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Approximation of the critical buckling factor for composite
panels

D. Bettebghor · N. Bartoli

Abstract This article is concerned with the approxi-
mation of the critical buckling factor for thin composite
plates. A new method to improve the approximation of
this critical factor is applied based on its dependence
with respect to lamination parameters and loading con-
ditions. This method allows accurate approximation of
the critical buckling factor for non-orthotropic lami-
nates under complex combined loadings (including shear
loading). The influence of the stacking sequence and
loading conditions is extensively studied as well as prop-
erties of the critical buckling factor behavior (e.g con-
cavity over tensor D or out-of-plane lamination param-
eters). Moreover, the critical buckling factor is numeri-
cally shown to be piecewise linear for orthotropic lami-
nates under combined loading whenever shear remains
low and it is also shown to be piecewise continuous in
the general case. Based on the numerically observed be-
havior, a new scheme for the approximation is applied
that separates each buckling mode and builds linear,
polynomial or rational regressions for each mode. Re-
sults of this approach and applications to structural
optimization are presented.
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1 Introduction

Structural optimization for composite thin-walled struc-
tures often exhibits large computational times due to
repetitive stability analysis. For composite structure
made of thin plates or thin shallow shells (such as air-
craft fuselage), buckling computation is of primary im-
portance since it is one of the critical sizing constraints
when minimizing the weight. This computational bur-
den becomes even critical when we address laminated
composites and when the stacking sequence is opti-
mized. The prescribed orientations and the feasibility
rules for stacking sequences make this kind of problems
NP-complete. To solve such problems, one often goes to
population-based heuristics (evolutionary algorithms,
particle swarm optimization...) to address the discrete-
ness of the design variables. Such methods require many
evaluations to ensure that a reasonably good optimum
has been found. Even though more and more compu-
tational resources are available today, these resources
do not increase in such a way that the optimization
of large-composite structures that include realistic con-
straints such as blending (ply’s orientation continuity,
[37]) can be easily performed. If we think of the maxi-
mization of the critical buckling factor for one sole rea-
sonably thick laminated plate (2×30 plies for instance),
the complexity of the problem is still not treated in a
satisfactory way since in general heuristics never guar-
antee that we find the global optimum. If we think of an
assembly of many plates reinforced by laminated com-
posites stringers, complexity of the problem grows even
more than exponentially. A realistic fuselage optimiza-
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tion that include say 10, 000 super-stiffeners, 100 load
cases with a few super-stiffener design variables (geo-
metric dimensions, stacking sequence) and a few differ-
ent stability and strength criteria, such an optimization
will require more than one million of buckling evalua-
tions per optimization iteration (without any sensitiv-
ity analysis) it will also require finite elements analyzes
to redistribute internal loads for the overall structure
(it also quite complicates the sensitivity analysis). If
we think of a standard buckling analysis that lasts a
few seconds, say one second, one sole iteration would
take more than one week. In case such an optimiza-
tion is based on gradient methods and requires a few
dozens of iterations to converge, this amount of com-
putations could still be handled. However, we can not
sill guarantee that this optimum is global. To get to the
optimal design, we would need a real mixed-integer non
linear programming technique (branch-and-bound, Go-
mory’s cuts) to include combinatorial constraints such
that blending resulting in tremendous amounts of eval-
uations, several billions of buckling evaluation even for
small structures. The motivation of approximation mod-
els to replace standard buckling analysis (performed
through Rayleigh-Ritz methods or detailed finite ele-
ment methods) is not thought as a replacement for an
analysis considered as alone but with respect to that
huge number of repetitive analyses.

To build such approximation models, one classical strat-
egy uses a continuous representation of the in-plane
and out-of-plane behaviors of the stacking sequence by
means of either lamination parameters, polar invariant
representation or directly A and D tensors terms. Lam-
ination parameters are dimensionless quantities that
only depend on the stacking sequence. Unlike A and
D tensors, their use allows to treat exclusively the de-
pendence with respect to stacking sequences and not to
the material dependence. We distinguish in-plane lami-
nation parameters (ξA), bending-stretching lamination
parameters (ξB) and out-of-plane (or bending or flexu-
ral) lamination parameters (ξD), leading to 12 variables
for arbitrary stacking sequences. This continuous relax-
ation offers a way to treat the optimization (for instance
the maximization of the critical buckling factor of a
laminate plate under a given loading) as a continuous
one, reducing the number of evaluations needed to con-
verge whenever the optimization problem is well posed
(e.g convex). A good property of lamination parame-
ters is that most classical objective functions have inter-
esting optimization properties when evaluated over the
lamination space, which happens to be convex. How-
ever, this continuous relaxation has two major draw-
backs. First when a continuous optimum is found, it

usually does not match a discrete solution, there is
no practical stacking sequence that gives these opti-
mal lamination parameters. A new discrete optimiza-
tion step is to be performed to identify a correct discrete
solution and there is no evidence that the discrete op-
timum found by this step is the real discrete optimum.
The other important drawback is that not all sizing
constraints can be computed on the basis of lamination
parameters. Some optimization constraints do need the
real stacking sequence to be computed: mechanical con-
straints (first-ply failure...), feasibility constraints (con-
tiguity of same orientations to avoid matrix cracking
for instance). However, lamination parameters do pro-
vide a practical continuous representation of in-plane
and out-of-plane behavior making possible to build ap-
proximation models of the expensive optimization con-
straints, such as buckling computations. Even though
continuous optimization over lamination parameters is
not performed, such an approximation model allows to
perform discrete optimizations in a much more efficient
way.

Since their first application to the design of compos-
ite in the seminal work of Miki ([32], [33]), where the
author derives a graphical procedure to optimize stiff-
ness properties, lamination parameters have been ex-
tensively studied and covered as a practical and con-
venient tool to optimize laminated composites. Early
work by Miki allowed to bound the lamination space.
Much work was also done in describing the dependence
of the critical buckling factor in the lamination space:
Grenested ([16], [18], [17]) or Walker [44] investigated
the influence of lamination parameters for the critical
buckling factor in different cases (pure shear loading,
non-orthotropic laminates,...) through different approx-
imation methods: orthotropic closed-form expressions,
finite strip method, Rayleigh-Ritz method... Grenested
found out that non-orthotropy decreases the critical
buckling factor for uni-axial compression loading and in
many situations the optimum in the lamination space
belongs to the boundary previously described by Miki,
corresponding to angle-ply laminate [+θ/−θ] with con-
tinuous angle θ. However practical stacking sequences
that satisfy manufacturability constraints are not or-
thotropic nor angle-ply stacking sequences. A lot of
work was also done in applying directly the optimiza-
tion problem in the lamination space and then get from
the continuous optimum a discrete solution usually by
means of genetic algorithms ([15], [20]). Lamination pa-
rameters associated to real practical stacking sequences
of orientations [0◦/45◦/ − 45◦/90◦] exhibit a fractal
structure that was exploited in [40] to derive a frac-
tal branch-and-bound method. The precise description
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of the feasible set of lamination parameters and more
specifically the coupling between in-plane lamination
parameters and out-of-plane lamination parameters was
solved in [13], [9], resulting into so-called compatibility
equations that constrain the feasible space for out-of-
plane lamination parameters based on the values of in-
plane lamination parameters. These compatibility equa-
tions describe a convex feasible set and can be directly
integrated into an optimization [23]. Regarding the area
of building approximations of the critical buckling fac-
tor over lamination parameters, much work was done
with the help of response surfaces (polynomial regres-
sion of degree 2) [42], [1], [20], Taylor-based first-order
linear approximation [23], radial basis function under
tension [24], [26], adaptive response surface [41]. The
non-differentiability of the critical buckling factor with
respect to lamination parameters, which was already
noticed in a more general framework (see [35] or [12]
for general results on critical buckling factor differen-
tiability not specifically devoted to composite) does not
seem to have been considered when building approx-
imation models. Regarding potential property of the
critical buckling factor well suited for optimization, con-
cavity was cited in several references [6], but to the au-
thors’ knowledge, it has never been proved on a sound
mathematical basis for the general case (arbitrary ge-
ometry, non-orthotropic laminate).

This paper aims at studying numerically some proper-
ties of the critical buckling factor that will ease the con-
struction of accurate approximations to be used within
an optimization process. The approximation of the crit-
ical buckling factor over lamination parameters is not
restricted to continuous optimization over lamination
parameters, since such an approximation can be used
when the stacking is directly addressed as an optimiza-
tion variable (genetic algorithms, simulated annealing,
particle swarm optimization). In particular, we show
that the critical buckling factor is concave over lami-
nation parameters. We also give numerical evidence of
the piecewise behavior of the critical buckling factor de-
pending on the region of the input space. Based on this
knowledge we apply a recent strategy to build piecewise
approximation models developed in [7]. The behavior
of the critical buckling factor both over lamination pa-
rameters and varying loading conditions is covered and
the suggested scheme seems to be well suited to ap-
proximate such derivative-discontinuous functions, ap-
plications to optimization (maximization of the critical
buckling factor) are also given.

2 Lamination parameters and feasible stacking
sequences

We briefly recall here the definition of out-of-plane lam-
ination parameters and the feasibility constraints for
laminated composites that we use in this paper.

2.1 Out-of-plane lamination parameters

Consider a composite of given material characteristics
E1, E2, G12 and ν12. Note Q11, Q22, Q12 and Q66 the re-
duced stiffness’s. The Tsai-Pagano parameters (Ui)i=1...5

(or material invariants) are defined as
U1

U2

U3

U4

U5

 =


3/8 3/8 1/4 1/2
1/2 −1/2 0 0
1/8 1/8 −1/4 −1/2
1/8 1/8 3/4 −1/2
1/8 1/8 −1/4 1/2




Q11

Q22

Q12

Q66

 (1)

the out-of-plane (or bending) lamination parameters
are defined as

ξ
{1,2,3}
D =

12
h3

∫ h/2

−h/2

{cos(2θ(z)), cos(4θ(z)), sin(2θ(z))}dz

(2)

Note that we do not consider ξ4
D since it vanishes when

computed over stacking sequences made of [0◦/45◦/90◦]
orientations. Now recall that the D tensor is expressed
as an affine function of the lamination parameters as
follows.

D11 =
h3

12
(U1 + U2ξ

D
1 + U3ξ

D
2 ) (3)

D22 =
h3

12
(U1 − U2ξ

D
1 + U3ξ

D
2 ) (4)

D12 =
h3

12
(U4 − U3ξ

D
2 ) (5)

D66 =
h3

12
(U5 − U3ξ

D
2 ) (6)

D16 =
h3

24
U2ξ

D
3 (7)

D26 =
h3

24
U2ξ

D
3 (8)

(9)

2.2 Feasible stacking sequences

We are interested here in conventional laminates of fiber
orientations [0◦/45◦/ − 45◦/90◦]. These are quite clas-
sical orientation used in many references. It should be
noted however that use of other prescribed orientations
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is often reported to lead to better results in terms of op-
timization, see for instance [25]. We used the following
common feasibility rules that both come from mechan-
ical properties and manufacturability constraints:

– Symmetric laminates. This ensures that the B ten-
sor vanishes. Note that there exist laminates with
B = 0 that are not symmetric.

– Balanced laminates. The number of 45◦ layers is
equal to the number of −45◦ layers. This makes the
A16 and A26 terms of the A tensor vanish.

– Contiguity rule. No more than 4 successive layers of
the same orientation.

– Disorientation rule. No more than 45◦ of angle dif-
ference between 2 successive layers. In particular the
sequence [45◦/− 45◦] is not allowed although many
references in the literature on composite design al-
low it.

– Percentages rule. Each orientation should be repre-
sented in the laminate. We took 8% as a minimum
percentage of each orientation.

Based on these rules, the number of feasible stacking se-
quences remains relatively low for thin laminates. The
number of feasible stacking sequences based on these
rules for a 2 × 10 layers symmetric laminate is for in-
stance 7032. We found numerically that we could very
easily exhaust all feasible stacking sequences based on
vector-oriented programming language (such as Mat-
lab) up to symmetric laminates of 34 layers (2 × 17).
Our concern here is not in finding such feasible stack-
ings but it should be noted that for thicker laminates
this exhaustive search might take excessive memory
resources unless proportions are given and a discrete
optimization is preferable. However, for relatively thin
laminates (such as the ones used for aircraft fuselage
or wing) we consider that we have all feasible stacking
sequences and that an exact optimization can be per-
formed by listing all the feasible laminates. We depicted
Fig. 1 the logarithm of the number of feasible stacking
sequences from 8 to 34 plies. This number Nfeas(n)
where n stands for the number of plies can be approxi-
mated by

Nfeas(n) = K1.72n (10)

where K ' 0.12.

3 Behavior of the critical buckling factor

In this section, we first recall some basic facts on buck-
ling, including the definition of the critical buckling fac-
tor for thin composite plates through variational for-
mulation. Based on this definition we show that this
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Logarithm of the number of feasible stacking sequences vs number of plies
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Log of number of feasible stacking

Fig. 1 Logarithm of the number of feasible stacking se-
quences from 8 to 34 plies

critical buckling factor is concave over bending lami-
nation parameters. We then depict two interesting as-
pects: firstly, the typical behavior of the critical buck-
ling factor when the stacking sequence varies and sec-
ondly the typical behavior of its reciprocal when the
loading conditions vary.

3.1 Generalities on buckling

The buckling phenomenon for thin plates and shells has
been extensively studied since the beginning of the 20th

century. The first rigorous equations for large deflec-
tions of thin plates were written down by von Kárman
in 1910. In their first derivation for isotropic homoge-
neous structures, these equations were a system of two
nonlinear partial differential equations of order four.
As outlined in [3], the mathematical analysis used to
solve these equations involved development of bifurca-
tion theory, as it can be found in [8], [29] and [4]. A
very brief introduction to bifurcation theory not specif-
ically devoted to buckling can be found in [38]. The
major idea is that bifurcation points of the nonlinear
partial differential equation’s (or stability points where
the trivial solution w = 0 ceases to be unique) are
to be found amongst the points where the linearized
operator is not invertible thanks to implicit functions
theorem. The topological Leray-Schauder degree the-
ory offers the other way around. Namely, the points
where the linearized operator is not invertible (precisely
the eigenelements of the linearized operator) are ac-
tually bifurcation points of the original nonlinear pde
system. We will not delve into the mathematical the-
ory but this brief explanation means that buckling is
a nonlinear phenomenon that is often partially solved
through a linear eigenvalue problem. It is worth noting
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that the linearized buckling can not describe the behav-
ior of the material after buckling, it only predicts the
onset of buckling. Being an eigenfunction, the buckled
transverse displacement is known up to a multiplica-
tive constant, which means that no maximal transverse
displacement can be computed through linear buckling.
To study the behavior of plates or shells after buckling
one should go to nonlinear analysis, the first work on
post-buckling can be found in the seminal paper [28].
Our concern here is on the prediction of buckling, we
will therefore study buckling of laminated composite
plates into the framework of linear buckling. We will
only consider symmetric laminates, which means that
the B tensor vanishes and hence that there is no cou-
pling between in-plane and out-of-plane behaviors. Un-
der Kirchhoff hypothesis, one can show (see [43]) that
the equation for buckling of a simply supported com-
posite plate leads to the following eigenvalue problem.
The critical buckling factor is defined as the smallest
positive eigenvalue λ1 of

D11
∂4w

∂x4
+D22

∂4w

∂y4
+2(D12+2D66)

∂4w

∂x2∂y2
+4D16

∂4w

∂x3∂y
+

4D26
∂4w

∂y3∂x
= λ1(Nx

∂2w

∂x2
+ Ny

∂2w

∂y2
+ Nxy

∂2w

∂x∂y
)

(11)

where w is the transverse displacement, with w = 0
on ∂Ω and ∆w = 0 on ∂Ω. Nx, Ny and Nxy are
the loads per unit length respectively for longitudinal,
lateral and shear loading, and equivalently the critical
buckling load Ncr is defined as Ncr = λcr(Nx, Ny, Nxy).
Note that equation (11) is valid for any geometry Ω. For
the numerical experiments in this article, we only focus
on rectangular plates but, in general, we can already
see that buckling essentially depends on three different
types of parameters :

– Ω: the domain where the buckling equation (11)
is defined. Dependence of eigenvalue problems to
the geometry is quite complicated. For rectangular
plates Ω = [0, a]×[0, b], the eigenvalues depend only
on the aspect ratio a

b .
– D tensor: the idealized buckling problem studied in

shape optimization (in [5] for instance) only defines
bi-Laplacian and Laplacian operators. This corre-
sponds to buckling for isotropic homogeneous ma-
terial under bi-axial compression of the same mag-
nitude (Nx = Ny < 0). For composite, the D tensor
makes the buckling equation somewhat more com-
plex since it weights the different derivatives and we
clearly see that the D16 and D26 (bending-twisting
terms) are not part of the bi-laplacian.

– N = (Nx, Ny, Nxy): the loading conditions. When
Nxy = 0 and Nx = Ny < 0, note that the right-hand
differential operator boils down to a Laplacian.

Buckling problems of this type can be solved exactly in
a few cases with simple geometry (rectangles, disk,...)
and simple operators (bi-Laplacian that corresponds to
orthotropy, Laplacian that corresponds to uniform bi-
axial compression with no shear), many closed-form ex-
pressions can be found in [30]. In the orthotropic case,
where D16 = D26 = 0, buckling of a rectangular com-
posite plate of dimension [0, a] × [0, b], under bi-axial
loading (no shear), the critical buckling factor is

λ1 = min
m,n∈N2

π2(D11m
4 + 2(D12 + 2D66)m2n2R2 + D22n

4R4)
a2(Nxm2 + Nyn2R2)

(12)

where R = a/b is the aspect ratio and n (resp. m) is
the number of half-waves of the transverse displacement
along x direction (resp. y direction). When no closed-
form expression can be derived, more complex geome-
try, non-orthotropic laminates, shear loading, approxi-
mation methods are to be used. Amongst the classical
methods, we have

– Rayleigh-Ritz method: historically, this was the first
method developped to tackle with eigenvalue prob-
lem arising in vibration and buckling. This yields
to solve a generalized eigenvalue problem over a
finite-dimensional space which is the span of natural
eigenfunctions for a simple operator, e.g sin( iπx

a ) sin( jπy
b )

for a rectangular plate. The idea is therefore to write
the variational characterization of eigenvalue as an
optimization problem solved in this finite-dimensional
space. The Rayleigh-Ritz method can be thought as
a perturbation method (see Appendix B). General
introduction can be found in [10], [2] and [43] for
composite buckling,

– Finite strip method (see [43]),
– Finite elements method.

In general, the approximation space of finite dimension
Vh is included in the V Hilbert space where the solu-
tion w belongs to (conformal approximation). Under
this usual property, the exact eigenvalues can be shown
to be approximated by above through these different
approximation methods. In this paper, most of the nu-
merical computations were done with a Rayleigh-Ritz
method.

A few basic facts can be noted in Eq. (12) regarding
the dependence of λ1 with respect to stacking sequence
and loading conditions.
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– For fixed loading conditions, critical buckling factor
is concave over the D tensor variables, being the
minimum of concave functions (linear). We will see
in the sequel that this can be established rigorously
in the general non-orthotropic case, for any loading
and any geometry Ω.

– For fixed stacking sequence, hence fixed D tensor,
the reciprocal of the critical buckling factor is piece-
wise linear. We will see that numerically it seems to
be a good approximation for non-orthotropic lami-
nates under bi-axial loading.

– For fixed loading conditions, the critical buckling
factor is piecewise linear on D hence on lamination
parameters. In the general case (combined loading
conditions) this does not seem to be still valid, how-
ever, simple piecewise quadratic models over lami-
nation parameters are shown to be very accurate to
predict the critical buckling factor.

– Define formally a critical buckling factor function

λcr : S3(R)++ × R3 7→ R+

(D,Nx, Ny, Nxy) 7→ λ1 = λcr(D,Nx, Ny, Nxy)

(13)

where D is the out-of-plane (symmetric positive def-
inite) tensor in S3(R)++ (convex cone of symmet-
ric definite positive tensors) and N = (Nx, Ny, Nxy)
the loading conditions. We see that in the orthotropic
case, λcr does have some partial homogeneity prop-
erties (e.g λcr(κN) = κ−1λcr(N)). Most of these
properties are still valid in the general case (non-
orthotropic and combined loading), this is showed
in the sequel.

3.2 Characterization of the critical buckling factor and
properties

In most cases, complex geometry, shear loading, non-
orthotropic laminate, no closed-form expression can be
derived. One way to derive some properties of the crit-
ical buckling factor λ1 is through variational formula-
tion. Let us define some notations for sake of clarity

– V = W 2,2
0 (Ω), the Hilbert space of feasible displace-

ment satisfying the boundary conditions (clamped)
1.

1 For simply supported boundary conditions, the varia-
tional formulation remains the same. The main difference is
that the boundary condition ∆u = 0 can not be satisfied in
the Hilbert space but is imposed in the variational formula-
tion. However, a posteriori, solution u is in W 2,4

0 (Ω) and the
trace of the Laplacian can be defined.

– H = W 2,1
0 (Ω). Note that a key property is that

V ↪→ H and this embedding is continuous and com-
pact. This ensures that the spectrum is countable.
Moreover V is dense in H.

– aD : V × V 7→ R+ a continuous symmetric bilinear
coercive form where D is an element of S3(R)++

– bN : H × H 7→ R a continuous symmetric bilinear
form that need not be positive with N = (Nx, Ny, Nxy).
A basic assumption to ensure existence of (realis-
tic) positive buckling eigenvalues is that there exists
w ∈ H such that bN (w,w) ≥ 0 (see Appendix C).

In the case of buckling of composite laminate these bi-
linear forms are

aD(u, v) =∫∫
Ω

D11
∂2u

∂x2

∂2v

∂x2
+ D22

∂2v

∂y2

∂2u

∂y2
+ 2(D12 + D66)

∂2u

∂x∂y

∂2v

∂x∂y
+ 4D16

∂2u

∂x2

∂2v

∂x∂y
+ 4D26

∂2u

∂y2

∂2v

∂x∂y
dxdy

(14)

and

bN (u, v) =

−
∫∫

Ω

Nx
∂u

∂x

∂v

∂x
+Ny

∂u

∂y

∂v

∂y
+

Nxy

2
(
∂u

∂x

∂v

∂y
+

∂u

∂y

∂v

∂x
)dxdy

(15)

The coercitivity of aD simply follows from Poincaré’s
inequality applied to each component of the gradient
of u and from the positivity of the D tensor. We now
have the following characterization of λ1, known as the
Courant-Fisher characterization2

λcr(D,Nx, Ny, Nxy) = λ1 = min
w∈V\0

aD(w,w)
|bN (w,w)|

(16)

Let’s first recall a result from [35] that states that λcr

is continuous over D,Nx, Ny, Nxy. However differentia-
bility can not be established, indeed, what is showed in
[35] is that λcr is differentiable whenever it is a simple
eigenvalue, in case it is a multiple eigenvalue only di-
rectional differentiability can be established.

We can use (16) to derive some homogeneity proper-
ties. Let κ > 0 and D ∈ S3(R)++, N = (Nx, Ny, Nxy),
for any w ∈ V

aκD(w,w) = κaD(w,w) (17)

2 Note that the original Courant-Fisher characterization
does not use absolute value over the bilinear form bN . This
convention, used also in [35] does not change the value of λcr

for loading conditions that ’really’ give rise to buckling, since
in that case λcr is attained over a positive eigenfunction aD

being coercive (see Appendix C). It simply allows to define
λcr everywhere in R3.
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and

|bκN | = κ|bN (w,w)| (18)

Taking the infimum over V, we get

λcr(κD,N) = κλcr(D,N) (19)

and

λcr(D,κN) =
1
κ

λcr(D,N) (20)

(19) and (20) mean that λcr is homogeneous of degree 1
over D and homogeneous of degree −1 over N . Applying
Euler identity theorem (see Appendix A) to (19) and
(20) whenever λcr is differentiable gives

6∑
i=1

Di
∂λcr

∂Di
= λcr (21)

3∑
i=1

Ni
∂λcr

∂Ni
= −λcr. (22)

These equations can be used within an optimization
process to save sensitivity analysis computations. Note
that by simply rewriting (20) in terms of the reciprocal
of the critical buckling factor

1
λcr(D,κN)

=
κ

λcr(D,N)
(23)

and we see that the reciprocal of λcr is homogeneous of
degree 1, which yields

Nx

∂ 1
λcr

∂Nx
+ Ny

∂ 1
λcr

∂Ny
+ Nxy

∂ 1
λcr

∂Nxy
=

1
λcr

. (24)

Note any of equations (21), (22) and (24) can be used to
directly derive an exact expression of the reciprocal of
the critical buckling factor whenever the partial deriva-
tives are simple (e.g piecewise constant). It should be
emphasized however that these equations are not glob-
ally valid in the whole domain since the derivatives of
λcr do not exist everywhere. We will see in the sequel
that these equations are valid piecewise, since λcr is
differentiable over connected regions that can be easily
described.

The homogeneity of the critical buckling factor, which
was already noticed, for instance with respect to the
loading conditions in [18], can of course be used to re-
duce the size of the regression problem. One way to use
it would be to build an approximation model over the
sphere of radius {||N || = K} and use for instance the
spherical coordinates (θ, φ) as approximation variables.

However doing so we would definitely reduce the dimen-
sion but we are likely to miss some simple dependence
of λcr over the natural variables N . We can also observe
that if we consider the critical buckling factor defined
over the panel thickness h and the lamination parame-
ters ξD instead of being defined over the D tensor, we
get

λcr(κh) = κ3λcr(h) (25)

This equation means that we can get rid of panel thick-
ness h and only focus on lamination parameters. Fi-
nally, we can also observe that for the specific case of
rectangular plates, we have by applying the change of
coordinates x′ = κx and y′ = κy

λcr(κa, κb) =
1
κ2

λcr(a, b) (26)

and the corresponding Euler identity

a
∂λcr

∂a
+ b

∂λcr

∂b
= 2λcr (27)

Note that Eq. (26) in reality can be derived for any
domain Ω. Following the derivation 3 in [21] where this
formula is stated for the eigenvalues of the Laplacian,
we have for any domain Ω and κ > 0

λcr(κΩ) =
λcr(Ω)

κ2
. (28)

3.3 Concavity of the buckling factor over lamination
parameters

We now turn on the concavity of λcr. To show that it
is concave over the ξD, we first show that it is concave
over D, concavity being preserved by pre-composition
by an affine function (with h fixed), concavity over ξD

will be ensured.

In this paragraph, the loading conditions remain fixed,
we therefore skip them when writing the dependence of
λcr. We want to show that λcr is concave over S3(R)++.
Let α > 0, consider the upper level set Dα = {D ∈
S3(R)++ s.t λcr > α}. Let D(1) and D(2) in Dα

and θ ∈ (0, 1), let denote D(θ) = θD(1) + (1 − θ)D(2).
S3(R)++ being convex, D(θ) is clearly a symmetric pos-
itive definite tensor and consider now the bilinear form

3 by noting that Hκ ◦ ∆2 = κ4∆2 ◦ Hκ and Hκ ◦ ∆ =
κ2∆◦Hκ where Hκv is the function defined over V(κΩ) such
that Hκv(x) = v(x/κ). Note that Eq. (26) is homogeneous of
order 2 because buckling equation is essentially the diagonal-
ization of a fourth-order operator with respect to a second-
order operator. For pure fourth-order problems (vibrations),
we would get homogeneity of order 4
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aD(θ) . It is clearly continuous, symmetric and coercive.
Let w ∈ V we then have

aD(θ)(w,w) = θaD(1)(w,w) + (1− θ)aD(2)(w,w) (29)

hence

aD(θ)(w,w)
bN (w,w)

= θ
aD(1)(w,w)
bN (w,w)

+ (1− θ)
aD(2)(w,w)
bN (w,w)

(30)

Since D(1) and D(2) are in Dα, for all w ∈ V

aD(1)(w,w)
bN (w,w)

> α (31)

and

aD(2)(w,w)
bN (w,w)

> α (32)

hence for all w ∈ V

aD(θ)(w,w)
bN (w,w)

> α (33)

and D(θ) is in Dα. This implies that λcr is quasiconcave,
since its upper level sets Dα are convex. Being also ho-
mogeneous of degree 1, it is concave (see Appendix A).
Note that strict concavity cannot be ensured, this fol-
lows obviously from equation (12) where we see that in
the vicinity of (ξ1

D, ξ2
D, 0), λcr is a minimum of linear

functions, hence at a point where λcr is differentiable,
there exists a neighborhood where λcr is linear over
(ξ1

D, ξ2
D) and cannot be strictly concave. Another quick

way to see that is to note that, in case λcr is twice con-
tinuously differentiable over D, Euler identity for the
homogeneity of order 0 of each partial derivative of λcr

w.r.t to Dj yields

∀j = 1 . . . 6
6∑

i=1

Di
∂2λcr

∂Dj∂Di
= 0 (34)

Equation (34) simply means that D belongs to the ker-
nel of the Hessian Hλcr(D) of λcr at D and hence
Hλcr(D) is not definite.

Using the following definition of the reciprocal 1/λcr(N)

1/λcr(N) = max
w∈V

|bN (w,w)|
aD(w,w)

(35)

together with the following lower level sets Nα = {N ∈
R3 s.t 1/λcr(N) 6 α} and the triangular inequality
leads to the the quasiconvexity of 1/λcr(N) over N .
Being homogeneous of degree 1 it is convex. Strict con-
vexity of 1/λcr(N) cannot be ensured the same way as
the strict concavity of λcr(ξD).

Table 1 Graphite/Epoxy material characteristics

Characteristics Graphite/Epoxy
E1 Longitudinal modulus 112 GPa
E2 Transverse modulus 8.2 GPa
G12 Shear modulus 4.5 GPa
t Elementary ply thickness 0.26 mm

3.4 Influence of the stacking sequence

We focus in this section on the behavior of the crit-
ical buckling factor λcr when the loading N is fixed
and when the stacking sequence of the plate laminate
varies. We use lamination parameters ξD to assess this
behavior. We focused here on lamination parameters of
conventional laminates [0◦/45◦/−45◦/90◦], in that case
ξ4
D = 0. We then restrict our study to the influence of

(ξ1
D, ξ2

D, ξ3
D) over the feasible domain described in [9],

[22] and [23]

2|ξ1
D| − ξ2

D − 1 6 0 (36)

and

2|ξ3
D|+ ξ2

D − 1 6 0 (37)

Note that it is a convex domain.The triangle in [−1, 1]2

that Eq. (36) will be referred to as Miki’s triangle (with
ξ3
D = 0) and the polyhedron in [−1, 1]3 defined both by

Eq. (36) and Eq. (37) will be referred to as Miki’s tetra-
hedron. The main interest of the compatibility equa-
tions described in [22] is that they provide a convex
feasible set for ξD ∈ [−1, 1]3 for given in-plane lam-
ination parameters ξA (or equivalently proportions of
fiber orientation). In an optimization process, this of-
fers a way to ensure compatibility in a continuous way
between in-plane properties (A tensor) and out-of-plane
properties (D tensor). In the sequel we study the be-
havior of λcr all over its definition domain with no
regards to proportions, but we should keep in mind
that in practice, the out-of-plane lamination param-
eters are related to proportions (or equivalently ξA).
Note that most of the computations done in this article
were based on a Rayleigh-Ritz method (see Appendix
B) with N = 20× 20 basis functions over a rectangular
plate of dimensions a = 650mm and b = 250mm, we
chose a classical Graphite/Epoxy whose characteristics
are given Tab. 1.

3.4.1 Behavior of λcr for orthotropic laminates under
combined loadings and pure shear

For uni-axial and bi-axial compressive loadings, a closed-
form equation is given by Eq. (12). For fixed loading, it
follows that λcr is piecewise linear over tensor D terms
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Fig. 2 Results for orthotropic laminates under combined loading and pure shear loading

and therefore piecewise affine over ξD. For combined
loadings (including shear) or pure shear loading, no
closed form expression can be derived. The main reason
for this is that the ∂2w

∂x∂y term prevents from using the
classical techniques as a double sine series (see [34]).
Correction formulas were given (see for instance [45]),
but all of them were approximation expressions based
on simplified assumption (infinite length plate for in-
stance) and there is no evidence at the time being that

– for arbitrary loading (combined loading, pure shear),
λcr is still piecewise affine over ξD for orthotropic
laminate

– for arbitrary loading, λcr can be defined in a piece-
wise manner for non-orthotropic laminates.

In the sequel, we show numerically that λcr seems to
be piecewise affine over ξD for combined loading where
shear is not very high. However, for pure shear loading,
we observed that λcr can still be defined in a piecewise
manner but each part of the function seems to be more
complex than affine functions. The most important fact
shown here is that λcr behaves in a piecewise manner
and a good approximation technique should be able to
detect these different regions or so-called modes and
build an approximator for each region.

To assess the evolution of λcr, we sample uniformly
Miki’s triangle for ξ1

D, ξ2
D and compute for each couple

of lamination parameters its associated λcr. The load-
ing is taken as combined loading with shear and we also
compute the associated sensitivities ∂λcr

∂ξ1
D

and ∂λcr

∂ξ2
D

and
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Fig. 3 Results for non-orthotropic laminates under combined loading and pure shear loading

plot the phase portrait: for each couple we associate a
point of the gradient space.

The different plots depicted Fig. 2 were obtained for
two different loading conditions

– Combined loading: Nx = −50 N.mm−1, Ny = −20
N.mm−1, Nxy = 20 N.mm−1

– Pure shear loading: Nx = 0 N.mm−1, Ny = 0 N.mm−1,
Nxy = 20 N.mm−1.

For each loading case, we generated 800 couples (ξ1
D, ξ2

D)
uniformly distributed over Miki’s triangle. We depicted
the behavior of λcr Fig. 2 a) and 2 c). We can observe
that for the first loading case, we clearly see the piece-
wise dependence of λcr over (ξ1

D, ξ2
D), as in the bi-axial

compression case of Eq. (12), λcr seems still defined as
the minimum of hyperplanes, making the overall func-
tion simply defined over a sole hyperplane but not dif-
ferentiable at the boundaries between hyperplanes. It
is worth noting that directional differentiability seems
still valid as it is proved in [35]. For this loading case,
λcr seems to be still defined as piecewise linear, this
is numerically ensured by the phase portrait Fig. 2 b),
where we see all the 800 points shrink down to only
4 different points, which means over each region, λcr

is linear or very close to be linear. For the pure shear
loading case, this dependence does not seem to hold,
indeed, the regions are not as clearly defined as in the
combined loading. The phase portrait shows 4 different

regions disconnected, which again means that λcr can
be defined in a piecewise manner, though its behavior
over each region seems more complicated than linear.

3.4.2 Behavior of λcr for non-orthotropic laminates
under combined loadings and pure shear

We also depicted the phase portrait for non-orthotropic
laminates by making the ξD varying in the Miki’s tetra-
hedron for the same loadings. We observe in both cases
that the phase portrait has the same structure that is
to say 4 disconnected components. However, the disper-
sion of these clusters is quite different for the two load-
ings (cf. Fig. 3). In the first case, for combined loading,
we observe a low variance over the two first dimensions
(∂λcr

∂ξ1
D

, ∂λcr

∂ξ2
D

) and bigger variations for the last dimension

(∂λcr

∂ξ3
D

), this would naturally indicate that λcr is close to
depend linearly over the two first dimensions and that
it depends in a more complex manner over the last di-
mension. In case of pure shear loading, the dependence
is much more complex, it does not seem that there is a
dimension that has a bigger influence than the others.
However, the main observation that we can make is that
in all cases, λcr seems to depend in a piecewise manner
and that the function is likely to be well approximated
when taking advantage of this structure.
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3.5 Influence of the loading conditions

In this section, we are interested in the behavior of the
λcr for fixed stacking sequence ([−45/−45/0/45/90/−
45/0]S) when the loading conditions vary. In most cases,
when loading conditions vary, the reciprocal of λcr was
found to be more easier to depict and interpret. This
can be easily seen again in the general formula (16)
where all the stacking sequence dependence appear in
the numerator and all the loading conditions appear in
the denominator. Furthermore, it also follows from both
theoretical and computational considerations. Indeed,
for instance in [35], the authors do not study directly
λcr but first use its reciprocal to show it is continuous
and differentiable whenever it is a simple eigenvalue.
Numerically, it is preferable to compute the reciprocal
of λcr that is to find w and the largest κ such that

Lw = κKw (38)

where K is the matrix associated to the aD bilinear
form (stiffness material matrix) and L matrix associ-
ated to the bN bilinear form (geometry stiffness matrix)
and eventually λcr = 1/κ. Next, as noted before, in case
of the orthotropic formula, we can observe that 1/λcr

is piecewise linear over N = (Nx, Ny). Regarding com-
putational issues when making the loading conditions
vary, it can be noted that for general loading (including
shear) the feasible set (i.e the fluxes that gives rise to
buckling, this is related to the assumption of positiv-
ity of bN ) are not easy to describe. When the loading
conditions approach near the boundary, the eigensolver
might not converge or exhibit numerical ill-conditioning
behavior and λcr increases very quickly and behaves like
an hyperbola (cf. Fig. 4).

4 Original strategy to approximate the critical
buckling factor

In a recent paper [7], the authors developed a strategy
to approximate discontinuous or derivative discontinu-
ous functions by means of clustering of the learning ba-
sis into regions where the function to be approximated
is expected to be continuous or at least more simple.
It strongly relies on the EM algorithm (Expectation-
Maximization), which is a classical algorithm in statis-
tics to solve maximum-likelihood problem, such as den-
sity estimation. In this case, the learning data (input
and output) is modeled as a finite mixture of multivari-
ate Gaussians. The EM algorithm is first used to esti-
mate the mixtures parameters (weights of each mixture
component, means and variance-covariance matrices of
each Gaussian component), a clustering is performed on

the data (by means of Maximum A Posteriori), a local
expert is built over each region, marginal densities are
then derived from the finite mixture parameters and a
final approximation model is built as

f(x) =
K∑

i=1

P(κ = i|X = x)fi(x) (39)

where K is the number of Gaussian components, P(κ =
i|X = x) is the probability to lie in cluster i know-
ing that X = x and fi is the local expert built on
cluster i. Eq. (39) leads to two different approxima-
tion models depending on the computation of P(κ =
i|X = x). When choosing the Gaussian laws to compute
this quantity, Eq. (39) leads to a smooth model that
smoothly recombine different local experts. If P(i|X =
x) is computed as characteristic functions of clusters
(being equal to 0 or 1) this leads to a discontinuous
approximation model. Depending on the application,
the smooth recombination can be used for instance in
a gradient-based method, while if derivative free opti-
mization algorithms are to be used, the discontinuous
(or hard) recombination is preferable whenever it gives
a better accuracy. Based on former numerical exper-
iments where this strategy showed to be adequate to
approximate discontinuous or derivative discontinuous
functions and on the behavior of λcr as described in
the former sections, we want to apply this strategy to
the approximation of λcr with a specified type of local
experts fi (linear, polynomial and rational).

4.1 Piecewise polynomial approximation in lamination
space

The behavior of λcr(ξ1
D, ξ2

D) for orthotropic laminates
for combined loading (with low shear) seems to be piece-
wise linear (or close to be linear). We then want to
approximate λcr based on a mixture of linear experts
(referred to as MOL). The number of clusters is chosen
through a range of potential clusters by minimizing the
generalization error for the mixture of linear experts.
We depicted Fig. 5 the result of the EM clustering for
4 clusters on the orthotropic data for combined load-
ing. We see that the hyperplanes are correctly detected
through the clustering.

For pure shear and non-orthotropic laminates, the phase
portraits showed that the linear dependence does not
hold, however λcr does not seem to behave in a very
complicated way over each cluster. We then build an ap-
proximation of λcr on the basis of a mixture of quadratic
models (MOQ).
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4.2 Piecewise polynomial approximation in forces
space

When the loading conditions vary, the dependence of
1/λcr seems to get less simple as linear as the plate
endures less compression and more complex loading
with tension for instance. However for pure compres-
sion loading cases, 1/λcr is close to be piecewise linear,
we then build an approximation model as a mixture
of quadratic models since it is expected to be able to
handle different situations. It should be noted that if
ordinary least squares are used, a linear model can not
totally be recovered from a polynomial regression due
to the L2 minimization that regularizes polynomial co-
efficients. So more advanced techniques should be used

to build purely linear experts and quadratic experts in
different regions (best-subset selection, lasso, least an-
gles regression, compressed sensing).

4.3 Piecewise rational approximation in the general
case

Based on the behavior of λcr with respect to lamination
parameters and of 1/λcr with respect to loads per unit
length N , we want to build an approximation model as
a mixture of (quadratic) rational experts

fi(x) =
a0 + a1ξ

1
D + ... + an−1(ξ2

D)2 + an(ξ3
D)2

b0 + b1Nx + ... + bn−1N2
y + bnN2

xy

(40)

such models will be referred to as Mixture of Rationals
(MoR).

4.4 Using directly Rayleigh-Ritz active buckling modes

It is worth noting when using Rayleigh-Ritz method,
we usually get an extra information by looking at the
eigenvector wcr associated to λcr. Indeed, it can be writ-
ten

wcr =
N∑

i=1

αiui (41)

where the ui’s are the basis functions. These basis func-
tions can be associated to ’natural’ modes (that is eigen-
functions of the unperturbed operator or over a more
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simple geometry). Suppose we take functions of the
type

sin(iπx/a) sin(jπy/b). (42)

We can associate each eigenvector wcr to the ’closest
natural mode’ simply by finding the largest (in magni-
tude) component wij

cr of wcr. However, this process can
lead to wrong associated modes, in the case where we
have two or more large components in wcr, the numer-
ical approximation is likely to invert the corresponding
natural modes. Next, finite element buckling methods
do not provide directly such information, since the crit-
ical buckled shape (wcr) is defined over local, mesh-
dependent, non natural basis functions (P1 basis func-
tions...). Post-treatment of the transverse displacement
is needed when identifying the corresponding natural
mode. This includes tools from mode shape identifica-
tion well known in vibrations or structural health mon-
itoring like Modal Assurance Criteria (MAC). In case
modal information is directly provided and can be easily
retrieved from the analysis, this offers a natural way to
approximate the critical buckling load by approximat-
ing mode per mode and building classifiers (linear or
more advanced like Support Vector Machine) that give
the corresponding natural mode to a new input and
hence apply the corresponding approximation model.
This can be done for few degrees-of-freedoms problems
since the regions that separate each natural buckling
mode are usually quite simple in the input space. We
depicted for instance Fig. 6, the different natural modes
when the loading conditions vary both over the loading
conditions sphere (||N || = K) and over spherical angles
space (θ, φ), since the active mode does not depend on
the norm ||N ||. We clearly see Fig. 6 a) that the as-
sociated regions are quite simple over the sphere but
for the (θ, φ) space Fig. 6 b) the regions are not easily
separated, which prevents from building accurate classi-
fiers. Even though, this approach seems at first glance
easy to apply, there are several drawbacks that pre-
vent from detecting the correct mode. This is the diffi-
cult problem of mode tracking well known in structural
dynamics and vibrations. For low-dimensional problem
(< 3), several phenomena make it difficult to follow
one mode when state parameters change: mode cross-
ing, where two modes simply cross each other, mode
veering where two nearly-simultaneous modes start to
interact and the associated eigenvalues abruptly diverge
and finally mode coalescence where two modes shrink
down in only one mode. For high-dimensional problems
(more than 3 parameters), such our problem, this mode
tracking becomes very challenging and even impossible.
Furthermore, one has to fix the number of modes to ap-
proximate and ensure that all these modes are available

at learning points. Last but not least, the accuracy of
the eigenvalues decreases for higher modes, this means
that each mode is likely to have a different level of noise
all over the input space.

5 Numerical results

We describe the different results obtained with the sug-
gested strategies to approximate λcr in the different
situations.

– For fixed loading: we approximate λcr first for or-
thotropic laminates (over ξ1

D and ξ2
D) and then for

[0/45/90] laminates (over ξ1
D, ξ2

D and ξ3
D) for both

combined loading and pure shear loading.
– For a fixed non-orthotropic stacking sequence: we

approximate λcr first for bi-axial loading (over Nx

and Ny) and then for combined loading (over Nx,
Ny and Nxy).

– In the general case when stacking and loading vary:
we approximate λcr over ξ1

D, ξ2
D, ξ3

D, Nx, Ny and
Nxy.

In all situations, the learning of the approximation mod-
els is based on three different bases: learning basis BA,
test basis BT and validation basis BV . The learning in
itself is directly based on BA, to compare several ap-
proximation model built over BA, we use BT to rank
them and chose the best one. Finally at the end of this
selection process, the generalization error and the other
accuracy metrics are computed over the validation ba-
sis BV . Following for instance [14], we have a classical
partition of 60 % for BA, 20 % for BT and 20 % for BV .
To assess the goodness of the fit, we use several clas-
sical metrics, amongst them, we use the Mean Squared
Error (MSE) and Lack Of Fit (LOF) defined as

MSE =
1

NV

NV∑
i=1

|f̂(xi)− yi|2 (43)

and

LOF =
MSE

Var({yi}i=1...NV
)

(44)

where NV is the number of points in the validation
basis, y is the real output function and f̂ is the ap-
proximation model. The LOF simply divides the MSE
by the variance of the output to avoid scaling effect.
However the knowledge of only the MSE might not be
enough for accuracy evaluation. Indeed, first it does not
provide any clue regarding the relative error and more
important it is an average over a whole basis and does
not give any insight on the distribution of the error.
Suppose we have two different approximation models,
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Fig. 6 Active buckling modes found by Rayleigh-Ritz method for different representations

one giving a very good approximation for a majority of
points and being very bad for a small amount of points,
it will be equivalent in terms of MSE to an approxima-
tion model that has a medium error for all points, while
the first approximation model is likely to be preferable
when used within a population-based algorithm (such
as genetic algorithms). This is why, we add several met-
rics

– L1 and L∞ errors:
– Mean relative error:

Êrel =
1

NV

NV∑
i=1

|f̂(xi)− yi|
|yi|

– Mean absolute error:

Êabs =
1

NV

NV∑
i=1

|f̂(xi)− yi|

– Max relative error:

Emax
rel = max

i=1...NV

|f̂(xi)− yi|
|yi|

– Max absolute error:

Emax
abs = max

i=1...NV

|f̂(xi)− yi|

– Cumulative error distribution :
– α− quantiles:

Qα =
Card{xi ∈ BV s.t |f̂(xi)−yi|

f̂(xi)
6 α%}

NV

the proportion of the validation points that are
below a relative error of α%.

– Quantile curve: curve obtained by making α vary-
ing from 0% to Emax

rel %.

Note also that the number of points used in each
case corresponds to the total points used for all bases.
To the end of comparison, in each case we compared
with a reasonably good artificial neural network built
over the whole domain with classical techniques such as
cross-validation for the choice of the number of hidden
units or backpropagation error for the weight update.

5.1 Approximation models for varying stacking

For the approximation of λcr for orthotropic laminates,
we used N = 420 points for the first loading case (com-
bined, Nx = −50N.mm−1, Ny = 20N.mm−1 and Nxy =
20N.mm−1) and N = 430 points for the second load-
ing case (pure shear). For the combined loading case,
a mixture of linear experts was built and for the pure
shear case, a mixture of quadratic models. We see Tab.
2 that the mixture model performs equally as the ar-
tificial neural network (ANN) for the pure shear and
performs better for the combined loading. The quan-
tile curves as described on Fig. 7 a) and 7 b) and the
quantiles Q1% and Q0.1% (cf Tab. 2) show that the hard
recombination of mixture models even when they have
the same accuracy in terms of MSE is much more accu-
rate for a large amount of validation points. For com-
bined loading for instance, the quantile curve is very
close the y-axis, which means the approximation model
is close to be exact except for a few points for which the
mixture model gives bad accuracy. This might be due
to misclassification, the wrong local expert is called for
these few points, while the ANN regularizes the error
over the whole domain. The ANN is of a reasonably
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D

on Miki’s triangle for combined loading Nx = −50N.mm−1,
Ny = 20N.mm−1 and Nxy = 20N.mm−1
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(b) Comparison of approximations of λcr over ξ1
D and ξ2

D on
Miki’s triangle for pure shear loading Nx = 0N.mm−1, Ny =
0N.mm−1 and Nxy = 20N.mm−1
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(c) Comparison of approximations of λcr over ξ1
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for combined loading Nx = −50N.mm−1, Ny = 20N.mm−1
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(d) Comparison of approximations of λcr over ξ1
D, ξ2
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for pure shear loading Nx = 0N.mm−1, Ny = 0N.mm−1 and
Nxy = 20N.mm−1

Fig. 7 Quantile curves for orthotropic and non-orthotropic laminates under combined loading and pure shear loading

good accuracy over all validation points but can not
achieve very high accuracy even for a small amount
of validation points. Regarding the relative error mea-
sures, the mixture models always perform better than
ANN.

In the case of non-orthotropic laminates, N = 853 points
were used for combined loading and N = 768 points in
the case of pure shear loading. Results are in Tab. 3,
again we observe the same behavior (see Fig. 7 c) and

7 d)), the mixture models are by far better in terms of
relative error while the MSE show the same tendency.
The quantile curves clearly show that the hard recom-
bination of mixture models is better for a majority of
points. Regarding the smooth recombination, no clear
conclusion can be drawn since it performs better than
ANN for pure shear loading and it is less accurate for
combined loading.
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Table 2 Results for the approximation of λcr for orthotropic
laminates for combined loading and pure shear loading

Loading Combined loading Pure shear loading
Type MOL ANN MOQ ANN
MSE 8.5.10−8 7.8.10−7 2.1.10−6 1.7.10−6

LOF(%) 9.1.10−4 8.5.10−3 8.5.10−4 6.7.10−4

Êrel(%) 7.10−3 1.6.10−1 8.8.10−3 3.4.10−3

Êabs 3.1.10−5 6.3.10−4 2.4.10−4 8.1.10−4

Emax
rel (%) 1.16 1.6 0.9 0.5
Emax

abs 4.6.10−3 5.4.10−3 2.5.10−2 7.5.10−3

Q1%(%) 99.7 99.7 100 99.7
Q0.1%(%) 98.8 43.6 97.9 92.9

Table 3 Results for the approximation of λcr for non-
orthotropic laminates for combined loading and pure shear
loading

Loading Combined loading Pure shear loading
Type MOQ ANN MOQ ANN
MSE 6.9.10−4 2.7.10−4 1.7.10−4 9.3.10−4

LOF(%) 3.10−2 1.2.10−2 3.4.10−4 1.9.10−3

Êrel(%) 7.7.10−2 1.4.10−1 3.10−2 7.6.10−2

Êabs 6.4.10−3 1.2.10−2 7.10−3 1.8.10−2

Emax
rel (%) 5.1 1.3 0.47 0.9
Emax

abs 3.8.10−1 8.8.10−2 8.9.10−2 0.15
Q1%(%) 98.2 99.8 100 100

Q0.1%(%) 89 48.1 93.1 79.9

5.2 Approximation models for varying loading
conditions

Based on the observations previously made, λcr is ap-
proximated through its reciprocal, the result of the ap-
proximation is then inverted and the accuracy is mea-
sured on λcr. For the first case (no shear), N = 468
points were used with Nx ∈ [−100, 0] and Ny = [−50, 50]
and for the second case 940 points were used with Nx ∈
[−100, 0], Ny = [−50, 50] and Nxy = [0, 50]. In both
cases, the stacking sequence that was fixed was a non-
orthotropic one [−45/ − 45/0/45/90/ − 45/0]S (2 × 7
plies). Results are in Tab. 4. In that case, mixture of
quadratic models performs better for all accuracy met-
rics. Quantiles measures and quantile curves (see Fig. 8
a) and 8 b)) show the same tendency as in the former
test cases. Mixture models are much more accurate for
a large number of points of the validation basis.

5.3 Approximation models in the general case

In that case, we make both stacking sequence and load-
ing vary. We distinguish two cases. In the first one, we
consider non-orthotropic laminates and no shear load-
ing (bi-axial loading including tension/compression). Di-
mension of regression in that case is 5: ξ1

D, ξ2
D, ξ3

D, Nx

and Ny. We used 5400 points ranging in Miki’s tetrahe-
dron for lamination parameters and Nx ∈ [−100, 0] and

Table 4 Results for the approximation of λcr for varying
loadings (bi-axial loading and combined loading) and fixed
SS

Loading Bi-axial loading Combined loading
Type MOQ ANN MOQ ANN
MSE 1.93.10−6 4.8.10−5 3.6.10−3 6.6.10−3

LOF(%) 2.1.10−4 5.10−3 2.6.10−1 4.7.10−1

Êrel(%) 5.1.10−3 9.3.10−2 4.10−1 7.1.10−1

Êabs 1.10−4 2.10−3 1.1.10−2 1.7.10−2

Emax
rel (%) 1.4 2 11.1 29.4
Emax

abs 3.9.10−2 9.9.10−2 1.1 1.1
Q1%(%) 99.9 99.4 90.4 81.8

Q0.1%(%) 98.8 75.6 65.9 28.9

Table 5 Results for the approximation of λcr for varying
non-orthotropic laminates and for varying flux

Loading Bi-axial loading Combined loading
Type MOR ANN MOR ANN
MSE 7.6.10−3 3.4.10−3 1.9.10−2 7.10−3

LOF(%) 3.8.10−1 1.7.10−1 3.8.10−1 1.3.10−1

Êrel(%) 0.9 1.6 0.67 1.25

Êabs 3.2.10−2 3.6.10−2 3.3.10−2 3.7.10−2

Emax
rel (%) 20.9 40.5 31 22.4
Emax

abs 1.23 0.7 3.64 1.56
Q1%(%) 73.7 43.6 84.6 55.6

Q0.1%(%) 19.5 4.1 28.6 6.6

Ny ∈ [−50, 50]. In the second, we added shear loading,
dimension of regression was then 6 and we used 8400
points within the same domain with Nxy ∈ [0, 50]. Re-
sults are in Tab. 5 and in Fig. 8 c) and 8 d). For both re-
gressions, results show that ANN’s give lower MSE, but
for all the other accuracy metrics, the mixture of ratio-
nal experts gives a better accuracy. Regarding quantile
errors, we have the same tendency as in the other cases,
that is mixture models gives a better accuracy for most
points than ANN’s.

5.4 Conclusion on the accuracy of the approximation

We see that in many cases, mixture models offers quite
a good performance in terms of the accuracy of the ap-
proximation. For most cases, the hard recombination
was found to be better than the smooth recombina-
tion and a reasonably good artificial neural network. In
case one type of variables, amongst stacking or load-
ing, is fixed, the accuracy is very high allowing to use
the approximation models within an optimization pro-
cess (see section 6). When material and loading vary
the quality of the approximation is degraded, this is
of course due to the dimension but also of the grow-
ing complexity of λcr ; much modes are indeed covered
when making material and loading vary. What suggests
these results is that approximation models should take
advantage of this mode-based structure to improve the
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(a) Comparison of approximations of λcr over Nx and Ny for
a non-orthotropic laminate
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(b) Comparison of approximations of λcr over Nx, Ny and
Nxy for a non-orthotropic laminate
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(c) Comparison of approximations of λcr over ξ1
D, ξ2
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Fig. 8 Quantile curves for the approximation of λcr a) over Nx and Ny b) over Nx, Ny and Nxy c) over ξ1
D, ξ2
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and Ny d) ξ1
D, ξ2

D, ξ3
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accuracy of the approximation. However, doing so re-
quires a fairly good number of learning points within
each mode, which is not an easy task to obtain without
prior knowledge.

6 Applications to optimization

6.1 Optimization problem

In order to illustrate the interest of the approximation
of λcr, we consider a stacking sequence optimization to

maximize critical buckling factor of a composite plate
under combined loading. The optimization problem can
be stated as follows


max λcr(ξ1

D, ξ2
D, ξ3

D)
s.t. 2|ξ1

D| − ξ2
D − 1 6 0

2|ξ3
D|+ ξ2

D − 1 6 0

where some parameters are fixed: the material, the di-
mensions of the plate a and b, the total number of plies
n, the loading with Nx, Ny and Nxy.



18 D. Bettebghor, N. Bartoli

6.2 Description of the two distinct approaches

Two approaches will be compared to solve this problem:

– an explicit approach: it consists in listing all the fea-
sible stacking sequences for a fixed number of plies
n and computing the buckling load with a Rayleigh-
Ritz method. The optimization problem is written
as follows

max
feasible SS

λcr(SS)

where the acceptable stacking sequence space is gen-
erated by listing the whole of the possible combina-
tions of angles [0◦,±45◦, 90◦] which comply with the
manufacturing rules (see section 2.2). The critical
buckling factor λcr is computed with a Rayleigh-
Ritz (RR) method on the subset of feasible stacking
sequences. The optimal stacking sequence SS? is re-
ferred to as the reference solution for the optimiza-
tion problem.

– a two-step approach composed of a continuous opti-
mization in the out-of-plane lamination parameters
space followed by a post-identification to find the
associated optimal stacking sequence.
1. Solve the continuous optimization problem

max λcr(ξ1
D, ξ2

D, ξ3
D)

s.t. 2|ξ1
D| − ξ2

D − 1 6 0
2|ξ3

D|+ ξ2
D − 1 6 0

and determine the optimal out-of-plane lamina-
tion parameters (ξD)? = (ξ1

D, ξ2
D, ξ3

D)?. The con-
cavity of λcr ensures that any local maximum
is a global maximum and that a gradient-based
methods (such as SQP,...) will converge to a global
maximum4.

2. From the optimal vector (ξD)? find the associ-
ated SS? by solving{

max λcr(SS)
s.t. ξD(SSfeasible) ∈ N ((ξD)?)

whereN ((ξD)?) denotes the neighborhood of the
optimal vector (ξD)?. To define this neighbor-
hood, we consider the ball B((ξD)?, r) of cen-
ter (ξD)? and of radius r chosen such that the

4 Convergence cannot be simply ensured because of the
non-differentiability of the objective function. In reality, this
problem is a typical non smooth optimization problem (be-
ing formally a maximization problem of an objective function
computed through a minimization problem). Optimality con-
ditions need a more general definition for the gradient (such as
Clarke’s subdifferential, see [27], [31]) and well-posedness and
convergence can be shown for this particular problem where
the objective function is a piecewise differentiable concave
function. We did not use here such optimality conditions nor
specific algorithms for non smooth optimizations (e.g Shor’s
algorithm)

cardinal of points inside B is equal to 20 (fixed
number). The reason for choosing the best stack-
ing within a neighborhood is again related on
the concavity of λcr. Indeed, this ensures that
the discrete optimum can not be too far away
from the continuous optimum. There is no rea-
son however that the discrete optimum corre-
sponds to the closest discrete stacking sequence.
This local research could definitely be improved
by constructing a new distance that will weight
the influence of each ξi

D (based on the Hessian
of λcr at the optimum for instance).

6.3 Comparison of the optimization results

We consider the Graphite/Epoxy material given in Tab.
1, a plate of 650 × 250 mm with 10 × 2 plies accord-
ing to the symmetry. A piecewise polynomial regression
of degree 2 (MOQ) is built to approximate the critical
buckling factor λcr and is used in the optimization pro-
cess to reduce computational time (compared with the
RR approach).

6.3.1 A combined loading example

First the combined loading Nx = −50N.mm−1, Ny =
20N.mm−1 and Nxy = 20N.mm−1 is considered. We
report in Tab. 6 the results obtained with the two ap-
proaches: in all cases we obtained the same optimal
stacking sequence, the only difference results in the
number of objective function evaluations: 7032 by list-
ing all the feasible subset of stacking sequences with
10×2 plies, 269 function evaluations for the continuous
optimization by using the two-step approach with the
RR method to compute λcr instead of 39 evaluations
with the MOQ approximation. For the SS-identification
process, 20 more evaluations of λcr are required to build
the neighborhood B((ξD)?, r) of the optimal vector and
then choose the optimal stacking sequence.

The convergence of the optimization process is com-
pared on Fig. 9. Due to the smoothness of the quadratic
approximate model (MOQ), the number of iterations is
drastically reduced with 9 iterations instead of 21 with
the RR method. Fig. 10 shows the feasible out-of-plane
lamination parameters in Miki’tetrahedron. The con-
sidered neighborhood of the continuous solution is also
represented and contains the feasible optimal solution.
As expected, we can see that these optimal parameters
are on the boundary of the domain. The use of a piece-
wise polynomial approximation of the λcr offers many
advantages in term of convergence, computing time and
makes it possible in this case to find the reference solu-
tion.
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explicit 2-step with RR 2-step with MOQ

optimal SS [−45/− 45/− 45/0/45/45/0/0/45/90]s
Error at optimum (%) exact exact 0.03%
Number of λcr evaluations 7032 269 + 20 39 + 20

Table 6 Optimization result with the combined loading Nx = −50N.mm−1, Ny = 20N.mm−1 and Nxy = 20N.mm−1.

Fig. 9 Objective function during the optimization process
with the combined load

Fig. 10 Optimal solution in the lamination parameters space
(the 7032 feasible ξD are illustrated by a black dot market)
under the combined loading

Fig. 11 Objective function during the optimization process
with the shear loading

6.3.2 A pure shear loading example

To confirm these first very promising results, a second
loading case is considered with Nx = Ny = 0N.mm−1

and Nxy = 20N.mm−1. The results are presented in
Tab. 7. As previously, the reference stacking sequence is
found by the two-step approach in both cases: with the
RR method or the MOQ method to compute λcr. The
number of iterations is very close and Fig. 11 confirms
that the objective function converges in a similar way
(8 or 9 iterations). One more time, the optimal solution
belongs to the boundary of the Miki’ tetrahedron as
shown in Fig. 12.

Fig. 12 Optimal solution in the lamination parameters space
(the 7032 feasible ξD are illustrated by a black dot market)
under the shear loading

6.4 Conclusion of the optimization applications

The use of our approximation model of λcr is partic-
ularly useful for the optimization strategy developed
here. The approach in 2 stages with MOQ makes it
possible to find the reference solution with few eval-
uations of the objective function, and in a negligible
computational time. If the number of plies n would be
higher, acceptable space would be larger and thus one
could clarify all the combinations with difficulty. One
will prefer in this case to use an evolutionary algorithm
(genetic algorithm, ...) coupled with the MOQ approxi-
mation for the objective function to perform the stack-
ing sequence identification.

7 Conclusions and perspectives

The behavior of the critical buckling load λcr for lami-
nate composite plate was investigated. The dependence
of λcr with respect to the stacking dependent lamina-
tion parameters was studied and shown to be concave.
When considering internal load redistribution, the load-
ing conditions vary it is therefore important to have a
good approximation of λcr. It is shown that the recip-
rocal of λcr is easier to describe than λcr and then an
approximation model of λcr building through the use of
the reciprocal can achieve a reasonable accuracy. The
basis of the approximation strategy used here takes ad-
vantage of the piecewise behavior of λcr and it is shown
that piecewise approximation models based on simple
model (linear, quadratic, rational) often performs bet-
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explicit 2-step with RR 2-step with MOQ

optimal SS [−45/− 45/− 45/− 45/90/45/45/45/45/0]s
Error at optimum (%) exact exact 0.1%
Number of λcr evaluations 7032 38 + 20 32 + 20

Table 7 Optimization result with the shear loading Nx = Ny = 0N.mm−1 and Nxy = 20N.mm−1.

ter than a sophisticated artificial neural network. More
precisely, this piecewise approximation model seems to
increase the approximation power for a large part of
the validation bases, however a few points are misclas-
sified leading to a large error for a small part of the
validation bases. The accuracy of the approximation
is often on the same range as an artificial neural net-
work for global accuracy metrics (MSE) but for relative
error distribution based metrics, piecewise models are
much more accurate. When used within an optimization
process, these piecewise models show very good perfor-
mance, since it gives the same stacking sequence as the
discrete optimization process and it seems to converge
faster than the optimization based on the real buckling
computations. As noticed in [7] one of the drawbacks of
that piecewise modeling is that it may require quite a
lot of points to correctly detect and grasp regions where
λcr behaves simply.

One way of improvement for that technique would be
to consider the gradient of the function to approximate
directly in the clustering since the regions of λcr are
totally disconnected which would make the clustering
even easier. Another way would be to build directly
the more appropriate local model, for instance, for low
shear combined loadings, linear model gives very good
accuracy but for high shear, the dependence seems more
complicated and an adaptive strategy that automati-
cally selects the local model (e.g amongst linear, sparse
or full polynomial model) would definitely improve the
method. Regarding potential applications, this tech-
nique is likely to be appropriate to build approximation
model of optimization results. For instance, in a bilevel
optimization framework, one often consider maximiz-
ing the critical buckling factor with respect to thick-
ness and in-plane lamination parameters (or equiva-
lently relative thicknesses). Such functions are known
to be derivative-discontinuous and even discontinuous
whenever discrete local optimization variables are ad-
dressed. This piecewise approximation model strategy
would definitely be of great interest when building such
approximation models. Another interesting area of ap-
plication of such an approximation strategy would be
structural optimization problems including aeroelastic-
ity constraints and structural dynamics constraints where
some of the quantities of interest are often computed

through an eigenvalue problem similar to the buck-
ling equation. Regarding the specific area of the ap-
proximation of buckling computations, this technique
would also be of great interest for any homogeneized
anisotropic materials and even inhomogeneous anisotropic
material such as curved-fibers composites.
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39. B. Szabó and G. Királyfalvi. Linear models of buckling
and stress-stiffening. Computer methods in applied me-
chanics and engineering, 171(1):43–59, 1999.

40. Y. Terada, A. Todoroki, and Y. Shimamura. Stacking
sequence optimizations using fractal branch and bound
method for laminated composites. JSME International
Journal Series A, 44(4):490–498, 2001.

41. A. Todoroki and M. Sasai. Stacking sequence opti-
mizations using GA with zoomed response surface on
lamination parameters. Advanced Composite Materials,
11(3):299–318, 2002.

42. A. Todoroki, K. Suenaga, and Y. Shimamura. Stacking
sequence optimizations using modified global response
surface in lamination parameters. Advanced Composite
Materials, 12(1):35–55, 2003.

43. G.J. Turvey. Buckling and postbuckling of composite
plates. Springer, 1995.

44. M. Walker, S. Adali, and V. Verijenko. Optimization of
symmetric laminates for maximum buckling load includ-
ing the effects of bending-twisting coupling. Computers
& structures, 58(2):313–319, 1996.

45. JM Whitney. The effect of transverse shear deformation
on the bending of laminated plates. Journal of Composite
Materials, 3(3):534, 1969.

A Quasiconcave functions and homogeneous
functions

We recall here some basic definitions and properties of qua-
siconcave functions and homogeneous functions. In particu-
lar, we also give the Euler identity formula for homogeneous
functions. Let f : V 7→ R defined over a convex subset V of a
vector space, f is quasiconcave if

∀x, y ∈ V ∀θ ∈ (0, 1)f(θx+(1−θ)y) > min(f(x), f(y)) (45)

or equivalently, a quasiconcave function can be defined in
terms of upper level sets Sα = {x ∈ V |f(x) > α} that is, f is
quasiconcave if for any α ∈ R, Sα is a convex set. This is the
definition we used in this article. Quasiconcavity (and quasi-
convexity) are a generalization of the well known concavity, a
concave function is quasiconcave. Quasiconcave functions of-
ten appear in economics (e.g Cobb-Douglas function), game
theory and optimization. These are assumptions for the min-
max theorem.

Let f : U 7→ V a function defined a vector space U that
maps to another vector space V . f is said to be positive ho-
mogeneous of degree α whenever

∀x ∈ U ∀κ ∈ R+ f(κx) = καf(x) (46)
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Linear functions are homogeneous functions of degree 1, the
determinant function over n× n matrices is homogeneous of
degree n. One important feature of homogeneous functions
whenever they are continuously differentiable is that they
admit the Euler identity characterization. f : Rn 7→ R is a
positive homogeneous functions if and only if

∀x ∈ Rn
nX

i=1

xi
∂f

∂xi
= αf(x) (47)

To obtain (47), we simply differentiate (46) at κx with respect
to κ to get

nX
i=1

xi
∂f(κx)

∂xi
= ακα−1f(x). (48)

It is worth noting that, if F is homogeneous of degree α
and continuously differentiable, then its derivative is homo-
geneous of degree α− 1. We end up with the following useful
property, whose proof together with a lot of results and ex-
amples on quasiconcave and homogeneous functions can be
found in [36]. Let f be a homogeneous function of degree 1
and quasiconcave then f is concave.

B Rayleigh-Ritz approximation for buckling
and sensitivity analysis

We briefly recall here the Rayleigh-Ritz method for buck-
ling computations. Note that, Rayleigh-Ritz methods are also
widely used in structural dynamics, vibrations, quantum chem-
istry,... The main idea is to write the solution of a partial
differential equation system or eigenproblem as a linear com-
bination of test functions. Unlike finite element methods, the
test functions are defined over the whole domain and satisfy
boundary conditions. These basis functions are usually based
on a closed-form solutions of a close unperturbed problem.
This means that Rayleigh-Ritz methods are used when solv-
ing a pde or eigenproblem close in some sense (simple geom-
etry, simple differential operator) to a simple one and are not
as general as finite element methods. They are also close to
spectral methods in the sense the test functions are defined
over the whole domain and their convergence properties are
usually quite good whenever the problem remains close to
an original simple problem. In addition to that, as in spec-
tral methods, the discretization step leads to dense matrices
and high accuracy can be achieved with much less degrees-
of-freedom than in finite elements methods.

Consider the following eigenproblem under its variational form:
find λ ∈ R and u ∈ V − {0} (a Hilbert space) such that

a(u, u)− λb(u, u) = 0 (49)

with prescribed boundary conditions (e.g u = 0 on the bound-
ary of the domain), with a and b being bilinear symmetric
forms defined over V, for sake of simplicity we will assume
that they are both coercive and restrict ourselves to eigen-
problems. The minmax theorem (or variational characteriza-
tion) for eigenvalues are local minima of the Rayleigh ratio

R(u) =
a(u, u)

b(u, u)
(50)

To ensure unicity of eigenmodes, it is convenient to add a
normalization condition5 over u (see [19], e.g b(u, u) = 1,
||b||∞ = 1). Let’s take b(u, u) = 1. The process of computing
eigenvalues and eigenmodes of Eq. (49) boils down to solving
the following problem

minu∈V R(u)
s.t b(u, u) = 1

(51)

Instead of solving problem (51), we solve it over a finite-
dimensional space VN . Consider (u1, . . . , uN ) the basis of
VN ⊂ V and let’s denote for v ∈ VN

v(x, c) =
NX

i=1

ciui(x) (52)

a(v, v) = aN (c) =
NX

i,j=1

aijcicj (53)

with

aij = a(ui, uj) (54)

and

b(v, v) = bN (c) =
NX

i,j=1

bijcicj (55)

with

bij = b(ui, uj) (56)

and denote by A and B the (symmetric positive definite)
matrices of elements (aij)16i,j6N and (bij)16i,j6N . We can
write the KKT optimality conditions of problem (51) over
RN

minc∈RN |bN(c)=1 aN (c) (57)

and so c ∈ RN a local minimum of problem (57) necessary
satisfies the following conditions (any point satisfying these
conditions is also a local minimum since aN and bN are con-
vex)

1

2
∇an(c)− λ∇bN (c) = (A− λB)c = 0 (58)

with

bN (c) = ctBc = 1 (59)

And the linear equation defined by Eq. (58) has a nontrivial
solution if and only if

det(A− λB) = 0 (60)

that the Lagrange multiplier λ is an eigenvalue of A relatively
to B.

To make this method more clear, let’s take the example of
composite plate buckling. As outlined in this paper, for sim-
ple geometry like plate, there exists a closed-form solution

5 This is indeed necessary to ensure unicity of the eigen-
modes, since they are defined up to a multiplicative con-
stant. This is even more critical when we have to compute
the derivatives of the eigenmodes.
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whenever the laminate is orthotropic and the loading is biax-
ial. In that case, buckling equation boils down to

D11
∂4w

∂x4
+ D22

∂4w

∂y4
+ 2(D12 + 2D66)

∂4w

∂x2∂y2
=

Nx
∂2w

∂x2
+ Ny

∂2w

∂y2
(61)

Closed form solution of Eq. (61) are obtained considering
the following test functions

wij(x, y) = sin(iπ/x) sin(jπ/y) (62)

and writing Eq. (61) we obtain the corresponding eigenvalues
λij as defined in Eq.(12). We therefore use (wij)i,j∈[1,N] as
test functions, leading to matrices A and B of size N2 ×N2

defined as

A(i−1)N+j,(k−i)N+l = aD(wij , wkl) (63)

and

B(i−1)N+j,(k−i)N+l = bN (wij , wkl) (64)

and λcr is found as the smallest positive eigenvalue of A rel-
atively to B. It is worth noting here that when making the
parameters of that buckling computation vary, there is no
need to reassemble each time the full matrices A and B. One
easy way to save computation is to assemble elementary ma-
trices once for all such that for instance

AD = D11A11 + . . . + D16A16 (65)

where Aij are matrices of size N2×N2 computed while per-
forming the first analysis. This allows to perform new compu-
tations for new values of D faster, since the assembly becomes
negligible and the main part of the computations lies in the
eigensolver.

Suppose now we want to compute the sensitivity of λcr w.r.t
to any design variable x, we have

∂λcr

∂x
= wT

cr(
∂A

∂x
+ λcr

∂B

∂x
)wcr (66)

with wcr the associated eigenvector whenever λcr is simple.

C Buckling space for loading conditions

In Fig. 6 we see that some values of (Nx, Ny, Nxy) do not give
rise to buckling. In both plots we observe a ’hole’ for which
buckling analysis gives either a negative critical buckling fac-
tor or an infinite value. This is related to the assumption
that the bilinear form bN (., .) has at least one positive di-
rection, i.e a displacement w such that bN (w, w) > 0. This
assumption ensures that there exists at least one eigenvalue
λ > 0, the positive part of the spectrum is not empty. In
the literature concerned with linear buckling in the frame of
three-dimensional linear elastiticy ([11], [39]), this condition
is written over the stress tensor and is referred to as non-
negativity property. The aim of that section is to show that
this assumption naturally explains the ’non-buckling’ area in
the loading conditions space.

The bilinear form bN (., .) is

bN (u, u) = −
ZZ

Ω
Nx

∂u

∂x

2
+ Ny

∂u

∂y

2
+ Nxy

∂u

∂x

∂u

∂y
dxdy

(67)

Fig. 13 Buckling and non-buckling zones in loading space

Eq. (67) can be written in a matrix form

bN (u, u) = −
ZZ

Ω
(
∂u

∂x

∂u

∂y
)

 
Nx

Nxy

2
Nxy

2 Ny

!
(
∂u

∂x

∂u

∂y
)T dxdy

(68)

and the non-negativity property is satisfied whenever the
forces tensor N

N =

 
Nx

Nxy

2
Nxy

2 Ny

!
(69)

has at least one negative eigenvalue. This ensures that there
exists a positive eigenvalue and that λ1 > 0. Equivalently,
loading conditions do not give rise to buckling whenever ten-
sor N is semidefinite positive. The buckling zone in (Nx, Ny, Nxy)
is then the complement in R3 of the positive semidefinite cone.
This then leads to the following conditions

– 1st case: either Nx < 0 or Ny < 0. In that case buckling
occurs with no condition on Nxy

– 2nd case: in case Nx > 0 and Ny > 0, buckling occurs if

|Nxy| > 2
q

NxNy. (70)

We depicted the buckling and non buckling zones and the
positive semidefinite cone in Fig. 13 and 14. Now we can
comment and explain the main part of the ’hole’ in Fig. 6
when compared to the buckling/non-buckling zones in (θ, φ)
space depicted Fig. 14. The rest of the hole can be explained
by the fact as a discrete numerical approximation scheme was
used, we could not explore all the different modes. Typically
in our case, since 20 × 20 basis functions were used, modes
with more than 21 half-waves along one direction can not be
detected.
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Fig. 14 Buckling and non-buckling zones in (θ, φ) space


