Z. Physik A 277, 41 —46 (1976)

Zeitschrift
far Physik A

% by Springer-Verlag 1976

Semiclassical Theory of Positron Emission in Transient Supercritical Atoms

D.H. JakubaBa* and M. Kleber

Physik-Department, Technische Universitdt Miinchen, Garching, Germany

Received January 14, 1976

Within the semiclassical approximation (WKB) we present an estimate of the cross section
for spontaneous and induced positron emission during the formation of a supercritical
atom in a heavy-ion collision. Energy and width of the electron levels are taken from an

analytical WK B formula.

1. Introduction

It is known [1-3] that the s, , electron energy reaches
the top of the negative energy continuum for the
critical nuclear charge Z_=~170. By expanding the
electronic wave function around Z_, it has been shown
[4, 5] that the 1s,,, level dives into the continuum for
Z>Z_ but remains localized in space.

The degeneracy of the 1s,,, level with the negative
continuum leads to electronic transitions from the
negative continuum into the s, , state if the latter is
vacant. The resulting holes in the continuum escape
as free positrons. The rate of this spontaneous positron
emission depends on the width of the Is,,, level
L6, 71.

Supercritical atoms (Z>Z_) can be produced in
heavy-ion collisions only. The sum of the nuclear
charges of target (Z;) and projectile (Z,) must exceed
Z.,. Then, at a critical internuclear distance R the
I's g, level of the temporarily formed molecule reaches
E= —mc? For a U—U molecule, R, is estimated to
lie between 34 and 51fm [7, 8]. In close collisions at
sufficiently high ion energies, R <R_, is possible and
spontaneous emission of positrons will take place,
provided there is a K-shell vacancy in the molecule.
Collisions between very heavy ions and atoms whose
relative velocity is nonrelativistic will always be
adiabatic with respect to the motion of the inner shell
electrons. However, nonadiabatic effects play an im-
portant role. An electronic transition from the nega-
tive continuum into the 1s g, state can be induced by
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the time variation of the potential between molecule
and electron. This induced positron emission [9] does
not require degeneracy of the two states, and it can
occur for an arbitrary R.

It is the purpose of this paper to derive the positron
decay rates within the semiclassical approximation,
which are valid for any Z, not only for the region of
low supercriticality as assumed in References 8 and 9.
Our discussion emphasizes the physical ideas of the
semiclassical method in connection with positron
emission, and it leads to simple analytical formulas.
We calculate in Section 2 the energy and the width
of the 1s,, level in supercritical atoms from the
resonant behaviour of the phase shift [10], applying
the WKB approximation. In Section 3 the cross
section for the spontaneous positron emission is
discussed.

Starting from an adiabatic basis we derive in Section 4
an estimate for the induced positron emission cross
section.

2. Energy and Width of the K-shell
in Supercritical Atoms

A K-shell vacancy in a nucleus with Z > Z__is unstable
against pair creation. From the definition of the
vacuum as the state of minimum energy [11] it
follows that an empty bound state in the negative
continuum represents a quasibound positron. This
positron can escape by tunneling through a potential
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barrier. As has been pointed out by Zeldovich and
Popov [3], this barrier comes from the effective,
energy-dependent potential of a Schrodinger-like
equation into which the single-particle Dirac equation
can be transformed. Although the barrier appears
for all s states with negative energy their width, i.e. the
tunneling probability, is non-zero in the supercritical
region only (E< —mc?).

2.1. Wave Function

In the case of s states the WK B approximation should
also be reliable. We insert

F=aexp(iS/h); G=bexp(iS/h) 2.1)

into the radial Dirac equation where F(r)/r stands for
the large and G(r)/r for the small component of the
Ls,,, state:

(E—mc*=V)F+heG +he/rG=0
(E+mc2—V)G—hcF +he/r F=0. (2.2)
If only zero order terms in # are considered one finds
S=p=[(E=mc®=V)E+mc*-V)]"*/c
=[2m(W-U)}? (2.3)

with W=(E?—m?c*)/2mc? the effective energy, and
U=(EV—V?2/2)/mc? the effective potential. By reason
of simplicity the nuclear potential V is chosen to be
constant inside the nucleus with raditus R,

—Ze? ,
V(r):{—zzlxzo,

r>R,
r=R,.

For this case Figurel shows the effective potential
U(r) together with the two classical turning points.
From the boundary condition F=G=0 at r=0 we
obtain in WKB approximation

F=a, sin (frl i pdr) / (po)? (2.4)
0

Fig. 1. Effective potential U(r) and effective energy W for the Cou-
lomb problem with Z> 170

valid for r<r, ., =Ze*/(mc*— E). In the barrier region

Foin <F <Tpoo = — Ze*/(mc* + E) we have

F=a,/2 exp (in/4—h“1 ] |p|dr>/(|p|c)”2.
The constant a, follows from normalization. The
small component is given by

G=i[(E—~mc?—V)[(E+mc?—V)]'2F. (2.5)

For vanishing potential the WKB solution (2.4) goes
over into the exact free solution of the Dirac equation.
It therefore is an exact solution in the nuclear interior
for the cut-off potential defined above.

2.2. Energy

The shape of the effective potential implies that there
are bound states in the continuum which can decay
via tunneling through the barrier into free states of
the negative continuum. This means that the quasi-
stationary bound states appear as resonances in the
scattering phase shift. These resonances were obtained
[10] from a phase shift analysis of the exact negative
continuum solutions of the Dirac equation in a super-
critical field.

In WKB approximation the calculation becomes very
simple. One starts from the semiclassical expression
for that part of the phase shift which is relevant to the
resonance [ 12]

5, = —arctan[1/4T? cot(¢ - 7/2)], (2.6)

where T is the tunneling amplitude

T—exp <~h‘1 T ol dr) 2.7)

Fmin
and ¢ is the classical action

Tmin

¢p=h"1 | pdr. (2.8)

(o]
As usual, the energies E, result from the poles of
cot(¢p —m/2):
p=nin+1/2) (2.9)

with n=1, 2, ... the principal quantum number. From
this condition together with (2.8) and (2.3) one obtains
the eigenvalue equation

2ar . +b
231/2 —-1/2 min
(me?) /(hcn){ba /210 2(ahV?+2aR,+b
2d/r_. +b
—dV? n lzd/rmm+
2(dDY*/R,+2d/R,+b

—n+1/2 (2.10)
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Fig. 2. Energy and width of the s, state in the WKB approxi-
mation. Full lines without, broken lines with centrifugal potential

with
a=2W; b=2Ze*E/mc*; R,=r,Z"3;
d=Z?e*/mc*;  1=aR3+bR,+d.

The parameter r, is taken to be 1.425ifm so that
E, _,=—-mctforZ=Z_=170.

In the nonrelativistic limit one must replace n+1/2
by n in order to obtain the hydrogen energy. The
reason for this change of quantization is that the
nuclear potential remains finite when r goes to zero,
which is essential for Z =137 but not for Z < 137.

The 1s,,, eigenvalues E; are shown in Figure2 as a
function of Z.

2.3. Decay Width

By expanding ¢ around the eigenvalue E, one obtains
the well known  Breit-Wigner denominator
(E,— E)—il /2 for the scattering amplitude. The width
I’ of the resonance is given by [12]

=)/ (250 E).

With (2.7) and (2.8) we obtain for the cut-off Coulomb
potential

(2.1

%: TE/Qhmc*) + Z e /(he(mc?)V?)

, 2
-{Rorhuaﬂ/l In 5 . (2.12)

min+b
(al)”2+2aR0+b}'

Here 77! is the “knocking frequency” of the positron

in the bound region r<r, :

min

=2 { m/pdr=2h(mc?)"?*/(hc)

0

2a rmin

b
2ah? +2aR,+b |’
(2.13)

. {Ré [mV2 V20— ba=3?/21n

The last two terms in d¢/OF result from the energy
dependence of the effective potential.

When E, approaches —mc?* the outer turning point
Fmax 2065 to infinity and /] vanishes exponentially [13].
The width increases with |E,| despite the increasing
barrier height, because the tunneling distance r,, —r, .
becomes smaller. In Figure 2 the width I} (Z) is plotted.
For comparison. energy and width of the Is, state
calculated from a modified effective potential U, [3]
are also shown. This potential contains a centrifugal
term

U=U+(he)*/2mc?r?) (2.14)

which appears if the 1/r terms in the Dirac equa-
tion (2.2) are treated as if they were of zero order
in A [14]. The modification leads to a third turning
point r,, with 0 <r, <R,. The eigenvalue equation is
stmilar to (2.10), where n=0, 1, 2, ... is now the radial
guantum number. It follows from (2.2) that the centri-
fugal term may be important if the small component
1s dominant.

It turns out that the K-shell energy obtained with
(2.14) decreases faster with Z than predicted in the
literature [5, 10]. This is a hint to omit, as we have
done, the centrifugal term for s, states. The WKB
energy obtained from (2.10) lies above the energy
calculated by Greiner and coworkers and below the
value found by Popov. The width is by a factor of ~3
larger than Greiner’s result.

3. Spontaneous Positron Emission During
the Ton-Atom Collision

In an adiabatic collision the time dependent mole-
cular potential causes the electronic 1so, state to
change with time. Whenever the distance R of the
two nuclei is less than R, the distance at which the
lso, state dives into the negative continuum, the
quasibound positron (electron hole) can escape to an
unbound continuum state. We do not touch the
delicate question of how to produce the hole in the
K-shell. 1f the hole is generated at the beginning of
the collision it will in general live long enough to
survive the collision. In the following we assume a
hole to be in the 150, state during the collision, and
we treat the decay in perturbation theory.
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The probability for the spontaneous emission of a
positron with fixed energy |E,| is given by the tunneling
probability per unit time multiplied by the interval
of time d1 in which the energy E (¢) of the quasibound
Isa, state coincides with E, {8]. The differential cross
section is
da bmax
71E] =2m | bdb2L(E)/h

0

dt

dE,

(3.1)

Ei

The integration over the impact parameters b is
restricted to close collisions. At b=b,,,,, the distance
of closest approach R,(b) equals R_,, and trajectories
with b>b__ do not contribute to the spontaneous
positron emission.

Taking into account the finite width of the quasibound
state and approximating its energy distribution by a

gaussian with width 4=1I{(E (1), 1)/2 we find

do bmax 4
mzzn g bdb_jwdtI;(Ei,t)
~exp[ —(E,— E (1)*/47)/(hn''? 4). (3:2)

The normalization is chosen in such a way that we
obtain (3.1) in the limit 4 0.

Near the turning point the energy E (1) depends
almost linearly on R(¢) [7]. We therefore take

E (Ry=E,+RAE/AR (33)

where E, is the K-shell energy of the united atom with
Z=Z,+Z,. The other two quantities are

AE=—-mc*—E, and A4R=R,.

u

We expand Rz} around the turning pomt of the
Rutherford orbit with impact parameter b:

R()=R,(b)+R, (b) 2. (3.4)

The constants R, and R, depend on the parameters
of the internuclear orbit.

The decay width I is a function of energy and of the
time dependent nuclear two-center potential. Since
R, lies inside the K-shell radius of the united atom,
we approximate the two-center potential by its mono-
pole term [4] and we introduce a time dependent
charge

V(R,r)= — Z(R) e¥/r. (3.5)

Near the turning point a linear interpolation is
possible

Z(R)=Z,+ Z,—RAZ/AR (3.6)

with 4Z=Z,+Z,—Z,, and AR=R,.
Figure 3 shows the cross section (3.2) for spontaneous
positron emission in a (U, U) collision. R__ is chosen
to be 34fm. The cross section is peaked at E;~

1
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Fig. 3 Cross section for spontancous positron production per
vacancy for a (U, U) collision at two different projectile velocities

E,(R,(0)) because the region near the turning point
is passed through slowly and also because the decay
width increases with |E,|. We find a strong increase of
the cross section with projectile velocity v.

4. lnduced Positron Emission

The time dependent molecular potential induces
transitions from the quasibound 1so, state into
continuum states with a different energy [9]. An
adiabatic basis will be used because the ion velocity
ts much smaller than the orbnal velocity of the quasi-
bound state. The exact time dependent solution of
g) can be
expanded in terms of the stationary solutions v, (R)
which depend on the internuclear distance R(t):

the Dirac equation  with its radial part (

Y(1)=Y A,(t) ¥, (R) exp (—ifr‘g E,,(wdr'). @.1)

In first order perturbation theory the amplitude for
the transition info a continuum state with fixed energy
E, s given by

+ o0

Ap=— _jw dt exp [ih‘l gdt’(Ef(t/)— E,-)]

0 0
[err SRR+ oIS GRy | @

In the energy exponent we omit the imaginary part
I /2 of the bound state energy E . In the case of (U, U)
collisions this decay term would only lead to a correc-
tion of the order of <10~ 2. For E ,+ E, the transition
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operator can be written

9 aV/(Ef(t)—Ei). (4.3)

ot Ot

We next evaluate the time integral (4.2) by contour
integration. The poles are given by the zeros of
E,(t)— E,. Bearing (3.3) and (3.4) in mind, level crossing
will occur at

t=+ty= +[(E,— E,—Ry(b) AE/AR) AR/(AER,(b))]"*.
(4.4)

In the classically forbidden region, E,<E Ry (D)),
to, is imaginary. For large values of |t| the argument of
the exponent in (4.2) behaves like i(E (o0)—E)t/h
where E (c0) is the 1s,,, energy of the target (for
Z,.2Z7Z,). Therefore, one can close the contour (4.2)
by a semicircle in the upper half plane and then calcu-
late the residue at t,,. In the classically allowed region
t, is real and we obtain half the sum of the residues at
t=+t,. Together with (3.5) we find

+

e?dZ/dr

t

A=~ drex [ifrl dr'(E t'—Ei]—,—*M
’ J P g (E,(r) )Ef(t)—E,.

=—(e2MdZ/d1), inS,/t, (4.5)
with

AR

So= o

AER,(b)

to
cos (h“ '[dt’(Ef(t/)—El.)), t, real
0
. "
exp (ifr1 fdt'(Ef(t’)—E,.)), t, imaginary
o

M =M+ Mg is the transition matrix element.

The integration over space will be performed by the
saddle point method. For monopole transitions, the
large component of the continuum state |F.) is given
by its s-wave part

[F,>=a,(p,c)” " sin(k,r) (4.6)

with p,=hk,=(E? —m? ¢*)"?/c. It will turn out that the
point of stationary phase lies outside the barrier
where the plane wave approximation (4.6) holds.
A possible phase shift for large r is of no consequence
for the transition probability. By means of (2.4) and
(4.6) we find for the contribution M of the large
components

M, = <F,(R)| 1/r |E(R))

=a,/2(p;c)" "2 fdra,(p,c) V2 r ' cosp(r) 4.7
0

r

with @(r)=4""[p,dr—k;r, and we considered only
0

the slowly oscillating part of the integrand. We recall
that the index f refers to the bound 1s,,, state which
gets filled while a positron escapes.
The phase ¢(r) is stationary at p,= hk; which means
that the saddle point r, is given by

ry=Z(R) e /(E,— E,(1). (48)

It follows from (4.4) that r,(t,)> r,,,.. This implies that
for t=t, the main contribution to the transition
matrix element comes from the outer region, if one
bears in mind the orthogonality of initial and final
state. The slowly varying part of the integrand in (4.7)
is taken out of the integral at r=r,. Expanding ¢(r)
up to second order in r—r, we find, retaining the
exponentially decreasing term only

My =a;a/Mp;c)™" explio(n,)
(124 Clx) +i(1/2 4 S(x)]/x 4.9)
with

X2 =" () 15/m=Z(t,) & /(he) |E|/(np;c).

We note that x is independent of r,. The transition
matrix element (4.9) contains the tunneling amplitude
because of

(4.10)

Fmax, f

Im(p@r =" | Ip,ldr.

Tmin, f

(4.11)

This reflects the obvious fact that for induced positron
cmission the positron must also tunnel through the
barrier as in the case of spontaneous emission. It is
consistent with the semiclassical approximation to
replace the Fresnel integrals C and S by their asymp-
totic values 1/2. In our case this is accurate to a few
percent.

The small component G deviates from F only by a
preexponential factor, and we obtain the same phase
dependence of both matrix elements in (4.2).

The differential cross section is given by

do=2n[bdb|A,Pdk/2n).

The integration over the direction of the emitted

positron with energy |E,| is readily performed since 4,

is 1sotropic. Inserting (4.5), we find with (4.9) and (2.5)
do

d1E]

(4.12)

=e2/(hc) Z7 n? [8(E2 —m? c*)/(he)

-jbdb!]\’if(dZ/deR/dt)m Sy T/tol?. (4.13)
The normalization factor is given by
N =aa (p,c) (1 +(E;—mcA)/E,+mc?) (4.14)

where a, is obtained from the condition that, in the
interior of the potential well, the final continuum
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Fig. 4. Cross section for induced positron production per vacancy
for a (U, U) collision at the same velocities as in Figure 3

function is normalized to one particle,
{ dr(IFf|2+|GJ,|2):1, (4.15)
0
while the initial continuum function is normalized to
plane waves. The last bracket on the right hand side
of (4.14) contains an enhancement factor from the
small component G. This factor almost cancels in N,
and we may approximate N, by taking only the
contribution from the large component F:

Ny =@nhc/k)2@mc?/(ct) 2 (p,0)". (4.16)

The positron emission cross section is shown in
Figure 4 in the case of (U, U) collisions. It vanishes
exponentially at the threshold energy |E,|=mc?. The
differential cross section increases with ion velocity v.
The same is true for the total cross section for which
we obtain 4 barn (v/c=0.15) and 1barn (v/c=0.1)
respectively. This is about one order of magnitude
larger than the values obtained by Greiner and co-
workers.

3. Conclusion

We have derived simple expressions for energy and
width of the 1s,, state in a supercritical atom. The
width is due to the tunneling of the vacuum electrons
into the empty K-shell.

In the second part we considered spontaneous and
induced positron emission. We showed how to treat
the dynamic coupling between nuclear motion and
electronic levels.

Within the semiclassical theory one finds the following.
If the charge of the united system is smaller than the
critical value 170 there is only induced positron
emission. [ts cross section is, however, very small and
positrons with energies near the threshold mc? are

favoured. When the united charge is overcritical and
the internuclear distance smaller than R_,, spontaneous
positron emission becomes possible. While its differ-
ential cross section, de /d|E], is sharply peaked
around the minimum energy of the quasibound 15, ,
state, the cross section dg,, ,/d | E;| for induced positron
emission is centered at much higher energies and has a
very broad peak. In the case of (U, U) collisions the
total cross section a,,, is two orders of magnitude
larger than o, in agreement with Greiner’s [9]
result.

The cross sections given in this paper must be multi-
plied with the vacancy production probability for the
K-shell to obtain the experimental yields. Preliminary
estimates [16] of this vacancy production in very
heavy-ion collisions yield very small probabilities
(= 1073).

It has to be noted that pair creation will also originate
from various background effects [6, 15]. Their
mechanism does not require a K-shell vacancy.

A discussion of many-particle effects in supercritical
atoms is far outside the scope of this work. Estimates
may be found, for example, in Reference 3.

We are thankful to the Munich Tandem Group who directed our
interest to this field.
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