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Abstract This study deals with constructing a convexity-preserving bivariate C1

interpolants to scattered data whenever the original data are convex. Sufficient con-
ditions on lower bound of Bézier points are derived in order to ensure that surfaces
comprising cubic Bézier triangular patches are always convex and satisfy C1 continuity
conditions. Initial gradients at the data sites are estimated and then modified if nec-
essary to ensure that these conditions are satisfied. The construction is local and easy
to be implemented. Graphical examples are presented using several test functions.
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1 Introduction

In Computer Aided Geometric Design, we often need to consider designing interpolating
surfaces with convexity or concavity properties. Several authors ([4], [5], [2], [10]) have
derived sufficient conditions to ensure the convexity of either triangular or tensor-product
Bernstein-Bézier surfaces. Examples of the methods used to construct convexity-preserving
interpolating surfaces are given in ([1], [6], [10], [12], [13], [15]). [1] derived the convexity-
preserving conditions for piecewise quadratic C1 interpolation based on Powell-Sabin splits
but are not complete as shown by a counter example in [13]. The complete set of condi-
tions on convexity-preserving interpolation by piecewise quadratic and cubic C1 functions
was then derived by [13] by combining local convexity conditions with an optimization
scheme which takes into account the global nature of the problem. [10] used bivariate
C1 cubic splines to deal with convexity-preserving scattered data interpolation. A neces-
sary and sufficient condition on Bézier-Bernstein polynomials were derived. The problem
of convexity-preserving is set into quadratically constraints in a quadratic programming
problem. Then the quadratic constraints were replaced by three linear constraints and the
problem was formulated into linearly constraint quadratic programming. [12] described a
C1 convexity-preserving scattered data interpolation. The method consists of constructing
a triangulation of the nodes for which the triangular-based piecewise linear interpolant is
convex, computes a set of nodal gradients for which a convex Hermite interpolant exists,
and constructs a smooth convex surface that interpolates the nodal values and gradients.
It involves two data-dependent triangulations with a straight-line dual of each. [6] de-
fined new triangular macro-elements based on Clough-Tocher cubic elements which allow
the construction of a C1 surface connecting patches originally of non-equal degree. The
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main tool in this construction relies on the degree elevation process associated with care-
ful modification of the Bézier nets. In addition, [6] proposed a shape-preserving criterion
for automatic selection of the tension parameters, which permits preserving monotonicity
and/or convexity of the data in domains containing, and along directions parallel to the
edges of the triangulation.

Motivated by sufficient condition for convexity of Bernstein-Bézier surfaces over triangles
given in [2] and [10], this paper will propose sufficient conditions by imposing a lower bound
on Bézier points in order to ensure that surfaces comprising cubic Bézier triangular patches
are always convex if given data are convex and satisfy C1 continuity conditions. Each
triangular patch of the interpolating surface is formed as a convex combination of three cubic
Bézier triangular patches. This method is local and the convexity-preserving interpolating
surfaces are controlled by certain free parameters. In Section 2, we present some technical
prerequisites concerning convex data, the Bernstein-Bézier representation of polynomials,
the convexity conditions of triangular Bézier surfaces and the sufficient conditions for C1

convexity-preserving interpolant. An outline of the surface construction process is given in
Section 3, while Section 4 presents some examples. Finally, the conclusion will be given in
Section 5.

2 Background

2.1 Convex Data

Scattered data, (xi, yi, zi), i = 1, 2, ..., N , are called strictly convex if there exists a strictly
convex function F such that F (xi, yi) = zi and

F (µp + (1− µ)q) = µF (p) + (1− µ)F (q), ∀µ ∈ [0, 1] (1)

for every pair of points p, q ∈ D where D is the convex hull of the nodes. Equivalently,
the data set is convex if there is a triangulation of the nodes for which the triangular-based
piecewise linear interpolant is convex (Such a triangulation is unique and the data are said
to be strictly convex if no four data points are coplanar [12]). An algorithm to construct
suitable triangulation T for convex data is given in [16].

2.2 Triangular Bézier Patch

A triangular Bernstein-Bézier surface of degree n over triangle T =< V1, V2, V3 > is defined
as

P (x, y) =
∑

i+j+k=n
i≥0, j≥0, k≥0

bijkBn
ijk(x, y) (2)

where bijk are the Bézier ordinates or control points of P and

Bn
ijk(x, y) =

n!
i!j!k!

risjtk (3)

with (x, y) = rV1 + sV2 + tV3 and r, s, t , are barycentric coordinates (i.e. r + s + t = 1).
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2.3 Convexity Conditions

The convexity of a polynomial can be conveniently characterized through its Bézier rep-
resentation. There are many sufficient conditions for convexity-preserving triangle in the
literature, such as in [1], [2], [4], [5], [10]. For our study, we use convexity-preserving condi-
tions in [10]. For any direction given as vector d = (d1, d2, −(d1 + d2)), the second order
directional derivative is given by

D2
dP (x, y) = n(n− 1)

∑

i+j+k=n−2

Cm
i,j,k(d)Bn−2

ijk (x, y) (4)

where Bn
ijk(x, y) ) is defined in (3) and

Cm
i,j,k(d) = d1(Cm−1

i+1,j,k(d)− Cm−1
i,j,k+1(d) ) + d2(Cm−1

i, j+1,k(d) − Cm−1
i,j,k+1(d) ) (5)

for m ≥ 1, with C0
i,j,k(d) = bijk, i + j + k = n.

Using (4) and (5) on a triangular patch represented by (2), we obtain

D2
dP (x, y) = n(n− 1)

∑
i+j+k=n−2

(d2
1(bi+2, j, k + bi,j,k+2 − 2bi+1, j, k+1)

+2d1d2(bi, j, k+2 + bi+1, j+1, k − bi+1, j, k+1 − bi, j+1, k+1)

+ d2
2(bi, j+2, k + bi,j,k+2 − 2bi,j+1,k+1))Bn−2

ijk (x, y)

= n(n− 1)
∑

i+j+k=n−2

(d1 d2)Q(i, j, k)
(

d1

d2

)
Bn−2

ijk (x, y)

with Q(i, j, k), a 2 x 2 matrix defined by

Q(i, j, k) =
(

∆1bijk ∆2bijk

∆2bijk ∆3bijk

)
(6)

where difference operators, ∆lbijk, l = 1, 2, 3 is defined as

∆1bijk = bi+2,j,k + bi,j,k+2 − 2bi+1, j, k+1 ,

∆2bijk = bi,j,k+2 + bi+1,j+1,k − bi+1, j, k+1 − bi, j+1, k+1

and ∆3bijk = bi,j+2,k + bi,j,k+2 − 2 bi, j+1, k+1 for i + j + k = n − 2, i, j, k ≥ 0. Note
that P (x, y) is convex on T if and only if D2

dP (x, y) ≥ 0 for all (x, y) ∈ T for all direction
d. P (x, y) is convex when Q(i, j, k) in (6) is positive semi-definite for all i, j, k ≥ 0 with
i + j + k = n− 2 which is equivalent to the conditions

∆1bijk ≥ 0, ∆3bijk ≥ 0

and

(∆1bijk )(∆3bijk) ≥ (∆2bijk)2





. (7)
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2.4 C1 Cubic Convexity-Preserving Interpolants

A cubic Bézier triangular patch P on T is defined as,

P (x, y) =
∑

i+j+k=3
i≥0, j≥0, k≥0

bijkB3
ijk(x, y)

= b300r
3 + b030s

3 + b003t
3 + 3b210r

2s + 3b201r
2t + 3b120rs

2 + 3b102rt
2

+3b021s
2t + 3b012st

2 + 6b111rst (8)

where bijk are the Bézier ordinates of P as shown in Figure 1.

Given the Bézier ordinates at vertices i.e. b300, b030, b003, the sufficient conditions on the
remaining Bézier ordinates will be derived to ensure the convexity of the entire patch. Let
A = b300, B = b030, and C = b003, A, B, C ∈ < . Note that in this paper we will
only focus on positive and convex data i.e. for the case of A > 0, B > 0 and C > 0.
Our approach is to find lower bounds on the remaining Bézier ordinates, so that second
directional derivative, D2

dP (x, y) ≥ 0 for all (x, y) ∈ T for any direction d. Let Bézier
ordinates b210, b201, b120, b021, b012, b102 have the same value−p and b111 = −q, with p, q > 0.

Using (7), we obtain the following set of conditions for convexity-preserving on each trian-
gular patch,

−p + q ≥ 0, (9)

p ≥ −A, p ≥ −B , p ≥ −C, (10)

(−p + q)(2A − q + 3p) ≥ 0, (11)

(−p + q)(2B − q + 3p) ≥ 0, (12)

(−p + q)(2C − q + 3p) ≥ 0. (13)
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Since A > 0, B > 0, C > 0, equations (9) – (13) clearly hold when p = q = 0.
From (10), we obtain

p ≥ max(−A,−B,−C). (14)

Thus, the lower bound of p is given by

p0 = α max(−A, −B, −C) (15)

where α is a free parameter.We need α < 0 in order for p0 > 0. If (9) holds, then conditions
(11), (12) and (13) will just reduce to q ≤ min (3p + 2A, 3p + 2B, 3p + 2C).
It is then easy to show that min (3p + 2A, 3p + 2B, 3p + 2C) ≥ p . Thus

p ≤ q ≤ min (3p + 2A, 3p + 2B, 3p + 2C) . (16)

From (15), when p0 is a lower bound of p, then (16) becomes

p0 ≤ q0 ≤ min (3p0 + 2A, 3p0 + 2B, 3p0 + 2C) . (17)

The lower bound of q can then be written as

q0 = βp0 + (1− β) min (3p0 + 2A, 3p0 + 2B, 3p0 + 2C) (18)

where 0 ≤ β ≤ 1 is a free parameter.

Proposition
Consider the cubic Bézier triangular patch P (x, y) with b300 = A, b030 = B, b003 = C. If
b021, b012, b201, b102, b210, b120 ≥ −p0, and b111 ≥ −q0 ,where p0, q0 are given by (15) and
(18) respectively then P (x, y) is convex on a given convex domain D ∈ <2.

3 Construction of Convexity-Preserving Interpolating Surface

We want to construct a C1 convexity-preserving functional surface F (x, y) which interpo-
lates a given positive and convex scattered data, (xi, yi, zi), i = 1, 2, ..., N, zi > 0. The
surface comprises cubic Bézier triangular patches, each of which is guaranteed to remain
convex. We use Delaunay triangulation to triangulate the convex hull of the data points.
Estimations of the first order partial derivatives of F with respect to x and y are obtained
using the methods of quadratic approximation and least squares i.e.

min
∑

i

(
ax2

i + by2
i + cxi + dyi + e− zi

)2

where a, b, c, d and e are coefficients to be determined.

Then first order partial derivatives at vertex Vi can be estimated as Fx = 2ax + c and
Fy = 2by + d. Note that, in this paper we use a quadratic function without cross-product
term because it is suitable for convex data. Let Vi = (xi, yi), i = 1, 2, 3 be vertices of a
triangle, such that F (Vi) = zi, and the first partial derivatives, Fx(Vi) and Fy(Vi). For
each triangular patch P as in (8), the derivative along edge ejk joining (xj , yj) to (xk, yk)
is given by

∂P

∂ejk
= (xk − xj)

∂F

∂x
+ (yk − yj)

∂F

∂y
.
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The given data and estimated derivative values at (xi, yi), enable us to determine all the
Bézier ordinates brst except for b111. For example, we will have:

b300 = F (V1), b210 = F (V1) +
1
3

∂F

∂e12
(V1) and b201 = F (V1) − 1

3
∂F

∂e31
(V1).

However, the initial estimate for each edge ordinate may not satisfy the convexity conditions
for P . In view of the Proposition, we need these Bézier ordinates to be greater or equal to
−p0. If they are not, then the magnitudes of Fx, Fy at the vertices need to be reduced so
that the convexity conditions are satisfied. The modification of these partial derivatives at
a vertex Vi, is achieved by multiplying each derivative at that vertex, by a scaling factor
0 < γ < 1. The smallest value of γ is obtained by considering all triangles that meet at
vertex Vi, which satisfy the convexity conditions of all the triangles. For example,

(b210)j = F (V1) + γ
∂F/∂e12

3
≥ (y3)j

and

(b201)j = F (V1) − γ
∂F/∂e31

3
≥ (y2)j ,

where subscript j represents a quantity which corresponds to triangle j. Having adjusted
these derivatives, if necessary, the Bézier ordinates are recalculated using the formulae
above. The above process is repeated at all the nodes, Vi (see [3] for further details).
For each triangle, the inner Bézier ordinate b111, remains to be calculated, in such a way to
guarantee the preservation of convexity and to ensure C1 continuity across patch boundaries.
Let T1 and T2 be two adjacent cubic Bézier triangular patches with a common boundary
curve (see Figure 2). C1 continuity conditions between adjacent patches are given by

c102 = µ1b120 + µ2b030 + µ3b021 (19)

c111 = µ1b111 + µ2b021 + µ3b012 (20)

c120 = µ1b102 + µ2b012 + µ3b003 (21)

where (µ1, µ2, µ3) is the barycentric coordinates of W3 with respect to triangle T1. (19) and
(21) are automatically satisfied since the Bézier ordinates b201, b210, b012, b102, b120, and b021

have already been obtained.
We shall use similar method as in [9] to determine initial value of inner Bézier ordinate,
bi
111 which is C1 across boundary ei, i = 1, 2, 3 where ei is the edge of the triangle opposite

vertex Vi. Local scheme Pi is defined by replacing b111 in (8) with bi
111. The values of inner

Bézier ordinates b1
111, b

2
111 and b3

111 for local schemes P1, P2, and P3 are given by

b1
111 =

1
2

(
b120 + b102 +

1
2

(b012 + b021 − b003 − b030)
)

,

b2
111 =

1
2

(
b210 + b012 +

1
2

(b102 + b201 − b003 − b300)
)

and

b3
111 =

1
2

(
b021 + b201 +

1
2

(b120 + b210 − b300 − b030)
)
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respectively. Initial estimate of the inner Bézier ordinates as above in each triangle may not
satisfy the convexity conditions of P (x, y) as stated in the Proposition i.e. b111 ≥ −q0. For
example, when e1 is a common edge to two triangles as in Figure 2, and the initial value
b1
111 or c1

111 is less than −q0, then these ordinates are both modified to ensure that b1
111,

c1
111 ≥ −q0, and C1 continuity condition along the common boundary curve of adjacent

patches is satisfied. When e1 is on the boundary of the domain, and b1
111 is less than −q0

then b1
111 is reset to be equal to q0. The ordinates b2

111 and b3
111 of P2 and P3 are adjusted

accordingly using a similar approach (see [3] for further details). The interpolating surface
P on triangle T is then defined as a convex combination of all the local schemes such that
sufficient conditions on all sides of the triangles are satisfied, i.e.

P (u, v, w) = c1P1(u, v, w) + c2P2(u, v, w) + c3P3(u, v, w)

or

P (u, v, w) =
∑

i+j+k=3
i 6=1,j 6=1,k 6=1

bijkB3
ijk (u, v, w) + 6uvw(c1b

1
111 + c2b

2
111 + c3b

3
111)

with c1 =
vw

vw + vu + uw
, c2 =

uw

vw + vu + uw
and c3 =

vu

vw + vu + uw
, and

u, v, w are the barycentric coordinates.

4 Examples

We will illustrate our interpolating scheme using the following convex test functions:

f(x, y) = x4 + y4 and g(x, y) = x3 + 5(y − 0.6)2 + 1.

The first data set consists of eight points of convex triangulation defined on rectangular grid
[−1, 1]× [−1, 1] are taken from [15] with data values taken from function f . Figure 3 shows
a triangular domain of the data set. The corresponding linear interpolant is in Figure 4
and the convexity-preserving interpolating surface of our method is given in Figure 5. The
second data set of nine data points are defined on rectangular grid [0, 1]× [0, 1] ([13]) with
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data values taken from function g. Figure 6 shows the triangular domain, Figure 7 is the
corresponding linear interpolant while Figure 8 shows the interpolating surface using our
convexity-preserving scheme.

The final data set consists of 26 scattered points from [11] with data values taken from
function f . Figures 9 to 11 show a triangular domain, linear interpolant and convexity-
preserving interpolating surface respectively. Note that for the first and second data set, we
choose α = −0.028 and β = 0.2, while for the third data set we take α = −0.3 and β = 0.1
as parameters to ensure convexity-preserved of the given functions.
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5 Conclusion

We have considered generating non-parametric surfaces which interpolate positive and con-
vex scattered data using convex combination of cubic triangular patches. We have imposed
lower bounds on Bézier points in order to ensure that surfaces comprising cubic Bézier
triangular patches satisfy C1 continuity conditions and are always convex when the given
data are convex.
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