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THE KINEMATIC FUNDAMENTAL FORMULA 

- A Theorem with Implications to Dosimetry and Microdosimetry -

A.M. Hellerer 

Institut für Medizinische Strahlenkunde der Universität Würzburg, 
Versbacher Straße 5Λ D-8700 Würzburg 

ABSTRACT: The random superposition of geometric objects - charged particle 

tracks and cellular structures - is a central problem of microdosimetry. 

Similar problems of random intersection occur in conventional dosimetry· 

The fundamental formula of integral geometry relates to this problem and 

containsas special cases3 a variety of notable results. 

The familiar Cauchy theorem and its generalizations are chosen to illustrate 

the fundamental formula. 
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INTRODUCTION 

The development of the computational approach to microdosimetry r e q u i r e s 

the e x p l o r a t i o n of u n d e r l y i n g mathematical p r i n c i p l e s that belong l a r g e l y 

to the f i e l d of geometrical p r o b a b i l i t y . A c o n t r i b u t i o n to the preceding 

syrrpcsium (1) has o u t l i n e d - without mathematical r i g o r and without de

tai led d e r i v a t i o n - some r e l e v a n t concepts and r e s u l t s . The present r e 

port deals with the deeper root of c e r t a i n r e s u l t s that may appear puzz

l ing due to t h e i r general but seemingly i s o l a t e d c h a r a c t e r . The w e l l 

kno/vn Cauchy theorem together with i t s l e s s f a m i l i a r g e n e r a l i z a t i o n s 

w i l l oe u t i l i z e d as example of a r e l a t i o n that can be traced back to the 

Funlanental Kinematic Formula of Blaschke (see (2) or (3)). A recent r e 

s u l t on the mean number of clumps r e s u l t i n g from f i g u r e s randomly placed 

on a plane (4) would be an e q u a l l y good example, and there a r e numerous 

other remarkable r e s u l t s of geometric p r o b a b i l i t y that are rooted in the 

fundanental theorem. 

The present note i n d i c a t e s merely the general nature of one of the deep 

r e l a t i o n s of i n t e g r a l geometry. The reader is r e f e r r e d to an adequate 

t r e a t n e n t , such as the monograph of Santalo (3). 

The mathematical essence of microdosimetry is the problem of the random 

overlap of two types of geometrical s t r u c t u r e s the receptors, i . e . c e r 

ta in - e l l u l a r s t r u c t u r e s , and the charged p a r t i c l e tracks, i . e . the c o n -

f i g j r a t i o n s of energy d e p o s i t s produced by i o n i z i n g p a r t i c l e s . The no

tion of the product of two geometric objects introduced by Minkowski 

determines the mean o v e r l a p in the uniform, i s o t r o p i c random i n t e r s e c 

t ion of two geometrical o b j e c t s . It encompasses the more narrow concept 

of the a s s o c i a t e d volume that has been introduced by Lea i n t o r a d i a t i o n 

biology, and that permits the d e r i v a t i o n of the frequency-mean event 

s i z e s . The v a r i a n c e of the o v e r l a p of two geometrical o b j e c t s is d e 

termined by t h e i r proximity functions, that are in essence the point 
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p a i r d i s t a n c e d i s t r i b u t i o n s . Appl ied to microdosimetry the r e l a t i o n 

permits the d e r i v a t i o n of the dose-average event s i z e s ( 5 ) . 

In the f o l l o w i n g only one s p e c i f i c a s p e c t in t h i s general context 

- the mean o v e r l a p , not the v a r i a n c e - w i l l be c o n s i d e r e d . This w i l l 

s e r v e to exempl i fy the r o l e of i n t e g r a l geometry in a wider range of 

m i c r o d o s i m e t r i c problems. 

The Cauchy Theorem and its Generalizations 

The Cauchy theorem ( 6 , 7 ) s p e c i f i e s the mean chord length that r e s u l t s 

when a uniform i s o t r o p i c f i e l d of i n f i n i t e s t r a i g h t l i n e s in t h r e e - d i 

mensional s p a c e , R^, i n t e r c e p t s a convex body of volume V and s u r f a c e 

S: 

λ = W / S in R 3 (1) 

The r e l a t i o n f o r a convex f i g u r e of perimeter s and area a in two-

dimensional space i s : 

λ = π β / s in R £ (2) 

The r e s u l t (see F i g . l ) i s notable for i t s g e n e r a l i t y . I t i s even more 

s t r i k i n g that the r e l a t i o n a p p l i e s e q u a l l y for non-convex volumes or 
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F i g . 3 

f g i r e s , provided one c o n s i d e r s each connected i n t e r c e p t s e p a r a t e l y , 

as n d i c a t e d in F i g . 2 . However, one can go f u r t h e r , and f i n d s that the 

same r e l a t i o n s remain v a l i d with curved random l i n e s as in F i g . 3 - A 

uri-'orm and i s o t r o p i c d i s t r i b u t i o n of the random l i n e s (or the domains) 

is :he only p r e c o n d i t i o n . 

A f u r t h e r s t e p i s the c o n s i d e r a t i o n of random l i n e s that are of f i n i t e 

length; the Cauchy theorem r e t a i n s i t s v a l i d i t y in a s l i g h t l y modified 

f ο rn: 

λ is the mean length of i n t e r c e p t s , with i n d i v i d u a l segments taken s e 

parately as i n d i c a t e d in Fig.*K t is the mean length of the random l i n e s , 

whi'e Τ e q u a l s 4V/S in R̂  and ira/s in R^. 

Even t h i s is not the u l t i m a t e g e n e r a l i z a t i o n . The l i n e s t r u c t u r e s may 

λ = (1 / I + 1/ t ) (3) 

F i g . k F i g . 5 
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a l s o be branched as represented in F i g . 5 , and Eq(3) w i l l remain v a l i d . 

However 1, the s t r u c t u r e s must not c o n t a i n loops, a somewhat p u z z l i n g r e 

s t r i c t i o n a t t h i s point but one that w i l l be understood on the b a s i s 

of the subsequent c o n s i d e r a t i o n s . 

The proof o f the g e n e r a l i z e d Cauchy theorem (8) i s remarkably s i m p l e , 

but evokes the f e e l i n g that there must be a deeper root to t h i s seemingly 

i s o l a t e d r e s u l t . C o n s i d e r a t i o n of the formula of B l a s c h k e w i l l indeed 

show t h a t i t c o n t a i n s E q s ( l ) to (3) as mere s p e c i a l c a s e s . 

The Fundamental Formula of Blaschke 

Towards the end of the n i n e t e e n t h century important work had been done 

in the f i e l d of geometric p r o b a b i l i t y ; the f i n d i n g s of Crofton seemed 

to have exhausted the e s s e n t i a l r e s u l t s . Turning to the a r t i c l e on 

' P r o b a b i l i t y ' in the f a m i l i a r 11th E d i t i o n of the Encyc lopaedia B r i t a n n i c a 

one encounters a survey of geometrical p r o b a b i l i t y , and C r o f t o n ' s a r t i c l e 

in the 10th E d i t i o n had been even more s p e c i a l i z e d . Subsequently the 

f i e l d appears to have l o s t i t s a t t r a c t i o n . I t was r e s u r r e c t e d as Integral 

Geometry in the n i n e t e e n t h i r t i e s by the Hamburg school around Wilhelm 

B l a s c h k e . The f i e l d has a t t a i n e d c o n s i d e r a b l e r e c e n t i n t e r e s t in the c o n 

t e x t of automatic t e x t u r e a n a l y s i s and computerized image a n a l y s i s . 

One of the most s t r i k i n g r e s u l t s i s the fundamental k inematic formula 

obtained by B l a s c h k e (2). The f o l l o w i n g M s a summary i n d i c a t i o n o f i t s 

e s s e n t i a l c o n t e n t . 

For c l o s e d convex geometric o b j e c t s + ^ c e r t a i n measures, m, , can be 

The term closed implies that the body contains its border; the term 
convex implies that it contains the straight connection between any 
pair of its points. 
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de f ined . The f a m i l i a r measure, m , is the volume in R n, the area in 
o ' 3 

R 2» or the length of an i n te rva l in R .̂ The add i t iona l parameters m̂  

can be understood in terms of the p ro jec t i on s of the body into sub-

spaces averaged over a l l o r i e n t a t i o n s : 

m = n-dimensiona1 measure 
ο 

m̂  = average measure of the (n-k)-dimensiona1 pro jec t ions 

mn = Eu le r c h a r a c t e r i s t i c , χ ( =1 for convex bodies ) . 

In R̂  the parameter m̂  i s the average p ro jec t i on a r e a , and m2 i s the 

average p ro jec t i on on a l i n e , i . e . the mean width of the body. 

The fundamental measures can be genera l i zed to apply a l s o to non-convex 

geometric ob jec t s that are const ructed out of a f i n i t e number of convex 

bodies . The d e f i n i t i o n i s made unique by the requirement of a d d i t i v i t y : 

m k (A 1 wA 2 ) = + m

k ( V " m k ( W ^ 

For non-convex bodies the parameters can not be v i s u a l i z e d in terms 

of p r o j e c t i o n s , but they can s t i l l be in terpreted in terms of more 

or l e s s f a m i l i a r concepts. In R̂  one has: 

m = volume = V 
ο 

m.j = surface/A = 5/k ^ 

m2 = i n teg ra l of the mean curvature = Μ 

= Eu l e r c h a r a c t e r i s t i c = χ 

In R £: 

m = area = a 
ο 

m̂  = perimeter/π = s/π (6) 

m9 = Eu le r c h a r a c t e r i s t i c = χ 



- 4 7 -

The E u l e r c h a r a c t e r i s t i c , a t o p o l o g i c a l parameter , e q u a l s ί i f the 

body c o n s i s t s of i s imply connected p a r t s . When h o l e s occur the v a l u e 

of χ i s reduced. In the E u l e r c h a r a c t e r i s t i c i s equal to the num

ber of o u t e r contours minus inner c o n t o u r s . For example χ = 0 f o r a 

r i n g , and χ = -1 f o r a domain w i t h two h o l e s . 

Assume that two bodies Â  and (K^ i n t e r s e c t randomly. Then a random 

region of i n t e r s e c t i o n r e s u l t s . I t s measures, m^, a r e , of c o u r s e , 

random v a r i a b l e s . The fundamental formula e x p r e s s e s the mean v a l u e s 

of these parameters in terms of the measures, m, and m, , of the two 
1 k 2 k 

i n t e r s e c t i n g r e g i o n s . 

A s p e c i f i c a t i o n of the process of random i n t e r s e c t i o n i s r e q u i r e d . 

Assume a f i x e d p o s i t i o n of Â  and l e t the p o s i t i o n o f a r e f e r e n c e 

point of A^ be uniformly d i s t r i b u t e d throughout a s u f f i c i e n t l y l a r g e + ^ 

neighbourhood, G, of A^. The random o r i e n t a t i o n of A^ i s assumed to be 

i s o t r o p i c . A l l p o s i t i o n s of A 2 that do not r e s u l t in an i n t e r c e p t a r e 

d i s r e g a r d e d . Let γ be the i n t e g r a l over G o f the p r o b a b i l i t y of i n t e r 

c e p t . Then γ i s the measure of the Minkowski product, Α ^ΦΑ ^ , averaged 

over a l l o r i e n t a t i o n s . The Minkowski product i s a l s o c a l l e d the 

dilatation ( 9 ) . I t i s , as s t a t e d e a r l i e r , the g e n e r a l i z a t i o n of the 

associated volume; A^e A 2 i s c a l l e d the a s s o c i a t e d volume of Â  i f 

i s a s p h e r e . 

There a r e , as i s w e l l known, o t h e r types of randomness that must be 

The requirement is A^r\A^=o for all positions with the reference 
point outside the region G. 
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d i s t i n g u i s h e d from uniform i s o t r o p i c randomness and that are not a l l 

r e l a e d to i t (see (10,11) for random chords, and (1) for the general 

case . 

With the s t a t e d convent ions one o b t a i n s the formula for the mean values 

of tie fundamental parameters of the region of i n t e r s e c t i o n : * ' 

1 γ , k . k 
— ) (·.) m. m. 

Y A = k J b, b j 1' 2J 

(7) 

b^ i: the measure of the k -d imensional unit b a l l (with b =1) . 

This i s the fundamental formula , obtained by Blaschke for and 

exteided to R by S a n t a l o . 
η 7 

The t x p l i c i t equat ions f o r 2 -dimensional space a r e : 

Ύ 1 z 

= Z ( a1 5 2 + a 2 S l ) (8) 

"™" - ( a 1 X 2 + s 1 s 2 / 2π + a 9 χ , ) 2 λ Γ 

The indices i d e n t i f y the parameters of the i n t e r s e c t i n g b o d i e s , and 

A 2 , end "a, s" and "χ are the mean a r e a , perimeter and E u l e r c h a r a c t e r i s t i c 

of the i n t e r s e c t i o n . 

THs relation combines results that are conventionally stated in 
separate form (e.g. Eqs(15.20)3 (15.72) and (15.36) in Santalb's 
monograph).- I am indebted to U.-G. Keller er for the elegant con
densation of Blaschke 's theorem in terms of the parameters my. 
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With the analogous n o t a t i o n one o b t a i n s f o r 3~dimensional s p a c e : 

ν - 1 v, v 2 

s = 1 (v, s 2 + v 2 s,) 
γ (9) 

Μ = I (V 1 M2 + ti2S} S 2 / 16 + V 2 

X = ~ ( V1 X 2 + ( S1 M 2 + S 2 Μ 1 ) Μ π + V 2 x 1 } 

I f both A 1 and A 2 are convex one has 1 * x and the i n t e r s e c t i o n i s 

a l s o s imply c o n n e c t e d , χ = 1. T h e r e f o r e : 

γ = a i + S1 52^ 2 π + a 2 ' n R 2 ^ 1 0 ' 

γ = V 1 + ( S 1 M2 + S 2 H})/ 4π + V 2 in R 3 (11) 

The average i n t e r s e c t i o n s of convex bodies a r e t h e r e f o r e : 

a a 2 

1 2 in R 2 (12) 
a1 + S1 S 2 ^ 2 7 T + a 2 

V V 
in R, (13) 

V1 + ^ S l M 2 + S 2 + V 2 3 

and analogous formulae apply for s , S or M. S t r e i t (12) has given 

the c o r r e s p o n d i n g r e l a t i o n s for the random i n t e r s e c t i o n of more than 

two convex b o d i e s . 

The formulae have here been l i s t e d for i s o t r o p i c randomness. However, 

they can a l s o be given for o t h e r c o n d i t i o n s . B l a s c h k e has obtained 

h i s o r i g i n a l r e s u l t (2) f o r u n i d i r e c t i o n a l randomness. 
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0 n e may, f u r t h e r m o r e , note that the r e s u l t s can a l s o be formulated 

f ° r the i n t e r s e c t i o n of a body, , from a random s e t w i t h a body, 

^2» from another random s e t . The formulae contain then the averages 

° f the measures of Α Ί and the averages of the measures of A . 

Illustration of the applicability of Eq(lZ): 

Hadwiger (13) lists the measures for elementary bodies in R^. 
•flor the sphere of radius R: 

V = W 3 / 3 S = ^ R 2 Μ = *4nR | 1 | 
s s s 1 1 

t?or the right circular cylinder of radius r and height h: 

V = i rhr 2 S = 2ΤΤΓ 2 + 2πηΓ Μ = π 2Γ + πη |2| 

Example 1: 

1nhe mean intersection volume of a cylinder and a convex body A 
(with V3S,M) is (see Eqs(U) and \2\): 

- = + $ ( π 2 r + π h ) + ( 2 πΓ 2 + 2 τ τ η r ) Η + J 

V 4 π 2 η Γ
2 ν π η Γ

2 

= ( Ί , U r + h ) S , (r+h)M , 1 } - l | 3 

V 4 π η Λ 2 7 T h r V ^ h r 2 

Example 2: 

T'he mean intersection of the cylinder and the sphere is (see 
&qs\3\ and | 1 | ) : 

V = ( - J _ + 3(irr+h) + 3(r+h) + _ ^ } - l ^ 

^ R 3 ^TThr2R 2 π h r R 2 π h r 2 

To? obtain this or related results by explicit integration would 
e Q i u s e evident difficulties. 
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Example 3: 

Taking the limit r ->«> and h-+o in Eq\3\ one obtains the mean 
intersection area 3 a - V/h, of a random plane with a convex 
body: 

a = 2ttV/M |5| 

Example 4: 

Taking the limit r -*o in Eq\J>\ one obtains the mean intersection 
length, λ = ν/πτ^, with a straight line of length hu i.e. the 
Cauchy theorem for straight line segments: 

Ί = ( S / W + 1 / h f 1 | 6 i 

4V/S equals I, and h corresponds to t in Eq(l). 

Other examples are left to the reader. 

Relation to the Generalized Cauchy Theorem 

For non-convex bodies the fundamental formulae c o n t a i n the f a c t o r γ , 

(the average s i z e of the Minkowski product that i s p r o p o r t i o n a l to 

the frequency of o v e r l a p of and A^ in a Poisson p r o c e s s ) . The 

magnitude of γ i s not always r e a d i l y o b t a i n e d , because i t i s , u n l i k e 

the m^, not a s imple i n t e g r a l over l o c a l p r o p e r t i e s of the geometric 

o b j e c t s , γ depends i n s t e a d on the o v e r a l l c o n f i g u r a t i o n of Â  and A 2 -

However, one can c o n s i d e r the r a t i o s a / χ or V / χ . Then the f a c t o r γ 

c a n c e l s and one o b t a i n s r e l a t i o n s that are analogous to those f o r con

vex bodies (see Eqs(12) and (13)): 

ä a1 a2 , 1 M 

<a> = — = U ^ ) 
X a1 *2 + s1 s 2 / 2 l t + a2 x1 
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(15) 

l e d isappearance of the f a c t o r γ , even for non-convex b o d i e s , is the 

ky to the g e n e r a l i z e d Cauchy theorem. It is obtained from E q s ( l ^ ) and 

(5) in the l i m i t where A 2 c o n s i s t s of thin ribbons or f i b e r s , i . e . 

c l i n e a r s t r u c t u r e s . However the d e r i v a t i o n requires that the l i n e a r 

s r u c t u r e s c o n t a i n no loops ( χ 2 = ΐ ) . The i n t e r s e c t i n g parts of the l i n e a r 

s r u c t u r e s w i l l then a l s o have no loops, so that χ is simply the average 

nmber of s e p a r a t e segments per i n t e r s e c t i o n , a / χ and V / χ are t h e r e -

fre the average s i z e s of the separate segments of the i n t e r s e c t i o n . 

T i s is the e s s e n c e of the g e n e r a l i z e d Cauchy theorem. 

Oe can go one f i n a l step f u r t h e r and observe t h a t , in the p l a n e , the 

i t e r s e c t i o n of s imply connected f i g u r e s w i l l never contain h o l e s . <a> 

i t h e r e f o r e always the average a r e a of separate parts of the i n t e r s e c -

ton of two f i g u r e s . This i s i n d i c a t e d in F i g . 6 as a f i n a l g e n e r a l i z a -

ton of the Cauchy theorem. The mean s i z e of separate domains of i n t e r -

s c t i o n of two s imply connected f i g u r e s A. and A 9 i s : 

<a> = ( l / a 1 + s . s 9 / 2π a , a 9 + l / a 9 ) 
-1 

(16) 

iA, 

F i g . 6 
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The s o l u t i o n f o r l i n e a r s t r u c t u r e s i s d e r i v e d f r o m E q ( l 4 ) o r E q (16 ) 

a s f o l l o w s . L e t be a r i b b o n l i k e s t r u c t u r e ( p o s s i b l y w i t h b r a n c h e s 

but w i t h o u t l o o p s ) o f n a r r o w w i d t h ε and o f t o t a l l e n g t h t . Then a ^ z t , 

s^=2t and χ 2 = 1 . O m i t t i n g t h e i n d i c e s i n a ^ , s ^ , and χ^ one o b t a i n s t h e 

mean s e g m e n t l e n g t h λ : 

χ = H m ( i l l = 1 (JL + L L ± + i - Γ 1) = ( s / π β + 1 / t ) " 1 ( 1 7 ) 
ε _ ^ 0 ε ε ax 2 i ra te e t 

T h i s i s t h e g e n e r a l i z e d Cauchy t h e o r e m ( s e e E q ( 3 ) ) f o r l i n e a r s t r u c t u r e s , 

i n R 2 . F o r R^ one c a n a p p l y a n a l o g o u s c o n s i d e r a t i o n s t o Eq(13) u t i l i z i n g 

the f a c t t h a t t h e i n t e g r a l mean c u r v a t u r e o f a t h i n f i b e r o f l e n g t h t 

e q u a l s i r t ; a l t h o u g h t h e d e r i v a t i o n i s s l i g h t l y more c o m p l e x i t , t o o , i s 

e l e m e n t a r y . 

W h i l e t h e C a u c h y t h e o r e m e x e m p l i f i e s w e l l t h e i m p l i c a t i o n s o f t h e f u n d a 

menta l f o r m u l a , i t i s o n l y one e x a m p l e among numerous o t h e r s . The r e s u l t s 

o f g e o m e t r i c p r o b a b i l i t y a r e c o m p a r a t i v e l y l i t t l e known t o t h e n o n - s p e 

c i a l i s t , b u t t h e y c a n be r e m a r k a b l y p o w e r f u l t o o l s i n t h e a n a l y s i s o f 

random s t r u c t u r e s and i n a l l p r o b l e m s o f random s u p e r p o s i t i o n . 
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