
Journal of 
EDITOR-IN-CHIEF: 
Graham Higman 

M a t h e m a t i c a l Institute 
2 4 - 2 9 , St. Giles 
Oxford, E n g l a n d 

EDITORIAL BOARD: 
R. H . Bruck 

Department of Mathematics 
V a n Vleck H a l l 
University of Wisconsin 
M a d i s o n , Wisconsin 5 3 7 0 6 

D . A . Buchsbaum 
Department of Mathematics 
Brandeis University 
W a l t h a m , Massachusetts 0 2 1 5 4 

P. M . Cohn 
Department of Mathematics 
Bedford College 
Regents P a r k 
London N . W . 1 , E n g l a n d 

J . Dieudonne 
Universite' D* A i x - M a r s e i l l e 

F a c u l t i Des Sciences 
Parc Valrose 
N i c e , F r a n c e 

Walter Feit 
Department of Mathematics 
Yale University 
Box 2155 Yale Station 
New Häven, Connecticut 06520 

A . Fröhlich 
Department of Mathematics 
King's College 
London, W. C. 2, E n g l a n d 

A . W . Goldie 
Mathematics Department 
T h e University of Leeds 
Leeds, E n g l a n d 

J. A . Green 
Mathematics Institute 
University of W a r w i c k 
Coventry, 
E n g l a n d 

Algebra 
Marshall Hall, Jr. 

Sloan Laboratory of Mathematics and 
Physics 
C a l i f o r n i a Institute of Technology 
Pasadena, C a l i f o r n i a 9 1 1 0 9 

I. N . Herstein 
Department of Mathematics 
University of Chicago 
Chicago, I l l i n o i s 6 0 6 3 7 

B. Huppert 
Mathematisches I n s t i t u t 
der Universität 
Tübingen, Germany 

Nathan Jacobson 
Department of Mathematics 
Yale University 
Box 2155 Yale Station 
New Häven, Connecticut 06520 

E . Kleinfeld 
Department of Mathematics 
University of I o w a 

I o w a City, I o w a 52240 
Saunders MacLane 

Department of Mathematics 
University of Chicago 
Chicago, I l l i n o i s 6 0 6 3 7 

G . B. Preston 
Department of Mathematics 
Monash University 
Clayton V i c t o r i a 3168 
A u s t r a l i a 

H . J . Ryser 
Department of Mathematics 
C a l i f o r n i a Institute of Technology 
Pasadena, C a l i f o r n i a 9 1 1 0 9 

J. Tits 
Mathematisches I n s t i t u t der Universität 
Wegelerstrasse 10 
B o n n , Germany 

Guido Zappa 
Istituto Matemätico 
* Ulisse D i n i » 
Universitä degli Studii 
V i a l e M o r g a n i , 67\ A 

F i r e n z e , I t a l y 

Published monthly at 37 Tempelhof, Bruges, Belgium, by 
Academic Press, Inc., 111 Fifth Avenue, New York, N . Y . 10003 

Volumes 20-23, 1972 (3 issues per volume) 
Institutional subscriptions: $26.00 per volume 

Al l correspondence and subscription Orders should be addressed to 
the office of the Publishers, 111 Fifth Avenue, New York, N . Y . 10003 

Send notices of change of address to the office of the Publishers at least 4 weeks 
in advance. Please include both old and new addresses. 

Second class postage paid at Jamaica, N . Y . 11431 
© 1972 by Academic Press, Inc. 

Printed i n Bruges, Belgium, by the St Catherine Press, Ltd. 

CORE Metadata, citation and similar papers at core.ac.uk

Provided by Open Access LMU

https://core.ac.uk/display/12167913?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


JOURNAL OF 

Algebra 

E D I T O R - I N - C H I E F : Graham Higman 

EDITORIAL BOARD: 

R. H . Bruck 
D . A . Buchsbaum 
P. Cohn 
J . Dieudonne 
Walter Feit 
A . F r ö h l i c h 
A . W . Goldie 
J . A . Green 
Marshall Hal l , Jr. 

I. N . Herstein 
B. Huppert 
Nathan Jacobson 
E . Kleinfeld 
Saunders MacLane 
G . B . Preston 
H . J . Ryser 
J . T i t s 
Guido Zappa 

Volume 22 . 1972 

ACADEMIC PRESS 
New York and London 



COPYRIGHT © 1 9 7 2 BY ACADEMIC PRESS, INC. 
ALL RIGHTS RESERVED 

NO PART OF THIS PUBLICATION MAY BE REPRODUCED OR TRANSMITTED 
IN ANY FORM, OR BY ANY MEANS, ELECTRONIC OR MECHANICAL, 
INCLUDING PHOTOCOPY, RECORDING, OR ANY INFORMATION STORAGE 
AND RETRIEVAL SYSTEM, WITHOUT PERMISSION IN WRITING FROM 

THE COPYRIGHT OWNER. 

P r i n t e d by the St C a t h e r i n e Press, Ltd., Bruges, B e l g i u m 



CONTENTS OF VOLUME 22 

N U M B E R 1, J U L Y 1972 

W O L F G A N G H A M E R N I K AND GERHARD M I C H L E R . On Brauer's Main 
Theorem on Blocks with Normal Defect Groups 1 

M A R V I N M A R C U S AND M . SHAFQAT A L I . Minimal Polynomials of 
Additive Commutators and Jordan Products 12 

J O H N J. SANTAPIETRO. The Grothendieck Ring of Dihedral and 
Quaternion Groups 34 

J. C. ROBSON. Idealizers and Hereditary Noetherian Prime Rings . . 45 
A. W . CHATTERS AND S. M . G I N N . Localisation in Hereditary Rings . 82 
J. W . BREWER A N D E . A . RUTTER. Descent for Flatness 89 
STANLEY E . P A Y N E . Quadrangles of Order ( 5 — 1 , 5 + 1 ) 9 7 
STANLEY E . P A Y N E . Generalized Quadrangles as Amalgamations of 

Projective Planes 120 
G. J. JANUSZ. Faithful Representations of p Groups at Charac-

teristic p , II 137 
BODO PAREIGIS. On the Cohomology of Modules over Hopf Algebras 161 
D . B . M C A L I S T E R . Characters of Finite Semigroups 183 

N U M B E R 2, AUGUST 1972 

RICHARD GUSTAVUS LARSON. Orders in Hopf Algebras 201 
A L A N R. HOFFER. On Unitary Collineation Groups 211 
W . T. SPEARS. Global Dimension in Categories of Diagrams . . . . 2 1 9 
T O R H . G U L L I K S E N . Massey Operations and the Poincare Series of 

Certain Local Rings 223 
A V I N O A M M A N N . On Subgroups of Finite Solvable Groups II . . . 233 
F. W . ANDERSON AND K . R. FÜLLER. Modules with Decompositions 

That Complement Direct Summands 241 
M I C H A E L E . O ' N A N . A Characterization of Uz(q) 2 5 4 
P A U L V E N Z K E . Finite Groups with Many Maximal Sensitive Subgroups 297 
CLAUDIO PROCESI. On a Theorem of M . Artin 309 
J. E . H U M P H R E Y S . Remarks on " A Theorem on Special Linear 

Groups" 3 1 6 
JAMES R. C L A Y . Generating Balanced Incomplete Block Designs from 

Planar Near Rings 3 1 9 



M . E . K E A T I N G . Whitehead Groups of Some Metacyclic Groups and 
Orders 332 

E D C L I N E . Stable ClifTord Theory 350 
G . HOCHSCHILD. Automorphism Towers of Affine Algebraic Groups 365 
M A R K BENARD. The Schur Subgroup I 374 
M A R K BENARD AND M U R R A Y M . SCHACHER. The Schur Subgroup II 378 

A. ROBERT. Modular Representations of the Group GL(2) over a 
Local Field 386 

ERRATA 406 

N U M B E R 3, SEPTEMBER 1972 

N . R. R E I L L Y . Semigroups of Order Preserving Partial Transforma­
tions of a Totally Ordered Set 4 0 9 

T E R R Y CZERWINSKI. Finite Translation Planes with Collineation 
Groups Doubly Transitive on the Points at Infinity 428 

IRVIN R O Y H E N T Z E L . N i l Semi-Simple ( — 1 , 1) Rings 4 4 2 
RUSSELL MERRIS. Inequalities for Matrix Functions 451 
W I L L I A M H . GUSTAFSON. Integral Relative Grothendieck Rings . . 461 
V L A S T I M I L D L A B A N D C L A U S M I C H A E L R I N G E L . Rings with the 

Double Centralizer Property 4 8 0 
W A L L A C E S. M A R T I N D A L E , 3RD. Prime Rings with Involution and 

Generalized Polynomial Identities 502 
G U Y TERJANIAN. Dimension arithmetique d'un corps 5 1 7 
J O H N BRENDAN S U L L I V A N . Affine Group Schemes with Integrals . . 546 
YOSHIKI K U R A T A . On an w-fold Torsion Theory in the Category R M 5 5 9 
M . - A . K N U S AND M . OJANGUREN. A Note on the Automorphisms of 

Maximal Orders 573 

AUTHOR INDEX 578 



JOURNAL OF ALGEBRA 22, 161-182 (1972) 

On the Cohomology of Modules over Hopf Algebras 

BODO PAREIGIS 

M a t h e m a t i s c h e s I n s t i t u t d e r Universität München, M i t n i c h , G e r m a n y 

C o m m u n i c a t e d by A . Fröhlich 

Received May 11, 1970 

Let JR be a commutative ring. Define an FH-algebra H to be a Hopf algebra 
and a Frobenius algebra over R with a Frobenius homomorphism i/t such that 
2-00 ^d) (̂̂ (2)) = ^ ( h ) ' 1 for all h e H . This is essentially the same as to 
consider finitely generated projective Hopf algebras with antipode. For modules 
over FH-algebras we develop a cohomology theory which is a generalization 
of the cohomology of finite groups. It generalizes also the cohomology of 
finite-dimensional restricted Lie algebras. In particular the following results 
are shown. The complete homology can be described in terms of the complete 
cohomology. There is a cup-product for the complete cohomology and some 
of the theorems for periodic cohomology of finite groups can be generalized. 
We also prove a duality theorem which expresses the cohomology of the 
"dual" of an üf-module as the "dual" of the cohomology of the module. The 
last section provides techniques to describe under certain conditions the coho­
mology of H by the cohomology of sub- and quotient-algebras of H . In 
particular we have a generalization of the Hochschild-Serre spectral sequence 
for the cohomology of groups. 

1 • The cohomology of modules over Hopf algebras as represented in this 
paper generalizes to a certain degree the cohomology of groups as well as the 
cohomology of Lie algebras and restricted Lie algebras. In fact if G is a 
group and A is a G-module, then it is well known that 

H n ( G , A ) e x t f z [ c L z ) ( Z , A ) for n > 0. 

Furthermore, we have for a (restricted) Lie algebra g over a field k with 
(restricted) universal enveloping algebra £/(g) and a g-module A isomorphisms 
# n(g, Ä) ^ extJV ( f f ),A#, A ) for n > 0. 

In these cases Z[G] and £/(g) are Hopf algebras with antipode over Z and 
k respectively. A lot about the cohomology of finite groups and finite-dimen­
sional restricted Lie algebras can be derived from the fact that Z[G]/Z and 
U(o)lk are Frobenius algebras. So we shall frequently use the fact that a 
finitely generated projective Hopf algebra H with antipode over a commuta-

161 
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162 PAREIGIS 

tive ring R with pic(jR) = 0 is a Frobenius algebra [7, Theorem 7] with a 
Frobenius homomorphism I/J such that h ^ ^ h ^ ) ) — $(h) • 1 for all 
he H . We shall call H an FH-algebra if H is a Hopf algebra and a Frobenius 
algebra with a Frobenius homomorphisms with the above mentioned prop-
erty. Most of the homological content of this paper applies to modules over 
FH-algebras. 

Let H be an FH-algebra over a commutative ring R and A be an 77-mod-
ule. The (co-)homology of H with coefficients in A is defined by 
Hn{HiÄ):=tor^R\RiÄ) and H n ( H , A ) : = e x t f H , R ) ( R , A \ respectively; 
so we have a generalization of the (co-)homology of finite groups as well as 
of finite-dimensional restricted Lie algebras. For nonzero Lie algebras g over 
a field k the universal enveloping algebra £/(g) is infinite-dimensional, so it 
is not a Frobenius algebra and most of the theory developed here does not 
apply. 

For FH-algebras, there are complete resolutions which allow to define 
the (co-)homology groups also for negative n . We obtain in this paper an 
expression of the w-th homology group by a (—n — l)-th cohomology group. 
Furthermore we develop a cup-product which has similar properties as in the 
group case. For some results we need that the FH-algebra under consideration 
is cocommutative. One result derived by cup-product techniques is a duality 
theo rem which gives an isomorphism 

H * ( H , h o m ( A , B 0 ) ) ^ h o m { H - n - \ H } A ) , B ) , 

where B is an injective jR-module and H and A are as above. There are also 
some results on periodic cohomology which generalize the case of finite 
groups. In particular we show that an FH-algebra generated by one element 
as an algebra has periodic cohomology of period 2. 

The last section provides techniques to describe under certain conditions 
the cohomology of H by the cohomology of sub- and quotient algebras of H . 
In particular we have a generalization of the Hochschild-Serre spectral 
sequence for the cohomology of groups. 

If we restrict ourselves to cocommutative Hopf algebras with antipode, 
then they are group objects in the category of cocommutative coalgebras. So 
one may consider the Eilenberg-MacLane cohomology of group objects in 
this case. The second cohomology group of this theory for example describes 
the Hopf algebra extensions with antipode which are split as coalgebra 
extensions. In special cases, the Eilenberg-MacLane cohomology groups 
HßM(Ht M ) of a Hopf algebra H with antipode with coefficients in a commu­
tative Hopf algebra M with antipode can be expressed with the cohomology 
groups studied in this paper. If H = Z\3rif\ and M = Z \ J i \ for a group £F 
and an jT-module Jt, then H n ( H , J£) ^ M ) for n > 0. If H = U { % 
the restricted universal enveloping algebra of a restricted Lie algebra I), and 
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M = U ( m ) with a commutative restricted I)-Lie algebra m, then 
H n ( H , m) ^ H % M ( H , M ) for n > 3 [5, V Satz 2 and I Korollar 4.3]. Except 
from these examples, however, we do not know whether these two cohom­
ology theories are in some sense connected. 

2* A l l rings and algebras are associative with unit dement. A l l modules 
are unitary modules. R is a commutative ring. A l l algebras are i?-algebras. 
A l l unlabelled tensor products and hom's are tensor products and hom's 
over R . 

By [7, Theorem 7] a finitely generated projective Hopf algebra H with 
antipode S and P(i /*) ^ R is a Frobenius algebra with a Frobenius homo-
morphism I/J such that Y,(h) ̂ (1)̂ (̂ (2)) — </W ' 1 • The condition P(i7*) ^ R 
holds in particular if pic(P) = 0 [7, Proposition 5]. Conversely a Frobenius 
algebra H with a Frobenius homomorphism \ft such that £<A) Ä(1>i/»(A(2)) = 
0(Ä) • 1, which is a Hopf algebra, has an antipode [7, Theorem 11], A Hopf 
algebra and Frobenius algebra H with a Frobenius homomorphism \fs such 
that (̂1)̂ (̂ (2)) = ' 1 w u ^ °e called a n FH-algebra. 

Let # be an augmented algebra. Let A be an Zf-module. The {relative) 
homology of # with coefficients in A is defined by 

H n ( H , A ) : = •*>(£, Ä). 

The {relative) cohomology of with coefficients in 4̂ is defined by 

H " ( H , A ) : = c ^ H R ) ( R y A ) . 

L E M M A 1. Let H be a n FH-algebra. E a c h H-module A has a complete 
(H, R)-resolution: 

\ / 
A 

0 0 

Proof. Since an i/-module is {H, i?)-projective if and only if it is {H> R ) -
injective, we may compose an {Hy P)-projective resolution with an ( i / , R ) -
injective resolution of A to a complete {H, i?)-resolution. 

Let H be an FH-algebra and A an iJ-module. Let SR be a complete R ) -
resolution of R considered as an H-module by the augmentation € : H ^ - R . 
The complete homology of H with coefficients in A is defined by 

Hn(H,A):=Hn(M®HA). 
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The complete cohomology of H with coefficients in A is defined by 

H " ( H , A ) : = H n ( h o m H ( % A ) ) . 

By definition we have H n ( H , A ) ^ H n ( H , A ) for n > 1 and 8 n ( H , A ) ^ 
H n ( H y A ) for n^z 1. 

Each //-projective resolution of JR is an (Hy P)-projective resolution, since 
all H-projective modules are (H, jR)-projective and .R-projective. Since R is 
jR-projective, the resolution is jR-split, so it is an (H, R)-projective resolution. 
Consequently H n ( H y A ) ̂  t o r ^ P , Ä) and H n ( H , A ) g± extH

n(Ry A ) for all n . 

3* Let \fs be the Frobenius homomorphism of the FH-algebra H . Then 
0 is a free generator of ü/* as a left üT-module and also as a right i/-module 
[3,2.(4)]. So i/r*(Zr) defined by h o \}j = ip o 0*(Ä) is an algebra automorphism 
of H , the Nakayama automorphism [3]. 

Let A be a left #-module. Then A° is the left //-module with underlying 
abelian group A and multiplication h • a = \fj*(h)a. 

Since i / is finitely generated projective, there is a natural isomorphism 

hom(hom(#, *) , H)^H®H. 

Let 2 ® ^ he the image of the inverse of the Frobenius isomorphism 
fr-1. Then we have by [4, Satz 10 and (11)] 

Y h r i ® l i = ^ri®lih (1) 

I'I*®<I = E'«®**(AH (2) 
1 ^ ) ^ = 1 = 1 ^ ) . (3) 

Let A be a left //-module and J5 be an P-module. The homomorphism 

tr : hom(^, B ) (A B a H> £ r,• ® /( / ,«) e H ® B ) e h o m ^ , H ® B ) 

is called the Jrace map. Clearly tr(/) e h o m H ( A y H ® B ) because of (1). 

L E M M A 2. The trace map tr : hom(/7, JR) —> hom#(//, H ) is an iso­
morphism. 

Proof. H o m ( H y JR) = H o ifj is a free H-module. 

tr(Ä o ^)(1) = £ o flft) = X r«MA) = A I r«M) = A, 
where we used (1) and (3). It is sufficient to know tr(A o ̂ r) on the unit of H . 
So tr is an isomorphism, actually the inverse of the Frobenius isomorphism. 
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Let A and B be left if-modules. We denote the map 

hom(i4, B ) h o m H ( A , H <g) B ) h o m U ' m u t t ) ) h o m H ( A , B ) 

by T r and call it also the trace map. 

L E M M A 3. fe h o m ^ ^ , B ) is a trace of some g e hom(^4, B ) if and only if 
there is a factorization offthrough A —>-a H ® B —*T B with H-homomorphisms 
a and r. 

Proof. L e t / = T<7. H <g) B is (if, P)-prqjective [2, 3.1 ( P I ) and also 
Lemma 5]. So by [4, Satz 11] there is an P-endomorphism p of i f ® B with 
Tr(p) = id//@ ß . Since a and r are H-homomorphisms, we get/ = r Tr(p)cr = 
T r ( r p a ) . The converse holds by definition of Tr . 

COROLLARY 1. Let f e h o m { A y B ) . Then H n ( H y Tr(/)) = 0. 

Proof. T r ( / ) can be factored through i f (x) B which is (if, P)-projective. 
Now for an (if, P)-projective module P all cohomology groups H n ( H , P ) = 0, 
for 0 —> P — P -> 0 is a complete resolution of P, and hence 
H n ( h o m H ( R y P)) = 0. Consequently H n ( H , Tr(/)) can be factored through 
zero. 

PROPOSITION 1. H n ( H y Ä) is a module over the center C of H . The ideal I 
i n C generated by £ e C annihilates H n ( H , A ) . I n p a r t i c u l a r i f I = C then 
Hn(H> Ä) = 0 for a l l H-modules A . Furthermore if ceC annihilates A then 
i t annihilates Hn(H> A ) . 

Proof. The first and also the last remark is clear, since multiplication 
with an element of C defines an if-endomorphism of A . Now Tr(id^) is 
multiplication by £ e C and H n ( H , Tr(id^)) = 0 by Corollary 1. If 
]T r^ is invertible in C then the multiplication by 1 is the zero map, so 
ß«(H, A ) = 0. 

COROLLARY 2 . Let N be the left norm of H with respect to I/j [7]. Then 
€ ( N ) = e ( Z r j i ) annihilates H n ( H y A ) . 

Proof. We have 

I r A k ) = I r ^ ( h N ) = N £ r ^ k ) = N 

which implies eQ£ r ^ ) = e(N). Now all homomorphisms hom#(idÄ , £ rJi)9 

h o m H ( Z U k , id,,), homH(e(X; r^ ) , id„), and hom„( id Ä , c(iV)) from 
hom^P, 4̂) into hom#(P, ^4) are the same, since £ e C a n d P is an 
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if-module via € : i f —• R . So multiplication by £ *ih and by e(N) induce the 
same maps on the cohomology groups Hn(H> A ) . 

4* Let i f be an FH-algebra. Let A and B be left if-modules. We define 
a left if-module structure on A ® B and hom(^4, B ) by 

h(a ® b) = £ ® Ä(2)& 

and 

( * / X « ) = Z*Ü)/(S(*(I))«). 
( h ) 

i.e., we consider .4 ® i? and hom(^4, B ) as i f ® if-modules and restrict the 
Operation via J : i f —> i f ® i f . 

L E M M A 4 . I ^ f -4, -B, C be left H-modules. Then 

h o m H ( A , hom(£, C)) ^ h o m H ( A ® J5, C) 

ty ß n a t u r a l transformation. 

Proof. We use the natural transformation 

h o m ( A , hom(ß, C)) ^ h o m ( A ® B } C) 

and show that if-homomorphisms correspond to if-homomorphisms. Given 
fe h o m H ( A , hom(£, C)). Then 

/'(*(Ä®*)) = I/(*(Ü«)(*W») 

= Z*(D/(«)(5(*tt))Awft) 
(7i) 

= Ä/'(a ® b) 

and for y G homH(^4 ® J5, C) we get 

/ ( * * ) ( * ) = / ' ( * « ® » ) 

= ! / ' ( * ( ! ) « ®*<2)S(*te))*) 
(A) 

= I * ü > / ' ( « ® <$(*<*>)*) 

= Z*ü)/(«X5(*tt))») 
(Ä) 
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COROLLARY 3. For H-modules A and B there is a n a t u r a l isomorphism 

homH{Ry hom(^, B ) ) ^ h o m H ( A , B ) . 

Proof. This is a consequence of the isomorphism of if-modules 
R®Ag^A. 

L E M M A 5. Let A and B be left H-modules. 

(a) If A is R-flat and B H - i n j e c t i v e , then h o m ( A f B ) is H - i n j e c t i v e . 
(b) If B is (if, R)-injectivey then h o m ( A , B ) is (if, R)-injective. 
(c) If A is (if, R)-projectivey then hom(^4, B ) is (if, R)-injective. 
(d) If A is (if, R)-projective> then A ® B is (if, R)-projective. 

Proof. (a) hom / /(— ® A , B ) ^ hom / /(—, hom(^4, B)) is exact. 
(b) The functor homH(—® A , B ) ^± homH(—, h o m ( A , B ) ) maps 

(if, jR)-exact sequences to exact sequences, since — ® A maps (if, R)-exzct 
sequences to (if, P)-exact sequences. 

(c) We first prove that there is a natural isomorphism 

hom H (^ (x) C, B ) ^ hom / /(C, [hom(^, £)]), 

where [hom(^4, B)] is the abelian group hom(^4, B ) with the Operation 
(hf)(a) = h(2)f{S~1(h(1))a). Here we use [7, Proposition 6] , that S is 
invertible. In this case £ £_1(̂ (2)) n ( i )

 = = € ( h ) = Z ^(2)^_1(^d)) holds. Using 
this, the proof of the isomorphism is similar to the proof of Lemma 4. Now 
each (if, i?)-exact sequence is sent to an exact sequence by 

h o m H ( A 9 [hom(—, B)]) ^ homH(— ® A , B ) hom^(—, h o m ( A y B ) ) , 

since [hom(—, B)] maps (if, i?)-exact sequences to (if, i?)-exact sequences. 
(d) With the isomorphism hom^(^, hom(ß, —)) ^ h o m H ( A ® B , —) 

a similar proof as for (b) and (c) may be given. 

It should be noted that Lemma 5 is different from the result [1, X . Pro­
position 8.1] since the module structures on A ® B and hom(^4, B ) are quite 
different. 

For explicit computations of resolutions it is often interesting to know the 
following results. Let A be a left //-module. Then, i f ® A and hom(if, A ) 
can carry the if-module structure as described in the beginning of this 
section as well as the structure h • (h' ® a) = hh' ® a and (h • f){h') = f ( h f h ) . 
Let us denote these modules by <if ® A } and <hom(if, A ) } . 

L E M M A 6. There a r e isomorphisms of left H-modules: 

H®Ag±<H®A> 
hom(if, Ä) ^ <hom(if, A ) > . 
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Proof. The first isomorphism a is defined by 

o c ( h ®a) = Y, h d ) ® s ( h ( 2 ) ) a -
( h ) 

The inverse is defined by o r x ( h (x) a ) = ]T(a) h ( ± ) (x) Ä(2)tf. a and ar 1 are 
inverses of each other. It is easy to see that a _ 1 is an //-homomorphism; so 
a is also an //-homomorphism. We define the second isomorphism ß by 
PtfXA) = Z w *&)/(•$(*<*>)) and ß~\f)(h) = £ w h ( i ) f ( S - \ h ( l ) ) ) . Again, it 
is easy to see that ß and ß_1 are inverses of each other and that ß is an 
fl-homomorphism. 

5 . L E M M A 7. For left H-modules A and B the map 

a. : hom(^, R ) ®„ B sf ® b ( A B ai-> £ ^*{rt)f{ltä)b eB)e hom w (^, B°) 

is a n a t u r a l transformation. If A is a finitely generated projective H-module then 
a is a n a t u r a l isomorphism. 

Proof. First we have to show a(fh ®b) = a(f ® hb) and a( / ® b)(ha) = 
* * ( * ) « ( / ® & X « ) - N O W 

and 

a(fh ® = + * ( r t ) f ( W * - \ k ) l t a ) b 

= a ( /®Ai ) (« ) 

< < / ® * X * « ) = E * * t o ) / M * 
= * * ( * ) « ( / ® * X < 0 -

by(2) 

b y ( l ) 

Clearly a is a natural transformation. For A = H w e have i/sh ®b — ift (x) hb; 
so every element in hom(//, R ) ®H B can be written in the form $ ®b for 
some b e B . Now a(?/r (x) 6)(1) = £ hence oc is an isomorphism for A = H . 
Finally [6, 4.11 Lemma 2] implies the claim of the Lemma. 

T H E O R E M 1. Let H be a n FH-algebra and let A be a left H - m o d u l e . Then 

H n ( H , Ä) Ä H - n ~ \ H y A°) for a l l n . 

Proof. By [3, Section 6] the //-module R has a complete (H> P)-resolution 
of finitely generated projective //-modules. Call this resolution 9?. Then 
hom(5R, R ) is again (//, P)-exact. By Lemma 5.c h o m { A n , R ) is (//, R ) -
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injective if A n is projective. So hom(9t, R ) is an (Hy P)-injective and also 
( H y i?)-projective resolution of the right if-module P * ^ R . So 

hom(<R, R)®HA^ homH(% A°) 

by Lemma 7; hence H n ( H y A ) ß-n-\Hy A°). 
This shows that the complete homology can be described by the complete 

cohomology so that we have to deal only with complete cohomology. 

6* PROPOSITION 2. The complete cohomology describes module (iü, R ) -
extensions for left H-modules A and B by 

cxt?H§#(A9 B ) ^ ßn(Hy hom(A9 B ) ) for n > 1. 

P r o o f We have to prove 

ext?HtR)(Ay B ) ^ extn

(H>R){Ry hom(A9 B ) ) . 

Let 0 —• B -> 93 be an (H9 jR)-injective resolution of B . Then, 

0 -> hom(^, B ) ~> hom(A9 93) 

is an (H9 i?)-injective resolution by Lemma 5.b. So, by 

YiomH{A9 93) ^ hom^i?, hom(Ay 93)) 

as in Corollary 3, we get the required isomorphism for the homology of the 
complex. 

COROLLARY 4. The relative global dimension gl-dim(ü, R ) of H over R is 
equal to the H-projective dimension p-dim(i?) of the H-module R and is either 
zero or infinite. 

Proof. The projective dimension of R coincides with the (iü, i?)-projec-
tive dimension of R by extH

n(R9 A ) ^ ext"HtX)(R9 A ) . By (4) and 
hom(i?, A ) ^ A as left ü-modules we get gl-dim(if, R ) = p-dim(i?). Now 
[2, 3.1.(IV)] implies the result. 

PROPOSITION 3. F o r left H-modules A and B and H + = ker(e : H - * R ) 
there is a short exact sequence 

0 -> homH(^4, B ) hom{A9 B ) h o m H ( H + , hom(Ay B ) ) 

t x t \ H t R ) ( A , B ) - > 0 
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and isomorphisms 

extföR)(H+} hom(A B ) ) ^ ext^ , Ä ) (^ , B ) for n > 1. 

Proof The short exact sequence 0 -> H + —• // - > R 0 is an (//, P) -
exact sequence. So we get an exact sequence 

0 -> h o m H ( R y h o m ( A y B ) ) h o m H ( H y hom(^, B ) ) h o m H ( H + y h o m ( A , B ) ) 

- > e x t \ H t R ) ( R y hom(A B ) ) ext^ > Ä )(/f, hom(^[, B ) ) y 

where h o m H ( R y hom(^4, B ) ) ^ h o m ^ ^ , B ) y 

h o m H ( H y h o m ( A y B)) ^ hom(^, B ) y ex t | f f > Ä ) (P ,hom(^ [ ,B))^ e x t ^ Ä ) ( ^ , J5), 

and ext]H R ) ( H y h o m ( A y B ) ) = 0 imply the exact sequence. The iso­
morphisms are also induced by the exact cohomology sequence by 
e x t ? H t R ) ( H y h o m ( A y B)) = 0 for n > 1. 

PROPOSITION 4. There is a n (Hy R)-complete resolution of R by left H - m o ­
dules where the center of the resolution has the form: 

> <// ® //+> H H <// ® hom(//+ R ) } > 
\ * 

€ / P 

R 

0 0 

where N is the right multiplication by the left norm N y p : Rsr\-* r N e H y m 
is the multiplication mapy and m*(h) = h r{ ® ( l t o 0). 

Proof. Since H + is an //-ideal and R is iWree, the sequence 
••• -* <JH ® //+> / / - > € P 0 is the beginning of an (Hy P)-projective 
resolution. By dualization we get an (Hy P)-exact sequence of left //-modules 

0 -> hom(P, R ) -> hom(//, R ) -> h o m « / / + ® //>, P) ••• . 

Now since H ®A^ hom(//, A ) by Ä ® a i-> (h o xjj)a and f \ - + £ r* ®/(^)> 
we get isomorphisms of left //-modules hom(i?, R ) ^ P , hom(//, R ) ^ //, 
and h o m « / / + ® //>, P) ^ <hom(//, hom(//+, /?))> ^ <// ® hom(//+, P)>. 
The maps hom(€, P) and hom(ra, R ) induce the following maps 

p : R s r ^ r N e H 
since r N o ifj = r o e and 

: / / 9 h H> Ä £ ® (/, o </,) e <// ® hom(//+, /?)> 
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which is easily checked with the above definitions. So the above sequence 
defines an ( H Y P)-injective resolution of R . By the fact that h N = <-(h)N 
[7, Section 4] we get N = pe. 

PROPOSITION 5. Let A be a left H - m o d u l e . Let A H — {ae A \ ha = e(h)a 
for a l l h e H } and A N = {a | N a = 0}. Then 

H ° ( H , A ) ^ A H j N A 

H ~ \ H Y A) ^ A N I < / J * - \ H + ) A . 

F o r a left H - m o d u l e A with ifß^ffija = e{h)a for a l l aeAy he H we have 

H ~ \ H Y A ) ^ ( H + l ( H + f ) ® A . 

P r o o f (1) The relevant part of the complex is 

••• h o m H ( H Y A ) h o m ( " M ) > hom^ff, A ) hom(™-A)> h o m H ( H ® H + A ) - . 

II? II? 
A * > A 

Now m'(a)(Ä ® A + ) = h h + a . So Im(iV) = N A and 

ker(wz') = {<* e ,4 | +a = 0} = {a e A \ ha = e(%} = A H . 

This implies £°(tf, ,4) ^ i4*/M4. 
(2) By Theorem 1, we have H 0 ( H Y A ' ) g± H ~ \ H Y A ) y where (i4')° = A 

as /f-modules. Now H 0 ( H Y A ' ) is computed from 

- < f f + ® H > ® H ^ - ^ - / / ® / / ^ - ^ f l ® ^ ' -

II? II? II? 
tf+ 0 ^ ' 2 ^ ^ ' £ ^ ^ , 

where N ' is multiplication with the right norm N f = 0*(AT). Here, we use 
the resolution of Proposition 4 but with inverted sides. We get 
ker(AT) = {ae A ' \ 0*(A/> = 0} = {ae A \ N a =0} = A N . Furthermore 
Im(m) = H + A ' = 0*-1(fl r+)i4. 

(3) By [1, p. 184, (4)] we have t o r [ H > R \ R Y A ' ) ( H + l ( H + f ) ® A ' y 

since the relative homology coincides with the (absolute) homology in this 
case. In the tensor product we are not interested in the if-module structure 
of A so that we get H ~ \ H , A ) ^ ( H + I ( H + ) 2 ) ® A y where we used Theorem 1. 
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COROLLARY 5. Let 0 — > A - + B - + C — > 0 be a n exact sequence of left 
H-modules. Then 0 —> A H —> B H - > CH is exact. 

Proof. In the preceeding proof we saw that ker(m') = A H . By definition, 
m' is a natural transformation. So the result follows from the fact that ker is 
a left exact functor [6, 2.7 Corollary 2]. 

COROLLARY 6. For an FH-algebra H the following a r e equivalent: 

(a) e(AT) is invertible. 
(b) gl-dim(tf, R ) = 0. 
(c) ß°(H} R ) = 0. 

Proof. If e(7V) is invertible, then by Corollary 2 all cohomology groups 
H n ( H , A ) are zero, which means that gl-dim(if, R ) = 0 by Proposition 2. 
In particular, ß°(H, R ) = 0. Now, if ß°(H, R ) = R H / N R = fl/MR = 0, 
then N R = e(N)R = R so e(N) is invertible. 

This corollary is a generalization of a well-known theorem of Maschke. 

COROLLARY 7. Let Abea left H-module with A = TTzew 

ßo(H, A ) ß~\H, A Q ) ker(e(AT) : ^ -> A ) . 

Proof. By Proposition 5 we have ß-\H, A°) ^ (A°)NI^-1(H+)A° = 
(A°)NjH+A = ( A Q ) N = { a e A \ e ^ ( N ) a = 0} = { a e A \ e(N)a = 0}, since 
6(JV) = l/r(e/f*(AT)N) = €(^*(iV)). 

7* Let ses(if, JR) be the category of all jR-split short exact sequences of 
if-modules with triples of if-homomorphisrns as morphisms. We define an 
(Hy i?)-connected sequence { H i

i E 1 } of covariant functors from m o d ( H ) to 
mod(i?) like in [8, XII.8]; we restrict ourselves, however, to JR-additive 
functors only. As in [8, X I I . Theorem 7.2 and 7.4], one can prove that each 
.R-additive functor from m o d ( H ) to mod(i?) has a unique .R-additive left 
(and also a right) satellite (up to an isomorphism). We write the right satellite 
of a functor F as S^F and the left satellite as S ± F . In the following, we need a 
slight generalization of [8, X I I . Corollary 8.6]. 

L E M M A 8. If { H \ E 1 } is a n (H, R)-connected sequence with H l ^ S1^-1 

for a l l (some) i a n d i f F : mod(jR) —> mod(i?) is a r i g h t exact R-additive covariant 
functor y then {FHly F E 1 } is a n (Hy R)-connected sequence of functors with 
FH* ^ F H * - 1 ) . 

Proof. Is essentially dual to the proof of [8, X I I . Corollary 8.6]. 
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L E M M A 9. L e t H ' and H be FH-algebras. L e t G : mq£(R) —• mod(jR) be 
a n R-additive functor which has a n extension G# : m o d ( H ) —> mod(üP) which 
maps (Hy R)-injective modules into ( H ' y R)-injective modules and such that 

m o d ( H ) G # > mod(#') 

m o d ( R ) — m o d ( Ä ) 

is commutative where V is the forgetfulfunctor induced by R ^ > H and R - + H ' . 
Then S \ L G # ) ^ (SP-L) G* for any R-additive functor L : m o d ( H ' ) -> mod(fl). 

Proof. For a sequence E = (0 —>- E x —• E 2 —• E s —>• 0) e ses(üT, R ) , the 
sequences V(E)9 G V ( E ) , and V G # ( E ) are split exact; hence G # ( E ) e ses(#', R ) . 
Now assume that E 2 is (H9 jR)-injective. Then, G # E 2 is ( H \ i?)-injective; 
hence L G # ( E 2 ) — > L G # ( E Z ) - > ( S X L ) G # ( E ^ ) ->• 0 is exact. Now we apply 
[8, X I I . Theorem 7.6] to get the result. 

L E M M A 10. L e t A and B be left H-modules. Then H m ( H y A ) ® H n ( H 9 B ) 
and I i m + n ( H y A ® B ) are for fixed n and B (Hy R)-connected sequences of 
functors in A which a r e right universal. H m + n ( H y A ® B ) is also left couniversal. 

Proof. The functor — ® B : m o d ( R ) —>- mod(i?) has an extension also 
denoted by — ® B : m o d ( H ) -> mod(üT) which commutes with the forgetful 
functor m o d ( H ) —> mod(jR). Furthermore, it preserves (Hy i?)-projective 
modules by Lemma 5 (d). Since a module is (H, R)-projective if and only 
if it is (Hy i^-injective, the functor — ® B preserves also (Ht i?)-injective 
modules. 

Now Hn(Hy —) is an (Hy .R)-connected sequence of functors which is right 
universal and left couniversal for all w, since these functors vanish on (H, JR)-
projective and also (Hy jR)-injective modules [8, X I I . Corollary 8.5]. So 
Lemma 9 proves the Lemma for H m + n ( H y A ® B ) . 

The functor — ® H n ( H , B ) : mod(i?) mod^) is an jR-additive right 
exact functor. So Lemma 8 implies the rest of the proof. 

With these means we can prove in a similar way as in [5, III. Satz 3.4] the 
existence of a cup-product: 

T H E O R E M 2. L e t H be a n FH-algebra. L e t A a n d B be left H-modules. 
For fixed integers m 0 , n 0 let 

£ : H ^ ( H y Ä) ® ß " * ( H , B ) H m ^ ( H y A®B) 
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be a n a t u r a l R-hojjtomorphism. Then there exists exactly one set of R - h o m o -
morphisms 

<pm>n : H™(Hy A ) ® H n ( H y B ) ->• H™+n(Hy A®B) 

for a l l m y n and a l l left H-modules A and B such that 

(a) cp™Q>no = £ 
(b) <pm*n is a n a t u r a l transformation i n A and B y 

(c) 9>w + 1>w(£* ® 1) = (E ® £ ) * <p™>n

y 

(d) ( - 1 ) V " ' W + 1 0 ® £*') = (A® £ ' ) * 9>m'w 

where E and E' a r e i n ses(//, R ) . 

We define a natural homomorphism 

| : H°(Hy A ) ® H \ H y B ) H % H y A ® B ) 

by A H / N A ® B H j N B ( A ® B ) H j N ( A ® B ) which is induced by the 
identity A ® B —> A ® B . To show that this is a well-defined homomorph­
ism we first show A H ® B H C ( A ® B ) H . Let aeAH

ybeBH

y he H . Then 
h(a ®b) = £(ä) h { l ) a ® hi2)b = e(A)(a ® 6 ) ; s o ß { x ) i e ( ^ [ ( g ) Further-
more, we show A H ® N B C JV(-d ® 5). Let aeAH

ybeB. Then a ® N b = 
Zov) <^V(i))ß ® N(2)6 = W<i)* ® (̂2)* = ® *)• Obviously the 
homomorphism £ is a natural homomorphism. By the preceeding theo-
rem, there is a uniquely defined multiplication H m ( H y Ä) ® H n ( H y B ) - > 
H m + n ( H y A®B) which is induced by £. This product will be called the 
cup-product. 

For A = R we have H°(Hy R ) ^ ß/iVi?. The element corresponding to 
l + N R e R / N R will be denoted simply by 1 e H°(Hy R ) . 

L E M M A 11. / / we identify R®B = B = B®Ry then 1 • b = b = b • 1 
for any b e H n ( H y B ) . 

Proof. Is the same as the proof of [5, III. Lemma 3.6]. 
In a similar way one proves that the cup-product is associative. 

L E M M A 12. Let H be a cocommutative FH-algebra. Let A and B be H - m o d ­
ules. If we identify the H-modules A ® B and B ® A and if ae H r ( H y A ) and 
b e H s ( H y B ) y then a-b = ( - l ) r s b • a . 

Proof. The morphisms ßr(H, A ) ® H s ( H y B ) - > * r , s H r + s ( H y A ® B ) and 
H r ( H y A ) ® H s ( H y B ) g* H s ( H y B ) ® H r ( H y A ) -*<-i>rV-r H r + S ( H , A ® B ) 
both fulfill the conditions of Theorem 2 as can be easily checked. So by the 
uniqueness they have to coincide. 
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8* PROPOSITION 6. L e t H be a n FH-algebra and A be a left H-module. 
L e t B be an R-injective R-module, which w i l l be viewed as t r i v i a l H-module v i a 
e : H - > R . L e t N e H be cocommutative. Then the cup-product 

ß \ H y hom{Ay B 0 ) ) ® ß ~ x { H y A ) -> ß ~ \ H y hom{Ay B°) ® A ) 

and the evaluation 

x:hom{AyB°)®A^B° 

define a n a t u r a l isomorphism 

i : ß°(Hy hom(Ay B 0 ) ) - > homiß-^H, A ) y ß ~ \ H y B°)). 
Proof. First we consider an explicit formula for the cup-product. Let 

E = (0 C P A 0) be an (Hy jR)-exact sequence with an 
(Hy i?)-projective module P . Then hom(^4, B°) ® P is also (Hy JR)-projective 
by Lemma 5 (d). So there is a commutative diagram 

ß°(Hy hom(Ay B 0 ) ) ® ß ~ \ H y Ä) 1 @ * > ß \ H y hom(Ay B 0 ) ) ® ß % H , C) 

ß-\H, hom(A, B Q ) ® A ) - ß°(Hy hom(Ay JJ°) ® C) 

where S = (hom(^4, B°) ® and 1 ® E * are isomorphisms in the long 
exact cohomology sequence. Now 

ß°(H, hom(Ay B Q ) ) ® ß ~ \ H y A ) 
^ hom„(.4, B°)INhom(Ay B°) ® A N M * - \ H + ) A . 

Here we use the fact homH(Ay B ) = hom(^4, B ) H

y for let f e homH(Ay B ) . 
Then, 

(¥) («) = E *(i)/(5(Att>)«) =f«h)a) = («(*)/)(«); 
<A> 

so /e hom(Ay Bf. L e t / e hom(i4, B ) H . Then/(Aa) = £ w ( < h { l ) ) f ) ( h ( 2 ) a ) = 
Z ( A ) (hi)f)(h(2)") = Z(Ä) h i ) f ( S ( h i 2 ) ) h ( z ) a ) = A / ( « ) , S O / G hom„(,4, 5). 

Let / e hom^(^4, 5°) and a G . Choose J e ? such that y(/>) = Then 
(1 ® £ * ) ( / ®ä)=f® N/> where iV/> G A(C). This may be seen by Comput­
ing the connecting homomorphism E * using the complete resolution of 
Proposition 4 for R . By definition of <p°'° the representative/ ® Np is mapped 
into / ® N p . On the other hand, / ® a is a representative of an element in 
ß ~ \ H y hom(^, £°) ® ^ ) ^ (hom(^[, B°) ® ^) i V/^*" 1(i/ +)(hom(^, 5°) ® 
for i V ( / ® a) = ^ ( i ) / ® ^<2)« = Z (N) < N W ) / ® # = / ® N a = 0. 
So $(f ® a) = N ( f ®p) = f ® Np with a similar calculation as above. 

481/22/1-12 
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Since 8 and 1 ® are isomorphisms, this shows <p0 , _ 1(/ ® ä) = / (x) a for 
the representatives. 

^ defines a homomorphism 

H o m H ( A y B°)IN hom(i4, 5°) -> h o m ^ ^ * " 1 ^ , ker(c(iV): 5 -> 5)), 

where we use ß-\Hy B°) ^ ker(e(Af) : B —• J5) (Proposition 5). Given 
/ : ^ N - > k e r ( e ( N ) : i 5 - ^ B ) with /(0*~1(Jff+)i4) = 0. Then, there is an 
i?-homomorphism/' : A - * B whose restriction to ANisf, since £ is i?-injec-
tive. We have/'O/r*- 1^*)^) = 0. We also have 

x j s * - \ H + ) f \ A ) C 0*-i(ff+)B° = 0. 

# is a direct sum R • 1 © 0 * _ 1 ( i / + ) , since ^ * is an algebra automor­
phism. Let h = h x + h 2 with respect to this decomposition. Then 

f \ h a ) = / ' ( M + / ' ( M = = h J ' ( a ) + h2f\ä) = h f ' ( a ) ; so 
/ ' e hom^^ ,^ 0 ) , i .e. ,/ ' is a representative of an dement in ß°{H, hom(^4,J50)). 
Let a e A N be a representative for an dement in ß-\H, A ) ^ A N l * l > * - \ H + ) A y 

then £ ( / » = x/'-H/' 0 «) = x(/' ® «) =/'(«) =/(«); so £( / ' ) = / • 
Hence, £ is an epimorphism. 

To show that £ is a monomorphism let fe homH(A, B°) be given such that 
f ( A N ) = 0. We want to show that fe N h o m ( A , B°). The sequence 
0 —• A N 4̂ -> ; V is exact. Since B° is Ä-injective, the sequence 

hom(i4, B°) - > N * hom{A, B°) -> hom(i4N , 5°) 0 

is exact. Since/04*) = 0 there is a n / ' e hom(^4, 5°) such that A/*(/') == / , 
i .e. , /(«) = f ' ( N a ) for all aeA. 

We observe that, by [7, Theorem 11], S(h) = N { l ) i / j ( h N ( 2 ) ) ; hence, 
we get 

S ( N ) = X N ( l ) M * ( N ( i ) ) N ) = X 2V ( 1 ) £(^*(JV ( 2 ))) = X 4 r ( N ( l ) ) ) N i 2 ) , 
( N ) ( N ) ( N ) 

since N is a cocommutative dement. We compute f o r / ' : 4̂ —> J5° 

(#/ ' ) («) = I W(i)))/W(i)>») 
(N) 

=/ ' (s(l^(tf&>))tf(ö)«) 
X X(AT) 7 7 

= f ' ( S S ( N ) a ) . 

Now 5*S : H - + H is a Hopf algebra automorphism [7, Proposition 6]. So 
SS(N) is again a left integral. By [7, Theorem 12] there is a unique r e i ? 
with SS(N) = riV. With the same proof for i S - 1 ^ 1 we get a unique r ' e i ? 
with S^S-^N) = r ' N . Consequently, r r ' N = N , and r ' r N = iV. Again, by 
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[7, Theorem 12], r r ' = 1, and r ' r = 1. So we get ( r -W/ ' ) (ß) = f ' ( N a ) = f ( a ) 
for all aeA;sof = r ^ N f e N h o m { A , J3°). 

It is now trivial to see that £ is a natural isomorphism. 

T H E O R E M 3 (Duality-Theorem). Let H be a n FH-algebra and A be a 
left module. Let B be a n injective R-module viewed as a n H-module via 
e : H —> R . Let N e H be cocommutative. Then there are n a t u r a l isomorphisms 

H n ( H y h o m ( A , 5°)) ^ h o m { H - n - l ( H , A ) , B ) . 

Proof. By Corollary 2 the i?-modules H - n - \ H y Ä) are annihilated by 
€(JV), so hom(#-»- 1 ( / / , A ) , B ) ^ hom(#-w- 1(//, A \ kzx(€(N) : B B ) ) g± 
h o m ( £ - n - 1 ( # , A \ H - \ H y B 0 ) ) . We observe that H n ( H y hom(- , J50)) is a 
right universal and left couniversal (Hf jR)-connected sequence of contra-
variant functors. This is essentially a consequence of Lemma 5. The same 
holds for the functor hom( Jfi r- n~ 1(//, —), B ) , since for each (H, #)-injective 
— and consequently also (H, 2?)-projective—module A the functor vanishes. 
So £ of Proposition 6 and its inverse can uniquely be extended to morphisms 
of (Hy /^-connected sequences of functors and these morphisms are still 
inverses of each other. 

9. We call an FH-algebra cyclic if it is generated as an Ä-algebra by one 
element X . 

L E M M A 13. Let H be a cyclic FH-algebra with generator X . Then 
H+ = H ( X - e(Z)). 

Proof. X and X — e(X) generate the same Ä-algebra, so that a cyclic 
FH-algebra is generated by an element Y ( = X — e(X)) with e(Y) = 0. 
Then each he H has the form h = <x0 + a x Y + • + a n y n , and we get 
h e H+ iff a 0 = 0 iff h e H Y 1 . 

L E M M A 14. Let H be a cyclic FH-algebra with gener ator X . Then 

N H X - e ( X ) H N H X - c ( X ) H N 

€ / P 

R 

0 0 

is a complete resolution of R as a n H - m o d u l e . 

1 This simplified proof of the lemma was kindly communicated to me by the referee. 



178 PAREIGIS 

Proof. By Proposition 4 we know that N = pe. But pe has kernel 
H + = (X - €(X))# = Im(Z - e(X)). (Observe that H is commutative.) 
Since iV(X — c(Z)) = (J*T — e(X)) N = 0y it is sufficient to prove 
ker(Z - e(Z)) C Im(iV). Let a(X - e(X)) = 0 for some a e H . Then, for 
all h e H we have ÖÄ(^T — e(X)) = 0 which implies a H + = 0 and 
(Ö o ,/,)(#+) = 0. This implies (a o t/j)(h) = (a o ifs)(€(h)) = <ft(e(h)a) = 
e(h) ifj(a) = €(hifj(ä)) = i/j(hifj(a)N) = (ijj(ä) N o ijj)(h). Since I/J is a free gen-
erator of H * we get a = ifj(a) N e Im(iV). 

We shall call the cohomology H*(H> —) of an FH-algebra H periodic, if 
there are natural isomorphisms ßn(Hy —) ̂  ßn+q(Hy —) for all n . q is 
called the period. The preceeding lemma implies immediately the following 
corollary. 

COROLLARY 8. Let H be a cyclic FH-algebra. Then the cohomology of H 
is periodic with period 2. The cohomology groups a r e 

ß2n(Hy A ) ^ k e r ( X - e(X))/Im(iV), 
ß*n+\Hy A ) ker(iV)/Im(Z - e(X))y 

where X — e(X) and N are multiplication ofAby X — e(X) and N respectively. 

T H E O R E M 4. Let H be a cocommutative FH-algebra. Let q be a n integer. 
The following a r e equivalent: 

(1) <pq>~q : ßq(Hy R ) ® ß~q(Hy R ) ß°(Hy R ) is a n isomorphism. 
(2) <pq>~q : ßq(Hy R ) (x) H ~ q ( H y R ) - > ß°(Hy R ) is a n epimorphism. 
(3) There is a n xeßq(HyR) and a y e ß~q(Hy R ) such that 

<pq>-q(x®y) = 1 e ß°(Hy R ) . 
(4) There is anxe ßq(Hy R ) such that 

ßn(Hy Ä)3a^<pn>«(a ®x)eßn+q(Hy A ) 

is a n isomorphism of (Hy R)-connected sequences of functors. 
(5) There is a n isomorphism <pn : H n ( H , At) ßn+q(Hy A ) of (Hy R ) -

connected sequences of functors. 
(6) There is a n a t u r a l isomorphism p : H n ( H y A ) ̂  ßn+q(Hy A ) for 

some n . 

Proof. Trivial implications are (1) => (2), (2) => (3), (4) (5), and 
(5) => (6). Assume that (3) holds. Define a(a) = ax = <pn»g(a ® x) and 
r ( a ) = ay. Then, r a ( a ) = axy = a and o r ( a ) = ayx — (—\)qaxy = (— \ ) q a . 
Hence a and r are isomorphisms. By the properties of the cup-product we 
obtain (4). 
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Assume that (6) holds. Since H n ( H y —) and H n + q ( H y —) are right universal 
and left couniversal (H> i?)-connected sequences of covariant functors, we 
get (5). 

Now we define a map 7r°'° by the commutative diagram 

H°(Hy Ä) ® H \ H y B ) —H°(Hy A®B) 

H q ( H y Ä) ® H°(Hy A ) > H q ( H y A ® B ) . 

By Theorem 2, TT 0 ' 0 can be extended to a family 7rw ' n. Now since 
p-195w+^»w(p ® 1) are natural transformations with respect to 4̂ and B 
and commute with the connecting homomorphisms, we get 7rm'w = 
p-1<pw+9»n(p ® 1) by Theorem 2. So we get a commutative diagram 

H°(Hy R ) ® , R ) — , i?) 

i?) ® H°(Hy R ) > R ) 

, ® H - q ( H , R ) ff0,"q ) H ~ q ( H y R ) 

R ) n < p g '" q > H°(Hy R ) y 

where all homomorphisms are isomorphisms in particular cpq>-q. Hence, (1) 
holds. 

COROLLARY 9. Let 2 ^ 0 in H \ H y R) and let the cohomology of H be 
periodic with period q. Then q is even. 

P r o o f Take x e H q ( H y R ) y y e H ~ q ( H y R ) with x • y = 1. Then, y • x = 
( — l ) q . Hence q must be even. 

COROLLARY 10. Let H ' be a Hopf subalgebra of H and let both H and H ' 
be F H - a l g e b r a s . Let H be ( H ' y R)-projective. Let H have periodic cohomology 
with period q. Then H ' has periodic cohomology with period q. 

Proof. Since H is ( H ' y ÄJ-projective, each complete (Hy i?)-resolu-
tion X of R is a complete ( H ' y jR)-resolution of R . Let i be a left 
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//-module. Then A is an üT-module. So there is a monomorphism 
hom//(3t, A ) —> homH'(3E, Ä) which induces a homomorphism 

i ( H , H ' ) : H m ( H y A ) - + H m { H ' y A ) 

the restriction map which is a natural transformation of (Hy i?)-connected 
sequences of functors. 

H*(FI, —) and H * ( H \ —) are right universal and left couniversal (Hy R ) -
connected sequences of covariant functors by Lemma 9. By the definition 
of i ( H y H ' ) y the cup-product <p°>° for H * ( H y R ) y and the cup-product <p'0»0 

for H * ( H ' y R ) y it is easy to see i ( H y H ' ) <p°>° = <p'°'°i(H9 H ' ) . Hence we get 
i ( H y H ' ) <pm>n = c p ' m > n i ( H y H ' ) . So i ( H y H ' ) is a homomorphism with respect 
to the cup-products, for one can also check i ( H y H ' ) { \ ) = 1. Now for 
x e ßQ(H, R ) with x • x-1 = 1 we get that i ( H , H')(x) e ßq{H\ R ) is inver­
tible; hence H ' has periodic cohomology with period q. 

10* Let H be a Hopf subalgebra with bijective antipode of the Hopf 
algebra G with bijective antipode. H is called normal in G if we have 

g ( D h s ( g ( 2 ) ) e # f o r all geG,heH. 

L E M M A 15. Le* # «orma/ i n G. Then G H + = H + G and G / G H + is 
uniquely a Hopf algebra with bijective antipode such that G - > G / G H + is a 
Hopf algebra homomorphism. 

P r o o f Let gh e GW. Then gh = gd)hS(g(2)) giz) e H G by normal-
ity. Now, if h e H + y then we have g(i)hS(g(2)) = 0. So we get 
£Ä e ijT+G. To get the definition of normality Symmetrie, we show 

ng(2) e # f ° r all £ e G, /* e H . We apply 5 _ 1 to this sum and get 
S - i ( g { 2 ) ) S ~ \ h ) g i l ) = Y(s->9) S - ^ J C D S - W SOS-H^to) G » ^nce S 

is bijective on both H and G. The rest of the proof follows from [9, Theo­
rem 4.3.1], since G H + turns out to be a Hopf ideal. We call this Hopf algebra 
GHH. 

T H E O R E M 5. Let H be normal i n G. Let G be H-projective. Then there is a 
spectral sequence 

H»{GIJHy H q ( H y B ) ) => H n ( G y B ) . 

Proof. In Section 2 we saw that H n ( G y B ) ^ txtc

n(Ry B ) . From [1, X V I , 
Theorem 6.1] we have a spectral sequence 

e x t ^ A e x V ( Ä , B)) => afi«{A, B). 

Replacing A by R gives the result. 
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COROLLARY 11. W i t h the assumptions of the preceeding theoremy there is an 
exact sequence 

0 -> H \ G H H , A H ) - > H \ G y A ) - > H \ H y A ) G # 2(G//tf, A H ) - > H \ G y A ) . 

P r o o f Apply [1, X V , Theorem 5.12] in the case n = 1 to the theorem. 
Observe that for a G//i/-module A we have A G U H = A G . 

COROLLARY 12. W i t h the assumptions of the preceeding theorem we have 

(a) if gl-dim(tf, R ) = 0 then n(G//tf, A H ) ̂  H n ( G y Ä)y 

(b) if gl-dim(G//tf, R ) = 0 then H n ( H y A ) G ̂  H n ( G y 4) . 

Proo/. Either , A ) = 0 or H m { G J I H y A ) = 0 for all m > 0. So the 
spectral sequence collapses to the given isomorphisms. 

T H E O R E M 6. Le£ H and G be FH-algebras and let H be normal i n G. Let 
G be (Hy R)-projective and G l / H be R-projective. Let e ( N H ) and €(NG//H) be 

prime to each other, i.e., e ( N H ) and e ( N G / / H ) generale R as an R-idealy where 
N H and N G / / H are the norms i n H and GjjH respectively. Then, for a l l n > 0, 
there is a split exact sequence 

0 - * H n ( G H H y A H ) H n ( G t A ) ^ H n ( H , A ) G - + 0 

thus giving 

H n { G y A ) ^ H n { G j j H y A H ) © H n ( H y A ) G . 

P r o o f W ( H y A ) has the annihilator e ( N H ) for q > 0. H v ( G j \ H y B ) has 
the annihilator e ( N c / / H ) for p > 0. So H p { G \ l H y W { H y A ) ) = 0 for p > 0 
and q > 0 since e ( N H ) and e ( N G / / H ) are prime to each other. The nonzero 
terms of the spectral sequence lie on the edges. The only possibly nonzero 
differential is H n - \ H y A ) G - > H n { G J l H y A H ) y which is also zero since the 
elements in the image are annihilated by e ( N H ) and e ( N G / / H ) . Hence 
E 2 = E n . By [1, X V , Proposition 5.5], for p = 0, k = n y we get the exact 
sequence 

0 —> E l ' 0 - U H n ^ - > E°n'n - ~ > 0, 

which in our case is the exact sequence of the theorem. 
Let r e ( N H ) + S€(NG//H) = 1. Then, the multiplication with r€(NH) maps 

H n ( G y Ä) into the image of / and leaves the image of / elementwise fixed. So 
there is a retraction for / which means that the sequence splits. 
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