the estimator is significant away from zero. The null hypothesis is Ho : a = 0

against Hi : a # 0 . The estimator is regarded as significant when the t -statistic rejects the
null hypothesis. However, with the problem of near exogeneity, both Theorem 1 and Table 1
show the strong evidence of overrejection. Acemoglu, Johnson and Robinson (2001) obtain
strongly significant estimators in all of their specifications. We reexamine their results by the

delete- d jackknife based Anderson-Rubin test which consider the effect of near exogeneity.
The delete- d jackknife based Anderson-Rubin statistic tests the null hypothesis Ho : a = 0
against Hi : a # 0 . Given a block size b, we randomly draw 1000 blocks with the block

size b from 64 data observations. We calculate the value of the Anderson-Rubin statistic in

each block under the null hypothesis, and then we can obtain the empirical distribution of the

Anderson-Rubin test with 1000 various values. The data-dependent critical value is the top
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90% quantile from the smallest value to the largest value. Next we compute the Anderson-
Rubin test AR(Bo) of the whole sample when Bo = 0 . Then the delete- d jackknife based
Anderson-Rubin test rejects the null hypothesis with size 10% when AR(Bo) is larger than the
data-dependent critical values. The P -values of the delete- d jackknife based Anderson-Rubin
test is calculated as the probability that the value of the Anderson-Rubin test ARs(So)

computed in each block is larger than the value of the Anderson-Rubin test AR(Bo) computed

in the whole sample. From Table 4, we observe that the number of rejections of the test increases
as the block size shrinksand b = 16 , 18 |, 20 and 22 is the good range of the block sizes
among various choices when the sample size is 64 . When the block size is larger than 22 , the

test is very conservative. When the block size is smaller than 14 | the test is overrejected under

near exogeneity in simulations done by Fang (2005).
In Tables 5-8, we calculate P -values of regular t -statistic and the delete- d jackknife based
Anderson-Rubin test when the block size is 16 . For other block sizes, the results are reported in

Tables 9-12. We observe that the results under b = 16 are not changing with other block sizes.
Table 5a repeats the baseline regressions in Acemoglu, Johnson and Robinson (2001). In column
(1), the mortality rate is the only instrument and in column (2), latitude is added as a control
variable. Columns (1) and (2) correspond columns (1) and (2) of Table 4 in Acemoglu, Johnson

and Robinson (2001). In column (1) of Table 5b, the p-value of the resampling based AR test is
0.078 , which shows that institutions are significant at 10% level. But, when the latitude is
controlled in the regression, the P -value of the delete- d jackknife based AR test increases to

0.146 , which is not significant at 10% level. In column (3), we add Asia dummy, Africa
dummy and other continent dummy as the controlled variables and in column (4), the latitude is

added. Columns (3) and (4) correspond columns (7) and (8) of Table 4 in Acemoglu, Johnson
and Robinson (2001). Both columns show that the delete- d jackknife based AR test has large

P -values and cannot reject the null hypothesis.
Tables 6-8 examine the robust tests by adding additional controls. In Table 6, the British\French

colonial dummies or the French legal origin dummy is added into the regressions, which
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corresponds columns (1),(2), (5) and (6) respectively of Table 5 in Acemoglu, Johnson and
Robinson (2001). Our results show that the delete- d jackknife based Anderson-Rubin test has a

large P -value and cannot reject the null hypothesis. In Table 7, religion variables or
ethnolinguistic fragmentation is added into the regressions as the additional covariates, which
corresponds columns (7) and (8) of Table 5 and columns (7) and (8) of Table 6 respectively in

Acemoglu, Johnson and Robinson (2001). The delete- d jackknife based Anderson-Rubin test
cannot reject the null hypothesis again. In Table 8, some geographically-related health variables,
such as malaria, life expectancy and infant mortality, are added as additional controls, which
corresponds columns (1)-(6) of Table 7 in Acemoglu, Johnson and Robinson (2001). We observe

that the delete- d jackknife based Anderson-Rubin test cannot reject the null hypothesis.
By considering the effect of near exogeneity, we only observe two significant cases of the

institution estimator. One is the most simple case where nothing is controlled except the
mortality rate used as an instrument. The delete- d jackknife based Anderson-Rubin test has a

P -value of 0.078 (see column (1) in Table 5). The other is a comprehensive specification

where the latitude, the British\French colonial dummy, the French legal origin dummy, and
religion variables are added into the regression simultaneously. The delete- d jackknife based
Anderson-Rubin test has a P -value of 0.050 (see column (3) in Table 7).

We also compute P -values of the delete- d jackknife based Anderson-Rubin test under various
block sizes, which are summarized in Tables 9-12. We use block sizes

b = {12,14,20,24,28,30,32} . From simulations summarized in Table 4, we know that there is
size distortion when b = 12 if the correlation between instruments and structural errors is in
the range of 0.10 and 0.15 . Except column (1) in Table 5 and column (3) in Table 7, we
observe that the delete- d jackknife based Anderson-Rubin test cannot reject the null hypothesis

even when b = 12 which is a very strong evidence to show that the TSLS estimator is not
significant when the mortality rate is used as an instrument for the institution. The results in

Table 5-8 are robust to change in block size.

14



23 MONTE CARLO SIMULATION

We consider the linear simultaneous equations model defined in (100) and (110). Since there is
only one endogenous variable Y , we set | = 1 (the just-identified case). We also examine the

overidentified case when | = 2 . Since the results from overidentification are very similar to

those from just-identification, we only report the results from the just-identification in the paper.
The B is the only structural parameter and we set the true value Bo = 0. The N s the
sample size and we set N = 64 in order to conduct comparisons of tests' performance in finite
samples. The data (Zi,Ui,Vi) is iid which are generated from a joint normal distribution
N(O,A) .
When | =1,

1 CovZ;u; 0

A= COVZ;Uj 1 covViuj
0 covViu; 1

where covViu; measures the endogeneity of Y , which takes values of 0.25 . When | =1,
covZiui measures the degree of near exogeneity which takes values of 0, 0.10 or 0.15 .
The data generated from above also differ over the value of II. The vector II controls the

quality of instruments. We set I1 =0, 0.1, or 1 in all cells of the vector to respectively
represent nonidentification, weak instruments and strong instruments. In each simulation, the

nominal size is 10%.

Table 1 shows the size distortion of the regular t -statistic under various degrees of near

exogeneity when instruments are strong. When the correlation between instruments and

structural errors is zero, the actual size of the t -statistic is close to the nominal size 10%. When
the correlation is not zero, we can observe a size distortion and the size distortion increases

immensely as the correlation increases.

Table 2 lists the actual sizes of the subsampling based or delete- d jackknife based t -statistic

under near exogeneity when instruments are strong. We choose the block size
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b = {8,12,16,24,32} . The simulation shows that under various choices of the block size the

ts -statistic always has a larger size distortion under near exogeneity than the regular

asymptotics listed in Table 1. Theorem 2 can interpret the difference in finite sample
performances. The limiting distribution of the ts -statistic is a normal distribution with zero

mean and whose variance is less than 1 . Compared to the standard normal distribution, the
data-dependent critical values obtained from Theorem 2 are asymptotically less than the one

from standard normal distribution, so we can observe large rejections under near exogeneity for

the ts -statistic.
Table 3 shows the size property of the Anderson-Rubin test under near exogeneity. When the
correlation between instruments and structural errors is zero, the Anderson-Rubin test works

very well. As Theorem 3 predicts, the Anderson-Rubin test has a large size distortion under near
exogeneity. When the correlation between instruments and structural errors is 0.10 | the actual

size can be 22.6% . When the correlation is 0.15 | the actual size can be 34.4% . Table 3
shows that we cannot use the Anderson-Rubin test based on chi-square critical values under near

exogeneity.
Table 4 compares the size property of the delete- d jackknife based Anderson-Rubin test under
near exogeneity for various choices of the block size b . We choose the block size

b = {12,14,16, 18, 20,22,24,28,30,32} . We also do simulations for b = {6,8,10} which

shows size distortion in finite samples; see Caner (2005) and Fang (2005). Since in practice the
delete- d jackknife uses moderately sized blocks, we report results with

b = {12,14,16,18,20,22,24,28,30,32} . There are two parts in Table 4 which show the
results under strong instruments and weak instruments respectively. We can observe that the
results in two parts are very similar because the quality of instruments cannot affect the behavior

of the test. When the block size is large, for example, b = 32 | the ARs -statistic is very
conservative. For example, the actual sizes are 0.3, 1.3 and 2.3 respectively when the
correlation between instruments and structural errors are 0, 0.1 and 0.15 . When the block

size shrinks, we can observe more rejections. When b = 16 | the actual size is 7.4% when
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covZiu; = 0.10 and the actual size is 11.8% when covZiu; = 0.15 . Note that when

b=16, d =48 and * = % . When b is smaller than 16 , we can observe overrejection.
For example, when b = 12 | the actual size is 0.24 when the correlation between instruments
and structural errors is 0.15 . Table 4 also shows that the ARs -statistic is very undersized
when covZiu; = 0 but by the choice of the right block size it works much better than the
regular Anderson-Rubin test when the degree of near exogeneity is between 0.10 and 0.15 .

We suggest b = 16 in practice based on the simulation results summarized in Table 4. When

b=16, 7 = % which is also suggested by Wu (1989). When we begin with b = 32 | from
Table 4 we know that it is very conservative. When we increase the block size, we observe more

rejections. The block sizes 16, 18 , 20 and 22 provide good size performance. When the

block size is larger than 16 |, we observe less size distortion.

2.4  CONCLUSIONS

This paper examines the size property of the t -statistic when there exists a slight violation of

the exogeneity assumption in a linear simultaneous equations model. We show a large size
distortion of the t -statistic in finite samples under near exogeneity. The subsampling based or

the delete- d jackknife based t -statistic works even worse in finite samples than the regular
asymptotics because the resampling procedures cannot catch the drift term from near exogeneity

but produce smaller variance than the standard normal distribution. We propose the subsampling

based or the delete- d jackknife based Anderson-Rubin test under near exogeneity. We find that

the sizes of the test are liberal by the choice of the block size. We propose 7 = % to choose the
block size in practice. Since the actual size increases as the block size shrinks, we are more
confident to reject the null hypothesis in a large block size than that in a small block size, and we
are also more confident unable to reject the null hypothesis in a small block size than that in a

large block size. We use our method to reexamine the estimates in Acemoglu, Johnson and
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Robinson (2001). We find that in most cases there exists strong evidence that the TSLS estimator

by using the mortality rate as the instrument is not significant away from zero.

2.5 APPENDIX
2.5.1 Appendix 1

In the beginning of this appendix, we first list near exogeneity assumption and some moment
conditions that are required to obtain the theorems in the paper. Assumptions 1 and 2 are
sufficient for Lemma 1, Theorem 1 and Theorem 3. Assumptions 1 and 3 are sufficient for

Theorem 2 and Theorem 4.

Assumption 1 Near Exogeneity E[Zjui] = CIVN ,where C isafixed Kx 1 vector.

Assumption 2: The following limits hold jointly when the sample size N converges to infinity:

p
(a) (WUN,V'UN,V'VIN) > (63,Zw,Zw) , where 62 , Zw and Zw are respectively a

1 x1 scalar,an m x 1 vectorandan m x m matrix.
P . " - :
(b) Z'ZIN > Qzz where Qzz isa positive definite K x K matrix.

(© @UVN,ZVIVN) S @z, ¥2) | and

‘I]Zu ~ N C ,2®Q ¥ 03 z(/u
0

vectzy where
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These convergences in Assumption 2 are not primitive assumptions but hold under weak
primitive conditions. Parts (a) and (b) follow from the weak law of large numbers, and Part (c)

follows from triangular arrays central limit theorem. Instead of a mean zero normal distribution

in Staiger and Stock (1997), the ’\\P’Zu in (c) is a normal distribution with nonzero mean, which

is a drift term C coming from the near exogeneity assumption. For any independent sequence

240 .
Ziui | if ElZjui] " <A<® forsome 6>0 forall i=123...,N , then Liapunov's
theorem leads to the limiting results in (c); see Davidson (1994).

Assumption 3: Define

op = E(upup/b)
and
Qv = E(ZyZs/b)
Assume the following conditions hold jointly for 6 > 0,

0

(@) Elzoiup[*” < A1 < oo forall b <N andall 1 <i<K

(b) Elzoizoj™ < A2 < forall b < N andall 1 <ij<K

| 1+0

(c) E|uf <Az < forall b <N

(d) ob — o4 > 0 uniformlyas b - o

(e) Qb — Qzz uniformly and uniformly positive definite as b — o

Lemma 1 Suppose that Assumption 1 and 2 hold for a linear simultaneous equations model, then

A
the TSLS estimator Brsis is consistent and

‘/N(ﬁTSLS - ﬁO) E’ N((HIQZZH)&H/CaGS(H,QZZH)A)

where U'UN - E(uf) = 6§ |, Z'ZIN - E(ZiZi) = Qz .

The proof is given in the Appendix 2.
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Lemma 1 summarizes the limiting results of the TSLS estimator under near exogeneity. The

reason why we can obtain a consistent estimator under near exogeneity is because the correlation

between instruments and structural errors shrinks toward zero asymptotically. When C = 0,
we can obtain the regular results of the TSLS estimator under the orthogonality condition.

Instead of a normal distribution with a zero mean, near exogeneity can shift the distribution away

from the zero mean. The nonzero mean depends on an unknown local to zero parameter C

which is impossible to be estimated consistently (Andrews, 2000).

Theorem 1 Suppose that Assumption 1 and 2 hold for a linear simultaneous equations model,
then
t S N[ogt(ITQzID)211'C, 1]

where oy is the square root of 3.

The proof is given in the Appendix 2.
Next, consider whether the resampling versions of the t -statistic can correct the size problem

under near exogeneity in large samples. Denote by ts the delete- d jackknife based t -statistic,

A A
_ ﬁS,TSLS _ﬁTSLS

ts =
/avar(ﬁS,TSLS )

where zS,TSLS is the delete- d jackknife based estimator and avar(%S,TSLS ) is the estimated
variance of the corresponding TSLS estimators. The delete- d jackknife based t -statistic using
10% as the nominal size can be implemented by the following steps:

Step 1: Randomly choose d observations from the sample without replacement, where d < N ;

Step 2: Given d |, the block size b =N-d . Compute the TSLS estimator and the
corresponding estimated variance by using sample observations not deleted by Step 1, and then

compute the delete- d jackknife based t -statistic;
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Step 3: Replicate Step 1 & 2 by at least 1000 times and sort these computed delete- d
jackknife based t -statistics; Use the 90% quantile as the data-dependent critical value;

Step 4: The delete- d jackknife based t -statistic rejects the null hypothesis when the sample
value of the t -statistic is larger than the data-dependent critical value which is found in Step 3.
In order to construct asymptotic results, the delete- d jackknife requires that d = yN  where
0 <y <1and N grows to infinity (Shao and Wu, 1989). The following theorem provides the

limiting results of the ts -statistic under near exogeneity.

Theorem 2 Suppose that Assumption 1 and 3 hold for a linear simultaneous equations model,
then

ts S N[0,2—y-2/1—7]

where ¥ = dIN and 0 <y < 1.

The proof is given in the Appendix 2. Theorem 2 summarizes limiting results of the delete- d
jackknife based t -statistic under near exogeneity. We obtain the delete- d jackknife based t -

statistic when 0 < ¥ < 1 The limiting distribution defined above is obviously not the limiting

distribution of the t-statistic under near exogeneity, and there is no drift correction. Since the

variance of the distribution above is less than 1, we expect a larger size distortion under near

exogeneity than the regular standard normal asymptotics.

Theorem 3 Suppose that Assumption 1 and 2 hold for a linear simultaneous equations model,

then under the null hypothesis of B = Bo ,

AR(Bo) > %3(¢)

where xk(¢) is a noncentral chi-square distribution with degrees of freedom K and the
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noncentral parameter ¢ = C'Q™'C and Q = 0§ ® Qzz .

The proof of the theorem is given by Fang (2005) in a linear simultaneous equations model.
Caner (2005) provides the proof of an Anderson-Rubin type test in a generalized empirical
likelihood model.

Theorem 4 Suppose that Assumption 1 and 3 hold for a linear simultaneous equations model,

then under the null hypothesis of B = Bo |

ARs(Bo) > 14(®)

where 2k() is a noncentral chi-square distribution with degrees of freedom K and the

noncentral parameter ¢ = (1 -y)C'Q™*C  and y = dIN

The proof of the theorem is given by Fang (2005) in a linear simultaneous equations model.
Caner (2005) provides the proof of an Anderson-Rubin type test in a generalized empirical

likelihood model.

2.5.2 Appendix 2

Proof of Lemma 1 The TSLS estimator is s defined as,

A
Brsis = (Y'PZY) 1 (Y'Pzy).

So we have

m(%TSLS — Po)
v YZ~NZZ\1,ZY N1 Y2\ Z'Z -
= [COEE) DI HEEE)

Z'u
/N )]
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By Assumption 2, we can obtain that

YZ\2Z2'Z~\-1,2Z'Y 1
[ EE) A
5 (I'Qz M)

Now, we consider
N

N
u - L Nzui-Ez E(Zju;
miz_lj[.u (Ziup)] le<.u>

!

2

By the triangular array central limit theorem, we have

N

S [Zjui - E@ud] > N[0,63Qz).

i=1

2t

By the triangular array weak law of large number and Assumption 1, we have
- p
% > E@u) > C.

i=1

Combining above results, we obtain

l

N
c

5 N[C,02Qz]

2l

Then the result in the lemma follows. Q.E.D.

Proof of Theorem 1 The result in the theorem directly follows from Lemma 1.

Proof of Theorem 2 A resampling based t-statistic is defined as,

te = ﬁS,TSLS _ﬁTSLS
g =

A
‘/ avar(fgrss )

where
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avar(Bg o5 ) = Gunl(YhZo) (ZyZo) L (Z)Ys)] !

and

A2 A , A
Oub = (Yo = Yb ﬂS,TSLS ) (Yo — Yo ﬁS,TSLS (b — K —m).
By Assumption 3 and weak law of large number (Fang, 2005), we have

/\2 p 2
Oub > Ou

and

[(sz*’ (2 20 )- (Z bYb 31

—> (H szH)_l .

The ts -statistic can be rewritten as

A A
_ (rBS,TSLs = Bo) = (Brsis — Bo)
‘/avar(;}s,TSLs )

Consider the first term in the above equation,

A
‘/—(ﬁS TSLS ﬂo)
[( szb Z Zb Z Yb szb Z Zb Zbub

) )7H( IH( ) )(J_

We know that by Assumption 3 and the triangular array central limit theorem,

)]

b

/ b

Zj;b % ;[Zb,iubl E(Zblubl) % §E(Zb'iub'i)
S N[0,02Qz] + (J1-4)C

= N[(¥/1 - 1)C,53Qz].

So we have
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‘/B(gS,TSLS — Po) i N
Jo2('QzzID)

[6c,1]

where
Sc = ou(IT'QzID) 21T (Y1 - 1)C

By the similar method, noting that /b = J1-7 x N we can obtain that

‘/B(gTSLS — Po) 4 N

[c, (1= 7)]
Jo2 (' QzzID)

Then the result in the theorem follows. Q.E.D.
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2.5.3 Appendix 3

Table 2-1: Sizes of the ! -statistic ( =1 )

CovZ;u; =CovZ;u; =CovZiu; =

Actual Size g 4 26.4  39.1
Note: The data generating process of the simulation is based on 4 with strong instruments (IT = 1). The

sample sizeis N = 64 and the nominal size is 10% .

Table 2-2: Sizes of the S -statistic ( =1 )

CovZu; =CovZ;u; =CovZ;u; =

b=238 20.1 32.8 42.5
b=12 21.5 30.4 45.8
b=16 22.1 29.3 54.6
b=24 233 35.1 48.4
b=32 27.1 41.6 54.7
Note: The data generating process of the simulation is based on A with strong instruments (I1 = 1), The
sample size is N = 64 and the nominal size is 10% . The ts -statistic is defined in (140) and b

represents the block size. We compute the actual sizes of the ts -statistic when b = {8,12,16,24,32}
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Table 2-3: Sizes of the Anderson-Rubin test

CovZiu; =CovZiu; =CovZiu; =

IT =1 (strong instruments)

Actual size 9.7 21.8 33.5
IT=0.1 (weak instruments)

Actual size 10.1 22.6 34.4
IT = 0 (nonidentification)

Actual size 9.3 22.2 33.6

Note: The data generating process of the simulation is based on /. IT represents the quality of instruments.

The sample sizeis N = 64 and the nominal size is 10% . The Anderson-Rubin test is computed as defined
in (160).
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Table 2-4: Sizes of the delete- d jackknife based Anderson-Rubin test

CovZ;u; =CovZ;u; =CovZ;u; =

Part A: IT = 1 (strong instruments)

b =12 3.8 10.1 20.2
b =14 3.1 8.5 16.1
b =16 2.0 7.4 11.8
b =18 2.1 6.0 13.5
b =20 1.4 5.3 10.4
b =22 0.7 4.0 9.5
b =24 1.1 3.3 8.4
b =26 0.8 2.5 6.0
b =28 0.2 1.9 3.7
b =30 0.5 1.5 3.2
b =32 0.3 1.3 2.3
Part B: IT = 0.1 (weak instruments)

b =12 3.2 9.4 19.4
b=14 3.1 9.7 17.3
b =16 2.0 7.2 13.0
b =18 2.3 6.7 9.4
b =20 1.4 3.8 10.7
b =22 1.6 3.1 7.0
b =24 0.8 3.4 7.0
b =26 1.0 3.2 5.2
b =28 0.7 1.7 3.6
b =30 0.6 0.8 3.3
b =32 0.1 1.2 2.6

Note: The data generating process of the simulation is based on 4. II represents the quality of
instruments. The sample size is N = 64 and the nominal size is 10% . The b represents the

block size and b = N —d . We compute the delete- d jackknife based Anderson-Rubin test
defined in Section 3 with various blocks.
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Table 2-5: Baseline regressions

1) ) ©) (4)
Table 5a: Two-Stage Least Squares

Average protection against 0.94 1.00 0.98 1.10
expropriation risk 1985-1995 (0.16) (0.22) (0.30) (0.46)
Latitude —-0.65 -1.20
(1.34) (1.8)
Asia dummy -0.92 -1.10
(0.40) (0.52)
Africa dummy —0.46 -0.44
(0.36) (0.42)
"Other" continent dummy -0.94 -0.99
(0.85) (1.0)

Table 5b: t -statistic and ARs -statistic

t -statistic and P -values

Average protection against 5.875 4.545 3.266  2.391

expropriation risk 1985-1995 [0.001] [0.017]
[< 0.000][< 0.000]

delete- d jackknife based ARs and P -values
Average protection against 12.812 6.847 0.446 0.635

expropriation risk 1985-1995 [0.078] [0.146] [0.272] [0.280]

Note: The dependent variable in columns (1)-(4) is 109 GDP per capita in 1995. Table 5a
reports two-stage least squares estimates of institutions, instrumenting for protection against

expropriation risk using 109 settler mortality. The results in Table 5a are replicated from
Acemoglu, Johnson, and Robinson (2001, p1386). The numbers in parentheses are the standard

errors of coefficient estimators. Table 5b reports values of t -statistic and delete- d jackknife
based Anderson-Rubin test respectively. The numbers in brackets are their associated P -values.
We use b = 16 to compute the delete- d jackknife based Anderson-Rubin test.
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Table 2-6: Robustness-1

1) (2) @) (4)
Table 6a: Two-Stage Least Squares
Average protection against 1.10 1.16 1.10 1.20
expropriation risk 1985-1995 (0.22) (0.34) (0.19) (0.29)
Latitude -0.75 -1.10
(1.70) (1.56)
British colonial dummy -0.78 -0.80
(0.35) (0.39)
French colonial dummy -0.12 -0.06
(0.35) (0.42)
French legal origin dummy 0.89 -0.96
(0.32) (0.39)
Table 6b: t -statistic and ARs -statistic
t -statistic and P -values
Average protection against 5.00 3.441 5.789 4.137
expropriation risk 1985-1995 [<0.000] [<0.000] [<0.000] [<0.000]
delete- d jackknife based ARs and P -values
Average protection against 0.796 2.116 3.234 3.096
expropriation risk 1985-1995 [0.357] [0.221] [0.174] [0.198]

Note: The dependent variable in columns (1)-(4) is 100 GDP per capita in 1995. Table 6a
reports two-stage least squares estimates of institutions, which are replicated from Acemoglu,
Johnson, and Robinson (2001, p1389). The numbers in parentheses are the standard errors of

coefficient estimators. Table 6b reports values of t -statistic and delete- d jackknife based
Anderson-Rubin test respectively. The numbers in brackets are their associated P -values. We
use b = 16 to compute the delete- d jackknife based Anderson-Rubin test.
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Table 2-7: Robustness-2

1) ) 3) (4) ()
Table 7a: Two-Stage Least Squares

Average protection against 0.92 1.00 1.10 0.74 0.79
expropriation risk 1985-1995 (0.15) (0.25) (0.29) (0.13) (0.17)
Latitude ~0.94 -1.70 ~0.89
(1.50) (1.6) (1.00)
British colonial dummy
French colonial dummy 0.02
(0.69)
French legal origin dummy 0.51
(0.69)
P -values for religion variables [0.001] [0.004] [0.42]
Ethnolinguistic fragmentation ~1.00 -1.10

[0.32] [0.34]
Table 7b: t -statistic and ARs -statistic

t -statistic and P -values

Average protection against 6.133 4.00 3.793 5.692 4.647
expropriation risk 1985-1995

[< 0.000][< 0.000][< 0.000][< 0.000][< 0.000]

delete- d jackknife based ARs and P -values
Average protectlon agalnst 1.054 0.233 1.278 0.187 0.142
expropriation risk 1985-1995 [0.123] [0.373] [0.050] [0.450] [0.576]

Note: The results in Table 7a are replicated from Acemoglu, Johnson, and Robinson (2001,
p1389 and p1390). The religion variables are percentage of population that are Cathoics,

Muslims, and "other" religions. Protestant is the base case. Table 7b reports values of t -
statistic and delete- d jackknife based Anderson-Rubin test respectively. The numbers in
brackets are their associated P -values. We use b = 16 to compute the delete- d jackknife
based ARs test.
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Table 2-8: Robustness-3

1) ) ©) (4) (%) (6)
Table 8a: Two-Stage Least Squares

Average protection against 069 072 0.63 0.68 0.55 0.56
expropriation risk 1985-1995 (0.25) (0.30) (0.28) (0.34) (0.24) (0.31)
Latitude -0.57 -0.53 -0.1
(1.04) (0.97) (0.95)

Malaria in 1994 -0.57 -0.60

(0.47) (0.47)
Life expectancy 0.03 0.03

(0.02) (0.02)

Infant mortality -0.01 -0.01

(0.005) (0.006)
Table 8b: t -statistic and ARs -statistic
t -statistic and P -values

Average protection against 2.76 240 225 2,00 2.291 1.806
expropriation risk 1985-1995 [0.006] [0.016] [0.024] [0.046] [0.022] [0.071]
delete- d jackknife based ARs and P -values

Average protection against 0.404 0.031 4.090 4.013 0.891 0.432
expropriation risk 1985-1995 [0.291] [0.648] [0.279] [0.235] [0.171] [0.255]

Note: The dependent variable in columns (1)-(6) is 109 GDP per capita in 1995. Table 8a
reports two-stage least squares estimates of institutions, instrumenting for protection against

expropriation risk using 109 settler mortality. The results in Table 8a are replicated from
Acemoglu, Johnson, and Robinson (2001, p1392). The numbers in parentheses are the standard

errors of coefficient estimators. Table 8b reports values of t -statistic and delete- d jackknife
based Anderson-Rubin test respectively. The numbers in brackets are their associated P -values.
Weuse b = 16 to compute the delete- d jackknife based Anderson-Rubin test.
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Table 2-9: Baseline regressions under various block sizes

1) (2) ©)
Table 9a: Two-Stage Least Squares
Average protection against 0.94 1.00 0.98
expropriation risk 1985-1995 (0.16)  (0.22) (0.30)
Latitude —0.65
(1.34)

Asia dummy ~0.92

(0.40)
Africa dummy —0.46

(0.36)
"Other" continent dummy -0.94

(0.85)

Table 9b: delete- d jackknife based AR s test
under various b 's

AR(Bo) 12.812 6.847  0.446

b =32 [0.156] [0.211] [0.290]
b =30 [0.157] [0.206] [0.276]
b =28 [0.156] [0.199] [0.309]
b =24 [0.202] [0.198] [0.284]
b =20 [0.133] [0.176] [0.277]
b =14 [0.097] [0.117] [0.247]
b =12 [0.074] [0.073] [0.238]

Note: The dependent variable in columns (1)-(4) is 100 GDP per capita in 1995. Table 9a
reports two-stage least squares estimates of institutions, instrumenting for protection against

expropriation risk using 109 settler mortality. The results in Table 9a are replicated from
Acemoglu, Johnson, and Robinson (2001, p1386). The numbers in parentheses are the standard

errors of coefficient estimators. Table 9b reports P -values (in brackets) of the delete- d
jackknife based Anderson-Rubin test under various block sizes. AR(Bo) represents the sample

value of the Anderson-Rubin test when Bo = 0 |
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1.10
(0. 46)
~1.20
(1.8)

~1.10
(0.52)
~0.44
(0.42)
~0.99
(1.0)



Table 2-10: Robustness-1 under various block sizes

1) )
Table 10a: Two-Stage Least Squares
Average protection against 1.10 1.16
expropriation risk 1985-1995 (0.22) (0.34)
Latitude -0.75
(1.70)
British colonial dummy -0.78 -0.80
(0.35) (0.39)
French colonial dummy _0.12 -0.06

(0.35) (0.42)
French legal origin dummy

Table 10b: delete- d jackknife based AR s test
under various b 's

AR(Bo) 0.796  2.116

b =32 [0.279] [0.233]
b =30 [0.298] [0.239]
b =28 [0.297] [0.250]
b =24 [0.293] [0.225]
b =20 [0.308] [0.249]
b = 14 [0.325] [0.235]
b =12 [0.322] [0.197]

Note: The dependent variable in columns (1)-(4) is 109 GDP per capita in 1995. Table 10a
reports two-stage least squares estimates of institutions, instrumenting for protection against

expropriation risk using 109 settler mortality. The results in Table 10a are replicated from
Acemoglu, Johnson, and Robinson (2001, p1389). The numbers in parentheses are the standard

errors of coefficient estimators. Table 10b reports P -values (in brackets) of the delete- d
jackknife based Anderson-Rubin test under various block sizes. AR(Bo) represents the sample

value of the Anderson-Rubin test when Bo = 0 |
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1.10
(0.19)

0.89
(0.32)

(4)

1.20
(0.29)
~1.10
(1.56)

~0.96
(0.39)



Table 2-11: Robustness-2 under various block sizes

1)
Table 11a: Two-Stage Least Squares
Average protection against 0.92
expropriation risk 1985-1995 (0.15)
Latitude
British colonial dummy
French colonial dummy
French legal origin dummy
P -values for religion variables [0.001]

Ethnolinguistic fragmentation

Table 11b: delete- d jackknife based AR s test
under various b's

AR(Bo) 1.054

b =32 [0.151]
b =30 [0.155]
b =28 [0.148]
b =24 0. 144]
b =20 [0.118]
b = 14 [0.104]
b =12 [0.120]

3)

1.10
(0.29)
~1.70
(1.6)

0.02
(0.69)
0.51

(0.69)
[0.42]

(4)

0.74
(0.13)

~1.00
[0.32]

0.187

[0.423]
[0.459]
[0.455]
[0.468]
[0.454]
[0.473]
[0.463]

(%)

0.79
(0.17)
—0.89
(1.00)

~1.10
[0.34]

0.142
[0.562]
[0.594]
[0.566]
[0.585]
[0.575]
[0.568]
[0.582]

Note: The results in Table 11a are replicated from Acemoglu, Johnson, and Robinson (2001,
p1389 and p1390). Table 11b reports P -values (in brackets) of the delete- d jackknife based
Anderson-Rubin test under various block sizes. AR(Bo) represents the sample value of the

Anderson-Rubin test when Bo = 0 .
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Table 2-12: Robustness-3 under various block sizes

(1) ) ©) (4) () (6)
Table 12a: Two-Stage Least Squares

Average protection against 0.69 0.72 0.63 0.68 0.55 0.56
expropriation risk 1985-1995 (0.25) (0.30) (0.28) (0.34) (0.24) (0.31)
Latitude -0.57 -0.53 -0.1
(1.04) (0.97) (0.95)

Malaria in 1994 —-0.57 -0.60

(0.47) (0.47)
Life expectancy 0.03 0.03

(0.02) (0.02)

Infant mortality -0.01 -0.01

(0.005) (0.006)
Table 12b: delete- d jackknife based AR s
test under various b 's

AR(Bo) 0.404 0.031 4.090 4.013 0.891  0.432

b =32 [0.243] [0.645] [0.393] [0.381] [0.219] [0.383]
b =30 [0.220] [0.655] [0.366] [0.360] [0.209] [0.340]
b =28 [0.217] [0.668] [0.354] [0.336] [0.232] [0.340]
b =24 [0.259] [0.642] [0.327] [0.329] [0.197] [0.319]
b =20 [0.257] [0.632] [0.331] [0.275] [0.193] [0.300]
b = 14 [0.281] [0.656] [0.228] [0.181] [0.152] [0.246]
b =12 [0.219] [0.636] [0.180] [0.119] [0.119] [0.216]

Note: The dependent variable in columns (1)-(6) is 109 GDP per capita in 1995. Table 12a
reports two-stage least squares estimates of institutions, instrumenting for protection against

expropriation risk using 109 settler mortality. The results in Table 12a are replicated from
Acemoglu, Johnson, and Robinson (2001, p1392). The numbers in parentheses are the standard

errors of coefficient estimators. Table 12b reports P -values (in brackets) of the delete- d
jackknife based Anderson-Rubin test under various block sizes. AR(Bo) represents the sample
value of the Anderson-Rubin test when Bo = 0 .
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3.0 INSTRUMENTAL VARIABLES REGRESSION WITH WEAK INSTRUMENTS
AND NEAR EXOGENEITY

The linear instrumental variables ( 1V) regression has wide applications in empirical studies. In
the linear simultaneous equations model, to justify the 1V method, it should satisfy two important
criteria. One is called "instrument exogeneity”, which means that instruments excluded from the
structural equation should be uncorrelated with the structural errors. The other is called
"instrument relevance”, which requires that instruments should be strongly correlated with the
endogenous explanatory variables. Finding valid instruments to satisfy the two criteria is not an
easy job. For example, the problem of weak instruments, which means that instruments are
weakly correlated with endogenous explanatory variables, has recently received a lot of attention
by both theoretical and empirical researchers ( Stock, Wright and Yogo, 2002). If instruments are
weak, then the limits of the sample distributions of the two-stage least square (TSLS) estimator
and the limited information maximum likelihood (LIML) estimator are in general nonstandard,
and the resulting conventional hypothesis tests and confidence intervals are not reliable.

In an influential empirical study of labor economics, Angrist and Krueger (1991) use quarter of
birth as an instrument for education to estimate the impact of compulsory schooling laws on
earnings. They argue that children's quarter of birth is random, so it is uncorrelated with ability
and should be exogenous. Because of compulsory laws, average education is generally longer for
children born near the end of the year than for children born early in the year, which means that
quarter of birth is correlated with educational attainment. Based on large samples ( 329,000
observations or more) from the U.S. census, they estimate the return to education by the TSLS
procedure, using as instruments for education a set of three quarter-of-birth dummies interacted
with fifty state-of-birth dummies and nine year-of-birth dummies respectively. But Bound,
Jaeger and Baker (1995) point out that the instruments used in Angrist and Krueger's paper are

weak and nearly exogenous in which case the resulting estimation and inference are misleading.
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Many authors work on improving inference under weak instruments; see, for example, Staiger
and Stock(1997), Dufour(1997), Kleibergen(2002), Moreira(2003), among others.

Instrument exogeneity is another important criterion for valid instruments. In empirical studies,
the validity of instrument exogeneity is mainly based on economic reasoning. But unfortunately,
it is almost impossible to control for all possible variables that might be correlated with
instruments and dependent variables. As a result, the instruments might catch the effect on
dependent variables through other channels. It is hard to argue that instruments are exogenous in
empirical studies. For example, Acemoglu, Johnson, and Robinson (2001) estimate the effect of
institutions on economic performance by using as instrument the logarithm of the European
settler mortality rates. They argue that the settler mortality rate more than 100 years ago is
strongly correlated with current institutions in the countries colonized by Europeans in the
history. The mortality rates expected by the first European settlers determined the settlement
decision and then influenced the colonization strategy: introducing “extractive states” ( bad
institution) or "Neo-Europes” (good institution). In a study of whether a reversal in relative
incomes among the former European colonies reflects changes in the institutions resulting from
European colonialism, Acemoglu, Johnson, and Robinson (2002) use data on urbanization and
population density in 1500 to proxy for economic prosperity. In order to test whether population
density or urbanization in 1500 affects income today only through institutions, the settler
mortality rate is used as instruments again. But Glaeser, La Porta, Lopez-De-Silanes, and
Shleifer (2004) argue that the settler mortality rate is not an exogenous instrument because the
mortality rate might affect today's income through other channels, for example, the human
capital. This is a problem of near exogeneity where the instruments are weakly correlated with
the structural errors. Due to the nature that it is almost impossible to control for all possible
variables that might be correlated with instruments and dependent variables of interest, the
problem of near exogeneity is prevalent in empirical studies. Angrist (1990) estimates the effect
of veteran status on civilian earnings by using as instruments the draft lottery numbers. But
Wooldridge (2002) argues that the draft lottery numbers might be correlated with the structural
errors if education is not controlled in the earnings equation. Bound, Jaeger, and Baker (1995)
argue that the instruments used by Angrist and Krueger (1991) are not only weak but also suffer
from near exogeneity.

This paper examines asymptotic properties of estimation and inference with the joint problem of
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weak instruments and near exogeneity in a linear simultaneous equations model. Near
exogeneity is modeled as a local to zero correlation between instruments and structural errors.
This research is partly motivated by the argument that even a weak correlation between
instruments and structural errors under weak instruments can lead to a large inconsistency in IV
estimates (Bound, Jaeger, and Baker, 1995). Estimation and inference with weak instruments
have received more and more attention since the paper by Angrist and Krueger (1991), and some
test statistics have been developed that are robust against weak instruments. This paper is the
first one to study the estimation and inference in a linear IV framework that allows weak
instruments and near exogeneity to occur at the same time. Caner (2005) studies the generalized
empirical likelihood estimators with near exogeneity and weak instruments.

This paper obtains the limits of the TSLS estimator and the LIML estimator with weak
instruments and near exogeneity. We show that the asymptotic bias may be larger than that in
Staiger and Stock (1997) where only weak instruments occur. We show that the Anderson-Rubin
test (Anderson and Rubin, 1949) and the Kleibergen test (Kleibergen, 2002) which are robust
against weak instruments are no longer asymptotically pivotal with near exogeneity. Using
critical values from the chi-square distribution leads to a serious size distortion. Moreira (2003)
develops a conditional likelihood ratio test which has a correct size with weak instruments. We
show that the conditional likelihood ratio test does not work under weak instruments and near
exogeneity since the conditional distribution depends upon an unknown parameter. The
conditional test using critical values obtained from simulating the conditional distribution
ignoring the unknown parameter cannot be similar in general.

To correct asymptotically the sizes of tests under weak instruments and near exogeneity, we
employ the resampling based Anderson-Rubin and Kleibergen tests. We use data-dependent

critical values obtained from resampling instead of those obtained from the regular chi-square

distributions. We propose the delete- d jackknife based Anderson-Rubin and Kleibergen tests to
correct size distortion in finite samples under weak instruments and near exogeneity.

This paper is organized as follows. Section 3.1 introduces the model and some assumptions.
Section 3.2 provides limits of the TSLS estimator and the LIML estimator with weak instruments
and near exogeneity. The problem of testing and inference with weak instruments and near
exogeneity is analyzed in Section 3.3. Section 3.4 derives the resampling based tests. Section 3.5
discusses the size properties in finite samples by using Monte Carlo simulation, and Section 3.6
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concludes. Appendix is included in Section 3.7.

3.1 THE MODEL AND ASSUMPTIONS

In this article, we consider a linear simultaneous equations model (Hausman, 1983; Phillips,
1983),

y=YB+u
Y=ZI1+V

Instrumental Variables Regression with Weak Instruments and Near Exogeneitylnstrumental
Variables Regression with Weak Instruments and Near Exogeneitylnstrumental Variables
Regression with Weak Instruments and Near Exogeneitylnstrumental Variables Regression with
Weak Instruments and Near Exogeneitylnstrumental Variables Regression with Weak
Instruments and Near Exogeneitylnstrumental Variables Regression with Weak Instruments and

Near Exogeneitylnstrumental Variables Regression with Weak Instruments and Near
Exogeneitywhere Y and Y are respectively an N x 1 vector and an N xm matrix of
endogenous variables, Z is an N x K matrix of instruments, U is an N x1 vector of
structural errors, V is an N xm matrix of reduced form errors, and B and II are
respectively an m x 1 unknown parameter vector and a K x m unknown matrix of parameters.

Note that we require K > m . We are interested in estimation and inference about S with
weak instruments and near exogeneity. Assumption 1 and 2 give the models with weak

instruments and near exogeneity considered in this paper.
Assumption 1;: TT = TIy = C1/J/N | where C1 isafixed K x m matrix.
Assumption 2: E[Zjui] = C2//N ,where C: isafixed K x 1 vector.

Assumption 1 benefits from Staiger and Stock (1997), which models weak instruments as local
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to zero on the reduced form coefficients. This means that the instruments Z are weakly

correlated with the endogenous variables Y when the sample size N tends to infinity.

Assumption 1 is widely used in weak instruments literature; see Stock, Wright and Yogo (2002).
Assumption 1 also includes the case of nonidentification when it allows Ci to be a matrix of

zeros. Assumption 2 models near exogeneity, which means that the instruments Z are not

weakly exogenous (Engle, Hendry and Richard, 1983) and the correlation is local to zero as the

sample size N grows large. Caner (2005) considers near exogeneity in nonlinear moment

restrictions in generalized empirical likelihood estimators. We observe a trade-off between weak
instruments and near exogeneity. As the sample size N grows large, the reduced form

coefficient IIn tends to being unidentified but instruments tend to exogeneity. Assumption 1
and 2 model the idea of Bound, Jaeger, and Baker (1995) that "if the instruments are only weakly
correlated with the endogenous explanatory variable then even a weak correlation between the
instruments and the error in the original equation can lead to a large inconsistency in 1V
estimates”. However, in this paper, we emphasize not only the problem of estimation but also the
problem of inference with weak instruments and near exogeneity.

In order to construct asymptotic results, we need following assumptions with respect to error
terms and instruments. These assumptions are standard in the literature and can be obtained

under standard moment conditions.

Assumption 3: The following limits hold jointly when the sample size N converges to infinity:
(a)
(U'u/N, V'UN,V'VIN) 5 (62, 2w, Zw)

where oy, Zw and Zw are respectively a 1 x 1 scalar,an m x 1 vector and an m x m
matrix.

(b)
ZZN % Q

where Q is a positive definite K x K matrix.

(©)
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Z'UIN,ZVIINY S (F 2, W20)

and
lI’Zu N N 2 » ® Q
vecY 2y
where
s GS 2(/u
v Zw

These convergences in Assumption 1 are not primitive assumptions but hold under weak
primitive conditions. Parts (a) and (b) are taken from Staiger and Stock (1997), which follow

from the weak law of large numbers. Part (c) follows from triangular array central limit theorem.
The "‘i;Zu in (c) is, rather than a mean zero normal distribution in Staiger and Stock (1997), a
normal distribution with nonzero mean, which is a drift term C2 coming from the near
exogeneity assumption. For any independent sequence Zui | if E[qui]m <A < for some

0 >0 forall i=123,...,N | then Liapunov's theorem leads to the limiting results in (c);
see Davidson (1994).

We use the following definitions and notation in the paper. Let Y = (¥ Y) and let | denote
the identity matrix. Let Pw = W(W'W)"'W' 3 projection on a full rank matrix W and
Mw = I —Pw a projection on the space orthogonal to W , where W is a general axb

matrix with a > b . Let Py’ = (W'W)22W"
For comparability, we follow the additional definitions and notation provided by Staiger and

. -1/2 _ -1/2 _ -1/2
Stock (1997). Define p = Zw 2woyt ; A = QY¥CiZw” ; zv = Q2¥,  ZR° ; and
2, = Q"*Wzuoy' where ¥z is a normal distribution with zero mean and variance
Q=05 ®Q. Wz isthe centered version of ¥z , which implies Wzu = ¥z — C2 . Note

that the Wzu defined here is the same as the Wzu defined in Staiger and Stock (1997) for the

model defined by (1) and (2) in their paper. Furthermore, let Vi = (A +2v)'(A +2v) and

42



Vo = (A +2v)'zy.

3.2  ESTIMATION: LIMITING RESULTS AND ASYMPTOTIC BIAS

In this section we derive the limits of the TSLS estimator and the LIML estimator under weak
instruments and near exogeneity.

First, under Assumptions 1, 2 and 3, we show that limiting results of sample moments are
different from those under weak instruments. The following lemma provides useful limiting
results we need in this section.

Lemma 1 Suppose that Assumptions 1, 2 and 3 hold for a linear simultaneous equations model,

then the following limits hold jointlyas N — o,

@
YUN,YYINY B (S Swbs

(b)
d o~
{Pé’zu,PyZV} - {zuou,sz\l,’vz}
where
% = 2, + Q2Co07!
and
—1/2C -1 _
@ veczy))' SN Q 20 2 Q k|
0
where = is the M+ 1) x(M+1) matrix with 211 = 1,22 = In,Z12 = p'  and

221 =p.
(©
172,

P2y & (A 4 zv)=i2:

(d)
P2, Y'PLY, u'PoUy S 52056y, 52y, 32 525750

where V7 = (A +2v)'7y .
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All the proofs are given in the appendix.
Comparing Lemma 1 with the analogous lemmas in Staiger and Stock (1997, Lemma Al) and

Wang and Zivot (1998, Lemma 1), we observe that the difference comes from the fact that Zu
in our lemma replaces Zu in the previous lemmas in the weak instruments literature. Obviously,
the drift term Q*2Ca0y' in 7y is the asymptotic bias from near exogeneity. As the sample

size N grows large, it seems that the correlation between instruments and structural errors tends

to zero and instruments achieve weak exogeneity, but the convergence rate is at the square root
of the sample size N , which is slower than the case of weak exogeneity. As a result, we

observe that the asymptotic bias in Lemma 1 depends on the nuisance parameter C: ..

Consider a linear simultaneous equations model defined by (101) and (111), the TSLS estimator

of Brsis is
A ! 1 v/
Brsis = (YPZY)(Y'Pzy)

and the LIML estimator of BumL is

gLIML = [IY'(1 = kM)Y] T Y'(1 - kMz)y]
where K is the smallest root of the determinantal equation
|\7/\7— k\_(/Mz\?| = 0.
A2 A

Let oy =00/(N-K-m) where 0 =y-Y f s the estimated error. The following

theorem extends the limiting results of the general k — class estimators under weak instruments

in Staiger and Stock (1997) to a general case combining weak instruments with near exogeneity.
Note that the most popular k — class estimators are the TSLS estimator when k = 1 and the

LIML estimator when K is defined above.

Theorem 1 Suppose that Assumptions 1, 2 and 3 hold for a linear simultaneous equations model,

then the following limits hold jointly as the sample size N - oo,

()
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" d 172
1~

(b)
d

VaN
otss > 05S1(brsis)

where

Si(brsis) = 1 — 2p'brsis + big sbrsis

_1~
and Drsis = viVa |

(©
A d -1/2 ] o~
ﬂuML — Po = ouZyw (Vi —xln) (V2 —kp)

where N(k —1) = k and « is the smallest root of the determinantal equation

~ ok

Eo —K'z‘ =0

and

*

Sy = (G A+20)' G0 A+v).

(d)
d

AN
oLIML — Gasl(bLlML)

where

Si(bum) = 1 - 2p'bum + by bume
and

bume = (V1 — klm) (V7 — kp).
The limits of the TSLS estimator and the LIML estimator in Theorem 1 under weak instruments
and near exogeneity are analogous to Theorem 1 and Theorem 2 in Staiger and Stock (1997) for
weak instruments. We obtain their results by replacing Zu and V7 respectively by zu and
V2 . Note that the difference in ¥z and V2 comes from the difference in Zu and zu , which is
Q2Cyoyt stemming from near exogeneity. We can obtain Staiger and Stock (1997)'s result
by setting C2 = 0 . Theorem 3.1 shows that the additional terms stemming from near

exogeneity can bring larger inconsistency and asymptotic bias in the estimation of B and oy
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than those with weak instruments only.

Consider an interesting case with strong instruments ( IIn = C1 ) but having the problem of
near exogeneity. In that case, both the TSLS estimator and the LIML estimator are consistent.
However, when the weak instruments are weakly correlated with the structural errors, Theorem 1
shows that the inconsistency and the asymptotic bias can increase very much.

The following corollary measures the bias of the TSLS estimator relative to the OLS estimator

A
under weak instruments and near exogeneity. Let Bois  denote the OLS estimator of S . Let

Sy = phm(Y'YIN) . Let h = E[Vi'A +2)'2 ] gang A = E[Vi'(A +2,)'QCo0 | |

Corollary 1 Suppose that Assumptions 1, 2 and 3 hold for a linear simultaneous equations
model, then

B? = (E gTSLS _ﬁO),ZYY(E %TSLS — Bo)l(E %OLS _ﬁO),ZYY(E gOLS — Po)
= (hp +A)'(hp + A)lp'p.

The relative squared bias B? dependson o, h and A . Note that the squared bias of the OLS
estimator is ©'p , which stems from the correlation between U and V . Weak instruments lead
to the bias based on h . According to part (e) of Theorem 1 in Staiger and Stock (1997), since
Vi is asymptotically proportional to the Wald statistic testing IT = 0, h and then the bias
becomes very large when the strength of the instruments is very poor. The A results from near
exogeneity. We obtain that B? = p'h'hplp'p under weak instruments in Staiger and Stock
(1997) if we set C2 = 0 . The additional term A and the cross product terms between A and
hp can exaggerate the squared bias under weak instruments and near exogeneity.

3.3 INFERENCE WITH NEAR EXOGENEITY

In a linear simultaneous equations model, we test Ho : B = Bo wversus Hi : B # Bo . As
Staiger and Stock (1997) and others show, most of the conventional test statistics, for example,
the Wald statistic, do not work under weak instruments. Given the results in the previous section,

these test statistics of course do not work under weak instruments and near exogeneity. Wang
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and Zivot (1998) and Zivot, Startz, and Nelson (1998) find that the limiting distributions of the
LM and LR statistics based on the TSLS and the LIML estimators are bounded by a chi-square

distribution with degrees of freedom K, the number of instruments. Even these conservative

statistics do not work under near exogeneity because the limiting distributions now depend on

the unknown nuisance parameter C: . It is also well known that overidentification tests do not
work under weak instruments. As a result, it's not clear how to construct a pretest procedure for
testing the exogeneity of instruments under weak instruments.

In this section, we examine some recently developed tests robust to weak instruments. We show
that none of these tests is robust to near exogeneity and weak instruments simultaneously.

We first examine the Anderson-Rubin test (Anderson and Rubin, 1949) under near exogeneity.

The test is given by

AR(Bo) = (¥ = YBo)'Pz(y = YBo)/ <2 (v = YBo) Mz(y — YBo)

The Anderson-Rubin test is robust to weak instruments since the test itself is asymptotically
pivotal, which means that the limiting distribution of the test does not depend on the nuisance

A
parameter IT . The test converges, under the null hypothesis of B = Bo and Assumptions 1

and 3, in distribution to a chi-square distribution with degrees of freedom K, the number of
instruments. Moreira (2003) shows that the Anderson-Rubin test is uniformly most powerful

among the class of unbiased tests when K = m . But this optimal property does not hold when
K > m . The power of the Anderson-Rubin test becomes low when the number of instruments
K is large.

The following theorem summarizes the asymptotic result of the test under near exogeneity.
Theorem 2 Suppose that Assumptions 1, 2 and 3 hold for a linear simultaneous equations model,

then under the null hypothesis of B = Bo |

AR(Bo) > %3(9)

where x&x(S) is a noncentral chi-square distribution with degrees of freedom K and the

noncentral parameter ¢ = C,Q7'C; |
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Note that Q = 0% ® Q is the variance covariance matrix of Yz and ¥z .

Theorem 2 shows that the Anderson-Rubin test is not asymptotically pivotal any more under near
exogeneity. The limit of the test depends on the nuisance parameter C2 which comes from near

exogeneity. We obtain the result of the test under weak instruments by letting C2 = 0 . So
Theorem 2 is a more general result. Theorem 2 shows that, even under the null hypothesis, the
Anderson-Rubin test with near exogeneity converges in distribution to a noncentral chi-square

distribution depending on unknown nuisance parameters. Near exogeneity leads to a distortion in

size when we use critical values from the chi-square distribution with degrees of freedom K.

The Kleibergen test (2002) is proposed to overcome the weakness of the Anderson-Rubin test

that the power becomes low under a largely overidentified model. The Kleibergen test is given
by

K(Bo) = (f = YB0) Py (¥ — YBom2oe (v = YBo) Mz(y - Yfo)

where Y(Bo) = ZT1(Bo) , and

T(Bo) = (Z'2)*Z'[Y = (y = YPo)Sev(Bo)/Sce (Bo)],

where

See(Bo) = g ¥ — YBo) Ma(y - YBo)
and

Ser(Bo) = iV = YBo) M.

The Kleibergen test is asymptotically pivotal, and converges under Ho to the chi-square

distribution with degrees of freedom m , the number of endogenous variables. Note that ﬁ([5’0)

in (171) is a consistent estimator of the reduced form coefficients II and asymptotically

independent of Z'(Y - YBo) . Moreira (2003) shows that Z'(Y — YBo) and  I11(Bo) are

sufficient statistics for B and IT respectively. Note that the Kleibergen test is a LM type test
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statistic, which is a quadratic form of Z'(y — YBo) conditional on Ti(Bo) . Because of the

asymptotic independence between M(Bo) and Z'(y—YPo) , the Kleibergen test is
asymptotically pivotal when instruments are valid, weak ( IIn = Ci/JIN ) or invalid

(IIn = 0 ). We extend the Kleibergen test to a more general situation combining weak
instruments with near exogeneity, but we find that the nice property above does not hold any

more.

[(Y = ZIT) = (y = YBo)Sev(Bo)/Sec(Bo)]

1 =
Denote by Wz  the limit of /NZ Let

= 1 7'y
G = w2V YP) and D = y(N)Z'[Y — (y ~ YBo)Sev(Bo)/Scc(Bo)] where 7(N) is some
scale function of the sample size N to make " D " have a valid limit. Denote by G and D
respectively the limiting distributions of G and D . Note that both G and D are valued at

the true value Bo . The following theorem summarizes the asymptotic results of the Kleibergen

test under near exogeneity and weak instruments.

Theorem 3 Suppose that Assumptions 1, 2 and 3 hold for a linear simultaneous equations model,

then under the null hypothesis of B = Bo |

K(Bo) > (£ + Y(C2))'(¢ + Y(C2))

where

C ~ N(O! Im)
and

Y(C,) = (D'Q D)2’ DOC,
and furthermore, D is different when the quality of instruments varies.

(@) When the instruments are valid ( TIn = C1 ),

b5 QCuy;

(b) When the instruments are weak ( IIn = Ci/IN ),
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D L Yzu + QCy;

(c) When the instruments are invalid ( IIn = 0 ),

DS v,

Note that C1 is defined in Assumption 1, C2 is defined in Assumption 2, and Q = E[Z'Z] .
Unlike the result in Kleibergen (2003) that the Kleibergen test converges to a chi-square

distribution robust to the quality of instruments, Theorem 3 shows that it tends to different
nonstandard distributions when the quality of instruments varies. Although D varies with the
quality of instruments, when C; =0 (no near exogeneity), the Kleibergen test is
asymptotically a quadratic form of a standard normal distribution ¢ conditional on ¥zu
robust to the quality of instruments. ‘Yzu is defined in the appendix. Since Yzu s
asymptotically independent of this standard normal variable ¢ , the Kleibergen test converges in
distribution to the chi-square distribution with degrees of freedom m . When C; # O, near
exogeneity leads to an asymptotic bias Y(Cz2) . So the distribution of the Kleibergen test

conditional on Wzu is not pivotal, and varies with different D s.
Theorem 3 shows that the Kleibergen test converges to a nonstandard distribution depending on

the nuisance parameter C2 . The nonstandard distribution is a quadratic form of the sum of a
standard normal variable ¢ and the deviation Y(C2) which is the asymptotic cost of near

exogeneity. We obtain Kleibergen's (2003) result by setting C2 = 0 . So our theorem provides
a more general result. Theorem 3 shows that even when the instruments are strong, the

Kleibergen test with near exogeneity converges to a nonstandard distribution depending on
unknown nuisance parameter C:z . Inference based on critical values from the chi-square

distribution with degrees of freedom m can result in a size distortion.
Moreira (2003) develops a general method for similar tests based on the conditional distribution
of nonpivotal statistics under weak instruments; for instance, the likelihood ratio test. He argues

that there exist two asymptotically independent statistics which are invariant and sufficient for
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the estimation and inference in a linear simultaneous equations model. One statistic depends on
IT but the other does not. The asymptotic independence makes it possible to construct the

conditional null distribution that does not depend on II . As long as the conditional null
distribution is continuous and does not depend on any unknown nuisance parameters, Moreira
shows that its quantiles can be simulated and used to construct similar tests. Moreira (2003)
proposes two likelihood ratio tests:

LRy = b, Y P2¥bo/b,Obg — 2™

where bo isthe (M+1)x1 vector (1, —By) . Q=YMV(IN-K) and 2™ is the

A2 A2
smallest eigenvalue of Q@ Y PzY Q

LR, = % IN(1 + by Y'P2Ybo/b, Y Mz Yho) — % (1 + 2™ /(N - K))

The LR: statistic is obtained by replacing the variance covariance matrix by a consistent

estimator in a likelihood ratio test under assumptions of normality and known variance
covariance matrix. The LR: statistic is the likelihood ratio test for the normal distribution with
unknown variance covariance matrix. Both the LR: and LR: statistics are continuous

functions that depend on two sufficient and asymptotically independent statistics S and T

where
S = Z'Yhy
and
A~ A 1
T =2'YQ Ay

A
and Ao isthe (M+1) xm matrix (Bo, Im)" . Denote by ¥(S,t, €, Bo) the conditional null
~ N
distribution conditional on T =1t and by Cy(L, < fo,a) the 1-a quantile of the null
S
conditional  distribution  of w(@S,1,Q,00) . The test rejects the null if

N N
w(S, 1,9, Bo) > Cy(t,Q, Bo,a) . Moreira shows that their conditional distributions conditional

on T =t do not depend on II, and their quantiles are computable and can be used to
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construct an exactly similar test. Recent studies (Andrews, Moreira and Stock, 2004) show that
the conditional likelihood ratio test has good power under weak instruments.
Unfortunately, the conditional likelihood ratio test does not work under near exogeneity. Note

that under near exogeneity

(UIN)S = (1/4/N)Z'Yho
= WAN)Z'(y - YBo) > Fa

where "iqu is a normal distribution with mean C2 . So both the conditional null distribution

PN N
w(S,t,Q, Bo) and the critical value function Cy(t,€2 Bo,@) depend on the unknown parameter
C2 . The simulation of the conditional null distribution needs the information of C2 |, but C»

cannot be consistently estimated because C: is a local to zero parameter. A conditional test
based on the critical values obtained from simulating a conditional distribution ignoring the near

exogeneity parameter C cannot be similar in general.
To the best of our knowledge, no test exists in the literature that is robust simultaneously to the
joint problem of weak instruments and near exogeneity. Although Bound, Jaeger, and Baker

(1995) notice the possible serious inconsistency of the TSLS estimators, few econometricians

pay attention to the performance of testing for B = Bo under weak instruments and near

exogeneity. On the one hand, overidentification tests for testing instrument exogeneity, for

example, the Sargan test (Sargan, 1958) and the J test (Hansen, 1982; Newey, 1985), do not
work under weak instruments. On the other hand, since the seminal paper by Staiger and Stock
(1997), several tests have been developed in the literature robust to weak instruments, but we

show that none of these tests is implementable under near exogeneity because the asymptotic

distributions in each case are nonstandard and depend on the unknown nuisance parameters Cz .
It's a big trouble in empirical studies when economists are confronted with the joint problem of
weak instruments and near exogeneity.

In the next section, we consider resampling methods to approximate the Anderson-Robin test and
the Kleibergen test under weak instruments and near exogeneity. The resampling method based
Anderson-Robin and Kleibergen tests are constructed based on the data-depedent critical values

obtained from the resampling.
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3.4 RESAMPLING BASED TESTS

In this section, we employ the resampling based Anderson-Rubin and Kleibergen tests to cure
the problem of size distortion under near exogeneity. In preceding sections, we show that the
Anderson-Rubin test and the Kleibergen test are robust to the quality of instruments but have a

size distortion under near exogeneity. The main reason is that near exogeneity brings a nuisance
parameter C: into the asymptotic distributions of the tests. We obtain chi-square distributions

for the Anderson-Rubin test and the Kleibergen test when C> = 0 . The tests are no longer
asymptotically chi-square distributions under near exogeneity, and as a result, size distortion
occurs when we use critical values from the chi-square distribution. It is well known that the

bootstrap does not work under weak instruments since generating bootstrap samples requires
suitable estimates of B and II (Dufour, 1997, 2003; MacKinnon, 2002). We consider the

subsampling approach (Politis and Romano, 1994) and delete- d jackknife (Shao and Wu, 1989)
as alternatives to bootstrapping. Instead of using critical values from chi-square distributions, we
can use data-dependent critical values obtained from the resampling approaches. The resampling
based tests are obtained by evaluating the same test statistics on each block of data, where the

block size is much smaller than the sample size.

Consider resampling methods in a linear simultaneous equations model. Let Xy
= {Xn1,XN2, .-+, XNN) , @ sample of N independent observations with a triangular array in the
model. In order to employ the subsampling approach, let Xb1 , Xo2 , ..., Xbon, be blocks of
XN = {Xn1,Xn2,-..,Xnn} with block size b . For independent data, we can construct blocks

of Xn in any order. For the subsampling method, the blocks are generated randomly from

sample observations without replacement and the number of blocks we can generate is

_ N
Np = (b) . For the delete- d jackknife method, we firstly delete d observations randomly

from sample observations without replacement. Given d , the block size for each block is
No = (1) Xpj | = it | b Y Z;
N-d and b d/ .Foreach Xboj, J =12...,Np  itincludes Yib , Yib and Zjb

which are subvectors or submatrixes of ¥, Y and Z respectively. Note that Ybj isa b x 1
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vector, Ybj isa b x m matrix, and Zbj isa b x K matrix. These variables are denoted with

subscript b because Yo, Yoj and Zbj represent randomly resampled data with block size

b from sample observations without replacement.

Denote by § the unknown probability distribution that generates the sample observations, and

assume that ¢ belongs to a certain class of probability distributions P . Following Politis,
Romano, and Wolf (1999), a general hypothesis testing procedure can be constructed as follows:

the null hypothesis Ho : & € Po and the alternative hypothesis Hi @ @ € P1 where
Po UP1 = P . In our case, the null hypothesis can be translated into a null hypothesis about a
vector valued parameter B(P) suchthat Ho @ B = Bo = B(Po) . Our goal is to construct a test

with asymptotically correct size @ (@ € (0, 1)) based on a given statistic by using the
resampling method. Define a test as

Tn = ntN(XNL XNz, -0y XN )
where 7n isaconvergence rate such that zn - o as N — oo
The corresponding cumulative distribution function is defined as
Gn(z, ) = Pro(Tn(Xng, Xn2, ... XaN) < 2)

We assume that there exists a continuous limiting law G(., ¢) such that Gn(Ez , )
converges weakly to G(., ¢) under the null as N — o . Note that (221) implies that
tNOXNL XNy - XNN) > 0 as TN - o Correspondingly, the 1-a quantile of the
continuous limiting law G(., ¢) is defined as follows

cl-a,p)=inf{z:GZ ) >1-a}.
The idea of resampling is to approximate the sample distribution by the average of the

corresponding empirical distributions obtained from the resampling methods. Denote by tnp,j
the corresponding version of tn evaluated in a block Xb,j . The cumulative distribution

function of tnbj is
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Gpj(z, 9) = %"(Tth,b,j <72

The sample distribution Gn(Z , ) is approximated by

N-b+1

ay
_ 1 :
Gno@ = N1 J_Zl {zotnp, < Z)

where 1{..} is an indicator function which takes value 1 if the inside inequality holds true and
0 otherwise.
Correspondingly, the 1 — a quantile of the aN,b is defined as
cnp(l— @) = INf{z : Grp(2) = 1 - a)
Note that Cnp(l —a) is a data-dependent critical value of the resampling based tests. The

resampling based tests reject the null hypothesis when Tn > Cnp(1 — @) |

In order to construct asymptotic results, the subsampling method requires that the block size
b - o as the sample size N — oo and b/N — 0. For the delete- d jackknife method, the
block size b = N—d and it requires that d = YN, where 0 <y <1 In large samples,
y = (N-D)/N > 1 for the subsampling method. In finite samples, the subsampling method is

related to the choice of small blocks while the delete- d jackknife is related to the choice of

relatively large blocks.

Consider the resampling based Anderson-Rubin test evaluated in a block Xb,j

AR(Bo)npj = (b — K)Uy Zo,(Zp 1 Z6,) "2 Zp U/ Up ;Mzy;Us,

where Ubj = Yb,j — Yb,iBo . We approximate the limiting distribution of AR(Bo) by

N-b+1
Gnp(2) = N+b+1 D H{ARBonbjny < 2
[

a
Define Cnp(l—a) asthe 1-—a corresponding quantile of the distribution Gwnp(2) . The
subsampling  based  Anderson-Rubin  test rejects the null hypothesis when

AR(Bo) > cnp(1 —a) .

The following theorem provides the asymptotic results of the resampling based Anderson-Rubin
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test.

Theorem 4 Suppose that Assumptions 1, 2 and 3 hold for a linear simultaneous equations model.
Let Xn = {Xn1,Xn2,...,XnN} be independent observations in triangular array defined on a
probability distribution . Define

op; = E(up;up/b)
and

Qvj = E(Z,’DJZb,j/b)
Assume the following conditions hold. For some 6 > O,
(@) Elzniun|*” < A1 <o forall 1<n<N andall 1<i<K

(b) Efznizng["*® < Az < o forall 1 <n <N andall 1 <il<K

1+0

€) EMNAI™ <As <o foral 1<n<N

(d) opj > 0§ >0 uniformly in j as b —» o
(e) Qoj ~ Q uniformlyin J and uniformly positive definite as b - o

Then under the null hypothesisof B = Bo and b - o as N - oo,

d ~
AR(Bo)nbj ~ xk(@)
where x&k(%) is a noncentral chi-square distribution with degrees of freedom K and the

noncentral parameter ¢ = (1 -7)C,Q'C, , 0 <y <1,

The theorem gives asymptotic results of both the subsampling and the delete- d jackknife based
Anderson-Rubin tests under the null hypothesis with weak instruments and near exogeneity.
Conditions (a), (b) and (c) imposed by the theorem are required respectively to apply the
triangular array central limit theorem and the weak law of large numbers for the independent
heterogeneously distributed observations. Conditions (d) and (e) state that the resampling

versions of the variance of the structural errors and the moments of the instruments are
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asymptotically close to the whole sample version as b — oo . Note that conditions (d) and (e)
are common requirements for heteroskedastic observations; see Politis, Romano and Wolf (1997,

1999). In our case, conditions (d) and (e) are satisfied trivially because of the i.i.d. assumption of
uand Z.

When ¥ =1 | which implies that b/N - 0 as N - o« | Theorem 4 shows that the

subsampling based Anderson-Rubin test converges in distribution to a chi-square distribution
with degree of freedom K . The subsampling method cannot replicate the near exogeneity effect
described by Theorem 2. When 0 < ¥ <1 we obtain asymptotic results of the delete- d

jackknife based Anderson-Rubin test. Theorem 4 shows that the delete- d jackknife based
Anderson-Rubin test converges in distribution to a noncentral chi-square distribution. The

noncentral parameter is a fraction of the noncentral parameter defined in Theorem 2, which

means the delete- d jackknife based Anderson-Rubin test can partially replicate the near

exogeneity effect in the limiting distribution. We observe from simulations that by the choice of

the block size b, the delete- d jackknife based Anderson-Rubin test is slightly liberal. By
increasing the block size we can expect to reduce the size distortion due to near exogeneity.

Now, consider the resampling based Kleibergen test evaluated in a block Xb,j |

K(BoInp,j = (b= K)ué),jvavj(ﬁo)ub,j/u{),jMZb,jub,j

where

Yo, (Bo) = Zv,TIn;(Bo)
and

ﬁb,j(ﬁo) = (ZpZv)) 7 Zy,;[ Yo, — UbjSevioj(Bo)Sceni(Bo)],

Seep,j(Bo) = ﬁug,jMZb,jub,jl

Sevpj(Bo) = ﬁuL,jMZb,ij,j-

We approximate the limiting distribution of K(Bo) by
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N-b+1

Gup(@ = N+b+1 D KHKBowpj < 2
=

e
Define Cnp(l— @) asthe 1—a corresponding quantile of the distribution Gnb(2) . The

resampling based Kleibergen test rejects the null hypothesis when K(Bo) > cnp(1 — @) . The

following theorem provides the asymptotic validity of the subsampling based Kleibergen test.

Theorem 5  Suppose that Assumptions 1, 2 and 3 hold for a linear simultaneous equations
model. Let Xn = {Xn1,Xn2,---,XnN}  be independent observations in triangular array defined

on a probability distribution § . Define

Zvubj = EUy;Vo i),
and
Qbyj = E(Z{)J—Zb'j/b).
Assume the following conditions hold. For some ¢ > 0,

(@) Elzniun|*” <A1 < forall 1<n<N andall 1 <i<K

(b) Elzniznj]™ <Az <o forall 1<n<N andall 1 <ij<K

1+0

€) EMNAI™ <As <o foral 1<n<N

(d) ElpVal"™ < As <o forall 1<n<N
2 } A .

(e) O%bj” of >0 uniformly in J as b - o

(f  Zwbj = Zwu uniformlyin j as b - o

(@) Qbj > Q uniformlyin j and uniformly positive definite as b - «

Then under the null hypothesisof B = Bo and b - o as N - oo,
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K(Bonj — [+ JT— 7 Y(C)IC + T -7 Y(C2)]

where Y(C2) isdefinedin Theorem3and 0 <y <1,

The theorem gives asymptotic results of both the subsampling and the delete- d jackknife based

Kleibergen tests under the null hypothesis with weak instruments and near exogeneity. Note that

Theorem 3 states that Y(C2) = (D'Q D)™ DQC, and D is different when the quality of
instruments varies. Since the resampling approach is data-dependent, Theorem 5 can be applied

to the case of near exogeneity robust to the quality of instruments.
When ¥ =1 Theorem 5 shows that the subsampling based Kleibergen test converges in

distribution to a chi-square distribution with degree of freedom m , the number of instruments,

which implies that the subsampling method cannot replicate the near exogeneity effect described
by Theorem 3. When 0 < ¥ <1  we obtain asymptotic results of the delete- d jackknife

based Kleibergen test. Theorem 5 shows that the delete- d jackknife based Kleibergen test

converges to a nonstandard distribution which is a square of sums of a standard normal variable

and a random variable depending on C: . Theorem 5 implies that the delete- d jackknife based

Kleibergen test can partially replicate the near exogeneity effect in the limiting distribution. We

observe from simulations that by the choice of the block size b , the delete- d jackknife based
Kleibergen test is slightly liberal. By increasing the block size we can expect to reduce the size
distortion due to near exogeneity.

The next section conducts a Monte Carlo simulation to compare the size performance of the
Anderson-Rubin test, the Kleibergen test and their corresponding resampling based versions in

finite samples under various environments.

3.5 MONTE CARLO SIMULATION

We consider a linear simultaneous equations model defined above. Since there is only one
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endogenous variable Y , we set K =1 (the just-identified case) and K =2 ( the
overidentified case). The B is the only structural parameter and we set the true value Bo = 0 .
The N is the sample size and we set N = 80 to conduct comparisons of tests performance in
finite samples. The data (Zi, Ui, Vi) is iid which are generated from a joint normal distribution
N(O,A) .
When | =1,

1 COVZ;Ui 0

A= COVZiUj 1 covViuj
0 covViui 1

When | = 2,
1 0 COVZ;1Uj 0
0 1 coin,zui 0
A =
CoVZiiUj COVZjaUj 1 covViui
0 0 covViui 1

where covViui measures the endogeneity of Y , which takes values of 0.25 . We also do

simulations when covViui = 0.9 . Since the results are similar to those when covViu; =
0.25 | we just report results when covViu; = 0.25 , When | =1, covZju; measures the
degree of near exogeneity which takes values of 0, 0.10 ,or 0.15 . When | = 2, we set

COVZi1Ui = COVZiUi and it takes values of 0, 0.10  or 0.15 . The data generated from
(411) and (421) also differ over the value of II . The vector II controls the quality of

instruments. We set I =0, 0.1, or 1 in all cells of the vector to respectively represent

nonidentification, weak instruments and strong instruments.

We test Ho @ Bo = 0 against Hi @ Bo # 0 . We study the size and power of the Anderson-
Rubin test and the Kleibergen test defined in Section 4 and their corresponding resampling
versions defined in Section 5 under various environments.

We conduct 1000 iterations to compare the sizes of the Anderson-Rubin test, the Kleibergen test
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and their corresponding resampling versions under the null hypothesis Bo = 0 at the 10%
nominal level in a small sample ( N = 80 ) under various environments. We consider the just-
identified case (| = 1) and the overidentified case (| = 2 ) respectively. The simulation shows

that results are similar to each other when | = 1 or | = 2 so we only report the just-identified
case.

Tables 1 reports actual rejection probabilities of the Anderson-Rubin test under the null
hypothesis ( Bo = 0) when the instruments are completely nonidentified ( IT = 0 ), weak
(IT=20.1) or strong ( IT =1 ). Tables 2 reports actual rejection probabilities of the

Kleibergen test under the null hypothesis ( Bo = 0) in all the three cases. When covZju; = 0

which means that there is no near exogeneity problem, for the Anderson-Rubin test, the actual
sizes ranges from 9.1 to 10.1 . For the Kleibergen test, the actual sizes ranges from 9.1 to

10.6 . This means both tests work very well if there is no near exogeneity.

However, Theorems 4.1 and 4.2 show that the limits of both test statistics are not chi-square
distributed under near exogeneity and using critical values from the chi-square distribution leads
to large size distortion. The simulation results reflect the facts stated in theorems. For the

Anderson-Rubin test with covZju; = 0.10 | actual sizes are between 22 and 25 when
| = 1. For the Kleibergen test with covZu; = 0.10 | actual sizes are between 24.0 and
24.9 when | =1 .If covZju; = 0.15 , the degree of size distortion increases very much. For
the Anderson-Rubin test, actual sizes are around 24 when | = 1 . For the Kleibergen test, the

actual sizes range from 37.8 to 41.1 when | = 1 . These results show that using chi-square
critical values without taking account of near exogeneity is very misleading.

Table 3 compares size properties of resampling based Anderson-Rubin tests under near
exogeneity in finite samples for various choices of the block size b . We choose the block size
b = {5,10, 15,20, 25, 30,40} . Roughly speaking, b = {5,10} can correspond to subsampling

method and other b s correspond to delete- d jackknife method. Compared to Table 1, we

observe the reduction in size distortion in Table 3 by using data-dependent critical values

obtained from resampling. When instruments are strong and b = 20 , the actual size is 9.9
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when the correlation between instruments and structural errors is 0.10 | and the actual size is
14.9 when the correlation between instruments and structural errors is 0.15 . In Table 1, their

corresponding actual sizes are 25.1 and 38.2 respectively. We can observe similar situations
when instruments are weak or nonidentified.

Now, consider a realistic situation that the correlation between instruments and structural errors

is between 0.10 and 0.15 . When the block size is large, for example, b = 40 | the

resampling based Anderson-Rubin test is very conservative. For example, the actual sizes under
strong instruments are 1.1 and 4.2 respectively when the correlation between instruments

and structural errors are 0.1 and 0.15 . We also observe similar situations when instruments

are weak or nonidentified. When the block size shrinks, we can observe more rejections. When
b =25 and b = 20, we observe suitable actual sizes under near exogeneity. When b = 10
and b =5 we observe overrejections. For example, when b = 5 | the actual rejection
probabilities under weak instruments are 16.3 and 27.8 respectively when the correlation

between instruments and structural errors are 0.1 and 0.15 . Note that b = {5,10}
represents subsampling methods. Theorem 4 shows that the subsampling method cannot replicate
the near exogeneity effect and converges to the same chi-square distribution defined in Theorem

2. The size distortion when b = {5,10} reflects this fact. Compared to the subsampling
method, we observe that the delete- d jackknife is slightly liberal. They are conservative when
the block size is large and obtain right actual rejection probabilities when b is in the range of
20 and 25 . For example, when b =20 and covZju; = 0.10 , the actual rejection
probabilities are 9.9, 9.7 ;and 9.5 respectively under strong instruments, weak instruments
and nonidentification. When b = 25 and covZiu; = 0.15 , the actual rejection probabilities

are 12.3 , 13.9 , and 12.6 respectively under strong instruments, weak instruments and

nonidentification.

We also observe very conservative results when there is no exogeneity, that is, covZiui = 0 .
One possible reason is that when we resample the sample data, the moment condition
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b
(Zizlziui/b) in blocks is not demeaned in finite samples, which produces larger data-
dependent critical values than those from chi-square distribution. This creates undersized results.

Table 4 reports the resampling based Kleibergen test under near exogeneity in finite samples for
various choices of the block size b . We choose the block size b = {5, 10, 15, 20, 25, 30, 40}
Roughly speaking, b = {5,10} can correspond to subsampling method and other b s

correspond to delete- d jackknife method. Compared to Table 2, we observe the reduction in
size distortion under resampling methods. We also observe similar relationship between actual

sizes and choices of the block size to Table 3.

3.6 CONCLUSIONS

This paper studies the asymptotic properties of estimation and inference with weak instruments
and near exogeneity in a linear simultaneous equations model. Weak instruments and near
exogeneity are related to two important criteria of instrumental variables regressions. We show
that the TSLS estimator and the LIML estimator with weak instruments and near exogeneity can
have a relatively large asymptotic bias compared to the case where only weak instruments occur.
We show that the limiting distributions of the Anderson-Rubin test and the Kleibergen test are no
longer asymptotically pivotal under near exogeneity, and it leads to serious size distortion in
hypothesis testing if we use the critical values from the chi-square distributions. We show that
the conditional likelihood ratio test does not work in our case because the conditional distribution
of the test under the null hypothesis depends on an unknown parameter which reflects near

exogeneity. We propose delete- d jackknife based Anderson-Rubin and Kleibergen tests to

correct size distortion in finite samples under weak instruments and near exogeneity.
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3.7  APPENDIX

3.7.1 Appendix 1

Proof of Lemma 1 (a) First, substituting Y from the reduced form equation, we have

Y'uN = (ZIT+ V)'u/N
= V'U/N + IT'Z'u/N.
Note that V'u/N 5 2w by part (a) in Assumption 3. The weak law of large numbers and
Assumption 2 give

Z'uN 5 E[Zlui] = C2IN

And note that TT = C1/J/N from Assumption 1, so we have
YuN 3 5y,

since the second part tends to zero in probability.

To show

YYIN 2 2w,
we follow the proof above, so
Y'YIN = (ZIT + V)'(ZIT + V)IN
= V'VIN + IT'Z'ZTTIIN + IT'Z'VIN + V'ZIT/N

By part (a) in Assumption 3, we have
VIVIN 5 5.
Note that the last three parts tend to zero in probability because of part (b) and (c) in Assumption
3 and Assumption 1. The result then follows.
(b)First, we observe that
pY?u = (Z'2)127Z'u
= (Z'ZIN)2(Z'ulN)

Then, we have
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ZUWN = ¥z = ¥z +Cy
by part (c) in Assumption 3. Note that ¥z, is a standard normal vector which is the same as

the Wz defined in Staiger and Stock (1997). Part (b) in Assumption 3 gives that

(Z'ZIN)2 = Q12

So

12 d 1
PZ u- Q 1/2\PZU

= QY% u0iY)o,

= (Q_llz(\PZu + CZ)Gal)O'u
= ZyOuy t Q_UZCZ

(Zu + Q_l/ZCZGEl)O'u

~~
- ZuGu

Note that Zu = zu + QY2C20y! stated in the lemma.

d
The proof of Péle - Zv2\1/</2 is the same as that in Staiger and Stock (1997).
(c) Note that

PY2Y = (Z'ZIN) 2 (Z'YIJN)
= (Z'ZIN)Y2/(Z'ZTIIIN + Z'VIIN).

Then we know that IT = C1/VN in Assumption 1 and Z'V/¥/N S Way and Z'ZN 5 Q by
parts (c) and (b) in Assumption 3 respectively. The result directly follows.

(d) First, we observe that

Y'Pzu = (YZIIN)YZ'ZIN)L(Z'ulN)
Note that (Z'Z/N)™ 5 Q1 from part (b) in Assumption 3and Z'u/YN = Yz from part (c)

in Assumption 3.Then, substituting Y from Equation (111), we have

Y'ZIJN = (ZI1 + V)'ZIIN
= V'ZIyN +11'Z'ZIJN.

From part (c) in Assumption 3, we have
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VZIIN S .

Assumption 1 and part (b) in Assumption 3 give that
mw'z’ziy/N 5 clo.

So, we have

YPau S (P + CLQ)Q Py

(Pzv + Q'C1)'Q ' (¥zu + Ca2)

_ E%/(/Z’(leclz\*/\l//z n Q71/2/\PZVZ\*A1//2)/(Q71/2/\I/Zuo.al n Qfllzfczaal)au
= W@ +2)' @+ QY Cooit)oy

(), + ZV)/7u0'u

1/2/

= Z%/(/Z/VZGU
where V2 = (A +2v)'Zu defined in the lemma.

d NIN
To show U'PzU - ouuZy Zy , note that

u'Pzu = (u’Pé’z/)(Pyzu).

The result follows directly from part (b) in the lemma.

d
Note that the proof of Y/Péle - 2\1/</2 ,V12\1/</2 is the same as that in Staiger and Stock (1997).

Q.E.D.

Proof of Theorem 1 (a) First, we have

A

ﬁTSLS - ﬁO (Y,PZY)_I (Y,PZU)

S @y i) (2H27,0,)

-1/2 _
GUZV\/ Vllvz

Note that the second step is obtained from part (d) in Lemma 1.

(b) The result of part (b) follows Theorem 2 in Staiger and Stock (1997) by replacing b by
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brsis = viiVs.

(c)First, replacing Y by the structural equation in the LIML estimator, we have

Buw. — o = IV = kMYI Y (1 = kMz)u]
= [Y'Y = (/N + )Y MzY] [Y'u = (/N + 1)Y'MzUu]
SIVY = YMzY — (/N)Y'MZYT ™ [Y'u = Y'Mau — (/N)Y'Mzu]
= [Y'PzY = (k/IN)YMzY][Y'Pzu — (k/N)Y'Mzu]
The second step is obtained by the fact that N(k — 1) = x . Note that

Y'MzYN = YYIN + YPZYIN 5 5w
from part (a) in Lemma 1 and

Y'PZYIN 5 0
from part (d) in Lemma 1. By the similar reason, we have

YMouN 5 sy,

So

A
Bum —Bo = [YP2Y = k(YMZYIN)][Y'Pzu — x(Y'MzU/N)]
S B s s W EY oy - kEw]

= 0uZW (V1 — klm) (V2 — kp)
where N(k-1)=1x and k is the smallest root of the determinantal equation
— = —/ —
Y'Y kY M2Y| =0 1o complete the proof, we follow the method used in Theorem 3 in

Staiger and Stock (1997) to find the smallest root of the limit of the determinantal equation as

( ,, >

J =

N - oo, Let =B ln and note that YJ = (U Y) . Since J is a non-singular

(m+1)x(m+1) matrix, the roots of the modified determinantal equation
iy -/ —_

|J/Y YJ - kJ'Y MzYJ | = 0 are the same as the roots of the original determinantal equation.

Denote by
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D(x) = JYVYI = (x/N + 1)J'Y' MzYJ
= JY'P2YI = (k/N)I'Y MYJ

u'Pzu u'PzY u'Mzu/N  u'MzYIN
= - K
YPzu Y'PY Y'Mzu/N  Y'MzY/N
g 6272, cuZL(A +2,)Z0e o2 3,
- 172 172 172 K
ZW (A, + Zv),juau ZVV (), + Zv)/(l + ZV)ZW ZVl.l 2VV
Ou O ’:* Ou 0 Ou O — Ou O
= =0 - K
0 o2 0 o2 0 o2 0 v

~ ok

where Z, is defined in the statement of Theorem 1 and X is defined in the statement of

o
=, —;cz‘ ~0

Lemma 1. So « is the smallest root of ‘ ~ 7 . Note that the above derivation is

obtained from part (d) in Lemma 1.

(d) The result of part (d) follows Theorem 2 in Staiger and Stock (1997) by replacing b by

bume = (V1 — klm) (V7 - Kp). Q.E.D.

Proof of Corollary 1 Employing Theorem 1 and the Dominated Convergence Theorem, we get
A d -1/2 -1
E Brsis — Po = ouZy EVI'V:
= W EVIE (A + 2,)' (Zu + QY2Cy03t)

ouz\_,\l/zEvgl A+12y)zy + GUZ\_/\l//ZEVIl (A +12,)'Q2C0 7t

Note that zu is asymptotically equivalentto Zvp , so we have

A d _
E Brsis — Bo » auSw (hp + A).

Note that

i d 112
E Bos —BPo ~ ouw p.
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The result in Corollary 1 follows from using Zyy = PImM(Y'Y/N) and oy

Q.E.D.

Proof of Theorem 2 The Anderson-Rubin test is given by

AR(Bo) = (Y — YBo)'Pz(y — YBo)/ N E V- YBo)'Mz(y — Ypo)

We first observe that

S (v = YBo) Mz(y - Ypo)
1

u'Mzu

- N
1
N - K

- K
1 / /
_Ku uPzu

N u-

By part (a) in Assumption 3, the first term converges in probability to o

tends to zero by part (d) in Lemma 1. So we have

T = Y8 Mz(y - o) > o,

Next, note that
(Y — YBo)'Pz(y = YBo) = u'Pzu.
Define & = P%/ZU . Part (b) in Lemma 1 gives that

d
é - Zyoy
= Zyoy + Q71/2C2 ~ N(Qﬂ/zCZ,GS)-

So

(y = YBo)'P2(y — YBo) > &'¢
S %2(Ch(02 ® Q)1Cy)
= x&(CLQ7ICy). Q.E.D.
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Proof of Theorem 3 We first follow Kleibergen's (2003) idea to construct two asymptotically
independent variables.
Note that

{ﬁzxy ~ YBo), ﬁzw —ZIy S (Fa, ¥ar)

vec(Wzv) 0

from Assumption 3.

<1 2y, lo? >
Post-multiplying it by 0 I gives

(20 = Yo =210 = 210 = ¢ = Vo) Zuorty = (P, V)

where
U= (Y-ZID) - (y - YBo)Zylo} = V — usy,lo?
and

~ C2 Ga 0
(\IIZU ’ VeC\IIZU) ~ N ’
~C,3y,/o? 0 Zw-—Zwylol

So "‘i;Zu and Wzu are asymptotically independent. Note that in Kleibergen's proof, C2 is

and

Zero.

Next, we have

Sev(Bo) > Ti,
and

See(ﬂO) B’ 0-5

by parts (3) and (d) in Lemma 1. So Sev(Bo) and Sec(Bo) are consistent estimators of Zy,

ﬁz’[(v — ZIT) — (Y — YBo)Sev(Bo)IScc (Bo)]

and ouu respectively. This implies that has the
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L / _ _ _ / 2
same limiting behavioras w2 '~ 21D =0/ = Ypo)Zwlow o

ﬁz’[(v _ZIT) - (Y - YBo)Sev(Bo)/Sec(Bo)] > Pau

and it is asymptotically independent of Yz, .

Now consider

Y(Bo) = ZT1(Bo)
= Pz[Y = (y = YB0)Sev(Bo)/See(Bo)]
and we have
Py, = Z(Z'ZIN)™'DI[D'(Z'ZIN) D] D'(Z'ZIN)*Z'IN
where

D = y(N)Z'LY = (y = YBo)Sev(Bo)/Sec(Bo)].
When the instruments are strong, we have ¥(N) = 1N. We have y(N) = 1/¥/N when the

instruments are weak or invalid. The Kleibergen test is given by

K(Bo)

(Y = YB0) Py = YBo) w2 (v = YBo) Mz(y - Yfo)

L (y—YBy)'2(Z'ZIN)1D[D'(Z'ZIN)D]D'(Z'Z/N)
N(y Bo)'Z( )DID( )~ D]D( )

< 2 0= YBo)/ [t 0 = YBo) Mzly = Ypo)

S G'o'bp'a?bI DG
=L 7(y=
G = £Z'(y - Ypo)

where G is the limit of and D isthe limitof D and D is defined in
Section 4. Part (c) in Assumption 3 gives G~ P2 where ¥z ~ N(C» , ) . Note that

/ p
ﬁ(y = Bo)' Mz(y - o) = o from part (a) in Assumption 3 and part (d) in Lemma 1.
Next, consider

D'Q D2 D'Q1G = D' QD2 D' QL (¥ + Cy)
where Wz is a normal distribution with zero mean and variance covariance matrix €2 and we

have Wzu = Wz + C2 . The nonzero mean C> comes from near exogeneity. Note that
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D' QD2 D' ¥, S NQO,In) ~ C.

So we have

K(Bo) > (£ + Y(C2)) (¢ + Y(Ca)).

Next, we show that D is different when the quality of the instruments varies. The following

statements provide the limits of D when the instruments are strong, weak or completely

nonidentified.

(a) When the instruments are strong, IT = Cy |

FZTY = O = YBo)Sev(Bo)/Sce(Bo))]
= 2L = ZID = (v = YBo)Sev(Bo)lSce(Bo)] + 22T

N
e d QC]_
where the first term in the first equation converges to zero since

ﬁzw(v — ZIT) = (y — YBo)Sev(Bo)lSec (Bo)] > Wau.

(b) When the instruments are weak, Il = Ciu/IN |
LZ,[Y - (y - YﬂO)S€V(ﬂO)/See(ﬁ0)]

JN
_ ﬁz'[(v _ZI0) = (Y = YBo)Sev(Bo)Sec(Bo)] + ﬁz’zcllm
i \PZU + QC1

(c) When the instruments are completely nonidentified, IT = 0,

ﬁz/[v — (Y = YBo)Sev(Bo)/Sec(Bo)]
- ﬁz/[(Y — ZI0) — (y — YBo)Sev(Bo)/Sec(Bo)]
L Q.E.D.
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Proof of Theorem 4 The resampling based Anderson-Rubin test AR(Bo)n,b,j is defined as,

AR(Bo)npj = (b — K)Uy Zo,(Zp Z6,) "2 Zp U/ Up ;Mzy; s,
We accomplish the proof by three steps.
Step 1: We want to show

/ P -
UbJUbJ/b —> Oy

as b —» o . Note that

ug’jub,j/bzﬁ > oud

ne{l,2,..N}

b

2

ne{1,2,..N} represents the summation of b observations which are randomly picked from the
sample observations {1,2,...,N} . The law of large numbers and condition (c) give that

' p 2

as b — oo and the result follows by condition (d).
Step 2: We want to show

(ZpZoil)™* 5 QL.

Note that

b

ne{l,2,..N}

and denote its (P, Q) -th entry by
b

(D)p.g :% Z ZnpZng

ne{1,2,..Nb

where 1 <p,g<K .| Then the law of large numbers and condition (b) give that
(D})pq > Qb Qe |
b)p. bj as b~ o forall P and 9 where &b isthe (P,Q) -th entry of Qo .

p
Since Quj ~ Q uniformly in n as b —» o« , we have ZbjZ0i® > Q  The result in Step 2
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follows by the continuous mapping theorem.
Step 3: We want to show

b12Z} up; > N(JT—7C2,Q)

for the delete- d jackknife method, where Q = 6 ® Q and 0 <y < 1
Note that

b
bil/zzi),jub,j — p12 Z Zﬁun

ne{l,2,..N}

and denote its P th entry by
b

(Dg)p = b2 Z ZppUn

ne{1,2,..N}

where 1 < p < K By Step 1 and 2, we have

Var(D2), = 05,Qp; ~ o2QPP > 0

where Q" isthe (P,p) -thentry of Q. Then, we have

b
b-12Z} jupj = b2 D" zhu,
ne{l,2,..N}
b

b
— p12 Z [Z:]Un — E(Z:]Un)] + p12 Z E(Z:}Un)

ne{1,2,..N} ne{1,2,..N}

For the first term, condition (a) provides a sufficient condition for the triangular array central

limit theorem so we obtain

b
b2 S [zt - E@un)] S NO,Q)
ne{l,2,..,N}

where Q = 6% ® Q . For the second term, from Assumption 2, we have
b
b-1/2 Z E(zhun) - [% C»
ne{1,2,..,N}
= (J1-7)C;

where ¥ = AN =(N-bN=1-2 0,1
Now, consider the case of subsampling method. We have
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b

b’”ng’jub,j:b’”z Z Z;]un

ne{1,2,...N}
b

b
Y Z [Zhun — E(Zhun)] + b2 Z E(zpun)

ne{1,2,..N} ne{1,2,..,N}

The first term converges to the same distribution defined in (501). For the second term,
b
b2 3 E@hun) - /% C, > 0
ne1,2,..N}

since the subsampling method requires that

b,
S

as b - o and N — o . So by the subsampling method we have

b-12Z} .up; > N(O, Q).

b b
sincewhen v ~ 0, 7=1-% ~>1 Thetwo resampling methods can be written together
when we allow 0 <y <1 Notethat 0 <y <1 corresponds the delete- d jackknife and

v = 1 corresponds the subsampling.
Now, consider the resampling based Anderson-Rubin test,

AR(BoInb,j = (b — KUy Zb(ZyZb,) 2 2y jUn i/ U jMzyUn
= (b—1’2u[,ijb,j)(ZgJZb,j/b)‘l(b‘l’zzg’jub,j)/(ﬁugyjMzb,jub,,-)

Note that

1

/
—b K Ub'jMzb,jUb,j

" b il K Up jUnj ~ b il K Up P 25U,

By Step 2 and 3, UL,jPZbJUb,J converges to a distribution, so we have
d

gt Panios > 0
as b — o and K, the number of instruments, is fixed. By Step 1, we have

1

/ L)
b— KUb’JUbJ —-> Oy-

d ~ ~
It follows that ARBonpj > k() where T=@-pC'QC  0<y<1
QE.D.
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Proof of Theorem 5 The proof of Theorem 5 is very similar to the proof of Theorem 4.
Q.E.D.
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3.7.2 Appendix 2

Table 3-1: Sizes of the Anderson-Rubin test under near exogeneity

covZiuj =covZju; =covZiuj =

=1 9.9 25.1 38.2
IT=0.1101 23.5 38.2
IIT=0 9.1 22.5 38.3

Note: The data generating process of the simulation is based on 4 and covViui = 0.25 | The
sample size is N = 80 and the nominal size is 10% . I is an indicator of the quality of

instruments.  IT=<{1,0.1,0}  represents strong instruments, weak instruments and
nonidentification respectively.

Table 3-2: Sizes of the Kleibergen test under near exogeneity

covZiu; =covZiui =covZjui =

IT=1 10.6 24.0 37.8
IT=0.1091 24.9 41.1
I[T=0 9.2 24.5 40.4

Note: The data generating process of the simulation is based on 4 and covViui = 0.25 | The
sample size is N = 80 and the nominal size is 10% . IT is an indicator of the quality of

instruments. T = {1,0.1,0} represents strong instruments, weak instruments and
nonidentification respectively.
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Table 3-3: Sizes of the resampling based AR test under near exogeneity

Strong Instruments ( IT = 1)
b=5

b =10
b =15
b =20
b =25
b =30
b = 40

Weak Instruments ([T = 0.1)
b=>5

b =10
b =15
b =20
b =25
b =30
b = 40

Nonidentification (1T = 0)
b=5

b =10
b =15
b =20
b =25
b =30
b =40

6.2
4.5
4.0
1.9
1.4
0.5
0.2

6.8
5.7
3.1
2.1
1.8
1.2
0.3

5.2
5.1
3.2
1.9
1.4
1.1
0.3

13.6
13.4
10.0
9.9
6.3
4.3
1.1

16.3
13.3
11.4
9.7
5.4
4.2
1.6

15.7
15.5
10.5
9.5
6.9
5.0
1.2

covZiuj; =CcovZju; =covZiuj =

27.8
26.8
24.5
14.9
12.3
8.5

4.2

27.8
25.5
19.4
16.2
13.9
9.0

2.3

28.5
25.5
20.9
17.0
12.6
9.7

4.1

Note: The data generating process of the simulation is based on 4 and covViui = 0.25 . The

sample size is N = 80 and the nominal size is 10% .
simulations. We compute actual sizes when b = {5, 10, 15, 20, 25, 30,40}
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Table 3-4: Sizes of the resampling based K test under near exogeneity

Strong Instruments ( IT = 1)
b=5

b =10
b =15
b =20
b =25
b =30
b = 40

Weak Instruments ([T = 0.1)
b=>5

b =10
b =15
b =20
b =25
b =30
b = 40

Nonidentification (1T = 0)
b=5

b =10
b =15
b =20
b =25
b =30
b =40

6.9
4.7
2.9
2.4
1.8
1.1
0.1

4.4
4.4
3.8
3.2
1.2
0.9
0.0

5.3
4.9
3.6
2.8
1.9
1.0
0.1

15.5
14.5
12.0
8.4
6.2
3.5
1.3

13.3
15.9
11.4
10.2
6.1
3.7
1.6

14.9
13.9
9.2
7.8
6.8
2.5
0.7

covZiuj; =CcovZju; =covZiuj =

27.4
27.9
23.6
17.4
13.3
8.4

3.9

27.5
24.3
24.2
16.0
14.4
8.9

4.5

26.3
26.2
20.4
15.2
14.7
8.4

3.1

Note: The data generating process of the simulation is based on 4 and covViui = 0.25 . The

sample size is N = 80 and the nominal size is 10% .
simulations. We compute actual sizes when b = {5, 10, 15, 20, 25, 30,40}
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40 GMM WITH WEAK IDENTIFICATION AND NEAR EXOGENEITY

This chapter studies the asymptotic properties of estimation and inference with weak
identification and near exogeneity in a GMM framework with instrumental variables. GMM is a
natural extension of a linear simultaneous equations model which allows a set of nonlinear and
non-differentiable equations. The technique used in Chapter 1 which is mainly based on mean
value theorem and the classic central limit theorem cannot be applied into a nonlinear and non-
differentiable environment. We can benefit from empirical process theory and the functional
central limit theorem to establish large sample properties. We obtained limiting results under
weak identification and near exogeneity of general GMM estimators and some specific GMM
estimators, such as one-step GMM estimator, two-step GMM estimator and continuous updating
estimator. We also examine the asymptotic properties of the Anderson-Rubin type and the
Kleibergen type tests under weak identification and near exogeneity.

This chapter is organized as follows. Section 4.1 decribes the model and assumptions. Section
4.2 examines the limiting results of GMM estimators under near exogeneity and weak
identification. Section 4.3 studies inference under near exogeneity and weak identification, and

Section 4.4 concludes. Appendix is included in Section 4.5.

41  THE MODEL AND ASSUMPTIONS

In this chapter, we consider a GMM framework with instrumental variables under weak
identification and near exogeneity. Let 6 = (@', ') be an m -dimensional unknown parameter
vector with true value 6o = (g, B)" in the interior of the compact parameter space © . The

true value 0o satisfies some conditional moment restrictions which can be explicitly written as
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E¢i(60) = E[h(Yi,00) ® Zi] = CIN,
where h(.) is areal valued H x 1 vector of functions, Zi isa K x 1 vector of instrumental
variables, and Yi is the observation which possibly contains endogenous variables, for

i=12...,N and HK > m  The C isa HK x 1 vector of constants. When C is a vector
of zeros, this is the GMM model with instrumental variables defined by Stock and Wright (2000).

When C is not all zeros, Equation (105) defines the GMM model with near exogeneity. The
degree of near exogeneity is local to zero. When the sample size N grows to large, the

correlation between h(.) and the instruments Zi tends to zero. The linear simultaneous

equations model defined in Chapter 1 is a special case of Equation (105), where
E¢i(00) = E[Zi(yi — Yifo)] = CIVN.
So h(.) =yi—Yifo s a linear function and Yi = (¥i,Yi) contains only endogenous

variables. But in this chapter, the N(.) can be a set of general nonlinear functions with possible
non-differentiability.

We follow Stock and Wright (2000)'s paper to consider a mixed case in which a subset of 6 ,
say @ ,isweakly identified. Let ® = Ax B where @ € A isan m1 x1 vector, B € B is

~ _ N
an Mz x 1 vector, and My +m, = m . Also, let Mn(e, B) = ENT' 0 ¢i(a, B) | Now, we

can utilize the following identity,

fMin(a, B) = Mn(ao, Bo) + Min(a, B) + Man(P)

where

Min(a, B) = Mn(a, B) — Mn(ao, B

and
Man(B) = Mn(ao, B) — Mn(ao, Bo)

The identification of 6 requires whether the moment restrictions can be satisfied uniquely. If /3

is strictly identified, then M2n(B) should be large when B # Bo . However, Min(a, )
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should be close to zero when @ # ao and B = Po if a is weakly identified. We can use a

local to zero model to define the weak identification of the «a |,

fin(a, B) - fin(ao, ) = min(a BN
where Min(a, B) © A x B — R™ s a set of continuous functions such that Min(6) ~ m1(6)
uniformly on ® as N grows to large. The m1(0) : A x B - R s 3 set of continuous
functions and is bounded on © . Also, let Man(B) : B — R™ e a set of continuous functions
such that Man(B) = m2(B) uniformly on B as N grows to large, where mz2(fB) : B - R"¥

is a set of continuous functions such that M2(Bo) = 0 and M2(B) # 0 for B # Po . By
taking into account a joint case of near exogeneity and weak identification, Equation (135) can

be rewritten as

fMin(a, B) = Mn(ao, Bo) + Min(a, B) + Man(P)

= C/m + mlN(a,ﬁ)/m + ’TﬁQN(ﬂ)
because of Equation (105). When C = 0 , we can obtain the result of Stock and Wright (2000),

in which case they don't consider the problem of near exogeneity. Now, we can give assumptions

that formally define near exogeneity and weak identification.

Assumption 1 The true parameter 6o = (a0, Bo)" is in the interior of the compact space

O@=AxB, AcR™ BcR"™ and m=m;+m; . The true parameter 0o satisfies the

moment conditions defined by Equation (105).

Assumption 2

N
EN " gi(e, f) = CIIN + mun(a, HIVN + fiizn(B), where
i=1
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(2.1) min(@) - m1(0) uniformly on ® , M1(6o) = 0 and M1() is continuous in @ and
is bounded on O ;
(2.2) Man(B) » m2(B) uniformly on ® , Mm2(B) = 0 if and only if B = Bo . Define

R(B) = om2(B)I6B" whichisa HK x mz matrix. R(B) is continuousin B and R(Bo) hasa

full column rank.

We can apply the above assumptions into the linear simultaneous equations model defined in

Chapter 2. In Chapter 2, all parameters in 0 are weakly identified. The identity defined above

can be rewritten as

Mn(@) = Mn(Bo) + [Mn(0) — Mn(Oo)]
fin(00) + min(@)/VN

where fin(@0) = EN 320 $i(B0) = C/VN by the near exogeneity in Assumption 2. In the

linear simultaneous equations model,

N N
EN" D 9i0) = EN' Y [Zi(yi — Yi6)]
i=1 i-1

N
EN-L Z[zé(yi —Yifo) — ZéYi(G — 00)]

i=1

N
ENL D {IZi(yi - Yi0o)] — [ZZil1(0 - 00)]}

i=1
By the above equation, we obtain
N

EN D [Zi(yi - Yifo)] = CIWN

i=1
Since T = Ty = C1/VN defined by Assumption ID in Chapter 2, we have
Min©) = CIWN + min(0)/N

_ N
where Min(0) = EN' 37 [ZiZiC1(0 ~ 60)] . The first term in (245) is due to near
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exogeneity and the second term is used to define the weak identification of ¢ .
Next, we consider the GMM estimator that minimizes the objective function Sn(6 , On(6)) for

0 € O , where

N N
SN(@,0n(0)) = [NV2 D ()] Wn(@n(©O)IN2 D" 6;(0)]
i=1 j=1

where  Wn(On(®)) is a positive definitt HK x HK  weighting matrix and bounded in
probability. Different GMM estimators depend upon the adoption of different weighting matrix.

For a one-step GMM estimator, the weighting matrix is usually an identity matrix so Wi (0n(6))

doesn't depend upon the data and the unknown parameter 0 . For a two-step efficient GMM
estimator (Hansen, 1982), the weighting matrix is computed by using a one-step GMM estimator.

For a continuously updating GMM estimator (Hansen, Heaton and Yaron, 1996), the weighting
matrix is changed with each choice of the unknown parameter 6 ,so Wn(@n(8)) can be written
as Wn(0) . In order to establish the large sample properties of the GMM estimators, we need the

uniform convergence of the weighting matrix Wn(6) . This is also the assumption used by Stock
and Wright (2000).

Assumption 3 Wn(6) 5 wo) uniformly on ©® , where W(0) is a HK x HK symmetric

positive definite matrix and is continuous in 6 .

Next, following Andrews (1994) and Stock and Wright (2000), we define an empirical process
¥n(O) by

N
Pn() = N2 [4i(0) — E¢i(0)] for6 € ©

i=1
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Note that #i(0) = ¢i(Yi,Zi,0) where Y; and Zi are independent observations. ¢i(6) can be
regarded as a class of R" valued functions defined on Yi and Zi indexedby 6 € © . Let"

= " denote weak convergence of a sequence of empirical processes. By Andrews (1994) and
Vaart and Wellner (1996), weak convergence of the empirical process in Equation (265) can be
defined as

n(O) = Y(O) FE*f(Pn()) - EFCY())
for all bounded, uniformly continuous real functions f on B(®)  where B(®) is the set of all
continuous, bounded functions f: ©® — R . Note that " E* " is the expectation over the

empirical process. Let Q(01,02) = limy.., E¥n(01)¥n(02)" . The following assumption of
weak convergence is mainly based on Pollard (1984, 1990), Andrews (1994) and Vaart and
Wellner (1996). It's similar to Assumption A and B used in Stock and Wright (2000).

Assumption 4 ‘¥'n(0) = Y(0) ,where Y(0) isa Gaussian limit stochastic process on © with
zero mean and covariance €2(01,02) .

Assumption 4 is a kind of high level assumption which follows from three sufficient conditions
(Andrews, 1994): (1) © is a totally bounded space; (2) finite dimensional convergence holds:
V(01,...,05) € @ | (WnO1)',...,'¥n(03)")  converges in distribution; (3) ‘Pn(0) s

stochastic equicontinuity. Condition (1) is satisfied by Assumption 1 that ® isa compact space.
Condition (2) is easily to verified by multivariate central limit theorem. For example, we can use

univariate triangular array central limit theorem (Liapunov Theorem, see Davidson, 1994) to

obtain the normal limit of the stochastic process ¥n(0) at 6 = 0o , say

Wn(0o) > N(O, (00, 0o)

| 246

by imposing the moment condition such that E | ¢i(60) <A <o forsome 6 > 0.
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For the finite dimensional convergence, we can assume a similar moment condition which holds
uniformly on © . Condition (3) stochastic equicontinuity relies on a condition which is referred

as entropy condition (Pollard, 1990). By Theorem 1 and 2 in Andrews (1994), ¢i(6) falls into a
type Il class of functions so that the Pollard's entropy condition follows from the Lipschitz

continuity. To be summarized, Assumption 4 follows from the following primitive assumptions.

(i) ©® isacompact parameter space;

(i) ¢i(0) isindependent;

(i) E | ¢i(0) 1 < A < o uniformly over ® forsome & > O

(vi) Lipschitz in 0 : | ¢i(01) — ¢i(02) |< Bi(.)[|01 — 02| V01,0, € ® , and Bi(.)

satisfies M- N7 ZiNzl E[Bi(.)**] < © forsome & > 0 .

Assumption (i) implies totally boundedness. Assumptions (ii) and (iii) imply finite dimensional

convergence. Assumptions (i) and (vi) imply stochastic equicontinuity. It's very easy to verify

that the ¢i(0) defined in the linear simultaneous equations model in Chapter 1 satisfies these

assumptions.

4.2 ESTIMATION: LIMITING RESULTS OF GMM ESTIMATORS

In this section, we derive the asymptotic results of GMM estimators under near exogeneity and
weak identification. We firstly derive general limiting results of GMM estimators and then
derive limiting results of some specific GMM estimators, such as one-step estimator, two-step

efficient estimator and continuously updating estimator. In each case, we examine the limiting

results of the weakly identified parameter o and the well identified parameter 8 .
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4.2.1 General Limiting Results of GMM Estimators

We derive the general asymptotic results of GMM estimators in this subsection. First, we

examine the limiting results of the well identified parameter B . The following lemma shows

~

that the GMM estimator B is consistent under near exogeneity and the convergence rate is

square root of the sample size N .

Lemma1l vN(B - Bo) = Op(1) .

All proofs are given in the appendix.

Lemma 1 shows that near exogeneity doesn't affect the convergence of a well identified

parameter. Intuitively, the drift term in Equation (105) shrinks toward zero as the sample size N
grows to large. We have a similar story in the linear case. In the linear simultaneous equations
model defined in Chapter 1, when there only exists the problem of near exogeneity, both the
TSLS estimator and the LIML estimator are consistent. However, situations are a little

complicated in this chapter. There are two parameters, of which one is weakly identified and the
other is well identified. One natural question is whether the weakly identified parameter «
affect the limiting results of the well identified parameter B . A joint limiting result of a and

B is necessary to answer such a question. The following theorem gives the joint limits of both

parameters under near exogeneity and weak identification for a general GMM estimator.

Theorem 1 Suppose that Assumptions 1-4 hold,
then

@JIN@B- o)) > (b

where
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a* = arg mipS*(a;@(a,/}o))
b* = —[R(Bo)'W(B(@*, Bo)R(Bo)]'R(Bo)' W(B(a*, Bo)

x [¥(@*, Bo) + C + my(a*, Bo)l

S*(@;0(a, Bo)) = [¥(a, Bo) + C + m1(a, Bo)]'M(a, Bo,B(a, Bo))
x [¥(a, Po) + C + my(a, Po)]
where

M(a, Bo,0(a, Bo)) = W(O(a, o) — W(B(a, Bo)R(Bo)
x [R(Bo)'W(O(a, Bo)R(Bo)]
x R(Bo)'W(0(a, Bo)

The above theorem is similar to Theorem 1 in Caner (2005) and is analogous to Theorem 1 in
Stock and Wright (2000) and Theorem 2 in Guggenberger and Smith (2005). We can obtain

Stock and Wright's result by setting C = O . It's not surprising that @ is not consistent since «

is a weakly identified parameter. Like the case of the linear simultaneous equations model, the

estimator of the weakly identified parameter convergences to a nonstandard distribution a* .
The joint limits given in the above theorem can explain why the estimator 3 of the well

identified parameter also convergence to a nonstandard distribution b* . The distribution of 3

depends on a* but we cannot estimate @ consistently. When we set C =0 and a = ao ,
Equation (314) can be simplified as

b* = —[R(Bo)' W(B(cto, Bo)R(Bo))'R(Bo) W(B(cto, Bo)¥ (cto, Bo)
5 N, (R(Bo)' (a0, Bo)R(Bo))

d
since Mi(ao,Bo) = 0 by Assumption 2 and ‘¥(ao,Bo) ~ N(0,Q(ao,Bo)) by triangular

array central limit theorem. Near exogeneity doesn't affect the convergence rate of B but it
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shifts the distribution of the estimator. When the drift term C # 0 |, we have

b* 5 N(C, (R(Bo) Q" (a0, fo)R(Bo))
To the weakly identified parameter o , near exogeneity can enlarge the bias term which is
obtained by Stock and Wright (2000).

4.2.2 Limiting Results for Specific GMM Estimators

We first consider a one-step GMM estimator with an identity weighting matrix. Denote by
(@1,B,) the one-step GMM estimator which minimizes the following objective function

N N
Sin(0) = N2 D" g N2 D" 4;(0)).

i=1 =1

The following corollary gives the joint limits of (@1.¥N (By — o)) under near exogeneity and

weak identification.

Corollary 1 Suppose that Assumptions 1, 2, 4 holds, then
P~ n d * *
@1, VN (B, - Bo)) ~ (ai,b7)

where
a; = arg miESI(a,C)

bi = —[R(Bo)'R(Bo)] *R(Bo) [¥ (@1, fo) + C + m1(a], fo)]

Si(a,C) = [¥(a, Po) + C + mi(a, fo)]'Mi(a)[¥(a, Bo) + C + mi(a, Po)]
where

Mi(a) = 1= R(Bo)[R(Bo) R(Bo)] *R(Bo)".
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The two-step efficient GMM estimator is obtained by using the one-step GMM estimator

(31,31) to establish an estimate of the weighting matrix. Denote by (@Z'Bz) the two-step

efficient GMM estimator which minimizes the following objective function

N N
San(@) = N2 9i(0)]'W(@1, BIN2 D 6(0)]
i=1 j=1

The following corollary establishes the joint limits of @2, YN (B, — Bo)) under near
exogeneity and weak identification.

Corollary 2 Suppose that Assumptions 1-4 hold, then
~ D d * |k
@2, N (B, = Bo)) — (a3,b3)

where

a, = argminS;(a,a;,C)
acA

o
N ¥
Il

—[R(Bo)'Q* (a3, Bo)R(Bo)] ' R(Bo)'Q* (a7, Po)
x [¥(@3, Bo) + C + my(az, fo)]

S;(a,af,C) = [¥(a,Bo) + C + mi(a, Bo)]'Mi(a,a;)

x [¥(a, fo) + C + my(a, Bo)]
where

Mi(a,a7) = Q*(ay, o)
- Q™ (ag, Bo)R(Bo)[R(Bo) Q@ (a1, Bo)R(Bo)]™
x R(Bo)' Q7 (a7, Po)

In the two-step efficient GMM estimator, the weighting matrix Wn(@1,B1) is based on the one-
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step GMM estimator @1 and B1 , and so the weighting matrix converge to (a3, fo) in the

limiting concentrated objective function S;(a,aj,C) .
In the case of the linear simultaneous equations model defined in Chapter 2, when the
conditional homoskedasticity of the errors is assumed, the objective function of the two-step

efficient GMM estimator can be rewritten as

Son(@) = (¥ — YO)'P2(y — YO)/Zhn(61)
where

N
Shn(@1) = N1 Z E{[hi(@1) — Ehi(81)]

i=1
x [hi(01) - Eni(01)]'}
and
P, = Z2(Z'2)71Z.
In the linear simultaneous equations model, hi(6) = yi —Yif and all parameters in 6 are

weakly identified. Since 0 is quadratic in S2n(0) | we can derive an analytical solution which
yields

6 = (YPZ2Y) L (Y'Pzy)
We know this is just the TSLS estimator.

The continuously updating estimator is obtained when the weighting matrix is continuously

updated at the parameter value 6 . Denote by (@c,B;) the continuously updating estimator that

minimizes the following objective function

N N
Sen(0) = INV2 37 ¢i(@)] Wn(O)IN2 D" 6;(6)]
i=1 j=1

The following corollary establishes the joint limits of the continuously updating estimator

(@c, B.) under near exogeneity and weak identification.
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Corollary 3 Suppose that Assumptions 1-4 hold, then

@, N (B, - Bo)) > (az,b3)
where

a; = arg miES;‘(a,C)

b¢ = —[R(Bo)' Q7 (as, Bo)R(Bo)] *R(Bo)' Q@7 (ac, fo)

X [\P(aé’ﬂO) +C+ ml(aé!ﬂO)]

Sé(a,C) = [\P(a,ﬁo) +C+ ml(a,ﬂo)],Q_l(aé,ﬁo)
x {I = R(Bo)[R(Bo)' Q" (az, Bo)R(Bo)] ' R(Bo)' Q7! (ag, Bo)}
x [W(a, Bo) + C + mi(a, Bo)].

Consider a special case of Corollary 3: the linear simultaneous equations model with all weakly

identified parameters and conditional homoskedasticity defined in Chapter 2. Since

$i(0) = Zi(yi - Yi0)
and

N N
Wn() = N2 DD 6i(0);0)'1

i=1l j=1

the objective function Scn(0) defined in (545) can be simplified as

Sen(0) = [N Z i)' [N Z Z $1(0)9;(0)' 1"

i=1l j=1

x [N12 Z $i(0)]
=1

(v = Y0)'Z(Z'2)Z' (y - YO)u(6)'u(6)
N[L + x~1(0)] "

where

u@) =y-Yo
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K(0) = (y = YO)'P.(y — YO)I(y — YO)' M.(y - YO)
and

Mz =1 - Pgz.
Note that the above equation is obtained since we have

TLY = Y0) Moy — Y6) 5 u(6)'u(6)

The continuously updating estimator in the linear case is identical to minimize &(6) , which is

just the LIML estimator; see Davidson and MacKinnon (1993).

4.3 INFERENCE WITH NEAR EXOGENEITY AND WEAK IDENTIFICATION

In a GMM framework with instrumental variables, we want to test Ho : 0 = 6o versus

Hy 0 # 0o under near exogeneity and weak identification. Staiger and Wright (2000)
examined several conventional test statistics under weak identification, such as Wald statistic
and likelihood ratio statistic. These conventional test statistics do not work in general under weak

identification. The exogeneity tests of instruments, like J -test (Hansen, 1982; Newey, 1985),
cannot be valid in general under weak identification either.

In this section, we firstly consider some robust test statistics which have been recently developed
against weak identification in the literature, and then examine their performance under near
exogeneity.

We first consider an Anderson-Rubin type test proposed by Stock and Wright (2000). The test is
given by

N N
Sn(00;00) = N2 D" $i(00))' Wn(0)[N"2 D ¢i(00)]
i=1

-1

Since the moment function is generally nonlinear, it's easier to work on the objective function
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rather than on the estimator as we did in the case of the linear simultaneous equations model. The
Anderson-Rubin type test is just the objective function Sen(€) of the continuously updating
estimator when 6 = 6o . Since it utilizes the objective function Sen(.) , it was called " S

statistic" by Stock and Wright (2000). The S statistic is robust to weak identification because
the test itself is asymptotically pivotal and convergence in distribution to a chi-square
distribution under the null hypothesis. Note that we cannot establish an Anderson-Rubin type test
based on the objective function of the two-step GMM estimator. The objective function of the
two-step GMM estimator is not asymptotically pivotal because the weighting matrix in the
objective function is derived through the one-step estimator, which is not consistent under weak

identification.

To examine the asymptotic property of the S statistic under near exogeneity, we can work

under a much weaker assumption than Assumption 4. The following theorem summarizes the

asymptotic result of the S statistic under near exogeneity.

Theorem 2 Suppose Assumptions 1-3 hold under the null hypothesis of & = 0o , then

d
Sn(00;00) > xik(C'Q™(B0;00)C)
where xak(C'Q7(00;600)C) is a noncentral chi-square distribution with noncentral parameter

C'Q21(00;00)C and the degree of freedom HK .

Theorem 2 shows that the S statistic is not asymptotically pivotal under near exogeneity. The
limit of the test statistic depends on the nuisance unknown parameter C which comes from near
exogeneity. We obtain a chi-square distribution with degree of freedkom HK when we set

C = 0. It leads to a size distortion under near exogeneity when we use critical values from the

chi-square distribution. In empirical practice, it'll overreject a true hypothesis.
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Kleibergen (2005) proposes a GMM version K statistic. The K statistic is also based on the
objective function of the continuously updating GMM estimator. To establish the limits of the K
statistic, we need two more assumptions. Denote by di(6o) the first order derivative of ¢i(6)
with respect to 6 which is evaluated at 6 = 6o , and let

N
Jo(00) = ImEIN" 3 qi(00))]

i=1
Assumption 5 Let
0ij(00) = 09i(0)00; |o-9, | =1,2,..., m.

and 9i(00) = (0i1(00),di2(00),...,0im(00))" . We assume the following limits hold jointly

N

L (¢i(90) - E[¢i(90)]) 5wl

JN 4=\ 6i(0o) - E[qi(00)]
where
¥y
(3 ~novey
and V(0) is a positive semi-definite symmetric (HK + mHK) x (HK + mHK) matrix
Vv V
V(0) = o9 ¢q
Vag  Vag
and

N N i
- (00) — E[6:00)] \( $1(00) — E[$i(00)]
Vo) = ImEN ZZ(q (00) - Elqi (%)JXq.(ew—E[qi(eo)])'

=1 I=1

Assumption 6 Assume that the estimator of the covariance matrix V(6o) and the estimator of
the derivative of W(o) = V45(@0) with respect to 6 have the limits that hold jointly

V(00) > V(6o)
and
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vec(V s (00))/00" 5 dvec(Vyy(80))/06"

where

N N
Ves(00) = mE{N™ D7 > (¢i(60) — Ei(00)])(#1(60) ~ E[9i(00)])'}

i=1 =1

The K statistic is based on the first order derivative of Equation (670) with respect to 6 . The

K statistic is given by

K(00) = 27 (@54(00;06)/20) Dr(00) U 00)DN (00

x (6Sn(60;00)106)'
where

1 S A
205n(00360)/00 = §n(00)'V 4y (90)D(60)

B0 = [ana (@) — Vg (00)7 53 B0)pn(60) - .
G 00) = Vs (0000 59 (B0 )pn(00)]

VaN VaN / /N / VaN /
and Vq¢(00) = (Vq4,1(00)',Vgg,2(00) ..., Vapm(00)) .

PN
Note that Dn(Bo) is a consistent estimator of Jo(fo) even in the case of weak identification.

Either under strong identification or weak identification, the K statistic is an asymptotically
N\
pivotal distribution conditional on Dn(60) . Because of the asymptotic independence between

N\
Dn(0o) and Yy , the K statistic converges unconditionally to a chi-square distribution with
degree of freedom m wunder weak identification. The following theorem summarizes the

asymptotic results of the K statistic under near exogeneity and weak identification.
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Theorem 3 Suppose that Assumptions 1, 2, 5 and 6 hold under the null hypothesis of 6 = 0o ,
then

K®o) > (& +Z(C))' (¢ + E(C))

where

¢ ~ N, k)

E(C) = [D'V44(00)D]¥2D'V5(60)C

and D is the limit of ¥(N)Dn(6o) , and further D varies when
. . N d
(i) 0 iswell identified, D > Cq
(i) © isweakly identified, D > Cq+ Way
d
(iii) 0 is nonidentified, D~ Yqy
where Cq = Jo(0o) which has a fixed full rank value, and a4 is a limiting distribution such

that

N-2vec[Dy(0o) — Jo(00)] S Was.

Theorem 3 shows that the K statistic converges to a nonstandard distribution under near

exogeneity. The nonstandard distribution is a quadratic form of the sum of a standard normal
variable & and the drift term Z(C) which comes from near exogeneity. When the
identification condition varies, we obtain different limits of Z(C) . We can obtain a chi-square

distribution with degree of freedom m when C = 0 . So Theorem 3 provides a general result.
Theorem 3 also implies that inference based on the critical value from chi-square distribution can

result in a large size distortion.
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44  CONCLUSIONS

This chapter studies the asymptotic properties of estimation and inference under near exogeneity
and weak identification in a GMM framework with instrumental variables. We derive the limits
of the one-step GMM estimator, the efficient two-step GMM estimator and the continuously
updating estimator under near exogeneity and weak identification. We consider a mixed case
where some parameters are weakly identified and others are well identified. The GMM
estimators of the well identified parameters are consistent but converge to a nonstandard
distribution. In all cases, near exogeneity can bring a relatively large asymptotic bias for GMM

estimators compared to the case where only weak identification occurs. We show that the

Anderson-Rubin type S statistic and the Kleibergen type K statistic are no longer
asymptotically pivotal under near exogeneity. It leads to a serious size distortion when using

critical values from chi-square distribution.

45  APPENDIX

Proof of Lemma 1 First, we show that fB is consistent. Consider the objective function
Sn(0,0n(0)) the first term can be rewritten as

N N N
N2 6i(0) = N2 D [$i(6) ~ E¢i(0)] + N2 D" Egi(6).
i=1 i=1

i=1

The first term converges to ‘¥'(0) by Assumption 4 and the second term can be rewritten as
N N
N-Y2D" Egi(0) = JNEN D ¢i(0)
i=1 i=1

- C+m(a, f) + VNmM2(B)

by Assumption 2. By Assumption 3, we have
SN(0,0n(0)) > [¥(0) + C + my(a, f) + N mM2(B)'W(@B(0))
x [¥(0) + C + m1(a, B) + YN m2(B)].

Scale the above equation by N~ | we obtain
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N-1Sn(0,0n(0)) > mao(B)W(B(6))m,(B)

uniformly in B . Since W(8(0)) is positive definite by Assumption 3 and Mm2(B) = 0 if and

only if B = Po , the consistency of B follows by the continuity of the arg min operator. The
rate of convergence follows from the proof of Lemma Al in Stock and Wright(2000). Q.E.D.

Proof of Theorem 1 To derive the limiting results in the theorem, we work on the objective
function Sn(a, B,0n(0)) directly. First, we define

b = VN (8- Bo).
By Lemma 1, we know that 0 = Op(1) . The objective function then can be written as

Sn(a, B,On(0)) = Sn(a, Bo + bIY/N,On(0))

N N
= N2 3" 4i(0)] Wn@nO)IN2 D" 6(0)].

i=1 j=1

The first and last terms in above equation can be written as

N
N2 ¢i(a, Bo + bI/N)
i=1

N N
= N2 3 [i(a fo + bIYN) — Edie, fo + YN)] + N2 " Egi(a, fo + bIVN).
= =1

By Assumption 4 and Lemma 1, we have

N
N-1/2 Zw)i(a,ﬂo +blIN) = Edi(a, Bo + bIVN)] = ¥(a, Bo).

i=1

The second term in Equation (920) can be written as
N N
N2> Egi(a, fo + bIWN) = JNEN D" $i(a, Bo + bIVN)
i=1 i=1

= C+ mun(a, fo + b/YN) + NmZN(/}o + blN)

which follows from Assumption 2. Note that Min(@) - M1(0) uniformly in 6 and by Lemma
1, we have

min(a, Bo + bIWN) > mi(a, o).

We apply the mean value theorem to the last term in above equation. We can obtain

INmMan(Bo + bIWN) = YNman(Bo) + R(B)D
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where B € [Bo,Bo + b/YNT and R(B) = oma(B)I6B" which is defined in Assumption 2. By
Assumption 2, Man(Bo) - M2(Bo) = 0 and B 5B by Lemma 1. So we have

INMon(Bo + b/WN) = R(Bo)b.
By Assumption 3, we have

Wy @n(©0) = W(@(a, Bo)).
So the objective function has the following limits

SN(a,ﬁ,éN(Q)) = [\P(a,ﬂo) +C + ml(a,ﬁo) + R(ﬂo)b],

x W(B(a, Bo))[¥(a, Bo) + C + m1(a, Bo) + R(Bo)b].

Next, we fix o and differentiate it with respect to b . By solving the first order condition, we
denote the solution by b* |
b*(a) = ~[R(Bo) ' W(O(a, Bo))R(Bo)]*R(Bo) W(BO(a, Bo))
x [W(a, Bo) + C + my(a, Bo)]

Plug b*(a) into the objective function to yield the concentrated limiting objective function
$*(a;0(a, Bo)) . To see this, note that

R(Bo)b* = —R(Bo)[R(Bo) W(B(a, Bo))R(Bo)]*R(Bo) W(B(a,, Bo))
x [W(a, Bo) + C + my(a, Bo)l.
So we have
Y(a, Bo) + C+ mi(a, Bo) + R(Bo)b*
= [I = R(Bo)(R(Bo) ' W(B(a, Bo))R(B0)) *R(Bo) ' W(B(a, Bo))]
x [¥(a, Bo) + C + myi(a, Bo)].
Plug it into the objective function,
$*(;0(a, Po))
= [W(a, Bo) + C + my(a, Bo)]’
x [I = R(Bo)(R(Bo)" W(B(a, Bo))R(Bo)) *R(Bo) W(B(a, Bo))]'
x W(O(a, fo))
x [ = R(Bo)(R(Bo) ' W(B(t, Bo))R(B0)) R(B0) ' W(B (e, Bo))]
x [W(a, Bo) + C + myi(a, Bo)].
Note that
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| - RR'WR)*R'W]'W[I — R(R'WR)1R'W]
| - RR'WR)*R'W]'[W — WR(R'WR)1R'W]
| - RR'WR)*R'W]'[I - WR(R'WR)1R'|W
| — WR(R'WR)1R']W
M(a, Bo, O(a, Po)).
So we obtain that
§*(;0(a, Bo)) = [¥(a, Po) + C + mu(a, Bo)]'
x M(a, Bo, 8(at, Bo))[¥ (e, Po) + C + my(a, Bo)]l.

and a* = arg min,ca S*(a;0(e, Bo)) . Substituting @* into b*(a), we can obtain b*(a*)
defined in the theorem.

[
=
= [

[

Since argmin js a continuous mapping and a* is a unique minimum over A | by Theorem

~ -~ d
3.2.2 of Vaart and Wellner (1996), it follows that (@ VN (B — o)) - (a*,b*) . Q.E.D.

Proof of Corollary 1 The result in the corollary follows by Theorem 1 when we replace the

general objective function Sn(a, B,0n(0)) by the one-step objective function Sin(0) defined
in (365). Q.E.D.

Proof of Corollary 2 The two-step efficient GMM estimator depends on an estimate of the
weighting matrix which utilizes the first-step GMM estimator. By Assumption 3, Lemma 1, and
the definition of the two-step efficient GMM estimator, we have

Wn(@1, B,) > Q1(a;, Bo).

Following Theorem 1 by replacing the general objective function Sn(a, 8,0n(0)) by the two-
step objective function S2n(0) defined in (420), we can obtain the results in the corollary. Note
that in this case the b3 depends on both the one-step estimator @; and the two-step estimator
a; . Q.E.D.

Proof of Corollary 3 The continuously updating estimator depends on a weighting matrix
which is continuously updated by the value of the estimator. But, we can simplify the limiting
weighting matrix by Lemma 1 and Assumption 3,
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Wi(a, B) = Wn(a, Bo + bIVN)
5 o, po).
The limiting weighting matrix doesn't depend on b . Then we can follow Theorem 1 by

replacing the general objective function Sn(a, 8,0n(6)) by the continuously updating objective
function Scn(0) defined in (545). Q.E.D.

Proof of Theorem 2 We have
Sn(00;60) = [N ZN: $i(00)]' Wn(Bo)[N2 ZN: 9i(60)]
i=1 j=1
The first and the last terms can be rewritten as |
N2 ZNI $i(00) = N7 zN}[qsi(e) ~ E$i(9)] + JNEN™ ZN} $i(0)
i1 i-1 i-1
= W(0o) + C + m1(0o) + VN m2(Bo)

by Assumptions 2 and 4. Since M1(fo) = 0 and M2(Bo) = 0 from Assumption 2, we have

N
N-112 Z¢i(90) 4 0 = N(C,Q(0o,00)).

i=1

By Assumption 3, we have

Wn(00) > Q1(00,60)
So we obtain that

Sn(00;00)

d ! _

- 0'Q(00,00)0

5 2a4<(C'Q1(00,00)C). Q.E.D.

Proof of Theorem 3 We follow Kleibergen's (2005) idea to construct two asymptotically
independent variables. By Assumption 5, we have

1 ZNZ (weo) — E[¢i(00)]

d / N
N 5 o) ey ) (e
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where

Yy
(TJ ~ N(O,V(0)).

Pre-multiplying it by

lHk 0
A A 1 J
—Vq¢(90)V¢¢(90)_ ImHk

and by Assumption 6, we have

lnk 0
—Vq¢(90)V¢¢(90)_1 Ik
L) IHK 0
Vs (00)Vp(o)™  Imhx

Let

N
Fn(00) = D _{¢i(00) — E[¢i(00)]}

i=1
and

N
u(00) = D _{0i(00) — E[qi(00)]}-
i=1

Then, we can obtain that

N e 0 (N%N(ao))
—(/\q¢(90)</\¢¢(90)71 ImHk Niqu(HO)

m( LG )
NG (00) — N"Vq4(00)V4s(80) ¢ (00)

( )
I q¢

Waqs = Pq — Vap(@0)Vep(00) Wy
and
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¥, ) NGO V4(00) 0
(‘Pw O 0 Vaqe(6o)

Note that
Vaq.s(00) = Vaq(@0) — Vs (00)V4s(00) V44 (00)

So (\P;’\Pa«b), has a joint normal distribution with zero correlation which means the

asymptotic independence between ¥y and Yas .
Next, note that

N0, (80) — N Va0 (00)V5 (B0) 6 (00)
— [N"Lqn(00) — Ny (00)Vs (00) L3y (00)] — EN-Lan(00)

— NDn(00) — J5(00).
So we have

Jﬁ( N_laN(QO) )
vec(N"1Dn(0o) — Jo(00))
*(we)
Yoo J
Now, consider the K statistic,
K(0o) = ﬁ(asN(eo;90)/59)[6N(90)’%i(%)ﬁw(eo)]1
x x(0Sn(0o;00)/00)'
= N2 (00) ¥y (00)Dn(00) Dn(00) ¥ 55 (80) D (801
« Bu00)/7 54 (00IN 2 (00).

Let

2 = Bu00)V,;00)Dn(@0)]2Bn(00) ¥ 1y 00INL2F,,(00).
and

N\

= [Bu(00) V5 00)Dn (0012 Dx(00) Vs (90)

N
x INENL D" ¢i(00).
i=1

1>

By Assumption 2 and Assumption 4, we have

104



E = & ~ N, Iuk)
and

[x1>
(1]

p
BN

[C]
where
Z[C] = [D'V4(00)D] 2DV (00)C
A~ d
and Y(N)Dn(6o) - D .
When 0 is well identified, Jo(60) has full rank. We set ¥(N) = 1/N | then
N-1Dn(00) = —L— (VN N"1Dn(00) — Jo(00)]F + Jo(0o)
JN
% ¢,
13 d
because VN [VEC(NDn(0o) — J0(00))] - ¥qo .
When 6 is weakly identified, J6(00) = Jon(B0) = Co/VN  weset 7(N) = 1N | then

|\|—1/26N(00) = N[N‘lﬁN(Qo) —Jg(00)] + VN Jy(00)
d
- Cq + \Pq(p

When is totally nonidentified, Jo(60) = 0 . We set y(N) = /YN | then

~ d
N_1/2DN(90) - lPQ-d" Q.E.D.
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5.0 CONCLUSIONS

Empirical economic studies are often confronted by the joint problem of weak instruments and
near exogeneity, such as labor economics and empirical economic growth theory. This
dissertation presents new evidence and solutions on estimation and inference with weak
instruments and near exogeneity. Chapter 1 reexamines the effect of institutions on economic
performance in Acemoglu, Johnson and Robinson (2001) where the measurement of current
institutions is instrumented by European settler mortality rates. Since many economists argue
that the settler mortality rates can possibly affect economic performance through other channels,
I reexamine the effect of institutions by considering near exogeneity. | provide some evidence to
show that the effect of institutions is not significant in many regression specifications when the
settler mortality rates are used as the main instrument. Chapter 2 studies estimation and inference
with weak instruments and near exogeneity in a linear simultaneous equations model. | show that
near exogeneity can exaggerate asymptotic bias of the TSLS and the LIML estimators. When
using critical values from chi-square distributions, Anderson-Rubin and Kleibergen tests under
exogeneity have a large size distortion. | propose the delete-d jackknife based Anderson-Rubin
and Kleibergen tests to automatically reduce the size distortion in finite samples without a need
for any pretest of exogeneity. Chapter 3 extends estimation and inference with weak
identification and near exogeneity into a GMM framework with instrumental variables. A GMM
framework allows nonlinear and nondifferentiable moment conditions. | examine asymptotic
results of one-step GMM estimator, two-step efficient GMM estimator and continuously
updating estimator with weak identification and near exogeneity. Near exogeneity can produce
relatively large bias for all these estimators. The Anderson-Rubin type and the Kleibergen type
tests under near exogeneity converge in distribution to nonstandard distributions, which creates
large size distortion when using critical values from chi-square distributions. The delete-d

jackknife based approach can reduce the size distortion
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