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Criteria for the Applicability of LET3 

A . M . K E L L E R E R A N D D . C H M E L E V S K Y 2 

Department of Radiology, Radiological Research Laboratory, College of Physicians and 
Surgeons, Columbia University, New York, New York 10032 

K E L L E R E R , A . M . , A N D C H M E L E V S K Y , D . Cr i ter ia for the Applicabilit\r of L E T . Radial. 
Res. 63, 226-234 (1975). 

Linear energy transfer is only one of the factors which determine energy deposition 
i n microscopic regions. Other factors are the range of charged particles, energy loss 
straggling, and energy dissipation by delta-rays. Graphs are presented delineating 
those regions of site diameters and particle energies for which the i n d i v i d u a l factors 
are important . I n the case of protons and other heavy ions one finds a substant ia l 
interval of site diameters and particle energies for which the L E T concept is appropriate , 
i.e., where L E T is the only relevant factor. N o such interval exists for electrons. 

I N T R O D U C T I O N 

Linear energy transfer ( L E T ) a n d re lated concepts have been i n t r o d u c e d i n 
order t o evaluate the energy deposited b y charged partic les i n microscopic 
regions (1-4). Since L E T is on ly a s ta t i s t i ca l mean, a r igorous analysis m u s t 
be based on the microdos imetr i c quant i t i e s w h i c h account for t h e s t a t i s t i c a l 
processes i n energy deposit ion (5-7). There are, however, cases i n w h i c h L E T 
is a useful a p p r o x i m a t i o n , n o t on ly i n q u a l i t a t i v e comparisons of d i f ferent 
r a d i a t i o n types, b u t also i n n u m e r i c a l evaluat ions . Var ious a u t h o r s have dealt 
extensively w i t h th i s p o i n t (1-4, 8-12). Nevertheless, i t is o f t e n d i f f i c u l t t o 
judge the a p p l i c a b i l i t y of L E T i n a specific s i t u a t i o n . C r i t e r i a for i t s range 
of v a l i d i t y are therefore desirable. 

F A C T O R S R E L E V A N T T O E N E R G Y D E P O S I T I O N 

T h e s i t u a t i o n w h i c h w i l l be considered i n the f o l l ow ing is t h e t r a v e r s a l or 
p a r t i a l t raversa l of a microscopic spherical site of d iameter d b y a charged 
part i c le . T h e a m o u n t of energy deposited i n the site i n such a n event is a s ta 
t i s t i c a l var iab le , and var ious factors determine the p r o b a b i l i t y d i s t r i b u t i o n of 
th i s var iab le . 

1 This investigation was supported by Contract A T ( l l - l ) - 3 2 4 3 from the U n i t e d States Atomic 
Energy Commission and Public Health Service Research Grants Nos. CA 12536 and C A 15307 
from the Nat iona l Cancer I n s t i t u t e . 

2 Present address: Centre d'Etudes Nucleaires, DPr /Sps , Fontenay-aux-Roses, France. 
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T h e most- e l ementary factor is the random d i s t r i b u t i o n of chord lengths i n 
the s ite . E v e n i f the part i c le t r a c k is t reated as an in f in i t e s t r a i g h t l ine w i t h 
u n i f o r m ra te of energy loss, L , one deals w i t h var ia t i ons of the energy deposi
t i o n f r o m the m a x i m u m value, Ld, for central traversals to a r b i t r a r i l y smal l 
values for g lanc ing traversals . I t has been shown (13) t h a t the resu l t ing dis
t r i b u t i o n of energy i m p a r t e d , e, is t r i a n g u l a r : 

p(e) = 2e/(Ld¥ 0 < e < Ld, (1) 

t h a t t h e m e a n c h o r d l e n g t h is I = 2 d / 3 , a n d t h a t the re lat ive variance Vc 
is (14): 

Vc = «*/? = J . (2) 

T h i s r a n d o m factor need n o t be considered a l i m i t a t i o n of the L E T concept 
since i t can r e a d i l y be accounted for i n those cases where i t is re levant (13, 15). 
M o r e o v e r , the f a c to r is usual ly u n i m p o r t a n t compared t o the f luctuat ions due 
t o t h e v a r i a t i o n s i n L E T . T h e re la t ive variance of the L E T d i s t r i b u t i o n s is 
VL — LD/LT — 1 w rhere LD and Lr are the dose and the frequency mean of 
the L E T - d i s t r i b u t i o n (12). I t has been f ound (14) t h a t the re lat ive variance 
of the energy i m p a r t e d t o the site i n i n d i v i d u a l part i c l e passages i s : 

V = Vc + VL = I + (LD/LT ~ 1), (3) 

where t h e second terms is d o m i n a n t except i n the so-called t r a c k segment 
exper iments (16, 17). 

E n e r g y loss s t ragg l ing , the r a d i a l extension of the par t i c l e t racks , and the 
finite range of the part ic les are a d d i t i o n a l factors w h i c h can influence the spec
t r u m of energy depos i t ion . T h e i r influence w i l l be considered next . 

I f the p a r t i c l e range is large as compared to the site d iameter , the change 
of L E T w h i l e the par t i c l e traverses the site can be neglected. U n d e r th i s con
d i t i o n t h e r e l a t i v e variance of energy deposition due t o energy loss s trag 
g l i n g is (14): 

Vs = h/l (4) 

where I is t h e mean t o t a l energy transferred t o the site i n a t raversa l , and 5 2 

is the energy m e a n of the energy transferred i n i n d i v i d u a l collisions. L e t w(e)de 
be the f r a c t i o n of collisions wh i ch are associated w i t h energy transfer between 
e a n d e + de. T h e n 82 is defined as (14): 

02 = / e2w(e)de / I € w(e)de (5) 
J «min J < m i n 

A n u m e r i c a l a p p r o x i m a t i o n of th i s q u a n t i t y w i l l be used i n the next section. 
I t has been demons t ra ted t h a t w i t h the factors considered up to th i s p o i n t 

the r e la t i ve var iance of the energy transfer in i n d i v i d u a l part i c le passages is (14): 

V = Vc + VL + Vs = i + (LD/LT - 1) + h/h (6) 

T h i s a d d i t i v i t y of the increments of the re lat ive variance due t o the di f ferent 
factors p e r m i t s a comparison of the role of energy loss s t ragg l ing w i t h t h a t 
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of chord- length v a r i a t i o n s a n d of var ia t i ons of L E T . The. re lat ive variance, 
as a dimensionless q u a n t i t y , has the advantage t h a t i ts value is the same for 
the d i s t r i b u t i o n of energy i m p a r t e d i n i n d i v i d u a l events a n d for the c o m m o n l y 
used event spectra f(y) or fi(z) w h i c h refer t o l ineal energy or specific energy 
(18, 19) instead of energy i m p a r t e d . 

The s i t u a t i o n is c o m p l i c a t e d b y the a d d i t i o n a l factor t h a t for suf f ic ient ly 
smal l sites and for suf f i c ient ly fast charged particles de l ta rays can escape f r o m 
the region of interest or enter i t . T h e energy lost b y the charged par t i c l e i n 
an event can n o t t h e n be e q u a t e d w i t h the energy i m p a r t e d t o the site. T h i s 
factor m u s t be considered whenever the distance-restr icted (12) l inear energy 
transfer , LR, w i t h r equa l t o t h e rad ius of the site, is s ign i f i cant ly smaller t h a n 
the t o t a l u n r e s t r i c t e d l inear energy transfer , T h e n u m e r i c a l c r i t e r i o n w h i c h 
w i l l be chosen i n t h e n e x t sect ion is L R < 0.9 i.e., 1 0 % or more energy 
diss ipat ion beyond t h e d istance r f r o m the t r a c k core. I n E q . 6 the fac tor 
expresses i tsel f i n a r e d u c t i o n of the value 8» w h i c h m u s t be considered the 
m e a n energy i m p a r t e d t o t h e site as the result of a col l is ion and no t the mean 
energy lost b y the p a r t i c l e due t o a col l is ion. 

T h e last poss ib i l i ty w h i c h m u s t be considered is t h a t of incomplete traversals 
a n d of a s ignif icant change of L E T of the part i c l e wh i l e i t traverses the site. 
I n the case of electrons one m u s t also consider the poss ib i l i ty of a subs tant ia l 
c u r v a t u r e of the t r a c k segment. T h e influence of these factors can n o t be q u a n 
t i f i e d i n a s imple r e l a t i o n as E q . (6) . H o w e v e r a general c r i t e r i o n is t h a t these 
factors are ins ign i f i cant i f t h e range of the part i c l e is large compared t o the 
d imension of the s ite . 

T h e object of t h i s sect ion is t o determine those charged par t i c l e energies 
and site diameters for w h i c h the factors finite t r a c k l eng th , energy loss s t rag 
g l ing , a n d de l ta - ray escape can be neglected. 

Assume t h a t the range of t h e p r o t o n is R a n d t h a t I — 2d/S is the m e a n 
chord l e n g t h i n the site . T h e n t h e mean segment l e n g t h , $, of the t r a c k i n the 
site is (20): 

For R = 10 I one ob ta ins s = 0.91 I, i.e., a r e d u c t i o n of less t h a n 1 0 % i n seg
m e n t lengths because of in comple te passages. F u r t h e r m o r e , one finds t h a t for 
charged partic les the L E T changes b y less t h a n 5 % i f the range changes by 1 0 % . 
A reasonable c r i t e r i o n for d isregarding the finite range of the par t i c l e a n d the 
gradient of L E T is therefore R > 6d. I n F i g . 1 the region I corresponds to 
those combinat ions of site d iameter , d, and p r o t o n energy, E, for w h i c h the 
c r i t e r i o n is n o t m e t . T h i s is therefore the region where the finite p r o t o n range 
m u s t be t a k e n i n t o account . T h e ranges and s topp ing powers used i n the present 
analysis are those g i v e n b y I C R U (12) for water . 

T h e second factor w h i c h w i l l be assessed is energy-loss s t ragg l ing . Here we 
w i l l choose the c r i t e r i o n t h a t the c o n t r i b u t i o n of s t ragg l ing t o the re lat ive 

N U M E R I C A L E V A L U A T I O N O F T H E I N D I V I D U A L F A C T O R S 

(7) 
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ENERGY (MeV) 

F I G . 1. D iagram of the ranges of site diameters and proton energies where other factors i n addi 
tion to L E T are relevant to energy deposition. The symbols /?, S, and 5 ident i fy those domains in 
which l imi ted particle range, energy-loss straggling, and energy dissipation by delta-rays are 
pertinent. I n region I I L E T is the only relevant factor. 

variance a t the i n i t i a l energy, E, of the part i c le is less t h a n the value f w h i c h 
corresponds to the chord - l ength var ia t i ons i n the sphere. T h u s : 

Vs = h/l = 3d3/2Ld $ I, (8) 

where L is the L E T at the i n i t i a l energy of the p a r t i c l e . Accord ing ly one has : 

d > 1 2 5 2 / L . (9) 

<52 can be a p p r o x i m a t e d b y the value w h i c h results (14) f r o m the so-called free 
electron m o d e l : 

82 = W x / 2 ^ ( e m a x / 7 ) , (10) 

where I is the mean exc i ta t i on energy of the m e d i u m a n d € m a x is the m a x i m u m 
del ta -ray energy. I n the case of suff ic iently energetic b u t nonre la t i v i s t i c protons 
of energy E one has € m a x = 2?/459. W i t h th i s va lue a n d w i t h 7 = 65 eV one 
obtains the values 80 g iven i n F i g . 2. One m a y note t h a t these values are some-

ELECTRON ENERGY (KeV) 

*2 

(keV) 

0.1 1 10 100 
PROTON ENERGY (MeV) 

F I G . 2. Energy mean, 52, of the energy loss of protons and electrons in ind iv idual collisions. The 
values correspond to the so-called free electron model and are calculated for I = 65 eV according 
to Eqs. (10) and (11). For protons the 1/€ 2-spectrum is used, for electrons, the M o t t cross section. 
The energy scales are superimposed in such a way that the m a x i m u m delta-ray energy for the 
protons corresponds to half the electron energy. 
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w h a t too smal l because they do n o t account for the b i n d i n g energies of the 
electrons [see for example (21-2 J+)~]. T h i s inaccuracy is, however, no t s i gn i f i 
cant in the present c o n t e x t . I n s e r t i n g the data of F i g . 2 i n E q . (9) one f inds 
t h a t s traggl ing can be d isregarded i n regions I a n d I I whi le i t must be t a k e n 
i n t o account i n region I I I a n d I V . 

F i n a l l y we consider t h e r a d i a l extension of the par t i c l e t r a c k , i.e., the energy 
diss ipat ion b y de l ta - rays w h i c h m a y leave or enter the site. T h e c r i t e r i o n for 
disregarding th is f a c t o r w i l l be t h a t at the i n i t i a l k i n e t i c energy, E, of the 
particles less t h a n 1 0 % of t h e t rans ferred energy is dissipated f u r t h e r t h a n 
a distance r f r o m the t r a c k core. T h e f r a c t i o n a l escape of energy f r o m a sphere 
of radius r is larger t h a n t h a t o u t of a cy l inder of radius r a r o u n d the t r a c k 
core; th is aspect has been t r e a t e d n u m e r i c a l l y i n an earlier p u b l i c a t i o n (25). 
T h e r a d i a l profiles of energy depos i t i on as a f u n c t i o n of distance f r o m t h e t r a c k 
core are no t accurate ly k n o w n , a n d exper imenta l da ta exist on ly for protons 
up to 3 M e V (26). B u t us ing theore t i ca l extrapo lat ions (26) of these d a t a one 
finds t h a t the r a d i a l extension of the t r a c k and the energy d iss ipat ion b y d e l t a -
rays m u s t be accounted for i n reg ion I V . 

I n F i g . 1 the var i ous regions are m a r k e d b y symbols i n d i c a t i n g the factors 
w h i c h m u s t be considered i n a d d i t i o n t o L E T . R stands for the finite range 
of the part ic le and the g r a d i e n t of L E T on i t s t r a c k ; S stands for energy loss 
s t r a g g l i n g ; and 8 s tands for energy d iss ipat ion b y de l ta -rays . One concludes 
t h a t i n a subs tant ia l range of site d iameters a n d par t i c l e energies, namely i n 
region I I , the L E T concept is a p p r o p r i a t e , i.e., appl icable w i t h o u t considerat ion 
of a d d i t i o n a l factors. I f one goes t o larger site d iameters or t o smaller part i c le 
energies one has t o account for the f inite range of the part ic les . I f one goes 
t o smaller sites or larger p a r t i c l e energies one m u s t first account for s t ragg l ing 
and u l t i m a t e l y also for the energy d iss ipat ion b y de l ta -rays . 

I n deal ing w i t h n e u t r o n i r r a d i a t i o n s one m u s t determine those regions i n t o 
w h i c h signif icant f rac t i ons of t h e recoi l protons f a l l , and m u s t t h e n consider 
the factors w h i c h a p p l y t o these regions. For example one finds for a site d iame
ter of 1 /xm, t h a t energy loss s t ragg l ing a n d , a fortiori, de l ta - ray s t r u c t u r e can 
be neglected at least u p t o a b o u t 4 M e V . F o r larger site d iameters s t ragg l ing 
can be disregarded a t even higher n e u t r o n energies. C o m p u t a t i o n s of energy 
depositions spectra for neutrons such as the ones per formed b y Caswell and 
Coyne (27, 28) can therefore be qu i t e v a l i d even i f s t ragg l ing is neglected. 
I f the neutron energies or site d iameters fa l l i n t o region I I I the results m a y 
s t i l l be useful a p p r o x i m a t i o n s , b u t a t least those da ta w h i c h correspond to 
the more energetic recoils are t h e n inaccurate . A precise analysis w o u l d there 
fore have to account for energy loss s t ragg l ing . O n l y for s t i l l larger energies 
or smaller site d iameters w i l l i t be necessary t o consider the range of the de l ta-rays . 

Analogous schemata can be der ived for heavier charged part ic les . For th is 
purpose i t is p r a c t i c a l t o p l o t the k i n e t i c energy per nucleol i on the abscissa. 
T h e s topp ing power increases as the square of the effective charge, Z'and 
the range changes b y the f a c to r A/Z'2, where A is the a tomic w e i g h t of the 
part i c le . T h e s p e c t r u m of de l ta - rays and therefore the q u a n t i t y 52 and the 
r a d i a l d i s t r i b u t i o n of energy a r o u n d the t r a c k core r e m a i n unchanged. 
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F I G . 3 . D iagram of the ranges of site diameters and energies of alpha-particles where other 
factors i n addi t ion to L E T are relevant to energy deposition. T h e symbols R, S, and 5 identi fy 
those domains i n which l imi ted particle range, energy-loss straggl ing, and energy dissipation by 
delta-rays are pert inent . I n region I I L E T is the only relevant factor. 

F I G . 4 . Diagram of the ranges of site diameters and energies of oxygen ions where other factors 
in addi t ion to L E T are relevant to energy deposition. The symbols, R, S, and 5 ident i fy those 
domains in which l imi ted particle range, energy-loss straggling, and energy dissipation by delta-
rays are pert inent . I n region I I L E T is the only relevant factor. 

A c c o r d i n g l y the region where the l i m i t e d p a r t i c l e range m u s t be considered 
is sh i f ted b y the factor A/Z'2 i n site d iameters . T h e region where s tragg l ing 
m u s t be accounted for is reduced b y the factor Z/2 t o w a r d s smaller site d iame
ters. T h e region where energy diss ipat ion b y d e l t a - r a y s plays a role remains 
unchanged. 

U s i n g s t opp ing powers and ranges for w a t e r 3 one obta ins F i g . 3 for a lpha -
part ic les . I n t h i s case the region of v a l i d i t y of L E T is larger t h a n for protons . 
E n e r g y loss s traggl ing and energy diss ipat ion b y d e l t a - r a y s are about equal ly 
c r i t i c a l factors for a-partic les . 

For even heavier ions the energy d iss ipat ion b y de l ta - rays is the d o m i n a n t 
factor a n d energy loss s traggl ing is c o m p a r a t i v e l y ins ign i f i cant . F igure 4 repre-

3 P. G . S T E W A R D , Stopping-power and range-energy data of heavy ions in nongaseous media. I n 
Biomedical Studies with Heavy Ion Beams, pp. 8 - 1 2 . Un ivers i ty of Cal i fornia , Lawrence Radiat ion 
Laboratory Report, U C R L - 1 7 3 5 7 , 1 9 6 7 . 

*• 1 1 1 i i f ~ 
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sents as an example the case of oxygen. The range of a p p l i c a b i l i t y of L E T is 
s imi lar to t h a t for a lpha-part ic les . T h i s remains t r u e even for m u c h heavier ions. 

F i n a l l y we consider the other l i m i t , namely t h a t of electrons. One m a y again 
use the c r i t e r i on R > 6d as a c o n d i t i o n for d isregarding the f in i te par t i c l e range ; 
th i s is also a sufficient c o n d i t i o n for d isregarding the c u r v a t u r e of the t r a c k 
segment in the site. T h i s c r i t e r i o n separates regions I and I I f r o m I I I and I V 
i n F i g . 5. As far as energy loss s t ragg l ing is concerned one could use the values 
82 for protons b y s i m p l y choosing those p r o t o n energies w h i c h correspond t o 
a m a x i m u m de l ta - ray energy equal t o hal f the electron energy. However a more 
accurate est imate is ob ta ined b y an e v a l u a t i o n of the M o t t f o r m u l a [see for 
example (29, 30)~]. I n s e r t i n g the M o t t cross section i n t o E q . (5) , and se t t ing t h e 
lower l i m i t of the f i rst i n t e g r a l i n th i s equat i on equal t o zero and the lower 
l i m i t of the second i n t e g r a l equal t o € m i n = 2I2/E, one o b t a i n s : 

Cf - 3 I n ( 2 ) ] # 0 .2LE 
82 = = (11) 

2 I n (E/4I) + 1 I n ( E / I ) - 0.885 

where E is the k ine t i c energy of the electron and I the exc i ta t i on p o t e n t i a l . 
T h e resu l t ing values are represented b y the b r o k e n l ine i n F i g . 2, where electron 
and p r o t o n energies are superimposed i n such a w a y t h a t t h e y are associated 
w i t h the same m a x i m u m de l ta - ray energy. W i t h these values a n d w i t h E q . (9) 
one obtains region I i n F i g . 5 as the d o m a i n of e lectron energies and site d iame
ters for w h i c h s traggl ing can be neglected. 

Energy diss ipat ion b y de l ta -rays is more d i f f i cu l t to evaluate for electrons 
because the r a d i a l profiles of energy deposi t ion are no t accurate ly k n o w n . 
I n the absence of precise i n f o r m a t i o n i t is a reasonable assumpt ion t h a t the 
r a d i a l profi le is equal t o t h a t w h i c h is ob ta ined w i t h heavier part ic les for the 
same m a x i m u m de l ta - ray energy. W i t h t h i s a p p r o x i m a t i o n one finds t h a t energy 
diss ipat ion b y de l ta -rays m u s t be considered i n region I V i n F i g . 5. 

The i m p o r t a n t conclusion f r o m F i g . 5 is t h a t for electrons there is no region 
of energies and site diameters where L E T is appropr ia te . E n e r g y loss s t ragg l ing , 

ENERGY (KeV) 

F I G . 5. Diagram of the ranges of site diameters and electron energies where various factors in 
addit ion to L E T are relevant to energy deposition. The symbols R, S, and 8 ident i fy those domains 
in which l imi ted particle range, energy-loss straggling, and energy dissipation b y delta-rays are 
pertinent. There is no region where L E T is the only relevant factor. 
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or the f in i te par t i c l e ranges and the curvature of the t racks m u s t a lways be 
t a k e n i n t o account i n q u a n t i t a t i v e evaluat ions of energy deposit ion. 

C O N C L U S I O N S 

There are three m a i n factors w h i c h i n a d d i t i o n t o L E T determine energy 
deposi t ion i n cel lular or subcel lular regions. These factors are the finite range 
of charged part ic les , the energy loss s traggl ing of charged part ic les , and the 
d iss ipat ion of energy b y de l ta -rays . For protons there is a considerable range 
of site d iameters a n d par t i c l e energies where the role of these three factors is 
ins igni f i cant a n d where the L E T concept is therefore appropr ia te . Outside t h i s 
region t owards smaller part i c l e energies a n d larger site d iameters one m u s t 
take i n t o account the r e d u c t i o n of energy deposi t ion due t o incomplete pas
sages of the part ic les t h r o u g h the site. B e y o n d the region t owards smaller site 
diameters and larger par t i c l e energies one m u s t account for energy loss s t rag 
g l ing . W h i l e energy d iss ipat ion b y de l ta -rays is less i m p o r t a n t t h a n energy 
loss s tragg l ing , i t can also become s igni f icant a t v e r y smal l site diameters and 
large part i c l e energies. 

S i m i l a r results are ob ta ined for heavier ions. H o w e v e r energy loss s tragg l ing 
becomes less i m p o r t a n t for these part ic les a n d the l i m i t i n g factors for h i g h 
part i c le energies and smal l site diameters is energy d iss ipat ion b y de l ta -rays . 

F o r electrons one can never s imultaneous ly meet the t w o condit ions t h a t 
the site d iameter is smal l enough t o keep incomplete traversals at a n ins ign i f i 
cant level , a n d large enough t o l i m i t energy loss s tragg l ing . A t least one of 
these t w o factors must therefore a lways be considered i n a d d i t i o n t o L E T . 
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