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a b s t r a c t

The question of the nonlinear response of brittle materials undergoing elastic damage is investigated
here. Owing to the specific nature of microcracking, the macroscopic behaviour of these materials is com-
plex, generally anisotropic owing to the possible preferential orientation of defects and multilinear
because of the unilateral effect due to the transition between open and closed state of microcracks. A
new three-dimensional macroscopic model outlined by Welemane and Cormery [1] has been proposed
to account simultaneously for these both aspects. This paper intends to present in details the principles
of such approach and to demonstrate its applicability to a stress-based framework. Based on a fabric ten-
sor representation of the damage density distribution, the model provides a continuum and rigorous
description of the contribution of defaults which avoids classical spectral decompositions and related
inconsistencies. The model is also strongly micromechanically motivated, especially to handle the elastic
moduli recovery that occurs at the closure of microcracks. The macroscopic theoretical framework pro-
posed constitutes a general approach that leads in particular to predictions of a class of micromechanical
models. The capacities of the approach are illustrated and discussed on various cases of damage config-
urations and opening–closure states, with a special attention to the differences with the strain-based
framework and to the influence of the damage variables order.

1. Introduction

The mechanical behaviour of brittle materials (rocks, concrete,
ceramics, etc.) is mainly governed by microscopic damage mecha-
nisms, namely the existence, growth of microcracks and possible
friction on their lips. Among specific features of such degradation
process, two aspects induce serious difficulties for the formulation
of the constitutive model of these materials. First, they usually ex-
hibit a damage induced anisotropy in their macroscopic response
due to the oriented character of the microcracks growth under
non-hydrostatic loads [2,3]. Besides, microcracks can be opened
or closed according to the applied loading and then affect the
mechanical properties of the materials differently: the elastic mod-
uli recovery at the closure of microcracks is typical of this so-called
damage unilateral effect [4–6].

If the question of induced anisotropy has been widely treated
within the framework of Continuum Damage Mechanics (CDM),
its association with closure effects still represents a serious and
open challenge. Even at constant damage state and under friction-
less conditions, various mathematical or thermodynamical incon-
sistencies have been pointed out in existing formulations:

discontinuities of the stress–strain response, non-uniqueness of
the thermodynamic potential or non-symmetry of the elastic oper-
ator or Hessian tensor [7–9]. As shown by [10], such problems can
largely be attributed to the use in the recovery procedures of spec-
tral decomposition, either of the strain/stress tensor or damage
tensors. In contrast to formulations still based on this concept that
try to correct a posteriori encountered deficiencies (for example
[11,12]), we propose to develop at the very beginning of the formu-
lation some new and proper tools to account for unilateral condi-
tions in anisotropic damage modelling.

Built within the consistent thermodynamics framework with
internal variables, the present approach suggests the large intro-
duction of physical motivation within constitutive equations to al-
low a better insight into the considered phenomenon:

� First, through the selection of damage parameter(s); if this ques-
tion is still largely a matter of convenience, it remains however a
crucial point for the description of closure effects [13]; here the
key idea is to refer to a fine description of the material micro-
structure through the classical concept of orientation distribu-
tion functions (see [14] for a review).

� Then, when experimental data are lacking, by justifying the
macroscopic choices (especially regarding unilateral effect) from
simple micromechanical analyses rather than from purely phe-
nomenological assumptions, as inspired by works of [15–17].

doi:10.1016/j.commatsci.2009.10.016

* Corresponding author. Tel.: +33 (0)5 62 44 29 47; fax: +33 (0)5 62 44 27 08.
E-mail address: Helene.Welemane@enit.fr (H. Welemane).



In this sense, we pursue the major challenge of micromechanically-
based modelling expected by many authors [18–20], that is to for-
mulate macroscopic constitutive laws for materials while account-
ing for underlying physical specificities of their microstructure
revealed by micro–macro considerations.

The present concern is the elastic behaviour of microcracked
materials, dissipative mechanisms such as microcracks growth or
frictional sliding on the closed microcracks lips are not considered.
This paper describes in complete and detailed form the fundamen-
tals and building steps of the three-dimensional theory outlined by
[1]. Besides, we develop here a stress-based formulation as we in-
tend to show the general character of the modelling method and
underline at the same time the related differences with strain-
based framework. Accordingly, the model aims at representing
the anisotropic (due to defects directionality) and multilinear (ow-
ing to unilateral effect) response of microcracked materials at fixed
damage state. For simplicity, we restrict the discussion to materials
that are initially isotropic and subjected to small perturbations;
rate independent and isothermal conditions are considered.

After the presentation of notations used in this paper (Section 2),
we first provide a physical interpretation of damage variables
describing the orientation and extent of decohesion microsurfaces
(Section 3). Then, the thermodynamic potential that defines the
elastic energy of damaged medium is derived from physically-
based hypotheses, including microcracks opening and closure ef-
fects (Section 4). In Section 5 are finally investigated and discussed
the capacities of the proposed formulation for various cases of
damage distribution and opening–closure states of microcracks.

2. Notations

All tensors used in this study are defined on the euclidean vec-
torial space R3 for which the set of vectors ðe1; e2; e3Þ constitutes an
orthonormal basis. Especially, Tk represents the vectorial space of
tensors of order k ðk 2 NÞ.

Usual intrinsic notations are employed throughout. In order to
make clear expressions in the paper, we just recall the definition
of the main operators. The inner products are labelled as follows:
a � b; 8ða;bÞ 2 ðT1 ¼ R3Þ2; a : b; 8ða;bÞ 2 ðT2Þ2; a :: b; 8ða;bÞ 2 ðT4Þ2;
a � b; 8ða; bÞ 2 ðTkÞ2 for any integer k P 6. Additionally, the
tensor products of two second-order tensors a and b are defined
by:

½a � b� : x ¼ ðb : xÞa; ½a�b� : x ¼ a � x � bT

½a � b� : x ¼ a � xT � bT
; a � b ¼ 1

2 ða � bþ a � bÞ

(
ð1Þ

for any tensor x 2 T2. In particular, the term a�i ¼ a� a . . .� a rep-
resents the ith tensor product of a tensor a ði 2 NÞ.

We finally denote by bbc the irreductible part of any tensor b. A
tensor T of Tk is said to be irreductible if it is completely symmetric
and traceless, i.e.:

Ti1 i2 i3 ...ik ¼ Ti2 i1 i3 ...ik ¼ Ti3 i2 i1 ...ik ¼ � � � ¼ Tiki2 i3 ...i1P3
i1¼1Ti1 i1 i3 ...ik ¼ ð0k�2Þi3 ...ik

(
ð2Þ

where ðTi1 i2 ...ik Þi1 ;i2 ;...;ik2½1;3�k are the components of T in any basis of R3

and 0k is the zero tensor of Tk. I represents the second-order iden-
tity tensor, S ¼ fn 2 R3; n � n ¼ 1g denotes the unit sphere of R3

and ds the infinitesimal surface element on S.

3. Damage description

Let consider a representative volume element (RVE) V of a
material weakened by flat microcracks with various shapes (pen-
ny-shaped, elliptic, etc.). The degradation state of this material is
then entirely defined by the spatial arrangement, orientation and

geometry of such defects. Owing to the complexity involved, a
complete description of these aspects is clearly not compatible
with an efficient constitutive modelling. Therefore, we restrict our-
selves to the morphological information that we consider as the
most representative feature of the damage state of the material,
namely the microcrack density distribution.

The damage density related to direction of unit vector n refers
to a scalar property without dimension that can be defined as fol-
lows [21]:

qn ¼
2
pV

X
l

S2
nl

Pnl
ð3Þ

with Snl and Pnl respectively the surface and perimeter of the lth
microcrack with unit normal n. The extension to all space directions
allows to introduce a scalar orientation function q such that [22]:

q : S! R

n # qðnÞ ¼ qn

ð4Þ

that describes the directional dependence of the microcrack distri-
bution within the material [23–26].

Owing to the property qðnÞ ¼ qð�nÞ and assuming square-inte-
grability of q, it can be expanded in a convergent Fourier series
[27]:

qðnÞ ¼ d0 þ d2 : n�2
� �

þ d4 :: n�4
� �

þ � � � ; 8n 2 S ð5Þ

where irreductible tensors ð1; bn�2c; bn�4c; � � �Þ form a complete
orthogonal basis for the square-integrable functions on S (detailed
expressions of these tensors are given in Appendix A). Hence, the
corresponding irreductible even ranked fabric tensors
ðd0;d2;d4; � � �Þ defined by:

dk ¼
ð1þ 2kÞ!

2kþ2ðk!Þ2p

Z
S

qðnÞ n�k
� �

ds; 8k ¼ 0;2;4; � � � ð6Þ

fully characterize the microcrack density distribution q. In particu-
lar, the zero order coefficient

d0 ¼
1

4p

Z
S

qðnÞ ds ð7Þ

refers to the density of all microcracks within the representative
volume.

For simplicity, we assume that the microcrack distribution can
be approximated by the orientation function q̂ obtained by a finite
truncation within the expansion (5):

q̂ðn;dÞ ¼ d0 þ d2 : n�2� �
þ d4 :: n�4� �

þ � � � þ dp � n�pb c;
8n 2 S ð8Þ

with p an even integer. The set of irreductible tensors
d ¼ ðd0;d2; d4; . . . ;dpÞ allows then to characterize the damage den-
sity in any direction of the space and constitutes appropriate inter-
nal damage variables. Actually, such mathematical representation
fulfils many requirements for the selection of damage parameter
[13]: variables d are first directly related to the microstructural
changes involved, then allow to capture the directional aspects of
damage in invariant form and finally can be identified accurately
using stereological methods [22,23] or other appropriate techniques
(for instance X-ray tomography). Although defined from crack den-
sity parameters which refer to microscale, these damage variables
constitute macroscopic variables through the summation of these
quantities over all defects orientation (Eq. (6)).

An interesting issue is to specify the approximation order p that
provides the more relevant description of damage. Obviously,
greater values of p clearly improve the geometrical estimations
of the microcrack distribution and taking into account a preferen-
tial orientation of the defects requires at least that p P 2 (see



analyses of [23,26]). As an example, let consider the following den-
sity function:

qðnÞ ¼ qð/Þ ¼ 0; if / 2 p
8 ;

7p
8

� �
4 cosð4/Þ; else

(
ð9Þ

where unit vector n is represented by spherical angles h and / in the
orthonormal basis ðe1; e2; e3Þ. Fig. 1 presents the graphical represen-
tations of exact distribution q and associated approximations q̂
respectively obtained for orders p ¼ 0;2;4;6. Nevertheless, a better
accuracy may lead at the same time to important computational
costs. As such a choice depends on users applications, precision re-
quired and computational capacities, we will preserve in what fol-
lows the generality of the formulation and develop constitutive
laws for any even order p.

4. Thermodynamic potential

In the present work, we adopt a stress-based formulation (po-
tential written in term of the stress tensor r). Such choice enables
indeed direct connections with laboratory tests and with some ele-
mentary micromechanical solutions.

4.1. General hypotheses

We assume the existence of a thermodynamic potential, namely
the free enthalpy W per unit volume, depending on the state vari-
ables ðr;dÞ and verifying the following properties:

� in order to satisfy the fundamental principle of space isot-
ropy, the application W is an isotropic invariant with respect
to its arguments:

WðTðr;dÞÞ ¼Wðr;dÞ ð10Þ

under any orthogonal transformation T (see for instance
[28]);
� function W is of class C1, which ensures the continuity of W,

the existence and continuity of the strain e:

e ¼ @W
@r

ð11Þ

and the existence and continuity of the conjugate thermody-
namic forces associated to damage:

Fd ¼ ðFd0 ; Fd2 ; Fd4 ; . . . ; Fdp Þ

¼ � @W
@d0

;� @W
@d2

;� @W
@d4

; . . . ;� @W
@dp

� �
ð12Þ

The latter are not developed since the question of damage
evolution is not treated in what follows;
� W is finally positively homogenous of degree two with

respect to r, that is:

8d; Wðkr;dÞ ¼ k2 Wðr;dÞ; 8k P 0 ð13Þ

This condition implies that the strain defined in Eq. (11) is
positively homogenous of degree one with respect to r:

8d; eðkr;dÞ ¼ keðr;dÞ; 8k P 0 ð14Þ

Consequently, the stress–strain response of the material will
be linear during a reversible process, with possible asymmet-
rical behaviours between tensile and compressive loading
[29].

In agreement with these assumptions, we propose the following
expression for the thermodynamic potential:

Wðr;dÞ ¼W0ðrÞ þWdðr;dÞ ð15Þ

where W0ðrÞ denotes the free enthalpy of the undamaged material,
assumed to be isotropic and linear elastic (Young modulus E0 and
Poisson ratio m0):

W0ðrÞ ¼
1þ m0

2E0
trðr � rÞ � m0

2E0
tr2r ð16Þ

For a current state ðr;dÞ, the latter term of Eq. (15) represents the
modification induced by damage and is defined as the sum of ele-
mentary contributions on the unit sphere:

Wdðr;dÞ ¼
1

4p

Z
S

wðq̂ðn;dÞ;n;rÞ ds ð17Þ

where function w characterizes the enthalpy modification induced
by each set of parallel microcracks. According to Eq. (17), the defi-
nition of the thermodynamic potential W reduces therefore to theFig. 1. Influence of approximation order p.



determination of the elementary enthalpy function w. The objective
of the following section is then to formulate an elementary contri-
bution able to capture the salient features of the elastic response of
microcracked materials.

4.2. Elementary enthalpy and unilateral effect

The elementary enthalpy function w is taken linear in the den-
sity q̂ðn;dÞ:

wðq̂ðn;dÞ;n;rÞ ¼ q̂ðn;dÞ hðn; rÞ ð18Þ

Within the present stress-based framework, the linearity assump-
tion is representative of a large class of microcracked material
behaviours insofar as it allows even for example to account for
some defects interactions [30–32]. Moreover, it leads here to great
simplifications in further calculations (continuity and recovery con-
ditions, identification procedure, etc.). If required continuity condi-
tions on w are still satisfied (see below), note that it is possible to
relax this assumption, by introducing for instance higher order
terms in the density q̂ðn;dÞ (as [33,34] for instance), and pursue
the next modelling steps. Yet, it has to be said that the expression
(17), which separates the elementary contribution of each set of
parallel microcracks, does not allow to deal with strongly interact-
ing cracks (such as in [35]).

In Eq. (18), the function h specifies the nature of the contribu-
tion to the energy of microcracks in a given direction of the space.
As microcracks affect the mechanical response of brittle materials
differently when they are open or closed, such contribution should
then differ according to this status. At this stage, the formulation in
stress allows to rely on direct micromechanical results such as
those developed by Kachanov [31,36] in the context of uniform
stress boundary conditions. For an undamaged isotropic material
weakened by non-interacting microcracks, it is classically shown
that the opening–closure of microcracks is controlled by their nor-
mal macroscopic stress. Accordingly, we introduce the following
characteristic function g:

gðn;rÞ ¼ n � r � n ð19Þ

that indicate the transition from the opening status (when
gðn; rÞ > 0) to the crack closure (when gðn;rÞ 6 0) for microdefects
with normal n. As indicated before, the opportunity to refer to such
elementary micromechanical solution clearly simplifies this build-
ing step of the model since application of g can be defined from
the outset. For the strain-based formulation indeed, only a general
expression of the opening–closure function is deduced from conti-
nuity conditions [1]. The use of equivalent micromechanical results
in strain to define precisely its expression would require in this case
additional hypotheses for the derivation of the Legendre transfor-
mation (for example the small microcrack density assumption
[37]). From the scalar application g defined in Eq. (19), one can thus
account for the damage unilateral effect through expression of h:

hðn; rÞ ¼
h1ðn; rÞ; if gðn; rÞ > 0
h2ðn; rÞ; if gðn; rÞ 6 0

�
ð20Þ

Functions ðhiÞi¼1;2 allow then to characterize the elementary enthal-
py of microcracks whether they are respectively open ðh1Þ or closed
ðh2Þ.

From the mathematical point of view first, function w must be
isotropic with respect to its arguments, of class C1, radially sym-
metric with respect to variable n (that is wð�;n; �Þ ¼ wð�;�n; �Þ;
8n 2S) and positively homogenous of degree two with respect
to r in order to fulfil previous conditions imposed to W. According
to (18) and properties of q̂ and g, then scalar applications h1 and h2

should be isotropic with respect to their arguments ðn; rÞ and, at
the same time, radially symmetric with respect to unit vector n.

The representation theory of tensorial functions [28,38] imposes
consequently h1 and h2 to be isotropic invariants of ðn�2; rÞ that
can be expressed by a combination of basic invariants. As functions
ðhiÞi¼1;2 must likewise be positively homogenous of degree two
with respect to r, one obtains the general form whatever i ¼ 1;2:

hiðn;rÞ ¼ ai trðr � rÞ þ bi tr2rþ vitrrtrðr � n�2Þ
þui trðr � r � n�2Þ þ witr

2ðr � n�2Þ ð21Þ

where the scalar coefficients ðai;bi;vi;ui;wiÞi¼1;2 are constant.
In view of Eqs. (18), (20) and (21), the elementary enthalpy of

microcracks with normal n depends on two sets of five parame-
ters: ða1; b1;v1;u1;w1Þ and ða2; b2;v2;u2;w2Þ related respectively
to the open and closed states. However, these coefficients cannot
be completely independent owing to continuity conditions on w.
Indeed, since q̂ is of class C1, function h defined by (20) must be
also of class C1. A generalization of the works of [39] on the conti-
nuity of multilinear functions shows that this property is satisfied
if and only if [40]:

8ðn;rÞ; gðn; rÞ ¼ 0;
@2 h1 � h2½ �

@r2 ðn; rÞ ¼ s
@g
@r
ðn;rÞ � @g

@r
ðn; rÞ

ð22Þ

where s is here a constant due to homogeneity properties of func-
tions ðhiÞi¼1;2 and g (details are presented in Appendix B). Combining
(21) with relation (22) leads to the following conditions:

a1 ¼ a2

b1 ¼ b2

v1 ¼ v2

u1 ¼ u2

8>>><
>>>:

ð23Þ

which reduce to six the number of constitutive parameters relative
to damage effect, namely ða1;b1;v1;u1;w1;w2Þ.

Strictly speaking, the identification of above coefficients would
require the evaluation of damage effect on elastic properties
through some mechanical experiments. Especially, these tests have
to deal with open and closed configurations of microcracks in order
to quantify the unilateral effect and the related recovery phenom-
enon. Yet, the main difficulty at this stage concerns the lack of
exhaustive experimental studies concerning this aspect. Some
authors let this question open-ended and introduce an additional
scalar crack closure coefficient to characterize the damage deacti-
vation (for example [12,41–43]), others postulate a priori specific
modifications in the elastic tensor (for example [16,44]). In the
present model, we have chosen an alternative approach that refers
to micromechanical considerations. Indeed, simple homogeniza-
tion schemes can provide interesting informations to quantify
microcracks closure–reopening consequences and, in this way,
stands as a judicious guide for macroscopic modelling. Precisely,
the recovery condition adopted in this work is strongly motivated
by the results outlined by [17].

Recovery condition: We assume that a set of closed microcracks
with unit normal m does not contribute to the degradation of the
material Young modulus EðmÞ related to their normal direction,
neither to the material volumetric modulus cðvÞ related to any
direction of unit vector v.

Consider a pure tension test r ¼ �r v�2 in the direction of unit vec-
tor v, then the Young modulus EðvÞ and the volumetric modulus cðvÞ
of the material related to this direction are defined by [45,46]:

EðvÞ ¼ v � r � v
v � e � v ; cðvÞ ¼ trr

tre
ð24Þ

Presently, relevant calculations give rise to the following
expressions:



EðvÞ ¼ E�1
0 þ

1
4p�r

Z
S

q̂ðn;dÞv � @h
@r
ðn; �rv�2Þ � vds

	 
�1

ð25Þ

cðvÞ ¼ c�1
0 þ

1
4p�r

Z
S

q̂ðn;dÞtr @h
@r
ðn; �rv�2Þ

� �
ds

	 
�1

ð26Þ

with c0 ¼ E0=ð1� 2m0Þ the volumetric modulus for the undamaged
material. The above-mentioned recovery assumption is then satis-
fied if and only if:

m � @h2

@r
ðm; �rm�2Þ �m ¼ 0 ð27Þ

and

tr
@h2

@r
ðm; �rv�2Þ

� �
¼ 0; 8v 2S ð28Þ

which imposes thereby:

a2 þ b2 þ v2 þu2 þ w2 ¼ 0
2a2 þ 6b2 þ v2 ¼ 0
3v2 þ 2u2 þ 2w2 ¼ 0

8><
>: ð29Þ

Putting together continuity (23) and recovery (29) conditions
and retaining the three parameters ða1;u1;w1Þ as independent
coefficients in order to obtain a linear system, one can deduce
the expression of the principal unknowns:

a2 ¼ a1

b2 ¼ b1 ¼ � a1
2

v2 ¼ v1 ¼ a1

u2 ¼ u1

w2 ¼ � 3
2 a1 �u1

8>>>>>><
>>>>>>:

ð30Þ

As a result, we can note that the introduction of the recovery postu-
late allows again a reduction in the number of the constitutive
parameters of the model (eventually only three for damage descrip-
tion including unilateral effect).

4.3. Final expression of the potential

Let denote by S1ðrÞ and S2ðrÞ the sets of unit vectors that cor-
respond for a given stress r to normals of microcracks respectively
open and closed, i.e:

S1ðrÞ ¼ n 2 S; gðn; rÞ ¼ n � r � n > 0f g
S2ðrÞ ¼ n 2 S; gðn; rÞ ¼ n � r � n 6 0f g

�
ð31Þ

thus

8r; S1ðrÞ [S2ðrÞ ¼S

S1ðrÞ \S2ðrÞ ¼ ;

�
ð32Þ

According to the damage contribution (17) to the material enthalpy
and relations (18) and (20), one obtains:

Wdðr;dÞ ¼
1

4p

Z
S1ðrÞ

q̂ðn;dÞh1ðn; rÞds

þ 1
4p

Z
S2ðrÞ

q̂ðn;dÞh2ðn;rÞds ð33Þ

or, in the same way:

Wdðr;dÞ ¼
1

4p

Z
S

q̂ðn;dÞh1ðn; rÞds

� 1
4p

Z
S2ðrÞ

q̂ðn;dÞ½h1 � h2�ðn;rÞds ð34Þ

From expressions (21) of functions ðhiÞi¼1;2, conditions (30) on
parameters and properties of integration on the unit sphere S

(see Appendix C), we can derive the general form of the thermody-
namic potential:

Wðr;dÞ ¼W0ðrÞ þ atrðr � rÞd0 þ btr2r d0

þ vtrrtrðr � d2Þ þu trðr � r � d2Þ

þ w r : d4 : r� s
2

r :
1

4p

Z
S2ðrÞ

q̂ðn;dÞ n�4 ds : r ð35Þ

where dependent parameters ða;b;v;u;w; sÞ are given in the
Table 1. Since following relations can be established between these
coefficients:

s ¼ 6ðaþ 3bÞ; 8p

v ¼ 2
15 ½2ðaþ 3bÞ � 5u�; 8p P 2

u ¼ 1
10 ½4ðaþ 3bÞ � 15v�; 8p P 2

w ¼ 1
18 ð4bþ 5vÞ; 8p P 4

8>>><
>>>:

ð36Þ

the free enthalpy proposed in the model can finally be rewritten
according to the approximation order p:

� for p ¼ 0, with only two independent material constants ða; bÞ
relative to damage:

Wðr;dÞ ¼W0ðrÞ þ a trðr � rÞ þ btr2r
� �

d0

� 3ðaþ 3bÞr :
1

4p

Z
S2ðrÞ

q̂ðn;dÞn�4ds : r ð37Þ

where q̂ðn;dÞ ¼ d0,
� for p ¼ 2, with only three independent material constants
ða; b;vÞ (or equivalently ða; b;uÞ) relative to damage:

Wðr;dÞ ¼W0ðrÞ þ a trðr � rÞ þ btr2r
� �

d0

þvtrrtrðr � d2Þ þ 1
10 ½4ðaþ 3bÞ � 15v� trðr � r � d2Þ

�3ðaþ 3bÞr : 1
4p

R
S2ðrÞ

q̂ðn;dÞn�4ds : r

ð38Þ
where q̂ðn;dÞ ¼ d0 þ d2 : bn�2c,

� and whatever p P 4, with as well only three independent material
constants ða; b;vÞ (or equivalently ða; b;uÞ) relative to damage:

Wðr;dÞ ¼W0ðrÞ þ ½a trðr � rÞ þ btr2r�d0 þ vtrrtrðr � d2Þ

þ 1
10
½4ðaþ 3bÞ � 15v� trðr � r � d2Þ

þ 1
18
ð4bþ 5vÞr : d4 : r

� 3ðaþ 3bÞr :
1

4p

Z
S2ðrÞ

q̂ðn;dÞn�4ds : r ð39Þ

where q̂ðn;dÞ ¼ d0 þ d2 : bn�2c þ d4 :: bn�4c þ � � � þ dp � bn�pc.

Important comments should be done from these results:

� The first line of Eq. (37), the first two lines of Eq. (38) and the
first three lines of (39) respectively define at order
p ¼ 0; p ¼ 2 and p P 4 the enthalpy of the microcracked mate-
rial when defects are all opened. The macroscopic material sym-

Table 1
Expressions of the coefficients ða; b;v;u;w; sÞ according to approximation order p and
coefficients ða1;u1;w1Þ.

p ¼ 0 p ¼ 2 p P 4

a a1 þ 1
3 u1 þ 2

15 w1 a1 þ 1
3 u1 þ 2

15 w1 a1 þ 1
3 u1 þ 2

15 w1

b � 1
6 a1 þ 1

15 w1 � 1
6 a1 þ 1

15 w1 � 1
6 a1 þ 1

15 w1

v 0 2
105 ð7a1 þ 2w1Þ 2

105 ð7a1 þ 2w1Þ
u 0 2

105 ð7u1 þ 4w1Þ 2
105 ð7u1 þ 4w1Þ

w 0 0 8
315 w1

s 3a1 þ 2u1 þ 2w1 3a1 þ 2u1 þ 2w1 3a1 þ 2u1 þ 2w1



metry described in such ‘‘all opened” state thus corresponds for
p ¼ 0 to isotropy, for p ¼ 2 to orthotropy coinciding with axes of
d2, and for p P 4 to general anisotropy whose axes depend on
tensors ðd2; d4; . . . ; dpÞ.

� On the other hand, each last integral term of three Eqs. (37)–(39)
accounts for the modification induced by the possible closure of
some of the defects. In comparison with existing formulations
which account for unilateral behaviour only in the principal
directions of the state variables, the present approach leads to
an enriched continuum representation since all directions of
the space are checked and contribution of all closed microcracks
are taken into account. Moreover, this additional term intro-
duces a perturbation of the previous ‘‘all opened” material sym-
metry that may lead whatever order p to a general anisotropic
resulting behaviour according to the domain S2ðrÞ of normals
to closed microcracks. Concerning practical aspects, the mathe-
matical evaluation of integrals terms on the truncated unit
sphere S2ðrÞ is not a difficult task and can be simply imple-
mented within any simulation tool [47].

� It is finally interesting to note that the formulation for p P 4
reduces to quite simple forms when all microcracks exhibit
the same status, namely:
– when microcracks are all opened (i.e. S2ðrÞ ¼ ;), potential

(39) comes to:

Wðr;dÞ ¼W0ðrÞ þ ½a trðr � rÞ þ btr2r� d0 þ vtrrtrðr � d2Þ

þ 1
10
½4ðaþ 3 bÞ � 15 v� trðr � r � d2Þ

þ 1
18
ð4bþ 5vÞ r : d4 : r ð40Þ

– when microcracks are all closed (i.e. S2ðrÞ ¼S), one obtains:

Wðr;dÞ ¼W0ðrÞ þ
1
5
ða� 2bÞ 3trðr � rÞ � tr2r

� �
d0

þ ½v� 4
35
ðaþ 3bÞ� tr rtrðr � d2Þ �

3
2

trðr � r � d2Þ
	 


þ 1
630
ð175v� 48a� 4bÞr : d4 : r ð41Þ

In accordance with micromechanical results [31,48], tensors d0; d2

and d4 are then sufficient to describe the enthalpy degradation for
these both simple damage configurations. On the other hand for
mixed states, that is if the material is concerned at the same time
by opened and closed defects ðS2ðrÞ– fS; ;gÞ, the whole tensors
ðd0; d2; d4; . . . ; dpÞ emerge through the last term of (39).

4.4. Identification

In its final form, the model requires the identification of the
two elastic coefficients of the material (E0 and m0), which is
rather classical, and in the more complex case of three constants
(for instance ða; b;vÞ) related to the microcracks contribution to
energy. As a matter of fact, the determination of these latter
coefficients requires the indication for a given damage distribu-
tion of both:

� the microcrack density distribution,
� the effective compliance of the material when all microcracks

are opened.

As an illustration, we recall below the main steps of the identifica-
tion procedure developed by Welemane [40] for the case p P 4:

(1) Firstly, testing specimens are affected by an axisymmetric
(around axis m) damage state by means for example of uni-
axial tension or compression tests (in the direction of m).
The maximum load applied should induce a significant dam-
age extent and, at the same time, stand quite far from the
stress–strain peak to avoid disturbances linked to localiza-
tion phenomena. After unloading, several measures of the
microcrack density ðq1;q2; . . . ;qNÞ in directions of respective
unit vectors n1;n2; . . . ;nN (Fig. 2) need to be performed, as in
works of [2,3]. From this, one can determine the best
approximation q̂ of such real distribution, that is tensors
d ¼ ðd0; d2; d4Þ that appear in the compliance expression
when defects are all opened, by solving the following mini-
mization problem:

min
d

XN

i¼1
qi � q̂ðni;dÞ½ �2

n o
ð42Þ

(2) Knowing the damage variable d, reversible sollicitations
(without damage growth) giving rise to the material compli-
ance tensor Sexp components are then applied to the dam-
aged specimens such that all microcracks remain in the
opened state. This can be done for example by means of uni-
axial tension tests [49] or uniaxial elongation tests [50].
Again, the identification of model constants required the res-
olution of a minimization problem:

min
ða;b;vÞ

S
expk k � Sða; b;vÞk kð Þ2

n o
ð43Þ

where kak ¼
ffiffiffiffiffiffiffiffiffiffiffi
a :: a
p

denotes the norm of the fourth-order
tensor a, and S refers to the compliance tensor provided by
the model. Namely, derivation of potential (39) in the case
of all opened microcracks leads to:

S ¼ @
2W
@r2 ¼

1þ m0

E0
þ 2a d0

� �
I � Iþ � m0

E0
þ 2b d0

� �
I� I

þ v I� d2 þ d2 � Ið Þ þ 1
10
½4ðaþ 3bÞ � 15v� I � d2 þ d2 � Ið Þ

þ 1
9
ð4bþ 5vÞd4 ð44Þ

In order to obtain a representative result, such identification proce-
dure should obviously be repeated many times, even for different
damage distributions, in view of the difficulty and systematic scat-
tering associated to the study of microcracking [51].

Fig. 2. Microcrack density measures directions.



Yet, the problem at the moment is that experimental data
needed (damage distribution and elastic properties) exist sepa-
rately but they are not available for the same material. Accordingly,
we have chosen to follow the strategy adopted for example by
[33,52] that is to specify the model parameters by using microme-
chanical estimations of elastic properties.

Consider a representative volume element V of an homogenous
isotropic elastic linear matrix (elastic properties E0 and m0), weak-
ened by an array of parallel flat penny-shaped microcracks (unit
normal m and total density - ¼ 1

V

P
ia

3
i , where ai denotes their ra-

dii). Assuming non-interacting microcracks in the opened state,
homogenization results lead to the following expression of the
material effective compliance [24,31]:

S ¼ 1þ m0

E0
I � I� m0

E0
I� I

þ 16ð1� m2
0Þ

3ð2� m0ÞE0
- m�2 � Iþ I �m�2 � m0m�4� �

ð45Þ

Regarding the model, we retain the most general case of an approx-
imation order p P 4 in order to be consistent with the order of ten-
sorial terms appearing in the micromechanical expression (45).
Besides, for such damage configuration, damage variables d0; d2

and d4 reduce to [23]:

d0 ¼ -; d2 ¼
15
2

- m�2� �
; d4 ¼

315
8

- m�4� �
ð46Þ

Identifying (44) to micromechanics (45) leads finally to the unique
solution for parameters ða;b;vÞ:

a ¼ 16ð1�m2
0Þð5�m0Þ

45E0ð2�m0Þ

b ¼ � 8m0ð1�m2
0Þ

45E0ð2�m0Þ

v ¼ � 32m0ð1�m2
0Þ

315E0ð2�m0Þ

8>>>><
>>>>:

ð47Þ

According to this identification methodology, the determination of
the model parameters reduces to the knowledge of elastic parame-
ters E0 and m0.

As a conclusion to this presentation of the modelling approach,
it has to be said that the new formulation presented in this paper
clearly belongs to the class of macroscopic physically-based
models. Its macroscopic character comes from the definition of
damage variables associated with a Fourier expansion of the
microcracks density and also the use of representation theorems
to derive the energy expression. In view of the current lack of
experimental results, some of its assumptions are supported by
micromechanical considerations, which provides a deeper physical
justification than purely phenomenological approaches and allows
a reduction in the model material parameters. Yet, a strong interest
of this theoretical framework is that it leads to the predictions of a
large class of models, and especially some micromechanical
models that are recovered as a particular case (see above identifi-
cation procedure). Accordingly, it allows to go beyond results
predicted by these approaches as it is demonstrated on following
applications.

5. Applications and discussion

This section aims at illustrating the ability of the formulation to
represent the anisotropic behaviour of brittle materials and unilat-
eral effects. As an example, all further numerical investigations will
be applied to the case of a concrete with elastic parameters
E0 = 35 GPa and m0 ¼ 0:2 [5].

The two first applications refer to the same isotropic damage
configuration studied in the strain-based model presented by [1]
in order to show the differences inherent to the stress-based for-

mulation. Since the crack density does not depend on the orienta-
tion, the zero order fabric tensor is sufficient to account for the
damage distribution, so we retain d ¼ ðd0Þ.

5.1. Hydrostatic tests

Let examine first the bulk modulus K of the material, defined
by:

K ¼ trr
3tre

ð48Þ

with e the strain induced by an hydrostatic test r ¼ r0I. As the
opening–closure function (19) comes here to:

gðn;rÞ ¼ r0; 8n 2S ð49Þ

then microcracks are all opened during a tension test ðr0 > 0Þ, and
on the contrary, all closed for a compressive sollicitation ðr0 < 0Þ.
According to the model, the bulk modulus takes the form:

K ¼ K�1
0 þ 6ðaþ 3bÞd0

h i�1
; if r0 > 0ð“all opened” stateÞ

K0; if r0 < 0ð“all closed” stateÞ

8<
: ;8d0

ð50Þ

where K0 ¼ E0=ð3� 6m0Þ is the bulk modulus of the virgin material.
Even if the bulk modulus expression in the opened state is slightly
different from the one derived from the strain-based formulation,
the model in stress exhibits the same advantage. Indeed, since total
density d0 P 0 and

aþ 3b ¼ 8ð1� m2
0Þ

9E0
> 0 ð51Þ

it is possible to account for the damage degradation of the bulk
modulus when microcracks are opened ðK 6 K0Þ, and the total
recovery of this elastic property at their closure ðK ¼ K0Þ. This last
result, which stands in direct accordance with experimental obser-
vations on brittle materials [53], is independent of the identification
procedure of the model (it is obtained for any set of model param-
eters) and of the microcracks distribution (such recovery also arises
for an anisotropic damage configuration).

5.2. Uniaxial tension and compression

We keep the same isotropic damage distribution and submit
now the material to reversible uniaxial tests in the direction of unit
vector v, then r ¼ �r v�2 and d0 remains constant. As before, such
loading paths correspond to complete states of opening–closure.
Indeed,

gðn;rÞ ¼ �rðn � vÞ2; 8n 2 S ð52Þ

then S2ðrÞ ¼ ; for uniaxial tension ð�r > 0Þ and S2ðrÞ ¼S for the
compressive case ð�r < 0Þ. Accordingly, the Young modulus related
to axial direction v is expressed as follows:

EðvÞ ¼
E�1

0 þ 2ðaþ bÞd0

h i�1
; if �r > 0ð“all opened” stateÞ

E�1
0 þ 4

5 ða� 2bÞd0

h i�1
; if �r < 0ð“all closed” stateÞ

8><
>: ;8d0

ð53Þ

Fig. 3 illustrates thereby the uniaxial stress–strain response
ð�r; �e ¼ v � e � vÞ of the studied concrete for these both tests. Note
first the continuity of the multilinear stress–strain response be-
tween these two different states of microcracks. Then, as the micro-
cracks closure leads to a certain recovery of the axial Young
modulus EðvÞ, the model allows to represent the different behav-
iour of brittle materials in tension and in compression. It is also



interesting to observe that this property remains degraded in com-
parison with its value for the undamaged material ðEðvÞ 6 E0Þ in
both states, so even when all microcracks are closed. Such partial
character of the recovery, which can be observed experimentally
[4] and pointed out from micromechanical analyses [17], comes
from the recovery condition selected: a set of closed microcracks
with unit normal m still contributes to the degradation of the Young
moduli EðtÞ in directions of unit vectors t such that t – m.

Moreover, if we compare to the same simulation (same loading
path and damage density) provided in the strain-based framework
[1], we can underline various points:

� Elastic moduli intensity obtained for the two formulations are
slightly the same for the both sollicitations; this comes from
the identification procedure which has been done with quite
equivalent micromechanical stress and strain-based results
established under the assumption of small microcracks density
[37,40]; another identification procedure and another set of
model parameters would have led obviously to notably different
results for the two approaches.

� The stress-based framework facilitates much more the deriva-
tion of the model response for classical loading paths (triaxial
tension or compression) since opening–closure domains just
correspond either to ‘‘all opened” (tension sollicitations) or
‘‘all closed” (compression sollicitations) states of microcracks;
for the strain approach, uniaxial compression path belongs to
a mixed state where some microcracks are opened and some
are closed (see Fig. 4); the latter formulation requires then a
specific integration within a simulation tool to get the model
responses [47].

� Besides, this last difference on opening–closure domains clearly
shows that stress and strain-based formulations are not equiva-
lent; for example, as thermodynamic forces associated to dam-
age (12) depend on the opening–closure domain (similarly to
the stress–strain response), the damage evolution which is gov-
erned by such forces will not be the same according to the
framework chosen; besides, if one intends to account for the
friction on the lips of closed microcracks during compressive
tests, the closed defects orientations may differ between the
two formulations which can affect notably the stress–strain
responses and the elastic moduli.

5.3. Influence of damage variables order

This part aims at investigating the ability of the formulation to
account simultaneously for directional aspects relative to damage
(induced anisotropy) and also the unilateral contribution of dam-
age according to the opening–closure state of microcracks. In this
way, we consider the damage distribution q studied in the first
section (defined by Eq. (9)) and we examine the consequences on
elastic properties of the damage variables order and of the micro-
crack opening–closure state.

According to expression (39), one can derive the general expres-
sion of the Young modulus in any direction of unit vector v:

EðvÞ ¼
E�1

0 þ 2ðaþ bÞd0 þ 2
10 ½4ðaþ 3bÞ � 5v�d2 : v�2

þ 1
9 ð4bþ 5vÞd4 :: v�4

�6ðaþ 3bÞ 1
4p

R
S2ðrÞ

q̂ðn;dÞn�4ds :: v�4

2
64

3
75
�1

ð54Þ

where ðd0;d2;d4; . . . ;dpÞ and q̂ðn;dÞ are respectively given by Eqs.
(6) and (8). For example, the total microcrack density related to
the distribution (9) is thus equal to:

d0 ¼
1

4p

Z 2p

h¼0

Z p

/¼0
qð/Þ sin / dh d/ ¼ 0:14 ð55Þ

with ðh;/Þ the spherical angles of unit vector n in the orthonormal
basis ðe1; e2; e3Þ (see Fig. 1). In order to account for the anisotropic

Fig. 3. Axial stress–strain responses of a concrete weakened by an isotropic
distribution of microcracks ðd0 ¼ 0:1Þ submitted to reversible uniaxial tension (a)
and compression (b) tests.

s

Fig. 4. Uniaxial tension (a) and compression (b) loading paths and opening–closure
domains of microcracks in the axisymmetric space of observable variables (concrete
weakened by a fixed isotropic damage distribution, d0 ¼ 0:1).



character of the damage distribution, one retains formulations
based at least on the second-order damage tensor ðp P 2Þ.

5.3.1. Microcracks all opened or all closed
As demonstrated before through Eqs. (40) and (41), representa-

tions for d ¼ ðd0; d2; d4; . . . ; dpÞ are strictly identical whatever p P 4
for ‘‘all opened” and ‘‘all closed” states of microcracks. Focusing
first on the configuration of all opened microcracks ðS2ðrÞ ¼ ;Þ,
Fig. 5 of the roses of the concrete Young moduli shows that repre-
sentations obtained with d ¼ ðd0; d2Þ and d ¼ ðd0; d2; d4; . . . ; dpÞ are
quite identical. The effect of the fourth-order is then small in this
case, which agrees the statement of [31] derived from microme-
chanical considerations. Precisely, the model provides an aniso-
tropic distribution of the Young modulus with a maximum
degradation for Eðe3Þ, namely:

if S2ðrÞ ¼ ;; Eðe3Þ ¼ 0:59 E0; 8d ð56Þ

This stands in agreement with the damage distribution q for which
most of microcrack surfaces stand in the direction orthogonal to
vector e3 (Fig. 1). If we examine now the ‘‘all closed” state
(S2ðrÞ ¼S), we note on Fig. 5 that the account of unilateral behav-
iour through the damage variable d ¼ ðd0;d2Þ leads to a weak
resulting anisotropy whereas the model with
d ¼ ðd0;d2;d4; . . . ;dpÞ exhibits more marked directional depen-
dence. Still in line with [31], that shows the significant impact of
the fourth-order damage tensor on the representation of closure ef-
fects. Moreover, the main consequences are observed in both cases
in the direction orthogonal to the majority of closed microcracks,
that corresponds here to the majority of microcracks, namely the
direction of e3:

if S2ðrÞ ¼S;
Eðe3Þ ¼ 0:85 E0; for d ¼ ðd0; d2Þ
Eðe3Þ ¼ 0:96 E0; for d ¼ ðd0; d2; d4; . . . ;dpÞ

�
ð57Þ

Nevertheless, even if the closure effects induce a clear recovery of
this elastic property, damage is still active for the material behav-
iour since EðvÞ for unit vectors v – e3 remains degraded (partial
damage deactivation), according once again to the recovery condi-
tion of the model.

5.3.2. Mixed states
Let consider finally mixed states of microcrack opening–closure,

with some microcracks opened and others closed ðS2ðrÞ – fS; ;gÞ.
This time, the response provided by the model depends directly on
the order p P 4 chosen, through the approximated density q̂ðn;dÞ
entering the integral term in Eq. (54). We have studied here the
model with d ¼ ðd0; d2; d4Þ and with d ¼ ðd0; d2; d4; d6Þ. Moreover,
we have chosen a fixed closure domain defined through spherical
angles:

S2ðrÞ ¼S2 ¼ fðh;/Þ 2 ½0;2p� �S2ð/Þg ð58Þ

and two cases have been considered for the closure domain S2ð/Þ
related to angle / ¼ ðe3;nÞ:

S2ð/Þ ¼S1
2 ¼ 0;m

p
2

h i
[ ð2�mÞ p

2
;p

h i
and

S2ð/Þ ¼S2
2 ¼ ½0;p� �S1

2 ð59Þ

with m ¼ 0:16 (Fig. 6). In all cases, the Young moduli roses related
to the mixed states are well included between the ‘‘all opened”
and ‘‘all closed” roses (Fig. 7). Yet, one should note the notable dif-
ference in the material response provided by a mixed state com-
pared with these two extremes configurations. The impact of
partial opening–closure depends obviously on the extent of the clo-
sure domain and is of greater amount for configurations such that:

� S2 corresponds to a domain very distinct from ; (which tends to
the ‘‘all opened” state) or from S (which tends to the ‘‘all closed”
state),

� S2 includes the directions of major values of the damage den-
sity q̂ðn;dÞ; as shown by Fig. 7, the integral term of Eq. (54)
has a more important value for the case S1

2, for which vector
e3 belongs to the closure domain S2, than for S2

2; precisely:

if S2ð/Þ ¼S1
2;

Eðe3Þ ¼ 0:69 E0; for d ¼ ðd0;d2;d4Þ
Eðe3Þ ¼ 0:75 E0; for d ¼ ðd0;d2;d4;d6Þ

�
ð60Þ

if S2ð/Þ ¼S2
2;

Eðe3Þ ¼ 0:65 E0; for d ¼ ðd0;d2;d4Þ
Eðe3Þ ¼ 0:60 E0; for d ¼ ðd0; d2; d4; d6Þ

�
ð61Þ

Fig. 5. Young moduli of a concrete according to the damage variables for ‘‘all opened” and ‘‘all closed” states of microcracks.



This example illustrates also the results obtained by representa-
tions including fourth-order tensor d4 and sixth order tensor d6.
Owing to the convergence of the development (5), the introduction
of tensor d6 gives a result closer to the exact response (that is for
p!1) since the truncation at the sixth order provides a better
approximation q̂ of the damage distribution q. In particular, the
closure domain S2

2 almost corresponds to the directions n such
that qðnÞ ¼ 0 (see Figs. 1 and 6), this mixed state is then very close
to the ‘‘all opened” situation. Accordingly, the best approximation
of q̂ given by d ¼ ðd0; d2; d4; d6Þ tends to such result for EðvÞ,
whereas d ¼ ðd0; d2; d4Þ which overvalues q̂ðn;dÞ within S2

2 in-
duces a deviation from this configuration (Eq. (56) and (61),

Fig. 7). Nevertheless, the difference between models with
d ¼ ðd0; d2; d4Þ and with d ¼ ðd0; d2; d4; d6Þ, which is obviously
much more sensible in the direction e3 normal to the preferential
orientation of microcracks, is not yet of great amount regarding
the Young moduli EðvÞ in all others directions of the space
(Fig. 7). Others various damage configurations have been tested,
either with sharp peaks or with mild maxima, and this example
is quite representative of the conclusions obtained: in all cases,
the overall contribution of tensor d6 to this elastic property is quite
negligible. Moreover, for any relevant set of model parameters,
such prediction is qualitatively similar to the one obtained here
with a particular micromechanically-based identification. In view
also of the complexity associated to the use of tensors of order
six or more, one can conclude that a fourth-order truncation in
the development (5) remains sufficient to provide a satisfactory
representation of microcracks unilateral effect even for mixed
states.

6. Conclusion

The work presented here introduces an alternative model for
microcracked materials concerned by damage induced anisotropy
and unilateral effect. The objective was to capture within a macro-
scopic continuum approach the salient features of such behaviour
and to develop a rigorous formulation in the context of multilinear
elasticity. The introduction of micromechanical considerations al-
lows to cover up the lack of exhaustive experimental studies on
microcracks closure consequences and provides more generally a
deep physical justification to the macroscopic constitutive laws
established. In this way, the proposed representation is able to cap-
ture the main closure effects observed on the elastic properties of
damaged materials while avoiding the spectral decompositions
generally used in CDM models.

In addition to the detailed presentation of the buildings steps of
the approach, this paper demonstrates its feasible application to
the stress-based framework. Compared to the strain-based model,
the formulation in stress allows direct connections with microme-

S1
2 S2

2

Fig. 6. Approximated density q̂ for d ¼ ðd0; d2; d4Þ and d ¼ ðd0; d2; d4;d6Þ (as in
Fig. 1) and closure domains S2ð/Þ (in grey) for the two studied mixed states of
microcrack opening–closure.

Fig. 7. Young moduli of a concrete according to the damage variables for the two studied mixed states of microcrack opening–closure.



chanical results that simplifies the global expressions of the model
(in particular the opening–closure function and then the thermody-
namic potential). We have shown also that the representation of the
damage unilateral effect differs between these two approaches, in
particular the microcracks opening–closure domains. Such aspects
may lead to notable differences in the material responses and should
be considered for future developments of the model.

The damage characterization used in the model is related to the
microcrack distribution. Such mathematical representation confers
a more rational understanding of the relationship between damage
variables and the material microstructure and constitutes an
appropriate choice to account for closure effects as the contribu-
tion of each set of parallel microcracks can be distinguished be-
tween the open and the closed state. Through a series expansion,
it allows moreover the study of the influence of damage variables
order on the representation provided, and especially for various
opening–closure states of microcracks including mixed states. For
anisotropic damage distributions, results obtained confirm the sig-
nificant role of the fourth-order tensor damage variable and dem-
onstrate the weak influence of higher order tensors.

Further investigations must now be conducted in order to
complete the identification and validation procedures of the for-
mulation, which requires mainly to perform experimental tests
on brittle materials with various damage distributions and various
opening–closure states of microcracks. Finally, in order to achieve
the constitutive modelling, we need to study the question of
damage evolution in the same spirit, that is to develop a thermo-
dynamically admissible law in relation with the physical mecha-
nisms involved.

Appendix A. Irreductible part of n�m

Let hTi be the sum of all possible different permutations of a
tensor T. For example:

hI�2i ¼ I� Iþ 2I � I
I� n�2
� 

¼ n�2 � Iþ I� n�2 þ 2 n�2 � Iþ I � n�2
� � ðA:1Þ

The irreductible part bn�mc of the even order tensor n�m can be ex-
pressed by [14]:

bn�mc ¼
Xm=2

r¼0
ð�1ÞrbrðmÞ I�r � n�m�2r

� 
ðA:2Þ

with

b0ðmÞ ¼ 1; brðmÞ ¼
br�1ðmÞ

2 1
2þm� r
� � ðA:3Þ

in the three-dimensional framework. Thereby, one obtains for
example the following irreductible tensors:

b1c ¼ 1
bn�2c ¼ n�2 � 1

3 I
bn�4c ¼ n�4 � 1

7 n�2 � Iþ I� n�2 þ 2 n�2 � Iþ I � n�2
� �� �

þ 1
35 ðI� Iþ 2I � IÞ

8>>><
>>>:

ðA:4Þ

Appendix B. Continuity conditions

In this part, we recall the main result concerning the continuity
of multilinear functions demonstrated by [40]. This work is an
extension of the study by [39] to the case of functions of many
variables.

B.1. General background

Consider an euclidean normed vectorial space F. Let A be a do-
main of F divided in two subdomains A1 and A2 by means of an
interface / characterized by a function g : A! R:

A1 ¼ fx 2A; gðxÞ > 0g
A2 ¼ fx 2A; gðxÞ < 0g
/ ¼ fx 2A; gðxÞ ¼ 0g

8><
>: ðB:1Þ

with the properties:

A1 [A2 [ / ¼A

A1 \A2 ¼ ;

�
ðB:2Þ

We assume that function g satisfies all the conditions necessary for
the subdivision to be valid. In particular, / must be such that A1

and A2 are simply connected [39].
Assume a function h : A! R defined by:

8x 2A; hðxÞ ¼
h1ðxÞ; if gðxÞ > 0
h2ðxÞ; if gðxÞ 6 0

�
ðB:3Þ

where h1 : A! R and h2 : A! R are two twice continuously dif-
ferentiable functions on A (class C2), and g : A! R is a continu-
ously differentiable function on A (class C1).

B.2. Proposition

The function h defined in (B.3) is continuously differentiable on
A if and only if there is a point x0 of / such that

h1ðx0Þ ¼ h2ðx0Þ
Dh1ðx0Þ ¼ Dh2ðx0Þ

�
ðB:4Þ

and if, in any point x of /,

D2½h1 � h2�ðxÞðx0Þ ¼ sðxÞDgðxÞðx0Þ DgðxÞ; 8x0 2 F ðB:5Þ

where s : F ! R is a continuous function on F (class C0), and sym-
bols D and D2 before a function denote (when they exist) respec-
tively its first and second Frechet differentials.

B.3. Application to function h defined in Eq. (20)

The vectorial space of the study corresponds here to F ¼ R3 � T2

and A ¼ S� T2S (T2S denotes the set of second-order symmetric
tensors). We recall that if a function h : A! R is differentiable
at the point ðn; rÞ of A, its first differential at that point is defined
as follows:

8ðn0; r0Þ; Dhðn;rÞðn0;r0Þ ¼ @h
@n
ðn;rÞ � n0 þ @h

@r
ðn; rÞ : r0 ðB:6Þ

where @h
@n ðn;rÞ and @h

@r
ðn;rÞ represent the first partial derivatives of h

at ðn;rÞ. As well, if this function is twice differentiable at the point
ðn;rÞ of A, its second differential at that point is given by:

8ðn0; r0Þ; ðn00;r00Þ;
D2hðn;rÞðn0; r0Þðn00;r00Þ ¼ n00 � @2h

@n2 ðn; rÞ � n0 þ n00 � @2h
@n@r ðn; rÞ : r0

þr00 : @2h
@r@n ðn;rÞ � n0 þ r00 : @

2h
@r2 ðn; rÞ : r0

ðB:7Þ
where @2h

@n2 ðn;rÞ; @2h
@n@r ðn;rÞ; @2h

@r@n ðn;rÞ and @2h
@r2 ðn; rÞ denote the second

partial derivatives of h at ðn;rÞ.
Considering function h : A! R such that

hðn;rÞ ¼
h1ðn; rÞ; if gðn;rÞ > 0
h2ðn; rÞ; if gðn;rÞ 6 0

�
ðB:8Þ

where h1 : A! R and h2 : A! R are two twice continuously
differentiable functions on A, and g : A! R is a continuously



differentiable function on A, the above proposition induces thereby
that h is continuously differentiable on A if and only if there is a
point ðn0;r0Þ such that gðn0;r0Þ ¼ 0 and

h1ðn0;r0Þ ¼ h2ðn0; r0Þ
@h1
@n ðn0; r0Þ ¼ @h2

@n ðn0; r0Þ
@h1
@r
ðn0; r0Þ ¼ @h2

@r
ðn0; r0Þ

8><
>: ðB:9Þ

and if, at any point ðn; rÞ such that gðn;rÞ ¼ 0,

@2 ½h1�h2 �
@n2 ðn; rÞ ¼ sðn; rÞ @g

@n ðn;rÞ �
@g
@n ðn;rÞ

@2 ½h1�h2 �
@r@n ðn; rÞ ¼ sðn; rÞ @g

@r
ðn;rÞ � @g

@n ðn;rÞ
@2 ½h1�h2 �
@n@r ðn; rÞ ¼ sðn; rÞ @g

@n ðn;rÞ �
@g
@r
ðn;rÞ

@2 ½h1�h2 �
@r2 ðn; rÞ ¼ sðn; rÞ @g

@r
ðn;rÞ � @g

@r
ðn;rÞ

8>>>>>><
>>>>>>:

ðB:10Þ

where s : F ! R is a continuous function on F.
According to expressions (21), conditions (B.9) are clearly satis-

fied at any point ðn;02Þ (with 02 the second-order zero tensor).
Moreover, due to homogeneity properties with respect to r, func-
tions h1; h2 and g are such that:

@½h1�h2 �
@r
ðn;rÞ : r ¼ 2½h1 � h2�ðn;rÞ

@2 ½h1�h2 �
@r2 ðn; rÞ : r ¼ @½h1�h2 �

@r
ðn;rÞ

@g
@r
ðn;rÞ : r ¼ gðn; rÞ

8>><
>>: ; 8n 2 S ðB:11Þ

As a consequence, the verification of the fourth relation of Eq.
(B.10) implies the satisfaction of the first three ones, and continuity
conditions reduce at last to Eq. (22).

Appendix C. Integration over the unit sphere S

Let denote by ðIijÞi;j2½1;3�2 and ðniÞi2½1;3� the respective components
of the second-order identity tensor I and of the unit vector n in the
orthonormal basis ðe1; e2; e3Þ of R3.

The integration on the unit sphere S of the tensor products of n
leads to following expressions [22,54]:

1
4p

R
S

ds ¼ 1; 1
4p

R
S

ninjds ¼ 1
3 Iij;

1
4p

R
S

ninjnknlds ¼ 1
5 Jijkl

1
4p

R
S

ninjnknlnmnnds ¼ 1
7 Jijklmn

1
4p

R
S

ninjnknlnmnnnpnqds ¼ 1
7 Jijklmnpq

8><
>:

ðC:1Þ

with

Jijkl ¼ 1
3 IijIkl þ IikIjl þ IilIjk

� �
Jijklmn ¼ 1

5 IijJklmn þ IikJjlmn þ IilJjkmn þ IimJjkln þ IinJjklm

� �
Jijklmnpq ¼ 1

7 ðIijJklmnpq þ IikJjlmnpq þ IilJjkmnpq þ IimJjklnpq þ IinJjklmpq

þIipJjklmnq þ IiqJjklmnpÞ

8>>>><
>>>>:

ðC:2Þ

Moreover, it can be demonstrated that [14]:

Xi �
Z
S

n�ðiþjÞds ¼ 0j; 8j ¼ 0;2;4; . . . ; i� 2 ðC:3Þ

for any irreductible tensor Xi of even order i.
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