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1. Introduction

ABSTRACT

We consider the problem of estimating the gains and phases of the RF channels of a
M-element transmitting array, based on a calibration procedure where M orthogonal
signals are sent through M orthogonal beams and received on a single antenna. The
received data vector obeys a linear model of the type y = AFg +n where A is an
unknown complex scalar accounting for propagation loss and g is the vector of
unknown complex gains. In order to improve the performance of the least-squares (LS)
estimator at low signal to noise ratio (SNR), we propose to exploit knowledge of the
nominal value of g, viz g. Towards this end, two approaches are presented. First, a
Bayesian approach is advocated where A and g are considered as random variables, with
a non-informative prior distribution for A and a Gaussian prior distribution for g. The
posterior distributions of the unknown random variables are derived and a Gibbs
sampling strategy is presented that enables one to generate samples distributed
according to these posterior distributions, leading to the minimum mean-square error
(MMSE) estimator. A second approach consists in solving a constrained least-squares
problem in which h = Ag is constrained to be close to a scaled version of g. This second
approach yields a closed-form solution, which amounts to a linear combination of g and
the LS estimator. Numerical simulations show that the two new estimators significantly
outperform the conventional LS estimator, especially at low SNR.

between spots, so as to minimize inter-beam interference.
However, due for instance to severe temperature condi-

In many array processing applications, it is desired to
design and maintain a specified array beampattern,
obtained by properly weighting the signals received at
or transmitted from the various antennas, in order to
achieve spatially selective filtering. This is especially so in
multibeam satellite communications systems [1] where
the area to be covered is divided into several “spots”
wherein a minimal gain should be guaranteed for all users
inside the spot while ensuring a sufficient isolation
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E-mail addresses: olivier.besson@isae.fr (O. Besson), sbidon@isae.fr
(S. Bidon), Cecile.Larue-de-Tournemine@thalesaleniaspace.com
(C. Larue de Tournemine).

tions, it is hardly feasible to maintain the same gains and
phases for all RF channels of the array and, unavoidably,
disparities between the channels appear leading to
degradation of the array beampattern (deformation of
the mainlobe and increase of sidelobe levels). Therefore, it
is necessary to regularly re-calibrate the array in order for
the nominal mainlobe-sidelobes specifications to be
fulfilled constantly over time. This task usually requires
as a pre-requisite estimation of all RF complex gains
followed by proper modification of the weights to be
applied to each channel.

While the literature about calibration of a receiving
array is abundant, see e.g. [2-10], the case of a transmit-
ting array, which is the one of primary interest in the
present paper, has received much less attention.
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In [11], calibration of a spaceborne phased-array is studied
based on transmission of time-multiplexed signals over
orthogonal beams. The PN-Gating method is presented
and studied in [12,13] to calibrate internally each
transmit/receive module of an active phased array
antenna. The technique relies on scrambling the signal
of each operating module with a pseudo-noise sequence.
Refs. [14,15] present a very general framework for
calibration of a transmitting array. The principle is to
transmit M signals—with M the number of array
elements—orthogonal in the time domain over M ortho-
gonal beams, so as to benefit from both time and space
diversities. The signal is then received on a single antenna
and the complex gains of each antenna are estimated
using a linear least-squares approach, since the received
data obeys a linear model. The method is simple and
performs well, at least at high signal to noise ratio (SNR).
However, it does not perform well at low SNR. In order to
remedy this problem, we propose to exploit knowledge of
the nominal value of g in the calibrated case, viz g. More
precisely, we wish to take advantage of the fact that h is
“close” to Ag but, at the same time, one should take into
account the fact that A is unknown. In order to use the
former a priori knowledge while alleviating the latter
problem, two approaches are proposed. First, we consider
g as a random variable with a Gaussian distribution
centered around g. Since no information is assumed to be
available for A, the latter is assumed to be random with a
non-informative prior distribution. Within this Bayesian
framework, the minimum mean-square error (MMSE)
estimates of A and g are obtained using a Markov-chain
Monte-Carlo (MCMC) approach. An alternative frequentist
approach is also considered where h is obtained from a
constrained least-squares (CLS) problem.

The paper is organized as follows. In Section 2, the
model of [14,15] is briefly reviewed. In Section 3, we
derive the minimum mean-square error estimates of the
parameters of interest. In Section 4, we present the CLS
problem and derive a closed-form solution for it. Numer-
ical simulations study the performance as well as the
robustness of the estimators in Section 5.

2. Data model

The principle of the method proposed in [14,15] is to
transmit M orthogonal waveforms c,(t), k=1,...,M over
M orthogonal beams, each of them corresponding to a
weight vector wy, see Fig. 1 for a pictorial representation
of this scheme. The complex envelope of the signal s(t) =
[s1(t) s2(t) --- sy(t)]" transmitted at time t by the array is
given by

M
s(t) = _ wic(t) = We(t) M
k=1
where ¢(t) =[c1(t) ca(f) --- cu®]” and W =[w; wy ---
wy]. Without loss of generality the weight vectors wy, are
assumed to have unit norm, i.e. lwgll=1. Let g=
g1 2 gu]l” denote the vector of the unknown
complex gains of the array, and Dg = diag(g). Let the
receiver consist of a single antenna, with known location,

il s1(0) = 20 widiee(n)
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Fig. 1. Principle of the calibration procedure.

and let a, denote the (known) array steering vector for the
receiver. We assume herein that its elements have a
constant modulus (which is set to 1). The received signal
can thus be written as

y(t) = Aal DgW*c(t) + n(t) = Ac" (W'D, g + n(t) 2)

where D, = diag(a;), n(t) stands for the additive noise, and
A is an unknown complex scalar which accounts for the
propagation loss between the array and the receiver, and
the receiver antenna gain. We assume that N samples are
collected at the receiver and stacked in a vector

y=1 y2) - y(N)I". Let

al) @ - cu()
_|a@ @) - @)
Gy &Ny - cu(N)
= & - Ml 3)

be the N x M signal matrix, whose m th column
corresponds to the signals sent on antenna number m.
Then, using (2) it follows that

y=ACW"D,g + n = AFg +n 4)

wheren =[n(1) ... n(N)]" stands for the noise vector and
F2CW"D,. Through the paper, we assume that n is a zero-
mean complex Gaussian vector, whose covariance matrix
is ¢2I. We also assume that the waveforms are ortho-
gonal, i.e.

N
ciec = cit)cd(t) = NPy

t=1
where P. stands for their (common) power, and that the
beams are orthogonal, i.e. wiw, = 6;,. In such a case,
F'"F = NP.D"D, = NP.I = yI.

The model in (4) forms the basis of our study. A first
observation regarding this model is that, if A and g are
considered as unknown deterministic parameters, they
cannot be identified unambiguously since there exists a
scaling ambiguity between them, namely h=Ag =
(nA)#~1g). For calibration purposes, this may not be a
problem as, usually, the beamformer weights w are first
properly scaled to compensate for gain and phase errors,



and then normalized to meet an external constraint, for
example on power consumption by transmitters, desired
radiated power levels, or dynamic range. In [14,15], it is
proposed to estimate h in a least-squares sense as

hys = argminlly — Fhi? = (F"F)"'Flly = y~1F"y. 5)

This estimator is simple and performs rather well, at least
at high signal to noise ratio. Moreover, it is known that its
variance is minimal when F"F is proportional to the
identity matrix [16], which validates the use of time and
space orthogonal signals. However, its performance
degrades at low SNR and our goal is to improve over (5)
in this regime. Towards this end, a natural means is to
make use of the a priori knowledge available. In our case,
the nominal value g of the complex gain vector g is
usually known, and this information should be taken in
advantage in order to improve estimation performance.
Although g is known to be close to g, we only know that h
is close to Ag but A is otherwise unknown. In other words,
one does not have access to a known vector h that would
be close to h and could be used to estimate directly h.
Therefore, our problem consists of estimating g given
knowledge of g, or estimating h knowing that h should be
close to a scaled version of g. In order to solve this
problem, we first investigate a Bayesian approach in
which g is random, with a Gaussian distribution around g.
Then, we consider a constrained leats-squares approach
where h is constrained to be close, up to a scaling factor,
tog.

3. Bayesian approach

As indicated above, our first approach consists in
assuming that A and g are random variables with some
prior distributions. More precisely, we assume here that g
is a complex Gaussian vector, with mean g and covariance
matrix o1, i.e. g~CN (g, oI), so that the prior distribution
of g is

fyg) =m Mo Meri e 8, ®)

Regarding A we wish not to make any assumption about it
(i.e. not use any knowledge) and therefore we consider a
non-informative prior for A, namely Jeffreys prior [17].
This approach is robust as no statistical model for A is
invoked. In Appendix A, we show that Jeffreys prior for A is
given by

(1+y0202[1 + 2Ma2|g[2)1A»)"/?

A
Ja(A)oc a+ ya‘20§|A|2)3/2

Q)

As expected, this prior distribution only depends on g and
oé. In order to estimate g, a natural approach is to look for
its MMSE estimate which, as a pre-requisite, necessitates
deriving the posterior distribution of g, conditionally to y.

Since the joint posterior distribution of A and g is given by

fA.gY) o fYIA 8)fy(@)fu(A)oce 0 VAR g=0:7 1881 f ()
8)
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it follows that the posterior distribution of g, conditionally
toy, is

flgy) = /f(A,gm dA

e e 8 [eo v are ) an

oce T 18 B oGl o / eGP AVdA  (9)

where
Ca =028 "F'Fg)™! (10a)
Uy = 0 2Cag"Flly. (10b)

The MMSE estimator of g corresponds to the mean of
f(gly). Unfortunately, it seems intractable to obtain a
closed-form expression for the integral in (9) and there-
fore deriving f(gly) appears to be impossible. As a
consequence, obtaining [gf(gly)dg or even generating
samples distributed according to f(g|y) is not feasible. In
order to solve this problem, a convenient alternative is to
resort to a Gibbs-sampling strategy that only requires the
conditional posterior distributions f(g|A,y) and f(A|g,¥).
Indeed, the principle of the Gibbs sampler is to generate
iteratively samples drawn from f(A|g,y) and samples
drawn from f(g|A,y), which is easier to do, as shown
now. From the assumptions made, we have

f(gA,y)oc e—0 2ly-AFgl’—a 2Ig-E I e—(g—ﬂg)”c;(g—yg) 11
with

C; = (0 2|APF'F + 62D (12a)
#, = Co(6*A"Fl'y + 6,°8) (12b)

and therefore
8IA,y~CN (pg, Cy). 13)

Consequently, g, conditionally to A and y, is Gaussian
distributed and therefore, it is relatively simple to
generate samples from this distribution. Let us turn now
to f(A|g,y). From (8), we have that

fAig.y)ce VA [, (A)
(1 +y0-262[1 + 2Ma2|g||"2A)/
X

Gyl IA-pa1?
oce A
(1+y0-202|A%)*/?

(14)

It turns out that f(A|g,y) does not belong to a familiar class
of distributions and hence generating samples drawn
according to f(A|g,y) appears problematic. In order to get
round this difficulty, we propose to use an hybrid
Metropolis-within-Gibbs sampling strategy [18,19]. Briefly
stated, the principle is the following. Since it is not
possible to draw samples from f(A|g,y), the idea is to draw
samples from a proposal distribution and to accept or
reject this candidate with a given probability. The
proposal distribution should, as much as possible, be
close to the target distribution. Looking at the different
terms in (14), we observed that the first term is the most
influent: the second term does not vary much and hence
f(A|g,y) can be fairly well approximated by its first term.
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Table 1
Metropolis-within-Gibbs sampler.

Input: y

generate initial value A©

forn=1,...,Ny + N; do
generate g™ according to f(g|A™V,y) in (11)
generate A. according to f,(A|g™,y) in (15)

_ [(AIE™ ) xf(AT-D g™ y)
 JATDIg™ y)xf (Aclg™ y)

SeAIE Ac with probability min(r, 1)
~ LA®-D  otherwise

compute r

@ WS

7: end for
Output: sequence of random variables A™ and g™

Therefore, we advocate as a proposal distribution a
Gaussian distribution with mean p, and variance Cy, i.e.

fr(Alg.y)oce 7 & FFelA-g"Fly/ g FFg)” (15)

The additional interest of this choice is that it is easy to
generate samples drawn from (15). The estimation
procedure, referred to as a Metropolis-within-Gibbs
sampler, is detailed in Table 1. Note that the numerator
[resp. denominator] of r in line 5 of Table 1 is the last term
of Eq. (14) evaluated at A; [resp. A®-D].

In Table 1, N; stands for the number of burn-in
iterations and N, is the number of samples which are
effectively averaged. Note that there exist statistically
sound criteria, such as the potential scale reduction factor
[19,20], to select the values of N, and N, that ensure
convergence of the Gibbs sampler, see also [21,22] for an
application to array processing. The above Metropolis-
within-Gibbs sampler is known to generate random
variables which are asymptotically distributed according
to the posterior distributions f(g|y) and f(Aly), and there-
fore a natural way to approximate the MMSE estimator is
to average the N; last values generated by the sampler, i.e.

Npi+Ny
Ammse = N;I Z A(n) (163)

n=Np;+1

gmmse = N;] Z g(n)‘ (16b)

Once Ammse and g, are available, an estimate of h can
be obtained as Ammse X &mmse-

4. Constrained least-squares estimation

The second approach proposed in this paper considers
the unknown variables as deterministic and amounts to
constraining the solution h to be close to its nominal value
Ag. More precisely, we propose to estimate h (and A) by
solving the following minimization problem:

minlih — Ag? subject to lly — Fhi> <&?. a7)

The criterion to be minimized guarantees that h will not
be far from a scaled version of g while the constraint
imposes that the residual LS error be lower than a desired
value. In (17), €2 is a user-defined parameter that yields a
solution which lies in between a scaled version of g and
the LS solution hj. In fact, in order for (17) to have a

solution, it is necessary that

szzmhinHy — Fhi? = y"Pry2e2, (18)

where Py stands for the orthogonal projector onto the
subspace orthogonal to the range space R{F} of F.
Accordingly, in order to avoid a solution aligned with g,
one must enforce that

32<mAir1Hy—AF§II2 =YPry2el., 19)

with P,#g the orthogonal projector onto the subspace
orthogonal to R{Fg}. Choosing &? € [¢2,,, €2 .,[ enables one
to balance between a solution aligned with g and the
conventional LS estimate hy;. Indeed, when & = &2, there
is only one vector that satisfies the constraint, namely hy;,
and therefore the latter is necessarily the solution to (17).
On the other hand, when & = &2, there exists a vector
aligned with g, which drives the criterion down to 0 while
satisfying the constraint: therefore, it is the solution. From
these considerations, it is convenient to select &2 as

2 2 2
&” = (1 — )eqip + %emax

(20)

where o € [0, 1] is a user-defined parameter that sets how
much confidence we place on the a priori information and
on the information brought by the data. For « close to 1,
the a priori information is deemed trustable while, when
o approaches 0, it is discarded and only the data are used.
The solution to the optimization problem in (17) is given
in the next proposition.

Proposition 1. The solution to (17) is given by

. . y) .
hcls = Pghls + ﬁpghls (21)
where
2 o2
1+ Jgy = y [-max ~ Sinin, 22)
€ — &hin

Proof. see Appendix B.

It should be noted that the so-obtained estimator is
given in closed-form and is thus very simple from a
computational point of view. As expected, flds is a linear
combination of the a priori information through g and of
the information brought by the data y through fils.

The above result suggests looking for an optimal linear
combiner (OLC) of Pgﬁls and Pgﬁls of the form

ho = Pzhys + Pl 2 Thy,. (23)
It is straightforward to show that
E{(hoic — M(hgc — )™}

= E{(Thy, — h)(Th,, — h)"}

— T&(hyshy)T" — Thh" — hH"'T + hh"

=T [hh“ + "721} T — Thh" — hh"'T + hh"

2
= (‘:717” + —Thh a1 - T). (24)



Therefore, the mean-square error of flolc is given by

. 2
MSE(hy.) = %tr{TTH} TH I —TYI-Th

2

:“7[1 + (M= DB+ (1 — BRIPERI. (25)
Minimizing the MSE in (25) yields the optimal value of f§
P IPzhII? 26)

a 2, (M—1)o?
IPzhI? +————

Y

Of course, this optimal value depends on h which is
unknown and therefore h,. is only an hypothetical
estimator. However, it can serve as a reference and, in
particular, it is of interest to compare hgs to hg.

5. Numerical examples

In this section, we compare the performances of the
estimators derived previously, namely the LS estimator in
(5), the CLS estimator in (21), the Bayesian estimator of
Algorithm 1 and the OLC estimator in (23). We
consider a uniform linear array with M = 20 elements
spaced a half-wavelength apart. The steering vector
for a receiver localized at angle 0 is thus a(0) =
[1 eimsind ... einM-DsindiT The receiver is placed at the
broadside of the array so that a, = a(0°). The nominal
antennas gain is g =[1 1 ... 1]". Both the signals and
the beams are orthogonal. The beams are in fact Fourier
beams evenly spaced in spatial frequency. The signal to
noise ratio is defined as

SNR (27)

IZ11%1A|2P,
==
The estimators are evaluated in terms of their (normal-
ized) mean-square error (MSE) defined as

_ 1o 2
MSE = 3£ (Ih — hi?) 28)

and the MSE is estimated from 500 independent Monte-
Carlo trials. At each trial, g is randomly drawn as g =
Zi81e’ where the random variables g, and ¢, are
independent. 10log;, &, is drawn from a Gaussian distri-
bution with standard deviation ¢,_qz While the phases ) X
are uniformly distributed over [—4, 44]. Observe that as
044 O Ay increases, the true vector g may differ
significantly from g, and hence the a priori knowledge is
less accurate. This will of course impact the performance
of all estimators, as illustrated below. We would like also
to emphasize that, in this case, g is not Gaussian
distributed and therefore the assumption in (6) does not
hold. This enables one to test, in addition to its
performance, the robustness of our Bayesian approach as
the latter is fed with data that does not fulfill the
assumptions on which it is based. Therefore, the Bayesian
estimator derived previously does not correspond to
the MMSE estimator and we will refer to it as MCMC in
the figures. The Metropolis-within-Gibbs sampler of
Algorithm 1 is used with Np; =20 and N, = 100. As for
the CLS approach, a value of & = 0.8 is chosen to obtain &2
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in (20). Finally, the OLC is implemented with 8 of (26)
calculated from the exact value of h.

We study the influence of the SNR, and the influence of
0g_gg and 44. The number of samples is set to N = 32.
Figs. 2-4 deal with the case of small amplitude errors on g
[0,_qg = 1dB] and various phase errors, namely 4, =
15°,30°,45° while the array is more significantly
uncalibrated in Figs. 5-7 where o;_gg = 3 dB. Inspecting
these figures, one can make the following observations:

(@) The MCMC approach provides the lowest MSE over all
SNRs and orders of magnitude of the errors, among all
estimators that can be implemented (i.e. omitting the
OLC estimator). In particular, it achieves the desired

MSE for estimation of h
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A
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el
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20 -15 -10 -5 0 5 10 15

Signal to noise ratio (dB)

Fig. 2. MSE for estimation of h versus signal to noise ratio. N = 32,
0g_gp = 1dB and 4, = 15°.
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Fig. 3. MSE for estimation of h versus signal to noise ratio. N = 32,
0g_qg = 1dB and 4, = 30°.
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MSE for estimation of h
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Fig. 4. MSE for estimation of h versus signal to noise ratio. N = 32,
0g_qg = 1dB and 4, = 45°.

MSE for estimation of h
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Fig. 5. MSE for estimation of h versus signal to noise ratio. N = 32,
04_gp =3dB and 4, =15°.

goal of significantly decreasing the LS estimator MSE
at low SNR.

(b) The CLS estimator outperforms the conventional LS
estimator at low signal to noise ratio, which was the
main objective towards deriving new estimators.
However, at high SNR the conventional LS estimator
is seen to perform better than the CLS estimator. In
fact, there exists a SNR threshold from which the MSE
of the CLS estimator tends to be approximately
constant and larger than that of the LS estimator. This
threshold is smaller as the errors in g grow. This is
logical since, with the rather high value of « =0.8
chosen, the CLS estimator grants too much impor-
tance to the a priori knowledge [and the latter is less
and less reliable as g,_gp or 4, increases] at medium

MSE for estimation of h
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; — s
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Fig. 6. MSE for estimation of h versus signal to noise ratio. N = 32,
04_qg =3dB and 4, = 30°.

MSE for estimation of h
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Fig. 7. MSE for estimation of h versus signal to noise ratio. N = 32,
0g_qg =3dB and 4, =45°.

to high SNR, and not enough to the data. Fig. 8
illustrates this phenomenon. There, we plot the MSE
of the CLS estimator versus SNR for different values of
a. It is clear from this figure that there does not exist a
value of o that provides uniformly best performance,
but that the choice of « is dictated by the SNR and the
errors in g. This fact is further investigated in Fig. 9. In
fact, comparing (23) to (21), it is clear that the optimal
value of f§ in (26) corresponds to an optimal value of
Zo in (22), which itself amounts to an optimal value of
&2 and hence of « in (20). Fig. 9 displays this optimal
value of o [averaged over multiple random realiza-
tions of g] versus SNR and o;_gg, 44. As expected, the
more reliable the a priori knowledge the larger o.
Accordingly, o should decrease when SNR increases.
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Fig. 8. MSE for estimation of h versus signal to noise ratio for different
values of a. N =32, 6,_qs = 1dB and 4,4 = 30°.
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Fig. 9. Optimal value of « versus SNR and ¢;_gg, 44. N = 32.

Therefore, the CLS estimator can perform well if one
has a good idea of the operating SNR and of the
accuracy of g. In fact, if we knew h— which is
unfortunately impossible—a simple linear combina-
tion of Pgh;; and PghlS could result in a quasi optimal
solution, as the OLC estimator achieves the same
performance as the MCMC for all SNRs and all values
of o4_q and 4.

To summarize this section, the Bayesian approach yields
the lowest MSE whatever SNR or 6, g5 and 4. The CLS
estimator has the advantage of being very simple, more
accurate than the LS estimator at low SNR but selecting
the value of « is a delicate issue.
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6. Conclusions

In this paper, we considered the problem of estimating
the gains and phases of a transmitting array from the
observation of signals received on a single antenna. New
solutions, which are based on exploiting knowledge of the
gains in the calibrated case, were proposed to improve over
the conventional least-squares estimator, especially at low
signal to noise ratio. Two different approaches were
presented. A Bayesian approach was first investigated where
the gain vector g is considered as a random variable. The
MMSE estimator was derived and implemented through a
Metropolis-within-Gibbs sampler. Its performance was
shown to be very good, at the price of some computational
complexity. A very different approach based on constrained
least-squares was also presented, which results in a simple
estimator. It consists of a weighted linear combination of the
a priori knowledge and the information brought by the data.
The method performs well as low SNR but degrades at high
SNR, mainly because the choice of the weights is delicate.
Both methods enable however to significantly improve over
the LS estimator at low SNR.

Appendix A. Derivation of Jeffreys prior

In this appendix, we derive Jeffreys prior for the
complex random variable A = Ag + iA; where Ag and A;
stand for the real and imaginary parts of A, respectively.
Let us consider the generic model

y=Ax+n 29)

where x is drawn from a complex Gaussian distribution
with mean X and covariance matrix C, i.e. x~CN (X, C), and
n is a zero-mean complex Gaussian vector with covariance
matrix ¢2I, independent of x. The model in (4) corre-
sponds to X = Fg and C = o-éFFH. Under these assump-
tions, one has y~CN(AX,T" = |A|>C + ¢2I). Therefore, the
distribution of y conditionally to A is given by

fIA) = N DT 0 AD T o-A%) (30)

In order to derive Jeffreys prior for Ag,A;, we need to derive
the Fisher information matrix (FIM) as Jeffreys prior is
proportional to the square root of the determinant of the
Fisher information matrix. The latter is obtained by
differentiating twice the log-likelihood function

A@W|A) = —NInz — In|T| — (y — AX)PT 1 (y — AX) 31)

with respect to [Az Aj]", and by taking expectation. Using
the fact that

ar or! or

- . __ -lep-1. 9% _ .

= 2ApC; i = 24 Cr " 2 = 2A,C;
ar! 1 1

A= —2AT'cr
it is straightforward to show that
alnlrl B 1 or _ 1

Ay = tr{F %} = 2Agtr{I'""C} (32a)
61r1|F| . 1 or N 1

A= tr{l" 87\,} = 2Aitr{I'""C}. (32b)



1380

Differentiating again leads to

2

TIN5 ter-1¢y - 4A2 trrcr 'y (33a)
oAz
2

: fla,lc]\|zr| =2tr{I'7'C} — 4A? iU cr' ¢ (33b)

1
#Inr| 11
SArch, = ~Arrrlere), (330)

For the sake of convenience, let us temporarily note z =
y — Ax and u =T~ 'z. Since

oz _ ou -1 1. 0z
Ax = X; A 2ART Cu - T '%; A= iX;

ou _ —1 g —1—
Ag = A ' Cu - il 'x,
it follows that
H
27U _ ¥ ub'® — 2AmCu (34a)
AR
otu H
=ix u—iu'x — 2Au"Cu. (34b)
A,
Using the fact that
H
a:(; AC" — X" 'cu—ufcr'x — 4Acr'cu (35a)
R
H
a’g AC" — &' cu— iwfCcr'% — 4Au"cr-'cu (35b)
[
one obtains the second-order derivatives as
2 »H
6622" = 2%"T'X + 4AX"T ' Cu + 4Au'CT %
R
+ 8A%uMcr~'cu — 2ut'cu (36a)
2 »H
T2 = 24T Tk — iR T Cu+ diAufCT %
1
+ 8A?uMcr-"cu — 2ut'cu (36b)
&*zMu . Hye1 e el
m_ —2iAX"' T "Cu + 21A"u"CI''x
+ 8ARA T CT ! Cu. (360)
Now, since £{u} = 0 and
suficuy = tr{r'cy (37a)
swicr-'cuy = tr{r-'cr-'cy (37b)
it follows that the FIM is given by
2004+ 4A%B8  4ARAIf
TAr. Ar) = ( AARAB 200+ AA2P (38)

where o2%"T~'% and p2tr(I'"'Cr~'C}. The previous
equation holds for any matrix C. Let us now consider our
case where C= oﬁFF”. Using some matrix inversion
lemma, it is straightforward to show that

X% =0 2g"((F'F)" + 072|APc2'g (39a)

I''C=0"202FI + 67 2|A”c2F'F|"'F". (39b)

Therefore, with T~" = (F'F)~' + 6-262|A?I, one obtains

o=0"2g"Tg (40a)

B = (67202 tr{T"T}. (40Db)

In the particular case where F'F = yI, one finally gets

vo—2 5|2

__volgl _ (41a)
1+7y07202|A]
M(yc—202)?

B Y s (41b)

T +70202APE
Jeffreys prior is obtained as the square-root of the
determinant of I(Ag,A;) and the latter can be written as
H(Ar, AD| = 4ofo + 2BIAF]

149072621 + 2Ma2|g| 2]IA)?
oC
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Appendix B. Proof of Proposition 1

In this appendix, we show how to solve the con-
strained LS problem in (17) which we recast here for the
sake of convenience

minih — Agl? subject to Iy — Fhi? <g2. (43)
Let us first minimize the criterion with respect to

(w.r.t.) A. It is well known that

minih —Agl? = h"P;h (44)

so that we are left with the following optimization

problem:

mhin h"'P;h subject to Iy — Fhil> <. (45)
To begin with, we show that the inequality constraint

in (45) is in fact an equality constraint. To see this, let us

temporarily denote by hg the solution and let us assume
that lly — Fhyll? <¢2. Let also note

<HgpH
_ : _ 2_ 8 FYy
Aq _argmAmHy AFgl _EHF”FE (46a)
SHEH
_ F'y _
hy = Ag = gﬁ,FH;’gg. (46b)

From the assumption made in (19), we clearly have
ly — Fhy1?2 = 2, >¢2. Let
h(p) = ho + p(hy — ho); 11 <[0,1]. (47)
Eq. (47) defines a trajectory from hg to h; and therefore,
there exists at least one value of pu€]0,1[ such that
ly — Fh(u)lI> = €2. Now, for any u €0, 1],
h(w"Pzh(u) = [(1 — ho + hy1"P[(1 — who + hy]

= (1 — ,u)zhopé'ho <h0pé'h0. (48)
Therefore, there would exist a vector h(u) such that
h(w"Psh(u)<hoPshy and that would satisfy the con-
straint, which is in contradiction with the fact that hg is

the solution. Therefore, the inequality constraint in (45) is
necessarily an equality constraint and hence we are finally



left with the problem of solving

mhinhHl’gh subject to lly — Fhl? = &2. (49)
In order to solve (49) a Lagrange multiplier technique is
used. The Lagrangian can be written as

L(h,2) = h'Pgh + [ly — FhI? — &) (50)

where />0 is the real-valued Lagrange multiplier. One
can rewrite (50) as

L(h, %) = [h - 2Q"'Fy"Q[h — 2Q"'F''y]

+ 20"y — &%) - ’y"FQ ' Flly (51)
with Q = AF'F+Pz. For a given J, L(h.2) is thus
minimum for
h(Z) = J(F"F + P3)"'Fly. (52)
Let us find a more convenient expression for the above

h(%). Observing that F'F = yI and h;, = y~1Fy, it follows
that:

h()

Ayl + Pz 'Flly
(1 + Ay)Pg + 2yPg]'Flly
A+ i) 'Pg + (2y) ' PgIF"y

=Pg hls+

Ay o1
g 'VP hls (53)

In order to obtain A, we enforce the constraint that
ly — Fh(/)II> = ¢2. Towards this end, let G, denote an
orthornormal basis for the space orthogonal to g and
observe that

. A —H _,Fgg'Flly
—Fh())=y——"—FG,G Fly 1225~ 7
Ay
=Y =15, PrY Py
Ay
=[Pr + Pgly — mppay
— [Pr 7PFEL]y
1
=Pry+-—r T+ Pz y. (54)
It ensues that
ly — Fh()I? = IPfyI? + %HPFE yiI?
1+ /1“) *
= IPFyl% + asmr [IPEyI? — IPgzy!°]
= IPpyI? + A+ )Z[HPLFy\P — IPFyI?]
1
= Epin + m['ﬁ?ﬂax — &minl- (55)
Therefore, lly — Fh(1)lI? = 2 leads to
2 g2
(1 +/1"/)2 — max 82m1n. (56)
min
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The solution ﬁcls to the minimization problem is thus h(1)
in (53) with 4 given in (56), which concludes the
proof.
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