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Numerical stabilization of the Stokes problem
in vorticity—velocity—pressure formulation
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Abstract

We work on a vorticity, velocity and pressure formulation of the bidimensional Stokes problem for incompressible fluids. In previous
papers, the authors have developed a natural implementation of this scheme. We have then observed that, in case of unstructured meshes
with Dirichlet boundary conditions on the velocity, the convergence is not optimal. In this paper, we propose to add “bubble” velocity
functions with compact support along the boundary to improve convergence. We then prove a convergence theorem and illustrate by

numerical results better behaviour of the scheme in general cases.

Keywords: Stokes problem; Vorticity—velocity—pressure formulation; Stream function-vorticity formulation; Mixed finite elements method; Bubble

functions; Inf-sup conditions

1. Introduction
1.1. Motivation

Let Q be a bounded connected domain of R? with a reg-
ular boundary 0Q = I'. We recall the Stokes problem which
models the stationary equilibrium of an incompressible vis-
cous fluid when the nonlinear terms are neglected (see e.g.

(1))

—vVAu+Vp=f in Q,
divu =0 in Q, (1)
u=20 on I,

where u is the velocity, p the pressure, v the kinematic vis-
cosity, which is a strictly positive constant, and f'the datum

* Corresponding author. Tel.: +33 3 90240202; fax: +33 3 90240328.
E-mail addresses: michel.salaun@ensica.fr (M. Salaiin), stephanie.
salmon@math.u-strasbg.fr (S. Salmon).

of external forces. For the sake of simplicity, we shall take
v =1 in all the following.

The HAWAY method (Harlow and Welch MAC
scheme [2], Arakawa C-grid [3], Yee translated grids for
Maxwell equations [4]) is a very popular way to solve the
Navier—Stokes or Maxwell equations on quadrangular
and regular meshes. It is now well extended in the
Computer Graphics community [5] to simulate realistic
movements of fluids. In 1992, Dubois [6] introduced a
three-fields (vorticity, velocity and pressure) formulation
in order to extend this HAWAY method to arbitrary trian-
gular meshes. The idea of this formulation is to use exactly
the same degrees of freedom as in the HAWAY one (see
Figs. 1 and 2).

The boundary I' of the domain Q is decomposed with
the help of two independent partitions and the problem
we want to solve reads as

r=r,ur, withl,NnI,=0,
I'=T,UT, with IynTI, =0,
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Fig. 1. HAWAY discretization on a cartesian mesh.
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Fig. 2. Degrees of freedom on a triangular mesh.

w—curlu=0 in Q,
curlo +Vp=f in Q,
divu =0 in Q,
u-n=0 on I,
p =1l on I',,
w=0 on I'y
u-t= o on I},

where u - n and u - ¢ stand respectively for the normal and
the tangential components of the velocity.

We studied in [7] this three-fields mixed formulation in
vorticity—velocity—pressure. This formulation asks two
inf-sup conditions to be verified, the first one is the classi-
cal one in pressure and velocity and the second one links
vorticity and velocity. We discretized the problem using
conforming spaces compatible with the inf-sup condition
in velocity—pressure (Raviart-Thomas of lower degree for
velocity and constant functions for pressure [8]). For the
second inf-sup condition, there is no problem with spaces
as we chose piecewise linear continuous functions for the
vorticity and Raviart-Thomas of lower degree for velocity.
The only condition, which is needed, is a compatibility
between boundary conditions on vorticity and velocity:
the velocity should be known at least where the vorticity
is known (I'y C I',,,). Let us just observe that this compati-
bility condition is not really difficult to achieve as generally,
there is no boundary condition on the vorticity. So, as soon
as the inf—sup conditions are verified, the discrete problem
is always well-posed.

Numerical experiments, using this scheme, were per-
formed in [7]. On structured meshes with regular functions,
we have optimal convergence for the three fields in L*
norm: O(h*) for the vorticity, ¢(h) for velocity and pres-
sure. But on unstructured meshes, results were really not
satisfying: vorticity and pressure fields are not well
approached. In particular, on a test for which an analytical
solution is known, we observe that values of vorticity and
pressure are far from the expected ones along the bound-
ary, even if the mesh is refined and that the order of conver-
gence for all these fields, except the velocity, is more or less
O(v/h). The theoretical study of convergence shows that the
problem appears when we try to prove the stability as we
then need a kind of “opposite” of the compatibility condi-
tion between boundary conditions on vorticity and veloc-
ity. Actually, the condition becomes the velocity and the
vorticity should be known on the same part of the bound-
ary (I'g=1T,,). By the way, in this very particular case, an
optimal rate of convergence is achieved, even on unstruc-
tured meshes (see [7]). Nevertheless, this condition is really
too restrictive and we need to build a numerical velocity
field which allows to release it. The idea of adding field
called bubbles is well-known for the Stokes problem for
verifying the discrete velocity—pressure inf-sup condition
with piecewise linear continuous functions spaces, see
Arnold et al. [9] and Franca and Oliveira [10]. But, where
these bubble functions are introduced on the whole
domain, here we only add them along the part of the
boundary where the velocity is known but not the vorticity.
The aim of this paper is to construct this bubble velocity
field in order to get rid of the second compatibility condi-
tion and then allow to improve numerical results on the
three fields.

Then the scope of this work is the following. We recall
the variational formulation which was originally proposed
and studied by the authors and its classical discretization,
as it is mentioned above. As this formulation show
numerical problems in the most general case of boundary
conditions (see the first part of this work [7]), we though
introduce “bubble functions™ and the associated stabilized
formulation in Section 2, which is numerically analyzed in
Section 3. Section 4 is dedicated to some numerical
results. Finally, the last section presents some extensions
of results discussed in Section 3 and some particular
cases.

1.2. Functional spaces and notation

Let Q be a given bounded connected domain of R? with
a regular boundary I'. We refer to Adams [11] for more
details on the Sobolev spaces. We note L*(Q) the space of
all (classes of) functions which are square integrable on
Q, equipped with its natural inner product, denoted by
(,), and the associated norm | -|jo,o. The subspace of
L*(Q) containing square integrable functions whose mean
value is zero, is denoted by L}(€Q).



Space H'(Q) will be the space of functions ¢ € L*(Q) for
which the first partial derivatives (in the distribution sense)
belong to LX(Q)

H'(Q) = {(p € LZ(Q)/%"’ €L*(Q) forie {1,2}}.
The usual norm in space H'(Q) is denoted by | ||;.o while
the semi-norm is written |-|; o. In a similar way, we define
space H(Q) as the space of functions of H'(Q) for which
the first partial derivatives belong to H'(Q). The associated
norms and semi-norms are respectively noted |||..o and
||2.0- We also introduce space H;(2) which is the closure
of the space of all indefinitely differentiable functions on
Q for the norm ||||;.o.

For all vector field v in R?, the divergence of v is defined
by

. 61)1 602

dive = o o
Then, space H(div, Q) is the space of vector fields that be-
long to (L*(Q))* with divergence (in the distribution sense)
in L*(Q). We have classically

H(div, Q) = {v € (L*(Q))*/divv € L}(Q)}, (2)

which is a Hilbert space for the norm

) 1/2
2 -2
10llgiv.0 = <Z|U_/‘|0,Q+ IIdlvvllo,g> : (3)
=1

We recall that functions of H(div, Q) have a normal trace,
that we will shortly note v - n.

Finally, let us recall that if v is a vector field in a bidi-
mensional domain, then curlv is the scalar field defined by

61)2 aUl

lv=—"——. 4
curlv o o 4)
In the following, we shall also use the curl of a scalar field,
say ¢, which is the bidimensional field defined by

curlp = (6_(/) _6_(p>t. (5)

aXZ ’ le

1.3. First vorticity—velocity—pressure numerical scheme for
the Stokes problem

1.3.1. Continuous problem

Following [6,12], we write the Stokes problem with help
of a vorticity—velocity—pressure formulation. So, we intro-
duce the vorticity  as

o = curlu (6)

and the equations of the Stokes problem become

ow—curlu=0 in Q (7)
curlo+Vp=f in Q, (8)
divu =0 in Q. 9)

Then, we suppose that the boundary I' of the domain Q is
decomposed with the help of rwo independent partitions

r=r,url, withI,NI,=0; (10)
I'=T,Url, with [,NT,=0. (11)

The general boundary conditions for the Stokes problem
are

u-n=0 on I, (12)
p=1II, onTl,, (13)
w=0 on Iy, (14)
u-t=ay onl, (15)

where u - n and u - ¢ stand respectively for the normal and
the tangential components of the velocity, n being the outer
normal vector to the boundary I" and 7 the tangent vector,
chosen such that (n,?) is direct.

We finally introduce the following spaces. For velocity,
we define space X by

X ={veH(div,Q)/v-n=0o0nT,}, (16)
where I',, is the part of the boundary where the trace of the

vector field v is given.
For the vorticity, we set

w={peH (Q)/y¢=0o0nTIy}. (17)

Let us remark that we have noted y¢ the trace of the
function ¢.

Finally, the space for pressure is parameterized by the
fact that meas(I’,) is zero or not. We set
v {LZ(Q) if meas(I',) # 0,

) . (18)
Ly(Q) if meas(I',) =0.

The variational formulation is easily obtained from
Egs. (7)-(9) and the associated boundary conditions. We
obtain

Find (w,u,p) in W x X x Y such that:
(@, @) — (curlp,u) = (g0, 7¢); Yo €W,
(curlw,v) — (p,dive) = (f,v) — (IIp,v - n),
(divu,q) =0 Vgev.

Yo e X,

(19)

In these expressions, (-, ) stands for a boundary integral.
For more details about well-posedness of this continuous
problem, the reader is referred to [12,13].

1.3.2. A first numerical discretization

Let 7 be a triangulation of the domain Q. For the sake
of simplicity, we shall assume that Q is polygonal, in such a
way that it is entirely covered by the mesh 7. Moreover,
we will suppose that the trace of the triangulation on the
boundary is such that the boundary edge of any triangle
does not overlap different parts of the boundary, I',, and
I', on the one hand, I'y and I', on the other hand. Then,
we denote by &5 the set of triangles in . Moreover,



o/ 7 will be the set of all edges of triangles of 7. Finally, 4,
is the maximum of the diameters of the triangles of 7.

Definition 1 (Family U, of uniformly regular meshes). We
suppose that .7 belongs to the set %, of triangulations such
that there exists two strictly positive constants t and o
independent of 45 and K such that

thy < hg < opg forall K € &5, (20)

where /g is the diameter of the triangle K and pg is the
diameter of the circle inscribed in K.

Now, we shall introduce finite-dimensional spaces, say
W, X7 and Y- which are respectively contained in W,
Xand Y.

For the vorticity, we choose piecewise linear continuous
functions

Pl = {(pEHl(Q)/qo‘K € P'(K) VKG@“’y}. (21)
Then, including the boundary conditions, we set the fol-
lowing subspace of W

Ws={peP,/yp=0o0nT,} (22)

If we introduce the classical Lagrange interpolation opera-
tor, denoted by IT!,, we have the following well-known
result (see e.g. [14]):

Theorem 2 (Interpolation error for vorticity). Let us
assume that the mesh 7 belongs to a regular family of
triangulations (see Definition 1). Then, there exists a strictly
positive constant C, independent of hg, such that, for all
o € H(Q), we have

flr — H;]’Tle,Q < Ch,7|w|2,9.

Then, velocity is given by its fluxes through edges of the
triangles, by the use of the Raviart-Thomas finite element
of degree one [§]

RTOT = {UEH(diVaQ)/UK = (aK> +CK<X) VKGO@7}
y

by
(23)
Now, we can state the discrete space for velocity
X7={veERT/v-n=0o0nT,}. (24)

Following [8], let us recall how the interpolation operator is
defined.

Definition 3 (Interpolation operator in H(div,Q)). For all
vector field v in (H'(2))?, the interpolation operator iy is
such that

Va € A 7, /Hjivv-ndy:/v-ndy,

a a

where n is the unit normal vector to edge a.

Then, we recall the associated interpolation error (see

[15)).

Theorem 4 (Interpolation error for velocity). Let us
assume that the mesh 7 belongs to a regular family of
triangulation. Then, there exists a strictly positive constant
C, independent of hy, such that, for all v in (HI(Q))Z, we
have

lo = 50l < Chsr

vll o-

Remark 5. It is possible to define the interpolation opera-
tor for less regular functions i.e. for functions v belonging
to (H(Q))> N H(div, Q). Moreover, an associated interpola-
tion theorem can also be given. But, as we shall not explic-
itly use it in this paper, we only refer to Mathew [16] for
complements on this topic.

Finally, pressure is chosen piecewise constant. Setting

Py ={qe12@)/q, e PK) VK c 65}, (25)

we define

Y,T{qEPg-//quOipr@}. (26)
Q

If we introduce the L projection operator on space Y,
denoted by I1%, which is defined for all ¢ in L*(Q) by

T

/(Hoquq)dx:o for all K € &,
K

we recall the following result (see e.g. [17]):

Theorem 6 (Interpolation error for pressure). There exists
a strictly positive constant C, independent of ho, such that,
for all g € H'(Q), we have

lg — M%qllyo < Chs

‘I|1,Q-

Let us also recall the following basic property, which is a
direct consequence of the previous definitions and of the
Stokes formula (cf. [7]):

Proposition 7. For all v in (H'(Q))* and for all g in Y 7, we
have

/qdiv (I1%v — v)dx = 0.
Q

The discrete problem is then to find (ws,usr,p,) in
W x X7 x Y, such that:

(w7, @) — (curlg,us) = (00, 7¢) Vo eW 7,
(curlwgs,v) — (pr,dive) = (f,v) — (IHy,v-n); YvEX,
(divusr,q) =0 Vge Y.

(27)

1.3.3. A partial convergence result

In [7], we prove that the discrete problem (27) is well-
posed when Iy is contained in I',,,. Naturally, there are also
other technical hypotheses but they are more classical (reg-
ularity of the mesh family, regularity of the Laplace oper-



ator on the domain Q...). In particular, the proof needs
two inf-sup conditions which are recalled here and are
proved in the first part of this work (see [7]). The condition
I'y contained in I',, does not seem to be difficult to achieve.
In fact, most of the time, I'y is empty.

Proposition 8 (Inf-sup condition on velocity and pres-
sure). Let us assume that Q is polygonal and bounded, and
that the mesh 7 belongs to a regular family of triang-
ulations. Then, there exists a strictly positive constant a,
independent of hs, such that

inf  sup 7, divey) > a. (28)

17€Y7 vrexy ||U7 div,quf/" 0,0

Proposition 9 (Inf-sup condition on vorticity and veloc-
ity). Let Q be a simply connected domain. Let us assume that
I, has a strictly positive measure and that Ty is contained in
I',. We denote by V 5 the discrete kernel of the divergence
operator (see (38)). Then, there exists a strictly positive con-
stant b, independent of hs, such that

inf sup (vgr, curlp) > b. (29)

=
wr€Vs gew, ||Vrr |l ll@l|

Remark 10. For the second inf-sup condition, we use the
fact that for any vector field vgz of RT27, divergence free,
such that vg7-n=0 on I',, and then on Iy contained in
I',, there exists a scalar field ¢ in W such that
vrr =curlg on Q.

The problem of this formulation appears when we try to
prove the convergence result obtained in [7] and that we
recall here.

Theorem 11 (Convergence of the discrete variational for-
mulation). Let us recall the two partitions of the boundary

r=r,ur,=r,ur,

Then, we assume that T, has a strictly positive measure and
that I'y is equal to T,

I'y=r,.

Moreover, we also assume that Q is polygonal, bounded and
simply connected and that the mesh I belongs to a regular
family of triangulations.

Let (w,u,p) be the solution in WxXxY of the
continuous problem (19) and (wz,uzy,p,) in space
W x Xz X Yg, the solution of the discrete problem (27).
We suppose that the solution is such that: o € HXQ),
u € (H(Q))?, with divu € H(Q), andp € HY(Q). Then, there
exists a strictly positive constant C, independent of the mesh,
such that

|0 — w7l o+ [lu—ur dive T P —prllog

< Chy (|l + Il g + divel o + 12l 0)-

To obtain this result, let us remark that we had to enforce
the link between I'y and I',,,. More precisely, they must be
equal: I'y=T,,. But this equality is clearly too restrictive.
Let us observe that the reason of this hypothesis is that,
to conclude on the convergence of the scheme, we need
to set vy = curl0,, with v, in X4 and 0, in W 5.

Moreover, numerical experiments, using this scheme,
were performed but the results were not satisfying, when
the equality I'y =T, is not true. On unstructured meshes,
vorticity and pressure fields are not well approached. In
particular, on a test proposed by Bercovier and Engelman
[18], for which an analytical solution is known, we observe
that values of vorticity and pressure are far from the
expected ones along the boundary, even if the mesh is
refined (see [7]).

Then, the aim of the following section is to build a velo-
city field which permits us to set, in a weaker sense,
vy = curlf7, with vs in X7 and 05 in W5 . Finally, let
us add that numerical experiments have guided the choice
of these extra velocity fields.

2. Numerical stabilization
2.1. Description of the bubble velocity functions

The problem is to build a velocity field which belongs to
H(div, Q) and satisfies the boundary conditions. For any
vertex S which is on the boundary of the domain Q and
for any triangle K for which S is a vertex, we define the
following vector field:

ws = Beurl g, (30)

where Ag is the function associated with the barycentric
coordinates relatively to S (see Fig. 3). Moreover, we set:
B = 604;/,43, which is the “bubble” function on triangle
K (in this case, to avoid heavy notation, the three vertices
of K are denoted by 1, 2 and 3). We recall the classical
formula

n!m!p!

= 2|K | —— P

(31)
for all integers n, m and p, where |K| stands for the area of
K. Then, it is easy to check that the multiplicative coeffi-
cient 60 is such that

Vertex i

Fig. 3. Support of an added function.



/de ~ K] (32)

This “bubble” function ensures, first, that functions wg are
zero on the boundary of @, and then satisfy the boundary
conditions, and, second, that they are also zero on the
edges of each triangle of their support. So their normal
fluxes are zero and by the way are continuous across the
edges. Consequently, the vector fields wg belong to the con-
tinuous velocity space X = {v € H(div,Q)/v-n=0o0n I,,}
defined in (16).

Let us recall that, if 65 is a vorticity field, which is zero
along Iy, then the velocity field v, = curl 8, belongs to
RT_(} and is such that v - n = 0 on I'y. So, in practice, extra
functions are only added on the part I',,,\I'y of the bound-
ary where normal velocity is prescribed but not the vorti-
city. Then, we set:

Definition 12 (Space of extra velocity functions). The space
X5 of extra velocity functions vg is spanned by the
functions wg associated to the vertices of the triangulation
that are on I',,\g = I',,\I'y. Let us denote these vertices by
S;. Then, if N(7,I,,) is their number, it is equal to the
dimension of space X%-. Finally, each function vg in X%,

can be written
N(T,Ty\0) N(T,Ty\0)

AUiWs; = E O(iB curl /’{Si'

i=1 i=1

Vg =

Remark 13. Let us observe that these extra fields vg are not
divergence free. However, due to Stokes formula, on each
triangle K of their support, they obviously satisfy

/ divvsdx = 0. (33)
K

Now, we introduce the first degree polynomial function
associated with vg.

Definition 14. To any extra velocity functions vg of X5,
which can be written

N(T.T\0)

vg = E o;Bcurl Ag;,

i=1
we associate the first degree polynomial function 4g defined
as

N(T o)

E 0 Asi ’

i=1

;\,S =

where Ag; is the barycentric coordinate function relatively
to node S;.

We have the following relation between the norms of these
vector fields

Lemma 15. For any extra velocity functions vs of X%,
associated with the first degree polynomial function Lg, we
have:

/10
”US”O,Q: 7||Cur1/15||079.

Proof. Using the previous definition, we have

N(Z,Ty0) N(T . Tyno)
2 ) )
llvsllo.e = E o;Bcurl Ag;, E o;Bcurl Ag;

i=1 j=1

N(T.Tyno) N(TTo)

Z Z Z ociocjcurIASicurlﬂij/Bde,
K

=1 K3S.5;
which leads to the result as [, B>dx = 12|K]| (see (31)). O

Then, using the equality (32), it is easy to check that for all
triangle K

/curlﬂvsdx = |K|curl s = / vs dx. (34)
K K

We have not exactly vy = curl 0, with vs in X7 and 05 in
W 7, but the equality is true in mean value on each triangle.

2.2. Stabilized variational formulation

Let us recall the expression of the continuous variational
formulation

Find (w,u,p) in W x X x Y such that:

(@, ¢) — (curlp,u) = (a0, 7¢), Vo e W,
(curlw,v) — (p,dive) = (f,v) — (IIp,v-n), YveX,
(divu,q) =0 Vg eY.

As we have the following imbeddings: W, C W, X7 C X,
X5 CX and Y, C 7Y, the discrete problem is directly
deduced from the previous one and consists in finding

wr €W, ur =upr +us € X7 X5 and p, € Y, such
that
(07, ¢) = (curlp,uz) = (00, 70) Vo €W,
(curlw s, v) — (ps,dive) = (f,v) — ([lg,v-n), YvEXy DX,
(divus,q) =0 Vge Y.
(35)

However, due to some basic properties of the extra velocity
fields, this formulation will be slightly modified.
Let us begin by the following properties of the extra

velocity fields.
Lemma 16. For all q in Y 7 and for all vs in X5, we have

(¢,divvg) = 0.

Proof. As ¢ is constant on each triangle, we have

quK/ divugdx =0

KeT

(q,divus)

as vg is divergence free in mean value on each triangle
(see (33)). O



An immediate consequence of this lemma is that the third
equation of (35) becomes

(divus,q) = (divugr,q) + (divus, q) = (divugr,q) =0
(36)

for all ¢ in Y. In a similar way, the second equation of
(35), written for the extra velocity fields, is

(curlwys,vs) — (py,dives) = (f,vs) — (ITo, vs - 1)

and, due to the above property and the fact that vg are zero
on the whole boundary I', it leads to:

(curlws,vs) = (f, vs) (37)

for all vg in XS7

This last equation will be modified in the following way.
Let us recall that, in the original Stokes problem (1), the
velocity appears through its Laplacian. Well, we have

—Au = curl(curlu) — V(divu) = curlo — V(divu).

As the velocity is divergence free, the term V(divu) is
dropped out. In the variational formulation, it would have
led to the additional term (divu, divv) (and also to the asso-
ciated boundary term). The Raviart-Thomas part of the
discrete velocity will be exactly divergence free because of
(36) and of the following lemma, whose proof can be found
in [7].

Lemma 17. Let us define the discrete kernel of the
divergence operator by

Vy={veXs/(dive,q) =0forallge Y,}. (38)
Then, we have the following characterization of V 7
Vy={veXs/dive =0 on Q}. (39)

But the extra velocity fields are not exactly divergence
free and it seems natural to include an additional term
(divug,divug) in the discrete variational formulation (the
associated boundary term is zero as vg is zero on I'), and
more precisely in Eq. (37). For reasons which will clearly
appear in the last Section, we prefer to add the following
term:

(divas, diveg =D Y [K] / div us div s d, (40)
KeT K

where D is an arbitrary strictly positive scalar. This term

looks like a penalization term as it appears in Galerkin-

least-square method [19,10].

Remark 18. As the divergence of a Raviart-Thomas
polynomial function is constant on each triangle, it is easy
to check that, for all us = ugr + ug and for all vy = vpr +
vg, we have

(divus,dives) = (divugr, divegr) + (divug, dives).  (41)

It is why, when we noticed above that the discrete formu-
lation should have included an additional term (divu,divv),
only the part (divug, diveg) really occurs.

The practical value of coefficient D will be discussed
further.

Now, we can state the stabilized discrete variational for-
mulation: Find ws € W7, uy = ugr + us € X7 ® X%, and
ps € Y7 such that

Vo e Wy, (w7,¢)— (curlp,ugr) — (curl,us)
= (00,70)r,
Yorr € X7, (curlws,vgr) — (pr, divgr)
= (f,vrr) — (o, vpr - m) .,
Yos € X5, (curlws,vs) + [divus, dives] = (f, vs),
Vg €Y, (divugr,q) = 0.

(42)

3. Convergence results
3.1. Preliminary results

In all this section, we have to suppose that the mesh 7 is
uniformly regular (see Definition 1).

To study the convergence of the discrete solution
towards the continuous one, we neced some technical
results. This point deals with the extra velocity fields and
the term [divug, divog]. Let us recall that 4 is the maximal
diameter of the triangles of 7. Then, we have the following
fundamental property.

Proposition 19 (Property of the extra velocity fields). Let
us assume that the triangulation  is uniformly regular.
Then, there exists two strictly positive constants C, and C,
independent of hy such that, for all vs in X5,

Cillvsllg o < [[divos]] = [divvs,divus]l/2 < Coflosllg g (43)

Proof. As it plays no role in the following, the constant D,
which appears in the definition of [divvg,divog] (see (40)),
is dropped out in this proof.

The right inequality is a direct consequence of the
classical inverse inequalities (see [14]) which needs the
triangulation to be uniformly regular. So, we have

([divos]]* = |K]lldiveslox < 75

Keé 7

divos| o < Calloslig

as | K| is smaller than /% . The constant C, is associated with
the one which appears in the inverse inequality.

Following Definition 14, as any function vg can be
written

N(T . To)

vg = Z o;Bcurl Ag;,

i=1

we introduce the associated first degree polynomial func-
tion Ag



N(T.I'no)
)”S = OCi)”Sz*
i=1
Then, on each triangle K, we have: vy = Bcurllg, and
consequently: divog = VB - curl As. This leads to:

=Y K| /(VB -curl Jg)” dx.

Keé 5

[[divvs]] (44)

Using (31), it is fairly easy to check the following equality
on each K:

/ (VB - curl ig)* dx
K

= 10|K|{(V4 curl As)* + (Viy curl As)* + (Vs curl Ag)*}.

(45)
Here again, to simplify notation, 4;, for i € {1,2,3}, stands

for the three usual barycentric coordinate functions on trian-

gle K. Let us recall that we have also: [|[V4] = 2‘ & Where /;is

the length of the opposite side to vertex i. To simplify the
demonstration, let us assume that /; is the longest side of K
and let us work in a system of coordinates such that we have

Vi = <°”) Vi, = (“2>, Vs = (“1 “2).
0 B —B,

As [ is the longest side, we obtain

— 12 ll —
||V)‘2H - \/ ﬁz 2|K‘ 2|K| ‘061| -

from which we deduce that

IV,

loa| < fou- (40)

Now, let us introduce the two vectors of R* which are built
on the two opposite sides to the vertices 1 and 2, say p; and
Up. The third component of these vectors is taken to O.
Then, the norm of the vector product u; X u, is equal to
twice the area of the triangle K. As we have: y; = 2|K|V/;
(if we set to 0 the third component of V/,), we obtain

|
o By] =

A A
||v 1 X \Y 2” 2|K|

(47)

Let us denote by r; and r, the two components of curl Ag.
Then, we deduce from (45)

/ (VB - curl i) dx
K
; 2 2
> 10|K|{(Vm curl Ag)” + (V A, curl Ag) }

> 10|K|{(oclr1)2 + (or1 + ﬁzrz)z}'

Let us set: Q = (aqr1)> + (0ory + fora)>.
also

Then, we have

0= (oc% — ocz)r1 + 20(2;’1 + 20,1175 + ﬁ2
> ( — ocz)r2 + Zazrl 2|oc2[32r1r2\ + ﬁ2r2

= (OCZ - a%)rl + !

29‘2’”1 +3 ﬁz 29

by using the following inequality: 2|ab| < 3a® +25°. So we

obtain

(0‘1’”1 + ﬁz”z)

L»Jl»—a

1 1
Q/E %%Jrz(az OC2)’”1Jr ﬁz”z/

with (46). Finally, as |o;| =
leads to:

/K(VB -curl Ag)*dx > |K| <<2|111<|) P+ (%)2@)

Introducing this relation in (44) gives

. 1
[[divos]]” = Z K| ( KT %+lzr§>
I

Keé 7

6Z|K|< it Kl 2 )

Keé 7

and, with (47), || = 7., it

2\K\

As the triangulation is uniformly regular, and /; = hg, we

have
2 2 2
Ll>h > > and @>&>L.
K|~ L~ 2y 207
Thus, there exists a strictly positive constant C independent
of iz such that

>C Y K[ +13) =

Keé 7

[[divos]]?

c Z chrl)LSH(ZLK

Keé 7

7
= C||cur1/15||(2)39 = ECHUSH(Z)Q-

with Lemma 15, which achieves the proof. [J

Now, let us give two properties of the first degree
polynomial functions Ag introduced in Definition 14

N(Z,Ty0)
)LS = OC,';LS,'.
=1
Before all, let us remark that, by definition of the barycen-
tric coordinates functions, we have: o; = Ag(.S;).

Lemma 20. Let us assume that the triangulation 7 is
uniformly regular. Then, there exists two strictly positive

constants C| and C, independent of hy such that, for all
N(T ,Lo)

Sunction As =,

(7 Fm\o)
g

o Asi, we have

] [14slo.r
(7T0) %

Proof. Let us denote by o7 (I, ) the set of all triangles
edges which are contained in I',,\I'y. Then, by definition,
we have



> / 2% dy.

A€d 7 (T g) VA

As Ag is a first degree polynomial function, ié is a polyno-
mial function of degree 2. Then, using Simpson’s formula,
which is exact for third degree polynomial function, we
obtain

) |A| 1 1 a+b 1
Vsllor= > o |%(@ +455(——) +%4®)|,
Aedd 7 (I )

(48)

where we have set 4 = 1, |A| its length and %2 its
middle.

A direct consequence of (48) is

, A| [,
sl > Y Bl @ + )

A€t 7 (I'n\p)

1 N(T T y\0)
> - Z 2%
= 6 A S

m\o

A being one edge of a triangle K of 7, |4| is greater than
the diameter pg of the circle inscribed in K. Then, as the
mesh is uniformly regular, with (20), we obtain

T
|A| = pg = Eh:%

So, there exists a strictly positive constant C; independent
of hs such that

N(Z,Tyn0)
s 2 (S

To obtain the other inequality, we proceed as follows.
As Ag is a first degree polynomial function, we have

Zs (“ : b) _ %(/ls(a) +Js(b)).

Then, wusing 2ab <
overestimation

a+b 1
i <5 (5(a) + 25(b)).
2 2
Now, let us introduce the above inequality in (48). It leads to:

> s+ Am)

2
14sllo.r =

@ +b* we easily obtain the

A€o 7 (o)
N(T.I'o)
2
< max E A5(
Aed 7 m\()

As |A] is smaller than the triangle diameter /g, which is
smaller than 45, we obtain the second inequality. [

Proposition 21. Let us assume that the triangulation 7 is
uniformly regular. Then, there exists a strictly positive con-
stant C independent of hy such that, for all function
As = Zfi(f ’F’"\”)oc,-)tsi, we have

sl

Proof. First, let us observe that, because Ag is a first degree
polynomial function, its curl is constant on each triangle.
So we have

leurl sl o <

leurl As)lg o = > K]lcurl Zgie|”.

K

Let us remark that the integrals on K are all zero except if
K contains a vertex of I',\I'y. By the way, we have also

Curl}S‘K = Zis Curl/Ls, Z/LS 2|K|

SieK S;eK

where A, is the barycentric coordinate function associated
with the vertex S; and vg, is the vector associated to the
opposite edge of K, relatively to S;. Let us set /s, the length
of vs,. Then, by definition of %, we obtain

|curl /IS‘K| Z

2
Sk IK | IK " 5

where C is a constant only dependent on the number of
vertices of K. This estimate and the previous inequality lead
to:

Jeurl ][5, < CZ K]

5> ) < CY YA

SieK K Siek

as the triangulation is uniformly regular. Let N be the max-
imum number of elements containing a vertex. When a tri-
angulation is uniformly regular, this number is bounded
independently of 2, and we have

00 S CNZ/LS

where the summation is done on all the vertices of the
mesh. In our particular case, /3 (S;) is zero except when S;
is on I',\I'y. So we have

[curl Ag|;

N(T . Lio)

<SCN Y (S

i=1

[curl A2 o

and the result is a consequence of Lemma 20. [

Let us now analyse a term which will appear as a consis-
tency error in the sequel (for more details on consistency
see [20]).

Proposition 22 (General estimate of the consistency
error). Let us assume that the triangulation I is uniformly
regular and that the pressure p solution of the Stokes
problem belongs to W">(Q). Then, for all vs in Xﬂ there
exists a strictly positive constant C independent of h_/ such
that

|(p, dives)| < Cv/ir ), o alloslo o (49)



Proof. The argument of the proof is the same as the one
Scholz [21] used for the biLaplacian operator. First, we
observe that any function vg has a support reduced to the
set of triangles which are connected with I',\I'y, say 2.
So, we have

(p,diveg) = Z /pdivvgdx
K

KeXs

/(p 1% p)divvg dx

KeX s

with Lemma 16. We recall that IT% is the L* projection
operator on space Y,. Moreover, if p belongs to
W(Q), there exists a strictly positive constant C, inde-
pendent of /g, such that for all triangle K (see e.g. [17])

1/2
lp = 115 pllo. < CIKI"hilpl; i

Then, we obtain

(podives)| < 37 llp— T plly e ldivesll ¢

KeXs

< Z C|K‘l/th|P|1,oo,1<||diVUS||o71<

Kex,

1/2 .
< Clpli o Y, K" hil|divosllo .

Kexy

1/2
< Clplise D K1 lloslog

KeZ s

using the inverse inequality (which is possible as the trian-
gulation is uniformly regular). Finally, using the Cauchy-
Schwarz inequality, we deduce

1/2
Kndw%ﬂ<<mmmg<§:|K0 l[vslo,z,»
KeX 7

which leads to the announced result as, first, ||vs||, ;, and
and, second: .. |K|=

O(hy). O

3.2. A new convergence result

First of all, we can prove that the stabilized discrete
problem (42) is well-posed.

Proposition 23 (Well-posedness of the stabilized varia-
tional formulation). Let Q be polygonal, bounded, and
simply connected domain. Let us recall the two partitions of
the boundary

r=r,ur,=ryur,.

Then, we assume that T, has a strictly positive measure and
that Ty is contained in I ,,. Finally, we suppose that the mesh
T belongs to a uniformly regular family of triangulation.
Then, the discrete problem which consists in finding
(wg,upr +us,py) in Wa X X g @Xj} x Y7 such that

Vo € Wsr, (w7,0)— (curle,ugr) — (curl @, us)
= (00,79)
Vogrr € X7, (curlws,vgr) — (pr, divegr)
= (f,vrr) — (o, vgr - 1)
Yos € X5, (curlws, vs) + [divug, dives] = (f, vs)
Vg e Y, (divugr,q) =0,

has a unique solution.

Proof. The proof is very close to the one we did in [7] for
the non-stabilized problem (27). First, let us observe that
the hypotheses are such that the two inf-sup conditions
(28) and (29) are true. Second, as we consider a finite-
dimensional square linear system, the only point is to prove
that the solution associated with g, f'and I1, equal to zero,
is zero. For this, in the above system, we choose ¢ = w,
VrT = URT, Us = Us and ¢ = p,, and we add the four equa-
tions. We obtain

(w7, w7) + [divus, divug] = 0,

which implies w, = 0 and divug = 0. So ug is also equal to
zero because of (43). Then, the second equation becomes

(py,diVURT) =0 VURT S Xg/;.

Then, using the inf-sup condition (28), we deduce that
p, = 0. Finally, the last equation shows that uzs belongs
to the kernel V', and the first one becomes

(curlp,upr) =0 VYo e W4
as wy = 0. So ug7 is zero thanks to the inf-sup condition
(29). O

We can now study the stability of the stabilized discrete
problem. So, let (w,u, p) be the solution in W x X X Y of the
continuous problem

(wa QD) - (Curlq),u) = <00,VQ0>1- VQD S Wv
(curlw, v) — (p,dive) = (f,v) — (ITp,v-n), Yv € X,
(divu,q) =0 Vgev,

and (w7, urr +us,py;) In Woy x X7 @Xf; x Y+ the solu-
tion of the stabilized discrete problem

Vo, €Wz, (07,95)— (curlg; ugr) — (curlg s, us) = (00,70.7) s
Vorr € X7, (curlwg,vrr) — (ps,divogr) = (f,vrr) — (o, rr - 1),
Yos € X5, (curlws,vs) + [divus,dives] = (f, vs),

Vg, €Yy, (divugr,q,)=0.

As the discrete spaces W, X 7, X ST and Y~ are respectively
contained in the continuous ones W, X (twice) and Y, we
can take ¢ = ¢, v = vry, v = vgand ¢ = ¢, in the contin-
uous problem. It means that the second equation of the
continuous problem is written for each type of velocity vec-
tor field. Then, subtracting each corresponding equations
in the two systems, we obtain



(=7, ¢7) = (u—ugr,curlg )+ (us,curlp ;) =0 Vo, €Wz,
(curl(®— w7 ), vrr) = (p— P> divirr) =0 Vorr € X 7,
(curl (0 — ), vs) — [dlvus,dlvvs] (p,divvg) = Yos € X5,
(div(u—ugr),q7) = Vg, €Y7

The term (p, divvg) which appears in the third equation is
the consistency error term. Let us now introduce the inter-
polants on the mesh 7 of each field. Let us remark that we
assume that the solution is smooth enough in order that
these interpolants are well-defined. For the vorticity field,
we denote by IT, the classical Lagrange interpolation oper-
ator. For the velocity field, the interpolation operator in
H(div, Q) is Hgiv (see Definition 3). Finally, the pressure
field is interpolated by the use of the L*-projection operator
on space Y, say H(} Then, we have for each equation:

o First equation. For all ¢, in W,
(wk/‘ - Hl?'w7 (pT) - (uRT - H,C}7i'vu7 curl @7) -

(us, curl g )

— I'I_‘,i}vu,curl(pg).
e Second equation. For all vgr in X 7:

(curl(ws — ' @), vpr) — (pr — % p, divegr)
(p — Hoj—p, div URT)-

e Third equation. For all vg in X3

= (curl (0 — IT50), vrr) -

(curl(w, — T} w), vs) +
= (curl (0 — M%), v5) —

[divug, div ]
(p, div U_g) .

o Fourth equation. For all g, in Y 7:

(div (upr — 5*u). q7) = (div (u — [15'u), 4 7).

Let us remark that this last equation becomes
(div (urr — 15*u), q7) = 0

for all ¢, in Y, because (div(u— I%u),q,) =0 (see
Proposition 7). Let us observe that it supposes that u be-
longs to (H'(®))?, which is also needed for the existence
of the interpolant. This regularity condition on u can be
relaxed as long as the result of Proposition 7 remains (see
[16,7]). Nevertheless, in the following, for the error esti-
mates, we shall assume that u belongs to (H'(€)). Finally,
the following auxiliary problem appears:

Find (Hy,wRﬁWS,r_y) n Wy X Xj X X‘%} X Y_y‘ such
that:

Vo, €Wz, (07,905) — (wer,curle,) — (ws,curlp,)
= (f,05) + (g curlp,),

Yorr € X7,  (curl@s,vpr) — (r7,divugr)
= (k,vgr) + (1, divugr),

Yos € X5, (curl0r,vs) + [divws, divvs]
= (k,vs) — (p,divuy),

Vgr € Y7, (divwgr,q,) =0,

where we have set

e f = — II', », which belongs to L*(Q);

o g=—u+ Hfiivu, which belongs to (L*(Q))*;
e k = curl (w — M%), which is in (L(2))%
o [ = —p+ I1%p, which is in L*(Q).

Now, we can prove a partial stability result, in the gen-
eral case.

Proposition 24 (Partial stability of the discrete variational
formulation). Let Q be a polygonal, bounded, and simply
connected domain of R>. Let us recall the two partitions of
the boundary: I'=T,,UI',= I'gU I';. Then, we assume that
I\, has a strictly positive measure and that Iy is contained in
I,:

F()CFm'

Finally, we suppose that the mesh I belongs to a uniformly
regular family of triangulation and that the pressure p, solu-
tion of the Stokes problem, belongs to W'>(Q).

Then, the problem (50) is well-posed and there exists a
strictly positive constant C, independent of the mesh, such
that

2 2 2
ot lwerlly + [Iwsllo.o

2 2 2 2
< C(IIro.g + ko + llgllo.o + A7 1Pl w0

||g||0,9||k||0ﬂ ||g||09

Proof. We observe that the hypotheses are such that the
two inf-sup conditions (28) and (29) are true. Then, exactly
as in Proposition 23, the problem (50) is well-posed. More-
over, the fourth equation of (50) shows that wg is diver-
gence free (see Proposition 17). Then, we have:
Iwrrllx = lWrrllo.o- Finally, we recall that, in two dimen-
sion, we have

10713 = 110

So, the proof of the inequality is given in four steps, in
which, as usual, C will denote various constants, indepen-
dent of the mesh.

First step. We take ¢, = 07, vpr = Wry, Vs =Wws and
q7 = r7 n (50). As wgris divergence free, after adding the
four equations, we obtain

2‘ + |lcurl 8- (Z)Q

([divws]]* = (f,05) + (g, curl0,) +
+ (k,ws) — (p,divws)
< I NoellO7 oo + [&lloollwrrllo.e
+ [1&llo.ollwsllo.q + (g, curl 6.5)]
+|(p, divws)|.

1671150 + (k, wer)



Then, using the classical inequality: ab < 1(a* + b%), and
the equivalence between the two norms [[divwg]] and
lwsllo.e (see (43)), we deduce

2 2
10760 + Iwsllo.o

2 2
< C(Hf”og + ||k||09 + Hk”o,QHWRTHo,Q + |(g, curl07)|

+1(p, diVWS)|)- (51)

Second step. We apply the inf—sup condition (29) to wgr,
which is divergence free, in the first equation of (50). We
deduce

wer,curl¢
bllwir < sup Lrrcurle)
wEW 5 el
(07, ¢) — (f, @) — (g, curl ) — (ws, curlp)
ol
As the norm in W is the norm in H'(Q), we obtain

werlle < CU107llo.0 + 1/ llog + llglloe + wslloa),  (52)

where the constant C is equal to 1/b, in this case.
Third step. The previous inequality and (51) lead to:

< sup
oEW 7

2 2 2 2
07 0ot ”WSHO,Q < C(If Moo + Hk”og + ||kHo,Q(| 07

+ ||f||ogz + ||g||0,Q + ||WS||0,Q)
+ [(g, curl05)| + |(p, divws)|)

0.2

or else, using the classical inequality: 2ab < % + ¢b?, true
for all strictly positive number &, we obtain

2 2
107 0ot ||WS||0,Q

1
2 2 2
< c(Wla+ 1eliq + lell + 5 (107

2e

va+Iwsllig)

+ (g, curl0,)| + |(p, divws)|).

Finally, choosing ¢ equal to C in the above inequality,
we have

167

é,Q + ||WS||3,Q
< C(Ilfllfm + 1kll5.0 + llglls o + |(g, curl0.7)]
£ [(p.divwg)]). (53)
So, the two inequalities (52) and (53) lead to:
107115.0 + Iwsll5.0 + werll;
< (W + Kl + gl o + (g curl 07)]

+1(p,divws)] ). (54)

Now, we use the result, obtained in the analysis of the
consistency error term (see (49)), which is

|(p, divws)| < Cv/hr|ply o ollWslloo-

Then, inequality (54) becomes
107

é,g + ||WSH(2>,Q + [[warlly
2 2 2
< (Il + Il + gl + (g curl65)]

+Vhr Pl el oo

and, using classical arguments, we obtain

107

é,g + HWS“é,Q + ||WRT||§(

<C(I/ 1+ Ikl o+ gl + Pl o+ (- curl6)).
(55)

Fourth step. This step is the longest. We have to study
and overestimate the term: |(g,curl@s)|. First, we split
07 as 0, =0’ + 0", where 0 is the “interior” part of
07; more precisely, 007(S) is equal to O if the node S is
on the part of the boundary I',,\I'y and, in the other case,
0°(S) = 0(S). So 0, can be seen as the “boundary” part
of 0. Now, we can take vg; = curl 0} in the second equa-
tion of (50), as curl 987 belongs to X 7 (see [7]). And, curl 0‘;
being divergence free, we obtain

(curl0,curl0%) = (k,curl0%). (56)

Then, in the third equation of (50), we choose for vg the ex-
tra velocity field associated with 0°.. We shall denote it by:
vs = Bcurl 0@, and we obtain

(curl0, Beurld,) + [divws, div (Bcurl ¢, )]
= (k, Beurl®,) — (p,div(Bcurl0,)). (57)
Let us observe that we have

(curl 07, Beurl %) = > / curl 0, Bcurl 0, dx
K

KeXs

- Z / curl 0 -curl 0, dx
Kexy; /K

= (curl 0, curl¢})

as 07 and 0/; are first order polynomial functions and the
“bubble” function B has been chosen as its integral on any
triangle is equal to 1. We deduce that

curl 05, Beurl0%) + (curl 0, curl 6%
M M
= (curl 84, curl Hbf + curl 007) = ||curl 07||§Q
Finally, by adding equalities (56) and (57), the previous
equation gives
0o = (k,curl0°, + Beurl0’,) — (p,div (Bcurl 0)))
— [divws, div (Bcurl 0%,)]
= (k,curl0,) + (k, (B — 1)curl @)
— (p,div(Bcurl0%,)) — [divws, div (Bcurl 0%,)].

|lcurl 6~

Then, using the Cauchy-Schwarz inequality, the fact that
(B — 1) is bounded independently of /., the analysis of
the consistency error term again (see (49)) and the equiva-



lence between the two norms [[divwg]] and ||wg]o.q, We ob-
tain the following inequality:

leurl 0I5

C (11l glieurt 00 + Kl gllcurt 0 1l o

+ \/h=’7|p|l‘oo.Q”CurlG};'”Oﬂ + wsllo gllcurl 0

(58)
Moreover, applying Proposition 21 to QZL, we deduce that

| \/—II@-HOI

because, on the part of the boundary I',,\ Iy, 067 and 0, are
equal, while the first one is zero on the other part of the
boundary. Next, using the continuity of the trace applica-
tion from H'(Q) to LX(I), there exists a constant C inde-
pendent of the mesh size such that

[curl 0% ||, <

C
S \/7;||97H1,9~

Introducing this result in (58), we obtain

leurl0[f5 o

19710
<kl + a (Wlloa+ VA7l Isl) )

1
( Il g+ 2cllcurt0 g +5- 1051
& 2
#3104 Vsl + Inslh) )

With an appropriate choice of ¢, and using the definition of
the norm in H'(Q), we finally deduce

leurl 075 0

c(uknz,g 105 1R

which leads to:

leurlfy [ < c(ukno,g 100 +

(59)
Now, it is easy to overestimate the term |(g,curl0,)]

|(g,curll)| < ||g||0>Q||Cur1037||0_’Q

1
<(lllalilua(14=) +lglhabh .
+ HgHo.QH@f”o_g-l‘||g||ogw)

1
k 1+—— >+ o
(|g||09|| ||m( =) +lelale o
1

This inequality given in the proposition is an obvious
consequence of (55) and this result. [

We can now state a partial convergence result, related to
the previous proposition.

1
i (I + ool + sl )

|l Hog l[wsllo.
+| |looQ+ 1 .

2 2 e 1
#3p 005 1o+ sl )+ el (145 ) )

Theorem 25 (Convergence of the discrete variational for-
mulation). Let Q be a polygonal, bounded, and simply
connected domain of R. Let us recall the two partitions of
the boundary: I'=T,,UT',=TI'gU I, Then, we assume that
I, has a strictly positive measure and that Iy is contained in
Fm

F()CFm'

Finally, we suppose that the mesh I belongs to a uniformly
regular family of triangulations and that the mesh size hy is
small enough: hy < 1.

Let (w,u,p) be the solution in WxXXY of the
continuous problem (19) and (w7 ,ugrr +us,p;) in
WasxXg ®X§7 X Y 7 the solution of the stabilized discrete
problem (42). We suppose that the solution is such that:
we H(Q), ue (H'(Q)* and pe W"(Q). Then, there
exists a strictly positive constant C, independent of the
mesh, such that

o —w7lloq+ [lu— trrllgyo + HuS”o,g < CvVhs. (60)

Moreover, we have also

lcurlw — curlw |, < C, (61)
<C, (62)

lp—psr
where C are various strictly positive constants independent of
the mesh.
Proof. First, let us recall the basic inequalities

o = o7l o < llo = 5ol o+ [Ty0 - or]

e = 15 ull iy 0 + 1151 — urrlgi 0

<lp- Hp||09+||H”p Pr

HM - uRT”dva

lp—pr

(63)

In these relations, the first terms are well-known: they are
the classical interpolation errors. And the second terms
are precisely the solutions of the auxiliary problem (50)
where we have

07 =ws — H}w, WRr = Upy — Hilvu, ry=py —M%p
and wg = ug. Moreover, in (50), we had set: f = w — H,}w,
g=—u+M%u, k=curl(o—M,0) and I =—p+%p
Then, using the interpolation errors recalled in Theorems
2, 4 and 6, we obtain the existence of a constant C, inde-

pendent of the mesh size, such that
1/ 1log + lglloe + [1&lloe + 1o < Chr (64)

We can notice that the pressure p belongs to H'(Q) since it
belongs to W">°(Q) and Q is bounded. So Theorem 6 is
true. Using this inequality in Proposition 24 ensures that
there exists a strictly positive constant C, independent of
the mesh, such that

C(#% + 1) +hs) < Chy
(65)

2 2
+ [[werlly + [Iwsllp.q <



as hy is assumed smaller than 1. This inequality can also be
written as

losr — D5 0lq + lluer — T ully + Juslse < Chs.

Finally, using (63) and Theorems 2 and 4, we obtain

lo — @7 llog + lu = urr3 + llusllog < Chs,

which obviously leads to the inequality (60) given in the
theorem, as u, ugy and I'I_‘f}vu are divergence free.

Second, let us recall the following inequality, obtained in
the proof of Proposition 24

|lcurl 6

0,0

||k||049 ||WSH0,Q
< C(Itlug +107log + 722+ Pl g+ o).

Then, we deduce from (60), (64) and (65) that

eurlf7|y, < C(hf +vhr + Pl + 1)'

The inequality (61) is a direct consequence of the definition
of 0, the first inequality of (63) and this result, as A is
smaller than 1.

Finally, let us use the inf-sup condition (28) in the
second equation of (50). We obtain

(divo,rs7)

allr7lpo < sup
vexy  lolly
(curlfs,v) — (I,dive) — (k,v)
su
e ol

Using the fact that the norm in X is the norm in H(div, Q),
we deduce that

| o+ o + 1elly).

Let us recall that: 7, = p, — I1%p. Then, using the third
inequality (63), (60) and (64), we obtain

r7lloq < C(||cur1 07

(66)

Ip=prllog < € (s + leurl O ). (67)

which lead to the inequality (62). O

To conclude this subsection, let us observe that this
result is far to be optimal. By the way, a convergence of
O(v/h) for the vorticity in quadratic norm is very classical
on a convex domain (see [17,21]). The only point we have
improved is the fact that we do not need the convexity
and that curl (w — w5 ) is bounded. It seems to be very poor
but the numerical results are much better, as it will appear
in the next section. Finally, some complements to this the-
orem will be given further.

4. Numerical experiments
4.1. Bercovier—Engelman test case

The first numerical experiments have been performed on
a unit square with an analytical solution proposed by
Bercovier and Engelman [18]. The velocity is zero on the
whole boundary I' and there is no boundary condition
on the pressure and the vorticity. So, I',,, = I has a strictly
positive measure and 'y, which is empty, is contained in
I',,,. Then, the hypothesis on the boundary, needed in the
previous theorem, is true. Finally, the exact pressure p is
a polynomial function equal to

o= ()2

on the domain, so obviously belongs to W'>(Q).

Fig. 4 gives the numerical results we obtained on trian-
gular unstructured meshes, with the classical numerical
scheme, while Fig. 5 gives the results we obtained on the
same meshes with our stabilization. If the convergence rate
on the velocity remains the same, it varies from 0.41 to 1.36
for the quadratic norm of the vorticity, and from 0.40 to
0.65 for the pressure. Very surprisingly, the cur/ of the vor-
ticity, which is not bounded in the classical case, becomes
convergent with a slope close to 1, with the stabilized
scheme! Moreover, as far as numerical values of the fields
are concerned, we had noticed in [7] that both vorticity
and pressure explode along the boundary. More precisely,
for the vorticity, the numerical maximum is 27.8 instead of
16, which is the analytical solution. And, pressure varies
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Fig. 4. Convergence order without stabilization — Bercovier-Engelman’s test.



Bercovier — Engelman (1) test case
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Fig. 5. Convergence order with stabilization — Bercovier-Engelman’s test.

between —7.67 and 6.44 instead of —0.25 and 0.25, while
the quadratic error on the pressure remains at a very
important level: more than 200%. With the stabilized
scheme, these numerical explosions disappear: the maxi-
mum of the vorticity becomes 15.97, the pressure varies
from —0.18 and 0.19 and the error on the finest mesh is
close to 10%.

4.2. Ruas test case

Then, we have worked on a circle with an analytical
solution proposed by Ruas [22]. The boundary conditions
are exactly the same as in the previous case and the exact
pressure p is constant (equal to 1) on the whole domain,
so is as regular as needed. For sake of symmetry, we work
on a quarter of the domain. Then, the “bubble” velocities
are added only on the circular part of the boundary. The
numerical results, we obtained with the classical scheme,
are given in Fig. 6.

Then, Fig. 7 gives the results of the stabilized scheme.
Here again, we observe that the curl of the vorticity, which
is not bounded in the classical case (Fig. 6), is convergent
with a slope close to 1, with the stabilized scheme! More-
over, there is also a kind of super-convergence on the veloc-
ity and on the pressure (slope close to 2). We shall try to
explain these results in the next sections.

5. Extensions and particular cases
5.1. An improved convergence result

As we have seen previously on the convergence curves,
the curl of the vorticity is numerically convergent, with a
slope close to 1, with the stabilized scheme, even if we
have not obtained any convergence result. To try to
understand this surprising behaviour, we were induced
to make a new hypothesis. To do that, let us recall

two results we obtained during the proof of Proposition
24

2 2 2
HGFHOQ + ||WS||0,Q + llwrrlly

< C(If 10+ 1kl + 1815 0 + rlpl} e + (g, curl )]

(68)
and
|lcurl 6~ ég
< (Il glleurt 01l g + [l gllcurl 0 g
VAPl eolleur Ol + Iwslyolleur 0 o ).
(69)
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Ruas test case
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Fig. 7. Convergence with stabilization — test proposed by Ruas.

Let us also recall that we have split 05 as 05 = 6(} + Hff,
where 0, is the “interior” part of 0~ while ¢, can be seen
as the “boundary” part of 0.

Now, we will assume that there exists a strictly positive
constant C, independent of the mesh, such that

[curl 0% |, < Cllcurl 0. (70)
Thanks to this mequality, the result (69) leads to:
Jeurt 01l < € (Il wsllog)s  (71)

which allows to obtain a new overestimate of |(g,curl 0)|.
Using classical arguments, with (68), we finally have

2 2
+ wsling + Iwarlly

2 2 2 2
(Il + Ikl + liglh o+ Arlph )

Then, following the proof of Theorem 25, and under the
same assumptions, we obtain the existence of a strictly po-
sitive constant C, independent of the mesh, such that

et [l — ”RT”div,Q + ||”S||o,9

hy. | (72)

lo— s

Compared to Theorem 25, the gain does not seem very
obvious. Nevertheless, we have obtained the convergence
on the curl of the vorticity and on the pressure, even if it
is not optimal. Moreover, this convergence result can
appear as more relevant when we examine Fig. 5: the
numerical convergence rate on the pressure is close to
0.65, and the rate, which is obtained for the vorticity, is
close to 1.36. This last result could be interpreted as a con-
sequence of the Aubin—Nitsche lemma as the domain Q is
convex (see e.g. Ciarlet [14]).

Remark 26. Let us discuss briefly on hypothesis (70). First,
even if the numerical convergence may lead us to this
assumption, we cannot suppose that: ||curl 0?;—|\0’Q < Chy,
with C independent of the mesh. If this inequality was true,
because of (67), the convergence rate on the pressure
should also be 1 and it is far to be the case. Second, an
inequality as (70) is certainly not true in the general case: it
is enough to take 65 equal to a constant. Nevertheless, this

case, which is the worst for (70), is the best for the
convergence theory (we have then: |[curl0||,, = O!).
Moreover, the study of the numerical convergence on the
vorticity shows that the numerical problems occur near the
boundary (see [7]). Then assuming that the “interior’ part
of 07 is negligible leads to something like (70).

5.2. Choice of the numerical coefficient of the term
[divus, divog]

An interesting consequence of the previous theory deals
with the choice of the numerical coefficient D, which was
introduced in the definition (40) as

=D> [K| / div us divvg dx,
K

KeT

[divug, divvs]

and had no influence until now. To understand the way to
chose it, let us recall some estimates, which were proved
above and in which we shall make the scalar D appear.
First, we had (see (54))

1671150+ Dliwsllog + lIwerllx
(Il + Il + gl + (g curl6)| + |(p divis)] ).
(73)

In a similar manner, under the hypothesis (70), the
inequality (71) becomes

C(I1kllog + VAPl o+ Dlwsllo)-

Finally, we recall the result, obtained in the analysis of the
consistency error term (see (49))

|(p, divws)| < CVhrlpl, o ollWsllo o

Introducing this two inequalities in (73), we obtain

[eurl 07|y o <

2 2
+ Dlwsllo.o + lIwerllx

012 2 2
< C(Hf”og + HkHO,Q + ||g||o,9 +Vhr

1,oo,Q||WS||o,Q

oalElloa + Dllwslogliglioo)-



Now, let us remark that f, g and k are connected to the
interpolation error (see (64)). Then, the previous inequality
becomes

167

- D||w5\|§,9 + Iwerlly

< c(h; RAE

p|l,oo,Q +Dh=“7

+vV hﬂ’|P|14oo,g||WS||o4Q)~

We can use again the classical overestimate: 2ab < % + eb?,
true for all strictly positive number &, and we obtain

Ws HO,Q

01l 0 + Dllws

2 2
log + [warllx

< c<h+h/p|+Dh+T |

Then, if we chose D equal to A%, it is easy to see that the
optimal value of ¢, to obtain the best convergence rate, is
—1/2. So, following again the proof of Theorem 25, and
under the same assumptions, we obtain the existence of a
strictly positive constant C, independent of the mesh, such
that

usllo.0

3/4

”G) — W7 lo,0 + Hu — U7 ||div,Q 1/4 < Ch/T/ (74)
T

and

[curlw — curlos|lgo + P = Prlloo < CV s (75)

Numerical experiments have been performed again on
the unit square with the analytical solution proposed by
Bercovier and Engelman [18]. The numerical results we
obtained on triangular unstructured meshes, with the stabi-
lized numerical scheme and the previous choice of D are
given on Fig. 8.

Compared with Fig. 4 (classical scheme) and Fig. 5 (sta-
bilized scheme with D = 1), we observe a real improvement
of the convergence orders on the vorticity and the pressure
(from 1.36 to 1.81 and from 0.65 to 1.26).

5.3. Particular case of a constant pressure along the
boundary

In the case of the test proposed by Ruas, the stabilized
scheme exhibits an optimal convergence behaviour, with
super-convergence on the pressure (see Fig. 7). To under-
stand this phenomenon, we were led to examine again the
consistency error term. Before, we have proved that the
term (p,divvg) is in O(v/hs) if the triangulation is uni-
formly regular and the exact pressure p belongs to
W>°(Q). Let us study again this term when the pressure
p 1s constant along the boundary.

Proposition 27 (Estimate of the consistency error in a
particular case). Let us assume that the triangulation I is
uniformly regular. Moreover, we suppose that the pressure p
solution of the Stokes problem belongs to H(Q) and that it is
constant on T',\I'y. Then, for all vs in X Sf, there exists a
strictly positive constant C independent of hy such that

|(p, divus)| < Ch

p|24!2||1‘75||0,9' (76)
Proof. Let us introduce the IT). interpolate of the
pressure, which is well defined as p belongs to HX(Q). So,
we have

(p,dives) = (p — I p,divos) + (1T, p, divvs).

We shall study successively each term of the right-hand
side of this equality.

First, introducing the support X5 of any function vg,
we obtain with the Cauchy—Schwarz inequality

(p = Iy p,dives)| < Y lp = Tl clldivos o
KeXs

Moreover, as p belongs to HX(Q), using the classical inter-
polation result (see [14]), there exists a strictly positive con-
stant C, independent of /g, such that for any triangle K

lp — H,l?'p”()K < Chi|P|2J<-
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Then, we deduce

|(p— 1Typ,dives)| < D Chiglply klldivosllo

KeX s

(Z |p|2K> (Z hzlldlvvsloz<>é

KeXs Kexs

2
| (z nu5||0,,<)
Kezy

= Chsf|P|2,Q||US||o,Q

o=

using the inverse inequalities, which is possible as the trian-
gulation is uniformly regular.

Let us observe that the above inequality leads to the
announced result, if we prove that the second term is zero.
This is what we do now. So, we have

(1%, p,divos) = /H~pd1vvs
KeXs

Let us recall that on each triangle K, we have:
vg = BcurlAgs. As Ag is a first degree polynomial function,
curl 5 is constant on K. Moreover the “bubble” function
Bis null on the edges of K and satisfies [, Bdx = |K|. Then,
integrating by parts, we obtain for any triangle K

/H},Tpdivvsdx:—/BVH;p-curlide
K K

— K|V, p - curl g

/ VIl p-curl jsdx

_ / olyp,

VSdVa
where anal;"p ! p along OK.
Let us now examine each edge of K. Three cases appear:

When the intersection between the edge and I',,\I'y is
empty, Ag is zero on this edge as it is associated with
vertices of I',\I's. So, the associated boundary integral
vanishes.

When this intersection is reduced to one vertex, the edge
belongs to two triangles of Y. As IT',p is continuous on

the mesh, the boundary integrals on such edges will appear
twice and will cancel two by two.

When this intersection is equal to the edge, the associ-
ated boundary integral remains.

Finally, we deduce that

. o1,
(11, p, dives) = / 7P
Fm\ﬂ; at

So, when p is constant on F,,,\Fg, we have HLp

)vs d'})

= p on this

part of the boundary. Then,
previous integral is equal to zero which achieves the
proof. [

With the previous result, the inequality (68) becomes

2 2
+ [Iwslloo + lIwerlly

2
< (Il

while the inequality (71) can be written

< C(Iklly g o+ Iwsl),

if we make the hypothesis (70). Then, it is easy to obtain

+ |(g,cur10y)|),

2
+ ||g||0,sz +hy

2 2
+ ||WSHO‘Q + [lwerlly

2 2 2 2
(Il + Ikl + lglihe + A PR ).

Finally, following the proof of Theorem 25, under the
assumptions of this Theorem, of Proposition 27 and (70),
we obtain the existence of a strictly positive constant C,
independent of the mesh, such that

Q < Chfa

+ flu — “RTHdiv,Q + H”SHO,Q

which is optimal.

This convergence result explains the convergence curves
we obtained for the test proposed by Ruas (see Fig. 7),
except the superconvergence on pressure. But, in this case,
the pressure is identically constant. To check that it is suf-
ficient for the pressure to be constant along the boundary,
we built a new test from Bercovier—-Engelman’s one. The

Bercovier — Engelman (2) test case
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Fig. 9. Convergence without stabilization — P = 0 along the boundary — modified Bercovier-Engelman’s test.



surfacic loading f'is changed in such a way that the exact  as in the case of the classical Bercovier—-Engelman’s test
pressure p is given by (see Fig. 9).

Then, the stabilized scheme is used and exhibits results
which are in complete accordance with the above theoreti-
on the domain Q, which is in this case: 2 =10,1[x]0,1[.  cal result (see Fig. 10). Let us observe that, here, there is no
Let us recall that the boundary conditions are “velocity superconvergence on the pressure field. This lead us to
equal to zero along the whole boundary”. First, we check  think that this one is linked with the fact that the pressure
that the convergence problems we have on triangular  is constant on the whole domain in the case of the test sug-
unstructured meshes for the classical scheme are the same gested by Ruas.

p(x,y) = sin(nx) sin(ny)

Bercovier - Engelman (2) test case
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Remark 28. A last question we may ask is what happens
when we use the stabilized scheme with the optimal choice
of coefficient D and when the pressure is constant along the
boundary. A careful examination of the estimates leading
to (74) and (75) allows to see that, if the consistency error
due to the pressure is in hs instead of v/h, the “best”
choice of D is 1 and not h}l/ 2. To illustrate this, we give
below the convergence curves, obtained for the modified
Bercovier-Engelman’s test and for the Ruas test, with D
equal to h}l/ 2 As expected, compared with Fig. 10, Fig. 11
exhibits a small lack of convergence. The conclusions are
the same when we compare Fig. 7 with Fig. 12.

6. Conclusion

We have introduced in [7] a vorticity—velocity—pressure
variational formulation of the bidimensional Stokes prob-
lem. For this formulation, we have defined a natural
numerical scheme which can be viewed as an adaptation
of the popular MAC scheme on triangular meshes. We
have numerically studied this scheme and observed that it
is not stable in the general case of boundary conditions.
If it gives correct results on structured meshes, improvable
ones are obtained on unstructured meshes.

In this paper, we have introduced a stabilization using
“bubble” functions, which are added only along a part of
the boundary: their numerical cost is then negligible. For
this scheme, a general theoretical convergence result is
given which is not optimal. But numerical experiments
show a very good behaviour of this new scheme, in
particular when the exact pressure is constant along the
boundary. To try to understand this surprisingly good con-
vergence, we had to make a new hypothesis which allows to
improve the convergence and explain the optimal conver-
gence we have obtained. Up to now, the complete compre-
hension of the convergence of this stabilized scheme is not
achieved. It seems to be possible to get rid of the consis-
tency error term by using arguments of Pierre [20]. Work
is in progress and hopefully the scheme will be better
understood soon.
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