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Abstract: The rotation problem in factor analysis consists in finding an orthogonal
transformation of the initial factor loadings so that the rotated loadings have a simple structure
that can be easily interpreted. The most popular orthogonal transformations are the quartimax
and varimax procedure with Kaiser normalization. In this paper we propose the classical
chisquare contingency measure as a rotation criterion. We think that this is a very natural and
attractive criterion, not only for rotations but also for oblique transformations, that is not to be
found in our popular statistical packages up to how.
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1 Introduction and summary
The classical model of factor analysis (cf. Lawley and Maxwell, 1971) is given by
(1) x=Af+v,
where x = (x,..., xp)T is the vector of the observed variables, f = (fy,..., fi)" the vector of the latent
common factorsand v =(v,..., vp)T the vector of the latent specific factors. The matrix
A = (N;)=(pxKk) isthe socalled |oading matrix. It is assumed that the variables x,...,x, are
standardized so that E(x)=0 and Var(x)=1 for i =1,..., p. Furthermore we assume that all common
and specific factors are uncorrelated and that the common factors are standardized; then the covariance
matrix X = (px p) of x isgiven by
(2) Z=AA"+V
where V = (px p) isadiagonal matrix with vi; =var(v;). If A isreplaced by A = AR where
R = (kxk) isan arbitrary orthogonal matrix (rotation matrix) then AA" = ARR'A"T = AA" and so
equation (2) remains unchanged, and also the factor model (1) remains essentially unchanged as f = R'f is
again avector of standardized uncorrelated common factors and thus Af = ARR'f = Af . So the loading
matrix A isnot uniquely fixed (not identifiable) by the factor model. But note that

var(x) =g +varv) with g =>"" A2,
and as adiagonal element of AA' theterm ¢ remains unchanged under any orthogonal transformation of
the loading matrix; ¢ iscalled the communality of the variable x; . The indeterminacy of the loading matrix
can be used to find arotation matrix R such that the rotated loading matrix A = AR can be easily
interpreted. Theideal simple structure of A (perfect cluster configuration, cf. Browne, 2001, p.116) were
givenif in every row there were just one loading different from zero. This would mean that every variable
% were influenced by just one common factor, and the subset of variables that is influenced by afactor f,
(r=1,...,k) would alow anatural characterization of this factor.

In section 2 we describe the quartimax and varimax criterion together with the chisgquare criterion and show
up some theoretical advantages and disadvantages of these criteria. Section 3, 4 and 5 describe the numerical
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solution with these three criteria according to the method of Lawley-Maxwell (1971). Section 6 shows how
these algorithms can be modified if the iteration procedure fails to converge; an implementation of the
algorithmsin Maple and R is given in the Appendix. Section 7 gives some examples and the conclusion is
found in section 8. The implementation of the algorithms and the data sets used in section 7 can be obtained
from URL www.stat.uni-muenchen.de/~knuesel .

2. Rotation criteria
a)  Quartimax criterion

We denote the matrix of squared factor loadingsby F = (fj;) = ()\ﬁ) . According to Harman (1976, pp 283)
the criterion to be maximized by rotating the loading matrix is the simple variance of the squared loadings
fir = At

1 =2 .. = 1
= fi, — f with f=—)» f;, .
Q= (=) péiw
We obviously have
1 2 2
:—E fir — <.
Q pk — Ir

Now the communalities

k k
2 .
G :Z)\ir :Z fil’ = fi.,l =1..., P,
=1 r=1 3
remain fixed under any rotation and thusalso f remainsfixed. So maximizing Q is equivalent to
maximizing

B xo=> fF=>_Ar.
ir i,r

This form explains the name quartimax. It can be easily proved (see Appendix A1) that x5 becomes
maximal if and only if every row of the loading matrix A contains only one element different from zero,
and this means that the |oading matrix has the ideal simple structure. The maximum value of Xq isgiven by
max X = Zciz , and this maximum can also be achieved if all loadings are concentrated on just one factor.
According to Harman (1976, p 290) the tendency toward a general factor (one column of the loading matrix
with a dominating sum of the squared loadings) is one of the main shortcomings of the quartimax solution.

b) Varimax criterion
According to Harman (1976, pp 290) the varimax criterion is given by

1 k 2 . 2 1 P =12 2 = 1 P
V = EZUr with of ==Y "(fi — T)% fir =A%, fr==> fir .
=1 pi—l p._l

Here Urz is the variance of the squared loadings in column r. We obviously have

1 &KL 2] 18K 2
V:EZ Zfir_pfr :EZ Zfir_dr/p

p p

with d, = pfr=f,, => i = AF.
i=1

r=1{i=1 r=1li=1 i=1

So maximizing V is equivalent to maximizing
2 2 1
4 X\/:Z Zfir_dr/p :XQ_BZdr :
r=1

r=1{i=1
The varimax criterion becomes maximal if xg takes on its maximum and if Zdrz takes on its minimum

which isthe caseif all column sums dy,...,d, areequal (see Appendix A2). The example below shows that
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for the varimax criterion to become maximal it is not enough that the loading matrix has an ideal simple
structure. The varimax solution shows atendency toward factors with equal sums dy,...,d, whereasthe
quartimax solution shows a tendency to one dominating value of dy,...,d, (general factor). If the
communalities ¢y,...,c, aredifferent the variables xg,...,x, do not have the same influence on the rotation
(see Harman, 1976, p.291). Therefore one usually recommends to normalize the matrix F = (f;;) = ()\i%)
before rotation so that all row sums are 1 (Kaiser normalization).

Example: Let
10 1 0
10 1 0
Fr,=|1 0 F, =0 1
10 0 1
01 05 05

Thematrix F; has an ideal simple structure and the value of the varimax criterionis x, =1.6, whereas F,

does not possess an ideal simple structure but its varimax criterion X, = 2 islarger than that of F;.

¢) Chisguaremax criterion
Let f;,,i=1...,p,r =1...,k bethe frequencies (nonnegative integers) in a contingency table with p rows
and k columns. The well known classical contingency measure (measure of dependence) is given by
. — 2 .
XZZZM where &r :ﬁ, n:Zfir .
ir Gr n ir
It iswell known that for fixed nand for p > k the chisguare criterion XZ becomes maximal if and only if
each row contains only one frequency f;, different from zero and all column sums are positive, and the
maximum is given by sznax =n(k—1) (seeCramer, 1945, p.443). We have
a2 2 2
XZZZ(f" e1r) :Zﬂ_r — h=n Z flr ~1l.
ir Gr ir Gr ir fi' f‘r

So maximizing XZ is equivalent to maximizing
f,2
o=y ——
— fi, f.;
1,r
and the maximum of X isgiven by k.

Now we consider again afactorial model and set f;, = )\i% , fi. =6 (= communality of variable x; )
and f,, =d, . The same property as with the classical chisquare criterion holds true; the criterion
f,2 At
5 _ ir ir
( ) XC Z flo for Z Cl dr
i,r i,r
becomes maximal if and only if al column sums dy,...,d, are positive and each row of the matrix

F = (fj,) containsonly one element different from zero, and the maximum is given by max x- =k (see
Appendix A3). So the criterion x- becomes maximal if and only if the loading matrix has an ideal simple
structure and all column sums dy,...,d, are positive. The shortcomings of quartimax (tendency to a general

factor) and varimax (not always maximal for an ideal simple structure, tendency to factors with
d; =---=dy ) are not present with the chisquare criterion. Thus we think that this criterion is a promising

alternative to quartimax and varimax. Note that our findings concerning X are also true with oblique
transformations where the row sums f;, = ¢ and thetotal sum f,, =>_¢ arenot fixed in general.
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3. Determination of the quartimax solution
The derivations in this section are anal ogous to those for the varimax criterion to be found in Lawley and
Maxwell (1971, pp 72). Let

Ag = (¢;;) = (pxKk)= matrix of unrotated loadings

Ab=(£q,..., £,) = (kx p)

M = (kxk) =(mg,...,my) orthogonal rotation matrix

A=AgM = (N,) = (kx p) = matrix of rotated |oadings

We have ), = 4'm, . The quartimax criterion is given by

Pk
XQ:Z”/\# =Yy @m)*.

i=1lr=1
We are looking for the maximum of x5 under the side condition that M = (my,...,my) isan orthogonal
matrix. According to Lagrange’ s method we set
1 forr=s
=X —2 mymg —&rs) With 5=
Y=Xo zr:zsjars( rMg— brs) rs {0 forr =s

where A= (a,5) = (kxK) isthe matrix of indeterminate multipliers with a,g = a5 . We have
dy

P :42Cis£i _4Zarsmr
Ms [ r

where ¢, = )\i3r . Taking all values of sinto account we have

YN _ q5_MA)
oM

where
B=A{C=(kxk) with C:(ci,):()\is;):(px K).
The condition dy/0A =0 isequivaent to the side condition that M has to be orthogonal . The orthogonal

matrix M that maximizes Xq thus satisfies the equation MA =B, and A has to be symmetric and positive

definite. Premultiplying by MT gives A=MTB = A'C andwehave a; = > | NG = ZiAfr' and so

k
trace(A)=3 " ar =y . N =X

Iterative procedure to determine M, A, and B:

1. Startwith Ag=(¢;;)=(pxk) and My = (kxk)=1.

2. Compute A =AgMq1=(\;)=(pxKk), Clz()\i?):(pxk) and By = AgCy = (kxK) .

3. Compute the singular value decomposition of B;: By = UAVT where U = (kxk) and
V = (kx k) areorthogonal, and where A =diag(,...,0) with 6, >0 for al r;
set A;=VAV' and M, =UV'. M, isorthogonal and A; is symmetric and positive definitein
the regular casethat all &, >0, and we have M ,A; = (UVT)(VAV')=UAV' =B;.

4. Repeat the procedure (step 2 to 4) with M, in place of M.

The iterative procedure converges (generaly) to asolution M, A suchthat MA =B with M orthogonal
and A symmetric and positive definite; the sum of the singular values (= trace(A;) ) then converges to the
maximum of the quartimax criterion. See section 6 for modifications if this procedure failsto converge.



4, Deter mination of the varimax solution
The derivationsin this section are to be found in Lawley and Maxwell (1971, pp 72). Let
Ag = (¢j;) = (px k)= matrix of unrotated loadings
A= (£y,..., £5) = (kx p)
M = (kxk) =(my,...,my) orthogonal rotation matrix
A=AgM = ();)=(kx p) = matrix of rotated loadings

We have )\, = 4'm, . The varimax criterion is given by
2 2
% =50 SN - 62| S S mo)* - a?/p).
r i r i
We are looking for the maximum of %, under the side condition that M = (my,...,my) isan orthogonal
matrix. According to Lagrange’ s method we set

_ 1 forr=s
y:)‘\/_zzzars(mzms_‘srs) with 5rs:{
ros

O forr=s

where A= (a,5) = (kxK) isthe matrix of indeterminate multiplierswith a,5 = ag . We have

Taking al values of sinto account we have

Y _aB-mA)
oM

where

B=A{C=(kxk) with C=(g,)=(pxKk).
The condition dy/0A =0 is equivaent to the side condition that M has to be orthogonal. The orthogonal
matrix M that maximizes xo thus satisfiesthe equation MA =B, and A hasto be symmetric and positive

definite. Premultiplyingby M T gives A=M"B = A'C and we have a,, = ZiAirqr = ZiAfr' —d?/p

and so

trace(A) =) & = Z[ZAﬁ—d?/D] =%

Iterative procedure to determine M, A, and B:
1. Start with Ag=(¢j;)=(pxk) and My =(kxk)=1.
2. Compute
Ay =AMy =(N;) = (pxKk),
C1=(Gr) = (pxk) withg, =X7 —drN, /p,
By = AgCy = (kxK).
3. Compute the singular value decomposition of B;: By = UAVT where U = (kxk) and V = (k x k)
are orthogonal, and where A = diag(é,...,9) with 6, >0 for all r;
set A;=VAV' and M, =UV'. M, isorthogonal and A; is symmetric and positive definite in the
regular casethat al 6, >0, and we have M,A; = (UVT)(VAVT)=UAVT =B;.
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4. Repeat the procedure (step 2 to 4) with M, inplaceof M.

The iterative procedure converges (generally) to asolution M, A such that MA =B with M orthogonal

and A symmetric and positive definite; the sum of the singular values (= trace(A,) ) then convergesto the

maximum of the varimax criterion. See section 6 for modifications if this procedure failsto converge.

Remarks:

a) InLawley and Maxwell (1971, pp 72) the eigenval ue decomposition (spectral decomposition) of the
symmetric matrix B{B; isused instead of the singular value decomposition of B; which isimplemented

in the varimax procedure in R. In my view the method of R with the singular value decompasition makes
the solution simpler.
b) With Kaiser-normalization the following steps are performed:

(i) Normalize Ag: Ag=D 1Ay with D= diag(\/a ..... \/a)
(i) Determine the optimal rotation M according to the above procedure: A = [\OM .
(iiii) Restore the original communalities: A = DA =DAgM =DD 1AM =AM .

5. Deter mination of the chisquar emax solution
The derivations in this section are again analogous to those for the varimax criterion to be found in Lawley
and Maxwell (1971, pp 72). Let

Ag = (¢;;) = (pxKk)= matrix of unrotated loadings,

AQ=(€q,..., £p) = (kx p),

M = (kxk) =(mg,...,my) orthogona rotation matrix,

A=AgM = (N, ) = (kx p) = matrix of rotated loadings.

We have ), = eiTmr . The chisquaremax criterion is given by

K p
xc :Z Z(e where ¢ :Z)ﬁ and d, :Z)ﬁ .
i,r i,r i=1

r=1
We are looking for the maximum of x- under the side condition that M = (my,...,my) is an orthogonal
matrix. According to Lagrange’ s method we set

y:XC_ZZZars(mIms_‘srs) with 6rs:{
ros

where A= (ars) = (kx k) isthe matrix of indeterminate multiplierswith a,q = a5 . We have

1 forr=s
O forr=s

oy
-4 m; .
omg ams Zars '
Now
0 0 0
gy a2 (gm0 e
Ms 7 (Gdr)? omg oms
1 0 ,; .4 & ddg Ae
=) —— (4'my)" ——= with =) —
~gds omg ' d2omg % zi:ci
and
om ms)4:4(£iTms)3£i =3
S
od 0
8ms :aT i |s Z (ET s) _ZZ Al -
S S
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So we obtain

8ms Z 'Se —2-5 ZZA,Sq

S

4 A,_i 26
dszi:q Z °

Taking al values of sinto account we have
oy
oM

where

X _4(B-MA)

>‘|r &
B—A C=(kxk) with C= Gy)= [)><k and G = ———F= Ay -
( ) ( r) ( ) r I r2>\|r

The condition dy/0A =0 isequivaent to the side condition that M has to be orthogonal. The orthogonal
matrix M that maximizes X- thus satisfiesthe equation MA =B, and A hasto be symmetric and positive
definite. Premultiplyingby M7 gives A=M'B = A'C and we have

)\f;’ 1 >\J4r
arr:Zi)‘irCir:Z___ Z |r—22

7 Gy 2dr22jzcj i

and so

trace(A):Z:rarr = ZZ :%

Iterative procedure to determine M, A, and B:
1. Start with Ag = (¢;;)=(pxk) and My = (kxK)=1.
2. Compute
Ay =AMy =(N;) = (pxKk),
paL
C

i

. )\.3 1
C1=(q;) =(pxk) withg, =——

- Ar,
Gdr  2d? "

By = A{Cy = (kxK).
3. Compute the singular value decomposition of B;: B; = UAVT where U = (k xk) and
V = (kxK) areorthogonal, and where A = diag(é;,...,0) with 6, >0 for al r;
set A;=VAV' and M, =UV'. M, isorthogonal and A; is symmetric and positive definitein
the regular case that all &, >0, and we have M ,A; = (UVT)(VAV')=UAV' =B;.
4. Repest the procedure (step 2 to 4) with M, in place of M4 until convergence takes place.

The iterative procedure converges (generally) to asolution M, A such that MA =B with M orthogonal
and A symmetric and positive definite; the sum of the singular values (= trace(A;) ) then converges to
Xc /2 where X isthe maximum of the chisquare criterion. See section 6 for modificationsiif this procedure

failsto converge.



6. Modification if the algorithm failsto converge

It can happen that the iterative procedures described in the foregoing sections fail to converge. In order to
show the problem and to describe a hel pful modification we consider the agorithm for the chisquaremax
solution in greater detail.

Input: Ag=(pxK), ¢=bound for relative accuracy (e.g. ¢ = 1079 ).

Output:
M = (kx k) orthogonal (= optimal rotation matrix),

A =AgM = (pxk) such that the chisquare criterion for A becomes maximal,
iter = number of necessery iterations to find the solution.
Algorithm:
1. Startwith Ag=(¢;;)=(pxk), My=(kxk)=1y and A; =AM =(X,)=(pxK);
set 09 —0, x94—0,
2. Compute

- N1 (& 2 P2
C1=(Gr) = (pxk) with ¢ Tod  on2 Z_ Airs G :Z)‘ir’ dy :ZAir'
Gdr  2dy j=1 Cj r=1 i=1
Bl = A6C1 = (k X k)
3. Compute the singular value decomposition of B;: B; = UAV" where U = (kxk) and V = (kxk) are
orthogonal, and where A = diag(éy,...,6¢) with 6, >0 foralr.
Set A;=VAV' and M, =UVT; M, isorthogonal and A; issymmetric and positive definite in the
regular casethat all 6, >0, and we have M,A; = (UVT)(VAV')=UAVT =B;.
4. Compute
Az =M2Ag,
X = 2xtrace(Aq),
Xo = Xc (A,) = chisquare criterion xc for the matrix A,.

e

X — X
and e and A%
X X2 1

If < e then stop the iteration procedure.

5. Set x4 =, x99 =x,, replace A; by A, and continue with step 2.
When the iteration procedure stops, set
M=M,, A=A,, iter = number of iterations.

Now we give an example of the foregoing algorithm. Let

05 05 0
09 0 03
6) Ap=|1 0 O
0 1 0
0 0 1

and set the bound for the relative accuracy to € = 1079, Then we find the resits givenin Table 1. This
table shows that the algorithm finally flutters between two positions, the first one with (X, %) =
(2.747...,2.649...) and the second one with (x,Xy) = (2.750..., 2.645...) . Thus the algorithm will never
converge for the given relative accuracy of = 10~° without some modification.
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Table 1: Valuesof x =2xtrace(A) and X, = Xz (A) inthefirst 500 iterations with ¢ =107°

iter X X2
1 2.749822213 2. 730058156
2 2.751688844 2.730047592
3 2.750902428 2.731099610
4 2.752166652 2.729093874
5 2.751454734 2.728168484
6 2.752553821 2.724443517
7 2.751783373 2.722048335
8 2.752881199 2.716717826
9 2.751924311 2.713262696
10 2.753096960 2.706562010
100 2.750255585 2. 645655537
101 2.747389294 2.649464918
102 2.750255585 2. 645655537
103 2.747389294 2.649464918
104 2.750255585 2. 645655537
105 2.747389294 2.649464918
106 2.750255585 2. 645655537
107 2.747389294 2.649464918
108 2.750255585 2. 645655537
109 2.747389294 2.649464918
110 2.750255585 2. 645655537
490 2.750255585 2. 645655537
491 2.747389294 2.649464918
492 2.750255585 2. 645655537
493 2.747389294 2.649464918
494 2.750255585 2. 645655537
495 2.747389294 2.649464918
496 2.750255585 2. 645655537
497 2.747389294 2.649464918
498 2.750255585 2. 645655537
499 2.747389294 2.649464918
500 2. 750255585 2. 645655537

We can overcome this problem by reducing the step width in the iterative procedure. Instead of
5. Set x29 = x, %89 = x,, replace A; by A,, and continue with step 2.
we use

5. Set x09 = %, x3'9 = x,, replace A; by YA + (1—)Aq with 0< ~ <1, and continue with step 2.

For v =1 we have the old procedure, but by choosing v <1 we may be able to eliminate fluttering of the
algorithm. We now try to find the solution for the above example with v = 0.5. Table 2 shows that now the
algorithm achieves the desired relative accuracy of ¢ = 1072 in 24 iterations.



Table2: Valuesof x =2xtrace(A) and X, = Xz (A) with =102 and v=05

iter X X2

1 2.749822213 2. 730058156
2 2.745603243 2.751546198
3 2.748602501 2.751663762
4 2.750133293 2.751664495
5 2.750898898 2.751664514
6 2.751281706 2.751664515
7 2.751473111 2.751664515
8 2.751568813 2.751664515
9 2.751616664 2.751664515
10 2.751640590 2.751664515
11 2.751652552 2.751664515
12 2.751658534 2.751664515
13 2.751661524 2.751664515
14 2.751663020 2.751664515
15 2.751663767 2.751664515
16 2.751664141 2.751664515
17 2.751664328 2.751664515
18 2.751664422 2.751664515
19 2.751664468 2.751664515
20 2.751664492 2.751664515
21 2.751664503 2.751664515
22 2.751664509 2.751664515
23 2.751664512 2.751664515
24 2.751664514 2.751664515

In Table 3 the the results of the chisguaremax solution are presented together with the corresponding results
for the quartimax and varimax solution. The chisquaremax procedure achieves the maximum 2.752 of the
chisquare criterion xc in 24 iterations with v = 0.5, the quartimax procedure achieves the maximum 4.364
of the quartimax criterion Xq (with Kaiser normalization) in 9 iterations (with the standard value v =1),
and the varimax procedurer achieves the maximum 2.508 of the varimax criterion X, (with Kaiser
normalization) in 11 iterations (with the standard value v =1). One can see that the resulting loading matrix
is approximately the same for all three procedures. Programsin Maple (very detailed) and R that compute
the given solutions are to be found in the Appendix A4 and A5.
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Table 3: Quartimax, varimax and chisquaremax solution for inital loading matrix (6)

before rotation after rotation
Id. loadings LG Quartimax Varimax Chisquaremax
1 0.5 0.5 0.0 0.5 0.497 0.501 -0.041| 0.473 0.525 -0.031| 0.496 0.502 -0.040
odi . 2 0.9 0.0 0.3:0.9 0.924 -0.000 0.216| 0.918 0.044 0.235| 0.922 0.002 0.222
Loading matrix 3 100 1.0 0.0 1.0 |-0.002 1.000 0.010(-0.050 0.999 0.010/(-0.004 1.000 O0.006
4 100 00 1.0: 10 0.092 -0.010 0.996| 0.072 -0.006 0.997| 0.085 -0.005 0.996
5 1.0 0.0 0.0 1.0 0.996 0.003 -0.091| 0.996 0.051 -0.071| 0.996 0.004 -0.085
d;,d,,d3 2.06 1.25 1.09 4.4 2.100 1.251 1.048| 2.067 1.277 1.056| 2.097 1.252 1.051
Quartimax criterion 4.320 4.364 (9) 4.354 4.364
Varimax criterion 2476 2.498 2.508 (11) 2.499
Chisquare criterion 2.726 2.751 2.745 2.752 (24/0.5)
Comments:

Quartimax: With ~ =1 monotonous convergence from below for trace(A) and xg(A) in9iterations.

Varimax: ~ With v =1 monotonous convergence from below for trace(A) and x, (A) in 11 iterations.

Chisguare: With ~ =1 no convergence (see Table 1);
with v = 0.5 monotonous convergence from below for trace(A) and X-(A) (beginning with iteration 2) in 24 iterations (see Table 2).

The quartimax and chisquare solutions are nearly identical, but the varimax solution is also not very different.
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7. Examples

a) Eight physical variables (cf. Harman, 1976, p.22 and p.254)
In this example the following eight variables of 305 girls from seven to seventeen years of age are
measurred:

1. Height

2. Arm span

3. Length of forearm

4. Length of lower leg

5. Weight

6. Bitrochanteric diameter
7. Chest girth

8. Chest width

We consider the factorial model with two factors. Table 4 gives the results with the three rotation
procedures. We can see that the quartimax and varimax solutions are nearly identical, but also the chisquare
solution is not very different.

b) Box problem of Thurstone (cf. Thurstone, 1947, p. 369-371)
M easurements of a random collection of thirty boxes were made; the three dimensions X, y, z were

recorded for each box, and alist of 26 score functions (variables) was then prepared:

i | Variablei | i Variablei
1 X 14 y/x

2 y 15 X/z

3 z 16 z/x

4 Xy 17 y/z

5 Xz 18 zly

6 yz 19 2X+ 2y
7 X2y 20 2X+ 27
8 xy? 21 2y + 2z
9 Xz | 2| @ry?
10| & | 23] (@i
1| Yz || 2422
12 yz? 25 Xyz

13 Xy 26 | % +y? 472

For example, variable 4 consisted of the area xy of one side of the box. Asin the classical model of factor

analysis (see section 1) the variables are connected with the unknown factorsin alinear way, and asonly a
few of the variablesin our example are linearly connected with X, y, z we cannot expect to find arotation

procedure that explains our 26 variables by the obvious physical factors x, y, z. Table 5 shows that the
guartimax and the chisquare solution are nearly identical, but also the varimax solution is not very different.
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c)  Twenty-four psychological tests (cf. Harman, 1976, p.123 and p.215)
Twenty-four psychological tests were given to 145 seventh and eighth grade school children in a suburb of
Chicago. Here isthe list of these tests (variables):

i Variablei i Variablei
1 |Visua Perception 13 | Straight-Curved Capitals
2 | Cubes 14 | Word Recognition
3 | Paper Form Board 15 | Number Recognition
4 |Fags 16 | Figure Recognition
5 | Genera Information 17 | Object-Number
6 | Paragraph Comprehension 18 | Number-Figure
7 | Sentence Completion 19 | Figure-Word
8 |Word Classification 20 | Deduction
9 |Word Meaning 21 | Numerical Puzzles
10 | Addition 22 | Problem Reasoning
11 |Code 23 | Series Completion
12 | Counting Dots 24 | Arithmetic Problems

We consider the factorial model with four factors. Table 6 shows that the chisguare solution is close to the
varimax solution; the quartimax solution shows a clear tendency to ageneral factor (d; = 6.511 clearly

larger than d,,d3,d,).

d)  Thirteen psychological tests (cf. Harman, 1976, p.172)
The first thirteen of the twenty-four psychological tests (see the foregoing example) are considered here, and

the factorial model takes into account only three factors. Table 7 shows that the chisquare solution is close
to the quartimax solution, but also the varimax solution is not very different.

€) Change of scale (cf. Hechenbichler, 1999, Veranderungsskal en-Datensatz, pp 140-150 and 166-196)
A guestionnaire with 32 itemsis given to 165 people addicted to drugs, and a factorial model with four

factorsis considered. Table 8 shows that the three solutions are very similar.

f) Jealousy data (cf. Hechenbichler, 1999, Eifersuchtsdaten, pp 150-162 and 197-211)

A guestionnaire with 39 itemsis given to 141 people from fifteen to fourty years of age, and a factorial
model with eight factors is considered. Table 9 shows that the chisquare solution is similar to the varimax
solution; the quartimax solution shows a clear tendency to a general factor (d; =6.609 clearly larger than

dy,....dg).

8. Conclusion

On the basis of our theoretical considerations in section 2 we expect that the quartimax solution (with and
without Kaiser normalization) can show atendency to a general factor whereas the varimax solution (with
and without Kaiser normalization) can show atendency to homogenous factors (measured with the colums
sums dy,...,dy ). The chisquare solution does not show this asymmetry, and our examples confirm this
conjecture although the difference between the three solutions is often very small. The nice properties of the
criterion xc remain unchanged with oblique transformations. So we can expect that this criterion will be a

good aternative to the well known criteria not only with orthogonal but aso with oblique transformations.
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Table 4: Eight Physical Variables (cf. Harman, 1976, p.254)

before rotation after rotation

Id. loadings LG Quartimax Varimax Chisguaremax

1 é 0.853 0.332 50.838 0.873 0.275 0.872 0.278 0.882 0. 245

. . 2 1 0.906 0.261 :0.889 0.921 0.201 0.921 0.204 0.927 0.169

L oading matrix 3 | 0.874 0.237 :0.820 0.888 0.179 0.887 0.182 0.893 0.149

4 : 0.846 0.302 :0.807 0.864 0. 246 0.863 0. 248 0.872 0.216

5 1 0.175 0.926 :0.888 0.235 0.913 0.233 0.913 0.266 0.904

6 | 0.140 0.788 :0.641 0.191 0.777 0.189 0.778 0.218 0.770

7 + 0.082 0.760 :0.584 0.132 0.753 0.130 0.753 0. 157 0.748

8 ! 0.216 0.667 :0.492 0.259 0.651 0.257 0.652 0.281 0.642

dq,d,,ds 1 3.132 2.827 :5.958 3.322 2.636 3.313 2.645 3.418 2.540
Quartimax criterion 6.981 7.016 (11) 7.016 7.007
Varimax criterion 2.969 3.016 3.016 (25/0.5) 3.000

Chisquare criterion 1.738 1.758 1.758 1.761 (10)
Comments:

Quartimax: With v =1 monotonous convergence from below for trace(A) and xq(A) in11iterations.

Varimax: ~ With v =1 monotonous convergence from below for trace(A) and %, (A) in 273 iterations
with v = 0.5 monotonous convergence from below for trace(A) and X, (A) in 25 iterations.

Chisquare: With v =1 monotonous convergence from below for trace(A) and xc(A) in 10 iterations.

The quartimax and varimax solutions are nearly identical, but also the chisquare solution is not very different.
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Table5: Box problem of Thurstone (cf. Thurstone, 1947, p.371)

before rotation after rotation
Id. ! loadings PG Quartimax Varimax Chisquaremax
1) 0.65-0.67 0.33! 0.98 | 0.60 -0.29 0.73| 0.53 -0.35 0.76| 0.58 -0.30 0.74
21 0.74 0.53 0.37) 0.97 | 0.77 0.61 -0.05| 0.82 0.54 0.00| 0.78 0.59 -0.04
3., 0.75 0.06 -0.64; 0.98 | 0.76 -0.42 -0.47| 0.74 -0.49 -0.43| 0.76 -0.44 -0.45
41 0.87 -0.04 0.48: 0.99 | 0.86 0.27 0.42| 0.85 0.18 0.48| 0.86 0.25 0.44
5, 0.88 -0.40 -0.24 0.99 | 0.86 -0.49 0.14| 0.80 -0.57 0.18| 0.84 -0.51 0.16
61 0.89 0.41 -0.20; 1.00 | 0.92 0.13 -0.38| 0.95 0.04 -0.32| 0.93 0.10 -0.36
7 0.84-0.35 0.43, 1.00 | 0.81 0.01 0.59| 0.77 -0.08 0.64| 0.80 -0.01 0.61
8! 0.86 0.22 0.43: 0.97 | 0.87 0.42 0.21| 0.89 0.33 0.27| 0.87 0.40 0.22
9, 0.83-0.55-0.03; 0.99 | 0.80 -0.45 0.39| 0.72 -0.53 0.43| 0.77 -0.47 0.41
10} 0.85 -0.26 -0.44: 0.98 | 0.84 -0.52 -0.10| 0.79 -0.60 -0.06 | 0.83 -0.54 -0.08
; ; 11} 0.86 0.49 -0.01! 0.98 | 0.89 0.32 -0.30| 0.93 0.23 -0.24| 0.90 0.30 -0.28
L oaging matrix 12} 0.87 0.29 -0.38} 0.99 | 0.89 -0.08 -0.43| 0.90 -0.16 -0.38| 0.90 -0.10 -0. 41
13 {-0.07 -0.98 -0.09! 0.97 |-0.13 -0.77 0.60|-0.24 -0.76 0.58(-0.16 -0.77 0.60
141 0.07 0.98 0.09: 0.97 | 0.13 0.77 -0.60| 0.24 0.76 -0.58| 0.16 0.77 -0.60
15!-0.05 -0.55 0.80! 0.94 |-0.09 0.15 0.96|-0.14 0.14 0.95|-0.11 0.15 0.95
16} 0.05 0.55 -0.80! 0.94 | 0.09 -0.15 -0.96| 0.14 -0.14 -0.95| 0.11 -0.15 -0.95
17} 0.00 0.49 0.85! 0.96 | 0.02 0.94 0.29| 0.09 0.93 0.30| 0.04 0.94 0.28
18} 0.00 -0.49 -0.85! 0.96 |-0.02 -0.94 -0.29[-0.09 -0.93 -0.30|-0.04 -0.94 -0.28
19! 0.86 0.05 0.48! 0.97 | 0.86 0.33 0.36| 0.86 0.24 0.42| 0.86 0.31 0.38
20 0.87 -0.39 -0.32! 1.00 | 0.85 -0.54 0.07| 0.79 -0.62 0.12| 0.83 -0.56 0.10
21! 0.90 0.40 -0.19} 1.00 | 0.92 0.13 -0.37| 0.95 0.04 -0.31| 0.94 0.10 -0.35
221 0.85 0.05 0.47: 0.95| 0.85 0.33 0.35| 0.85 0.24 0.41| 0.85 0.31 0.37
23! 0.86 -0.34 -0.32! 0.96 | 0.84 -0.50 0.04| 0.79 -0.58 0.08| 0.83 -0.52 0.06
241 0.89 0.39 -0.16: 0.97 | 0.91 0.14 -0.34| 0.94 0.06 -0.28| 0.92 0.12 -0.32
25! 0.99 -0.01 0.01} 0.98 | 0.99 -0.04 0.06| 0.97 -0.13 0.12| 0.98 -0.06 0.09
26! 0.96 0.10 -0.02: 0.93 | 0.96 0.02 -0.04| 0.96 -0.07 0.02| 0.97 -0.00 -0.01
dy,dy,dg 114.69 5.53 5.15:25.37 |14.69 5.52 5.16|14.52 5.64 5.21(14.66 5.53 5.18
Quartimax criterion 16.988 17.381 (83) 17.277 17.372
Varimax criterion 6.011 6.398 6.417 (77) 6.407
Chisquare criterion 1.757 1.822 1.820 1.823 (48)

Comments:

With v =1 monotonous convergence from below for trace(A) and the criteria xq, %/, Xc for al three procedures.

The quartimax and chisquare solutions are nearly identical, but also the varimax solution is not very different.
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Table 6: Twenty-four psychological tests (cf. Harman, 1976, p.215)

before rotation after rotation
Id : loadings G Quartimax Varimax Chisguaremax
1 ! 0.601 0.019 0.388 0.221 | 0.561 | 0.730 -0.123 -0.029 -0.107 | 0.159 0.689 0.187 0.160 | 0.172 0.714 0.108 0.102
2 | 0.372 -0.025 0.252 0.132 | 0.220 | 0.457 -0.060 -0.053 -0.070 | 0.117 0.436 0.083 0.097 | 0.124 0.447 0.033 0.060
L oading matrix 3 ! 0.413 -0.117 0.388 0.144 | 0.356 | 0.551 -0.082 -0.190 -0.097 | 0.135 0.570 -0.019 0.109 | 0.143 0.569 -0.083 0.065
4 1 0.487 -0.100 0.254 0.192 ! 0.349 | 0.573 0.017 -0.068 -0.123 | 0.233 0.527 0.099 0.079 | 0.240 0.537 0.036 0.030
5 | 0.691 -0.304 -0.279 0.035 | 0.649 | 0.532 0.591 0.123 0.033 | 0.739 0.185 0.214 0.150 | 0.750 0.211 0.184 0.089
6 | 0.690 -0.409 -0.200 -0.076 | 0.689 | 0.547 0.614 -0.026 0.115 | 0.767 0.204 0.067 0.234 | 0.781 0.219 0.037 0.173
7 | 0.677 -0.409 -0.292 0.084 | 0.718 | 0.525 0.661 0.063 -0.039 | 0.806 0.196 0.154 0.075 | 0.812 0.210 0.121 0.011
8 | 0.674 -0.189 -0.099 0.122 | 0.515 | 0.598 0.380 0.112 -0.032 | 0.570 0.338 0.242 0.132 | 0.580 0.367 0.197 0.070
9 | 0.697 -0.454 -0.212 -0.080 | 0.743 | 0.549 0.654 -0.050 0.110 | 0.806 0.200 0.042 0.227 | 0.819 0.212 0.011 0.165
10 | 0.476 0.534 -0.486 0.092 | 0.756 | 0.246 0.118 0.816 0.127 | 0.169 -0.117 0.829 0.166 | 0.189 -0.014 0.837 0.141
11 | 0.558 0.332 -0.142 -0.090 | 0.450 | 0.430 0.050 0.439 0.264 | 0.180 0.119 0.513 0.374 | 0.209 0.199 0.500 O.341
12} 0.472 0.508 -0.139 0.256 | 0.566 | 0.404 -0.119 0.622 -0.045 | 0.019 0.210 0.717 0.087 | 0.035 0.294 0.689 0.054
131 0.602 0.244 0.028 0.295 ! 0.510 | 0.599 -0.027 0.369 -0.120 | 0.188 0.437 0.526 0.082 | 0.200 0.496 0.472 0.029
14 | 0.423 0.058 0.015 -0.415 | 0.355 | 0.323 0.107 0.040 0.487 | 0.198 0.050 0.081 0.554 | 0.232 0.093 0.082 0.535
15! 0.394 0.089 0.097 -0.362 | 0.304 | 0.336 0.017 0.018 0.436 | 0.122 0.116 0.074 0.519 | 0.154 0.156 0.068 O0.501
16 | 0.510 0.095 0.347 -0.249 | 0.452 | 0.556 -0.135 -0.077 0.345 | 0.068 0.409 0.062 0.526 | 0.101 0.446 0.023 0.492
17 | 0.466 0.197 -0.004 -0.381 | 0.401 | 0.357 0.038 0.170 0.494 | 0.143 0.062 0.219 0.573 | 0.180 0.122 0.219 0.553
18 | 0.515 0.312 0.152 -0.147 | 0.407 | 0.496 -0.149 0.223 0.300 | 0.026 0.293 0.336 0.456 | 0.058 0.358 0.309 O0.425
19 | 0.443 0.089 0.109 -0.150 | 0.239 | 0.419 0.007 0.070 0.242 | 0.149 0.239 0.162 0.365 | 0.173 0.278 0.138 0.335
20 | 0.614 -0.118 0.126 -0.038 | 0.408 | 0.603 0.172 -0.024 0.120 | 0.377 0.402 0.118 0.300 | 0.397 0.428 0.072 0.249
21| 0.589 0.227 0.057 0.123 | 0.417 | 0.571 -0.026 0.297 0.038 | 0.174 0.380 0.438 0.222 | 0.194 0.439 0.394 0.176
22 1 0.608 -0.107 0.127 -0.038 ! 0.399 | 0.598 0.162 -0.018 0.121 | 0.366 0.399 0.123 0.301 | 0.386 0.426 0.077 O0.250
23 1 0.687 -0.044 0.138 0.098 | 0.503 | 0.694 0.126 0.070 0.019 | 0.369 0.500 0.244 0.238 | 0.387 0.536 0.185 0.178
24 ! 0.651 0.177 -0.212 -0.017 | 0.500 | 0.502 0.222 0.409 0.179 | 0.371 0.157 0.496 0.304 | 0.395 0.228 0.475 O0.258
dy,...,dy | 7.645 1.681 1.228 0.911 !11.464 | 6.511 1.967 1.813 1.173 | 3.649 2.870 2.657 2.288 | 3.886 3.359 2.358 1.861
Quartimax criterion 13.597 14.928 (47) 14.271 14.357
Varimax criterion 1.802 4.851 8.189 (10) 7.991
Chisguare criterion 1.465 2.190 2419 2441 (13)

Comments:

With v =1 monotonous convergence from below for trace(A) and the criteria xq,%,,Xc for all three procedures.

The chisquare solution is close to the varimax solution; the quartimax solution shows a clear tendency to a general factor
(d; =6.511 clearly larger than dy,d3,d,).
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Table 7: Thirteen psychological tests (cf. Harman, 1976,

p.172)

before rotation after rotation
Id. ! loadings PG Quartimax Varimax Chisguaremax
1 ! 0.607 -0.060 -0.443 [0.568 | 0.205 -0.219 -0.691 0.166 -0.240 -0.695 0.233 -0.214 -0.684
2 ! 0.355 0.038 -0.266 !0.198 | 0.157 -0.065 -0.411 0.136 -0.079 -0.416 0.173 -0.062 -0.405
3 ! 0.418 0.148 -0.429 10.381 | 0.190 0.041 -0.585 0.166 0.022 -0.594 0.214 0.045 -0.577
4 1 0.478 0.083 -0.287 10.318 | 0.260 -0.080 -0.494 0.235 -0.100 -0.503 0.280 -0.077 -0.483
_ _ 5 ! 0.729 0.257 0.244 10.657 | 0.767 -0.198 -0.171 0.751 -0.231 -0.199 0.774 -0.196 -0.142
Loading matrix 6 | 0.707 0.354 0.167 0.653 | 0.771 -0.085 -0.227 0.756 -0.120 -0.258 0.779 -0.083 -0.197
7 0 0.721 0.367 0.257 [0.721 | 0.827 -0.105 -0.157 0.815 -0.141 -0.190 0.833 -0.104 -0.125
8 | 0.705 0.197 0.062 10.540 | 0.637 -0.187 -0.313 0.615 -0.218 -0.337 0.650 -0.185 -0.289
9 | 0.698 0.409 0.252 10.718 | 0.832 -0.058 -0.151 0.822 -0.094 -0.185 0.837 -0.056 -0.118
10 | 0.455 -0.482 0.399 !0.599 | 0.236 -0.728 0.115 0.212 -0.734 0.120 0.232 -0.728 0.119
11! 0.537 -0.390 0.145 !0.461 | 0.233 -0.621 -0.146 0.202 -0.632 -0.143 0.239 -0.620 -0.141
121 0.487 -0.553 0.033 10.544 | 0.059 -0.704 -0.214 0.022 -0.709 -0.202 0.068 -0.702 -0.216
131 0.674 -0.368 -0.135 10.608 | 0.220 -0.592 -0.457 0.177 -0.609 -0. 454 0.238 -0.589 -0.452
dl,dz,d3 | 4.620 1.392 0.954 |6.965 | 3.299 1.917 1.749 3.101 2.031 1.833 3.404 1.905 1.657
Quartimax criterion 7.298 9.799 (29) 9.773 9.791
Varimax criterion 0.947 5.343 5.384 (16) 5.290
Chisguare criterion 1.296 2.240 2.226 2.242 (16)

Comments:

With ~ =1 monotonous convergence from below for trace(A) and the criteria xq, %/, Xc for al three procedures.

The chisquare solution is close to the quartimax solution, but also the varimax solution is not very different.
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Table 8: Veranderungsskalen (Hechenbichler, 1999, p.177)

before rotation after rotation
Id ! loadings G Quartimax Varimax Chisguaremax
1 1-0.022 0.192 0.296 -0.210 | 0.169 | 0.107 -0.010 -0.161 0.363 | 0.103 -0.005 -0.162 0.364 | 0.098 0.000 -0.184 0. 354
2 | 0.342 -0.301 0.128 -0.350 | 0.347 | 0.570 -0.089 -0.085 -0.081 | 0.570 -0.089 -0.090 -0.076 | 0.565 -0.093 -0.110 -0.083
L oading matrix 31 0.522 -0.144 0.069 0.022 | 0.298 | 0.442 0.096 0.300 -0.059 | 0.446 0.105 0.291 -0.059 | 0.457 0.089 0.281 -0.046
4 | 0.364 -0.384 -0.065 0.232 | 0.338 | 0.264 -0.096 0.399 -0.316 | 0.271 -0.091 0.398 -0.312 | 0.283 -0.109 0.400 -0.293
5 !-0.079 0.423 0.359 0.049 | 0.317 |-0.130 0.066 0.023 0.543 [-0.133 0.078 0.022 0.541 |-0.130 0.080 0.003 O0.542
6 | 0.337 0.434 -0.290 0.077 | 0.392 |-0.019 0.606 0.155 0.021 [-0.021 0.610 0.140 0.007 |-0.007 0.605 0.161 0.013
7 | 0.471 -0.267 -0.139 0.033 ! 0.313 | 0.384 0.097 0.263 -0.296 | 0.388 0.099 0.255 -0.296 | 0.398 0.084 0.259 -0.285
8 | 0.350 -0.116 0.054 0.412 | 0.309 | 0.102 0.005 0.542 -0.067 | 0.110 0.018 0.540 -0.066 | 0.129 -0.003 0.539 -0.040
9 ! 0.377 0.391 -0.413 -0.141 | 0.485 | 0.103 0.682 -0.025 -0.093 | 0.098 0.680 -0.044 -0.107 | 0.106 0.679 -0.019 -0.111
10 | 0.396 -0.344 0.019 -0.137 | 0.295 | 0.486 -0.059 0.110 -0.207 | 0.489 -0.057 0.105 -0.203 | 0.491 -0.068 0.095 -0.200
11 1-0.176 0.295 0.359 -0.024 | 0.247 |-0.120 -0.061 -0.078 0.472 |-0.123 -0.053 -0.075 0.473 |-0.125 -0.047 -0.096 0. 469
12 1 0.332 -0.151 -0.033 0.359 | 0.263 | 0.104 0.024 0.478 -0.154 | 0.111 0.033 0.475 -0.154 | 0.128 0.015 0.479 -0.130
13 1-0.145 0.486 0.467 0.021 | 0.476 |-0.156 0.026 -0.023 0.671 |-0.160 0.039 -0.022 0.670 |-0.158 0.044 -0.048 O0.669
14 | 0.651 -0.191 0.193 -0.249 | 0.560 | 0.727 0.084 0.156 0.019 | 0.728 0.093 0.144 0.021 | 0.734 0.078 0.119 0.024
15| 0.376 -0.064 -0.041 0.465 | 0.364 | 0.051 0.099 0.582 -0.113 | 0.059 0.111 0.578 -0.115 | 0.081 0.090 O0.585 -0.086
16 | 0.498 0.596 -0.199 -0.121 | 0.658 | 0.171 0.765 0.067 0.195 | 0.165 0.772 0.045 0.179 | 0.178 0.768 0.057 0.179
17 1 0.612 -0.135 0.056 0.005 | 0.396 | 0.511 0.152 0.328 -0.066 | 0.515 0.162 0.317 -0.067 | 0.528 0.144 0.306 -0.054
18 | 0.212 0.149 0.298 0.102 | 0.166 | 0.135 0.031 0.225 0.310 | 0.136 0.045 0.222 0.310 | 0.146 0.036 0.202 0.320
19 | 0.136 -0.064 0.246 0.290 | 0.167 | 0.042 -0.146 0.356 0.132 | 0.047 -0.133 0.359 0.136 | 0.058 -0.146 0.345 0.153
20 | 0.623 -0.001 -0.096 0.133 | 0.415 | 0.366 0.319 0.408 -0.111 | 0.370 0.330 0.395 -0.116 | 0.388 0.311 0.398 -0.098
211 0.500 0.075 0.146 0.222 ! 0.326 | 0.270 0.178 0.453 0.126 | 0.274 0.194 0.445 0.124 | 0.293 0.175 0.434 0.144
22 1 0.412 0.540 -0.210 0.031 | 0.506 | 0.046 0.677 0.157 0.148 | 0.043 0.684 0.139 0.133 | 0.057 0.678 0.154 0.138
23 ! 0.226 0.574 -0.070 -0.096 ! 0.394 [-0.000 0.555 -0.025 0.293 |-0.006 0.560 -0.040 0.281 | 0.002 0.562 -0.034 0.278
24 1 0.416 0.270 0.335 0.098 | 0.368 | 0.257 0.190 0.319 0.406 | 0.258 0.209 0.310 0.402 | 0.273 0.196 0.287 0.416
251 0.724 -0.189 0.217 -0.036 | 0.609 | 0.678 0.083 0.377 0.024 | 0.682 0.098 0.365 0.025 | 0.696 0.076 0.341 0.040
26 1-0.069 0.383 0.187 -0.045 ! 0.189 |-0.107 0.144 -0.075 0.388 |-0.111 0.150 -0.077 0.384 |-0.111 0.155 -0.087 0.380
27 ! 0.414 0.061 0.097 0.179 ! 0.216 | 0.220 0.160 0.368 0.085 | 0.223 0.173 0.360 0.082 | 0.239 0.157 0.353 0.099
28 | 0.284 0.352 0.017 0.072 | 0.210 | 0.057 0.360 0.177 0.214 | 0.056 0.370 0.167 0.206 | 0.067 0.363 0.167 0.213
29 | 0.088 0.545 0.244 -0.052 | 0.367 |-0.028 0.300 -0.007 0.525 |-0.033 0.311 -0.014 0.518 [-0.028 0.313 -0.029 0.517
30 | 0.679 -0.278 0.059 -0.284 ' 0.623 | 0.758 0.110 0.127 -0.140 | 0.760 0.115 0.113 -0.139 | 0.765 0.101 0.097 -0.136
31 1-0.092 0.233 0.140 0.082 | 0.089 [-0.151 0.039 0.026 0.253 |-0.152 0.045 0.027 0.251 |-0.149 0.047 0.022 0.253
32! 0.282 0.139 -0.076 0.253 ! 0.168 | 0.010 0.239 0.333 -0.000 | 0.013 0.248 0.326 -0.006 | 0.028 0.236 0.334 0.011
dy,...,dy | 5.069 3.264 1.468 1.238 :11.040| 3.311 2.808 2.510 2.411 | 3.350 2.893 2.423 2.373 | 3.481 2.821 2.384 2.353
Quartimax criterion 16.663 20.960 (74) 20.950 20.927
Varimax criterion 6.958 12.859 12.909 (14) 12.867
Chisquare criterion 1.857 2.725 2.725 2.731 (20)

Comments:

With ~ =1 monotonous convergence from below for trace(A) and the criteria xq, %/, Xc for al three procedures.

The resultsfor al three procedures are very similar.
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Table 9: Eifersuchtsdaten (Hechenbichler, 1999, p.200)

Id ! initial loadings LG after quartimax rotation
11 0.422 0.099 0.211 0.325 0.314 0.054 -0.163 -0.199 :0.505 | 0.393 -0.151 0.141 0.084 0.113 0.211 0.493 0.017
2 1 0.088 0.330 0.365-0.042 0.183 -0.090 0.012 -0.239 10.350 | 0.438 0.161 -0.162 -0.166 -0.051 0.128 0.204 -0.133
3 1 0.000 0.000 1.000 0.000 0.000 0.000 0.000 0.000 :1.000 | 0.509 0.082 0.004 0.072 -0.148 0.090 0.057 -0.834
4 1-0.308 -0.193 -0.288 0.306 -0.009 0.148 0.001 0.090 |0.339 |[-0.410 -0.371 -0.133 0.081 0.054 0.033 -0.040 0.056
5 ! 0.338 0.394 0.389 0.126 0.036 -0.182 0.116 -0.187 |0.519 | 0.683 0.033 -0.038 -0.043 -0.125 0.145 0.108 -0.005
6 | 0.217 0.227 0.264 -0.547 -0.133 0.037 -0.130 -0.141 {0.523 | 0.257 0.666 0.051 0.021 0.004 0.034 -0.029 -0.090
7 1 0.807 -0.459 0.051 -0.110 0.050 -0.002 -0.029 -0.015 :0.880 | 0.156 0.102 0.880 0.139 -0.009 0.034 0.209 0.080
8 | 0.164 0.065 0.147 0.107 -0.151 0.161 0.265 -0.174 10.213 | 0.194 -0.036 0.079 0.031 -0.112 0.369 -0.135 -0.008
9 '-0.327 -0.045 -0.228 -0.252 0.468 -0.197 0.311 -0.075 !0.584 |[-0.241 -0.018 -0.092 -0.707 -0.001 -0.118 0.034 0.052
10 | 0.195 0.207 0.154 -0.538 -0.028 0.262 -0.158 -0.011 :0.489 | 0.121 0.618 0.070 0.032 0.264 0.089 -0.042 -0.087
11 | 0.476 0.236 0.305 -0.140 0.021 -0.295 0.009 0.134 {0.500 | 0.612 0.178 0.227 -0.011 0.010 -0.206 0.006 0.002
12 1 0.135 -0.011 -0.186 0.393 0.094 -0.038 -0.152 0.006 {0.241 | 0.020 -0.321 0.012 0.167 0.061 -0.019 0.237 0.222
13 1-0.323 -0.222 -0.113 -0.126 0.307 0.195 0.095 0.005 |0.323 |[-0.407 -0.048 -0.027 -0.311 0.157 0.064 0.045 -0.163
14 ' 0.319 0.277 0.276 0.026 -0.265 0.131 0.254 0.176 ;0.438 | 0.474 0.031 0.107 0.154 0.086 0.183 -0.366 -0.045
15 1-0.192 -0.330 -0.117 0.251 0.277 0.124 0.023 0.188 :0.350 |[-0.329 -0.410 0.080 -0.084 0.174 -0.039 0.101 -0.136
16 | 0.210 0.432 0.147 -0.254 0.129 0.028 -0.000 0.253 :0.398 | 0.407 0.253 -0.042 -0.097 0.365 -0.107 -0.112 0.004
17 1 0.202 0.323 0.465 -0.113 0.238 -0.008 0.163 -0.190 :0.494 | 0.536 0.183 -0.024 -0.258 0.024 0.217 0.124 -0.207
18 ! 0.072 0.295 0.333 0.138 0.112 -0.123 0.260 0.030 ;0.318 | 0.477 -0.139 -0.102 -0.182 -0.016 0.068 -0.070 -0.132
L oading matrix 19 ! 0.067 -0.104 -0.017 0.191 -0.119 0.014 -0.293 -0.044 :0.154 |[-0.057 -0.062 0.013 0.329 -0.051 -0.029 0.186 0.027
201 0.324 0.340 0.349 0.065 -0.039 -0.054 -0.040 0.146 10.374 | 0.571 0.051 0.012 0.150 0.123 -0.027 -0.022 -0.078
211 0.534 0.185 0.277 0.198 -0.312 -0.147 0.102 0.038 10.566 | 0.607 -0.047 0.233 0.296 -0.156 0.064 -0.131 0.086
221 0.192 0.343 -0.061 -0.056 -0.287 0.058 0.056 -0.040 }0.251 | 0.243 0.185 -0.083 0.157 0.008 0.131 -0.215 0.251
23! 0.417 0.361 0.209 0.107 0.225 0.103 0.047 -0.177 !0.454 | 0.525 0.045 0.046 -0.057 0.169 0.291 0.224 0.086
24 1-0.158 -0.350 -0.171 0.535 0.016 0.004 0.110 0.048 }0.477 |-0.275 -0.610 0.049 0.085 -0.122 0.051 0.039 0.015
251 0.376 0.308 0.330 0.062 0.006 -0.509 -0.048 0.120 :0.625 | 0.697 0.012 0.058 0.026 -0.129 -0.334 0.080 0.026
261 0.511 0.417 0.392 0.117 -0.186 0.013 -0.066 -0.081 }0.648 | 0.705 0.146 0.044 0.300 0.008 0.189 0.039 0.023
27 1 0.422 0.522 0.140 0.024 0.233 0.040 -0.004 0.086 !0.535 | 0.599 0.081 -0.013 -0.051 0.357 0.071 0.103 0.153
28 | 0.545 0.195 0.118 0.201 -0.229 0.303 0.008 0.136 |0.552 | 0.405 -0.034 0.243 0.409 0.236 0.274 -0.129 0.117
29} 0.115 0.450 0.175 -0.004 0.251 0.141 0.145 0.162 }0.376 | 0.408 0.002 -0.139 -0.182 0.375 0.108 -0.061 -0.037
30 1-0.153 -0.453 -0.122 -0.009 -0.272 -0.085 0.111 -0.324 :0.442 |-0.392 -0.013 0.142 0.028 -0.503 0.113 -0.039 0.007
31 1-0.213 -0.293 -0.146 0.065 0.074 0.024 0.258 0.127 10.246 |-0.308 -0.269 0.096 -0.194 -0.023 -0.017 -0.163 -0. 065
32! 0.230 0.119 0.166 0.073 -0.005 0.158 0.109 -0.331 !0.247 | 0.239 0.072 0.053 0.007 -0.086 0.401 0.113 0.020
33! 0.325 0.331 0.290 0.128 0.102 0.155 0.280 0.163 }0.456 | 0.538 -0.113 0.083 -0.061 0.258 0.221 -0.151 -0.068
341 0.140 0.268 0.147 0.081 -0.052 0.286 0.137 -0.162 10.249 | 0.246 0.050 -0.078 0.049 0.090 0.408 -0.054 0.007
351 0.277 0.208 0.177 0.143 0.066 0.259 0.136 -0.269 10.335 | 0.312 0.007 0.039 0.007 0.058 0.469 0.110 0.027
36 ! 0.677 -0.516 0.123 -0.060 0.018 0.007 0.198 0.066 |0.787 | 0.133 -0.041 0.869 0.038 -0.061 0.072 0.019 -0.043
37! 0.176 0.177 0.019 -0.103 0.289 0.316 -0.197 0.240 [0.353 | 0.091 0.113 0.047 0.031 0.559 0.017 0.122 -0.042
38 | 0.437 -0.088 0.101 0.293 0.354 -0.022 -0.361 -0.066 }0.555 | 0.231 -0.160 0.258 0.170 0.165 -0.018 0.594 0.029
39 1-0.143 -0.060 0.232 -0.139 0.045 0.086 -0.024 0.114 :0.120 |-0.033 0.087 -0.023 -0.035 0.079 -0.041 -0.051 -0.315
dy,...,dg ! 4.388 3.442 3.043 1.853 1.491 1.101 1.000 0.950 :!17.267 | 6.609 2.041 1.966 1.459 1.453 1.362 1.241 1.137
Quartimax criterion 12.081 19.798 (82)
Varimax criterion 6.193 12.076
Chisguare criterion 2377 4.003
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Table 9: Continued

Id after varimax rotation after chisguare rotation
1} 0.216 0.347 -0.067 0.179 0.046 0.151 0.527 -0.003 | 0.227 0.328 -0.081 0.126 0.125 0.067 0.548 0.055
2 ! 0.345 0.303 0.230 0.100 -0.125 -0.142 0.145 0.139 | 0.345 0.297 0.190 0.061 -0.153 -0.145 0.149 0.192
3 | 0.427 0.267 0.136 -0.006 0.135 0.015 0.057 0.840 | 0.342 0.205 0.115 0.033 0.015 0.087 0.026 0.905
4 1-0.333 -0.112 -0.427 -0.079 0.009 -0.149 -0.010 -0.068 |-0.389 -0.108 -0.378 -0.052 -0.138 0.039 -0.007 -0.099
5 ! 0.560 0.395 0.140 0.112 0.080 -0.016 0.104 0.011 | 0.586 0.377 0.057 0.051 -0.037 0.040 0.113 0.107
6 ! 0.105 0.088 0.691 0.056 0.067 0.063 -0.053 0.112 | 0.205 0.089 0.670 0.040 0.058 0.055 -0.075 0.103
7 | 0.068 0.064 0.131 -0.036 0.129 0.876 0.253 -0.069 | 0.134 0.046 0.121 -0.040 0.864 0.151 0.268 -0.055
8 | 0.059 0.407 -0.019 -0.057 0.127 0.083 -0.132 0.005 | 0.075 0.397 -0.041 -0.068 0.087 0.135 -0.128 0.042
9 1-0.038 -0.110 -0.054 0.015 -0.727 -0.073 -0.166 -0.078 |-0.116 -0.060 -0.044 0.027 -0.056 -0.729 -0.129 -0.115
10 1-0.120 0.071 0.620 0.244 0.062 0.086 -0.044 0.115 |-0.012 0.085 0.636 0.242 0.080 0.078 -0.053 0.059
11! 0.551 0.015 0.269 0.219 0.112 0.249 0.033 0.012 | 0.609 0.005 0.192 0.184 0.223 0.055 0.042 0.064
12 | 0.019 -0.008 -0.293 0.046 0.109 0.004 0.304 -0.219 | 0.019 -0.014 -0.295 0.014 -0.011 0.124 0.317 -0.193
13 1-0.359 -0.057 -0.115 0.031 -0.388 -0.023 -0.051 0.151 |-0.427 -0.032 -0.048 0.076 -0.004 -0.352 -0.034 0.082
14 | 0.254 0.288 0.078 0.233 0.361 0.126 -0.285 0.056 | 0.318 0.277 0.029 0.225 0.114 0.332 -0.281 0.084
15 1-0.253 -0.134 -0.454 0.060 -0.167 0.074 0.099 0.125 |-0.343 -0.130 -0.396 0.104 0.082 -0.140 0.119 0.085
16 | 0.221 0.010 0.304 0.497 0.025 -0.008 -0.092 0.016 | 0.296 0.032 0.275 0.477 -0.031 -0.002 -0.073 -0.007
17 | 0.373 0.416 0.256 0.205 -0.159 0.007 0.051 0.214 | 0.378 0.414 0.213 0.175 -0.004 -0.179 0.067 0.260
18 | 0.424 0.257 -0.074 0.183 -0.047 -0.078 -0.093 0.128 | 0.394 0.252 -0.130 0.164 -0.088 -0.089 -0.076 0.184
L oading matrix 19 1-0.058 -0.067 -0.056 -0.118 0.243 -0.006 0.265 -0.018 |-0.048 -0.092 -0.044 -0.127 -0.013 0.256 0.245 -0.001
20 | 0.405 0.147 0.134 0.293 0.268 0.031 0.055 0.097 | 0.454 0.130 0.080 0.262 0.006 0.230 0.057 O0.142
21} 0.486 0.243 0.040 0.031 0.453 0.238 -0.023 -0.076 | 0.551 0.209 -0.044 -0.010 0.217 0.410 -0.028 0.014
221 0.095 0.169 0.215 0.084 0.267 -0.077 -0.162 -0.239 | 0.192 0.176 0.175 0.045 -0.086 0.257 -0.166 -0.222
231 0.266 0.456 0.132 0.307 0.019 0.072 0.228 -0.071 | 0.322 0.459 0.095 0.247 0.048 0.026 0.256 -0.027
24 1-0.133 -0.023 -0.641 -0.200 0.026 0.028 0.073 -0.036 |-0.231 -0.039 -0.617 -0.177 0.038 0.043 0.082 -0.015
25| 0.741 -0.052 0.127 0.137 0.134 0.075 0.118 -0.018 | 0.766 -0.073 0.024 0.086 0.045 0.053 0.119 0.076
26 | 0.440 0.384 0.252 0.193 0.429 0.059 0.138 0.002 | 0.533 0.355 0.182 0.133 0.030 0.403 0.132 0.080
271 0.333 0.257 0.176 0.534 0.067 0.022 0.141 -0.130 | 0.418 0.273 0.129 0.472 -0.012 0.054 0.176 -0.109
28 1 0.075 0.320 0.020 0.292 0.535 0.251 0.028 -0.093 | 0.181 0.305 -0.003 0.264 0.227 0.547 0.036 -0.073
29! 0.188 0.233 0.055 0.514 -0.055 -0.102 -0.061 0.049 | 0.217 0.255 0.035 0.491 -0.121 -0.067 -0.028 0.041
30 |-0.185 -0.002 -0.073 -0.615 -0.050 0.109 -0.096 -0.030 |-0.233 -0.020 -0.061 -0.589 0.140 -0.034 -0.123 -0.008
311-0.177 -0.100 -0.325 -0.086 -0.195 0.093 -0.208 0.044 [-0.251 -0.089 -0.297 -0.040 0.111 -0.188 -0.193 0.015
321 0.069 0.463 0.108 -0.038 0.045 0.059 0.095 -0.016 | 0.097 0.453 0.091 -0.071 0.057 0.066 0.100 O0.025
331 0.286 0.375 -0.046 0.429 0.122 0.116 -0.112 0.078 | 0.316 0.378 -0.086 0.410 0.097 0.105 -0.080 0. 102
34 | 0.003 0.447 0.079 0.141 0.133 -0.065 -0.037 0.002 | 0.046 0.447 0.070 0.116 -0.070 0.152 -0.029 0.018
35| 0.059 0.542 0.053 0.120 0.069 0.052 0.110 -0.019 | 0.096 0.538 0.040 0.082 0.044 0.096 0.126 O0.016
36 | 0.087 0.102 -0.029 -0.064 0.083 0.868 0.042 0.042 | 0.108 0.083 -0.040 -0.043 0.866 0.093 0.062 0.058
37 1-0.157 0.001 0.127 0.522 0.025 0.069 0.173 0.068 |-0.100 0.022 0.166 0.521 0.048 0.054 0.197 0.002
38! 0.135 0.069 -0.091 0.162 0.057 0.257 0.654 -0.012 | 0.144 0.048 -0.087 0.123 0.229 0.081 0.671 0.023
39 -0.045 -0.057 0.069 0.060 -0.038 -0.019 -0.064 0.317 |-0.077 -0.064 0.092 0.097 -0.013 -0.044 -0.073 0.291
dy,...,dg | 3.340 2.562 2.481 2.404 1.970 1.969 1.399 1.143 | 4.138 2.435 2.137 2.056 1.888 1.861 1.473 1.278
Quartimax criterion 19.194 19.093
Varimax criterion 13.733 (90) 13.390
Chisguare criterion 4.138 4.244 (49/v=0.5)

Comment: For v =1 the chisquare algorithm finally flutters between (x,X%y) = (4.271...,3.881...) and (xg,Xy) = (4.146...,3.989...) ; for v = 0.5 the algorithm
converges monotonously within 49 iterations.
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Appendix

Al Maximum of the quartimax criterion
According to (3) the quartimax criterion is given by

2
XQ :Zir fir
where
fir =X; >0 and Yy fir =g, g fixed.
From Lemma 1 below we have
M Y fi<cfori=L..,p,
and so
2 2 2
XQ:Zi,I' fir :ZI(ZI’ flr)gzlq .
The equality signin (7) holdstrue if and only if just one of the values fjq,..., fj is positive, and so the

quartimax criterion Xq attains the maximum value

2
maxxq = Zi G
if and only if in each row of the matrix F = (f;;) thereisonly one nonzero element. Note that these nonzero
elements may all be in the same column.

Lemma 1:

Let yq,..., Yk bereal numberswith y, >0 for r =1,...,kand >_y, =c, ¢ constant. Then
Zy,z <c? and Zy,zzc2 if and only if just one of thevalues y, ispositive.

Proof:

We have

= () = Y W

and so
2 2 2
Zr)’r =C _Zrisyrys <c.
If more than one of the n values y, were positive, then the S“erisyr Ys Were positive, but if only one

of the y-valuesis positive thissum is zero.

A2 Maximum of thevarimax criterion
According to (4) the varimax criterion is given by

k p k k
®) w:z[zfif—df/p:zfif—%zdfzm—%zdf
i,r r=1 r=1

r=1\i=1

where
2 Z
fil‘ :)‘il’ >0 and dl’ = i fil‘ .
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Now xg becomes maximal if in every row of the loading matrix thereisjust one nonzero element, and from

Lemma 2 below we see that the last sum in (8) becomes minimal for d; =...=d, . Note that
dy +---+dg =2 fi; =S (= sum of al communalities) is fixed. So the varimax criterion becomes maximal
if in every row of the loading matrix thereis just one nonzero element, and if al column sums dy,...,d, are

equal. Thereverseis not necessarily true. As the row sums (communalities) are fixed it may not be possible
to arrange the loadings such that all column sums are equal .

Lemma 2:
Let dy,...,dg berea numberswith d, >0 for r =1,...,kand >-d, =S, Sconstant. Then

Y(d, —d)?= Yd?—kd?= Yd?-s?/k > 0,
andso Y.d? > S%/k; the equality sign holdstrue if and only if dy =---=d, (= d).

A3 Maximum of the chisquare criterion

Let fi;,i=1...,p,r=1....k, p>k, bereal numberswith f;, >0, and denoteby f;, the row sumsand by

f,r the colum sums. We assume that all row and colum sums are positive. Then
Xc = Zf'—rz < k
ir fiofer
and
Xc =k if and only if each row of F = (f;;) contains only one element different from zero .

Proof (see Cramér, 1945, p 282 and p 443)

1°  Wehave f;, < f;, andso

"I\)
=

£2 f
© - '][ Sf'—r and xc = Z
le Tor of |lr

< ZL zzkj[zp:i] = k.

i,r

_‘
-
I
[N

2° If xc = p thenthe equal sign must hold truein (9) and so

e f _—
(100 ——=— fordli,r;
fi- f-r f-r
thus either fi; =0 or fj, = f;, which meansthat each row of F = (f;;) contains only one element different
from zero.
3° If eachrowof F=(f;) containsonly one element different from zero then we have either f;, =0 or
fiy = . foral i,r and so (10) holdstrue and thus
fie fir
s Tl K
H le Teof i of
i,r ir
So our proof is complete. Note that we have tacitly assumed that al columnsums f,, are positive; if one
column sum were zero the maximum would be reduced from k to k—1.
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A4 Mapleworksheetsto compute the quartimax, varimax and chisquaremax solution

Note that in Table 4 to 9 the colums of the loading matrices are ordered such that d; >d, >--->dy . The
loading matrices resulting from the following Maple worksheets are unordered.

a) Maple worksheet to compute the quartimax solution

> #

# Factor Analysis

# Quartinmax as rotation criterion

# by Leo Knusel, University of Minich, Cctober 2006

#

# Here: Sinple exanple denonstrating the convergence problem
restart;

Digits := 15;

wi t h(Li near Al gebra):

p :=5;

k :=3;

LAMD := Matrix(p,k,[[0.5,0.5,0],[0.9,0,0.3],[0,1,0],[0,0,1],[1,0,0]11);

VVVYVYV

> printf("9. 3f\n", LAMD);
> LAML : = Matrix(p, k):
LAMR : = Matrix(p,Kk):
ML : = Matrix(k, k, shape=identity):
Al := Matrix(k,Kk):
Bl := Matrix(k,k):
Cl := Matrix(p,k):
> # conpute row sunms (cl,...,cp) for LAM

c := Vector[row (1..p):
for i froml to p do

ci :=0;
for r from1l to k do
ci := ci +LAM[i,r]"2;
end do;
c[i] :=ci;
printf("9%.3f\n", c[i]);
end do:
printf("\n%. 3f\n",add(c[i],i=1..p));
> # conmpute colum sunms (di,...,dp) for LAMD

d := Vector[row (1..k):
for r froml to k do
dr := 0;
for i froml to p do
dr = dr+LAMD[i,r]"2;
end do;
dir] :=dr;
end do:
d;
ss := add(d[r],r=1..k);
printf("9%.3f\n",d);
> # Kai ser normalization?
normalize : = true;
if normalize then
for i froml to p do
for r froml to k do
LAMD[i,r] := LAMD[i,r]/sqrt(c[i]);
end do;
end do:
end if;
> # conpute quartimax criterion for LAV
X 1= 0:
for r from1l to k do
for i froml to p do
X := X + LAM[i,r]"4;

end do;
end do:
X,
> H##
### |teration procedure to determine optinal rotation
#it#
eps : = le-9;
gam:= 1.0;
itmax := 500;
x1_old := 0:
x2_old := x:
LAML : = LAMD. ML:
for ii from1l to itnmax do

# conpute matrix CL = (cij)
for i froml to p do

for r from1l to k do

Cl[i,r]:= LAML[i,r]"3;

end do;
end do;
# determ ne singular val ue deconposition of Bl
Bl : = Transpose(LAM). C1;
U S, Vt := SingularValues(Bl, output=['U, 'S, "Vt']):
DD : = Di agonal Matrix(S[1..Kk]);
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Al : = Transpose(Vt).DD. Vt;
M = UM,

LAV := LAMD. M;

x1 := Trace(Al);

# conpute x2 = quartinex criterion for LAM2
X2 := 0;

for r from1l to k do
for i froml to p do
X2 1= x2 + LAM[i,r]"4;
end do;
end do:
printf("%d trace=%1. 9f quarti max=%1.9f \n",ii, x1,x2);
# break off iteration if desired relative accuracy is achieved
if (abs(x1l-x1_old)/x1 < eps and abs(x2-x2_old)/x2 < eps and abs(x1l-x2)/x1 < eps) then
br eak
end if;
x1 old :
x2_old :
ML= MR
LAML : =
end do:
iter :=1ii;
if(ii > itmax) then
printf("\nl1!\nlll No convergence with itmax = % !!!\nlI!I\n", itnmax);
el se
printf("\nl! Iteration procedure converged in %l iteration!!\n\n",iter);
end if;
MR; # M2 = optimal rotation matrix
M2. Transpose(M2); # |Is M2 orthogonal ?

x1;
X2;

gantLAMR + (1-gan)*LAML;

M2- ML; # M2-ML shoul d be snal !
LAMZ; # optinmal rotated |oading natrix
LAMR- LAML; # LAMR2- LAML shoul d be small!
# conpute colum suns di,...,dk for LAM2
for r from1l to k do
dr := 0;

for i froml to p do
dr := dr+LAM2[i,r]"2;

end do;
dir] :=dr;
end do:
d;
# conpute varinax criterion for LAMR
X 1= 0:

for r fromltokdo
for i froml to p do
X := X + LAMR[i,r]"4;

end do;
X :=x - dr]”2/p;
end do:
X,
# restore original row suns cl,...,ck

if normalize then
for i froml to p do
for r from1l to k do
LAMR[i,r] := LAMR[i,r]*sqrt(c[il]);

end do;
end do:
end if;
printf("%.3f\n", LAMR);
# conmpute colum suns di,...,dk for LAM2
for r froml to k do
dr := 0:

for i froml to p do
dr = dr+LAMR[i,r]"2;
end do;
dir] :=dr;
end do:
d;
ss := add(d[r],r=1..k);
printf("%.3f\n",d);
# conpute chisquare criterion for LAM2
X 1= 0:
for i froml to p do
for r from1l to k do
X 1= x + LAM[i,r]™4/(c[i]*d[r]);
end do;
end do;
X,
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b) Maple worksheet to compute the varimax solution

> #
# Factor Analysis
# Varimax as rotation criterion
# by Leo Knisel, University of Minich, Cctober 2006
#

# Here: Sinple exanple denponstrating the convergence problem
restart;

Digits := 15;

wi t h( Li near Al gebra):

p :=5;

k 1= 3;

LAMD := Matrix(p,k,[[0.5,0.50],[0.9,0,0.3],[0,1,0],[0,0,1],[1,0,0]11);
printf("9%. 3f\n", LAM);

LAML : = Matrix(p,k):

LAMR2 := Matrix(p,k):

ML : = Matrix(k, k, shape=identity):

Al := Matrix(k,k):

Bl := Matrix(k,k):

Cl := Matrix(p,k):

> # conpute row sunms (cl,...,cp) for LAMD

c := Vector[row] (1..p):

for i froml to p do

VVVYVYV

V Vv

ci 1= 0;
for r from1l to k do
ci = ci+LAM[i,r]"2;
end do;
c[i] :=ci;
end do:
C;
ss := add(c[i],i=1..p);
> # conpute colum suns (di,...,dp) for LAWMD
d := Vector[row (1..k):
for r froml to k do
dr := 0;

for i froml to p do
dr := dr+LAMD[1,r]"2;
end do;
dir] :=dr;
end do:
d;
ss = add(d[r],r=1..k);
printf("%.3f\n",d);
> # Kai ser normalization?
normal i ze : = true;
if normalize then
for i froml to p do
for r froml to k do
LAMD[i,r] := LAMD[i,r]/sqrt(c[il]);
end do;
end do:
end if;
> # conpute varimax criterion for LAMD
# (d1,...,dp) for normalized LAM
for r froml to k do
dr := 0;
for i froml to p do
dr = dr+LAMD[1,r]"2;
end do;
dir] :=dr;
end do:
# varimax criterion for normalized LAM
X 1= 0:
for r from1l to k do
for i froml to p do
X := X + LAM[1,r]"4;
end do;
X :=x - dr]”2/p;
end do:
X,
> #it
### |teration procedure to deternine optinal rotation
Hit#
eps :

for ii fro
# conput e
for r from
dr := 0;
for i froml to p do
dr := dr+LAML[1, 1] "2;
end do;
dfr] :=dr;
end do:
# conpute matrix CL = (cij)
for i froml to p do
for r froml to k do
Cl[i,r]:= LAML[i,r]~3-d[r]*LAML[i,r]/p;

~p
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end do;
end do;
# determ ne singul ar val ue deconposition of Bl
Bl : = Transpose(LAM). C1;
U S, VWVt := SingularValues(Bl, output=['U, 'S, "Vt']):

DD : = Di agonal Matrix(S[1..Kk]);
Al := Transpose(Vt).DD. Vt;
M o= U Wt

LAVR : = LAMD. MR;
x1 := Trace(Al);

# conmpute columm suns di,...,dk for LAM2
for r from1l to k do
dr := 0;

for i froml to p do
dr = dr+LAMR[1,r]"2;

end do;

dir] :=dr;
end do:
# conpute x2 = varinmax criterion for LAMR
X2 1= 0;

for r froml to k do
for i froml to p do
X2 1= X2 + LAM[i, r]"4;

end do;
X2 1= x2 - d[r]"2/p;
end do:
printf("%d trace=%1.9f varimax=%1.9f \n",ii, x1,x2);

# break off iteration if desired relative accuracy is achieved
if (abs(x1l-x1_old)/x1 < eps and abs(x2-x2_old)/x2 < eps and abs(x1l-x2)/x1 < eps) then
br eak
end if;
x1 old :
x2_old
ML =
LAML :
end do:
iter 1= 1ii;
if(ii > itmax) then
printf("\nl1!\nlll No convergence with itmax = % !!!\nlII\n" itnmax);
el se
printf("\nl'! lteration procedure converged in %l iteration!!\n\n",iter);
end if;

x1;
X2;

Nz

gamtLAMR + (1-gam)*LAML;

Me; # M2 = optimal rotation matrix
M2. Transpose(M2); # |Is M2 orthogonal ?
M2- ML; # M2-ML shoul d be snall!

LAMZ;’ # optinmal rotated |oading natrix
LAMR2- LAML; # LAM2- LAML shoul d be snall!

# conpute quartinax criterion for LAM2

x .= 0

for r from1l to k do
for i froml to p do
X 1= x + LAM[1,r]"4;
end do;
end do:
X,
# restore original row suns cl,...,ck
if normalize then
for i froml to p do
for r from1l to k do
LAMR[i,r] := LAMR[i,r]*sqrt(c[i]);

end do;
end do:
end if;
printf("%.3f\n", LAMR);
# conmpute columm suns di,...,dk for LAM2
for r froml to k do
dr := 0;

for i froml to p do
dr := dr+LAM2[ 1, 1] "2;
end do;
dir] :=dr;
end do:
d;
ss := add(d[r],r=1..k);
printf("%.3f\n",d);
# conpute chisquare criterion for LAM2
x 1= 0:
for i froml to p do
for r from1l to k do
X 1= x + LAM[i,r]™4/(c[i]*d[r]);
end do;
end do;
X;

26



¢) Maple worksheet to compute the chisquare solution

> #
# Factor Analysis
# Chisquare as rotation criterion
# by Leo Knusel, University of Minich, Cctober 2006
#
# Here: Sinple exanple denonstrating the convergence problem
restart;
Digits := 15;
wi t h(Li near Al gebra):
p :=5;
k :=3;
LAMD : = Matri
printf("9%. 3f
LAML : = Matri
LAV := Matri
ML i
Al :
Bl :
Cl :
> # conpute row
c .= Vector[ro
for i from1lt
ci 1= 0;
for r from1l to k do
ci := ci +LAM[i,r]"2;
end do;
c[i] :=ci;
end do:

vV Vv VVVYVYV

s (cl,...,cp) for LAM
p):

°=

(o
ss = add(c[i], .p);
> # conpute col urm suma (dl .,dp) for LAMD
d := Vector[row (1..k):
for r from1 to k do
dr := 0;
for i froml to p do
dr := dr+LAMD[1,r]"2;
end do;
dir] :=dr;
end do:
d;
ss @ = add(d[r],r=1..k);
printf ("9%.3f\n",d);
> # conpute chi square criterion for LAMD
X =
for i froml to p do
for r from1l to k do
X 1= x + LAM[i,r]™/(c[i]*d[r]);
end do;
end do;
X,
> #itt
### |teration procedure to determine optinmal rotation
Hit#

eps = le-9;

gam:= 1.0;

itmax := 500;

x1 old := 0:

x2_old := x:

LAML : = LAMD. ML:

for ii from1l to itmax do

# conpute matrix CL = (cij)
for i froml to p do
for r from1l to k do

dr := 0;
er :=0;
for j from1l to p do
dr :=dr + LAML[j,r]"2;
er :=er + LAML[],r]"4/c[]j];
end do;
Cl[i,r]:= LAML[i,r]~3/(c[i]*dr)-LAML[i,r]*er/(2*dr"2);
end ;
end do;

# determ ne singul ar val ue deconposition of Bl
Bl : = Transpose(LAMW). C1;
U, S, Vt := SingularValues(Bl, output=['U, 'S, "Vt']):

DD : = Diagonal Matrix(S[1..K]);
Al = Transpose(Vt).DD. Vt;
M = U Wt

LAV : = LAWD. M2;
x1 := 2*Trace(Al);

# conpute (di,...,dk) for LAM2
for r from1l to k do
dr := 0;

for i froml to p do
dr := dr+LAM2[1, 1] "2;

end do;

dir] :=dr;
end do:
# conpute x2 = chisquare criterion for LAM2
x2 := 0;

for i froml to p do
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for r from1l to k do
X2 1= x2 + LAMR[i,r]™4/ (c[i]l*d[r]);
end do;
end do;
printf("9%d 2*trace=%1.9f chi2max=%1.9f \n",ii, x1, x2);
# break off iteration if desired relative accuracy is achieved
if (abs(x1l-x1_old)/x1 < eps and abs(x2-x2_old)/x2 < eps and abs(x1l-x2)/x1 < eps) then
br eak
end if;
x1 old :
x2_old :
ML= MR
LAML : =
end do:
iter :=1ii;
if(ii > itmax) then
printf("\nll!\n!!
el se
printf("\nl! Iteration procedure converged in %l iteration!!\n\n",iter);
end if;

x1;
X2;

gamtLAMR + (1-gam)*LAML;
I No convergence with itmax = % !!!\nl!!\n" itmax);

MR; # M2 = optimal rotation matrix
M2. Transpose(M2); # |Is M2 orthogonal ?
M2- ML; # M2-ML shoul d be snall!

LAMZ; # optinmal rotated | oading natrix
LAMR- LAML; # LAM2- LAML shoul d be snall!
printf("96.3f\n", LAMR);

printf("\n%.3f\n",d); # colum sunms di,...,dk for LAM
#

# conmpute of quartimax and varimax criterion for LAM (in normalized form
#
# normal i ze LAMR2 (Kaiser nornalization)
for i froml to p do
for r from1l to k do
LAMR[i,r] := LAMR[i,r]/sqrt(c[il]);

end do;
end do:
# compute columm suns di,...,dk for LAM2
for r froml to k do

dr := 0;

for i froml to p do
dr = dr+LAMR[1,r]"2;

end do;
dir] :=dr;
end do:
d;
# conpute quartinax criterion for LAM2
X 1= 0:

for r froml to k do
for i froml to p do
X 1= x + LAM[1,r]"4;
end do;
end do:
X;
# conpute varinex criterion for LAM2
X 1= 0:
for r froml to k do
for i froml to p do
X 1= X + LAM[1,r]"4;

end do;
X 1= x - dr]"2/p;

end do:
X
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A5 Programsin R to compute the quartimax, varimax and chisguaremax solution

Note that in Table 4 to 9 the colums of the loading matrices are ordered such that d; >d, >--->d . The
loading matrices resulting from the following R programs are unordered.

a) Original R function to compute the varimax solution

Help on varimax:

vari max(x, normalize=TRUE, eps=le-5)
X = (p x k) =loading matrix
nornmalize: |f Kaiser-normalization is required the rows of x are rescaled to unit length before
rotation and scal ed back afterwards;
eps = tolerance for stopping: the relative change in the sum of singular val ues;
value: A list with conponents
| oadi ngs: The rotated |oadings matrix, Xx*rotmax;
rotmax: The rotation matrix

Definition of varimax function:
function(x, normalize=TRUE, eps=le-5)

{
nc <- ncol (x)
if (nc <2
return x;
if(normalize) {
sc <— sqgrt(drop(apply(x, 1, function(x) sumx"2))))
X <- x/sc
}
p <- nrow(x)
TT <- di ag(nc)
d <-0
for (i in 1:1000) {
Z <= X WHTT
B <—t(x) W% (z"3 — z W% diag(drop(rep(l,p) % %z"2))/p)
sB <- La-svd(B)
TT <- sB$u % % sB$vt
dpast <-d
d <- sun(sBs$d)
if (d < dpast*(1l+eps))
br eak

Z <= X B%TT
if (normalize)
zZ <-2 * sc
di manes(z) <- di manes(x)
class(z) <- “loadings”
list(loadings = z, rotmat = TT)
}
Note that here the condition (d < dpast *(1+eps)) for breaking off the iteration assumes that the traced is

monotonously increasing. Thisis not necessarily true (see section 6).

b) R function to compute the quartimax solution

# Definition of quartimax function
quartimax <-
function (x, normalize=TRUE, eps=le-09, gamm=1)

nc <- ncol (x)
if (nc <2
return(x)
if (normalize) {
sc <- sgrt(drop(apply(x, 1, function(x) sum(x"2))))
X <- x/sc
}
p <- nrow x)
TT <- diag(nc)
d<- 0
q <- sum(x"4)
zZ <- X
for (i in 1:1000) {
B <- t(x) %% z"3
sB <- La.svd(B)
TT <- sB%u % % sB$vt
dpast <- d
d <- sun(sB$d)
zpast <- z
Z <- X W%TT

gpast <- q
g <- sun(z"4)
cat("i=",i," trace=",d," quartimax=",q,"\n")

if (abs(d-dpast)/d < eps && abs(qg-gpast)/q < eps && abs(d-q)/d < eps)
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br eak
z <- gamm*z + (1l-gamm)*zpast # can inprove convergence

if (normalize)
z <- z * sc
di manes(z) <- di manmes(x)
cat("\n")
list(iterations =i, rotmat = TT, loadings = z, SS colums = rep(1,p) W 2)

}

# Data matrix
X <- matrix(c(

0.5,0.5,0,

0.9,0,0.3,

0,1,0,

0,0,1,

1,0,0

), nrow = 5, ncol =3, byrow=TRUE)
quarti max(x)

Note that here the condition
(abs(d-dpast)/d < eps && abs(g-gpast)/q < eps && abs(d-q)/d < eps)

for breaking off the iteration not only requires the convergence of d (=trace(A)) and q (= quartimax
criterion), but additionally that d convergesto g. Thisis sensiblein view of the findingsin section 6.

¢) R function to compute the varimax solution

# Definition of varimax-function
vari max <-
function (x, normalize=TRUE, eps=le-09, gamra=1)
{
nc <- ncol (x)
if (nc < 2)
return(x)
if (normalize) {
sc <- sgrt(drop(apply(x, 1, function(x) sum(x"2))))
X <- Xx/sc

}
p <- nrow x)
TT <- diag(nc)
d<-0
v <- sum(x"4) - sun((rep(l, p) W% x"2)"2)/p
zZ <- X
for (i in 1:1000) {
B <- t(x) %% (z"3 - z W%diag(drop(rep(l, p) %% z"2))/p)
sB <- La.svd(B)
TT <- sB$u % % sB$vt
dpast <- d
d <- sun(sB$d)
zpast <- z
Z <- X WNTT
vpast <- v
v <- sum(z"4) - sun((rep(l, p) W%z 2)"2)/p
cat("i=",i," trace=",d," varimax=",v,"\n")
if (abs(d-dpast)/d < eps && abs(v-vpast)/v < eps && abs(d-v)/d < eps)
br eak
z <- gamm*z + (1l-gamm)*zpast # can inprove convergence

}
Z <- X W%TT
if (normalize)
zZ <- 7z * scC
di manes(z) <- di manes(x)
#cl ass(z) <- "l oadi ngs"
cat("\n")
list(iterations =i, rotmat = TT, loadings = z, SS colums = rep(1,p)%W %z 2)

}

# Data matrix
rratrlx(c(
, 0,

.3,

ooppoo
o

-Hopoox

) row = 5, ncol =3, byrow=TRUE)

<-
.5
.9
1
0
, 0,
n
vari max(x)
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d) R function to compute the chisquaremax solution

# Definition of chi2nmax-function
chi 2max <-
function(x, eps=1e-9, gamma=1)
{
nc <- ncol (x)
if (nc <2
return(x)
p <- nrow x)
k <- ncol (x)
TT <- diag(nc)
c<-0
d<- 0
zZ <- X
H <- drop(z"2 %% rep(l, k))
for (i in 1:1000) {
D <-
E <-
C <-

drop((1/H 9% % z"4)

diag(1/H % % z"3 % %diag(1/D) -
B <- t(x) %%C

sB <- La.svd(B)

TT <- sB%u % % sB$vt

dpast <- d

d <- sun(sB$d)

zpast <- z

Z <- X W%TT

# SS rows (communalities)

drop(rep(1, p) %% z"2) # SS col ums

(1/2) * z %%diag(E) % % di ag(1/D'2)

D <- drop(rep(1, p) W% z"2) # SS col ums

cpast <- ¢

c < sun(diag(1l/H % %z"4 % % diag(1/D))

cat("i=",i," 2*d=",2*d," c=",c,"\n")

if (abs(d-dpast)/d < eps && abs(c-cpast)/c < eps

br eak
z <- gamma*z + (1-ganm)*zpast

di manes(z) <- di manes(x)
#cl ass(z) <- "l oadi ngs"
cat("\n")
list(iterations =i, rotmat = TT,

}

# Data matrix
X <- matrix(c(
,0.5,0,
0,0.3,

0
1
,0
nrow = 5, ncol =3, byr ow=TRUE)
max( x, ganma=1. 0)

5
9
1
0
0
2

| oadi ngs

&& abs(d-c/2)/d < eps)

# can inprove convergence

=z, SS colums = rep(1l,p) W 2)
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