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Abstract

A category of (action labelled) trees is defined that can be used to model unfolding
of labelled transition systems and to study behavioural relations over them. In this
paper we study five different equivalences based on bisimulation for our model. One,
that we called resource bisimulation, amounts essentially to three isomorphism. An-
other, its weak counterpart, permits abstracting from silent actions while preserving
the tree structure. The other three are the well known strong, branching and weak
bisimulation equivalence. For all bisimulations, but weak, canonical representatives
are constructed and it is shown that they can be obtained via enriched functors
over our categories of trees, with and without silent actions. Weak equivalence is
more problematic; a canonical minimal representative for it cannot be defined by
quotienting our trees. The common framework helps in understanding the relation-
ships between the various equivalences and the results provide support to the claim
that branching bisimulation is the natural generalization of strong bisimulation to
systems with silent moves and that resource and weak resource have an interest of
their own.

1 Introduction

Behavioural equivalences play an important réle in the description of the op-
erational semantics of concurrent systems. These equivalences are used to
abstract away the irrelevant details introduced when describing systems as
sets of states that evolve by performing actions, i.e. by means of labelled tran-
sition systems. There are various opinions about which features of a system
are relevant for a given purpose, and hence various notions of equivalence for
labelled transition systems have been proposed; |3] and [8,9] give a compara-
tive accounts.
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Many of the equivalences proposed in the literature are based on the notion
of bisimulation |15] which gives rise to strong bisimulation equivalence. Two
of the most popular generalizations of this equivalence to systems with silent
moves are branching [10] and weak bisimulation [14]. Both of these equiv-
alences ignore 7 (internal or silent) actions, but they deal differently with
intermediate states accessed by 7 transitions and lead to different identifica-
tions, putting a different stress on the branching structure of processes. While
strong bisimulation is generally regarded as the equivalence which provides
the minimum abstraction from the details of behaviour for 7—free transitions
systems, there is little agreement about the comparative merits of the weak
and branching generalizations of strong equivalence to systems with 7 actions.

In our view, category theory and their abstract constructions can be a
useful tool for understanding and assessing the relative merits of different
concepts. Here, we consider those categories of trees that have been used
to model concurrent systems [12] and nondeterministic regular expressions
[6,2]. Our aim is that of reconducting the different bisimulations to a common
framework where it is easier to understand their relationships.

We shall study five different bisimulation-based equivalences for our trees.
The more concrete one, that we called resource bisimulation [6], corresponds
to tree isomorphism; it is finer than strong bisimulation in that it discrimi-
nates also according to the number of computations that can be performed to
reach specific states. It will be our touchstone and will guide toward defining
and assessing the other equivalences. Indeed, the second one is its weak coun-
terpart that permits abstracting from silent action while preserving the tree
structure. The other three equivalences are the well known strong, branching
and weak bisimulation equivalence [15,10,14]. We shall see that branching
bisimulation can be obtained by mirroring the construction for weak resource
bisimulation while replacing isomorphism requirements with requirements of
strong bisimilarity. For resource, strong, weak resource and branching bisimu-
lation equivalence we shall define standard representatives of their equivalence
classes. These constructions are then vindicated by the enriched categorical
account that we provide in the final part of the paper. We argue that similar
results cannot be obtained for weak bisimulation equivalence.

We start from a basic category of trees labelled over an actions monoid,
Tree, and construct a category Der with the same objects and where the maps
are paths to derivatives (so a map f : ¢t — t' tells us how to find a copy of ¢/
in t). Invisible actions (7s) are introduced by admitting them as labels; this
generalizes Tree to Tree, and Der to Der,. To relate the two categories a
functor del: Tree, — Tree is defined which deletes 7—labelled branches.

We show that resource equivalence does not introduce any quotienting
on Der and corresponds to the identity functor. After that, we introduce
Fs : Der — Der which functorially map a tree to the canonical representative
of its strong bisimulation equivalence class. Finally, we define Fiyr and Fp :
Der, — Der, which functorially maps a tree to the canonical representative
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of its weak resource and branching bisimulation equivalence class.

In our view, these results strengthen the claim that branching bisimula-
tion is the natural generalization of strong bisimulation to systems with silent
moves and that a suitable notion of tree is fundamental in dealing with bisim-
ulations.

2 Trees and Transitions Systems

We begin by introducing the basic concepts of labelled transition systems,
their unfoldings, and the five notions of bisimulation we will study. We then
present trees as a structure of runs with agreements and the relationship with
unfoldings.

We begin with standard definitions about transition systems. We suppose
that a set A of actions is given, together with a distinguished action 7 ¢ A
representing a silent move. Unless otherwise stated, we confine attention to
reachable transition systems with finite unfoldings.

We write A, for AU {7} and A* for the monoid of words on A with empty
word €. The variables a, b etc. will range over A, and pu, v etc. over A,. Words
will be w, v etc.

Definition 2.1 A (rooted) labelled transition system or LTS is a quadruple
S = (S,E,—,sg) where S is a set of states, ranged over by s, u etc.; E is a
set of actions, F C A,; = C S x E x S s a relation, the transition relation;
so € S is a distinguished starting state.

We usually write s —— s’ rather than (s, 1, s') € —, and if s, u, s and o’
are states in S we write
i) == for the reflexive and transitive closure of —;
ii) s =% u if there exist ', v’ such that s == &' -5 o/ == u;

)
iii) s 7“4 if there exists no s' € S such that s — s’
) s —Aif s b forall pe A,

1v

We now introduce our five bisimulations, four of them are relatively well
known, the other, weak resource bisimulation, is new and has been defined in
collaboration with Flavio Corradini.

Definition 2.2 Let S = (S, E, —, sq) be an LTS. A symmetric relation R C
S x S s said to be

i) a resource bisimulation if s R w, implies that there exists a bijection f
between {s'|s > '} and {u'|lu > u'} such that ' R f(s');

i) astrong bisimulation if s R u and s > s' implies that u —~ v’ and s' R u';

iii) a weak resource bisimulation if for all p € A., if s R u, then there ezists
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a bijection f between {s'|s = s’} — {s'|s' == s",s' R 5"} and {u'|u ==
u'} — {u'u == v u' Ru"} such that s' R f(s');

iv) a branching bisimulation if s R u and s L5 ' implies that either p = 7
and s' Ru. or u == u; -5 uy == us and s Ruy, s’ R us, s' R us.

v) a weak bisimulation if s R u and s == s' implies that u == u' with s' R u'.

Two states are said to be resource, strong, weakly resource, branching
or weak bisimilar if there exists an eponymous bisimulation relating them.
We write =g, ~g, ~wr, ~p, and ~y for resource, strong, weak resource,
branching, and weak bisimulation equivalence, respectively.

It is not difficult to see that, in presence of 7-actions, the last three rela-
tions are increasingly coarser. When all actions are visible, we have instead
that resource and weak resource on one hand, and strong, branching and weak
bisimulation, on the other, do collapse.

We now introduce a category of labelled trees, Tree and some of its prop-
erties. A single tree will be modelled by specifying what runs it has, what
computations are performed along each run (its eztent), and to what extent
those computations agree (the agreement). Thus the tree

&

Y x
will be modelled by runs, x and y, labelled with ab and ac respectively, and
by stating that x and y do not agree at all. In contrast, the tree

will be modelled by giving two runs, z and y, again labelled with ab and ac,
but with agreement between x and y being the initial a.

Definition 2.3 Let A = (A", <, A, €) be the meet semilattice where < is the
prefiz order of words; N\ is the largest common prefix operation on words; and
€ 1s the minimum.

Definition 2.4 A tree X = (X, e, ) comprises:
e g set X of runs;

e amap ¢ : X — A*, the extent map, giving the computation (x) along a
TUn T;

e amap a: X X X — A* establishing the agreement between pairs of com-
putations.



Additionally, we require that for all x,y,z € X
- a(z,z) = e(2)
- a(z,y) <e(z) Ae(y)
- alz,y) Aaly, ) < alz, 2)
- ofz,y) = oy, o)
These amount to requiring that a run agrees with itself along all its length; the
agreement between two runs is not bigger than their largest common prefix
(runs are forced to agree on a common initial segment and they cannot join
up again once split); the common agreement between z, y and z is not bigger
than that between = and z; agreement is symmetrical.

We will write X, ), etc. for typical trees with components X = (X, ¢, a),

Y = (Y,(, ). We shall use w' — w to denote the word obtained from w’ by
deleting the prefix w from w'.

Example 2.5 The two trees illustrated above are specified by (X, e, ) where
X = {z,y}, and ¢(x) = ab, e(y) = ac, a(z,y) = € and (Y,(, ) where
Y ={z,y}, and {(z) = ab, ((y) = ac, f(x,y) = a, respectively.

We can observe that A-labelled trees are symmetric A-categories, when 4

is thought of as a posetal 2-category [16]. Therefore the appropriate notion of
comparison for trees is that of A- functor, i.e.:

Definition 2.6 A tree morphism f: X — Y is a map f: X — Y satisfying
i) f does not change the extent: ((f(z)) = e(x);
ii) f increases the agreement: B(f(x), f(y)) > a(z,y).

Tree will be the category of finite A-labelled trees. For A,—labelled trees,
we use the semilattice A, = (A%, <, A, €) exactly as before, and hence obtain
the category Tree, with extent and agreement maps valued in A, .

Definition 2.7 Given two trees, X and Y, we can form the sequential com-
position of X and Y, X @ Y = (Z,n,7) as follows:

i) Z=XXY (arunin X ®Y is a run in X followed by a run in Y);

ii) n(xz,y) = e(x).C(y), where . is concatenation of strings (so the label of a run
in X ®Y is the label in X followed by the label in Y );

iii) y((z,y), (2,y')) is oz, 2') if v # 2’ and e(x)B(y, y') otherwise (so runs that
are different in X have their X agreement, while runs that differ only in Y
have their X agreement concatenated with their Y agreement).

Proposition 2.8 Sequential composition defines the object part of an asso-
ciative tensor product on Tree with unit 1 = ({8}, c(e) = ¢, (o,0) =¢€). Tree
has an initial object given by the empty tree, 0 = (0,0, 0), and finite coproducts
given by joining two trees at the root.

Intuitively, it is clear that the trees introduced in the last sections can be
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used to represent the unfoldings of finite transition systems. Here, we formally
establish the correspondence and use it to motivate our equivalences and lift
the bisimulations to trees.

Definition 2.9 Let X = (X, ¢, a) be a tree. A prefix of a run in X is a pair
(z,w) consisting of a run x € X and a word w € A* with w < e(x).
A path in X is an equivalence class [x,w] of prefizes quotiented by
(z,w) = (y,v) iff w=v < azy);
The derivative reached along x after w, for a path [x,w] in X, is the tree
(Y, ¢, B) whereY = {2'|2' € X, a(x,2') > w}; ((2') = e(2’)—w; B’ 2") =
alz',z2") — w.

The figure below illustrates the terminology.

X
Xz, w)y

w
Y

r oy

We will write paths(X) for the paths of a tree X and X' [x,w) Y if Y is the
derivative reached along x after w in X We will write X' [z, v) for the unique
tree ) such that X[z,v) ).

Notice that in the definition above, we did not mention nodes explicitly:
they are in an obvious bijective correspondence with paths. Sometimes, we
will refer to paths as nodes.

Given a transition system S with a finite unfolding, we now construct a
tree unf(S) representing that unfolding.

Definition 2.10 The unfolding unf(S) = (runs(S),cs,as) of a transition
system S = (S, E,—, s9) is a tree given by
i) runs(S) = {Sop1S1fta - - - fhnSn | So > 51 > ... s, A}
i) €s(Sop151 - - - fnSn) = M1 - - - [in;
i1i) as(Sof181 - - - PnSny SOVIUL « - - Uliy) = [1 - . - jiy where for all k <1, vy = py
and sy, = ug, and f11 # Vig1 OT Sp1 7 Uyl

It is not difficult to see that, if we use unfold(S) to indicate the standard
unfolding of a transition system S and use tran(X) to refer to the transition
system associated to a tree X' defined as follows:

tran(X’) = (paths(X),im(e), —, [z, €])
where im(g) = {y | p appears somewhere in £(z),z € X} and [z, w] -

[y, v] if and only if (y,v) € [z, wu|, then we have: unfold(S) = tran(unf(S)).
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3 Bisimulation for Trees

We shall work directly on trees and provide a concrete definition of resource
and strong equivalence directly over them. We will also consider weak resource
equivalence, branching and weak equivalence. We will however prove that our
definitions are in full agreement with the corresponding ones introduced in the
previous section for labelled transition systems.

Definition 3.1 Two trees, X and ), are resource bisimilar, written X ~r Y
if and only if there exists a bijective function f : X — Y such that e(x) =
C(f(x)) and Yw < e(x), with w # ¢, X [z,w) ~p V[f(z),w).

Proposition 3.2 Two (finite) trees are resource bisimilar if and only if they
are isomorphic.

Proposition 3.3 Two transition systems with finite unfoldings are resource
bisimilar, S ~r &', if and only if there is a resource bisimulation between their
unfoldings as trees, i.e., if and only if unf(S) ~r unf(S').

Definition 3.4 Two trees, X and Y, are strongly bisimilar, written X ~g Y
if and only iof
i) Vee XAy eY: e(x)=C((y) and for allw < e(x), withw # €, X[z, w) ~g
Yy, w).
i) Yy e Y dx € X: e(x) = ((y) and for all w < ((y), with w # ¢, Y[y, w) ~g
Xz, w).

Proposition 3.5 Two transition systems with finite unfoldings are strongly
bisimilar, S ~s S', if and only if there is a strong bisimulation between their
unfoldings as trees, i.e., if and only if unf(S) ~g unf(S’).

We introduce a function, del, which deletes 7s, and transforms a tree with
7 moves in Tree, into a tree in Tree obtained by ignoring all 7 moves. Below,
we overload notation, and call del the obvious deletion on words, del(e) = €
and del(pw) as pdel(w) if p # 7 and del(w) otherwise. Please notice that
images of glued runs in del(X') are glued in del()).

Definition 3.6 Function del : Tree, — Tree is defined as del(X,e,a) =
(Y,(, B) where Y = X ; ((z) = del(e(z)); B(x,y) = del(a(z,y)).

It can be immediately seen that del extends to a functor del . Tree, — Tree;
indeed morphisms from X to ) induce morphisms from del(X) to del()).

Once we ignore 7s, a derivative is not uniquely determined by its access
path any longer. To see this, examine Figure 1: the same run, z, leads to
both the derivative ¢t + 7t and ¢’ along del(w) or del(wr). Thus, in general,
(x, del(w)) specifies the path to a set of derivatives.

It is important to notice that there is always a largest tree (¢ + 7t here) to
which [z, del(w)] leads, and any other tree so accessed (like ¢') is a 7—summand
of this one.



Fig. 1. Derivatives accessed along [z, del(w)] in the presence of 7s.

Definition 3.7 Given a tree X = (X,e,«a) in Tree;, a run © € X, and a
prefiz v < del(e(x)), let w € A% be the shortest word such that w < e(x) and
dellw) = v, X[z, w) Y.
(i) R (X,z,v) = {Z|X[z,w) Y [x,7™) Z,n > 0},

the family of derivatives reachable along x by v.
(il)) R(X,z,v) = {del(2) | X [x,w) Y [z, ") Z,n > 0},

the family of derivatives reachable along x by v but pruned using del.
Within this setting, we write Z <, Y if Z is a T—summand of Y, and note

that R(X,x,v) is linearly ordered by the relation induced by <., that with
abuse of notation we will write <, as well.

Definition 3.8 Two trees X and Y are weak resource bisimilar, written
X ~wr Y, if and only if there exists a bijection f : X — Y, such that

del(e(z)) = del(C(f(x))) and

a) For allv = del(w), w < e(x) and w # ¢, if t € R, (X, x,v) then there exists
t'e R (Y, f(x),v) and t =g t';

b) for allv = del(w), w < e(y) and w # €, if t € R (X,y,v) then there exists
t' S Rr(y; f(y); U) and t ~WR .

Proposition 3.9 Two transition systems are weak resource bisimilar, S ~w g
S', if and only if there is a weak resource bisimulation between their unfoldings
as trees, i.e., if and only if unf(S) ~wr unf(S’).

Definition 3.10 Two trees X and Y are branching bisimilar, written X ~pg
Y,if and only if
i. Ve € X Jy € Y such that del(e(x)) = del(((y)) and
a) for all v = del(w), with w < e(x) and w # ¢, if t € R, (X, x,v) then there
erists t' € R, (Y, y,v) such that t =g t';
b) for allv = del(w), with w < ((y) and w # ¢, if ' € R.(Y,y,v) then there
exists t € R, (X, x,v) such that t ~p t'.

. Yy € Y Iz € X such that del(e(x)) = del({(y)) and
a) for allv = del(w), with w < {(y) and w # ¢, if t' € R (Y, y,v) then there
erists t € R, (X, z,v) such that t =p t';

8



b) for all v = del(w), with w < e(x) and w # ¢, if t € R, (X,z,v) then there
erists t' € R (Y, y,v) such that t ~p t'.

Proposition 3.11 Two transition systems are branching bisimilar, S ~g &',
if and only if there is a branching bisimulation between their unfoldings as
trees, i.e., if and only if unf(S) ~p unf(S’).

Definition 3.12 Two trees X and ) are weakly bisimilar, written X =~y Y, if
and only if

i. Ve € X Jy € Y such that del(e(x)) = del(((y)) and
a) for all v = del(w), with w < e(x) and w # ¢, if t € R (X,x,v) then there
erists t' € R (Y, y,v) such that t =y t'.

ii. Yy € Y Jx € X such that del(e(x)) = del(C(y)) and
a) for allv = del(w), with w < {(y) and w # ¢, if t' € R (Y, y,v) then there
exists t € R, (X, x,v) such that t ~yy t'.

Proposition 3.13 Two transition systems are weakly bisimilar, S =y S', if
and only if there 1s a weak bisimulation between their unfoldings as trees, i.e.,

if and only if unf(S) ~w unf(S').

It is interesting to note the essential difference between definitions 3.10
and 3.12 is one of symmetry: definition 3.12 is missing cases i.b and ii.b
of definition 3.10. This will turn out to have important consequences; the
symmetrical form of definition 3.10 means that we can define a branching
bisimulation as an equivalence relation between runs (in the style of the ‘back—
and-forth’ approach [7]), whereas no such definition will be possible for weak
bisimulation.

4 Canonical Representatives for Bisimulation

In the previous section, we rephrased the definition of weak and branching
bisimulation by only relying on 7-less structures. The information about silent
step transitions is collected in what we called the family of derivatives reached
along run z via label w, R(X,z,w). In this section we will exploit this intu-
ition, and the construction of standard representatives for strong equivalence
classes of trees, to build standard representatives for branching equivalence
classes of trees. We will show that, given a rigid (7-less) tree whose nodes
are labelled by R-sets, it is possible to obtain a (non-rigid) “minimal” tree
that is branching equivalent to the original one. The same procedure will be
used for weak resource equivalence, taking into account that, in that case, the
corresponding “rigid” equivalence is isomorphism. We remind the reader that
we use = to denote tree isomorphism.

We begin by characterizing strong bisimulation via a canonical represen-
tative. The canonical representative for the ~g—equivalence class will be ob-
tained by merging those runs that have the same extent and equivalent rela-
tionships with other runs in the same tree.
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Definition 4.1 Let = be the equivalence relation on runs defined by v = ' if
and only if e(x) = e(2') and for every v < e(x), X[z,v) ~g X[2',v), and let
|z| denote the =—equivalence class of x. The canonical S—reduction of a tree
X =(X,e,«), SX, is the tree (Y, (, ) where

1) Y ={la] [z € X};

i) ((|z]) = e(z);

iii) B(lzl, |y) = max{a(a’,y) | 2" € |2, 4" € |y[}.
It is worth noticing that the maximum above exists. Indeed, v = x' implies
e(x) = e(a'); hence a(z',y) for o' € |z| is always a prefiv of e(x). Thus
a(x',y), as o' varies, is linearly ordered.

We approach the proof that SX is the canonical representative of the ~xg—

equivalence class of X' (and hence that strong equivalence coincides with ~g)
by showing that X and SX have the same transitions:

Lemma 4.2 X and SX can perform the same labelled transitions:

i) if X[x,w)) then (SX)[|z|,w) (SY);
i) if (SX)[|z],w) Z and X|[x,w)), then SY = Z.

Theorem 4.3 Given trees, X and Y, we have SX = SY if and only if X ~g
V.

In order to define a canonical representative for equivalences involving
silent moves, we need a procedure of reconstruction of a non rigid tree starting
from data given in terms of rigid trees. In the appendix we report an example
reconstruction, here we provide a general procedure that given a collection of
(x,v)-indexed families of trees, under some conditions on the collection, yields
a reconstructed tree.

Definition 4.4 Fiz a tree X in Tree and suppose that a finite collection
R(z,v) of sets of trees is given, one set for each pair (z,v), x € X, v < &(x)
We will call this collection X—reconstructible if it satisfies the following con-
ditions:
Z) (R(ZL‘,U), §+) is a ﬁmte chain, R(.Z’,U)i S-I— R(xav)i—l §+ s S-‘r R(xav)lf
mn Tree;
ii) There exists a surjective morphism (epimorphism) fy, from X |x,v) to the
mazimal element in the chain R(x,v); and for every i, fy.,(z) € R(x,v);;
iWi) If fon(y) € R(x,v); then R(z,s) = R(y,s) for all s < v, and, if s = v,
for all j < i R(z,s); = R(y,s);, furthermore, for all s < v, fys and f,
coincide on common domains.

Condition i) means that the derivative after v along x is considered as
standing for i different states that are bigger and bigger, but ii) guarantees
that the biggest of such states is covered by the original one; iii) deals with
coherence of the derivatives associated with each run.
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The properties of reconstructible families are sufficient to ensure a well—
behaved reconstruction.

Definition 4.5 Given a tree X in Tree, consider a X —reconstructible family
R(x,v), the reconstruction [ X, R(zx,v) = (X', &', a') of X is given by:
i) X = X;
i) '(z) = T™Maym%ay . . . T a, T+, given (x) = aiay . .. a, and
i = |R(z,a1...a5-1)] =1 for 1 <k <n+1;
i) o (x,y) = T™ha1T?ay ... T a, T where oz, y) = aiay. ..y, for 1
k< m, ix = |R(z,a1...a5-1)] — 1 and iy = |R(X, 2, 0109 ... ay)
R(y, a0z . ..an)| — 1.

<
N

Proposition 4.6 Let [ X, R(x,v) be as in definition 4.5, then it is a tree in
Tree, .

Lemma 4.7 Given a tree X in Tree, let w be a word different from 7. There
is an epimorphism between del( [ X, R(z,v) [z, wr")) and R(z, del(w))p1.

Proposition 4.8
i) There is a bijection between R.([ X, R(x,v)) and R(z,v).
i) [(X[2',w)), R(xz,0)) = ([ X, R(z,0)) [¢,w).

Let us now consider reconstruction in the cases of interest for us. We
will start with a tree in Tree,, we apply deletion on it and reconstruct it
with families obtained from the original tree. Two kinds of families will be
considered, to obtain trees that are weakly resource and branching bisimilar
to the original tree. As in the general case (Definition 4.5), reconstruction
will be carried run by run and two trees will be identified only if they are
isomorphic and reachable along the same run.

Theorem 4.9 Given a tree X in Tree., let us consider two
del(X)—reconstructible families:

i) Ri(z,v) = R(X,z,v), epimorphisms are given by identity;
ii) Ro(z,v) =8 (R(X,x,v)), epimorphisms are functions induced by S.
Then
i) X =wp [ X, Ri(z,v) and
i) X ~p [ X, Ra(x,v) mp S [ X, Ro(x,0).
Definition 4.10

i) The canonical WR-reduction of a tree X = (X,e,a) in Tree., written
WRX, is [ X, Ri(z,v).

ii) The canonical B-reduction of a tree X = (X, ¢, «) in Tree., written BX, is
S| X, Ro(z,v).
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Lemma 4.11 Given a tree X in Tree;, two derivatives t,t' € R (X,x,v) are

i) weak resource bisimilar if and only if del(t) = del(t');
ii) branching bisimilar if and only if Sdel(t) = Sdel(t).

Theorem 4.12 If X and Y are two trees, then we have
i) X mwr Y if and only if WRX = WRY.
ii) X ~p )Y if and only if BX = B).

Due to theorem 4.12 WRAX can be thought of as the minimal weak resource
representative for X', while BX as its minimal branching representative.

We have not been able to provide a standard minimal representation for
weak bisimulation by following the pattern of the construction for the other
two weak equivalences. The reason for this idiosyncrasy is the impossibility
of building the standard representation via quotienting: weak bisimulation
does not enforce a direct correspondence between the runs of equivalent trees,
and hence we cannot build a canonical representative as a quotient over the
set of runs of a tree. To see this, consider the two weakly equivalent trees
corresponding to the two terms

a(thb+¢) + ab+ a(rb + d) and  a(tb+c)+ a(th+d).

Now the tree corresponding to the second term is a good candidate for a
minimal standard representative. However, the composition of the equivalence
class of runs is unclear: the run ab of the first tree can either be absorbed by
a7b in the first or the third summands, and there is clearly no reason to prefer
one choice over the other. Moreover, we cannot put it in both equivalence
classes, for that would leave us with a(7b + ¢ + d) as the representative, and
this is not bisimilar to the original.

5 An Enriched—Categorical Account

In this section we rephrase our account using more explicitly categorical ma-
chinery. We will show that the construction of minimal representative is "func-
torial" w.r.t. tree structure in all the cases. Furthermore a characterization of
the resulting functors is given, that emphasizes the fact that the only differ-
ence between the resource-weak resource cases and strong-branching cases is
the difference between the existence of a bijective function and the existence
of relation epimorphic on both sides.

The notion that ) is a derivative of X accessed by a word w along a run
z, X[z, w) Y, naturally leads to a notion of map between trees different from
our morphism. Clearly we could define the set of maps between X and ), as

{lz, w]| X[z, w) Y}
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and this would lead to a category of trees where a map from X to ) is a
way of finding the derivative ) in X. However, a moment’s reflection shows
that these arrows from X to ) are not just a set: they naturally bear a tree
structure. Indeed, there are not just two paths from X ® ) to Y of example
®, there is a tree, consisting of two runs; see Figure 2.

Definition 5.1 The category Der, has trees as objects, arrows f : X — Y
in Der[X, Y] are paths [z, w] such that X [x,w) )" where Y is an isomorphic
copy of Y. Given the tree of paths Der[X, Y| and Der[), Z|, their composition
in Der is given by concatenation in Tree.

Der is properly seen not just as a category, but as a category enriched over
Tree equipped with the monoidal structure ® [13].

Similarly, Der, is the category of paths to derivatives with Ts defined over
Tree, in the same way as Der is defined over Tree.

PR

YO SA
X Y

Fig. 2. Maps in Der: X [z,ca)Y, X [y,cbc) Y.

We have also that Der, is, as well, a Tree—category due to the effect of the
functor del : Tree, — Tree obtained by applying del to homs. In the sequel,
Der, will always denote this Tree—category.

Of course the identity functor on Tree induces the identity functor on Der,
but we will show now that the reduction maps S, B and WR, though not being
endofunctors, do induce Tree-functors from Der (Der;) to itself.

Lemma 5.2 Given any two trees, Z and Z', there is a Tree—map between the
trees:

i) Der[Z,2'| and Der|SZ,SZ'].
ii) del(Der,[Z,2']) and del(Der,[WRZ, WRZ')).
iii) del(Der,[Z,2']) and del(Der,[BZ, BZ']).

Theorem 5.3 The endomap S on Tree induces a Tree—functor, Fs, on Der.

The endomaps WR and B on Tree, induce Tree—functors, Fywgr, and Fg on
Der,.

We now go on to examine the nice property that allows us to characterize
the Tree—functors above.

To begin with, consider the notion of a V-functor ' : C — C over some
V-category C being full [13|. For this to be the case, we require that for each
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pair of objects, A, B, the induced function Fy p from C[A, B] to C[F A, FB] is
an epimorphism. Fullness condition in our case would amount to asking that
all paths from F'A to F'B arise via paths from A to B. This is both too naive
and too demanding.

We want to require that all paths from F't to any u are obtained via some
u; such that F'u; = u'; this is the notion that will allow us to capture functors
like ours.

Definition 5.4 A V—functor F : C — C is said to be hereditarily full if and
only if for any objects A, B of C, there exists a family { B;} such that FB; =2 B
and {Fa p,} covers C[F A, B].

Proposition 5.5

i) Fs: Der — Der is an hereditarily full Tree—functor.

ii) Fwr : Der, — Der, is an hereditarily full Tree-functor preserving 1 and
sums.

iii) Fg: Der, — Der, is an hereditarily full Tree—functor.

The only trees in Tree that have none but trivial derivatives are finite,
nonempty, sums of 1s. Let us call them quasi terminals. If F(t) is a quasi
terminal, so is ¢. If F' is hereditarily full, one has the viceversa, i.e., quasi
terminals are preserved as a class.

Naturally, identity (the Tree—functor Der — Der induced by resource
bisimulation) is hereditarily full. It is the only one, up to isomorphism, enjoy-
ing this property and preserving 1 and sums, hence preserving quasi terminals
as individuals. This fact can be easily proved by induction on the depth of the
tree. Next theorem will show that the other Tree—functors considered in this
paper enjoy a similar feature, because they are in some sense universal with
respect to the class of Tree—functors with the same properties. The statement
corresponds to the minimality of the canonical representative.

Theorem 5.6 i) For all hereditarily full Tree—functors F' : Der — Der,
FsF = Fy.
ii) For all hereditarily full, preserving 1 and sums, Tree—functors F : Der, —
D€7“7—, FWRF = FWR-
iii) For all hereditarily full Tree—functors F : Der, — Der,, FgF = Fj.

A direct consequence of this theorem is that all hereditarily full Tree—
functors preserving 1 and sums, preserve weak resource bisimulation equiva-
lence, while all hereditarily full Tree— functors preserve branching bisimulation
equivalence.
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6 Conclusions

We have studied labelled trees as unfoldings of transitions systems and charac-
terized different bisimulations as special functors between categories of trees,
enjoying universal properties. We have thus devised criteria for comparing and
assessing different equivalences: branching bisimulation appears as the natu-
ral generalization of strong bisimulation just like weak resource bisimulation
is the natural generalization of isomorphism of trees.

The definition of the functors has required, as an intermediate step, the
construction of a canonical representative of the considered equivalence classes.
The construction of canonical representatives for weak bisimulation equiv-
alence turned out to be problematic; we could not define a quotient that
preserved the structure of the runs.

Our approach to bisimulations characterizations is related to that intro-
duced in [11] and used in [1], only they start from a different view of the same
"topological" structure. Our trees have originally been defined as categories
enriched over a locally—posetal 2—category A namely that associated with the
free monoid A* [12|. Similarly, morphisms between trees are A-functors. It is
well known that our trees, as categories enriched on a posetal 2-category, can
be thought as presentations of sheaves on the topology where elements of A*
constitute a base. To obtain the corresponding sheaves we would roughly need
to complete runs with all their prefixes. To recover the approach followed in
[11], elements of A* could be considered as a subcategory P of paths in Tree
and we could characterize strong and branching bisimulation as in [11] via
spans of P—open maps. The Tree—functoriality corresponds to preservation
of "path logic", but our construction, provides also minimal representatives
that cannot be obtained via spans. As in our case, characterization of weak
equivalence in [11] is problematic, see [1]; it requires introducing an "ad hoc"
selection of morphisms or a weakening of the logic to be preserved. This weaker
characterization is not reproducible in our context that is more demanding on
structural properties.

The two new equivalences that we have considered, and that are not con-
sidered in the above mentioned papers, have proved very useful. Resource
bisimulation has been used to obtain a complete axiomatization of a tree-
based interpretation of regular expressions |6] and to provide alternative op-
erational semantics of process algebras [2|. Weak resource bisimulation can
be fully axiomatized by simply adding to the axioms for resource bisimulation
the following law:

a;m X = o X
that essentially says that all and only the “irrelevant” 7s are ignored.
Besides this line of investigation, let us mention two promising topics for
further work. In this paper we have only considered action—labelled finite
trees. There are two obvious generalizations.
Firstly, like it has been done for the open-maps approach, we could ex-
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port our characterizations to different semantics, those that admit an enriched
categorical presentation, i.e., we could consider richer labels that would en-
able us to rely on the same bisimulations also for non-interleaving models of
concurrency [17| and capture, e.g., causal dependence, maximal concurrency,
locality—based properties in the same vein of [4,5]. Secondly, we could consider
finite state transition systems with cycles (and hence infinite unfoldings).

However, while the generalization to richer labels is direct, the adjust-
ments needed for dealing with infinity are not minor. Indeed, a key point of
our approach is that unfoldings of systems are described as sets of runs from
an initial to a final state. Now, while in the case of finite LTSs we immedi-
ately have final states, in the cyclic case, we would need to single out specific
states as final and ensure that all of them are equivalent. One possibility is
to ‘massage’ systems to include sink states in correspondence with each final
state, for instance via the (standard automata—theoretic) construction of in-
troducing epsilon moves. The set of runs of an LTS would then be the set of
all finite runs with the obvious labeling; the agreement of any two runs would
be the string associated with their initial common run. A run z is considered
an approximation of a run y whenever a(z,y) = () < £(y).

But this will be the subject of future research.

7 APPENDIX: Rebuilding Trees

In this appendix we provide an example of the reconstruction procedure for-
mally defined in Section 4.

First of all, we show how to obtain decorated rigid trees from those with
silent actions.

In Figure 3 we have represented the tree X and the tree del(X) obtained
by deleting all silent moves from X. For the sake of readability, we name y;
the runs of del(X) corresponding to the x; of X.

Ir

AR
/T/ A4 \I ¥l
T/ itz p Yo Ui
lb T3 ?fzﬂ/ \%3
o X del(X)
Fig. 3. A tree & in Tree, and its deletion.

The first step of our reconstruction consists of decorating each node [y;, u]
in del(X') with the derivatives in R(X,z;,v). For instance, we decorate the
nodes of del(X) in this way:

i) the root is decorated with four sets of derivatives, one for each y;,
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R(X,xp,€)={b+a+c(a+b), b+a, b}
R(X,x1,6)={b+a+c(a+b), b+a}
R(X,x9,€)={b+a+c(a+b)}

)

R(X,x3,€)={b+a+c(a+b)}

ii) the leaf node of the yy branch, [yo, b], is decorated with:

R(X, xo,b) = {1}

iii) the leaf node of the y; branch is decorated with:

R(X,x1,a)={1}

iv) the node [ys, ¢| = [y, ¢] is decorated with:

R(X,x9,¢)={a+ b}

R(X,x3,¢)={a+ b, b}.

v) the leaf node of the yo branch is decorated with:

R(X, xo,ca)={1}

vi) the leaf node of the y3 branch is decorated with:
R(X,x3,cb)={1}

The reconstruction of a tree in Tree, from the decorated version of del(X)
proceeds along the following lines.

Given the set of runs zg, x1, 2, x3, first, their new extent is defined. To do
this we rely on the fact that each tree in R(X, x, wa;) represents a derivative
accessible by a ==>—step from [z, w], and reconstruct the extent by introducing
after each a; a number of 7s equal to |R(X, z, wa;)| — 1 in order to guarantee

the necessary branching points. To see this, consider Figure 4, where it is
assumed that:

R(X, 21, del(wa)) = {t4 +3 + 12+ 1,43+ 12+ 1,2+ t1,¢1}

/Ja\

-
ey /Am
. A t3
Aﬂ 12

<1
Fig. 4. A step in the reconstruction.
In our specific example the suggested construction amounts to defining:

e(zq) = 7°b, e(x1) = 1a, e(xzy) = ca, e(x3) = erb
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The agreement between two given runs is then obtained again by adding
after each a; a number of 7s equal to

|R(X, x4, wa;) N R(X, x5, wa;)| — 1

AR
RN

Zo X3

Fig. 5. The reconstructed tree: [R(X,z,v).

Thus, the complete reconstruction of the tree of Figure 3, which will be
written [ R(X,z,v), is shown in Figure 5. The reader may like to check that
the reconstruction is weak resource bisimilar to the original tree.
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