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ON GENERATORS AND COGENERATORS 

Bodo P a r e i g i s  and Moss E. Sweedler 

We cons ide r  t h e  e x i s t e n c e  of g e n e r a t o r s  and cogenerators  
i n  s e v e r a l  c a t e g o r i e s .  I n  many cases  t h e  non-existence of 
cogenerators  r e s u l t s  from t h e  c o n s t r u c t i o n  of a r b i t r a r i l y  
high dimensional  simple ( r e s t r i c t e d )  Lie  a l g e b r a s .  The 
ex i s t ence  of g e n e r a t o r s  i n  t h e  Hopf a l g e b r a  c a t e g o r i e s  
r e s u l t s  from t h e  e x i s t e n c e  of genera to r s  i n  a  c e r t a i n  
coalgebra  ca tegory and t h e  c o n s t r u c t i o n  of a  f r e e  Hopf 
a lgebra  on a  coalgebra .  

In t roduc t  i o n  

The q u e s t i o n  of t h e  e x i s t e n c e  of g e n e r a t o r s  and cogener- 

a t o r s  i n  a  ca tegory i s  of i n t e r e s t  i n  view of t h e  s p e c i a l  

a d j o i n t  f u n c t o r  theorem. ISBELL has g iven an example (un- 

publ ished)  which shows t h a t  t h e  e x i s t e n c e  of a  cogenerator  

i s  a  necessary  p a r t  of  t h e  hypothes is  of t h e  s p e c i a l  

a d j o i n t  f u n c t o r  theorem. This  example a l s o  shows t h a t  t h e  

category of groups has  no cogenerator .  ( C l e a r l y  t h e  f r e e  

group on one element i s  a  genera to r  i n  t h e  ca tegory of  

groups.)  It i s  we l l  known t h a t  t h e r e  e x i s t  g e n e r a t o r s  and 

cogenerators  i n  t h e  c a t e g o r i e s  of commutative groups ,  

Comrnutative L ie  a l g e b r a s  (over  a  f i e l d )  and commutative 

r e s t r i c t e d  L i e  a l g e b r a s ,  because a l l  of t h e s e  c a t e g o r i e s  

a r e  module c a t e g o r i e s .  By ISBELL1s r e s u l t  when one drops  

t h e  c o n d i t i o n  of cornmutativity f o r  t h e  ca tegory of commu- 

t a t i v e  groups t h e r e  i s  no longer  a  cogenera to r .  We have 

Proved s i m i l a r  r e s u l t s  f o r  t h e  c a t e g o r i e s  of commutative 
Lie  a l g e b r a s  and commutative r e s t r i c t e d  Lie  a l g e b r a s .  The 

r e s u l t s  a r e  summarized i n  t h e  l i s t  below where we have 

included some r e l a t e d  c a t e g o r i e s .  
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Cat ego rx  Gene ra to r  Cogenera tor  

G r  Groups - 
L - L i e  a l g e b r a s  
L  R e s t r i c t e d  L i e  a l g e b r a s  
-P 
Lf i n  
- F i n i t e  d imens iona l  L i e  a l g e b r a s  
Lf i n  F i n i t e  d imens iona l  r e s t r i c t e d  
-P 

L i e  a l g e b r a s  

~r~~~ F i n i t e  groups  - 
F Formal group schemes 

C C H  Cocommutative Hopf a l g e b r a s  

A -red Reduced a f f i n e  a l g e b r a i c  group 

schemes 

A - A f f i n e  a l g e b r a i c  group schemes 
i n  c h a r  p  > 0 

H - Hopf a l g e b r a s  
C H  Commutative Hopf a l g e b r a s  - 
CCCH Cornmutative cocornmutative Hopf 

a l g e b r a s  

Yes 

Yes 

Yes 

Yes 

No 

No 

Yes 

Yes 

N 0 

Yes 

Yes 

Yes 

Most of  t h e  n e g a t i v e  r e s u l t s  i n  t h e  l i s t  were d e r i v e d  from 

r e s u l t s  abou t  groups  a n d ( r e s t r i c t e d )  L i e  a l g e b r a s ,  i n  

p a r t i c u l a r  from a  c o n s t r u c t i o n  of  s imp le  ( r e s t r i c t e d )  L i e  

a l g e b r a s  o f  a r b i t r a r i l y  h igh  ( i n f i n i t e )  d imens ion .  Most 

o f  t h e  p o s i t i v e  r e s u l t s  a r e  based  on t h e  c o n s t r u c t i o n  o f  

t h e  f r e e  Hopf a l g e b r a  on a  c o a l g e b r a .  

U n f o r t u n a t e l y  a l l  t h e  "no" '  s i n  t h e  l i s t  g i v e  examples 

o f  c a t e g o r i e s  where t h e  s p e c i a l  a d j o i n t  f u n c t o r  theorem 

cannot  be a p p l i e d .  

Cogene ra to r s  

Le t  C be a  c a t e g o r y  w i t h  Zero o b j e c t  and d i f f e r e n c e  

c o k e r n e l s .  We c a l l  an  o b j e c t  A o  C s imp le  i f  f o r  any 

d i f f e r e n c e  c o k e r n e l  d iagram 
f  B X A + C  
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e i t h e r  f  i s  a  z e r o  morphism o r  a n  isomorphism. C e s  i s  a  

c o ~ e n e r a t o r  i f  MorC(-,C) i s  a  f a i t h f u l  f u n c t o r .  - 
LEMMA 1. C & 2 c a t e g o r y  w i t h  a  Zero o b j e c t ,  

k e r n e l  p a i r s ,  d i f f e r e n c e  c o k e r n e l s ,  and a  c o g e n e r a t o r .  

Then eve ry  s imp le  o b j e c t  Ar C admi ts  a  monomorphism - 
i n t o  t h e  c o g e n e r a t o r  C .  
7- 

Proof :  Fo r  t h e  s imp le  o b j e c t  0  ( z e r o  o b j e c t  i n  2 )  
t h i s  i s  c l e a r  by d e f i n i t i o n  [3 ,  1 .7  Lemma 21. Le t  A 0  

be s imp le .  Then MorC(A,C) c o n t a i n s  a t  l e a s t  one non-zero 

morphism f :  A + C; f o r  i f  MorC(A,C) = { o )  t h e n  t h e  

two d i f f e r e n t  morphisms O , l A :  A T-) A a r e  mapped by 

MorC(-,C) i n t o  t h e  Same morphism ( 0 )  j {0} b u t  

~ o r i ( - , C )  i s  f a i t h f u l .  - 
Take a  k e r n e l  p a i r  

g  
X X A  & C  

h  
f o r  f ,  t h e n  f  can  be  f a c t o r e d  th rough  t h e  d i f f e r e n c e  

coke rne l  k :  A --+ B o f  g  and h: 

S ince  A i s  s imp le  e i t h e r  k  = 0  b u t  t h e n  s o  i s  f  o r  

k  i s  a n  isomorphism. By [3, 2.6 Lemma 21 t h e  p a i r  ( l A , l A )  
i s  a  k e r n e l  p a i r  f o r  k  and f o r  f  [3, 2 .6  Lemma 4 1. 
Again by [3, 2.6 Lemma 21 f  i s  a  monomorphism. 

COROLLARY 2 .  Let 2 & c a t e g o r y  a s  i n  t h e  p r e c e e d i n q  

lernma which i s  l o c a l l y  s m a l l .  Then C p o s s e s s e s  only a  s e t  
-P- 

(no t  a p r o p e r  c l a s s )  of non-isomorphic s imp le  o b j e c t s .  

P roo f :  Two non-isomorphic s imp le  o b j e c t s  d e f i n e  two 

d i f f e r e n t  s u b o b j e c t s  of t h e  c o g e n e r a t o r  C o f  C .  But C 

has on ly  a s e t  of d i f f e r e n t  s u b o b j e c t s .  

We need a n o t h e r  c a t e g o r i c a l  lemma t o  compare c o g e n e r a t o r s  
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i n  d i f f e r e n t  c a t e g o r i e s .  

LEMMA 3 .  Let F: C -4 & g f a i t h f u l  f u n c t o r  wi th  a  

r i g h t  a d j o i n t  E: --+ 2 . E possesses  2 cogenerator  

D then GD is g cogenerator  in C. 

Proof:  We prove t h a t  MorC(-,GD) i s  a  f a i t h f u l  f u n c t o r .  

I n  f a c t  MorC(-,GD) MorD(Fz,D) = MorD(-,D)F i s  a  - 
composite o f t w o  f a i t h f u l - f u n c t o r s .  

Now we g ive  examples o f ( r e s t r i c t e d ) L i e  a l g e b r a s  of 

a r b i t r a r i l y  h igh c a r d i n a l i t y .  Th i s  w i l l  enable  u s  t o  prove 

t h e  non-existente of cogenera to r s  i n  many c a t e g o r i e s .  F i r s t  

we show t h a t  t h e  u s u a l  concept of a  simple ( r e s t r i c t e d )  Lie  

a l g e b r a ,  i . e .  wi thout  a  proper  ( r e s t r i c t e d )  Lie  i d e a l ,  

co inc ides  wi th  t h e  one given above f o r  simple o b j e c t  i n  t h e  

ca tegory of ( r e s t r i c t e d )  L ie  a l g e b r a s .  I f  I i s  a  proper  

( r e s t r i c t e d )  i d e a l  of  a  ( r e s t r i c t e d )  Lie  a l g e b r a  L, then  

I i s  a  ( r e s t r i c t e d )  L ie  a l g e b r a  and 

0 
i s  a  d i f f e r e n c e  cokerne l  diagram with  i: I + L t h e  

i n c l u s i o n .  Since  I i s  a  proper  i d e a l ,  f  i s  n e i t h e r  t h e  

Zero homomorphism nor an isomorphism. I f  
n 

L l i  L2 4 L3 
g  

i s  a  d i f f e r e n c e  cokernel  diagram then  hf = hg , s o  

h ( f  - g)(L1) = 0 , s o  t h e  ( r e s t r i c t e d )  Lie  i d e a l  I 

generated by ( f  - g)(L1) i s  t h e  kerne1 of  h  . I f  

k: L2 -4 L,, i s  ano the r  Lie  homomorphism with  kf = kg , 
t h e n  k ( 1 )  = 0 a s  above, so  k  can be uniquely  f a c t o r e d  

through L2 -4 L 2 / I .  Consequently t h i s  i s  t h e  d i f f e r e n c e  

cokerne l  of t h e  p a i r  f  and g .  I f  h: L2 -+ L3 i s  

n e i t h e r  a  Zero homomorphism nor an  isomorphism, then  I 

must be a  proper  ( r e s t r i c t e d )  i d e a l .  

Let V be an  a r b i t r a r y  k-vector  space .  Let ~ n d ' ( ~ )  be 

t h e  s e t  of  a l l  k-endomorphisms of V wi th  f i n i t e  dimen- 
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sional image. Then End0 (V) is an ideal of End (V), so it 

is an associative ring possibly without unit. There is an 

isomorphism of vector spaces @ :  V' e V -4 ~ndO(v) given 

by @(zwj e vi)(v) = wj(v)vi , where V' is the dual 

vector space of V . We identify V' e V and EndO(v) by 

0 . Since 
@(E rj e si)@(x W; E v.)(v) = w!(v)rj(v.)si J J J 

= @(E W; B rj(v.)si)(v) J 

we get that the product of EndO(v) is carried over to 

(L rj 0 si)(r W; e V.) = W B r!(v.)s 
J l j i  

by the isomorphism @ .  We define the trace of a map 
wj 6 V in EndO(v) to be wj(vi). Clearly this i 

coincides with the usual trace for finite dimensional 

vector spaces V. 

Let L(V) be the Set of endomorphisms in Endo(v) with 

trace 0. Since the trace map is a k-homomorphism, L(V) 

has codimension 1 in EndO(v), so for vector spaces V of 

dirn V > 1  the dimension of L(V) has larger cardinality 

than the dimension of V. 

THEOREM 4. L(V) is a simple Lie algebra if dirn V = 
or if the characteristic of k does not divide dirn V. 
--P 

Proof: We view EndO(v) as a Lie algebra with the usual 

bracket. If E rj @ si and W; i V represent two 
j 

elements in L(V), then 

tr(E rj E w!(si)v - W; a~ r!(v.)s.) = 
J j 1 J l  

rj(w;(si)v.) J - w ( ( v . ) s )  J 1 = 0 

so L(V) is a Lie subalgebra of EndO(v). 

Let V be finite dimensional. If dirn V > 3 and the 

characteristic of k does not divide dirn V and if I is 
a non-zero ideal in L(V), then 

So for arSerS c I , also -akieik C I. If aki * 0 , 
then eike I . If all aki = 0 for i $ k, then aieii 
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is in I. But then 

[ejk,z aieii] = (aj - a k )e jk ' 

Since the characteristic of k does not divide dirn V , 
we get again e t I for some j 4 k . But [L(v) , ejk] = 

j k 
L(V), so L(V) is simple. For dirn V = 2 and char k 4 2 
it is trivial to show that L(V) will again be simple. 

Now~ let V be infinite dimensional. Let I be a non- 

Zero ideal in L(V). Let wj @ vi6 I be a non-zero 

element in L(v). Let E rj % s be an arbitrary element 
j 

in L(V). Write V = A Q B, where A contains the vi's 
- 

and the s 's and where wj(B) = 0 and r!(E) = 0 for 
j J 

all i and j. This can be dcne such that A is finite 

dimensional with dirn A prime to the characteristic of k. 

Then we get a monomorphism AT rn A -+V' 61 V , where 
A' e V' Comes from the projection V + A. This is an 
algebra homomorphism, i.e. this map preserves the products 

defined above. It also preserves the trace. So this map 

defines an injeeti.cn of Lie algebras L(A) --+ L(V). Since 

A is finite dimensional, L(A) is simple. By construction 

we have r! LB s and > wj U vi in L(A). So 
J j 

IAL(A) 0 is an ideal of L(A). Since L(A) is simple, 

1 -  L(A)3 rj rn s This proves that every element of 
j ' 

L(V) is in I, so L(V) is simple. 

COROLLARY 5. L(V) is a simple restricted algebra if 
the characteristic of k is p > 0 if dim V = m - or 

p f dirn V. 

Proof: We shcw that tr(fP) = tr(f 1'. Let f be repre- 

sented by wj U vi. Then 

tr((x wj m v ~ ) ~ )  = 
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where T  i s  a  Se t  of r e p r e s e n t a t i v e s  f o r  t h e  o r b i t s  of  

I ( i l , . . . , i  ) ( i = 1, ..., n;  no t  a l l  i e q u a l l  
P j j 

under  t h e  subgroup of t h e  symmetric group S  g e n e r a t e d  by 
P  

t h e  c y c l e  1 , .  P ) .  So tr((x W !  s v i l P )  = (tr(x W; @ v ~ ) ) ~ .  
h I n  p a r t i c u l a r  if f c L ( V ) ,  t h e n  f C L(V) s o  L(V) i s  a  

r e s t r i c t e d  L i e  a l g e b r a  which i s  s imple  even a s  a  L i e  a l g e b r a .  

CORGLLARY 6 .  a )  The c a t e g o r z  of & a l g e b r a s  ove r  a  

f i e l d  k does  no t  c o n t a i n  5 c o g e n e r a t o r .  

b )  ca t ego ry  of r e s t r i c t e d  & a l g e b r a s  ove r  a  f i e l d  k  

of c h a r a c t e r i s t i c  p  > G - does  not  c o n t a i n  g c o g e n e r a t o r .  

P r o o f :  Both c a t e g o r i e s  have a  z e r o - o b j e c t ,  k e r n e 1  p a i r s ,  

and d i f f e r e n c e  c o k e r n e l s  [ 3 ,  3 .2 S a t z  and 3 . 4  K o r o l l a r  31 
and a r e  l o c a l l y  s m a l l  [ 3 ,  3 . 2  K o r o l l a r  21.  So c o r o l l a r y  2  

a p p l i e s .  S i n c e  f o r  any c a r d i n a l  t h e r e  i s  a  s imp le  ( r e s t r i c -  

t e d )  L i e  a l g e b r a  of  l a r g e r  c a r d i n a l i t y  t h a n  t h e  g i v e n  

c a r d i n a l ,  t h e r e  i s  more t h a n  a  s e t  of s imp le  ( r e s t r i c t e d )  

L i e  a l g e b r a s .  So t h e r e  cannot  be a  c o g e n e r a t o r .  

CGROLLARY 7 .  The c a t e g o r y  of f i n i t e  d imens iona l  

( r e s t r i c t e d )  a l g e b r a s  over  a  f i e l d  k  does  n o t  c o n t a i n  -- 
a  c o g e n e r a t o r .  - 

P r o o f :  A c o g e n e r a t o r  would have a  c e r t a i n  f i n i t e  dimen- 

s i o n  b u t  we have s e e n  t n a t  f o r  any n  t h e r e  a r e  ( r e s t r i c -  

t e d )  s imp le  L i e  a l g e b r a s  of f i n i t e  d imens ion  b i g g e r  t h a n  n .  

Remark: A s i m i l a r  argument shows t h a t  t h e  c a t e g o r y  of 

f i n i t e  g roups  does  no t  c o n t a i n  a  c o g e n e r a t o r .  

PROPOSITION 8 .  The ca t ego ry  fo rma l  group schemes 

a  f i e l d  k does  no t  c o n t a i n  2 c o g e n e r a t o r ,  -- 

Proof :  The c a t e g o r y  of  ( r e s t r i c t e d )  L i e  a l g e b r a s  a l l o w s  

a  f u l l  f a i t h f u l  c o v a r i a n t  f u n c t o r  i n t o  t h e  c a t e g o r y  of form- 

a l  g roup schemes over  a  f i e l d  k  which has  a  r i g h t  a d j o i n t  

f u n c t o r  [I]. By lemma 3  and c o r o l l a r y  6 t h e  c a t e g o r y  o f  

formal  group schemes ove r  k  cannot  c o n t a i n  a  c o g e n e r a t o r .  
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A Hopf a l g e b r a  w i l l  always be a Hopf a l g e b r a  wi th  a n t i -  
pode. Then aga in  by [ I ]  t h e  ca tegory of formal group schemes 
over k i s  equ iva len t  t o  t h e  ca tegory of cocommutative 
Hopf a l g e b r a s  over k .  

COROLLARY 9. The cateuory of cocommutative Hopf a l g e b r a s  
over  a f i e l d  k does not  con ta in  g coaenera to r .  

F o r ' t h e  d e f i n i t i o n  of a f f i n e  Kroup schemes over  a f i e l d  
k we r e f e r  t o  [51.  An a f f i n e  a l g e b r a i c  aroup scheme i s  then  
an a f f i n e  group scheme, t h e  a f f i n e  k-algebra of which i s  

f i n i t e l y  genera ted a s  an a l g e b r a .  

PROPOSITION 10.  a )  ca tegory of reduced a f f i n e  
a i g e b r a i c  group schemes over an i n f i n i t e  f i e l d  k does 
not c o n t a i n  g cogenerator  . - 
b )  ca tegory of a f f i n e  a l g e b r a i c  p o u p  schemes over 5 
f i e l d  k of c h a r a c t e r i s t i c  p > 0 does not c o n t a i n  5 
c o ~ e n e r a t o r  . 

Proof :  a )  Let Sl(m,k) denote t h e  s p e c i a l  l i n e a r  group 
i n  m X m-matrices over  k .  I f  Z i s  t h e  c e n t e r  of Sl (m,k)  
then  Z i s  f i n i t e  [ 4 ,  p.158 Thm.8.181 and i f  m > 2 

Sl(m,k)/Z i s  a simple group [ 4 ,  p.169 Thrn.8.271. Now 
suppose N i s  a c losed  normal subgroup of Sl (m,k)  and 
m > 2 .  Let q :  Sl (m,k)  --+ Sl(m,k) /Z be t h e  n a t u r a l  pro- 
j e c t i o n .  The s i m p l i c i t y  of Sl (m,k) /Z impl ies  t h a t  e i t h e r  
q(N) = { e )  0r q(N) = Sl (m,k) /Z .  I n  t h e  f i r s t  case  Nc Z 

s o  t h a t  N i s  f i n i t e  and dirn N = 0. I n  t h e  second case  
N Z  = Sl (m,k) .  S ince  N i s  c losed and Sl(m,k)  i s  connected 
i t  fo l lows  t h a t  N = Sl (m,k) .  

Now suppose C i s  a cogenerator  i n  t h e  ca tegory of  

reduced a f f i n e  a l g e b r a i c  group schemes. Then C has  some 
"a lgebra ic"  dimension n .  Since  dirn Sl (m,k)  = m2 - 1 we 
can choose m s o  t h a t  dirn Sl (m,k)  > dirn C .  A s  i n  t h e  proof 
of lemma 1 t h e r e  i s  a non-zero morphism f :  Sl (m,k)  -4 C .  

Let  N = Ker f  . Then dirn S l  ( m ,  k )  = dirn N + dirn I m  f . Since 
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f  i s  non-zero N must no t  be e q u a l  t o  S l (m ,k )  s o  t h a t  

N must have dimension 0 a s  shown above.  Thus 

dirn S l (m,k )  = dirn I m  f .  But dirn S l (m,k)  > dirn C s o  t h a t  

dirn S l (m ,k )  > dirn I m  f  a  c o n t r a d i c t i o n .  Thus no such  C 

e x i s t s  . 
b )  The f u n c t o r  which a s s i g n s  t o  each  f i n i t e  d imens iona l  

r e s t r i c t e d  L i e  a l g e b r a  t h e  d u a l  o f  i t s  r e s t r i c t e d  un i -  

v e r s a l  enve lop ing  a l g e b r a  viewed as an  a f f i n e  a l g e b r a  of  

an  a f f i n e  a l g e b r a i c  group scheme i s  f a i t h f u l  and has  a s  a  

r i g h t  a d j o i n t  f u n c t o r  t h e  f u n c t o r  which a s s i g n s  t o  e a c h  

a f f i n e  a l g e b r a i c  group scheme i t s  r e s t r i c t e d  L i e  a l g e b r a  

which i s  f i n i t e  d imens iona l  [ S I .  So we can  app ly  lemma 3 
and c o r o l l a r y  7 t o  o b t a i n  t h e  claimed r e s u l t .  

PROPOSITION 11. ca t ego ry  of Hopf a l g e b r a s  ove r  a  

f i e l d  k does  n o t  c o n t a i n  c o g e n e r a t o r .  

We have t h e  f u n c t o r  from ( r e s t r i c t e d )  L i e  a l g e b r a s  

t o  Hopf a l g e b r a s  where E (L)  i s  t h e  ( r e s t r i c t e d )  

enve lop ing  a l g e b r a  o f  L. I f  H i s  any Hopf a l g e b r a  t h e n  

t h e  p r i m i t i v e  e l emen t s  g (H)  = { h c ~ l ~ ( h )  = h s 1 + 1 s h l  

of  H form a ( r e s t r i c t e d )  L i e  a l g e b r a  under  t h e  b r a c k e t  

(and a s s o c i a t i v e  pth power map, i f  c h a r  k = p > 0 ) .  If 

H1 and 

a l g e b r a  

a l g e b r a  

H 2  a r e  Hopf a l g e b r a s  and f :  H1 + H 2  a  Hopf 

map t h e n  f ( g ( H 1 ) ) c E ( H 2 ) ,  because  f  i s  a  co- 

map. Also 

I H l  P(H1) 4 P(H2) 

i s  a ( r e s t r i c t e d )  L i e  a l g e b r a  map. Thus t h e  f u n c t o r  

from Hopf a l g e b r a s  t o  ( r e s t r i c t e d )  L i e  a l g e b r a s  i s  a  r i g h t  

a d j o i n t  t o  1. By t h e ( r e s t r i c t e d )  B i rkhof f -Wi t t  Theorem 

t h e  n a t u r a l  map L + g ( L )  i s  i n j e c t i v e  s o  t h a t  i s  a 

f a i t h f u l  f u n c t o r .  Thus by lemma 3 and c o r o l l a r y  6 t h e  

c a t e g o r y  o f  Hopf a l g e b r a s  cannot  c o n t a i n  a  c o g e n e r a t o r .  

The same argurnent shows t h a t  t h e r e  i s  no c o g e n e r a t o r  

i n  t h e  c a t e g o r y  o f  cocommutative Hopf a l g e b r a s .  I n  f a c t  t h e  
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Same f u n c t o r s  have been used f o r  t h e  proof of p r o p o s i t i o n  8 .  

Generators  

Both t h e  c a t e g o r i e s  of Lie a l g e b r a s  and r e s t r i c t e d  Lie 

a l g e b r a s  con ta in  g e n e r a t o r s  [ 3 ,  3.4 Sa tz  31. A genera to r  

f o r  t h e  ca tegory of Lie  a l g e b r a s  i s  t h e  one dimensional  

a b e l i a n  Lie  a l g e b r a ;  t h i s  i s  t h e  f r e e  Lie a lgebra  on one 

element.  Th i s  i s  a l s o  a  genera to r  i n  t h e  ca tegory of 

f i n i t e  dimensional  Lie  a l g e b r a s .  

We now show t h e r e  i s  no genera to r  i n  t h e  ca tegory of 

f i n i t e  dimensional  r e s t r i c t e d  L ie  a l g e b r a s  ( o r  even f i n i t e  

dimensional  a b e l i a n  r e s t r i c t e d  Lie  a l g e b r a s ) .  

Let Xn denote  t h e  a b e l i a n  r e s t r i c t e d  L ie  a lgebra  wi th  

where xLpl  = i 'i+l 
f o r  i = 1, ..., n-1 

and xn 

LEMMA 1 2 .  If L (01  is r e s t r i c t e d  Lie subalgebra  

of Xn t hen  t h e r e  i s  1 2 t 2 n  such t h a t  L i s  t h e  - 
span of  x t ,  ..., xn. 

Proof :  Choose an element X = atxt  + ... + a  X i n  L n  n  
wi th  a t  0  and t minimal. We show t h a t  L  c o n t a i n s  

x t , . . . , xn .  By t h e  minimal i ty  of  t i n  t h e  choice  of X 

t h i s  shows t h a t  L  i s  spanned by x t ,  ..., X . To show n  
x t , .  . . , X  E L it s u f f i c e s  t o  prove xtE L s i n c e  L i s  n  
c losed  under pth powers. 

Replacing X by x/a t  shows we may assume a  = 1 and 

X = xt + ... + anxn. Replacing X by X - a t t l x  ['I shows 

t h a t  we may assume a t t l  = 0,  then  r e p l a c i n g  X by 

shows t h a t  we may assume 0 = a  
X - a t+2x  t+ l  = a t + 2 -  
Continuing i n  t h i s  manner shows t h a t  x t €  L. 

PROPOSITION 13. There i s  no p e n e r a t o r  i n  t h e  ca tegory of 
f i n i t e  d i k e n s i o n a l  ( a b e l i a n )  r e s t r i c t e d  && a l ~ e b r a s .  

Proof:  Suppose G i s  a  g e n e r a t o r .  Choose n  > dim G .  
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Cons ider  t h e  r e s t r i c t e d  L i e  a l g e b r a  rnap f :  Xn -+ X1 w i t h  

x1 f o r i = l  
f ( x i )  = 

0 f o r  i = 2 ,  ..., n .  

Le t  g  be  t h e  Zero rnap from Xn t o  X I  . S i n c e  G i s  a 
g e n e r a t o r  t h e r e  i s  a  r e s t r i c t e d  L i e  a l g e b r a  rnap h :  G j Xn 

w i t h  f h  * gh.  Thus I m  h  does  no t  l i e  i n  t h e  Span of  

x2 ,  ..., xn. S i n c e  I m  h  i s  a  r e s t r i c t e d  L i e  s u b a l g e b r a  o f  

Xn i t  f o l l o w s  from lemma 1 2  t h a t  I m  h  i s  a l l  o f  Xn .  

T h i s  c o n t r a d i c t s  t h e  f a c t  t h a t  n  > dim G .  

Remark: A s i m i l a r  t y p e  o f  proof  shows t h a t  t h e r e  i s  no 

g e n e r a t o r  i n  t h e  c a t e g o r y  of  f i n i t e  g roups .  A g e n e r a t o r  G 

ha s  t o  rnap n o n - t r i v i a l l y  i n t o  t h e  c y c l i c  group o f  o r d e r  p  

f o r  each  prime p .  Thus G ha s  a t  l e a s t  p  e l emen t s  which 

i s  a  c o n t r a d i c t i o n .  

PROPOSITION 1 4 .  There  i s  no ß e n e r a t o r  i n  t h e  c a t e g o r y  of 
- - V  

( r e d u c e d )  a f f i n e  a l g e b r a i z  group schemes ove r  an  a l g e b r a i c -  

9 c l o s e d  f i e l d .  

P roo f :  . I f  G i s  a  ( r educed )  a f f i n e  a l g e b r a i c  group 

scheme ove r  a n  a l g e b r a i c l y  c l o s e d  f i e l d  k ,  t h e n  G i s  a  

f i n i t e  un ion  o f  connected  components each  o f  which h a s  a t  

l e a s t  one r a t i o n a l  p o i n t  [ 5 ,  2 Thm.6.41. So G h a s  a  

f i n i t e  c o n s t a n t  q u o t i e n t  group scheme p :  G -+ F "of 

connected  components". Given any f i n i t e  c o n s t a n t  group 

scheme H and rnap o f  a l g e b r a i c  group schemes f :  G -4 H 

t h e  rnap f  f a c t o r s  un ique ly  t h rough  p :  G --+ F.  So t h e  

c o n s t a n t  group scheme f u n c t o r  from t h e  c a t e g o r y  of  f i n i t e  

groups  t o  t h e  c a t e g o r y  of ( r educed )  a f f i n e  a l g e b r a i c  group 

schemes has  t h e  l e f t  a d j o i n t  f u n c t o r  "group of connected  

componentsv and c l e a r l y  i s  f a i t h f u l .  Thus we can  a p p l y  t h e  

d u a l  of  lemma 3 and t h e  f a c t  t h a t  t h e r e  i s  no g e n e r a t o r  i n  

t h e  c a t e g o r y  o f  f i n i t e  groups  t o  g e t  t h e  r e s u l t .  

We now show t h a t  t h e r e  i s  a  g e n e r a t o r  i n  t h e  c a t e g o r y  o f  

Hopf a l g e b r a s .  The Same t e c h n i q u e s  show t h a t  t h e r e  i s  a  
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genera to r  i n  t h e  ca tegory of commutative Hopf a l g e b r a s ,  t h e  

ca tegory of cocommutative Hopf a l g e b r a s ,  and t h e  ca tegory 

o f  commutative cocommutative Hopf a l g e b r a s  

Five  c a t e g o r i e s .  Let k be t h e  ground f i e l d  and l e t  H 
be t h e  ca tegory whose o b j e c t s  a r e  Hopf a l g e b r a s  over k .  For 

A , B  o b j e c t s  i n  H we l e t  H ( A , B )  be a l l  Hopf a l g e b r a  

morphisms from A t o  B.  

Let C be t h e  ca tegory whose o b j e c t s  a r e  coalgebras  

over  k .  For A,B i n  C l e t  C ( A , B )  be a l l  coalgebra  

maps from A t o  B. 

C i s  a  f u l l  subcategory of  C. An o b j e c t  A of C i s  -1 
i n  Cl i f  t h e  coalgebra  A con ta ins  a t  l e a s t  one subco- 

a l g e b r a  which i s  isomorphic t o  t h e  coalgebra  k .  For A,B 

i n  Cl l e t  C1(A,B)  be a l l  coalgebra  maps from A t o  B .  

An o b j e c t  of t h e  ca tegory 2 i s  a  coalgebra  A t o -  

g e t h e r  wi th  a  coalgebra  antimorphism SA: A - A .  (SA i s  

a  coalgebra  antimorphism means t h a t  €SA = E and 

(SA m SA)A = TASA, where T i s  t h e  t w i s t  map which i n t e r -  

changes t h e  r i g h t  and t h e  l e f t  t e n s o r a n d s . )  We do not 

r e q u i r e  t h a t  SA has  o rde r  2 o r  i s  s u r j e c t i v e  o r  i n j e c t i v e .  

For A,B  i n  E we l e t  E ( A , B )  c o n s i s t  of a l l  coalgebra  

maps f  where fSA = SBf.  

D i s  a  f u l l  subcategory of E. An o b j e c t  A of E i s  -1 
i n  El i f  t h e  coalgebra  A con ta ins  a t  l e a s t  one subco- 

a l g e b r a  which i s  isomorphic t o  t h e  coalgebra  k .  We do not 

r e q u i r e  t h a t  t h i s  subcoalgebra  be s t a b l e  under SA o r  i n  

any o t h e r  way be r e l a t e d  t o  SA. For A , B  i n  111 l e t  

D1(A,B) be a l l  coalgebra  maps f  from A t o  B where - 
fSA = SBf.  

Let be t h e  f u n c t o r  from t o  C where f o r  any 

o b j e c t  A '  i n  E, g(A)  i s  t h e  coalgebra  wi th  SA f o r -  

g o t t e n .  For f 6  g(A,B) we l e t  g ( f )  be f  viewed s o l e l y  
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as a c o a l g e b r a  map. Note t h a t  c a r r i e s  t h e  ca t egory  ill 

t o  Cl. We l e t  U be t h e  f u n c t o r  from gl t o  Cl which -1 
i s  t h e  r e s t r i c t i o n  o f  E. 

LEMMA 15.  has  a l e f t  a d j o i n t  which c a r r i e s  Cl 
t o  gl. I f  we l e t  Al be  t h e  f u n c t o r  from Cl 2 gl - 
which i s  t h e  r e s t r i c t i o n  of A then Al & a  l e f t  a d j o i n t  --- 
t o  gl. - 

Proof :  Fo r  a c o a l g e b r a  A l e t  Ä be a  v e c t o r  space  

which i s  i somorphic  t o  A by t h e  isomorphism A + Ä, 

a  ä. Let  Ä have t h e  o p p o s i t e  c o a l g e b r a  s t r u c t u r e  t o  

A s o  t h a t  f o r  äc Ä 

A(ä) = a(;; . a;T; 
~ ( ä )  = ~ ( a ) .  - 

Then : A + Ä i s  a  coa lgeb ra  ant imorphism. 

We d e f i n e  A(A) t o  be t h e  coa lgeb ra  which i s  t h e  d i r e c t  

sum A (B Ä $ A $ T  $ A @ Ä  $ . . .  . S A ( A )  i s  t h e  c o a l g e b r a  - 
antimorphism g iven  by - - - - 

( ao , a lya2 , a3 , .  . . )  +-+ ( O , a O , a l y a 2 ~ a 3 , .  . . ) .  

Suppose B i s  an  o b j e c t  i n  and f  € g(A(A) ,B) .  Let  

f ' o  C(A,g(B))  be g iven  by f f ( a )  = f ( a , O , O ,  . . . ) .  I f  

gG C(A,g(B))  t h e n  d e f i n e  gi a s  f o l l o w s :  

g0 = g :  A -4 E(B) 
gi - i - S B i * ~  : A ( B )  f o r  1 < i and i even,  
i - 

g = S B 1 :  A B  f o r  0  < i and i odd. 
i 

Each gi i s  a  coa lgeb ra  map and t h e  g ' s  induce  
0 1 g = g Q g @ ... : - A ( A )  - + B  

and g c g(A(A) , B ) .  

One e a s i l y  checks t h a t  t h e  cor respondences  

D(A(A),B) c-+ C(A,g(B))  - 
f H f '  

g - g  
a r e  i n v e r s e  t o  each  o t h e r  and f u n c t o r i a l  i n  A and B. 

Thus & i s  l e f t  a d j o i n t  t o  2. 
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The remaining c la ims a r e  e a s i l y  v e r i f i e d .  

Consider t h e  func to r  from H t o  E. I f  A i s  a 

Hopf a l g e b r a  then  t h e  ant ipode SA i s  a coalgebra  a n t i -  

morphism of t h e  under ly ing coalgebra  s t r u c t u r e  [ 2 ] .  We l e t  

V(A) be t h e  under ly ing coalgebra  of A wi th  t h e  a n t i -  - 
morphism SA. I f  A,B a r e  i n  H and f e  g(A,B) then  

y ( f )  i s  f  considered a s  a coalgebra  map which p rese rves  

t h e  antimorphism s t r u c t u r e .  Note t h a t  a c t u a l l y  c a r r i e s  

H t o  ill s i n c e  any Hopf a lgebra  A con ta ins  a copy of k - 
i n  t h e  form of  k l A .  Let x1 be with i t s  range 

r e s t r i c t e d  t o  D 
-1' 

PROPOSITION 16.- 1 has  a l e f t  a d j o i n t  8. I f  we l e t  EI 
be t h e  r e s t r i c t i o n  of & Ql then i s  a  l e f t  -- 
a d j o i n t  E Xi. 

Proof :  Suppose A i s  an o b j e c t  i n  E. Let FA be t h e  

f r e e  a l g e b r a  on A over  k .  By t h e  u n i v e r s a l  p roper ty  of 

FA t h e r e  a r e  unique a l g e b r a  maps FA j k and - 
A,: FA +FA m FA making commute 

A ' ) F A  A I - FA 
- 1  

E\ y,#l;F i I AF 
k A a A  " \ F A z F A  - 

where I :  A A i s  t h e  n a t u r a l  i n c l u s i o n .  Thus FA 
becomes t h e  f r e e  b i a l g e b r a  on A i n  t h a t  g iven any 

b i a l g e b r a  L and coa lgebra  map 5:  A + L t h e r e  i s  a 

unique b i a l g e b r a  map I :  - FA j L where 51 = 5 [ 6 ,  p.62 

Exerc i se  11. By t h e  u n i v e r s a l  p roper ty  of FA t h e r e  i s  a 

unique a l g e b r a  antimorphism SF: FA -j FA making cornmute 

A ' > F A  

SF i s  not  n e c e s s a r i l y  an ant ipode f o r  A and we must 

f a c t o r  o u t  t h e  necessary  r e l a t i o n s  t o  make SF an an t ipode .  

Let  L: , L(h)  = S F ( h ( l ) ) h ( 2 )  - ~ ( h )  and 
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A b i t  of  c a l c u l a t i o n  shows t h a t  

AL(h) = L ( h ( Z ) )  @ SF(h( l )  ) h ( 3 )  + 1 e L ( h ) ,  

SFL(h) = RSF(h) 

SFR(h) = LSF(h) ,  

f o r  a l l  h c g .  Thus by [ 6 ,  p.88 E x e r c i s e l  i f  we l e t  J be 

t h e  i d e a l  gene ra t ed  by I m  R + I m  L we have t h a t  J i s  a  

b i i d e a l  and FA/J i s  a  q u o t i e n t  b i a l g e b r a  of  FA. From 

t h e  l a s t  two r e l a t i o n s  we s e e  t h a t  S F ( J ) C  J s o  t h a t  %/J 

h a s  a  c o a l g e b r a  and a l g e b r a  ant imorphism SFIJ induced by 

SF. It i s  c l e a r  from t h e  r e l a t i o n s  which g e n e r a t e  J t h a t  

SFIJ i s  a n  a n t i p o d e  f o r  FA/J. Thus FA/J i s  a  Hopf 

a l g e b r a  w i t h  a n t i p o d e  SFIJ. Let  T :  FA + - FA/J b e  t h e  

n a t u r a l  p r o j e c t i o n .  The fo l lowing  r e s u l t s  a r e  e a s i l y  v e r i -  

f  i e d  : 

1. The d iagram 

commutes. 

2.  T :  A + J i s  a  c o a l g e b r a  map. 

3 .  I L i s  a  Hopf a l g e b r a  and E: - FA -+ L i s  a  

b i a l g e b r a  map t h e n  t h e r e  e x i s t s  a unique  Hopf a l g e b r a  map 

E :  - FA/J - + L  where =T = 5.  

4. I f  L  i s  a  Hopf a l g e b r a  and A :  A -4 L i s  a  

c o a l g e b r a  map where ASA = SLh t h e n  t h e r e  i s  a  unique  

Hopf a l g e b r a  map A :  FA/J --+L w i t h  A ( . r r i )  = A .  

Of Course 4 .  shows t h a t  i f  we d e f i n e  g(A)  t o  be EA/J 

t h e n  i s  a  l e f t  a d j o i n t  t o  X. The remaining  c l a ims  a r e  
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e a s i l y  v e r i f i e d .  

THEOREM 17. ca teßorx  Cl has  a genera to r  G .  

Proof :  The isomorphism c l a s s e s  of f i n i t e  dimensional  

coa lgebras  over  k form a s e t .  This i s  t r u e  because i f  V 

i s  an n-dimensional v e c t o r  space over k then  a coalgebra  

s t r u c t u r e  on V c o n s i s t s  of an  element of Homk(V,k) and 

a n  element of Homk(V,V c V )  s a t i s f y i n g  c e r t a i n  c o n d i t i o n s .  

Thus t h e  s e t  of  coalgebra  s t r u c t u r e s  on V i s  a c e r t a i n  

s e t  C n C  Homk(V,k) X Homk(V,V s V).  In, t h e  isomorphism 

c l a s s e s  of  n-dimensional c o a 1 g e b r a s . i ~  a c e r t a i n  s e t  of 

equivalence  c l a s s e s  of C n .  Thus t h e  s e t  of isomorphism 

c l a s s e s  of f i n i t e  dimensional  coa lgebras  over  k i s  t h e  

d i s j o i n t  union I = U In. 
n=o 

For each X €  I l e t  C x  be a coalgebra  i n  t h e  isomor- 

phism c l a s s  of  X .  Let  G be t h e  coalgebra  @ C x .  S ince  

t h e  isomorphism c l a s s  of k i s  i n  I we hat%' t h a t  G 

has  a subcoalgebra  which i s  isomorphic t o  k. Thus G i s  
i n  t h e  ca tegory Cl. 

Let A be any coalgebra  i n  t h e  ca tegory Cl. Let B be 

a subcoalgebra  of  A which i s  isomorphic t o  k. Given any 

a c A  l e t  C be t h e  subcoalgebra  of A which i s  generated 

by a [ 6 ,  p.45 D e f i n i t i o n ] .  By [6 ,  p.46 Thm.2.2.11 C i s  

f i n i t e  dimensional  and t h e r e  i s  a unique element z €  I 

which i s  t h e  isomorphism c l a s s  of C .  

F ix  a coalgebra  isomorphism Jiz :  C Z  --, C .  For x e  I 

where X 4 z l e t  Jix: C x  -i A be t h e  composite 

) 

Cx k = B - A .  

Then Ji = $ Jix: G -4 A i s  a coalgebra  map wi th  a e  C C 
X€ I 

I m  Ji. Th i s  proves t h a t  G i s  a genera to r  f o r  C!!. 

COROLLARY 18.  The c a t e g o r i e s  Ql & H have gene- 

r a t  o r  s . 
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P r o o f :  The f u n c t o r  LJ1 from ill t o  Cl i s  f a i t h f u l .  

Thus A1(G) i s  a  g e n e r a t o r  f o r  Ei. The f u n c t o r  from 

H t o  111 i s  f a i t h f u l .  Thus glA1(G) i s  a  g e n e r a t o r  f o r  H. - 

COROLLARY 1 9 .  The c a t e g o r i e s  of commutative Hopf 

a l g e b r a s ,  of cocommutative Hopf a l g e b r a s ,  and of  commu- 

t a t i v e  cocommutative Hopf a l g e b r a s  have g e n e r a t o r s .  

P r o o f :  To prove t h a t  t h e r e  i s  a  g e n e r a t o r  i n  t h e  

c a t e g o r y  o f  cocommutative Hopf a l g e b r a s ,  p roceed  a s  above 

bu t  r e p l a c e  t h e  te rm "coa lgeb ra"  by t h e  t e rm "cocommutative 

coa lgeb ra"  throughout  . 
To prove  t h a t  t h e r e  i s  a  g e n e r a t o r  i n  t h e  c a t e g o r y  o f  

commutative Hopf a l g e b r a s  l e t  H be t h e  c a t e g o r y  of  

commutative Hopf a l g e b r a s  and l e t  Cl,  C, ill, and be a s  

b e f o r e .  I n  t h e  proof t h a t  ha s  a l e f t  a d j o i n t  B 

r e p l a c e  FA t h e  f r e e  a l g e b r a  on A by A t h e  symmetric 

a l g e b r a  on A .  The r e s t  i s  unchanged. 

To prove  t h a t  t h e r e  i s  a  g e n e r a t o r  i n  t h e  c a t e g o r y  of  

commutative cocommutative Hopf a l g e b r a s ,  p roceed  a s  i f  

p rov ing  t h a t  t h e r e  i s  a  g e n e r a t o r  i n  t h e  ca t ego ry  of  

commutative Hopf a l g e b r a s  b u t  r e p l a c e  t h e  te rm "coa lgeb ra"  

by t h e  t e rm "cocommutative coa lgeb ra"  t h roughou t .  
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