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A b s t r a c t . — W e constructed a discrete-time model for growth and reproduction of the cladoceran 
D a p h n i a and solved it numerically for resource allocation patterns to maximize the intrinsic rate 
of increase r under various environmental conditions. Conditions modeled include different 
functional forms for the size dependencies of predation risk and net production. Growth after 
maturity can maximize r when net production and survival rate increase with body size. The 
optimal period for growth after maturity increases with the reproductive life span, but the life 
span need not be long to favor growth. The shape of the net production curve influences the 
extent to which body size is increased by delaying maturity or by growing after maturity. When 
net production increases with body size but survival rate does not, growth after maturity is not 
optimal. However, simultaneous allocation to growth and reproduction can occur in the instar 
(time step) preceding maturity. 

M a n y organ isms, inc lud ing var ious crustaceans, fish, rept i les, amphib ians , 
trees, and other long- l ived plants , cont inue to grow after attaining reproduct ive 
matur i t y . W h e n an organ ism grows as an adult , the investment in g rowth detracts 
f r om the immediate investment in reproduct ion . Whe ther growth ul t imate ly en-
hances an o rgan ism 's reproduct ive Output or fitness depends on the effects o f 
body size on the abi l i t ies o f the organism (and its offspring) to surv i ve , acquire 
resources , and reproduce . W i t h in format ion about demography and energetics, 
the life h is tory can be mode led as a prob lem in op t imiz ing the a l locat ion o f re-
sources to r eproduc t i on (see, e.g., Schaffer 1983). B y speci fy ing a mechan i sm for 
trade-of f be tween act iv i t ies affecting different components o f fitness, such as 
su r v i v a l rate and r eproduc t i on , we can determine a basis for predic t ing not on ly 
d i rec t ions but also magnitudes o f expected differences in life histories under var i 
ous select ive reg imes. 

Desp i te the w ide occurrence o f growth after matur i ty among both animals and 
p lants , analyses o f many l i fe-history models show that opt imal a l locat ion o f re-
sources is ach ieved i f somat ic g rowth is comple ted before reproduct i on begins: 
a " b a n g - b a n g " o r " o n - o f f ' a l locat ion strategy, w h i c h results in a determinate 
pattern o f g rowth . Th i s result has been obta ined w i th models for organisms w i th 
nonover lapp ing generat ions, such as annual p lants , for w h i c h fitness is measured 
by the number o f off spr ing produced (V incent and Pu l l i am 1980; Iwasa and 

A m . Nat . 1992. V o l . 139, pp. 248-266. 
© 1992 by The Univers i ty o f Chicago . 0003-0147/92/3902-0002$02.00. A l l rights reserved. 



O P T I M A L R E S O U R C E A L L O C A T I O N 249 

Roughgarden 1984; C o h e n 1987). S imul taneous a l locat ion to growth and repro
duc t i on , also termed intermediate or graded a l locat ion , is somet imes opt imal 
when length o f the g row ing season varies randomly ( K i n g and Roughgarden 1982). 

Op t ima l a l l oca t ion patterns become more interest ing in models for organisms 
w i th over lapp ing generat ions, a l though the on-of f strategy or its near equivalent 
is st i l l often the result . F o r models o f perennia l plants that die back to storage 
organs between g row ing seasons, Pugl iese (1988«) max im i z ed the intr ins ic rate 
o f increase X = e'\ and Iwasa and C o h e n (1989) max im i z ed the expected number 
o f seeds. The energetic resource is a l located to growth and metabo l i sm of Vegeta
t i on , storage reserves, or seeds. In the opt ima l a l l oca t ion , the number o f seeds 
produced may increase f r om the first reproduct ive year to the second but remains 
constant subsequent ly . W h e n reproduct ive success is a nonl inear funct ion o f the 
energetic investment in seeds, the opt imal strategy may inc lude more seasons o f 
increas ing seed p roduc t i on or cyc les o f a season o f seed produc t i on that alternate 
w i th several seasons o f vegetative growth (Pugliese 1988/?). 

In Char l eswor th f s (1980) analys is o f reproduct ive effort, w h i c h bui lds on earl ier 
wo rk by Schaf fer (1974), Char l e swor th and L e o n (1976), and others, resources 
may be a l located to reproduct ion or to maintenance and g rowth . The mode l is 
formulated in discrete t ime, and condi t ions are found that max im i z e fitness, as 
measured by r. E i t h e r semelpar i ty (a Single episode o f reproduct ion) or i teropari ty 
(repeated episodes o f reproduct ion) is op t ima l , depending on the fo rm o f the 
re lat ion between surv i va l and fecundi ty . Comp l e t e a l locat ion o f resources to re
p roduc t i on causes death due to lack o f maintenance ; this cond i t i on thus prec ludes 
i teropar i ty wi thout intermediate a l locat ion . 

T h e a l l oca t ion p rob l em in the mode l o f S ib l y et a l . (1985) concerns reproduct ion 
and g rowth . The mode l is formulated in cont inuous t ime, and opt imal contro l 
theory is used to determine the forms of resource a l locat ion patterns that w i l l 
max im i z e r. U n d e r some cond i t i ons , the intr ins ic rate o f increase r is max im i z ed 
by an on-off a l l oca t ion strategy, wh i ch results in determinate g rowth . A n interme
diate a l locat ion strategy may be op t ima l , depending on the forms and parameters 
o f funct ions re lat ing the number o f of fspring p roduced to the energetic investment 
in r eproduc t i on and relat ing morta l i ty and energy investment in g rowth . 

C l adoce rans , w h i c h are smal l aquatic crustaceans , present an interest ing exam-
ple o f the general l i fe-history p rob l em. A l t h o u g h conducted on a smal l scale o f 
size and short scale o f t ime , the c ladoceran life h istory has attributes that are 
c o m m o n among an ima ls , inc lud ing i teropar i ty , g rowth after matur i ty , and over
lapp ing generat ions. C l adoce ran growth has intr igued aquatic ecologists (e.g., 
L y n c h 1980) because body size and growth patterns vary substant ia l ly among 
taxa . Resource acqu is i t i on (rev iewed by L y n c h 1980) and morta l i ty ( rev iewed by 
Zaret 1980) are often strongly s ize-dependent. A d u l t g rowth is greatest in the 
fami ly Daphn idae , w h i c h inc ludes c o m m o n p lankton ic and l i t toral genera such as 
D a p h n i a , C e r i o d a p h n i a , S i m o c e p h a l u s , and S c a p h o l e b e r i s . The body mass o f an 
adult D a p h n i a may tr iple or quadruple after matur i ty (Tay lor 1985). The invest
ment in r eproduc t i on is also large: a wel l- fed D a p h n i a w i l l repeatedly produce 
broods o f eggs w i th mass equivalent to her o w n body mass (data in T a y l o r 1985). 

F r o m the mode ls rev iewed above, we do not obta in c lear predict ions about 
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resource a l l oca t ion patterns for an an ima l , such as D a p h n i a , w i th a resource to 
be appor t ioned between growth and reproduct i on , over lapp ing generat ions, and 
size dependenc ies o f both produc t i on and morta l i ty . The def ic iency o f appl icab le 
theory reflects in part the di f f iculty and complex i t y o f Solutions to the op t im i za -
t ions (Schaffer 1983), espec ia l ly when r is the appropriate measure o f fitness. 
A n a l y s e s o f c l adoceran growth have wo rked around the prob l em o f m a x i m i z i n g 
r by us ing more tractable measures o f Per formance, such as the expected number 
o f o f fspr ing p roduced (Gabr ie l 1982) or a s imple funct ion o f p roduc t i on and sur
v i va l rate ( L y n c h 1977, 1980). Unfor tunate ly , these alternatives have l imi ted or 
uncer ta in app l i cab i l i t y as measures o f fitness under demographic cond i t i ons that 
are p laus ib le for c l adoceran populat ions . O ther studies have shown that observed 
g rowth patterns o f c ladocerans do not max im i ze r under var ious cond i t i ons but 
have not found the op t ima (Tay lor and Gabr i e l 1985; Pe r r in et a l . 1987). 

In this ar t ic le , we exp lore resource a l locat ion patterns that max imi ze r for a 
mode l o f g rowth and reproduct ion o f the c ladoceran D a p h n i a . The mode l is 
de r i ved f r om laboratory data for D a p h n i a p u l e x (Tay lor 1985). T i m e Steps in the 
mode l co r r espond to instars , w h i c h are the intervals between mol ts . Op t ima l 
a l l oca t i on strategies were obta ined numer i ca l l y . W e cons ider the effects o f s ize-
se lect ive predat ion , food l im i ta t i on , and life span on the opt imal strategy. W e also 
ana lyze the sens i t iv i ty o f op t ima l strategies to var iat ions in a l locat ion patterns and 
to the f o rm o f s ize-select ive predat ion. Because r is the measure o f fitness, the 
analyses here apply to env i ronments in w h i c h condi t ions remain constant for 
ex tended per iods . O u r results prov ide insight into the demographic propert ies o f 
c l adoce ran life histor ies and suggest some general condi t ions that may favor 
evo lu t i on o f g rowth after reproduct ive matur i ty . 

D A P H N I A L I F E H I S T O R Y 

Cladoce rans o f the genus D a p h n i a are smal l (0 .3-5.0 mm) crustaceans that 
f o rm a major component o f communi t i es in freshwater lakes and ponds. T h e i r 
life histor ies are we l l s tudied (Hebert 1978; L y n c h 1980; Thre lke ld 1987a). They 
lead short , p roduct i ve l i ves , w i th few d ivers ions f rom the basic act iv i t ies o f feed
ing , g r ow ing , and reproduc ing . In terms o f a l i fetime energy budget for a wel l - fed 
D a p h n i a p u l e x , resp irat ion consumes 2 7 % o f the assimi lated energy, r eproduct i on 
consumes 6 8 % , and g rowth consumes 5 % (R i chman 1958); 3 9 % o f the g rowth 
occurs dur ing the preadult stage. D a p h n i a are i teroparous and can produce 10-20 
o r more broods o f young at intervals o f 2 -5 d after matur ing at age 3 - 7 d . The i r 
abundances are usual ly seasonal and often highly var iable (A l l an 1976; T h r e l k e l d 
1987/?). N o r m a l or subitaneous eggs are produced parthenogenet ical ly . W h e n con 
d i t ions become adverse , rest ing eggs may be produced . In most popula t ions , 
p roduc t i on o f males occurs contemporaneous ly , and the resting eggs are fer t i l i zed 
(Hebert 1978). 

In adult females the molt cyc l e and egg product ion are c lose ly l inked . Shor t l y 
after the an ima l mo l ts , a b rood o f eggs is produced f rom material accumula ted in 
the ovar ies dur ing the prev ious instar. These eggs are carr ied in a dorsa l brood 
Chamber fo rmed by the carapace . Res t ing or ephippia l eggs remain in the brood 
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Chamber unt i l the next mol t . T h e n they become enclosed in a ch i t inous case, the 
e p h i p p i u m , and are shed w i th the mol t . Subi taneous eggs hatch and progress 
through embryon i c deve lopment in the b rood Chamber. W h e n released, the young 
are f ree -swimming and have the general appearance o f miniature adults . The 
young usua l l y mature after four or five mol ts . The animal usual ly increases in 
length w i th each mol t , but growth s lows as the an ima l becomes larger. The n u m 
ber o f eggs in a subitaneous brood is strongly corre lated w i th body size i f food 
is abundant , but on ly two eggs are produced in an ephipp ia l b rood . Poo r env i ron 
menta l cond i t i ons reduce growth and fecundi ty and delay matur i ty (Tay lor 1985; 
T h r e l k e l d 1987a; L y n c h 1989). 

MODELS 

O u r mode ls descr ibe g rowth , r eproduct ion , and morta l i ty o f D a p h n i a . Ne t 
p r oduc t i on is de termined by body s ize , and the a l locat ion o f this p roduc t i on 
be tween g rowth and reproduct i on may be changed at each reproduct ive instar . 
A d iscrete- t ime fo rmula t ion is used: p roduc t i on o f eggs, hatch ing o f young , and 
changes in length o c cu r at t ime intervals cor respond ing to instars. The a l locat ion 
o f net p r oduc t i on to g rowth and reproduct ion dur ing one instar determines size 
and f ecundi ty at the beginning o f the next instar. A l though mass increases cont in -
uous ly dur ing the instar , this g rowth can be translated into changes in length on ly 
at the mol t . 

Func t i ons and parameters o f the mode ls , unless noted otherwise , were esti-
mated f r o m exper imenta l data for D a p h n i a p u l e x (Tay lor 1985). The animals were 
cu l tu red in a f low-through System designed by Lamper t (Lamper t et a l . 1988) that 
p rov ided constant food concentrat ion (the green alga S c e n e d e s m u s a c u t u s at 1 
mg carbon/L ) and temperature (20°C). Ne t product ion dur ing each reproduct ive 
instar was ca lcu la ted f rom the change in body mass and the mass o f eggs produced 
at the beg inning o f the next instar . W e conver ted growth and reproduct ion f rom 
mass to energy us ing factors (given below) est imated f rom R i c h m a n ' s (1958) data 
for D . p u l e x . A n i m a l s to be we ighed were co l l ec ted just after mol t ing and egg 
lay ing so that reproduct ive and somat ic t issues cou ld be separated. 

The mode l life h is tory inc ludes two juven i l e instars J , and J 2 , a prereproduct ive 
instar A 0 , and n adult instars A , , A 2 , . . . , A t r Leng ths dur ing the juven i l e instars 
are 0.72 m m and 1.07 m m . L e n g t h dur ing instar A 0 is 1.42 m m . The re lat ion 
between length L in mi l l imeters and dry mass W in micrograms at the beginning 
o f any adul t instar ( inc luding A 0 ) is 

L = (log W - D/1 .2 . (1) 

D u r a t i o n D A o f an adult instar ( inc luding A 0 ) is 2.5 d ; durat ion D } o f a juven i l e 
instar is 1 d when food does not l imit p roduc t i on . 

P r oduc t i on is an asympto t i c funct ion o f body size (fig. 1). F o r D a p h n i a o f 
p re reproduct i ve size ( L = 1.42 m m , W = 15 |xg) or greater, product ion ( E ) in 
j ou l e s per adult instar is 

E ( W ) = F { 2 . 7 3 [1 - (0.731 + 0.0318 W ) ~ 1 ] } . (2) 
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LENGTH L (mm) 

3.0 

0 . 0 - M -

3.5 

2 0 4 0 6 0 8 0 1 0 0 1 2 0 1 4 0 

DRY MASS W (micrograms) 

1 6 0 1 8 0 2 0 0 

F I G . I .—Net production E as a function of body size. E ( W ) is given by eq. (2). Food level 
F = I corresponds to a phytoplankton concentration of ~1 mg carbon/L; F = 0 .33- -0 .1 
mg carbon/L. Food level also affects duration of juvenile instars (eq. [3]). The relation 
between length L and mass W is given by eq. (1). 

P roduc t i on under food- l imi ted condi t ions is descr ibed as a f ract ion F o f the pro 
duc t i on under cond i t i ons o f opt imal food. F o o d l imitat ion also affects juven i l e 
g r owth . Dura t i on in days o f a juven i l e instar decreases as the food level increases : 

D 3 -4.5 F + 5.5. (3) 

F o r each adult instar k ( k = 0, 1, 2, . . . , n ) , the propor t ion o f the net p roduc t i on 
a l l oca ted to r eproduct i on is a k + l , and (1 - a k + l ) is the propor t i on a l located to 
g r ow th . The a k are subscr ip ted to indicate the instar in w h i c h their effects o n 
f ecund i ty and s ize are expressed . The mass o f a Single egg is WQgg = 2.5 o.g. T h e n , 
at the beg inning o f the next adult instar, the mass o f the animal in micrograms and 
the number o f eggs m k + l i n its brood are 

k + \ = w k + (1 - a , H |)c"sorrA 
and 

m . egg • 

(4) 

(5) 

Because reproduct i ve and somat ic t issues differ in energetic content , the c o n -
stants c r e p = 40 u>g/J and c s o m = 60 |xg/J ( from R i c h m a n 1958) are used to conver t 
net p roduc t i on to b iomass . The brood m k + l is carr ied unti l age t k + l d , the end o f 
adult instar k 4- 1, w h e n the ful ly deve loped young are released. F r o m laboratory 
data , the observed resource a l locat ion pattern is 

a k . = 1 - (1.80 k + 2.44)" (6) 
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F I G . 2 .—Surv iva l rate as a function of body length L . Linear functions (upper p a n e l ; eq. 
[7]) are shown for the stereotypical nonselective, invertebrate, and fish predators. Arctangent 
functions ( l o w e r p a n e l ; eq. [8]) model invertebrate and fish predators with thresholds for 
perceiving or capturing prey. D a s h e d lines show the effect of shifting the midpoint L m i d of 
the predator's threshold. 

S u r v i v a l rate p is defined as a funct ion o f body s ize. A n increas ing or decreasing 
s ize dependency o f surv i va l rate descr ibes the general effect o f an invertebrate 
predator , such as larvae o f the phantom midge C h a o b o r u s , o r a fish (Zaret 1980). 
W e cons ider two forms o f s ize-dependent surv i va l rate (fig. 2). In the l inear 
mode l s , su r v i va l rate ove r an instar o f durat ion D days is a funct ion o f length L 
in m i l l imeters : 

p ( L ) = ( a L + b ) ( D / 2 5 ) . (7) 

Parameter values are a = 0, b = 0.65 for the nonselect ive predator ; a = 0.180, 
b = 0.271 for the invertebrate ; and a = - 0 . 1 8 0 , b = 1.03 for the fish. (Note 
that eq . [7] is l inear for an adult instar , when D = 2.5 d.) The arctangent funct ions 
mode l the effect o f a thresho ld in the predator 's abi l i ty to detect or capture prey : 

p ( L ) = {a arc tan [ b ( L - L m i d ) ] + c } ( Z ) / 2 5 ) , (8) 
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where L m i d is the midpo int o f the thresho ld region. Parameter va lues are a = 
0.5/TT, b = 10 ( invertebrate predator) or b = - 1 0 (fish), and c = 0.65; L m i d 

var ies . W i t h the thresho ld mode ls , surv i va l rates for D a p h n i a shift f r om high to 
l ow ove r a nar row size ränge: about 7 5 % o f the change occurs w i th a 0.5-mm 
change in length. 

The probab i l i t y o f surv i v ing f rom b i r th to the end o f prereproduct ive instar A 0 is 

* A o = / W > A o ' ( 9 ) 

The probab i l i t y o f surv i v ing f rom birth to the end o f adult instar k is 

k 

^ = ^ Y \ p i - ( i o ) 
/ = i 

F i t n e s s 

F o r an age-structured popu la t i on in a constant env i ronment , the intr ins ic rate 
o f increase r is an appropr iate measure o f fitness when the cond i t i ons affecting 
surv i va l and r eproduc t i on remain constant for suff icientiy long that the age d is t r i -
bu t i on o f the popu la t i on becomes stable. W e ca lculated r ( t i n days , r in d a y s - ' ) 
us ing the discrete- t ime fo rmula t i on o f the renewal equat ion (Key f i t z 1977): 

n 

l = Y j ( k m k e ~ ^ . (II ) 
k= i 

O p t i m i z a t i o n s a n d T e s t s o f F i t n e s s 

Resource a l l oca t ion was treated as a p rob l em in constra ined op t imiza t i on w i th 
the number o f var iables n set by the number o f adult instars. The opt imizat ions 
were per formed us ing the double prec is ion vers ion o f subrout ine Z X M I N , w h i c h 
uses a q ua s i -Ne w t on method to search for the m i n i m u m o f a funct ion ( I M S L 
L i b r a r y , I M S L , H o u s t o n , Tex . ) . The program min im i zed - r , the negative o f the 
measure o f fitness. Va lues o f a were constra ined to the ränge [0, l ] . Because r 
becomes numer i ca l l y insensi t ive to var iat ions in the a values under some cond i 
t ions , op t im i za t i on results were checked by examin ing s ign-determining port ions 
o f the der ivat ives o f \ = er w i th respect to var ious a k , par t i cu lar ly as a k ap-
proached one. Th i s is equivalent to testing whether reproduct ive value (Goodman 
1982) has been m a x i m i z e d at that instar (see Append i x ) . 

F o r t r a n programs for the models and other computat ions were wr i t ten by the 
authors . G r a p h s were p roduced using R S / l ( B B N Software P roduc t s , Cambr idge , 
Mass . ) . 

RESULTS 

The ac tua l life h is tory for a wel l - fed D a p h n i a , as descr ibed by our mode l , 
exh ib i ts increas ing but a lways intermediate a l locat ion o f resources to reproduc
t ion (fig. 3). The increments to length and fecundi ty d imin i sh w i th age. B o d y mass 
increases f r om 15 jxg at instar A 0 , when a l loca t ion to r eproduct ion begins, to 21.7 
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F I G . 3.—Schedules of fecundity, body size, and resource allocation for actual and optimal 
life histories. Optimal allocations maximize /• for the nonselective model of predation and 
linear models of invertebrate and fish predation. Actual allocation is described by eq. (6). 
Length is shown by the step function; number of eggs {filled c i r c l e s ) is shown at time of egg 
laying. Proportion of net production allocated to reproduction (a) at each instar is shown by 
shaded portions of boxes on the strip above each panel. 

ixg at ins tar A , and to a final mass o f 86.2 u,g at instar A l 0 . If no morta l i ty occurs 
unt i l the end o f the life span , the intr ins ic rate o f increase for this life h istory is 
r = 0.379 d " 1 . 

P r e d a t i o n 

W h e n r is m a x i m i z e d , the op t ima l life h istory varies substant ia l ly w i th the 
preda t i on mode l (fig. 3). N o n e o f these opt ima l strategies dupl icates the pro longed 
g r ow th that is character is t ic o f real D a p h n i a , but a l l inc lude at least one instar o f 
intermediate a l l oca t ion . T h e op t ima l pattern under fish predat ion , w h i c h shows 
on l y a sma l l a l l oca t ion to g rowth in prereproduct ive instar A 0 (0 < a , < 1), most 
c l ose l y resembles an on-of f strategy. The largest size is attained in the opt ima l 
inver tebrate strategy, in w h i c h prereproduct ive g rowth is extended through instar 
A , (a , = 0), w h i c h thus delays reproduct ive matur i ty by one instar. Part ia l a l loca
t i on to g rowth occurs in three subsequent instars. 

O p t i m a l strategies for the thresho ld predat ion models are quite sensit ive to the 
l o ca t i on o f the midpo int o f the thresho ld , L m i d (fig. 4, u p p e r p a n e l ) . F o r the 
inver tebrate mode ls , there are one to three adult instars w i th intermediate a l l oca
t i on . M a t u r i t y may be de layed by as many as three instars (ctj = a 2 = a 3 = 0). 
F o r the fish predat ion mode l s , intermediate a l locat ion is restr icted to one instar 
at m a x i m u m , and reproduc t i on is never de layed. Comple te a l l oca t ion to reproduc
t i on in a l l poss ib le instars o ccurs in the region where L m i d = 1.2-1.6 m m . L e n g t h 
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F I G . 4 .—Ef fect of threshold in invertebrate and fish predation models on the optimal life 
history. Upper p a n e l shows optimal length at maturity as a function of the midpoint of the 
threshold. L o w er p a n e l shows V a r i a t i o n in length at maturity with /•. Symbols show values 
for optimal life histories with L M I D ranging from 0 - 4 . 5 mm in increments of 0.1 mm. 

at first r eproduct i on decreases abrupt ly as L m i d approaches this ränge f rom be low, 
but it increases gradual iy w i th L m i d above this ränge. F o r the invertebrate preda
t ion mode l s , length at first reproduct ion increases unt i l L m j d = 3.9 m m , then drops 
abrupt l y . 

The abrupt d rop in opt ima l length at matur i ty for the invertebrate predat ion 
mode l is the consequence o f a shift in relat ive values o f two loca l op t ima in r 
wi th respect to resource a l l oca t i on . One loca l Opt imum occurs w i th maturi ty at 
instar A , ; the other occurs w i th de layed matur i ty . A s L m i d increases , the delay 
increases . In a nar row region around L m i d = 4 m m , the opt ima l a l l oca t ion pattern 
shows features o f both patterns: the animal begins egg produc t i on at a smal l s ize , 
then resumes füll g rowth , and finally resumes egg product ion at a m u c h larger 
s ize . (The opt imal a l locat ions for L m j d = 4 m m are a , = 0.2825, a 2 = 0.1225, 
<x3 = 0.0000, a 4 = 0.0000, a 5 = 0.5856, a 6 = . . . = a l 0 = 1.0000.)" 

W h e n L m j d is outs ide the ränge o f 1-4 m m , opt imal life histor ies for both k inds 
o f thresho ld predat ion models converge to the opt imal life h istory for nonselect ive 
predat ion , a l though the opt imal strategy for invertebrate predat ion retains an 
add i t i ona l instar o f intermediate a l locat ion . F o r the fish predat ion mode l , r —» 



O P T I M A L R E S O U R C E A L L O C A T I O N 257 

NONSELECTIVE 

F I G . 5.—Effect of adult life span on optimal resource allocation. Optimal allocations max
imize /• for the nonselective model of predation and linear models of invertebrate and fish 
predation. 

0.02 d " 1 as L m j d decreases, and r —> 0.34 d ~ ' as it increases; the reverse holds 
for the invertebrate predat ion mode l . A t either o f these extremes in intensity o f 
predat i on , the op t ima l life histories are s imi lar (fig. 4, l o w e r p a n e l ) . 

A d u l t L i f e S p a n 

W h e n the life span is very short , the opt imal pattern is complete a l locat ion o f 
resources to reproduct ion for each o f the l inear predat ion models (fig. 5). Interme
diate a l locat ion begins when the adult life span exceeds one instar for the nonse
lect ive predat ion mode l or two instars for the other two models . If surv iva l rate 
increases steeply enough w i th s ize , an opt imal a l locat ion o f a , < 1 is possible 
e ven when the animal can reproduce on ly once , because surv iva l o f the egg 
dur ing its deve lopment depends on the surv i va l o f its mother. 

T h e m a x i m u m number o f instars w i th intermediate a l locat ion is on ly one for 
the nonse lect ive and fish predat ion mode ls , and reproduct ion is not de layed. The 
a l l oca t i on pattern changes very l ittle when life span increases beyond four adult 
instars for the fish mode l o r beyond five adult instars for the nonselect ive preda
t ion mode l . A n increase in the life span f rom 10 to 30 adult instars also has little 
effect. 

T h e op t ima l pattern for the invertebrate predator is more sensit ive to life span. 
W h e n it increases f rom one to two adult instars, reproduct ion is de layed by one 
instar . The number o f instars w i th intermediate a l locat ion increases w i th life span, 
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F I G . 6.—Effect of food level on the optimal life history. Plots show length at maturity as 
a function of food level for the three linear predation models. The earliest adult instar / for 
which a, > 0 is shown by the shaded portion of the box above the graph; the number of the 
instar is below the box. 

beginning w i th one instar o f intermediate a l locat ion when the life span is three 
adult instars and increas ing to three instars o f intermediate a l locat ion when the 
life span is 10 adult instars . W h e n life span is extended to 30 adult instars , repro
duc t i on is de layed by one instar, and there are seven instars o f intermediate 
a l l oca t i on , a l though the m a x i m u m size attained is only 0.05 m m longer than that 
attained in the opt ima l 10-instar strategy. 

F o o d L i m i t a t i o n 

The op t ima l size at matur i ty is highest w i th moderate food l imi ta t ion for all 
three l inear predat ion models (fig. 6). In the opt imal a l locat ion strategy for inver
tebrate predat ion , intermediate a l locat ion occurs for as many as three instars 
under invertebrate predat ion when the food level is F < 0.7 but for on ly one 
instar or none w h e n the food level is lower . U n d e r nonselect ive and invertebrate 
predat ion , the op t ima l strategy inc ludes at most one instar o f intermediate a l loca
t ion . P r oduc t i on o f the first brood is postponed f rom the second to the seventh 
adult instar as the food leve l drops f rom 1.0 to 0.1 under invertebrate predat ion 
and f r om the first to the second adult instar under nonselect ive predat ion . There 
is no delay w i th decreas ing food leve l under fish predat ion. 

S e n s i t i v i t y o f r t o A l l o c a t i o n P a t t e r n a n d P r e d a t i o n 

W e tested sens i t iv i ty o f r to a l locat ion patterns w i th both opt imal and arb i t rar i ly 
const ructed life h is tor ies . A c c o r d i n g to the general results (fig. 7), var ia t ions in 
a have greater effects in ear l ier instars. E a c h opt imal a l locat ion pattern was tested 
w i th the predat ion mode l for wh i ch it was opt imized (fig. 8). The opt imal patterns 
for the size-select ive predators are more sensit ive than those for the nonselect ive 
predator . F o r a l l three life histor ies , l ittle Variat ion in r occurs w i th Var iat ion in 
a after the fourth adult instar , and the t ime required to produce a significant 
r educ t i on in popula t ion s ize, relative to a populat ion growing w i th the opt imal 
life h is tory , becomes very long (>15 yr for a 5 0 % reduct ion) . 
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ALLOCATION PATTERN 

Actual Nonselective Invertebrate Fish 

F I G . 9.—Test of actual and optimal resource allocation patterns with different predation 
models in a constant environment. Deviations from the optimal /• for each predation model 
are shown in analogue format: area of square is proportional to deviation from r. 

W e ca lcu la ted fitnesses o f four life histor ies (actual , opt imal for nonse lec t i ve 
predat ion , op t ima l for invertebrate predat ion , and opt imal for fish predat ion ; fig. 
3) for D a p h n i a exposed to predat ion accord ing to each o f the three l inear preda
t ion mode ls (fig. 2, u p p e r p a n e l ) . In a constant env ironment where r is the appro -
priate measure o f fitness, the worst comb ina t i on is the opt imal invertebrate life 
h is tory w i th the fish predat ion mode l (fig. 9). The opt imal fish life h istory fares 
near ly as badly w i th the invertebrate predat ion mode l . Ne i the r the opt ima l nonse
lect ive nor the natura l life h is tory is worst in any case. 

DISCUSSION 

The op t ima l D a p h n i a , accord ing to our mode ls , w i l l usual ly grow after it begins 
to a l locate resources to r eproduct i on . A l l o ca t i ons to growth and reproduc t i on are 
thus not usual ly separated tempora l l y , un l ike the predicted strategies for organ
isms such as annua l p lants . In our mode ls , s imultaneous a l locat ion to g rowth and 
reproduc t i on is l imi ted to the instar preced ing matur i ty i f morta l i ty is nonse lect ive 
o r increases w i t h body size (fish predation) . E v e n in the latter case, D a p h n i a 
grows sl ight ly after beginning to al locate resources to r eproduc t i on , because the 
advantage in p roduc t i v i t y compensates for the disadvantage in morta l i ty . F o r the 
op t ima l D a p h n i a , g r owth may extend through several instars i f morta l i ty de-
creases w i th body size ( invertebrate predat ion) . 

T h e Single instar o f intermediate a l locat ion has a precedent in the op t im i za t i on 
l i terature : Pug l iese 's (1988a) perennia l plant mode l shows seemingly analogous 
behav ior . M o r t a l i t y is constant w i th age and size for the plant. In the op t ima l 
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strategy, seed p roduc t i on and the m a x i m u m size o f the vegetative part may in 
crease f r om the first reproduct ive year to the second but are constant for subse-
quent years ; the reserve at the end o f the g rowing season is constant for al l 
r eproduc t i ve years . The opt imal a l locat ion is s impler for D a p h n i a because body 
mass is retained f r om one reproduct ive per iod to the next, not re-created f rom 
stored resources . H o w e v e r , after a certa in body size is ach ieved , no further 
g r ow th occurs , and , as for the plant among years, reproduct ive Output is constant 
for a l l instars after the first reproduct ive instar. 

Intermediate a l l oca t ion in the opt imal strategy for D a p h n i a may be a conse-
quence , i n part , o f the discrete structure o f the mode l , w h i c h imposes t ime delays 
be tween the a l l oca t ion o f resources and their effects on fecundity and surv i va l 
rate. O u r mode l for D a p h n i a under nonselect ive predat ion is analogous to the 
con t inuous- t ime mode l o f S ib l y et a l . (1985) in the case where the trade-offs 
be tween fecundi ty and growth and between morta l i ty and g rowth are both l inear. 
T h e trade-off between nonse lect ive predat ion and growth can be graphed as a 
ho r i z on ta l straight l ine . T h e i r g raphica l analys is for the cont inuous- t ime mode l 
shows that the op t ima l a l l oca t ion is a lways on-off when the trade-offs are l inear , 
in contrast to our discrete-t ime mode l , w h i c h y ie lds examples o f intermediate 
a l l o ca t i on . 

T h e cond i t i ons favor ing mul t ip le instars o f intermediate a l locat ion and thus 
g r ow th after matur i ty are unc lear . O u r results suggest that surv i va l rate, as we l l 
as p roduc t i v i t y , must increase w i th body size for g rowth after matur i ty to max
im i z e ft a l though a steep slope for e i ther funct ion should favor cont inued g rowth 
and de layed reproduc t i on (see A p p e n d i x ) . H o w e v e r , for a perennial plant w i th a 
constant annua l surv i va l rate, Pugl iese (1988/?) found that nonl inear i ty i n the 
re la t i on between reproduct ive success and investment in seeds cou ld favor a 
pat tern analogous to g rowth after matur i ty in D a p h n i a . Th i s pattern ( init iat ion o f 
seed p roduc t i on i n a year preced ing the year that m a x i m u m vegetative size is 
first attained) is op t ima l on ly i f the re lat ion between reproduct ive success and 
inves tment in seeds shows concave d o w n w a r d nonl inear i ty , so that the benefit 
f r o m add i t i ona l investment decreases as the amount o f investment increases. 

O u r results on op t ima l adult s ize are broad ly consistent w i th the var ie ty o f 
mode l s that predict that de layed matur i ty occurs i f surv i va l rate or fecundi ty 
increases w i th size (see, e.g., Stearns and C randa l l 1981; K o z l o w s k i and Wiegert 
1987). H o w e v e r , our results demonstrate potent ia l dif f iculties in mak ing testable 
p red i c t i ons about the life h is tory i f on l y general character ist ics o f the predator ' s 
pre ferences are k n o w n . S i m p l y k n o w i n g whether an agent o f morta l i ty more 
s t rong ly affects larger o r smal ler organisms w i l l not suffice. A l t h o u g h the op t ima l 
strategy for an invertebrate predat ion mode l never exhib i ts ear l ier matur i ty or 
sma l l e r s ize at matur i ty than the op t ima l strategy for the cor respond ing fish preda
t i on mode l (figs. 3, 4), the response o f the opt imal life h istory to predat ion may 
be negl ig ible i f most o f the change in morta l i ty w i th size is outs ide some c r i t i ca l 
ränge (fig. 4). Const ra in ts may also strongly inf luence the response o f the op t ima l 
l i fe h i s to ry , as demonstrated in our models by the l imit that the m i n i m u m size at 
matur i t y imposes on response o f op t ima l size at matur i ty to a changing thresho ld 
f o r fish predat ion (fig. 4). 
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T h e evo lu t i onary response o f the mode l life h is tory to a predator is not neces-
sar i ly cor re la ted w i t h the demographic response o f the popu la t i on . Re la t ions be
tween intens i ty o f p redat ion , measured by its effect on r, and traits o f the opt imal 
life h i s to ry , such as s ize at matur i ty , in figure 4 are not s imple o r even monoton i c . 
The extreme ranges o f L m i d ( low values for the fish mode l , h igh values for the 
invertebrate model ) that produce the greatest effects on popula t ion growth are 
a lso the ranges where the life h is tory is least affected. Fur the rmore , the lack o f 
co r re la t i on be tween responses o f life h istory and popula t ion impl ies d iscordance 
between responses o f the life h istory and the Communi ty . If a predator that prefers 
large prey is in t roduced into a Communi ty o f c ladocerans o f var ious s izes, a 
s imple p red i c t i on is that the larger species w i l l be reduced in impor tance relat ive 
to the smal l e r spec ies . T h i s pred ic t ion has been supported empi r i ca l l y (see Zaret 
1980). Wha t e v e r the effect o f the predator on the popula t ion o r the Communi t y , 
i f the ränge o f body sizes for the largest species lies ent ire ly w i th in the s ize ränge 
at m a x i m u m r isk o f p redat ion , the mode l predicts that size at matur i ty w i l l not 
change. 

A co ro l l a ry effect, w h i c h is often unrecogn ized , concerns changing the intensity 
o f predat ion . I f intensi ty o f predat ion is altered uni formly across age or size 
c lasses , there is no effect on the opt imal life h is tory . Th i s lack o f effect can be 
demonstra ted eas i ly by cons ider ing the express ion for d \ / d a k in the A p p e n d i x . 
W h e n the surv i va l rate coeff icients p, are mul t ip l i ed by a constant C , the rate o f 
increase for the al tered su rv i va l rate schedule is C X , i f X and the p { are expressed 
in the same units o f t ime. The constants cance l in the express ion for the s ign-
de te rmin ing por t i on o f d \ / d a k , and the Opt imum is thus unchanged. M o r e gener-
a l l y , whether the popu la t i on is increas ing o r decreas ing has no specif ic inf luence 
on the op t ima l life h is tory , i f in t r ins ic rate o f increase is the measure o f fitness. 

F o o d l imi ta t ion generates an apparent paradox : animals g row more in size to 
gain less in p roduc t i ve capac i ty . Th i s effect occurs w i th mi ld to moderate food 
l imi ta t ion for al l three predat ion models . The gain in net p roduc t i on per unit 
g rowth at any body size is smal ler at lower food leve ls , accord ing to our mode l 
o f net p r oduc t i on . B u t the cont r ibut i on to future reproduct ion is d iscounted by 
powers o f r (see A p p e n d i x ) , w h i c h d imin ishes w i th the extended juven i l e stage 
and reduced f ecund i ty . T h u s , the greater investment in growth is favored . H o w 
ever , w i th severe food l imi ta t ion and flatter net p roduc t i on funct ions , g rowth 
is r educed . In genera l , but depending on the other parameters that determine 
reproduct i ve va lue and o n the shapes o f the product ion and surv i va l rate func
t ions , resources at a g i ven instar w i l l be a l located ent ire ly to g rowth i f the slope 
o f the p roduc t i on func t i on is steep, to both growth and reproduct ion i f the slope 
is moderate , o r ent i re ly to reproduct ion i f the slope is sha l low. 

A c c o r d i n g to L y n c h (1980), smal l c ladoceran species show greater adult g rowth 
than large ones. H e exp la ined the growth patterns as strategies to at ta in opt imal 
foraging size in the face o f fish predat ion for the smal l species or invertebrate 
predat ion for the large species . Resul ts f rom our models suggest that revers ing 
these strategies wou ld be more l ike ly to max im i z e r, because g rowth after matu
r i ty does not o c c u r w i th fish predat ion but w i th invertebrate predat ion under a 
var ie ty o f cond i t i ons . A l t h o u g h L y n c h proposed that opt imal body size at matu-
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r i ty shou ld max im i z e the product o f net p roduct ion and instar-specif ic su r v i va l , 
op t ima l sizes to begin reproduct i on or cease growth are not s imple funct ions o f 
net p roduc t i on and surv i va l rate. The Urning o f r eproduct ion strongly inf luences 
fitness, and pos tpon ing reproduct i on to grow larger can be demographica l ly ex-
pens ive . F o r example , i n the op t ima l life h istory for nonselect ive predat ion (fig. 
3), the rate o f change in net p roduc t i on E w i th body mass W is st i l l strongly 
pos i t ive w h e n growth stops: at instar A 0 , d E / d W = 0.059 J/fxg; at the final mass , 
d E / d W = 0.027 J/|xg. Pe r r in et a l . (1987) also demonstrate w i th a mode l for 
S i m o c e p h a l u s , a large daphn id c ladoceran , that fitness is enhanced by stopping 
g rowth at sizes m u c h smal ler than those predicted by L y n c h ' s mode l . 

N o n e o f the strategies to max im i z e r produces g rowth dur ing the entire adult 
l i fe. In this respect , the opt imal strategies are unl ike growth patterns o f real 
D a p h n i a . O p t i m a l life histor ies for invertebrate predat ion show the richest Var ia
t ion and inc lude the examples that most c lose ly approx imate natura l , indetermi-
nate g rowth . It is tempt ing to speculate f rom this s imi lar i ty that c ladoceran life 
histor ies e vo l v ed under invertebrate predat ion. A i t e rna t i ve l y , the observed inter
mediate a l l oca t ion patterns may be favored by env i ronmenta l Var iat ion or other 
cond i t i ons that we d id not test. G r o w t h patterns do have large effects on fitness 
in the models (fig. 9), and we w o u l d thus predict that growth patterns w i l l respond 
to se lec t ion. F o r any predat ion mode l , however , r becomes insensi t ive to smal l 
var iat ions in resource a l locat ion after the first few reproduct ive instars (figs. 7, 
8). A morpho log i ca l o r other constra int that forced cont inued growth wou ld not 
be demograph ica l l y expens ive , so long as the actual g rowth pattern approx imated 
the op t ima l pattern dur ing the first few reproduct ive instars. T h u s , i f the pro-
longed g rowth o f real D a p h n i a is not op t ima l , it may not be signif icantly subop
t ima l . 

F o r a c ladoceran or its analogue, in an env i ronment that remains stable for 
some length o f t ime , condi t ions that should favor evo lu t ion o f growth fo l l ow ing 
reproduct i ve matur i ty are abundant food resources, so that product ive capac i ty 
increases w i th body size (but not too steeply) and a lower r isk o f morta l i ty for 
larger an imals . G r o w t h after matur i ty does not max im i z e fitness i f r isk o f mor ta l 
ity does not decrease w i th increas ing body size. A l though growth is cont inuous 
for plants and most an ima ls , except ar thropods , r eproduct ion at intervals is c o m 
m o n , so results f r om discrete-t ime models (not necessar i ly o f the exact f o rm as 
our D a p h n i a model ) shou ld have wide app l i cab i l i t y . 

F o r c ladocerans , howeve r , the env i ronment is typ ica l l y quite unstable. Phys i c a l 
cond i t i ons in lakes and ponds f o l l ow seasonal cyc l es , and abundances o f food 
and predators f luctuate. Because it assumes stable cond i t i ons , the intr ins ic rate 
o f increase r becomes a poorer pred ic tor o f Per formance as the durat ion o f those 
cond i t i ons decreases. In an env i ronment w i th l imi ted season for g rowth and re
p roduc t i on , r is a re l iable pred ic tor o f relative success o f a D a p h n i a life h is tory 
on l y i f the mean season length is greater than 30 -40 d (B . E . T a y l o r and 
W . G a b r i e l , unpub l i shed results w i th the models presented here; fitness was mea-
sured by the geometr ica l mean number o f resting eggs). 

Seve ra l sets o f results suggest that more complex growth patterns may be 
favored in l imi ted o r var iable env i ronments . In models for annual p lants , the 
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in t roduc t i on o f var iance in the length o f the growing season can produce opt imal 
intermediate a l locat ion for models that otherwise give on ly on-off a l l ocat ion pat
terns ( K i n g and Roughgarden 1982). In apparent contrad ic t ion to the general 
results for annual plants and to our results here, the max im i za t i on o f the total 
number o f eggs p roduced by an ind iv idua l D a p h n i a y ie lded indeterminate growth 
when r isk o f predat ion increased w i th size (Gabr ie l 1982; cont inuous g rowth , 
p roduc t i on descr ibed by Bertalanf fy funct ion) . W h e n the mean value o f r (geomet-
r ica l mean value o f X) is used to measure fitness, a l ternat ion o f predat ion sched-
ules can also favor extended adult growth in D a p h n i a (Gabr ie l and Tay l o r , in 
press ; mode l essent ia l ly ident ica l to that descr ibed here). 

L i t t l e is yet k n o w n about the effect o f magnitude or temporal scale o f env i ron
mental Var iat ion on resource a l l ocat ion . E x p l o r i n g models for opt imal resource 
a l l oca t ion in var iable env i ronments and d iscover ing whether they y ie ld general , 
testable pred ic t ions about growth w i l l be an interesting task. 
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A P P E N D I X 

The renewal equation G defines X = e' as an implicit function of the resource allocation 
Parameters a k for adult instars k = 1 , 2 , . . . , « . 

n 

G = X = 1 ' ( A I ) 

where € k = € A ü/?,p 2 , . . . , p k , p k = pA.(a,, a 2 , . . . , a A), and m k = m k ( a „ a 2 , . . . , a k ) . 
Derivatives of \ with respect to a are obtained by differentiating G. 

8 G , 8 G , 8G , 8 G 
a u = 

Then, 

d G = — d a x + - r - d a 2 + . . . + — d a n + - r r d k . 
oa, oa 2 oa / ; oX 

dk oG/8aA. 
d a k ~ 8G/8X ' 

Because the denominator is always negative, the sign of d \ / d a k is determined by the sign 
of the numerator, 8G/8a A . 

As an example, we derive the expression for 8G/8aA. when k = n - i and growth does 
not occur after instar k. In this case, a k + l = a k + 2 = • • • - <*„ = U Pk•. = Pk+\ = • • • = 
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p n , and m k + l = m k + 2 = . . . = m n . Note that m k + ] m k if < 1. Equation (AI) can be 
rewritten as 

k - I 

7 = 1 

+ t k . , \ - % p k m k + m k M \ * - ' ^ + p J X ' * - , 4 + 2 + . . . + p i + , X ' * - ' * *0 ] . 
Mult ip ly ing the expression inside brackets by X ' * - 1 " ' * converts it to the reproductive value 
for an animal of age at the beginning of instar k. Then, 

+ [m, + mA. + l(2p,X'<-'<- + 3p? X'*- '** 2 + . . . + (/ + Dpi-X'*"'^')] | ^ 

The partial derivatives of m k , m k + i , and p A depend on the forms of the net production 
function E ( W ) , the length-weight function L ( W ) , and the survival rate function p ( L ) (e.g., 
eqq. [1], [2], and [6] or [7]). 

Because X and € are always positive, the sign of the partial derivative h G / h a k , and thus 
of d \ / d a k , is determined by the portion inside the outermost brackets. For the Daphnia 
model, the first term inside the brackets is positive, because current fecundity m k always 
increases with the current allocation to reproduction a k . The second term is negative 
because future fecundity m k + l is reduced by increasing the current allocation to reproduc
tion and thus decreasing the current allocation to growth. The third term is negative for 
invertebrate predation, positive for fish predation, and zero for nonselective predation. 

When d \ l d a k is positive for all a k in the ränge [0, 1], a k = 1 is the optimal allocation; 
when d \ / d a k is negative for all a k in the ränge [0, 1], <xk = 0 is the optimal allocation. A n 
intermediate allocation 0 < a k < 1 is optimal if d \ l d a k = 0 and gives a local maximum of 
X, which occurs when d \ 2 / d a k < 0. Otherwise, an allocation of a k = 1 or a A = 0 is optimal. 

Some models yield only on-off patterns in the optimal allocation. If dk2/da2
k is always 

positive, then optimal intermediate allocation is not possible, because the extremum is a 
local minimum. For example, d \ 2 / d a 2

k is always positive when the production function is 
a quadratic function ( E = a W 2 + b, a > 0) and mortality is nonselective. Thus, the 
optimal allocation is always a k = 1 or a k - 0, whether or not d k / d a k = 0 for 0 < a k < 
1. A linear production function ( E = aW + b) and nonselective mortality provide a similar 
result. Here, d \ / d a k is constant. Intermediate allocation is possible only in the unlikely 
case that d \ / d a k = 0, when any value of a k would give the same value of X. 
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