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LOGIC AND THE AXIOM OF CHOICE 

H. S c h w i c h t e n b e r g ( M u n i c h ) 

Vie s h a l l p r o v e t h e f o l l o w i n g : 

( .1) Vx3y φ(χ,γ) -» 3 f V x φ(χ,ίχ) i s c o n s e r v a t i v e o v e r c l a s s i c a l 
( f i r s t o r d e r ) l o g i c . 

( 2 ) Vx3y φ(χ,ν) -* 3 f V x ω(χ,ίχ) i s c o n s e r v a t i v e o v e r i n t u i t i o n i s t i c 
l o g i c w i t h o u t e q u a l i t y . 

( 3 ) Vx3y φ(χ,γ) -» 3 f V x φ(χ,ίχ) i s c o n s e r v a t i v e o v e r i n t u i t i o n i s t i c 
l o g i c w i t h d e c i d a b l e e q u a l i t y . 

( 4 ) Vx3y φ(χ,γ) -» 3 f V x φ(χ,ίχ) i s n o t c o n s e r v a t i v e o v e r 
i n t u i t i o n i s t i c l o g i c . 

( 5 ) A \ Vx,3y Vx 3y f/X\co(x. ,y. ) Λ /Ά(Χ.=Χ. - y . = y . ) l l i r\ J η r i " i ι Ί ι ι J η ι ι , 3 J 

3 f V x φ(χ,ίχ) 
i s c o n s e r v a t i v e o v e r c l a s s i c a l and i n t u i t i o n i s t i c l o g i c . 

More p r e c i s e l y : A d d i t i o n o f f i n i t e l y many i n s t a n c e s o f t h e r e s p e c ­
t i v e schema w i t h a l l (number and f u n c t i o n ) p a r a m e t e r s g e n e r a l i z e d 
i s c o n s e r v a t i v e o v e r any f i r s t o r d e r t h e o r y i n t h e r e s p e c t i v e l o g i c . 

None o f t h e s e r e s u l t s i s new. ( 1 ) i s a l r e a d y i n H i l b e r t - B e r n a y s 
1939 ( p . 141 i n t h e second e d i t i o n ) . ( 2 ) - ( 4 ) a r e due t o Mine 1966, 
1974, 1966; n o t e t h a t ( 3 ) i s an i m m e d i a t e consequence o f ( 5 ) . As t o 
( 4 ) , a s i m p l e r c o u n t e r e x a m p l e i s i n Osswald 1975 and p r o b a b l y t h e 
s i m p l e s t ( w h i c h i s r e p r o d u c e d h e r e ) i n S m o r y n s k i 1978. ( 5 ) i s due 
t o Mine and S m o r y n s k i ; i t was f i r s t a nnounced i n Mine 1977. P r o o f s 
a r e i n S m o r y n s k i 1978 and ( i n a g e n e r a l i z e d f o r m d e a l i n g w i t h 
" s i m u l t a n e o u s Skolem f u n c t o r s " ) i n L u c k h a r d t #. 

The p r o o f s g i v e n h e r e a r e r e l a t i v e l y s i m p l e . F o r ( 5 ) t h e p r o o f 
c o n s i s t s i n a p r o c e d u r e w h i c h t r a n s f o r m a d e r i v a t i o n o f a f i r s t 
o r d e r f o r m u l a i n v o l v i n g t h e a x i o m o f c h o i c e i n t o a d e r i v a t i o n n o t 
i n v o l v i n g i t . The main t e c h n i c a l t o o l i s t h e use o f a new t y p e o f 
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352 Η. SCHWICHTENBERG 

f u n c t i o n v a r i a b l e s : Whenever t e r m s r . , . . . , r , s „,..., s a r e i n t r o -
1 η 1 η d u c e d , t h e n f ^ i s a f u n c t i o n v a r i a b l e . The i n t e n d e d meaning o f f ~ r r 

i s t h a t i t s h o u l d r a n g e o v e r a l l f u n c t i o n s mapping r i n s ( p r o v i d e d 
r , s d e t e r m i n e a f i n i t e f u n c t i o n , i . e . /ΛΑΓ. = r . -> s . = s . ) ) . 

~ i»] 1 3 1 3 
As a l r e a d y n o t e d , ( 3 ) and a l s o ( 1 ) a r e easy c o n s e q u e n c e s o f ( 5 ) , 

s i n c e t h e p r e m i s s o f t h e i m p l i c a t i o n i n ( 5 ) i s u n d e r t h e a s s u m p t i o n 
Vx,y ( x = y ν χ Φ y ) e q u i v a l e n t t o Vx3y t p ( x , y ) . So we s t a r t w i t h a 
p r o o f o f ( 2 ) , t h e n g i v e S m o r y n s k i ' s c o u n t e r e x a m p l e t o p r o v e ( 4 ) , and 
f i n a l l y e x t e n d t h e method f o r p r o v i n g ( 2 ) t o a p r o o f o f ( 5 ) ; o n l y 
t h i s l a s t s t e p i n v o l v e s t h e f u n c t i o n v a r i a b l e s f ~ . 

N o t e : ( 1 ) - ( 5 ) r e m a i n v a l i d - w i t h e s s e n t i a l l y t h e same p r o o f s -
when a l l v a r i a b l e s x, y, f , ... a r e r e p l a c e d by f i n i t e sequences 
x, y^, f , ... o f v a r i a b l e s ; f & t h e n means f x , . . . , f x. However, f o r 
s i m p l i c i t y we o n l y d e a l w i t h s i n g l e v a r i a b l e s h e r e . 

N o t e : ( 2 ) , ( 4 ) and ( 5 ) a l s o h o l d f o r m i n i m a l l o g i c . T h i s i s seen 
e a s i l y f r o m t h e p r o o f s . 

P r o o f o f ( 2 ) : 
I n t h i s s e c t i o n we o n l y c o n s i d e r f i r s t o r d e r i n t u i t i o n i s t i c 

l o g i c w i t h o u t e q u a l i t y . We s h a l l work w i t h a Gentzen s e q u e n t 
c a l c u l u s as d e s c r i b e d i n Kleene 1952, p. 481 ( t h e r e i t i s c a l l e d G3). 

For s i m p l i c i t y we m o d i f y i t t o i n c l u d e 1 ( f a l s u m ) as a p r o p o s i t i o n a l 
c o n s t a n t and t r e a t -φ as d e f i n e d by φ -» 1 . F i r s t n o t e t h a t ( 2 ) can 
be r e d u c e d t o 
( 2 ) ' I f h Vx φ ( χ , ί χ ) , Δ Ψ w i t h Δ,Ψ o f f i r s t o r d e r and w i t h o u t f , 

t h e n I - Vx3y i p ( x , y ) , Δ -» Ψ. 

P r o o f o f ( 2 ) f r o m ( 2 ) ' : L e t a c u t - f r e e d e r i v a t i o n o f Γ,Δ -* Ψ be 
g i v e n w i t h Δ,Ψ o f f i r s t o r d e r and Γ a l i s t o f g e n e r a l i z a t i o n s o f 
i n s t a n c e s t h e schema Vx3y φ(χ,γ) -* 3 f V x φ(χ,ίχ). By i n d u c t i o n on t h e 
l e n g t h o f t h i s d e r i v a t i o n we c o n s t r u c t a d e r i v a t i o n o f Δ -* Ψ. I t 
s u f f i c e s t o c o n s i d e r an i n f e r e n c e 

Vx3y -» 3 f V x , Γ ' , 0 -> Vx3y φ ( χ , Υ ) 3 f V x φ ( χ , ί χ ) , Vx3y -+ 3 f V x , Γ',0 -» χ 
V x 3 y 3 f V X j r t s 0 -> χ 

F i r s t t h e l e f t m o s t 3 f i n t h e r i g h t hand s u b d e r i v a t i o n can be 
c a n c e l l e d by an i n v e r s i o n lemma. Then t h e o c c u r e n c e s o f Vx3y -> 3 f V x , 
Γ' i n t h e a n t e c e d e n t o f b o t h s u b d e r i v a t i o n s can be c a n c e l l e d by 
i n d u c t i o n h y p o t h e s i s . Then by ( 2 ) ' Vx φ(χ,ίχ) i n t h e a n t e c e d e n t o f 
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t h e r i g h t hand s u b d e r i v a t i o n can be r e p l a c e d by Vx3y c p ( x , y ) . A c u t 
t h e n g i v e s t h e d e s i r e d d e r i v a t i o n 1 o f Θ -* χ. 

P r o o f o f ( 2 ) ' : L e t a c u t - f r e e d e r i v a t i o n o f Vx c p ( x , f x ) , Δ -> Ψ w i t h 
Δ,Ψ o f ' f i r s t o r d e r and w i t h o u t f be g i v e n . By i n d u c t i o n on t h e l e n g t h 
o f t h i s d e r i v a t i o n we c o n s t r u c t a d e r i v a t i o n o f Vx3y c p ( x , y ) , Δ -* Ψ. 
I t s u f f i c e s t o c o n s i d e r 

Case 1 c p ( t , f t ) , Vx c p ( x , f x ) , Γ -> χ 
Vx φ ( χ , ί χ ) , Γ χ 

R e p l a c e a l l o c c u r r e n c e s o f f t i n t h i s d e r i v a t i o n by a new 
v a r i a b l e w. T h i s g i v e s a d e r i v a t i o n o f Ψ ( t , w ) , Vx φ ( χ , f χ ) , Γ -* χ. By 
i n d u c t i o n h y p o t h e s i s we o b t a i n a d e r i v a t i o n o f < p ( t , w ) , 
Vx3y ψ ( κ , γ ) , Γ -» χ. A p p l i c a t i o n o f (3-*) and (V-O g i v e s t h e d e s i r e d 
d e r i v a t i o n o f Vx3y ( p ( x , y ) , Γ -* χ. 

Case 2 Vx φ ( χ , ί κ ) , Γ -> χ ( r ( f 1 1 , . . . , f t ) ) 
Vx φ( χ , f χ ) , Γ -> 3z χ( ζ) 

where f t , , . . . - f t a r e a l l o u t e r m o s t o c c u r r e n c e s o f f - t e r m s i n 1 η 
r ( f t ^ , . . . , f t ) . R e p l a c e a g a i n a l l o u t e r m o s t o c c u r r e n c e s o f 
f t . , . . . , f t i n t h i s d e r i v a t i o n by new v a r i a b l e s w„,...,w . T h i s g i v e s 1 ' η J 1 ' ' η ^ 
a d e r i v a t i o n o f 
ψ( t 1 , w l ) , . . . ,φ( t ^ ,w ) , Vx φ ( χ , ί χ ) , Γ -> χ( r ( w 1 , . . . ,wn ) ) . Then a p p l y 
t h e i n d u c t i o n h y p o t h e s i s , (-*3) , η t i m e s (3-») and η t i m e s (V-») . 

P r o o f o f ( U ) : 
I n t h i s s e c t i o n we o n l y c o n s i d e r f i r s t o r d e r i n t u i t i o n i s t i c 

l o g i c ( w i t h e q u a l i t y ) . I t s u f f i c e s t o p r o v e 

I- Vx3y (χΦγ) -* ν χ

1

3 Υ 1

ν χ

2

3 ν 2 ^ l ^ l A X 2 ^ y 2 A ( x ± Z X 2 ~* y l " Y 2 ) ) ' 

C o n s i d e r t h e K r i p k e model 

a„ : a ~ c b ~ d a n : a ^ b c d 

T h i s i s o b v i o u s l y a model o f t h e e q u a l i t y a x i o m s . F u r t h e r m o r e , 
a Q lh Vx3y" (χ Φ y) s i n c e a. Ih a Φ d, b Φ c f o r a l l i . But 
a 0 ll_ V x i 3 y i V X 2 3 y 2 ( X 1 Φ Υ 1 A X 2 Φ Y 2 A ( X 1 = X 2 ~* Y l = y 2 ) } * T ° S e e 

t h i s assume t h e c o n t r a r y . Choose a f o r x^. Then y^ must be d. Choose 
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b f o r x^ . Then must be c. Hence et ̂  I ! — ( a = b -* c = d ) . But t h i s i s 
a c o n t r a d i c t i o n , s i n c e lh a = b, lh c = d. ( T h i s c o u n t e r e x a m p l e 
i s due t o S m o r y n s k i 1978) 

P r o o f o f ( 5 ) : 
We o n l y c o n s i d e r f i r s t o r d e r i n t u i t i o n i s t i c l o g i c ; i t i s e a s i l y 

seen t h a t t h e same p r o o f a l s o a p p l i e s t o c l a s s i c a l l o g i c . F i r s t n o t e 
t h a t ( 5 ) can be r e d u c e d t o 
( 5 ) ' I f h Vx φ ( χ , ί χ ) , Δ -* Ψ w i t h Δ,Ψ o f f i r s t o r d e r and w i t h o u t f , 

t h e n t h e r e i s an η such t h a t 
1- Vx^y., . . .Vx 3y [/^φ( x . , y . ) Λ F c t ( x ; y ) ] , A -» Ψ ,where F c t ( x , y ) π ι I i 
a b b r e v i a t e s yVA\( χ. = χ. -» y. - γ.). 

( 5 ) can be p r o v e d f r o m ( 5 ) ' e x a c t l y as we p r o v e d ( 2 ) f r o m ( 2 ) ' above. 
To p r o v e ( 5 ) ' we c a n n o t p r o c e e d as s i m p l y as i n t h e p r o o f o f ( 2 ) ' . 
F o r , t h e r e p l a c e m e n t o f f t by a new v a r i a b l e w i n case 1 w o u l d n o t 
l e a d t o a d e r i v a t i o n anymore, s i n c e an e q u a l i t y a x i o m t = s f t = f s 
w o u l d be t r a n s f o r m e d i n t o an u n d e r i v a b l e f o r m u l a t = s w = f s . The i d e a 
now i s t o r e p l a c e f by a new v a r i a b l e w i t h t h e i n t e n d e d meaning 
t h a t i t s h o u l d r a n g e o v e r f u n c t i o n s m apping w i n t o t . To make t h i s 
p r e c i s e we f i r s t e x t e n d o u r l a n g u a g e . V a r i a b l e s and t e r m s and now 
g e n e r a t e d s i m u l t a n e o u s l y w i t h t h e a d d i t i o n a l c l a u s e 

I f r l 5 . . . , r s „,..., s ( s h o r t : r , s ) a r e t e r m s , t h e n f s i s a I n I n r 
f u n c t i o n v a r i a b l e ( w h e r e f i s any o f t h e c o u n t a b l y many s y m b o l s 
r e s e r v e d f o r f u n c t i o n v a r i a b l e s ) . 

C o r r e s p o n d i n g t o t h e i n t e n d e d meaning o f f ^ we add t h e f o l l o w i n g 
a xioms t o o u r l o g i c a l f o r m a l i s m : 

F c t ( r ; s ) f ^ v . - s . f o r a l l i . r ι ι 

We now f o r m u l a t e a g e n e r a l i z a t i o n o f ( 5 ) ' i n v o l v i n g t h e s e new-
f u n c t i o n v a r i a b l e s , w h i c h can t h e n be p r o v e d by i n d u c t i o n . 
( 5 ) " I f I - Vx φ ( χ , ^ χ ) , F c t ( r ; s ) , Δ - Ψ w i t h Δ,Ψ o f f i r s t o r d e r and 

w i t h o u t f ~ , t f r e n t h e r e i s an η such t h a t I - Vx 3y ...Vx 3y r ' l J l n J n 
[//^\φ(χ;ί ,y.)A F c t ( r , x ; s , y ) ] , Δ -> Ψ . 

P r o o f o f ( 5 ) " : For s i m p l i c i t y we o n l y w r i t e o u t t h e case f o r £, ,s 
empty. The g e n e r a l case can be d e a l t w i t h i n e x a c t l y t h e same manner. 
We use i n d u c t i o n on t h e l e n g t h o f t h e g i v e n d e r i v a t i o n , w h i c h we may 
assume t o be c u t - f r e e . I t s u f f i c e s t o c o n s i d e r 
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Case 1 t p ( t , f t ) , V x c p ( x , f x ) , Γ -» χ 
ν χ φ ( χ , ί χ , Γ -» χ 

We f i r s t d e s c r i b e t h e w e l l - k n o w n t e c h n i q u e o f " e x t r a c t i n g f - s u b ­
t e r m s f r o m f t " . L e t f t - , . . . , f t z f t be a l l f - s u b t e r m s o f f t o r d e r e d 

1 ' ' η 
by i n c r e a s i n g d e p t h o f n e s t i n g o f f . L e t w^,...,w^ be new v a r i a b l e s . 
For any s u b t e r m s o f f t d e n o t e by s* t h e r e s u l t o f r e p l a c i n g a l l 
o u t e r m o s t o c c u r r e n c e s o f f - s u b t e r m s f t . , . . . , f t . i n s by 
w. ,...,w. . U s i n g t h e new axiom s on f ~ one can p r o v e e a s i l y by 

1 1 1 k £ 
i n d u c t i o n on s 

(*) F c t ( t * ; w ) -> s ( f r * ) = s*. 

t * d e n o t e s o f c o u r s e t t ; n o t e t . c o n t a i n s o n l y w. w i t h i < i . ~ 1 ' * η ι 3 w 
- Now r e p l a c e a l l o c c u r r e n c e s o f f i n t h e g i v e n d e r i v a t i o n by f 

W r i t i n g t ( f ) f o r t one o b t a i n s a d e r i v a t i o n o f 
w w w w 

Φ ( ΐ ( ^ ) , f ^ t ( f ^ ) ) , ν χ φ ( χ , ί ^ χ ) ,Γ -> χ 

U s i n g (*) t h i s d e r i v a t i o n can e a s i l y be t r a n s f o r m e d i n t o a d e r i v a t i o n 
o f 

w 
i p ( t * , w n ) , ν χ φ ( χ , ί ^ χ ) , F c t ( t * ; w ) , T - χ 

o f t h e same l e n g h t ( i t i s n e c e s s a r y h e r t o a l l o w as axioms a l l q u a s i -
t a u t o l o g i c s , i . e . a i l t a u t o l o g i c a l c onsequences o f t h e e q u a l i t y 

s 
axioms i n c l u d i n g t h e new axiom s on f ~ ) . 

By i n d u c t i o n h y p o t h e s i s we t h e n o b t a i n a d e r i v a t i o n o f 

<P( t * , w n ) , V x 1 3 y 1 . . . V x m 3 y m [ c p C x ^ y ^ Λ F c t ( t * , χ ; w ,y ) ] , Γ -> χ. 
i -~ ~ ~ ~ 

Now φ ( ΐ * ^ ) can be c a n c e l l e d s i n c e i t f o l l o w s f r o m t h e second ^ η 
member o f t h e a n t e c e d e n t (we may assume m > 1 ) . Then u s i n g t h e 
r u l e s (3-*) , (V->) we o b t a i n 

Vu.Bw, . . .Vu 3w Vx., 3y. . . . Vx 3y [ φ ( χ . ^ . ) Λ Fct(U,X ;W ,y ) ] ,Γ -» χ. 
1 1 η η 1 1 m m . ι ι ~~ · ~ - ̂ ' ' 

Case 2 Vx φ( χ , f χ ) , Γ -* χ ( t ) 
Vx φ( χ , f χ ) , Γ -> 3ζχ( ζ ) 
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Here a g a i n we e x t r a c t t h e f - s u b t e r m s f r o m t and t h e n r e p l a c e f 
w 

by f ~* . T h i s g i v e s as above a d e r i v a t i o n o f 
~ w 

ν χ φ ( χ , ί ^ χ ) F c t ( t * ; w ) , Γ -* χ(ΐ*) . 

By i n d u c t i o n h y p o t h e s i s we t h e n o b t a i n a d e r i v a t i o n o f 

V x 1 3 y 1 . . . V x m 3 y m L ^ i p i x - . y . ) Λ F c t ( t * , x ; w , ^ ) ,Γ - X ( t * ) . 

Now a p p l y ( -»3) and t h e n p r o c e e d as i n case 1 above. 
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