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ANALYSIS OF PATTERNS OF ENERGY DEPOSITION 

A Survey of T h e o r e t i c a l R e l a t i o n s i n M i c r o d o s i m e t r y 

Albrecht Μ.Kellerer3 Institut für Biologie der GSF,Neuherberg, 

and Rad, Res. Lab. Columbia University, New York. 

Abstract: The microscopic patterns of energy deposition by 

ionizing radiation are described by ROSSIs probability d i s t r i 

butions of specific energy, z. Theoretical derivation and ana

lysis of the micro dosimetric functions i s based on the con

cepts of probability theory. These concepts are outlined, some 

theoretical relations of practical import are listed, and 

existing computational techniques are referred to. 

I N T R O D U C T I O N 

H i s t o r i c a l l y m i c r o d o s i m e t r y has o r i g i n a t e d from the attempt to 
de t e r m i n e LET d i s t r i b u t i o n s or f l u e n c e d i s t r i b u t i o n s of charged 
p a r t i c l e s from p u l s e h e i g h t s p e c t r a o b served i n p r o p o r t i o n a l 
c o u n t e r s . While t h i s attempt has been only p a r t l y s u c c e s s f u l , 
i t was soon r e a l i z e d t h a t the e x p e r i m e n t a l s p e c t r a a r e of 
i n t e r e s t i n t h e m s e l v e s , and of d i r e c t a p p l i c a b i l i t y to r a d i o -
b i o l o g y . I t has been f o r t h i s r eason t h a t H.H.ROSSI and h i s 
coworkers s t a r t e d to i n q u i r e the d i s t r i b u t i o n s of energy im
p a r t e d to m i c r o s c o p i c volumes. The p r e s e n t paper compiles some 
of the more i m p o r t a n t p r o p e r t i e s of t h e s e p r o b a b i l i t y d i s t r i 
b u t i o n s . The s u r v e y i s based on the d e f i n i t i o n s and t e r m i n o l o 
gy p r e s e n t e d i n the p r o c e e d i n g s of t h i s c o n f e r e n c e 1 . I t i s i n 
tended to p r o v i d e an easy o r i e n t a t i o n , and no c l a i m f o r com
p l e t e n e s s i s made. For b r e v i t y some of the m a t e r i a l i s p r e s e n t 
ed w i t h o u t d e t a i l e d e x p l a n a t i o n s , and p r o o f s f o r some of the 
t h e o r e t i c a l s t a t e m e n t s have to be o m i t t e d . 

P r o b a b i l i t y t h e o r y i s the t o o l of t h e o r e t i c a l m i c r o d o s i m e t r y . 
The monographs by F I S Z 2 , F E L L E R 3 , or GNEDENKO1* as w e l l as any 
o t h e r s t a n d a r d textbook on p r o b a b i l i t y may be used f o r r e f e r 
ence to the c o n c e p t s of d i s t r i b u t i o n s , t h e i r moments, t h e i r 
c h a r a c t e r i s t i c f u n c t i onsj and t h e i r s e m i - i n v a r i a n t s . 

There i s every r e a s o n to assume t h a t r a d i a t i o n f i e l d s which 
produce the same s p a t i a l p a t t e r n s of energy d e p o s i t i o n a l s o 
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produce the same b i o l o g i c a l e f f e c t s . I t f u r t h e r a p p e a r s t h a t 
t h e r e i s e s s e n t i a l l y a one-to-one r e l a t i o n between the s p a t i a l 
p a t t e r n s of energy d e p o s i t i o n and the s e t of p r o b a b i l i t y d i s 
t r i b u t i o n s f i ( z ) f o r a r e g i o n of given shape but v a r y i n g s i z e . 
T h e o r e t i c a l l y i t s h o u l d t h e r e f o r e be p o s s i b l e to r e c o n s t r u c t 
s p a t i a l p a t t e r n s of energy d e p o s i t i o n from a s e t of d i s t r i b u 
t i o n s f i ( z ) . One may, c o n c e p t u a l l y , s u b d i v i d e a b l o c k of t i s s u e 
i n t o i n f i n i t e s i m a l elements each s m a l l enough to c o n t a i n a t 
most one i o n i z a t i o n . The number of p o s s i b l e p e r m u t a t i o n s of a 
g i v e n number of i o n i z a t i o n s i n t o t h e s e c e l l s i s f i n i t e . For 
each assumed p e r m u t a t i o n one can c a l c u l a t e the s e t of f u n c t i o n s 
f ι (ζ). C o n s e q u e n t l y one can s e l e c t the p e r m u t a t i ons w i t h mi n i -
mal d i f f e r e n c e of t h e s e f u n c t i o n s to a g i v e n s e t of d i s t r i 
b u t i o n s . Due to the enormous number of p o s s i b l e p e r m u t a t i o n s 
the method i s , of c o u r s e , e n t i r e l y i m p r a c t i c a b l e . I t i n d i c a t e s , 
however, t h a t t h e r e i s , a t l e a s t i n p r i n c i p l e , a way back from 
the m i c r o d o s i m e t r i c f u n c t i o n s to the a c t u a l p a t t e r n s of energy 
d e p o s i t i o n . The q u e s t i o n whether an o p e r a t i o n a l method can be 
found to r e c o n s t r u c t the s p a t i a l p a t t e r n s of energy d e p o s i t i o n 
from the d i s t r i b u t i o n s f i ( z ) i s one of the i n t e r e s t i n g open 
problems of m i c r o d o s i m e t r y . I f such a method e x i s t e d i t would 
s t r o n g l y s u p p o r t the p r e s e n t system of m i c r o d o s i m e t r i c f u n c 
t i o n s . I f i t d i d not, one may have to look f o r more appro
p r i a t e ways to d e s c r i b e the m i c r o s c o p i c p a t t e r n s of energy 
d i s t r i b u t i o n . 

As y e t t h e r e i s no t e c h n i q u e to e x t r a c t a l l i n f o r m a t i o n con
t a i n e d i n the d i s t r i b u t i o n s f i ( z ) . C o n s e q u e n t l y i t i s a l s o not 
p o s s i b l e to c a l c u l a t e the d i s t r i b u t i o n s f o r a n o n - s p h e r i c a l 
r e g i o n from t h o s e determined i n s p h e r e s . N e i t h e r i s i t p o s s i b l e 
to c a l c u l a t e the j o i n t d i s t r i b u t i o n s f o r a d j a c e n t r e g i o n s i f 
the d i s t r i b u t i o n s a r e known f o r the i n d i v i d u a l r e g i o n s . Know
ledge of the mechanisms of r a d i a t i o n a c t i o n and of the s e n s i 
t i v e s i t e s i n the c e l l i s s t i l l too s p u r i o u s to w a r r a n t e x t e n 
s i v e model b u i l d i n g i n v o l v i n g h y p o t h e t i c a l c r i t i c a l r e g i o n s 
and t h e i r z - d i s t r i b u t i o n . There a r e , however, c e r t a i n e x p e r i 
mental f i n d i n g s which even now r e q u i r e the a p p l i c a t i o n of 
z - d i s t r i b u t i o n s o t h e r then t h o s e b e l o n g i n g to i n d i v i d u a l 
s p h e r i c a l r e g i o n s 5 . E x p e r i m e n t a l d e t e r m i n a t i o n of the d i s t r i 
b u t i o n s f o r a l l c a s e s of p o s s i b l e i n t e r e s t would l e a d to an 
unmanageable p i l e - u p of d a t a . I t i s f o r t h i s r e a s o n t h a t one 
has to go back to the f l u e n c e d i s t r i b u t i o n of c h a r g e d p a r t i c l e s 
a s s o c i a t e d w i t h a r a d i a t i o n f i e l d . Knowing the c o l l i s i o n c r o s s 
s e c t i o n s one can i n p r i n c i p l e c a l c u l a t e a l l d i s t r i b u t i o n s of 
imparted energy which may be needed. A c c o r d i n g l y the f o l l o w i n g 
s u r v e y w i l l f i r s t deal w i t h the g e n e r a l p r o p e r t i e s of s p e z i f i c 
e n e r g y, z, and i t s d i s t r i b u t i o n s . Then the d e r i v a t i o n of the 
d i s t r i b u t i o n s f o r a g i v e n r a d i a t i o n f i e l d i s d i s c u s s e d . 
F i n a l l y some of the methods w i l l . b e mentioned which have to be 
employed i f LET d i s t r i b u t i o n s or f l u e n c e d i s t r i b u t i o n s are to 
be d e r i v e d from observed z - d i s t r i b u t i o n s . 
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Α. GENERAL PROPERTIES OF MICRODOSIMETRIC QUANTITIES 

1. The random v a r i a b l e , s p e c i f i c e n e r g y , z. 

The s p e c i f i c e n e r g y , z, i s d e f i n e d as the energy imparted to a 

s p e c i f i e d r e g i o n by i o n i z i n g p a r t i c l e s d i v i d e d by the mass of 

t h a t r e g i o n . T h e r e i s no s t a t e m e n t about the p r e c i s e energy 

v a l u e above which a charged p a r t i c l e i s c a l l e d i o n i z i n g . Con

s e q u e n t l y the c u t - o f f energy below which f u r t h e r d e g r a d a t i o n 

of e n e r g y i s not c o n s i d e r e d i s l e f t open; it.may l i e somewhere 

between leV and 30eV; In a d d i t i o n t h e r e i s some q u e s t i o n whe

t h e r a p o r t i o n of the imparted energy s h o u l d be a l t o g e t h e r ex

c l u d e d from the b o o k k e e p i n g 6 . F o r t u n a t e l y the freedom i n the 

d e f i n i t i o n of ζ does not a f f e c t the d i s t r i b u t i o n s of ζ too 

s t r o n g l y e x c e p t f o r e x t r e m e l y s m a l l volumes. E l e c t r o n s up to 

30eV have a range s h o r t as compared to the dimension of e o l u -

mes f o r which m i c r o d o s i m e t r i c f u n c t i o n s a r e p r e s e n t l y a v a i l s -

a b l e . The c h o i c e of the e x a c t c u t - o f f l e v e l below which a f u r 

t h e r s p a t i a l d e g r a d a t i o n of energy i s n e g l e c t e d i s t h e r e f o r e 

i r r e l e v a n t . The secohd a m b i g u i t y i s more s e r i o u s . I f one de

r i v e s z - d i s t r i b u t i o n s by l o o k i n g o n l y a t a f r a c t i o n of the ab

s o r b e d e n e r g y , the d i s t r i b u t i o n s may a p p r e c i a b l y change. The 

change i s , however, s m a l l i f one d e a l s w i t h e n e r g i e s much l a r 

ger than the w-value of the e v e n t s which a r e t a k e n i n t o a c 

c o u n t . I f , f o r example, one counts i o n i z a t i o n s i n g a s , one 

s h o u l d ( w i t h a p p r o p r i a t e c o r r e c t i o n f o r the m u l t i p l i c a t i o n 

s t a t i s t i c s ) o b t a i n dependable s p e c t r a a t z - v a l u e s which c o r 

respond to more than lOOeV. For lower e n e r g i e s the d e f i n i t i o n 

of ζ i s indeed c r i t i c a l . 

2. D i s t r i b u t i o n s of s p e c i f i c energy 

f ( z ; D ) i s the p r o b a b i l i t y d e n s i t y ( d i f f e r e n t i a l d i s t r i b u t i o n ) 

of z. The c o r r e s p o n d i n g s u m d i s t r i b u t i o n i s F ( z ; D ) . The v a l u e 

of F ( z ; D ) i s equal to the p r o b a b i l i t y t h a t the s p e c i f i c e n e r 

gy i s not l a r g e r than ζ a t dose D; i t i s a l s o equal to the 

p r o b a b i l i t y t h a t a dose l a r g e r than D i s needed to r e a c h the 

v a l u e ζ of s p e c i f i c e nergy: 
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F ( z ; D ) = P(z<z;D) = P(D>D;z) ( 1 ) 

Thus F ( z ; D ) i s a d i s t r i b u t i o n with r e g a r d to both ζ and D. One 

must note, however, t h a t f ( z ; D ) does not have t h i s double pro

p e r t y ; i t i s not the p r o b a b i l i t y d e n s i t y f o r t h e dose D needed 

to r e a c h the v a l u e z. For a d i s c u s s i o n of the l a t t e r f u n c t i o n 

and i t s a p p l i c a t i o n to r a d i o b i o l o g y data s e e 7 . The d i s t r i b u 

t i o n s f ( z ; D ) or F ( z ; D ) need not be d e r i v e d e x p e r i m e n t a l l y , they 

can be c a l c u l a t e d from the s i n g l e event d i s t r i b u t i o n f i ( z ) as 

d i s c u s s e d i n s e c t i o n C and E. 

The s i n g l e e v ent d i s t r i b u t i o n f i ( z ) and the c o r r e s p o n d i n g sum 

d i s t r i b u t i o n F i ( z ) a r e commonly d e r i v e d from p u l s e h e i g h t s p e c 

t r a o b s e r v e d i n p r o p o r t i o n a l c o u n t e r s . The p u l s e h e i g h t s p e c t r a 

a r e broadened due to the f l u c t u a t i o n s i n the number o f ion 

p a i r s produced by a c e r t a i n energy and i n a d d i t i o n by the mul

t i p l i c a t i o n s t a t i s t i c s of the c o u n t e r . These two s t o c h a s t i c 

f a c t o r s can, however, to a f i r s t a p p r o x i m a t i o n be n e g l e c t e d i n 

comparison to the genuine f l u c t u a t i o n s of energy d e p o s i t i o n 

( s e e s e c t i o n D). Moreover the r e s o l u t i o n e r r o r can be e l i m i 

n a t e d from the s p e c t r a ( s e e s e c t i o n E ) . 

T h e o r e t i c a l d e r i v a t i o n of f i ( z ) i n v o l v e s LET d i s t r i b u t i o n , 

c o r d l e n g t h d i s t r i b u t i o n i n the volume of i n t e r e s t , and 

s t r a g g l i n g d i s t r i b u t i o n s . In g e n e r a l the i n t e r p l a y of t h e s e 

s t a t i s t i c a l f a c t o r s i s c o m p l i c a t e d , and t h e r e i s no u n i f i e d 

approach. A s p e c i a l c a s e i s t h a t of heavy charged p a r t i c l e s 

and l a r g e mean energy l o s s e s . There the p a r t i c l e t r a c k s may 

be t r e a t e d as s t r a i g h t c o n t i n u o u s l i n e s of energy d e p o s i t i o n , 

and s t r a g g l i n g may be n e g l e c t e d ( s e e CASWELL 8). Another spe

c i a l c a s e i s t h a t of a r e g i o n s m a l l as compared to the range 

of t h e charged p a r t i c l e s which a r e c o n s i d e r e d , but not much 

s m a l l e r than lym i n d i a m e t e r so t h a t d e l t a - r a y e f f e c t s a r e not 

prominent. Then the p a r t i c l e segments can be t r e a t e d as 

s t r a i g h t l i n e s of c o n s t a n t LET ( s e e 7 ' 9 ) . S t r a g g l i n g i s then 

t h e c e n t r a l problem. With v e r y s m a l l volumes t h e d e l t a - r a y 

- 110 



problem becomes e x c e e d i n g l y c o m p l i c a t e d . Monte C a r l o c a l c u 

l a t i o n s of d e l t a - r a y t r a c k s and e x p e r i m e n t s w i t h w a l l - l e s s 

p r o p o r t i o n a l c o u n t e r s must then be used. 

3. R e l a t e d q u a n t i t i e s 

The d i s t r i b u t i o n s of s p e c i f i c energy a r e the b a s i c m i c r o d o s i 

m e t r i c f u n c t i o n s . The random v a r i a b l e y and i t s d i s t r i b u t i o n s 

a r e u s e f u l f o r c e r t a i n comparisons to LET t h e o r y . They a r e , 

however, so c l o s e l y c o n n e c t e d to ζ and i t s d i s t r i b u t i o n s , t h a t 

"•.hey need not be s e p a r a t e l y d i s c u s s e d h e r e . The same i s t r u e 

/or the d i s t r i b u t i o n s of energy i n ζ or y ( s e e 1 ) . The moments 

of the z - d i s t r i b u t i o n s , however, a r e a d d i t i o n a l q u a n t i t i e s of 

g r e a t p r a c t i c a l i m p o r t a n c e , and must t h e r e f o r e be mentioned 

he r e . 

Absorbed dose, D, i s equal to the mean v a l u e , 7, of s p e c i f i c 

energy. In a r a d i a t i o n f i e l d or i n a m a t e r i a l w i t h s i g n i f i c a n t 

g r a d i e n t s on a m i c r o s c o p i c s c a l e D i s d e f i n e d as the l i m i t of 

ζ as the volume s u r r o u n d i n g the p o i n t of i n t e r e s t s h r i n k s to 

z e r o . 

The f r e q u e n c y mean, 7p, of f i ( z ) d e t e r m i n e s the mean number, 

ΰ/zf, of a b s o r p t i o n e v e n t s a t dose D. The p r o b a b i l i t y f o r 

e x a c t l y ν e v e n t s i s : 

00 

p ( v ) = e " D / z p . ( D / z F ) v / v ! w i t h z F = J z . f i ( z ) dz ( 2 ) 

0 

The 'energy mean 1, 7 D , of f ^ i ( z ) d e t e r m i n e s the mean s q u a r e 

d e v i a t i o n , σ 2 , o f - s p e c i f i c energy from i t s mean v a l u e , the 

absorbed dose, D: 

00 

σ 2 = z D-D w i t h z D = j z 2 f x ( z ) dz / z F ( 3 ) 

0 

The r e l a t i v e v a r i a n c e of ζ ( o r of imparted e n e r g y ) i s t h e r e 

f o r e equal to ζ^/ΰ. These r e l a t i o n s a r e s p e c i a l c a s e s of t h e 

formulae d e r i v e d i n s e c t i o n C. 
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I f one approximates the energy a b s o r p t i o n p r o c e s s by e q u a l 

and s t a t i s t i c a l l y independent energy a b s o r p t i o n e v e n t s ( p u r e 

P o i s s o n p r o c e s s , i . e . f i ( z ) i s assumed to be a D i r a c d e l t a 

f u n c t i o n ) and i f one wants to o b t a i n the c o r r e c t mean s q u a r e 

f l u c t u a t i o n s of energy d e p o s i t i o n then one must choose t h e 

ev e n t s i z e 7p. If on the o t h e r hand one wants t h e r i g h t f r e 

quency of a b s o r p t i o n e v e n t s one must choose the e v e n t s i z e 7p 

Both q u a n t i t i e s may d i f f e r by an oder of magnitude* 7p b e i n g 

a l w a y s l a r g e r . T h i s i n d i c a t e s the inadequacy o f any model a s 

suming pure P o i s s o n i a n s t a t i s t i c s . 

B v AUXILIARY RELATIONS 

1. Moments 

In t h i s and the f o l l o w i n g paragraphs r e l a t i o n s a r e g i v e n f o r 

c o n t i n u o u s random v a r i a b l e s . F or d i s c r e t e type v a r i a b l e s t h e 

i n t e g r a t i o n has to be s u b s t i t u t e d by summation o v e r a l l jump 

p o i n t s . I n t e g r a t i o n or summation i s understood to extend o v e r 

the f u l l range of the random v a r i a b l e whenever the l i m i t s ο 

to °° a r e g i v e n . The random v a r i a b l e i s denoted by x, i t s d i s -

t r i b u t i o n by f ( x ) . 

The moment of o r d e r κ i s the e x p e c t a t i o n v a l u e of x K : 

00 

mK = x K = ^ x K - f ( x ) dx ( 4 ) 

- 0 

The moments w i t h r e s p e c t to the mean a r e c a l l e d c e n t r a l mo

ments: 

μ κ = ( X - 7 ) K ( 5 ) 

The second c e n t r a l moment i s a l s o c a l l e d v a r i a n c e , a 2=m 2-m 2. 

The t h i r d c e n t r a l moment i s equal to m3-3mi •m2+2mV.h> 
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2. C h a r a c t e r i s t i c f u n c t i o n s 

The c h a r a c t e r i s t i c f u n c t i o n of a random v a r i a b l e , x, i s t h e 
i t χ 

e x p e c t a t i o n v a l u e of e . Except f o r a c o n s t a n t f a c t o r i t i s 

equal to the F o u r i e r t r a n s f o r m of the d i s t r i b u t i o n f ( x ) . The 

c h a r a c t e r i s t i c f u n c t i o n w i l l be d e s i g n a t e d by the Greek l e t t e r 

c o r r e s p o n d i n g to the Roman l e t t e r used f o r the d i s t r i b u t i o n : 
00 

Φ ( ΐ ) = 7 ^ = J e i t x - f ( x ) dx ( 6 ) 

0 

i t x 
Expanding e i n t o a power s e r i e s : 

e i t x =ynt^i (7) 

V = 0 

one can e x p r e s s Φ(ΐ) i n terms of the moments: 

00 

τ — m 

Ht) = 2 _ ^ f ( i t ) v ( 8 ) 
V = 0 

3. C o n v o l u t i o n 

I f a random v a r i a b l e i s the sum of two s t a t i s t i c a l l y i n d e p e n 

dent random v a r i a b l e s d i s t r i b u t e d a c c o r d i n g to f ( x ) and g ( x ) 

then the d i s t r i b u t i o n of t h i s sum i s the r e s u l t of the con

v o l u t i o n o p e r a t i o n : 

χ 

h ( x ) = J" f ( x - x ' ) g ( x ' ) dx' ( 9 ) 

0 

T h i s o p e r a t i o n i s commonly a b b r e v i a t e d by f ( x ) * g ( x ) . The 

c h a r a c t e r i s t i c f u n c t i o n , ( t h e same holds t r u e f o r r e l a t e d 

t r a n s f o r m a t i o n s as f o r example the L a p l a c e t r a n s f o r m ) i s of 

g r e a t p r a c t i c a l s i g n i f i c a n c e because i t r e d u c e s the c o n v o l u 

t i o n to a mere m u l t i p l i c a t i o n . I f n ( t ) , <|>(t), and y ( t ) a r e 

the c h a r a c t e r i s t i c f u n c t i o n s b e l o n g i n g to h ( x ) , f ( x ) , and g ( x ) 

one has: 
n ( t ) = <fr(t) · Y ( t ) ( 1 0 ) 
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I f one c o n s i d e r s the l o g a r i t h m of the c h a r a c t e r i s t i c f u n c t i o n : 

In n ( t ) = In <f>(t) + I n Y ( t ) ( 1 1 ) 

One may expand In <J>(t) i n t o a power s e r i e s : 

(ψ(ο)=1 t h e r e f o r e κ 0 = ο ) ( 1 2 ) 

v= 1 

The c o e f f i c i e n t s , κ , a r e c a l l e d s e m i - i n v a r i a n t s . They a r e im 

p o r t a n t because they a r e s i m p l e c o m b i n a t i o n s of the moments, 

and a c c o r d i n g to e q u . ( l l ) they add i n a c o n v o l u t i o n . 

4. R e l a t i o n s between the moments, the c e n t r a l moments, and the 

s e m i - i n v a r i a n t s . 

Comparison of the c o e f f i c i e n t s i n e q u . ( 8 ) and ( 1 2 ) l e a d s to 

the f o l l o w i n g r e l a t i o n s between the moments and t h e s e m i i n -

v a r i a n t s : 

<i = m i 
2 2 

<2 = m2 - m1 = σ Δ 

0 2 
κ 3 = m3 - m 1 « m 2 + Zn^ = P 3 ( 1 3 ) 

2 2 h 2 

κt+ = - 3m2 - 4mi*m 3 + 1 2 m i » m 2 - 6mi = - 3 y 2 

The i n v e r s e r e l a t i o n s a r e : 
2 

m2 = κ 2 + < i 

3 

m 3 = K 3 + 3 κ ι · κ 2 + κ j 
2 mi| = KI+ + 3K^ + 4κχ·Κ3 + 6 K I « K 2 + 

( 1 4 ) 

In p r a c t i c a l c a s e s one may use the mean and t h r e e d i m e n s i o n -

l e s s parameters to c h a r a c t e r i s e a d i s t r i b u t i o n . The parameters 

a r e the r e l a t i v e v a r i a n c e , V; the s kewness, SK; and the k u r t o -

s i s , Κ (sometimes c a l l e d p e a k e d n e s s ) : 
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2 2 
V = σ 2 / χ 2 = κ 2 / < ι = m2/m1 - 1 

SK = μ 3 / σ 3 
1 . 5 

< 3 / < 2 ( 1 5 ) 

Κ = μ ΐ ψ / σ 1 * = Ki | / < 2 + 3 

For normal d i s t r i b u t i o n s the s o c a l l e d r e s o l u t i o n , R, i s o f t e n 

used. I t i s d e f i n e d as f r a c t i o n a l width a t h a l f of the maximum 

v a l u e , and i t i s r e l a t e d to V by: 

R = 2.77 · / T ~ ( 1 6 ) 

C. THE DOSE DEPENDANT z-DISTRIBUTIONS AS FUNCTIONS OF THE 

SINGLE EVENT SPECTRUM 

The c e n t r a l m a t h e m a t i c a l problem i n m i c r o d o s i m e t r y i s the com

pound P o i s s o n p r o c e s s . The term P o i s s o n p r o c e s s i m p l i e s t h a t 

a random v a r i a b l e i s the sum of s t a t i s t i c a l l y independent i n 

crem e n t s . The word compound ( o r mixed) s i g n i f i e s t h a t t h e s i z e 

of the i n c r e m e n t s i s not c o n s t a n t but i s i t s e l f a random v a 

r i a b l e . The d i s t r i b u t i o n of event s i z e i s c a l l e d spectrum of 

the P o i s s o n p r o c e s s . 

The d i s t r i b u t i o n s f ( z ; D ) are a r e s u l t of a P o i s s o n p r o c e s s witty 

t h e spectrum f χ ( z ) : 

oo 

f ( z ; 0 ) = Yj'n £ · f ? V ( z ) ( 1 7 ) 
V = 0 

where n=D/Zp i s the mean event number a t dose D, and f i ( z ) 

i s the v - f o l d c o n v o l u t i o n product of f i ( z ) . The term 

e " n « n v / v ! i s the P o i s s o n i a n p r o b a b i l i t y f o r the o c c u r e n c e o f 

e x a c t l y ν e v e n t s , and f i ( z ) i s the d i s t r i b u t i o n o f ζ under 

the c o n d i t i o n t h a t e x a c t l y ν e v e n t s have o c c u r e d . 
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I n s e c t i o n C.3 i t w i l l be shown t h a t the s t r a g g l i n g d i s t r i 

b u t i o n s a r e a l s o s o l u t i o n s of a compound P o i s s o n p r o c e s s . The 

f o l l o w i n g c o n s i d e r a t i o n s a r e t h e r e f o r e a l s o to be a p p l i e d to 

the s t r a g g l i n g problem. 

T r a n s f o r m i n g the d i s t r i b u t i o n s f ( z ; D ) and f x ( z ) i n t o t h e i r 

c h a r a c t e r i s t i c f u n c t i o n s <j>(t;D) and ( ^ ( t ) one o b t a i n s the 

t r a n s f o r m e d equ. ( 1 7 ) : 

00 

• ( t ; D ) = V Y n Si · φ?(ζ) = θ - η . θ η * ι ( * ) = β " * * ! * * ) - 1 * ( 1 8 ) 

v= ο 

and hence: 

In φ(ΐ;0) = η ( φ χ ( ΐ ) - 1 ) ( 1 9 ) 

I f < v ( D ) a r e the s e m i - i n v a r i a n t s of f ( z ; D ) and i f m̂  are the 

moments of f i ( z ) then a c c o r d i n g to e q u . ( 8 ) , ( 1 2 ) , and ( 1 9 ) : 

y ^ ( u ) v • "· Τ ^ ( u ) v <2°> 
A— ν : L— ν ! 
v = l v.= l 

and s i n c e t h i s r e l a t i o n h o l d s i d e n t i c a l i n t , one has: 

K v ( D ) = n-mv ( 2 1 ) 

T h i s i m p o r t a n t r e l a t i o n s a y s t h a t i n a compound P o i s s o n pro

c e s s the s e m i - i n v a r i a n t s of the s o l u t i o n s a r e equal to the 

p r o d u c t of the mean e v e n t number times the moments of the 

sp e c t r u m of t'he P o i s s o n p r o c e s s : 

I f one s u b s t i t u t e s the mean event number by D: 

η = D/mi = D/z F ( 2 2 ) 

one o b t a i n s the f o l l o w i n g r e l a t i o n s f o r the v a r i a n c e , r e 

l a t i v e v a r i a n c e , s k e w n ess, and k u r t o s i s of the d i s t r i b u t i o n 

f ( z ; D ) : 
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σ 2 = D-* 2/mi = Ip-D ( 2 3 ) 

V = a 2/D 2 = z^-D"*1 

SK = mJ- 5*m 2" 1. 5.m 3-D- 0. 5 

Κ = mx •m2""2 · · D " * 1 + 3 

For a given d i s t r i b u t i o n f i ( z ) the dose dependant d i s t r i b u 

t i o n s f ( z ; D ) a r e d e r i v e d n u m e r i c a l l y . The r e l a t i o n s between 

the c h a r a c t e r i s t i c s V, SK, and Κ of f ( z ; D ) and the moments of 

f i ( z ) p r o v i d e an easy check of a c c u r a c y f o r the n u m e r i c a l 

c a l c u l a t i o n s . The co m p u t a t i o n a l t e c h n i q u e s f o r t h e s o l u t i o n 

of t he compound P o i s s o n p r o c e s s a r e r e f e r r e d to i n s e c t i o n E. 

D. FACTORS RELEVANT TO THE SINGLE EVENT SPECTRUM f x ( z ) 

As mentioned i n s e c t i o n 2.1 the s i n g l e event spectrum r e f l e c t s 

v a r i o u s s t o c h a s t i c f a c t o r s . A c c o r d i n g l y t h e r e i s no g e n e r a l 

formula f o r f i ( z ) as a f u n c t i o n o f the charged p a r t i c l e 

f l u e n c e spectrum and the shape of the volume of i n t e r e s t . The 

problem has to be t r e a t e d w i t h a n a l y t i c or n u m e r i c a l t e c h 

n i q u e s a p p r o p r i a t e to each i n d i v i d u a l c a s e . 

In the d e r i v a t i o n or i n the a n a l y s i s of the spectrum f i ( z ) 

one can o f t e n s t a r t w i t h s i m p l i f i e d a s s u m p t i o n s , and then 

a c c o u n t f o r the d e v i a t i o n s from the i d e a l i z e d model by c o r 

r e c t i o n s . The most i m p o r t a n t i d e a l i z e d c a s e s a r e : 

a) One d e a l s w i t h heavy charged p a r t i c l e s , and the mean d i a 

meter, I , of the volume of i n t e r e s t i s l a r g e as compared to 

the maximal range of d e l t a - r a y s . In t h i s c a s e s t r a g g l i n g can 

be n e g l e c t e d and the t r a c k s of the heavy charged p a r t i c l e s 

can be c o n s i d e r e d as s t r a i g h t l i n e s . The d e r i v a t i o n of f i ( z ) 

i s reduced to the c a l c u l a t i o n of the d i s t r i b u t i o n o f i n i t i a l 

e n e r g i e s of heavy charged p a r t i c l e s , and to the g e o m e t r i c a l 

problem of i n t e r s e c t i n g the r e s u l t i n g s t r a i g h t t r a c k s w i t h 
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the r e g i o n of i n t e r e s t . For f u r t h e r d e t a i l s one may r e f e r to 

th e d e t a i l e d t r e a t m e n t g i v e n be CASWELL 8. 

b) The mean d i a m e t e r , of the volume of i n t e r e s t i s l a r g e 

as compared to the maximal range of d e l t a - r a y s , but s m a l l as 

compared to the ranges of the primary charged p a r t i c l e s . 

Though t h i s c a s e i s h a r d l y ever r e a l i z e d i t has been taken as 

th e p r i n c i p a l model f o r the d e r i v a t i o n of L E T - s p e c t r a from 

measured p u l s e h e i g h t d i s t r i b u t i o n s . The c a s e i s a l s o of 

i n t e r e s t because i t r e f l e c t s one a s p e c t of the more g e n e r a l 

t r e a t m e n t mentioned i n the next p a r a g r a p h . 

In the f o l l o w i n g the sum d i s t r i b u t i o n Fχ(Ε) and the d e n s i t y 

f i ( E ) of energy, E, imparted i n s i n g l e a b s o r p t i o n e v e n t s w i l l 

be used i n s t e a d of the d i s t r i b u t i o n s F x ( z ) and f i ( z ) of spe

c i f i c e nergy, z. T h i s i s merely done to a v o i d t r i v i a l con

v e r s i o n f a c t o r s . The LET sum d i s t r i b u t i o n i n t r a c k l e n g t h i s 

c a l l e d T ( L ) , the c o r r e s p o n d i n g d e n s i t y i s c a l l e d t ( L ) . The 

s u m d i s t r i b u t i o n of c o r d - l e n g t h , i , i s C ( £ ) , the c o r r e s p o n d i n g 

d e n s i t y c ( i ) . Then the s u m d i s t r i b u t i o n of energy d e p o s i t i o n 

i n s i n g l e a b s o r p t i o n e v e n t s i s : 

oo 

F i ( E ) = J t ( L ) - C ( E / L ) dL ( 2 4 ) 
ο 

and t h e r e f o r e : 

M E ) = 

d p i ( E ) d Γ Γ dL 
t ( L ) - C ( E / L ) d L = t ( L ) . c ( E / L ) SL ( 2 5 ) 

0 

o r : 

d Ε dE 

f x ( E ) . Ε t ( L ) · L · c(E/L)·E/L · d l n L (26) 

I f one c o n s i d e r s the l o g a r i t h m s .of the v a r i a b l e s E,L, and ι 

and d e s i g n a t e s the p r o b a b i l i t y d e n s i t i e s of t h e s e l o g a r i t h m s 

by i t a l i c s , one has: 
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d F x ( E ) 
/ i ( l n E ) = = E . f i ( E ) 

d I n E 

t ( l n E ) = d T ^ 1 ^ = L - t ( L ) 
d l n L 

and ( 2 7 ) 

o(1nÄ) = d C ( £ ) = £ . c ( £ ) 
d 1 n£ 

Thus from equ. ( 2 6 ) one o b t a i n s : 

+ 00 

f i ( l n E ) = t ( l n L ) - c ( l n E - l n L ) d l n L ( 2 8 ) 

— oo 

Thus the d i s t r i b u t i o n of InE i s the r e s u l t of a c o n v o l u t i o n o f 

the d i s t r i b u t i o n s of I n L and of l n a . T h i s i s q u i t e o b v i o u s 

even w i t h o u t formal d e r i v a t i o n . The random v a r i a b l e Ε i s t h e 

p r o d u c t of the two s t a t i s t i c a l l y independent random v a r i a b l e s 

l i n e a r t r a n s f e r , L, and cord l e n g t h , i . A c c o r d i n g l y the l o g a 

r i t h m of Ε i s the sum of the random v a r i a b l e s InL and Ιηλ; 

hence the c o n v o l u t i o n i n t e g r a l . From equ. ( 2 8 ) i t f o l l o w s t h a t 

the n o n - c e n t r a l moments of f i ( E ) a r e equal to the product of 

the n o n - c e n t r a l moments of c ( i ) and t ( L ) . S p e c i f i c a l l y : 

where EQ = Ε 2/Γ i s the dose mean of the eve n t s p e c t r u m , Γρ 
the dose mean of L E T ( s e e 1 ) , and l = i 2 / J the analogon of a 

dose mean f o r the cord l e n g t h d i s t r i b u t i o n . 

From eq u . ( 2 1 ) and ( 3 0 ) one can e a s i l y d e r i v e the r e l a t i o n be

tween the r e l a t i v e v a r i a n c e of f i ( E ) , t ( L ) , and c(£): 

and ( 2 9 ) 

or T D = ( 3 0 ) 

V E = V V L E T + V * + V L E T ( 3 1 ) 
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T h i s i s a r e l a t i o n u s e f u l f o r a rough e s t i m a t e of the shape of 

the p u l s e h e i g h t s p e c t r a . For a s p h e r e one has V^=0.125 ( s e e 

s e c t i o n D.2). Thus whenever the L E T - d i s t r i b u t i o n i s not e x t r e 

mely narrow, the r e l a t i v e v a r i a n c e of the s i n g l e event spec

trum i n a s p h e r i c a l c o u n t e r i s m a i n l y determined by the r e l a 

t i v e v a r i a n c e of LET: 

V E = 1.125 · V L E T + 0.125 (32) 

For the f r e q u e n c y and the dose mean of the s i n g l e e vent spec

trum one o b t a i n s i n t h i s c a s e : 

Γρ = -|«d«rT and Fp = ^'d'Fp ( d : s p h e r e d i a m e t e r ) (33) 

Energy s t r a g g l i n g which i s n e g l e c t e d here can s t r o n g l y i n 

c r e a s e the v a l u e of and E^; t h i s i s d i s c u s s e d i n D.3. 

E q u a t i o n ( 2 8 ) can be used to d e r i v e the L E T - d i s t r i b u t i o n from 

an observed p u l s e h e i g h t spectrum f i ( E ) and a known cord 

l e n g t h d i s t r i b u t i o n . The method which i s based on the use of 

c h a r a c t e r i s t i c f u n c t i o n s i s mentioned i n s e c t i o n E. 

c ) t h e mean d i a m e t e r of the c r i t i c a l volume i s s m a l l as com

pared to the range of the primary charged p a r t i c l e s . The t r a c k 

segments are c o n s i d e r e d as s t r a i g h t , but s t r a g g l i n g i s taken 

i n t o a c c o u n t . 

For v e r y s m a l l volumes the problem of d e l t a - r a y e f f l u x and i n 

f l u x i s too c o m p l i c a t e d to be d i s c u s s e d here ( f o r d e t a i l s 

s e e 9 ) . For volumes of a d i a m e t e r of the o r d e r of magnitude of 

a micrometer one may assume a s u i t a b l e c u t - o f f energy below 

which the primary c o l l i s i o n s a r e c o n s i d e r e d as l o c a l and above 

which they a r e e x c l u d e d . The c u t - o f f s h o u l d a c t u a l l y depend on 

the p o s i t i o n of the t r a j e c t o r y and on the v e l o c i t y of the 

charged p a r t i c l e . E s p e c i a l l y f o r e l e c t r o n s i t i s however a 

r e a s o n a b l e a p p r o x i m a t i o n to assume a c o n s t a n t c o l l i s i o n s p e c 

trum w i t h c u t - o f f energy c o r r e s p o n d i n g to a d e l t a - r a y range 
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e q u a l to h a l f the mean di a m e t e r of the volume. T h i s a p p r o x i 

mation can always s e r v e as a s t a r t i n g p o i n t f o r more r e f i n e d 

c a l c u l a t i ons . 

Under t h i s assumption of a c o n s t a n t ' e f f e c t i v e ' c o l l i s i o n 

s p e c t r u m one can c a l c u l a t e the s t r a g g l i n g d i s t r i b u t i o n s s(E;]T) 

to d i f f e r e n t mean energy l o s s e s E\ T h i s i s d e s c r i b e d i n s e c 

t i o n D.3. One may then f i r s t c a l c u l a t e the s i n g l e event s p e c 

trum f | ( E ) w i t h o u t c o n s i d e r a t i o n of the s t r a g g l i n g . In a s e 

cond s t e p the s t r a g g l i n g can be taken i n t o a c c o u n t a c c o r d i n g 

to the r e l a t i o n : 

The p r o p e r t i e s of the s t r a g g l i n g k e r n e l s(E;"E) and the i n f l u 

ence of the s t r a g g l i n g on the width of f i ( E ) i s d i s c u s s e d i n 

D.3. A n a l y t i c a l t e c h n i q u e s to e l i m i n a t e s t r a g g l i n g from a d i s 

t r i b u t i o n f i ( E ) a r e mentioned i n s e c t i o n E. 

The a n a l y s i s of f i ( E ) cannot be f u l l y d i s c u s s e d i n t h i s survey. 

The f o l l o w i n g two. s e c t i o n s are t h e r e f o r e r e s t r i c t e d to the two 

random f a c t o r s cord l e n g t h f l u c t u a t i o n s and energy d e p o s i t i o n 

s t r a g g l i n g . These a r e the two main a s p e c t s i n which m i c r o d o s i 

metry adds to the c l a s s i c a l LET c o n c e p t . 

2. Cord l e n g t h d i s t r i b u t i o n s 

I f a convex body i s u n i f o r m l y and i s o t r o p i c l y t r a v e r s e d by 

s t r a i g h t p a r t i c l e t r a c k s one o b t a i n s a d i s t r i b u t i o n , c ( £ ) , 

of cord l e n g t h , a. For a sphere yf d i a m e t e r d one Kas: 

M E ) = f s ( E ; F ) . f ; ( r ) dE ( 3 4 ) 

J 
0 

c(£) = 2 £ / d 2 and C(£) = £ 2 / D 2 f o r o<£<d 

whicn l e a d s t o : (3 5 ) 

and σ 2 / £ = 0.125 
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For c y l i n d e r s cord l e n g t h d i s t r i b u t i o n s have been c a l c u l a t e d 

n u m e r i c a l l y by WILSON and EMERY 1 0. BIRKHOFF e t a l . 1 1 have de

r i v e d cord l e n g t h d i s t r i b u t i o n s by Monte-Carlo methods; they 

a l s o p r e s e n t a u s e f u l d i s c u s s i o n of a n a l y t i c a l e x p r e s s i o n s f o r 

some s p e c i a l c a s e s . Numerical d e r i v a t i o n of cord l e n g t h d i s 

t r i b u t i o n s by d i r e c t i n t e g r a t i o n over a body of a r b i t r a r y con-

v o x sh*.pe i s s t r a i g h t f o r w a r d . I t i s performed by a computer 

program which i s a v a i l a b l e i n ALGOL 60. The program d i v i d e s 

the s u r f a c e of any g i v e n body i n t o s m a l l elements by c o l l a p s 

i n g a r u l e d - g l o b e net over i t . By summing the cord l e n g t h con

t r i b u t i o n s from a l l p o s s i b l e p a i r s of s u r f ace el ements the pro

b a b i l i t y d i s t r i b u t i o n i s d e r i v e d . D i s t r i b u t i o n s f o r s p h e r o i d s 

t o g e t h e r w i t h the v a l u e s of the mean, the r e l a t i v e v a r i a n c e , 

the skewness, and the k u r t o s i s have been p u b l i s h e d 9 . 

The mean v a l u e of the cord l e n g t h i n a convex body i s equal to 

fo u r times i t s volume d i v i d e d by i t s s u r f a c e : 

l = 4V/S ( 3 6 ) 

T h i s r e l a t i o n which has a l r e a d y been g i v e n by CAUCHY has found 

a p p l i c a t i o n s i n neutron p h y s i c s . In the f o l l o w i n g the term 

4V/S w i l l be c a l l e d mean d i a m e t e r , Ϊ , of the body. The theorem 

can be g e n e r a l i z e d to t r a c k s of f i n i t e l e n g t h . I f the mean 

l e n g t h of the s t r a i g h t t r a c k s i s 7, one o b t a i n s the f o l l o w i n g 

formula f o r the mean segment l e n g t h 7: 

( 3 7 ) 

The proof i s o m i t t e d h e r e . A broader g e n e r a l i z a t i o n of the 

theorem to curv e d t r a c k s w i l l be g i v e n below. 

I f Γγ i s the t r a c k a v e r a g e LET w i t h a p p r o p r i a t e c u t - o f f , t h e 

mean energy d e p o s i t i o n per eve n t i s Γ γ · Γ . A c c o r d i n g l y one ob

t a i n s the f o l l o w i n g formula f o r the mean number, Φ ( Ο ) , of 

ev e n t s per u n i t dose: 
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Φ(ο) = ( | + =) ( 3 8 ) 
1 6 - ϋ τ 4 Γ 

o r i f Γ d e s i g n a t e s the mean i n i t i a l energy of the charged par

t i c l e s : 

Φ(ο) - - 1 — ( ^ + V) ( 3 9 ) 
16-F 4 

The u n i t s keV and ym a r e used here ( a s f o r the n u m e r i c a l c o n s 

t a n t s e e 1 ) . 

One may s u s p e c t t h a t the s p h e r e has the s m a l l e s t r e l a t i v e v a 

r i a n c e of cord l e n g t h (V=0.125) of a l l convex b o d i e s . There i s j 

however, no g e n e r a l l y known proof of t h i s a s s e r t i o n . The i n 

c r e a s e o f V due to d e v i a t i o n s from the s p h e r i c a l shape can be 

se e n i n the c u r v e g i v e n f o r s p h e r o i d s 9 . 

The p r e c e e d i n g d i s c u s s i o n has been concerned w i t h s t r a i g h t par-? 
t i c l e t r a c k s . I t i s t h e r e f o r e m a i n l y a p p l i c a b l e to heavy c h a r 
ged p a r t i c l e s . For the c u r l e d t r a c k s of e l e c t r o n s the s i t u a t i o n 
i s more c o m p l i c a t e d , but s t a t e m e n t s on the mean segment l e n g t h 
a r e s t i l l p o s s i b l e . Imagine t h a t a t r a c k i s c u t i n a l l p o i n t s 
where i t i n t e r s e c t s the s u r f a c e of the r e g i o n of i n t e r e s t . The 
term 'segment' then d e s i g n a t e s a p i e c e of the t r a c k which l i e s 
i n s i d e the r e g i o n . I f the t o t a l t r a c k l i e s i n s i d e the r e g i o n 
i t i s a l s o c a l l e d a segment. The l e n g t h of a t r a c k or a segment 
i s u n derstood to be i t s t o t a l i n t e g r a t e d l e n g t h . One can then 
show t h a t the mean segment l e n g t h , "5", i n the c a s e of a u n i f o r m , 
i s o t r o p i c f i e l d i s gi v e n by: 

I I S ~ 
- = - + — ( r : mean range of p a r t i c l e s ) ( 4 0 ) 
τ r 4V 

The symbol I has been avoided here because the r e l a t i o n i n i t s 
g e n e r a l form a l s o holds f o r concave volumes and the term mean 
diame t e r has l i t t l e meaning i n t h i s c a s e . For long t r a c k s t h e 
r e l a t i o n r e d u c e s t o : 

s = 4V/S ( 4 1 ) 

The g e n e r a l proof of t h i s somewhat s u r p r i s i n g e x t e n s i o n of the 
theorem ( 3 6 ) i s not too d i f f i c u l t but must be o m i t t e d here f o r 
b r e v i t y . The proof c o n s i s t s e s s e n t i a l l y of an enumeration of 
the number of i n t e r s e c t i o n p o i n t s , s t a r t i n g p o i n t s , and s t o p p 
ing p o i n t s of the t r a c k s . The theorem even h o l d s i f one i n 
clu d e s the l e n g t h of a l l branches and sub b r a n c h e s of the t r a c k 
l e n g t h or segment l e n g t h . 
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One can show t h a t under the c o n d i t i o n s of FANOs theorem one ob

t a i n s e x a c t l y the same shapes and r e l a t i v e f r e q u e n c i e s of seg

ments i n a r e g i o n and i n a c a v i t y which s i m u l a t e s t h i s r e g i o n . 

The w a l l - e t f e c t s merely c o n s i s t i n an i n c r e a s e i n the fr e q u e n c y 

of a s s o c i a t e d segments, t h a t i s of segments which belong to the 

same t r a c k and thus o c c u r s i m u l t a n e o u s l y . T h i s i n c r e a s e i n the 

fre q u e n c y of s i m u l t a n e o u s p a s s a g e s l e a d s to a c o r r e s p o n d i n g i n 

c r e a s e i n mean event s i z e , 7p. 

A d e t a i l e d s t u d y of the p r o b a b i l i t i e s of m u l t i p l e p a s s a g e s w i l l 

be n e c e s s a r y i n o r d e r to determine the e x t e n t of w a l l - e f f e c t s 

i n p r o p o r t i o n a l c o u n t e r s . A f i r s t e s t i m a t e s h o u l d be p o s s i b l e 

on the b a s i s of the f o l l o w i n g r e l a t i o n which h o l d s f o r s p h e r i 

c a l c a v i t i e s e q u i v a l e n t to volumes which a r e s m a l l enough t h a t 

the change of energy and d i r e c t i o n of a t r a v e r s i n g p a r t i c l e can 

be n e g l e c t e d . One can prove t h a t i n t h i s c a s e the p r o b a b i l i t i e s 

f o r m u l t i p l e t r a v e r s a l s through the sp h e r e a r e equal to the 

p r o b a b i l i t i e s f o r m u l t i p l e p a s s a g e s through a p l a n e . F or aniso--

t r o p i c r a d i a t i o n f i e l d s one has to a v e r a g e the l a t t e r p r o b a b i 

l i t i e s over p l a n e s of a l l o r i e n t a t i o n s . The p r o b a b i l i t i e s f o r 

m u l t i p l e t r a v e r s a l through a pl a n e ( c h a r g e d p a r t i c l e a l b e d o ) 

may be d e r i v e d from c l o u d chamber photographs or from Monte 
ι k 

C a r l o s i m u l a t i o n s of t r a c k s . 

3. Energy s t r a g g l i n g 

The term energy s t r a g g l i n g d e s i g n a t e s f l u c t u a t i o n s of energy 

l o s s a l ong the t r a c k of a charged p a r t i c l e . The f o l l o w i n g s e c 

t i o n d e a l s w i t h energy s t r a g g l i n g a l o n g t r a c k segments which 

a r e s h o r t enough t h a t the mean energy l o s s of the charged p a r 

t i c l e i s s m a l l as compared to the k i n e t i c energy of the p a r 

t i c l e : The s t o p p i n g power of the p a r t i c l e can then be assumed 

to be c o n s t a n t a l o n g the t r a c k sefgment. The c a s e of l a r g e r mean 

energy l o s s i s i r r e l e v a n t to m i c r o d o s i m e t r y s i n c e t h e r e l a t i v e 

f l u c t u a t i o n s of energy l o s s a r e then s m a l l enough to be n e g l e c 

t e d . 
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As can be seen from e q u . ( 2 4 ) LET and cord l e n g t h v a r i a t i o n s 

p r e s e n t no d i f f i c u l t i e s i n the c a l c u l a t i o n of z - s p e c t r a . 

S t t r a g g l i n g i s t h e r e f o r e the c e n t r a l problem i n t h e o r e t i c a l mi-

cirodos i metry. The s t r a g g l i n g problem i s c o m p l i c a t e d i n mi c r o 

d o s i m e t r y by the f a c t t h a t one i s i n t e r e s t e d not i n the d i s 

t r i b u t i o n of energy l o s s of a p a r t i c l e , but i n the d i s t r i b u 

t i o n of energy d e p o s i t i o n . The escape of d e l t a - r a y s from the 

r e g i o n of i n t e r e s t and the c o r r e s p o n d i n g i n f l u x of d e l t a - r a y s 

formed o u t s i d e the c r i t i c a l volume p r e s e n t s c o n s i d e r a b l e t h e o 

r e t i c a l d i f f i c u l t i e s . The problem has to be s t u d i e d by the de

ployment of w a l l - l e s s p r o p o r t i o n a l c o u n t e r m a n d by Monte-Carlo 

s i m u l a t i o n s of d e l t a - r a y t r a c k s 1 4 . 

Tihe c o l l i s i o n s p e c t r u m , w ( E ) , i s the p r o b a b i l i t y d i s t r i b u t i o n 

o f energy t r a n s f e r s i n the c o l l i s i o n s e n c o u n t e r e d by the 

c h a r g e d p a r t i c l e s . For a g e n e r a l d i s c u s s i o n s e e 1 5 ' 1 6 . In the 

s p e c i a l c a s e of an n o n - r e l a t i v i s t i c heavy charged p a r t i c l e : 

w(E) - 1/E 2 f o r E M I N < Ε < Ε Μ Α χ ( 4 2 ) 

w i t h EMAX = 4 5 J · E K I N a n d EMIN = l 2 / EMAX 

E K I N i s the k i n e t i c energy of the heavy p a r t i c l e , Μ i s i t s 

mass, m i s the e l e c t r o n mass, and I i s the i o n i z a t i o n poten

t i a l of the medium. The r e l a t i o n i s meaningful f o r E>>I. The 

v a l u e of E ^ j ^ has been assumed merely to a r r i v e a t the r i g h t 

s t o p p i n g power. In r e a l i t y w(E) has renonances i n the v i c i n i t y 

o f I . 

At h i g h e r e n e r g i e s w(E) has to be c o r r e c t e d f o r d e l t a - r a y e s 

cape and i n f l u x i f i t i s to d e s c r i b e energy d e p o s i t i o n i n the 

re g i o n of i n t e r e s t and not t o t a l energy l o s s of the charged 

p a r t i c l e . One may choose an a p p r o p r i a t e c u t - o f f energy or 

d e r i v e the e f f e c t i v e spectrum by i n t e g r a t i n g e s c a p e and 
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i n f l u x p r o b a b i l i t i e s over the p a r t i c l e t r a c k i n the v i c i n i t y 

of the segment of i n t e r e s t . 

The mean energy l o s s , 6 l 9 i n a c o l l i s i o n d e r i v e d from equ. 

( 4 2 ) has no meaning s i n c e the u n r e a l i s t i c low energy p a r t of 

t h i s spectrum s t r o n g l y a f f e c t s δχ. V a l u e s of t y p i c a l l y 60etf 

a r e i n d i c a t e d by e x p e r i m e n t a l r e s u l t s 1 7 . 

The 'energy mean' i s , however, m a i n l y dependent on the shape 

of w(E) a t high v a l u e s of Ε and can t h e r e f o r e i n good 

a p p r o x i m a t i o n be ta k e n from e q u . ( 4 2 ) : 

δ 2 . ./ E 2 - w ( E ) dE = iMAX
 { 4 3 ) 

/ Ε w(E) dE 2 1 n ( E M A X / I ) 

As an example one may g i v e the v a l u e of 6 2=480eV f o r a 2MeV 

proton i n water (1=60.5 e V ) . The a c t u a l v a l u e of 6 2 i s some

what l a r g e r due to the i n f l u e n c e of the r e s o n a n c e c o l l i s i o n s 1 

The s t r a g g l i n g d i s t r i b u t i o n r e f l e c t s the s u c c e s s i o n of s t a 

t i s t i c a l l y independent c o l l i s i o n e v e n t s of v a r y i n g s i z e . I t 

i s t h e r e f o r e the s o l u t i o n of a compound Pöisson p r o c e s s , and 

i n f u l l a nalogy to e q u . ( 1 7 ) one o b t a i n s : 

00 

s ( E ; E ) = J ^ e " n - ^ · w * V ( E ) w i t h η=Έ"/δ! . ( 4 4 ) 

and a l s o 

β(τ;Γ) = e " ^ ^ ) - 1 ) ( 4 5 ) 

where s(x;T) and ω(τ) a r e the c h a r a c t e r i s t i c f u n c t i o n s of 

s(E;E") and w ( E ) . T h i s r e l a t i o n a p p l i e s not o n l y to the cha

r a c t e r i s t i c f u n c t i o n s ( F o u r i e r t r a n s f o r m s ) but a l s o to the 

L a p l a c e t r a n s f o r m s . The l a t t e r - i s being used i n the c l a s s i 

c a l s t r a g g l i n g t h e o r y of LANDAU 1 8 ( a s s u m p t i o n : Ε · Μ Α Χ = 0°) and 

i n the more g e n e r a l i z e d t h e o r y of VAVILOV 1 9. Both t h e o r i e s 

a r e r e s t r i c t e d to the l / E 2 - s p e c t r u m and i t s r e l a t i v i s t i c 

m o d i f i c a t i o n s and to the c a s e of many c o l l i s i o n s . Rough c o r -
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r e c t i o n s f o r the i n i t i a l p a r t of w(E) a r e i n t r o d u c e d by BLUNCX 

and L E I S E G A N G 2 0 f o r the LANDAU t h e o r y and by SHULEK e t a l . 2 1 

f o r the VAVILOV t h e o r y . In m i c r o d o s i m e t r y the c l a s s i c a l t h e o 

r i e s a r e i n a d e q u a t e s i n c e one o f t e n d e a l s w i t h s m a l l energy 

l o s s e s where few c o l l i s i o n s o c c u r and where the i n i t i a l p a r t 

of w(E) i s i m p o r t a n t . F u r t h e r m o r e one has to use a p p r o p r i a t e 

c o r r e c t i o n s of w(E) a t high e n e r g i e s to accou n t f o r the d e l t a -

r a y e s c a p e and i n f l u x problem. T h i s has made a more g e n e r a l 

s o l u t i o n of the s t r a g g l i n g problem n e c e s s a r y . The a v a i l a b l e 

computer programs f o r d i r e c t n u m e r i c a l d e r i v a t i o n of the 

s t r a g g l i n g d i s t r i b u t i o n s f o r a r b i t r a r y c o l l i s i o n s p e c t r a w(E) 

a r e d i s c u s s e d i n s e c t i o n E. 

Im analogy to the r e s u l t s d e r i v e d i n s e c t i o n C one f i n d s t h a t 

t h e s e m i i n v a r i a n t s κ ν(Γ) of the s t r a g g l i n g d i s t r i b u t i o n s a r e 

e q u a l to the mean c o l l i s i o n number ti m e s the n o n - c e n t r a l mo

ments of w ( E ) . S p e c i f i c a l l y w i t h Γ=η·δι: 

Whenever the s t r a g g l i n g d i s t r i b u t i o n i s near to a normal d i s 

t r i b u t i o n the ' r e s o l u t i o n * i s a u s e f u l c h a r a c t e r i s t i c : 

The v a l u e of <S2 from e q u a t i o n ( 4 3 ) i s u s u a l l y s u f f i c i e n t l y 

a c c u r a t e f o r . a rough e s t i m a t e . For Small volumes 6 2 can how

e v e r be markedly d e c r e a s e d due to the d e l t a - r a y e s c a p e $nd the 

c o r r e s p o n d i n g c u t - o f f i n w ( E ) ( s e e 2 2 ) . 

The combined i n f l u e n c e of the v a r i o u s s t a t i s t i c a l f a c t o r s on 

the width of "the s i n g l e e v e n t spectrum f i ( E ) i s d e s c r i b e d 

e l s e w h e r e 9 . Here i t may s u f f i c e to g i v e the formula f o r the 

r e l a t i v e v a r i a n c e of the d i s t r i b u t i o n f i ( E ) or f i ( z ) which r e 

s u l t s from e q u . ( 3 1 ) and 3 4 ) : 

V = δ 2/Γ ( 4 6 ) 

R = 2.77 ... / δ 2. / Ε (4 7 ) 
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62 

v - — + V L E T * V C o r d l e n g t h + V L E T + V C o r d l e n g t h < 4 8 ) 

F o r the 'dose mean 1, Γρ, of the s i n g l e event spectrum f i ( E ) 

one o b t a i ns: 

Γ 0 = 6 2 + L D · I ( 4 9 ) 

Where i s the dose mean LET, and Ϊ = i 2 / J i s the analogon 

of a dose mean f o r the cord l e n g t h d i s t r i b u t i o n ( s e e e q u . ( 3 0 ) ) . 

For a s p h e r e : 

— 2 3 
ι = -r*d and I = -«d ( d : d i a m e t e r of the s p h e r e ) ( 5 0 ) 

3 4 

and c o n s e q u e n t l y : 

E 0 = S 2 + f - d - L D ( 5 1 ) 

For the dose mean, y^, of the event s i z e one has: 

— _ _ 3 ^ 2 q 
y n = 62/i + and f o r a s p h e r e y D = - j ^ g - + - - I ^ ( 5 2 ) 

These formulae a r e i m p o r t a n t f o r r a d i a t i o n q u a l i t y c o n s i d e r a 

t i o n s , where the dose mean LET, Γ^, may be the q u a n t i t y of i n 

t e r e s t , w h i l e 7p i s e x p e r i m e n t a l l y o b s e r v e d . F o r b r e v i t y t h e 

i n f l u e n c e of the FANO f l u c t u a t i o n s 2 3 and of the m u l t i p l i c a t i o n 

s t a t i s t i c s on e x p e r i m e n t a l p u l s e h e i g h t s p e c t r a i s not d i s 

c u s s e d here ( s e e 9 ) . I t may, however, be remarked t h a t due to 

the f l u c t u a t i o n s i n the number of i o n s (FANO f l u c t u a t i o n s ) the 

v a l u e of V i n e q u . ( 4 8 ) i s i n c r e a s e d by w / 2 £ ( w i t h w~34eV), and 

due to the m u l t i p l i c a t i o n s t a t i s t i c s V i s i n c r e a s e d by w/Γ. 
The l a t t e r v a l u e c o r r e s p o n d s to an e x p o n e n t i a l s i n g l e - e v e n t 

spectrum. With o p t i m a l performance of the p r o p o r t i o n a l counter 

the term i s somewhat s m a l l e r . One may, however, s t a t e i n ge

n e r a l t h a t the s t r a g g l i n g term ό 2/Γ a l w a y s exceeds t he term 

w/Γ by f a r . T h i s i s the re a s o n f o r the a p p l i c a b i l i t y of pro

p o r t i o n a l c o u n t e r s i n m i c r o d o s i m e t r i c measurements. 
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Ε. COMPUTATIONAL TECHNIQUES 

The f o l l o w i n g i s a b r i e f d i s c u s s i o n of some c o m p u t a t i o n a l pro

c e d u r e s developed f o r m i c r o d o s i m e t r i c c a l c u l a t i o n s . D e t a i l s 

f o r t h e a c t u a l use of t h e s e p r o c e d u r e s must be taken from the 

a v a i l a b l e program l i s t i n g s . 

1. S o l u t i o n of the compound P o i s s o n p r o c e s s by s u c c e s s i v e con-

v o l u t i ons. 

An e a r l y attempt to i n t e g r a t e e q u . ( 4 4 ) has been made by WIL-

L I A M S 2 4 . A computer program to s o l v e the m a t h e m a t i c a l l y i d e n 

t i c a l e q u . ( 1 7 ) has been developed by B . B I A V A T I 2 5 . D i r e c t i n t e 

g r a t i o n has the d i s a d v a n t a g e t h a t a g r e a t number of d i s t r i b u 

t i o n s f n ( z ) must be c a l c u l a t e d ; moreover e x e c u t i o n of the con

v o l u t i o n o p e r a t i o n on a l i n e a r s c a l e i s i n e f f e c t i v e s i n c e the 

s p e c t r a w(E) or f i ( z ) can be e x t r e m e l y wide. S h o r t e r computa

t i o n t i m e s have been a c h i e v e d by Monte-Carlo s o l u t i o n s of the 

compound P o i s s o n p r o c e s s 7 ; the a c c u r a c y of Monte C a r l o methods 

i s however l i m i t e d . 

A new program has t h e r e f o r e been developed which d e r i v e s 

s t r a g g l i n g d i s t r i b u t i o n s by a s e r i e s of s u c c e s s i v e c o n v o l u 

t i o n s . The program i s e x a c t , and s i n c e the c o n v o l u t i o n s a r e 

performed on a l o g a r i t h m i c s c a l e the computation times a r e a c 

c e p t a b l e . T h i s program i s a v a i l a b l e i n FORTRAN IV and can 

w i t h o u t a l t e r a t i o n s be used to d e r i v e s t r a g g l i n g d i s t r i b u t i o n s 

for any give-η c o l l i s i o n spectrum w(E) or to d e r i v e dose depen-

cant d i s t r i b u t i o n s f ( z ; D ) f o r any g i v e n s i n g l e event spectrum 

f ι (ζ) . For d e t a i l s s e e 2 6 a n d 5 . 

2. S o l u t i o n of the compound P o i s s o n p r o c e s s by use of the f a s t 

F o u r i e r t r a n s f o r m a l g o r i t h m . 

"he program mentioned under 1. d e r i v e s s o l u t i o n s of the com

pound P o i s s o n p r o c e s s f o r a given c h a r a c t e r i s t i c spectrum. I t 

can not be used i n the o p p o s i t e d i r e c t i o n . That i s , i t can 

not d e r i v e the c h a r a c t e r i s t i c spectrum from a s o l u t i o n . 
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I t i s , h o w e v e r , p o s s i b l e to d e r i v e w(E) i f i n the e q u a t i o n : 
oo 

s ( E ; I ) = ^ e " n n v/v! · w*V) ( 5 3 ) 
V = 0 

s ( E ; I T ) i s known f o r some v a l u e of Γ. T h i s can be seen from 

e q u . ( 4 5 ) which holds f o r the c h a r a c t e r i s t i c f u n c t i o n s ( o r 

F o u r i e r t r a n s f o r m s ) : 

β(τ;Ε) = e n ( ü , ( T ) " 1 } or ( 5 4 ) 

ω ( τ ) = Ί η g ( T > F ) + 1 ( 5 5 ) 
η 

Thus the c h a r a c t e r i s t i c f u n c t i o n of the unknown c o l l i s i o n 

s pectrum w(E) can be e x p r e s s e d i n terms of the c h a r a c t e r i s t i c 

f u n c t i o n of the s o l u t i o n s ( E ; T ) . E q u . ( 5 5 ) i s e v a l u a t e d by a 

computer program which uses the f a s t F o u r i e r t r a n s f o r m a l g o 

r i t h m of COOLEY and TUCKEY 2 7. The l o g a r i t h m , I n β(τ;Γ), i s not 

u n i q u e l y d e f i n e d f o r complex τ. In the computer program i t i s 

made unique by the c h o i c e of a s u i t a b l e c o n t i n u o u s r e p r e s e n t a 

t i o n of β(τ;Γ) i n the complex p l a n e . Thus i f one r e a d s i n a 

p a r t i c u l a r s o l u t i o n s ( E ; F ) one o b t a i n s a unique r e s u l t w(E)-. 

I t i s not w i t h o u t i n t e r e s t to note the s i m i l a r i t y o f e q u . ( 5 4 ) 

w i t h the f o r m a l i s m used i n the Vävilov t h e o r y . The e q u a t i o n 

h o l d s not o n l y f o r the F o u r i e r t r a n s f o r m but a l s o f o r the 

L a p l a c e t r a n s f o r m . The l a t t e r c o u l d t h e r e f o r e i n p r i n c i p l e 

e q u a l l y w e l l be used f o r n u m e r i c a l e v a l u a t i o n . The F o u r i e r 

t r a n s f o r m has been chosen because of the g r e a t a d v a n t a g e s o f 

the Cooley and Tuckey a l g o r i t h m . C o n v e n t i o n a l t e c h n i q u e s r e 

q u i r e computation times p r o p o r t i o n a l to the s q u a r e of the 

l e n g t h , N, of the t r a n s f o r m e d a r r a y . In the p r e s e n t program 

the computation time i s p r o p o r t i o n a l to N - l n ( N ) . 

The s o l u t i o n s of the compound P o i s s o n p r o c e s s converge a g a i n s t 

G a u s s i a n d i s t r i b u t i o n s w i t h i n c r e a s i n g mean v a l u e Γ. For l a r g e 

mean v a l u e s t he method i s t h e r e f o r e l i m i t e d by the f a c t t h a t 

s m a l l i n a c c u r a c i e s i n s ( E ; T ) l e a d to ve r y l a r g e d e v i a t i o n s i n 
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w ( E ) . I f due to i n a c c u r a c i e s s ( E ; T ) i s not a s o l u t i o n of a com-» 

pound P o i s s o n p r o c e s s ( i . e . i s not i n f i n i t e l y d i v i s i b l e , s e e 2 8 ) 

one o b t a i n s s o l u t i o n s w(E) which a r e not p o s i t i v e d e f i n i t e . 

T h i s i s not a l i m i t a t i o n of the n u m e r i c a l t e c h n i q u e ; on the 

c o n t r a r y the b l u r r i n g of the r e s u l t i n g w(E) i n d i c a t e s l a c k of 

i n f o r m a t i o n i n the i n p u t d a t a s ( E ; T ) . T h i s i s a check f o r the 

d e p e n d a b i l i t y of t h e r e s u l t s . 

The method i s most s u i t a b l e f o r the d e r i v a t i o n of c o l l i s i o n 

s p e c t r a from s t r a g g l i n g d i s t r i b u t i o n s w i t h low mean c o l l i s i o n 

numbers. I t can of c o u r s e as w e l l be used i n the forward d i r e c t 

t i o n , but i t i s l e s s s u i t a b l e than the method d e s c r i b e d under 

1. i f one d e a l s w i t h e x t r e m e l y wide s p e c t r a . The d i s t r i b u t i o n s 

a r e on a l i n e a r s c a l e and may t h e r e f o r e i n c e r t a i n c a s e s t a k e 

too much s t o r a g e s p a c e . The program i s w r i t t e n i n FORTRAN IV. 

3. E l i m i n a t i o n of cord l e n g t h f l u c t u a t i o n s from p u l s e h e i g h t 

s p e c t r a . 

An L E T - d i s t r i b u t i o n may be d e r i v e d from an observed spectrum 

a c c o r d i n g to e q u . ( 2 4 ) or ( 2 8 ) . T;his p o s s i b i l i t y i s l i m i t e d by 

the i n f l u e n c e o f s t r a g g l i n g . In c e r t a i n c a s e s s t r a g g l i n g may 

be r e l a t i v e l y i n s i g n i f i c a n t , i n o t h e r c a s e s t h e i n f l u e n c e of 

s t r a g g l i n g may be e l i m i n a t e d by the method mentioned i n the 

next paragraph. 

The problem has a s i m p l e a n a l y t i c a l s o l u t i o n f o r a sphere or a 

sla b ( s e e g e n e r a l d i s c u s s i o n i n 2 9 ) . I t has been s o l v e d i n ge

nera l by Monte-Carlo methods ( s e e 2 9 a n d 3 0 ) . In a d d i t i o n t h e r e 

i s the p o s s i b i l i t y of a d i r e c t n u m e r i c a l s o l u t i o n based on the 

c h a r a c t e r ! s t i c f urrfctions. 

I f <|>(t), y ( t ) , and - r ( t ) a r e the c h a r a c t e r i s t i c f u n c t i o n s of 

the d i s t r i b u t i o n s / ( I n E ) , <?(ln£), and t(tr\L) i n t r o d u c e d i n 

equ.(27) then from e q u . ( 2 8 ) one o b t a i n s : 

Φ ( ΐ ) = y ( t ) . x ( t ) and x ( t ) = * ( t ) / y ( t ) ( 5 6 ) 
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Thus the c h a r a c t e r i s t i c f u n c t i o n of the L E T - d i s t r i b u t i o n (on a 

l o g a r i t h m i c s c a l e ) i s equal to the q u o t i e n t of the c h a r a c t e r i s e 

t i c f u n c t i o n s of the p u l s e h e i g h t d i s t r i b u t i o n and of the cord 

l e n g t h d i s t r i b u t i o n ( a g a i n on a l o g a r i t h m i c s c a l e ) . The r e l a 

t i o n shows t h a t the s o l u t i o n of t h i s u n f o l d i n g problem i s 

unique. N a t u r a l l y the s o l u t i o n i s a p r o b a b i l i t y d i s t r i b u t i o n 

o n l y f o r s u i t a b l e i n p u t d i s t r i b u t i o n s / ( I n E ) and c ( l n J i ) . In geT 

n e r a l the r e s u l t i n g L E T - d i s t r i b u t i o n t ( l n L ) has some n e g a t i v e 

v a l u e s . As mentioned under 2. t h i s shows t h a t f o r the g i v e n 

s e t of i n p u t data the problem can not be s t r i c t l y s o l v e d . T h i s 

i s a g a i n an i m p ortant c o n t r o l f o r the r e s u l t s . In c e r t a i n c a 

s e s i t c l e a r l y i n d i c a t e s the l i m i t a t i o n s of the s i m p l i f i e d mo

del e x p r e s s e d by e q u . ( 2 4 ) . The f a s t F o u r i e r t r a n s f o r m a l g o 

r i t h m mentioned i n the p r e c e d i n g paragraph i s a l s o used to 

e v a l u a t e e q u . ( 5 6 ) . The program i s e x t r e m e l y f a s t and needs 

l i t t l e s t o r a g e s i n c e one d e a l s w i t h l o g a r i t h m i c d i s t r i b u t i o n s 

which a r e v e r y narrow. 

4. E l i m i n a t i o n of the i n f l u e n c e of s t r a g g l i n g from an e x p e r i 

mental di s t r i b u t i on. 

E qu.(34) can be r e w r i t t e n i n t o a m a t r i x e q u a t i o n . One r e p r e 

s e n t s the s t r a g g l i n g k e r n e l s(E;E") by a two d i m e n s i o n a l a r r a y 

<>E ·£ and the d i s t r i b u t i o n s f ( E ) and f ' ( E ) by o n e - d i m e n s i o n a l 

a r r a y s F̂ . and F'^: 

F £ = S E > r · F ' r ( 5 7 ) 

The m a t r i x i s too l a r g e f o r n u m e r i c a l e v a l u a t i o n , i f a 

l i n e a r g r i d of Ε and Γ i s used. M a t r i x and v e c t o r s a r e t h e r e 

f o r e t r a n s f o r m e d to a l o g a r i t h m i c g r i d . Then the d i mension of 

the m a t r i x and v e c t o r s can be l e s s than hundred, and the a c 

c u r a c y of the r e p r e s e n t a t i o n i s s t i l l s u f f i c i e n t . The computer 

program f i r s t d e r i v e s the d i s t r i b u t i o n s s(E;E") on a l i n e a r 

s c a l e . T h i s i s done by the program mentioned i n paragraph 2. 

Then t h e s e d i s t r i b u t i o n s a r e t r a n s f o r m e d to the s u i t a b l e l o g a 

r i t h m i c r e p r e s e n t a t i o n . F i n a l l y S £ i s i n v e r t e d ; s i n c e S £ γ 

- 132 -



i s s f a i r l y near to a d i a g o n a l m a t r i x i n v e r s i o n p r e s e n t s no 

g r r e a t problems. Thus one o b t a i n s the d i s t r i b u t i o n F-£- from the 

e x p e r i m e n t a l d i s t r i b u t i o n F^-. 

F~ - S ; i - F E ( 5 8 ) 

Thhe method i s , of c o u r s e , l i m i t e d by the assum p t i o n s d i s c u s s e d 

i m s e c t i o n C . l c a s e c ) . But i t i s a p p l i c a b l e i n many i n s t a n c e s 

whiere n a i v e a p p l i c a t i o n of the u n f o l d i n g procedure d i s c u s s e d 

i m the p r e c e d i n g paragraph i s not j u s t i f i e d . The r e s u l t i n g 

d i i s t r i b u t i o n F^ or f ' ( E ) can then be a n a l y z e d a c c o r d i n g to the 

u r n f o l d i n g p r o c e d u r e . 

Wiithout going i n t o d e t a i l s one may remark t h a t e q u . ( 5 7 ) and 

i i t s s o l u t i o n can a l s o be a p p l i e d i n o r d e r to c o r r e c t f o r the 

m i u l t i p i i c a t i o n s t a t i s t i c s of the p r o p o r t i o n a l c o u n t e r . In t h i s 

C e a s e the k e r n e l s(E;"E) i s d e r i v e d not from the c o l l i s i o n s p e c -

tirum but from the s i n g l e e l e c t r o n spectrum of the p r o p o r t i o 

n a l c o u n t e r . 
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