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Abstract — This paper discusses necessity of power-waves 
formulation to extend voltage-current oriented approaches based 
on linear concepts such as admittance/impedance operators and 
transfer-function representations. Importance of multi-physics 
methodologies, throughout power-waves formulation, for the 
analysis and design of crystal oscillators is discussed.
Interpretation of bifurcation modes in differential cross-coupled 
VCO architectures in terms of gyrator-like behavior, is proposed. 
Impact of amplitude level control (ALC) on large-signal phase 
noise performances is underlined showing necessity of robust 
control analysis approach relative to power-energy considerations. 

I. INTRODUCTION

Traditional oscillators design and analysis are generally 
based on voltage-current formulations involving impedance 
or admittance operators and transfer-functions 
representation. Thus, conventional mixed-signal circuit 
metrics such as eye-diagrams, jitter, phase noise, etc… are 
derived from voltage-current considerations. At RF, 
microwave or higher frequencies the concept of voltage and 
current requires to be extended with power-waves concept 
or energy oriented derivations.  

This paper discusses power-waves formulation for 
oscillators design and analysis. Although the proposed 
analysis applies for all kind of oscillating systems (LC
resonators, BAW resonators, Ring-resonators, electro-
mechanical resonators, etc…), particular attention will be 
directed towards quartz crystal oscillator systems where the 
inherent coupling between mechanical and electrical effects 
imposes power-waves multi-physics modeling approaches 
to properly deal with energy transfer and higher order 
modal conversions.  

In the first section of this paper, a background 
overview on power-waves formulation and associated 
challenges is presented. The second section discusses 
necessity of power-waves formulation for crystal 
oscillators, and importance of multi-physics co-simulation 
methodologies. Interpretation of bifurcation modes in 
differential cross-coupled VCO architectures in terms of 
gyrator behavior is discussed. Influence of ALC on large-
signal transient phase noise performances, accounting for 
harmonic-to-harmonic coupling, is discussed 

TABLE-I: VOLTAGE-CURRENT, S-PARAMETERS, POWER-WAVES
AND ENERGY-BASED FORMULATIONS: OPERATORS,

ADVANTANGES/LIMITATIONS AND CHALLENGES
FORMULATION APPROACHES & ASSUMPTIONS

Voltage-
Current 

Approach 

Classical       
S-parameters 

Approach 

Generalized 
Power-Waves 

Approach 

Energy 
Oriented 
Approach 

OPERATORS
Impedance 

or 
admittance 
operators 

Linear 
Scattering or 

reflection 
operators

Generalized 
Scattering or 

reflection 
operators

Hamiltonian, 
Lagrangian 
operators

PERCEIVED 
ADVANTAGES

Link with 
network 

representa-
tion when 
broadband 
response 
available 

Bounded 
operators. 

High 
frequency 

characteriza-
tion and 
analysis

Bounded 
operators. 
Nonlinear 

analysis and 
modeling. 

Modes 
conversion and 

transfer

Bounded 
operators. 

Unified physics 
analysis 

framework. 
Multi-physics co-
analysis and co-

simulation

PERCEIVED 
LIMITATIONS

Unbounded 
operators  

Not 
appropriate 

for nonlinear 
analysis

Not 
appropriate for 

nonlinear 
analysis 
Assumes 

mono-modal 
description

Proper 
formalism to 
unify existing 

AC, DC, small-
signal and large-

signal 
approaches

Lack of unified 
design 

environment for 
bridging 
different 

disciplinary fields

Lack of unifying 
methodology & 
way-of-working 

PERCEIVED 
CHALLENGES

Physics-
based 

broadband 
network 

derivations 
with 

passivity-
causality 

preservation

Link with 
Network 
methods 
synthesis. 

Noise 
formulation 

metrics.
Extension to 
multi-modal 

analysis

Power-Source 
modeling 
of transfer 

functions in 
terms of power 

waves
Derivation of 

Jitter, 
PhaseNoise, eye-
diagram metrics 

Energy-Source 
modeling 
Link with 

Network methods 
synthesis 

fulfilling energy 
conservation 

Multi-scale 
Energy Control-
formalism for 

combining sub-
systems with 

various scales. 

II. BACKGROUND REVIEW ON POWER-WAVES    
FORMULATIONS AND ASSOCIATED CHALLENGES

Challenges of power-waves formulation for nonlinear 
systems mainly lies in three major aspects as summarized in 
Tab.I where current-voltage and waves oriented 
formulations are compared in reference to the nature of the 
operators they handle. The first challenge concerns the 
necessity to extend classical S-parameter definition 
(restricted to mono-modal assumptions) with the notion of 
large signal reflection coefficients, properly incorporating 
nonlinear effects.  The second challenge is in link with 
proper transfer/conversion analysis between active, reactive 
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reactive and apparent power-wave components. The third 
challenge states the need for unified representation 
formalism of systems electrical behavior in terms of power-
waves energy transfer and conversion. Such unified 
formalism will allow for effective low power design 
optimization and power-energy oriented control not easy to 
achieve with conventional voltage-current based 
approaches. In addition power-waves formulation 
establishes the required bridging connections between 
different disciplinary fields (mechanics, aerodynamics, 
acoustics, etc…) for multi-physics co-simulation and co-
analysis. Important efforts have been devoted to attempts
for deriving generalized power-waves definition that unifies 
linear and nonlinear representations. Definitions of active 
(P), reactive (Q) and apparent (S) powers, in the context of 
linear circuits associated with sinusoidal excitation were 
proposed in 1897 by Steinmetz [1]. Steinmetz stated 
orthogonality between the different forms of power, 
assuming S2=P2+Q2. Extensions of these definitions to 
nonlinear analysis have been proposed by Budeanu [2], 
Shepard [3] and Czarnecki [4].  Criticism of Budeanu’s 
reference model by Czarnecki was concerned with 
measurement aspects and power compensation controls. 
The proposed extensions in assuming orthogonality 
between constitutive power components, ignore any 
potential interaction between them through conversion or 
transfer process. Although various mathematical 
formulations have been proposed for balanced active and 
reactive power representations, there are still questions 
regarding their physical meaning and interpretation. In 
1996, a report on discussions relative to practical definitions 
for powers, initiated with an IEEE working group has been 
published. In this report, derivation of power-components 
of a system with nonlinear load is proposed by Emanuel [5]. 
In the proposed derivations additional component D is 
introduced to the orthogonal sum: S2=P2+Q2+D2, while 
concluding that some of derived expressions are purely 
mathematical without any physical meaning. In [6] a time-
domain instantaneous formulation of powers in linear and 
nonlinear electrical circuits is presented. In [7] failure of 
classical power definitions to fulfill Tellegen’s conservation 
of power (energy) theorem is discussed. The need for 
formulating power-waves representation in a coordinate-
free concept without resorting to harmonic analysis was 
expressed by various authors. Nowomiejski [8] has 
proposed a formulation of electrical power representation 
using correlation analysis, based on early work of Quade 
[9]. Inspired by Quade’s results, Edelmann [10] used a 
vector-space representation in his approach.  

III. NECESSITY OF POWER-WAVES FORMULATION FOR 
MULTI-PHYSICS ANALYSIS OF CRYSTAL OSCILLATORS:

A) Nonlinear Effects in Quartz Resonators 
Crystal oscillators are representative of multi-physics 
systems, as their behavior results from internal interactions 

of both mechanical and electrical aspects. The choice of 
quartz crystal oscillators for illustrative application to 
underline the necessity of multi-physics co-simulation 
approach is basically motivated by two main reasons. The 
first motivation for quartz crystal oscillators, in this work, 
comes from the electromechanical attributes of quartz 
resonators, which naturally imposes multi-physics 
approach. In [11] effects of magnetic field on quartz crystal 
oscillators are discussed. The second motivation results 
from the necessity of power-waves formulation to account 
for nonlinear type of effects referenced as “Drive-Level-
Dependency” phenomena [12]. These complex effects, 
reported by engineers and manufacturers based on 
experimental observations over several decades are 
generally attributed to surface defects resulting from 
microscopic scraps of various origins that can be 
accentuated by temperature variation and ageing. In 
addition, from a specification point of view drive-level of 
quartz resonators is generally given in terms of power rather 
than voltage or current consumption, hence the necessity of 
power-waves formulation. The requirement of ALC comes 
from the need to compensate the aforementioned type of 
effects by ensuring stable output amplitude level over wide 
temperature range and robust against process variations. 
Furthermore ALC ensures optimum trade-off between low 
noise biasing conditions and time oscillation settling, with 
reliable start-up.

B) Multi-Physics Modeling Approach: Application to 
Cross-Coupled VCO Architectures 

Oscillator design generally uses a feedback system 
representation, as in Fig.1(a), with transfer functions H(j�)
and �(j�) associated to the resonator and amplifier. It 
should be underlined that feedback representation assumes 
linear or weakly nonlinear analysis. Although such an 
assumption might be sufficient for qualitative and 
quantitative evaluation of oscillation conditions, transient 
representation remains more adequate for accurate 
predictive modeling. Transient analysis of high-Q 
oscillators remains extremely challenging. Most of available 
noise analysis tools are based on small-signal assumption, 
and generally do not operate a native time-domain 
formulation.  In [13] numerical instabilities with 
linearization techniques, in the frequency domain, are 
discussed. In reference to a one-port system, the following 
definition of time-domain incident and reflected power-
waves a(t) and b(t) is considered:  
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Zref being an arbitrary real reference impedance.  
Considering a nonlinear relation i(t) as function of v(t):

� � � �
 �tvti Y�                               (2)   
the expression of the power-waves is given by (3) 
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Fig.1 Illustrative linear feedback system representation of 
oscillators (a), one-port representation in terms of power-waves 
(b). 
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Use of describing function concept in [14] leads to the 
following expression for the weakly nonlinear reflection 
coefficient approximation derived assuming b(t)=�[a(t)] : 

� � � �
 � � �
1

0

2

0




�
�

�
�
�

�
�
�

�
�
�

�
�� ��

TT

NL dttadttata �                  (4) 

where T is the time-period of the fundamental frequency, 
with: 

� �
 � � �� �� ��

��
�T

NL
NL

dttata
0

2 0�                   (5) 

Let’s consider, for simplicity reasons, without loss of 
generality, a nonlinear characteristic function in the form: 

              � �
 � � � � �tvtvtv 3
31 �� ��Y                  (6) 

with v(t)=Vampsin(�osct+�). The hypothesis of single-
harmonic voltage associated to multi-harmonic current is 
discussed in [5]. Assuming periodic power-waves 
(including multi-harmonic cases), the total energy for a 
time-period T is given by the following relation: 

� � � �
 �� 
�
T

dttbtaE
0

22                               (7) 

Cancellation of dissipated energy on the system active-core 
and resonator leads to the following solution: 
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where ts and QR are the settling time and resonator quality-
factor respectively.  
It has been verified that direct resolution of Van der Pol 
differential equation on one side, and the condition of 
energy cancellation (7), on the other side, both lead to the 
same solution for the oscillation amplitude. The amplitude 
swing Vamp is solution of the following equation: 
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Fig.2 Crystal oscillator Cross-coupled architecture including 
electro-mechanical module for multi-physics analysis. 

where RY  is the oscillator resonator conductance losses. To 
account for nonlinear effects in quartz resonators discussed 
in the previous section, an electro-mechanical coupling 
module is incorporated in the equivalent circuit model of 
the oscillator at the junction interface of the quartz 
resonator and active core (Fig.2).     
In Fig.2, the active core uses a cross-coupled pair of 
transistors. This module is obtained from broadband 
equivalent circuit synthesis of the quartz resonator behavior 
accounting for higher order harmonics. A small-signal 
derivation of the input admittance, assuming a differential 
state in reference to ports 1 and 2 in Fig.2(a) leads to the 
following expression for the input 
admittance � � � �1212in VVii5.0Y 
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   (10) 

gm is the transistors trans-conductance, Zbc and Zbe being the 
base-collector and the base-emitter impedances 
respectively. The analysis of the input admittance reveals 
gyrator-like behavior in Fig.3 (a) where the imaginary part 
of Yin exhibits non-monotonic variation against frequency in 
the negative real part regime, toggling from inductive to 
capacitive behavior. While the capacitive behavior 
reinforces the desired oscillation mode, the inductive one 
creates spurious oscillation. The spurious oscillation mode 
results from the conflicting interaction of the active core 
inductive behavior with the resonator essentially acting as 
an inductive component (between its serial and parallel 
frequencies, the quartz resonator can be assimilated to an 
inductor). The association of observed bifurcation effects in  
cross-coupled  VCO  architectures,  with  gyrator-like 
behavior in the bifurcation regime provides an equivalent 
circuit description which renders possible mapping the 
different regimes of the oscillator in predictive broadband 
model. Such broadband model helps in deriving semi-
analytical guidelines for efficient avoidance of spurious 
bifurcation modes. The bridge-model of the gyrator shown 
in Fig.4, circumvents the difficulty of controlled sources 
implementation traditionally used to represent gyrator  

       
(a)                                                   (b) 
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Fig.3: Input admittance real and imaginary parts of active core 
against frequency as function of biasing conditions (a). Phase 
portrait showing conversion of fundamental oscillation mode into 
bifurcation mode (b). 

components in SPICE-like simulators. Significant effect of 
ALC module on phase noise performances is observed 
which demonstrate importance of proper design of 
amplitude regulation block. Optimization of ALC module 
through tradeoffs between amplitude regulation accuracy 
and frequency stability showed better phase noise 
performances in Fig.5 [15]. It should be underlined that the 
simulated phase-noise is based on large-signal native time-
domain analysis. 

Fig.4 Gyrator symbol (a) and equivalent Bridge model (b). 

In Fig.5, extended frequency analysis is intentionally 
performed to consider harmonic-to-harmonic coupling 
noise essential in stability analysis to prevent from chaos.                                     

IV. CONCLUSION 
Importance of multi-physics methodologies, throughout 
power-waves formulation, for large-signal analysis and 
design of crystal oscillators has been discussed.  

Fig.5 Impact of amplitude level regulation on phase-noise.

Interpretation of bifurcation modes in differential cross-
coupled VCO architectures in terms of gyrator-like 
behavior, is proposed. Impact of ALC on time-domain 
phase noise performances, accounting for harmonic-to-
harmonic coupling, are studied. Formulation of power 
integrity, signal integrity and control-theory metrics such as 
transfer functions, phase noise, jitter and eye-diagrams in 
terms of scattering power waves is under investigation. 
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