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The purpose of this paper is to describe a fully discrete approximation and its convergence to the con-
tinuum dynamical impact problem for the fourth-order Kirchhoff-Love plate model with nonpenetration
Signorini contact condition. We extend to the case of plates the theoretical results of weak convergence
due to Y. Dumont and L. Paoli, which was stated for Euler—Bernouilli beams. In particular, this provides
an existence result for the solution of this problem. Finally, we discuss the numerical results we obtain.
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1. Introduction

The impact of linear elastic thin structures, such as beams, membranes or plates, is a domain where there
are still fundamental open questions despite a rather important literature. This includes, in particular,
the existence and uniqueness of solutions, the convergence and stability of numerical schemes, the
modelling of a restitution coefficient and the construction of energy-conserving schemes.

In the particular case of the vibro-impact problem between an Euler—Bernouilli beam and a rigid
obstacle, an existence result was shown by Dumont & Paoli (2006). They established the convergence
of the solution of a fully discrete problem to the continuum model. But there were no results on whether
energy is conserved in the limit or not. Indeed, it can be easily shown that uniqueness does not hold for
this system (see Ahn & Stewart, 2005, for a counterexample). Moreover, it is generally not possible to
prove that each solution to this problem is energy conserving. This is due to the weak regularity involved
since, in particular, velocities may be discontinuous.

The dynamic contact problem for von Karman plates is studied in Bock & Jarusek (2008a,b). In
the first paper the authors show the existence of a solution, using penalization techniques, while other



existence results are given in the second paper by the introduction of a viscosity term. Here our main goal
is to extend the Dumont and Paoli results to the case of Kirchhoff-Love plates. We present a convergence
result for a fully discrete scheme towards one solution of the continuous problem. This establishes both
an existence result for the solution of the continuous problem and ensures that one subsequence weakly
converges towards this solution. We do not establish a uniqueness result. Such a result would certainly
require the ability to express an additional impact law (see Paoli & Schatzman, 2007; Paoli, 2001).
Although the consideration of an impact law is something very natural for the modelling of rigid-body
impacts, this concept seems to be rather difficult to extend to the framework of thin deformable bodies,
especially with regard to the discretization.

The paper is organized as follows. In the next section an elastodynamical Kirchhoff~Love plate
model is described, as well as the vibro-impact model. In Section 3 the fully discrete approximation of
the problem (finite element model and time scheme) is introduced. Section 4 gives the most important
result of this paper, namely a convergence result for fully discrete schemes. Finally, in Section 5 we
present and discuss some numerical experiments.

2. Notation and statement of the problem
2.1 Variational formulation of the plate model

Let us consider a thin elastic plate, i.e., a plane structure for which one dimension, called the thick-
ness, is very small compared to the others. For this kind of structure, starting from a priori hypotheses
on the expression of the displacement fields, a two-dimensional problem is usually derived from the
three-dimensional elasticity formulation by means of integration along the thickness. Then the unknown
variables are set down on the midplane of the plate.

Let Q be an open, bounded, connected subset of the plane R?, with Lipschitz boundary. It will
define the middle plane of the plate. Then the plate in its stress-free reference configuration coincides
with domain

Q=2 x1-¢ +el={G1x,x)eR /(x,x)eQandx; e]-z; o},

where 2¢ > 0 is called the thickness.
In plate theory, it is usual to consider the following approximation of the three-dimensional displace-
ments for (x, x3,x3) € Q°F:

uy(xy, x2,x3) = ur(x1, x2) + x3 w1(x1, x2),
ur(x1, x2,x3) = ua(x1, x2) + x3 wa(xi, x2), (2.1)
u3(xy, x2, x3) = u3(xy, x2).

In these expressions, | and u, are the membrane displacements of the midplane points, u3 is the de-
flection, while w; and > are the section rotations. In the case of a homogeneous isotropic material, the
variational plate model splits into two independent problems: the first, called the membrane problem,
deals only with membrane displacements, while the second, called the bending problem, concerns de-
flection and rotations. In this paper we shall only address the bending problem, and we shall consider
the Kirchhoff~Love model, which can be seen as a particular case of (2.1) obtained by introducing the
so-called Kirchhoff-Love assumptions:

w1 =—0] us,

v =—-Vuz < [
Wy =—02 us,
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where 0, stands for the partial derivative with respect to x,,, for & = 1 or 2. Consequently, the deflection
is the only unknown for the bending Kirchhoff-Love plate problem. For convenience, it will be denoted
by u for the remainder of this paper. As far as loading is concerned, the plate is subject to a volume force
F and two surface forces, say G and G, applied on the top and bottom surfaces. Then, if we assume
that the previous forces are purely perpendicular to the midplane, the resulting transverse loading is

&
fR=G3++G;+/ F3 dx3,

—&

where G;r, G5 and F3 are, respectively, the third components of G*, G~ and F. So, the variational
formulation of the Kirchhoff-Love elastodynamical model for a thin elastic clamped/free plate is:

find u = u(x, t) with (x,¢) € Q x [0, T'] such that for any w € V

D
/a,%u(x,t) w(x)dx—l—/ — [(1=v) 874u +v du bup] agﬂwdx=/ fwdx, (2.2)
Q 0 2pe o

with f = Zf—R (p and ¢ are assumed to be constant all along the plate), and
pe

M(X, 0) = uo(x), atu(xs O) = UO(x), Vx € Qs (23)
o2 o2 2E ¢}
where 82u = —u, 2pu = —u, and the bending modulus is D = ———— for a plate made
" 012> b 0xq Oxp 3(1—=v2)

of a homogeneous and isotropic material, for which the mechanical constants are its Young’s modulus
E, Poisson’s ratio v and mass density p. As usual, we have £ > 0,0 < v < 0.5 and p > 0. Moreover,
dap 1s the Kronecker symbol and the summation convention over repeated indices is adopted, Greek
indices varying in {1, 2}. The plate is assumed to be clamped on a nonzero Lebesgue-measure part of
the boundary 02 denoted [ and free on IF, such that 6Q2 = I, U [I}. Then the space of admissible
displacements is

V={we H*(Q)/w(x) =0 =dyw(x) Vxe I}, (2.4)
where dyw is the normal derivative along /.

In order to guarantee that (2.2) is well posed, we use the following result.

LEMMA 2.1 The bilinear forma : V x V — R defined by
D 2 2
a(u,v) = /Q 2’7 [(1 — V) Ggpu +v Au 5aﬁ] Ogpv dx (2.5)
is a scalar product on V, which is equivalent to the canonical scalar product of H?(Q) defined on V.

The bilinear map « is obviously continuous in V. Then there exists a strictly positive constant, say M,
such that for any u € Vthena(u,u) < M || u ||%/. The converse inequality is due to the coercivity of
a(-, -), which can be established using Petree—Tartar’s lemma which we recall here.

LEMMA 2.2 (Ern & Guermond, 2004) Let X, Y, Z be three Banach spaces, 4 € L(X,Y) injective,
T € L(X, Z) compact. If there exists ¢ > 0 such that ¢ ||x||x < ||4x]|ly + [|Tx||z forany x € X, then
there exists o > 0 such that

allxllx < l4x[ly Vx € X.



Proof (Lemma 2.1). Let us remark that

D
a(u,u) :,/éﬁ [(1=v) agﬁu + v Au Syp] ﬁéﬁu dx

D
:/ e [(1=v) agﬁu 6§ﬁu +v (Au)z] dx
Q

1 —v)D

2% /Qégﬁuaéﬂudx asv > 0
1 —v)D

= 0D sty 12,
2pe

Hess(u) being the Hessian matrix of # and with Y = (LZ(Q))4. Now Petree—Tartar’s lemma is applied
with A defined from X = V to Y by A4u = Hess(u), which is injective because of the boundary condi-
tions, /¢ having a nonzero measure in Q. Setting Z = H 1(.Q) and T = idx z, which is compact, we
obtain the V-coercivity of 4, and consequently of @, asv < 1. O

2.2 Vibro-impact formulation of the plate model

Let us now introduce the dynamic frictionless Kirchhoff-Love equation with Signorini contact condi-
tions along the plate. We assume that the plate motion is limited by rigid obstacles, located above and
below the plate (see Fig. 1). So, the displacement is constrained to belong to the convex set K C V
given by

K={oeV/gE)<o®) < o) ¥re ), 2.6)
where g and g, are two mappings from Q to R := R U {—o00, 400} such that there exists g > 0 with
gilx) < —g <0<g<gpbx) e 2.7)

Since impact will occur in this system, classical regular solutions cannot be expected. In particular,
the velocities may be discontinuous. To set the weak formulation, the following function spaces are

1

FIG. 1. Example of bending a clamped plate between rigid obstacles.
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introduced:

H=L*Q),

V={we H(Q)/w(x)=0=0dw(x) Vxe ),
U={w e L%, T;K), w e L*(0, T; L*(Q))},
U={we L>®0,T;K), weL>®0,T; L*(Q))},

0
where w = w = a—L;), and 7 > O is the length of the plate-motion study. The norm in H will be

denoted by | - |-
The frictionless elastodynamic problem for a plate between two rigid obstacles consists in finding
u € U with u(-,0) = up in K and u(-, 0) = v¢ such that

T T
—/0 /Qatuat(w—u)dxdt—l—/o a(u(,t),(w—u)(,t))de

T ~
2/ vo(x)(w(x,0) — up(x)) dx +/ / f(—u)ydxdt Vo eU, w(,T)=u(,T). (2.8)
Q 0 Q

REMARK 2.3 The discretization of (2.8) does not describe the motion completely (Paoli, 2001); in
addition, it would require an impact law. For an impact at (xo, o), this law is given by a relation between
velocities before and after impact, as

ou ou _
= G0 ) = =5 (k0. 2.9)

where e belongs to [0, 1]. Since one can only guarantee that the velocity is L?(£2) in space, it is not
easy to express (2.9) rigorously. Moreover, in Paoli & Schatzman (2007), the authors observe that the
restitution coefficient for a bar is a rather ill-defined concept. They observed that the apparent restitution
coefficient depends very strongly on the initial angle of the bar with the horizontal. In the particular
case of a slender bar dropped on a rigid foundation, the chosen value of the restitution coefficient does
not seem to have great influence on the limit displacement when the space step tends to zero, as has
been shown in Paoli & Schatzman (2007). The idea to explicitly incorporate the restitution coefficient
into (2.8) seems a rather problematic task since the postimpact normal velocity at a point due to the
impact force would need to be separated from the postimpact normal velocity due to elastic waves.
Therefore, knowing whether our schemes will simulate the experimental behaviour is an interesting
question.

3. Full discretization of the problem
3.1 Finite element model for the plate problem

Let us begin with the space discretization of the displacement. The Kirchhoff-Love model corresponds
to a fourth-order partial differential equation. Consequently, a conformal finite element method needs
the use of C! (continuously differentiable) finite elements. Here we consider the classical Argyris tri-
angle, which uses Ps polynomials, and the Fraeijs de Veubeke—Sanders quadrilateral (reduced FVS);
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FIG. 2. FVS quadrilateral. Location of degrees of freedom and subtriangles.

see Ciarlet (1978). For the FVS element, the quadrilateral is divided into four subtriangles (see Fig. 2).
The basis functions are P3 polynomials on each subtriangle and matched C! across each internal edge.
In addition, to decrease the number of degrees of freedom, the normal derivative is assumed to vary
linearly along the external edges of the element (this assumption does not hold on the internal edges).
Finally, for FVS quadrilaterals, there are only three degrees of freedom at each node: the value of the
function and its first derivatives. Let us assume from now on that # > 0 stands for the mesh parameter
and that V" is a finite-dimensional subspace of V built using the previous finite element methods. Then,
following Ciarlet (1978) for Argyris triangles and Ciarlet (1991) for FVS quadrilaterals, for all w € V
there exists a sequence (wh)h>0 of elements of V" such that

lw" —wly = 0 when i — 0.

Finally, let us remark that there also exist some nonconformal approximations (see Brenner ez al., 2012),
but we do not use them here because we develop our theory within the frame of conformal methods.

3.2 Time discretization

Now we consider the time discretization of problem (2.8). For N € N*, the time step is denoted by
At = T'/N. The time scheme is initialized by choosing ug and u}l’ in K" =K N V" such that

h

Yo _ ol =0 3.1)

h
ul -
At H

lim ul — uolly + ‘
h—0, Ai—0 iy v

As far as the loading is concerned, we assume that 1 belongs to L>(0, T; L2(RQ)). Then, forallx € Q
andn € {l,..., N — 1}, we set

1 (n+1) 4t
)= / Fx,s)ds. (3.2)

At



For time discretization, we consider the corresponding fully discrete scheme, which consists in find-

ing ”»};H foralln € {2,..., N — 1}, the solution of:

find “Z+1 e K” such that

hoNT ”ﬁ+1 — 2l 4 ul hoNT h h h
(w—u, )M e + (0 —u, ) KBu, + (1 =2B)u, + pu,_,) (3.3)

> (w—ul, )T [,

which is a classical Newmark scheme with parameters f and y = 1/2.If (y;); denotes the finite element
basis functions, then in the previous expression:

o /" is the loading, where

77 = [ o+ (=288, 4 o) i
e M is the mass matrix, where
My = [ v an (34
Q

e Kiis the rigidity matrix, where
Kij = a(yi, yj). (3.5)
Let us remark that the previous inequality is also equivalent to the inclusion:
find uZ 41 € K" such that
M+ B(A2) Kyl | + (482) ol (ul ) > £

where
fl=0M = (1 = 2p)(4°K) ult — M + (APK) u"_| + (M) f7P.

(3.6)

As K’ is a nonempty, closed, convex subset of W” and thanks to Lemma 2.1, we easily obtain by
induction on # that uﬁ 41 1s uniquely defined for all n € {1,..., N — 1}. This kind of variational
inequality has been intensively studied by Paoli and Schatzman (see Paoli, 2001; Paoli & Schatzman,
2007).

4. A convergence result for a Newmark—Dumont—Paoli—type scheme

The discrete problem associated to (3.3) is:
find “Z+1 e K" such that for all w” € K"

h h h
/ Uy — 2uy +u,
Q (41)?

—1
" —ul ) dx +a(puly, + (0 =28l + pul | wh—ul,)

> [ B+ = 28004 ] =)



Dumont & Paoli (2006) studied the same kind of problem, corresponding to a fully discrete beam prob-
lem. They established unconditional stability and gave a convergence result for f = 1/2, whereas a
conditional stability result is obtained when £ € [0, 1/2[. In the following, we shall adapt their proof
to the case of a Kirchhoff-Love plate, restricting ourselves to the case f = 1/2. So the fully discrete
scheme we consider is:

find uf;+] e K" such that for all w" e K”

h ho ok h h
Upsr =2ty oy U1 THat
/Q z a0 1 (w —un+1)dx+a n 7 " w — Uy (4.1)
Jotr1+ famt oy
> /Q%(w = Uy) A

The following result, which states that the discrete solution is uniformly bounded in time, is straight-
forwardly obtained by adapting the proof of Dumont & Paoli (2006, Proposition 3.1).

LEMMA 4.1 Let f = 1/2, then there exists a positive constant C( f, 1, vg) depending only on the data,
such that forallzZ > Oandforall N > 1

P/ ICENE WP
— IHI+ 3 a(un,un) + 7 a(un+l,un+1) < C(f, uo, v9) 4.2)

forn € {1,..., N — 1}, where (uﬁH) are solutions of problem (4.1).

1<n< N=1

Now let us build the sequence of approximate solutions (1, n)x~0,5y>1 of problem (4.1) by linear
interpolation:

ift € [ndt,(n+1)4t], 0 <n < N —1, we set
(n+1)4t —¢ (43)

n,y (6, 0) = 1y (v) ——7

il 00 T
which is defined on @ x [0, T']. Let us observe that these functions are continuous in time (obvious)
and space (for all n, uf; belongs to H%(R), which is included in C%(Q)). Moreover, because of (4.2),
forall 2 > 0and N > 1, the functions uj, x belong to L°°(0, 7'; V) and are uniformly bounded in this
”Z+1 x)— uz (x)
At
belong to L>(0, T'; L?(£)) and are also uniformly bounded in this space. So there exists a subsequence
still denoted (u5,n)n>0,n>1 and u € U such that we have the following convergences:

space. As uy n(x,1) = fort e [ndt, (n+ 1)A4t], using (4.2) again, functions u y

up,ny — uweakly* in L*°(0, T; V),

ipn — 1 weakly* in L°(0, T; L?(2)).
As the injection H?*(Q) < H'*<(Q) is compact (Rellich’s lemma, for ¢ < 1), and with Simon’s
lemma (Simon, 1987, Corollary 4, p. 85), we deduce that {w € L>®(0, T; V), w € L>(0, T; L*(2))}

is compactly embedded in C°(0, T; H'*<(£2)) and then in C°([0, T] x ). Therefore, after another
subsequence extraction if necessary, we have

up.n — u strongly in C°(0, T; H'*€(2)) and in C°([0, T] x Q).



Consequently, we obtain the following results.

o As L™®(0,T;L*(Q)) is included in L2(0, T; L?(Q)), i belongs to this space. Moreover, as all
functions uy, v belong to L2(0, T; K), u also belongs to it. So u belongs to U.

e For every h and N, uj n(x,0) = ug (x), which converges towards ug in V (see (3.1)). As
V ¢ H'*¢(Q) with continuous injection, then u(-, 0) = uj.

Then we shall prove the following result.

THEOREM 4.2 Let f = 1/2. Then the sequence of approximate solutions (u;, y)s=0,8>1 given by (4.3)
converges weakly* to u in {w € L0, T; V)/w € L0, T; L*(22))}. Moreover, u belongs to U, is
such that u(-, 0) = ug and is a solution of problem (2.8).

The corollary is that the frictionless elastodynamic problem for a Kirchhoff-Love bending plate
between two rigid obstacles has at least one solution.

Proof (Construction of a discrete test function.)
To obtain (2.8) from (4.1), a first point is to associate to any test function w a discrete one which is close
to it. A natural idea would be to define wf; as the linear projection, defined by the bilinear form @, on the
space V", of an approximate value of i at time n 4¢. Unfortunately, this projection does not preserve
the unilateral constraints. Then this choice would not necessarily give a test function in K”.
So, let o be a test function such that ® € Uand @ (-, T) = u(-, T). Fore € 10, T/2[, we define ¢
as a C! function such that
0<¢()<1,1el0,T]
¢@) =0, t € [T —-3¢/2,T], 4.4
o) =1, t € [0, T —2e¢].

We set w = (1 — ¢p)u + ¢w. Then, by construction, w(-, #) = u(-,¢) forallz € [T —3e/2, T]. And,

since K is convex we immediately have w € U.
Now let 7 € 10,¢&/2[ and y € ]0, 1[. Following Dumont & Paoli (2006), we define w,, , by

1t
Wy, (x, 1) =ulx,t)+ ; /z (1= pwlx,s) —ulx,s))ds, t €[0, T —¢/2]. 4.5)

Since u € U and w € U we clearly have

Wy, —U € CO(O,T—S/Z;V),
Wy, € L®0,T —e/2;V) N C%0, T —¢/2; H'*<(Q)),
Wy, € L2(0,T —e/2; L*(Q)).

Moreover, we can select 7 such that w,, , strictly satisfies the constraint. More precisely, forall z € [0, T
—&/2]and forallx € Q,

1 t+n 1 t+n
wy,, (x, 1) =— / 1= pwl,s)ds +ulx,t) — — / u(x,s)ds.
nJe n Jt

Let us recall that, in the definition of the convex set K, a scalar g is introduced such that

gilx) < —g<0<g<pbx) e



First, as w e U, we have 21(x) < w(x, 1) < g(x) forall x and z. So,
1 t+n
g +xg< (- g < u / (I=wx,s)ds < (1= x)g(x) < gx)—xg.
t

Second, let us recall that u belongs to C°([0, T'] x Q). Thus, by uniform continuity on a compact set,
for all o belongsto ]0, yg/2[ (constant g > 0 is defined by (2.7)), there exists # > 0 such that for all x,
lu(x,t) —u(x,s)| < o whenever |t —s| < 5. Then

1 t+n 1 t+n 1 g
‘u(x,t)——/ u(x,s)ds‘g— / |u(x,t)—u(x,s)’ds<—775=5<)(—.
nJi nJi n 2
Finally, we have
a@+52 <w, < 2w -5 Vxe @ vie0.T-52 (46
which ensures that w, , (x, t) belongs to [g1 (x) + xg/2, g2(x) — xg/2]. O

LEMMA 4.3 (Construction of a discrete test function.)
For x belongs to Q, let w/" be

uZH(x) +rp(wy,, (x,ndt) —u(x,ndt)) ifndt <T —e,
uz+](x) ifndt > T —¢,

W) = [

where 7, is linear projection, defined by the bilinear form @, on space V”. Then there exists kg >
0 and Ny > 1 such that, forall # € ]0,ho[ and forall N > Ny, w,’f belongs to K" for all
n belongto{l,..., N — 1}.

Proof
e Itis obvious that w! belongs to V# and K" when n 4t > T —e.
e Otherwise, whenn At < T — &, w,i’ is written as
wﬁ(x) =up N, (n+1)4t) —u(x, (n + 1) 4t)

F+ulx,(n+ 1) d4t) —u(x,ndt) + wy ,(x,nAt)
+ (zp — 1d)(wy,, (x, n4t) — u(x, n 4t)).

First, as (un,n)n>0,n>1 converges strongly to u in %0, T; H'*<(Q)), and using the continuity of the
canonical injection from H'*<(Q) into C°(Q), for & small enough and N large enough, we obtain
X8

sup lup,n(x, (n + 1) 4t) —u(x, (n + 1) 40)| < Cllup,n — ullco,7; 51+ (@y) < 5
xeQ

Second, u is continuous on the compact set [0, T'] X Q. So, by uniform continuity, there exists A¢y or
No = T/ Aty, such that if At < Atgor N > Ny, we have

sup lu(x, (n + 1) A4t) —u(x,ndt)] < X—g
el 6
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Third, let us introduce the constant y;,, which depends on /: because of the canonical embedding from
V to H'*<(Q) and the convergence of the finite element scheme, for all # > 0, there exists y; such
that

Vw eV, ||lzp w— U)”HHé(Q) < 7h llwlly and }}E}% 7h = 0. (4.7)

Then, for 4 small enough,

sup [(ms — 1d)(wy, (v, n A1) = u(x, n AN < C |Gy = 1d)(wy 1 (10 A8) = u, n A0) | s @)

xeQ v g
SCyp llwy,y, —ullpe©,7-¢/2;v) < 5

Finally, using the previous results, for # small enough and N large enough, we have

18
2

18
2

< wf’l(x)—wmx(x,nzlt) <
forallx € Qandn e {1,..., N — 1}, which leads to
@1() S wy (eonan) = E5 < () Swyeonan + 525 < o),

by using (4.6). And we can conclude that wﬁ belongs to K”. (]

4.1 Transformation of inequality

Now, our goal is to show that the limit u is a solution of the continuous impact problem (2.8). So, to
use the previous lemma, in all the following we will assume that z € ]0, o[ and N > Ny. Thus, we set
At = T/N. In (4.1) we take w” = w!, we multiply by A¢ and sum over 7 to obtain

n

N—1 h h h Nl

u 1 —2u” +u —1 h h 1 h h h h
S e = ks a3 (o (e = )
— n=1

N-1

1
>y (E/g(fm t+ S0 (W) =) dX) At. (48)

n=1

h
7L
—¢

T — ¢. So the above sums end at the integer N’, which is the integer part of ( T

From the definition of the discrete test function (Lemma 4.3), we have u),’j —uy,, =0asfarasn At >




4.8) can be rewritten as

N’
z / n+l 2” +un l(u)h—uh )dx
— 0 (At)z n n+1
h h h h
_ Z / n+1 —u, _ M T ) P T
At At
h h wh h h h
_ “N/+1 Uy Wy — ”N/+1 A — Z _” Wy _”n+1) - (wn—l _”n) d
0 At At At
h ho,h h
_/ up —ug wy —uj dx
Ie) At At
N'+1 wh h h h h ok h
_ "= n_un—i-l)_(wn—l_un)dx_ YT Ho o MY 4
At o At At ’

h h _ :
as wy, | — Uy, = 0. Finally, we have

/u}ll_ug(wh—uh)dx+% ( /(f 1+ o) (0] )dx) At
o i 0~ U 2 n+ n— up

Nl
h h
Z ( (n+]+un l’wn_un+l)) At

n=1

N'+1

h Wk h h
—u,_y (W, — ”n+1) — (wy_y —uy)
- § ( / o dx | 4. (4.9)

The goal of the remainder of this proof is to make 4 and At tend to zero. So each term of the previous
expression will be examined separately in the four following steps.

Step 1. By definition, wy (x) - uh (x) = mp(wy, , (x,0) — u(x, 0)). Then

”}1’ - ”]3 h_ ok _ ”}f 3 _ _
(wo ul)dx = (p — 1d)(wy, ,(x,0) —u(x,0)) dx
fe) At 0 At

+/Q ulA— (wy, , (x,0) —u(x, 0)) dx.

So, (4.7) leads to
[(m) — [d)(wn,)( ¢, 0) —ul,0)|u < I(wp — [d)(wn,)( -, 0) —u(, O))”HHE(Q)
< Yh ”(wn,)(('a 0) - u(’a 0))”Va

with }}in}) yp = 0. Finally, from (3.1), it is known that ~ lim
-

— | =0, and we
h—0, At—0 At H

obtain



M]il - ug h . h h, 4t — 0 _
S (wo ul)dx —> ; vo(x)(wy, , (x,0) —u(x, 0))dx. (4.10)

Step 2. The second term of (4.9) can be split in two parts of the same following form:

N’ N’
nzz; /Qf,,/ (wZ’ —uzﬂ)dx At:nZ:% /Q S () mp(wy, , (x, nAt) —u(x,nAt)) dx At

v
= Z/Q Fo ) (@ — 1d)(wy,, (x, n At) — u(x, n At)) dx At

n=1

N 1) At
+Z/n' ‘Qf(xss)[(wr/,)((x,ndt)—M(X,IZA[))

’
n=1 4t

— (wy,,(x,s) — u(x,s))] dx ds

N (n'+1) 4t
* 2 /A /gf(x’s) (g (x,5) = u(x.5)) dx ds

n=1
=51+54+S

from the definition of f,/ (see (3.2)), and those of the discrete test function wﬁ Here we have
n’ =n+1orn’" =n— 1. Let us examine each of these terms successively.

(1) Asin Step 1, (4.7) leads to
[() — Id)(wly,)( (,ndt) —u(,ndt))lm < yn ”(wn,x('a nAt) —u(-, n4t))lly

vh lwy,, — ullLo0,7—6/2;V)

NN

foralln € {1,..., N’}. Then we deduce that

N/
|S1|=‘Z /Qf,,/(x) (th — 1d)(wy., (v, n A1) — u(x, n At)) dx At
n=1

N/
<D0 Wl 4t yi llwy, — ullzo@.r-2/2:v)
n=1
h—0
< (ﬁ ||f||L2(o,T;H)) Vi lwy,y — ull L0, 7—5/2,V) == 0.
(2) The definition of w,, ,, (4.5), leads to

(wy,, (x,ndt) —u(x, nAt)) — (wy,, (x,s) — u(x,s))

1 nAdt+n 1 s+
=- / (1T = wlx, 1) —ulx,2))dt — - / (1= pwlx,t) —ulx,1))dt
M JnAt nJs

1 s 1 s+
= - / (I = wx,t) —ulx, 1)) dt — - / (1= wlx, ) —ulx,1))de.
M Jnat n Jn

At+n



Moreover, if ¢ belongs to L2(0, T; H), a and b being such that 0 < @ < b < T, one has
2

Lb¢(.,t)dt‘;=/!2 (/abga(x,t)dt) dx

b
s(b—a)/g [ i < 6=l
a

or else

b
/ go(-,t)dt‘H < Vb —=alellip2o,7:m-
a
This result implies that

[(wWy,, (,ndt) —u(,ndt)) — (wy,, (-, 5) —u,s)|n

2 /s —nAt|
< — (X =x)w—ullg20, 7,8

2 /s —nAt|
< ——— 1A =x)w—ullp2,7,v)-

As s belongs to [(n — 1) At, n At] or [(n + 1) A4t, (n + 2) A¢t], in all cases we obtain

N (n'+1) At
| S2] =Z / /Qf(x,s) [(wn,x(x,nAt)—u(x,nAt))

- At

— (wy,, (x,5) — u(x,s))] dx ds
N’ (n'+1) At 2.2 At
<X [ reomas) 2= 0w - ulg
——T n
242 At At — 0
T 1A= )w—ul20r.vy — 0.

(3) Finally, as w, , — u belongs to C°(0, T — &/2; V), which is contained in L2(0, T’; H), as
”5X

<VT A 220, 7m0

T —
fisin L2(0, T; H)) and N’ is the integer part of A—tg’ then we can make A¢ go to zero

and obtain

N’ (' +1) 4t
S = Z/n /Qf(x,s)(wn,x(x,s)—u(x,S))dxds

’
=1 At

(N'+2) At
/ / S, 8) (wy,,(x,s) —u(x,s))dxds if n"=n+1
24t Q

N’ At
/ / f(x,s8) (g, (x,5) —u(x,s))dx ds iftn=n-1
0 Q

T—e
AI_ZEO/O /Qf(x,s) (0., (x, 5) — u(x, 5)) d ds.



So, we can conclude this step and have

N’

1
> (5 A)(fn+1+fn_1)<wﬁ—uﬁ+l)M) At

n=1

T—e¢
A / / 1 (wy., — u)dx ds. 4.11)
0 Q
Step 3. We carry on with the convergence of the third term of (4.9). Here we shall use some results
which we will reuse later.

e The bilinear form a defines a scalar product on V, which is equivalent to the canonical scalar
product (see Lemma 2.1). So there exists C > 0 such that |a(w, w)| < C |jw]|y for all
w e V.

e 1 is the linear projection on the space V defined by the bilinear form a. In particular, for all

wh e Vhando € V,a(wh,nhv)za(wh,v).

Now, let us observe that

N/
1
h h h h
3 Z a (un+1 +uy,_q, w, — un+1) At
n=1

N'+1
1 hoh ok 1 h Kok h h
= 3 a (”o» wy — ”1) At + 3 Z a (un_l, (wn — “n+1) - (u)n_1 - un)) At
n=l1
| X
h h h h
+§ Z} a(un+1+un,wn —un+1) At
n=

1 1
==85S1+=5+S8;,
> 1+2 2+ 53

h
aS Wy —

(1) By definition, w{ (x) — u" (x) = 74 (wy,, (x, 0) — u(x, 0)). So

”?\/’ = 0. Now each of these terms will be studied.

1S11 = la(ub, wh —ul)| 4t = |a(ul, wy,,(-,0) — u(-, 0)| 4t

h, At — 0
< C? ublly wy,, ¢, 0) —uC, 0)|ly 4t =" 0,

(ug)h being bounded as the time scheme is initialized by choosing uf‘) such that
Jim lluf — uolly = 0 (see (3.1)).
S

(2) Here again, from the definitions of the test functions wﬁ’, and the projection 7, we have
N'+1
S = Z a (uz_l, (wg - qu) - (u)fz’_1 — uz ) At
n=1
N'+1

= Z a (uﬁ_l, (wy,;, —u)(-,ndt) — (wy,, —u)(-, (n — I)At)) At.
n=1



Following Step 2 (2), with s = (n — 1) 4¢, we obtain

2 At

|(w17,)( —u)(-,ndt) — (wn,x —u)(-,(n =140 < 11— w— u”LZ(O,T;H)'

This property can be extended to the space derivatives (in the distribution sense) of
(1 — y)w — u exactly in the same way and leads to

”(wn,x - u)(’ ndt) — (wn,)( - “)(> (n — ) 4t)lly

2/ At
< p (1 —w _”||L2(O,T;V)- (4.12)
Then, using this inequality and (4.2), we have
N'+1
2 C /At
190< D0 yJa@h_ | ul ) M= w =l rw 41
n=1

N'+1
2C /At
< E V2 C(f, ug, vo) —;7 (A= ))w —ullp20,7:vy 4t
n=I

2C /At At = 0
< T /2 C(f, u0,v0) 10 =0 —ule =7 0.

(3) As the function uj,_y is linear in time on each interval [n 4z, (n + 1) 4¢] (see (4.3)), we
have

(n+1) 4t 1 P P
/ up N (G, 8)ds = = (u, | +uy) 4t,
nAt 2

which allows the third term to be rewritten as

1 s h h h h > (n+1) 4t h h
N 5 za (un+1 + Uy, w, — un+1) At = Z/ a (uh,N('a $), Wy, — un+l) ds
n=1 n=1 ndt

N’ (n+1) At

=3 [ ). = an) ds
=1 nAt
N (n+1) 4t

= Z /A a (Mh’N(',S), (wn,)( - u)(a nAt) - (wﬂ,)( - M)(,S)) ds
n=1 nAt

T—¢ At
+/ a(upn(,s), (wy,, —u)(,s))ds —/ a(upn(,s), (wy,,—u)(,s))ds
0 0

T—e¢
—/( a(up,n(-,s), (wy,, —u)(-,s))ds.

N'+1) At


c.prunier
Rectangle 


Replacing (n — 1) A4t in (4.12) by s, where s belongs to [n At, (n + 1) At], we obtain

N (n+1) 4t
Z /At a (uh,N(~,s), (wy,, —w)(, ndt) — (wy,, —u)(, s)) ds
n=1 n

N At At = 0
(1= x)w—ul2grvy — 0,

2
< C7 T lun,nllLoo(0,7;v)

as functions (u,n)s>0,n>1 are uniformly bounded because of (4.2). The same reason
leads to

At
[ o, g, = s s

At
</0 C? ) vl wpy — w)Co )y ds

2
< At C lup,nllzeo,7:v) | Wy, ; — w2000, 76 /2, V)
At — 0
— 0,

and, in a similar way,

T—e At — 0
a(upn(,s), (Wyy —uw)(,s)ds — 0.
(N'4+1) 4t

Finally, as the inclusion of L°°(0, T'; V) into L2(0, T;V) is continuous, functions
(th,N)h>0,n>1, being uniformly bounded in L*°(0, 7'; V), are also uniformly bounded
in L2(0, T; V). So, up to a possible subsequence extraction, (tn,N)n>0,N>1 converges
weakly in this space towards u (uniqueness of the limit). So that we obtain

T—e T—¢
/0 A (o 8), (yp ) s))ds 250 /0 a(u.s), (g, —u)(- ) ds

and then

1 il h h h h h, At > 0 I—e

EZ a(un_H +u,_, w, _”n+1) At — /0 a(u(-,s), (wy,, —u)(-,s))ds.
n=1

(4.13)

Step 4. Finally, let us study the convergence of the fourth term of (4.9). To simplify the presentation,
we introduce the notation

(wy,, —u)(x, t 4+ At) — (wy,, —u)(x,t)
At

war(x,t) = Vte[0,T —¢/2], Vx € Q,

and we recall that, by the definition of N, u)’](,, R u?v, o= 0 and that, by the definition of the

discrete test functions (see Lemma 4.3), wfl’, (x) — u’]’7Jr1 (x) = mp(wy,, (x, pAt) —u(x, p At)).



At At

h h
u u
N'+1 N (o h h
=— | ——— (wy —u dx
/Q At (wly N’+1)

N S

" ,,ZZ; ( /Q nA—tn_l (xn = 1d)y 4, (n = 1)At)dx) At
N/

+Z/ / nl(l//m( (n — 1) A1) — v ae(-, 1)) dx dt
=1 Y (=Dt

+Z /(n - / Ly 4G, 1) dx dr

= 51 +8+ 8+ 5.

(1) First, using (4.2) and the definition of w’}v,, we have

”?v’ 1 M?V’
S| = / NHL N (ph dx‘
|11 1t ( N N+1)

h
u, u,
= /%nh(wn,x(x,N’At)—u(x,N’At))dx‘
Q
h h
< Unig1 — Uy
At

< VCs w0, 00) |1y ¢ N' A1) = uC, N' 41|

N A1) — u(-, N' At ‘
| N D = N A |

< VC(fru,00) (e = 1d) (w3 (N 40) = (-, N 40|
+V/C(f, uo, vo) ‘wn,x(-, N’ At) —u(., N/At)‘H

Let us recall that, by construction, w(-,¢) = u(-,¢) forall t € [T — 3¢/2, T] and that
N’ is the integer part of ——

8. So, for At small enough, it is possible to have N’ At >
T — 3¢/2. Consequently, the definition of w,, ,, (4.5), leads to

N At+n
Wy (o N/ A1) — (e, N' A1) =~ / (1 = P t) — u( 1)) di
n JN At

N’ At+n

=4 u(-,t)de.
n JN' At



Moreover, following Step 2 (2), if ¢ belongs to L°°(0, 7; H), a and b being such that
0<a<b<T,onehas

/a§0( t)dt (b—a)/ /go(x t) dt dx

<(b—a)* suplp(, O)lg = (b= a)’ 1917 w75
t

or else

b
[ otnal, <@-aloloram,
a H

As u belongs to L°°(0, T; V), this result implies that
X N’ At+n
g N4 = ue Nl = | [ e o a < s
N’ At H
< x lullzoo,7;v)-

Finally, using (4.7), as y;, goes to zero when / goes to zero, we have

‘(n’h — 1d) (1w, (-, N' A1) — u(-, N’At))‘H
|G — 1d)(wy, (-, N A8) = (-, N A g1 o)
| — 1d)(wy, , (-, N' A1) —u(-, N 4t))|lv

Vi lwy,, —ullpeo©,7—¢/2:vy < x lullz0,7;v)>

<
<
<

if /1 is chosen small enough. Hence, it leads to

[S11 < 2x VC(f, uo, vo) llullzeoo,7;v) = x C lullro©,7,v)- (4.14)

(2) Letus now derive an estimate for S.

N’ h h
u, —u, _
1S21=] > (/Q"A—t“(nh—Idmt(-,(n—l)m)dx)m
n=1
N’ uh_uhl
< n n- — . _
M T | 18 = Ty (1 = 1) A0 4
n=
N/
<VC(fru,00) D 1@ — 1)y 4, (n — 1) A1) |z At
=1
! N’
<yn VC(fruo.v0) D NwaiCs (n = 1) 40|y At
n=1

1/2

N/
i VC (0,00 VN [ D 14t yail, (e = DAl |

n=1



thanks to (4.2) and (4.7). Moreover, the definitions of w 4, and wy,, ,, (4.5), lead to

1(wy,, — u)(x, n At) — (wy,, — w)(x, (n — 1) A)|I3;

| /M,+,, (1= w0 —ux,n)
nAt n

1At wa: (-, (n — 1) AD)|I3,

/(n—l)At+n (1= wlx, 1) —ulx,t) d&t Hz
(n—1) 4t n M

H /(’””*” (=P, —ub0

n—1)At+n n

/’“” (1 —wlx, 1) —u(x,t) dtH2
(n=1) At n v

) H /(nm+n (I — w(x, 1) —ulx, 1) dt”z

n—1)At+n n v

+2 H /Mt (1= Dwlx, 1) —u(x, 1)

2
(n—1) At n dt HV- (4.15)

Now, if ¢ belongs to L2(0, T'; H), one has

2

N’ n At 2 N n At
¢(~,t)dt’ - / (/ go(x,t)dt) dx
nzz; ’~/(n—l)zlt H WZ:; Q (n—1) 4t
N nAt
<> At/ / 9?(x, t)drdx
n=1 Q (

n—1) At
T 5
< At /Q /o e (x,t)dtdx = At o172 0. 7.1y

In a similar way, as 7 < ¢/2 and N’ At < T — & (from the definition of N’), we have
N’ At + 5 < T and then

N’ nAt+n 2 ,
p(,0)dt| < At lell52 7
,; ‘/(n—l)AH-q H o L2(0,T:H)

If ¢ belongs to L2(0, T'; V), the previous properties can be extended to its space deriva-
tives (in the distribution sense) in exactly the same way, leading to

1/2

nAt+n 2
0 (1) dtHV <V2 At ol 20.7:v)-

> Ly
oaf) +>] /
n=1 (n=1)4t v n=1 (

n—1)At+n
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1

Setting ¢ = — ((1 — y)w — u) in the above inequality, this result and (4.15) imply that
n

1/2

N/
120 <y /(s wo,00) VN | D7 148 pag (-, (n = 1) 405

n=1

2 At
< yn VC(f, uo, v9) VN p I = 0w — ull 200, 7.v)

23T o0
<o Vw0 00) == 1101 = 0w = ull20.rw) = 0.

(3) To treat the third term, we begin with the following transformation. First, let us recall that
the definitions of v 4, and w,, , lead, forall z € [0, T — /2], to

(wy,, —u)(x, T+ At) — (wy,, —u)(x, 1)

parle o) = At
1 T+ At+n
:M + At (1= w —u)x,s)ds
1 T+
YT (1= p)w —u)(x,s)ds
T+n
=7 ) @=Dw=—ws+ 40— (1= 0w —u)r.5)ds
1 T+ s+ At
T (/ ((1—x)u>—a)(x,r)dr) ds. (4.16)

Hence, we obtain

parx, (n=1)48) =y (x, 1)

1 (n—1)dt+n ps+ A4t ) )
(/( /S (A= p)w—u)x,r)drds

N4t \ J -1y 4t

s+ A4
_ /H" /+ t((l—;{)u')—a)(x,r)drds)
t s

1 t s+ At
m (/( —I)At/ (A= p)w—u)x,r)drds

t+n s+ At
- / / (¢! —){)zb—it)(x,r)drds).

(n—1) At+1



Now, a and b being such that 0 < a < b < T, and setting ¢ = (1 — y)w — u, where ¢
belongs to L2(0, T'; H), one has

’ :ergp(.,r)drds‘;l:/g (/ab/ss+dt¢(x,r)drds)2 dx
g/g(/ab«/E[/S”mwz(x,r)dr}l/z ds)2 dx

g/g(b—a) At /ab[+m¢2(x,r)drdsdx
—(b—a) At /ab(/g/sﬁm(pz(x,r)drdx)ds

< —a)* 4t 91720 7.5y (4.17)
and then
[t — (n —1)4¢] . .
- (m—=1)4t) — -t <2— 1—y)w—u T -
[y ae (-, ( YA =y, Ol N (1= ) M z20,7:m)

Finally, using (4.2) again, we obtain from these results

N’ nAt uﬁ_uh 1
<> [ PR 0= 040 = vl
; (=) At At oY !
lt = —1Dde| L
JC o v0) / 1= )b — il 20, gy
Z (n— I)At 77\/_ L20.1:H)

Y (ary?
<V C(f, ug, vo) 11— w —aull;20.7.
VC(f. ; T b 12(0,T:H)

T A/ At . . At = 0
< VC(f, uo, vo) 10 =00 =il 7 =70

up () —ul_ (x)
At

(4) Finally, from the definition of uj_y, (4.3), we have i), n(x,t) = where

t belongs to [(n — 1) 4¢t, n At]. Hence, S4 can be rewritten

S4_Z/

(n—1) 4t

/ /uhNdedt / / Uv T ENL Gy dedr,
At

h h

Uy —Uy_y

_ -, t)dx dt
I
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Exactly as for the previous point, using (4.2) and (4.16)—(4.17), we obtain

\/NW/ o = Uit uN‘l e t)dxdt\

<[ N—N‘\ m,(-,r)mdr
T—e¢

< VC(f, uo, vo) ||(1— JOw =l 20, 7w dt
N’ 4t

. . At 0
< V(. uo, vo) VAt ||<1—x)w—u||Lz<o,T;H> =0

Moreover, following (4.16) with ¢ = ¢ belonging to [0, T — ¢], we have

1 t+At+n 1 P
varlx 1) = At g 10 (A= w —u)(x,s)ds — pwTd) (1= p)w—u)(x,s)ds
1 t+n+At t+At

Atao

- (((l — 0w —u)(x, 47— (1 - ){)w —u)(x,1)),

and this convergence is strong in L>(0, 7 — &; V) as (1 — y)w —u € L>(0,T;V).
Furthermore, as the inclusion of L°°(0, 7'; H) into L2(0, T'; H) is continuous, functions
(tth, N)n>0,n>1 being uniformly bounded in L°°(0, T; H) are also uniformly bounded
in L2(0, 7; H). So, up to a possible subsequence extraction, (i, ¥)p>0,N>1 converges
weakly in this space towards # (uniqueness of the limit). So that we obtain

T—e¢
/ / i war e di
0 Q

h 450 /T_S/ (e 1) (A =w-—wx.t+n) = (@=-w-w)&.1
o Jo

dt,
n
and then
I=e 1=y )w— t+n) — (1= )w — t
sy, 205 0 [ e Um0t U Z i) g,
Q n
(4.18)

4.2  Conclusion

Thanks to the previous convergence results (4.10), (4.11), (4.13), (4.14) and (4.18), when / and At tend
to zero in inequality (4.9), we obtain for all € €10, 7/2[ and 5 €0, £/2[,

T—e
[ 00w, 0 —uteopar+ [ [ 1w, —wdrar
Q 0 Q

T—e¢
< /0 a (uC, 1), (g — 1) 1)) At + 1 C lullzooorv)

_/H/ i(x, 1) (A= pw—w)x, t+n) = (0= w—u)x,1)
0 Q n

drdr. (4.19)



n
_ [t A=wx,s)—u(x,s)
_‘lﬁ Fall) ﬁf (,8) 4

’7_>0 (1 = y)(x, 1) —au(x,t) strongly in L2(0, T — &; H).

With the same arguments, as (1 — y)w —u € L%*(0, T; V) N C°0, T; H) first we have

1 t+n
Wy, (X, 1) —ulx,t) = Z /z (A= pwx,s) —ulx,s))ds

;7—10 (1= )w(x, 1) —ulx,t) stronglyin L2(0, T —¢; V),

and second, for t = 0,

Wy, , (x,0) —u(x, 0) ’7:>O (1= y)w(x,0) —u(x,0) strongly in H.

So, when 7 goes to zero, inequality (4.19) becomes

T—e¢
/oo(x)(u—x)w(x,O)—u(x,ondx +/ /f((l—x)w—u)dxdt
Q e 0 Q
</ a1, (1= 2w — ) 0) di + 7 C fullpoo.r9)

/T a”/ u (1 = y)w—u)dxde.

The proof is achieved by making y and ¢ tend to zero, observing that w — u = ¢ (w0 — u), where ¢ is
defined by (4.4). |

REMARK 4.4 Let us recall that, in their paper Dumont & Paoli (2006), Dumont and Paoli gave a more
general result, including, in particular, a conditional convergence when the parameter £ belongs to
[0, 1/2[. Actually, we could have followed the same way. As a matter of fact, the coefficient

a(uh’ uh)
Kp= sup ————
ah e yimoy 1l g

that they introduced in Dumont & Paoli (2006) to lead to a conditional stability, can be used in a similar
way for plates. It means that Lemma 4.1, which states that the discrete solution is uniformly bounded
in time, can also be straightforwardly obtained from Dumont & Paoli (2006, Proposition 3.1) under
the same hypotheses. Then, up to some technical details, if we follow Dumont and Paoli’s proof more

closely, Theorem 4.2 remains valid. The only point to discuss is the evaluation of xj. In Dumont & Paoli

EI 1
(2006), the authors show that K}feam ~ _S It for a homogeneous and isotropic beam, 4x being the
X

mesh size, which is uniform here. In the case of a Kirchhoff-Love plate, if we assume it is made of a
homogeneous and isotropic material too, then the definition of the bilinear form a(-, -) shows that «j,
is the highest eigenvalue of the bi-Laplacian operator on the plate mesh. So, first, it is proportional to



D Eé¢
2pe 3(1—-v2)p
it is easy to see that the highest eigenvalue of the bi-Laplacian is of order 1/A*. Consequently, in our

2
. . plate Ee
case and under the previous assumptions, x ~—_— —
h 2 4
3(1=v¥)p h

of beams. Finally, from a practical point of view, for a similar computational cost, it is better to use an
unconditionally stable scheme. Consequently, we only tested the scheme with f = 1/2.

. Second, if the mesh is uniform of size 4, following, for example, Maury (2010),

which is quite close to the case

5. Numerical results and conclusions

We will consider a steel rectangular panel of other lengths all given in metres; change these for con-
sistency. The flexural rigidity is D = 1.923 x 10* corresponding to £ = 210 Gpa, v = 0.3 and
p = 7.77 x 10> kg/m>. This plate is clamped along one edge and free along the other three. The nu-
merical tests are performed with GETFEM++ (Renard & Pommier, 2003-2012) and using structured
meshes (see Figs 3 and 4).

Let us recall the problem to be solved at each iteration:

find uz 41 € K" such that
M+ B A2 Kyl + A1 dln (u ) > £

where /' = (2M (- Z,B)AtzK) ul — (M +,b’At2K) uh_ |+ Ae2 B

In practice, we choose # = 1/2 in all the following computations. Since the matrix A = M+ 4t K is
symmetric and positive definite, as are M and K, this problem is equivalent to the minimization problem

1
”Z+1 = Argmin ( 3 w' Aw — wanh) .
weKh

As the convex constraints w € K correspond to linear inequality constraints, such a problem can be
solved by using the method of Lagrange multipliers or interior point methods, for instance. Here, as

03

04" 0

FIG. 3. Bending clamped plate under a rigid obstacle: FVS quadrilateral mesh.



FIG. 4. Bending clamped plate under a rigid obstacle: Argyris triangular mesh.

in Dumont & Paoli (2008), we use the MATLAB function ‘quadprog’, which relies on the method of
Lagrange multipliers.

5.1 Forced oscillations

In this section, we consider two flat, symmetric obstacles along the plate length,
g1(x)==0.1=—-g(x) VxeQ,

and: we prescribe a sine-sweep base forced vibration, by means of the following boundary conditions
on /¢

0
u(x,t) = c sin(wt), 6—u(x, t)y=0, Vxe g,
X

with ¢ = 0.09 m and w = 10 Hz. The displacements of the two free corners, for different time steps and
for quadrilateral and triangular meshes, are plotted in Figs 5—7. Not surprisingly, due to the symmetry
of the problem, the curves corresponding to the displacements of the two corners, are indistinguishable.
Moreover, there is no significant qualitative difference between the FVS and the Argyris approaches. As
far as CPU times are concerned, they are given in Table 1 for the numerical simulations related to the
previous test case. They are of the same magnitude for triangles and quadrilaterals, considering the fact
that the degrees of freedom and the matrix sizes are different. Finally, analogous results to Pozzolini &
Salaun (2011) for a beam impacting obstacles are observed.

To complete this numerical study, some other results are given. First, the case of two flat, symmetric
obstacles along the plate where g1 (x) = —0.01 = —ga(x) forall x € Q is considered in Fig. 8. Second,
the case of various frequencies is investigated (see Figs 9—11). All these results confirm the previous
conclusions.
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5.2 Energy evolution

This section is devoted to the study of energy variations during the motion. So, here, a forced vibration
is not prescribed. The motion is due to an initial displacement u¢, obtained as the static equilibrium
of the plate under a constant load fo = 8600 N and an initial velocity vg = 0. Moreover, the upper

obstacle is removed, which corresponds to setting g» = 4-00. The lower obstacle is flat and remains at
g1 =-—0.1m
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TABLE 1 CPU times in seconds (MacBook Pro computer with a 2.2 GHz processor)

Time step 1073 10~* 1073
140 Argyris triangles 80 870 8880
140 FVS quadrilaterals 120 1220 12220
0.01 —p— T T = T
0.008 - H‘ fql\ /‘W r/‘ S="mFa -
j f £ f ’\ Y == Argyris \'l
0006 | 4/ & i g f i f \ \ .
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F1G. 8. Displacement of a plate impacting flat obstacles—140 FVS and 140 Argyris elements— At = 1073, obstacle £0.01.
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First, as in the previous section, the displacements of the two free corners, and also of their midpoint,
are given for meshes of quadrilaterals (Fig. 12) and triangles (Fig. 13). The results are very close. Here
again, the three curves are indistinguishable. For the two corners, this was expected, but not for the
midpoint. To investigate this, a zoom was created on these curves (Figs 14—16). They show such a small
difference in the motion of these three points that this explains why it is not visible in the first figures.
Moreover, Figs 15 and 16 illustrate again that there is no meaningful difference between meshes of
triangles and quadrilaterals. Finally, Figs 12 and 13 show that the maximum displacements decrease as
time passes, which means that impacts create damping during the motion.
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Finally, we compare the variations of the total energy obtained for different time steps and meshes.
This total energy is defined by

E(w,t):% /Q(lb)z(x,t)dx+%a(w(-,t),w(-,t))—/Qf(x,t)w(x,t)dx.

In the case of free vibrations, the loading f is zero. The associated discrete energy is

h h

1 u —u, 2 1

h h +1 n hoh
E(u,H_l,un)zE /Q a7 o dx+§a(un,un).
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F1G. 14. Zoom on displacements in free vibrations—140 FVS quadrilaterals— At = 1073,

Figures 17 and 18 show the decreases in discrete energy. First of all, let us remark that these curves
exhibit a small difference in the initial energy, which is due to difference in discretization between the
two meshes. But it is a detail. The main point is that, in the two cases, energy is dissipated when the
plate reaches the obstacles. The same qualitative results were obtained in Ahn & Stewart (2005) and
Dumont & Paoli (2006). By the way, our numerical model is a fully implicit scheme. It seems that it
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corresponds to choosing a restitution coefficient, defined by (2.9), close to zero. The continuous problem
energy will be conserved if and only if e = 1, which is a totally elastic shock. The results we obtain are
then mechanically consistent. To conclude, when the time step decreases, the loss of energy decreases
too, which tends to show that the scheme creates numerical damping that is too big. Looking for energy-
conserving schemes for plates, as we did for beams in Pozzolini & Salaun (2011), and also studying
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their convergence properties, is then of particular importance and will be the subject of forthcoming

papers.
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