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Digital Waveguide Modeling for Wind Instruments:
Building a State—Space Representation Based
on the Webster—LLokshin Model

Rémi Mignot, Thomas Hélie, and Denis Matignon

Abstract—This paper deals with digital waveguide modeling
of wind instruments. It presents the application of state-space
representations for the refined acoustic model of Webster—Lokshin.
This acoustic model describes the propagation of longitudinal
waves in axisymmetric acoustic pipes with a varying cross-section,
visco-thermal losses at the walls, and without assuming planar or
spherical waves. Moreover, three types of discontinuities of the
shape can be taken into account (radius, slope, and curvature).
The purpose of this work is to build low-cost digital simulations
in the time domain based on the Webster—Lokshin model. First,
decomposing a resonator into independent elementary parts and
isolating delay operators lead to a Kelly-Lochbaum network of
input/output systems and delays. Second, for a systematic assem-
bling of elements, their state-space representations are derived
in discrete time. Then, standard tools of automatic control are
used to reduce the complexity of digital simulations in the time
domain. The method is applied to a real trombone, and results
of simulations are presented and compared with measurements.
This method seems to be a promising approach in term of mod-
ularity, complexity of calculation, and accuracy, for any acoustic
resonators based on tubes.

Index Terms—Acoustic signal processing, acoustic waveguides,
linear delay filters, partial differential equations, signal synthesis,
state-space methods.

1. INTRODUCTION

TUDYING physical modeling for sound synthesis allows
S simulations of the behavior of musical instruments. Con-
sequently, it leads to more realistic sounds, especially during
attacks and note transitions, compared to signal processing ap-
proaches. However, digital simulations in the time domain re-
quire intensive computations from signal processors, and sim-
plifications of the physical model have to be considered to make
real-time simulations possible. Moreover, because of interac-
tions between elements of an instrument, building a modular
synthesizer proves difficult.
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The purpose of the present work is to build a complete
acoustic resonator by connecting several subsystems which
mimic acoustic effects. Here, it is applied to a wind instrument:
the trombone. The difficulty and the novelty is to include subtle
phenomena to lead to a refined acoustic model, but with some
care about the processor cost of simulations and the modularity
of the model.

With the approach of digital waveguides (cf., e.g., [1]), some
works have considered 1-D acoustic model of axisymmetric
pipes based on the Webster horn equation (cf. [2]). Approx-
imating a varying cross-section pipe by some cylinders or
cones leads to the Kelly-Lochbaum scattering network (cf.,
e.g., [3]-[5]), which allows a low-cost digital simulation in
the time domain. These models assume planar and spherical
waves, respectively. For a more realistic behavior of the virtual
instrument, in [6], [7], and [8], visco-thermal losses have been
taken into account. This model of losses (cf. [9]) involves
fractional derivatives, and is more accurate than more standard
damping based on integer order derivative. In [10], a model of
lossless flared pipes has been studied starting from the Webster
equation, then in [11], considering the Webster—Lokshin model
with visco-thermal losses (cf. [12]), the Kelly—Lochbaum net-
work has been derived for lossy flared pipes with continuity of
radius and slope (C!-regularity of the shape). The latter models
allow the approximation of the shape of flared pipe with a few
pieces of pipe.

After modeling each element separately, it is necessary to
put them together in order to build the whole resonator. In [13]
and [14], the following modular method is proposed: deriving
state—space representations of every element in discrete time,
interconnection laws allow the calculation of the state—space
representation of the whole resonator.

In a very recent work, an extended framework (based on [11]
and the Webster—Lokshin equation) has been derived and allows
the reconstruction of all models mentioned above ([3]-[11]).
The novelty of the present work is the use of the formalism
of [14], starting from the unifying model of the extension of
[11]. Thanks to the modularity of the method, virtual wind in-
struments can be easily built considering additional models:
mouthpiece, sound radiation, tone-hole, lips, and reed for in-
stance. Theoretical points are briefly presented and referenced;
this paper focuses on the numerical method and some optimiza-
tions for real-time simulation.

This document is organized as follows. Section II presents
the problem statement and the formalism of the digital wave-
guide networks, where all elements of an instrument are rep-
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Fig. 1. Example of an acoustic network modeling a resonator with a mouth-
piece, a horn, and a tone-hole.

resented by input/output systems. In Section III, using given
models, the analytical expressions of transfer functions of el-
ements are derived. This section considers models of mouth-
pieces, sound radiation, /V-port junctions and lossy flared pipes.
The last one is characterized by the Webster—Lokshin equation.
In Section IV, state—space representations are derived for all
elements of Section III, in continuous time, then in discrete
time. Section V presents standard tools of automatic control
which allow the optimization of the numerical realization in
order to obtain a low-cost digital simulation in the time do-
main. Section VI presents the digital simulations of virtual trom-
bones and the comparison between computed impedances and
the measured impedance of a real trombone. The last section
concludes this paper and deals with stability considerations and
possible improvements of the optimization procedure.

II. PROBLEM STATEMENT

A. Acoustic Waveguide Networks

Dynamic systems, which are described mathematically by
sets of time-dependent Partial Differential Equations, can be
modeled by networks of smaller input/output systems which ex-
change signals. This approach appeared for modeling of elec-
trical circuits in the 1970s with the Transmission Line Matrix
approach (cf. [15]) and the Wave Digital Formulation (cf. [16]).
In the 1980s appears the similar approach of the Digital Wave-
guide Networks (cf. [17]) for acoustic systems. These methods
of digital wave-based simulations are presented in [18] and [19].

Digital waveguide networks makes possible the representa-
tion of a wind instrument by a network of elements which mimic
acoustic effects of the pieces of the resonator. These elements
are connected with respect to the topology of the real instrument,
and exchange signals which are input and output variables.

The example of network in Fig. 1 models a possible res-
onator with seven elements: element £; models the mouthpiece,
elements Fsy, 4, E5 represent air columns, element Fs is a
three-port junction connecting the three air columns, element
E represents the effect of the coupling with the sound radia-
tion at the end of the horn, and element E'; represents the sound
radiation of a tone-hole. In this example, the sound radiation of
the tone-hole has to be able to vary in order to take into account
the action of a finger.

Examples of wind resonator construction using different
models can be found in the literature. See, for instance [5], [20],
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and [21]. Moreover, this method allows a modular building
and the simulation of imaginary instruments and it enables the
exploration of new sounds with a physical validation.

B. Variables at Interfaces of Elements

At interfaces between two elements, the variables z;, and ¥y,
are some acoustic states. A natural choice is to represent the
acoustic states by the acoustic pressure P and the particle flow
U (cf., e.g., [22]). Another choice, adapted to digital waveguide
networks, consists of defining and using traveling waves which
naturally satisfy the causality principle.

To have a common representation of acoustic states, a virtual
reference pipe is introduced. It is a lossless cylinder with arbi-
trary radius r.. Defined variables correspond to planar traveling
waves for this reference pipe. With the speed of sound ¢y =
344 m-s~1, the mass density pp = 1.2kg-m~3 and S. = 7r?;its
characteristic impedance is Z. = 1/Y, = poco/S., and planar
traveling waves are

|:p+(£,s)} _1[1 Z. } [P((,s)} n
p=(Ls)| 2|1 =Z.| |UUs)|"

In the case of lossy varying cross-section pipes, these vari-
ables are neither decoupled nor perfectly progressive inside the
pipe. Nevertheless, they remain “physically meaningful” at in-
terfaces of pipe, and respect causality principle.

In order to make this change of variables with connections
of input/output systems, conversion systems are recovered from
(1). They are presented in Fig. 2.

This choice of variables is similar to that of [16], where the
change of variables (a,b) < (u,%) is defined with a resistance

R # 0 which can be arbitrary (where w is the voltage and ¢ the
current intensity).

C. Realizability and Delay Separation

Connecting discrete-time versions of each element (Fig. 1)
involves delay-free loops so that it does not yield a realizable
structure, as is, in the sense of automatic control theory. The
implicit equations due to these delay-free loops can be solved
using techniques such as Wave Digital Formulation (cf. [16]).
In this paper, these equations are solved using standard alge-
braic manipulations of state—space representations. This allows
one the obtaining of a Kelly-Lochbaum framework which is op-
timal in the sense that it reduces the number of transfer functions
involved in the final digital waveguide network.



III. ACOUSTIC MODELS OF RESONATOR ELEMENTS

This section presents the acoustic modeling of all elements
which are used to build resonators of Section VI. First a refined
model of varying cross-section pipes is studied, then possible
models of the mouthpiece, sound radiation and N-port junc-
tions are presented. For each element, an N-port system is de-
rived with its transfer functions, for which inputs and outputs
are variables p*.

A. Modeling a Piece of Pipe

1) Webster—Lokshin Model: The Webster—Lokshin model
is a mono-dimensional model which characterizes linear
waves propagation in axisymmetric pipes, assuming the
quasi-sphericity of isobars near the inner wall (cf. [12]), and
taking into account visco-thermal losses (cf. [9], [23], [24])
at the wall. The acoustic pressure P and the acoustic particle
flow U are governed by the following equations, given in the
Laplace domain:

K(%)ZHE(E) (;) ) ‘|{r :0 )
s g AP =0 )

where s € C is the Laplace variable (3m(s) = w is the angular
frequency), / is the space variable measuring the arclength of the
wall, r(£) is the radius of the pipe, S(#) = wr(#)? is the section
area, e(£) = koy/1 — r'(£)2/r(£) quantifies the visco-thermal
losses, and Y(£) = " (£)/r(¢) denotes the curvature of the
wall. Equation (2) is called Webster- Lokshin equation, and (3)
is Euler equation satisfied outside the visco-thermal boundary
layer.

Note that the standard horn equation (cf. [2]) corresponds to
(2) with no losses (¢(¢) = 0) and assuming planar waves (£ is
replaced by the axis coordinate z). Straight and conical pipes are
characterized by Y(¢) = 0, and flared pipes are characterized
by Y(£) > 0. In the following, Y is assumed to be non-negative,
the negative case would require special treatments for deriving
stable versions of digital waveguides (cf. [10]) which are out of
the scope of this paper.

Denoting r(z) the radlus of the pipe for the z-ordinate, the
arclength of the wall is £(z) = [ \/1+1/(z)2dz, and r(z) =
r(€(2)). ( ) <1 and r (Z) — 1 when
r'(z) — 4o0.

For standard conditions, the physical constants are given
by: the mass density pg = 1.2 kg - m—2, the speed of sound
cop = 344 m - s71, the coefficient kg = /I, + (v — 1)1, =
3.5 10~* m~1/2 where I, and I;, denote characteristic lengths
of viscous () and thermal (l},) effect (cf. [25]).

2) Two-Port System of a Piece of Pipe: In this paper, a pipe
with varying cross-section is approximated by a concatenation
of pieces of pipe with constant parameters. Thus, a piece of pipe
is defined as a finite pipe with length L, and with constant cur-
vature and losses parameters (i.e Y(¢) = Y and £(¢) = ¢).

Notice that, except for a cylinder, Y () and () cannot be si-
multaneously constant. In practice, pieces of pipe with constant
curvature are considered, and ¢ is chosen as the mean of £(¢).
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Fig. 3. Piece of pipe and its two-port system Q.

This approximation makes sense, at least for realistic lengths
and curvatures.

The piece of pipe is modeled by a system, where inputs are
pd(s) :=p* (£ =0,s) and p; (s) := p~ (£ = L, s) (incoming
waves at £ = 0 and £ = L), and outputs are pg (s) and p; (s)
(outgoing waves), this system is represented by the two-port Q,,
of Fig. 3.

Solving (2) and (3) analytically together with (1), leads to the
expressions of global transfer functions
-1

Tj (s)= A+<8>Cosh<F(s)L)+B+(s>% @
T, (s) =|A™(s) cosh(T'(s) L)+ B~ (s) Sinhlslgii)L) )
Ry (s) A’(s)cosh(r(s)L)+Bl(S)Sinhr(g)S)L) ) ©
Ry(s) = AT(S)cosh(F(s)L)-kBT(s)% () ()
with
5\ 2 s\ 3/2
I'(s) = \/(a) + 25(5) + 7 )

and where , /- denotes an analytical continuation of the positive
square root of R on a domain compatible with the one-sided
Laplace transform, namely C; = {s € C/Re(s) > 0} (see
[26] and [27] for more details). The function I' is proved to
be analytical in CJ, and such that Re(T'(s)) > 0if e > 0.
Functions A” and B® are rational functions of the variables s
and T'(s)2.

Remark: Transfer functions Ré and Ry represent left (index
!) and right (index r) global (index g) reflexions of the pipe (with
length L) on traveling waves. “Global” means that every in-
ternal effect of the pipe are mixed in these transfer functions.
Tg‘Ir and T~ represent global transmission of traveling waves
through the pipe. An analysis of internal effects is detailed in
next section.

3) Decomposed Framework: A detailed analysis of internal
acoustic effects (cf. [11]) has enabled isolation of pure delay op-
erators, which represent the traveling time of waves through the
pipe. From this study, the Kelly—Lochbaum network has been
recovered. Moreover, using the variable p:t, a more detailed
analysis has been done, and a new framework is derived. In this
framework, which is proved to be equivalent to Q,, the effects
of geometry of the pipe are isolated from each other. The geo-
metrical parameters are the radii at ends 7y and r,, the slopes at
ends r{, and r7, the curvature and the visco-thermal losses of the
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piece of pipe (T and ¢). The framework is presented in Fig. 4,
and an interpretation of each cell follows.
e Cells Qfl and 9,
QZ and Q, with coefficients k; and k,, take into account
sections of pipe S; = 777 and S, = 72, at both ends. The
index “a” means “area of section”. They are similar to cells
of the framework of Kelly—Lochbaum after connection with

a lossless cylinder of radius r. (cf., e.g., [3], [6]).

S, — 5 Ze— J

k‘: = —

"TSH S Ze+ 2 @
c — Mr Z(:_Z'r

A (10)

T Se+S,  Z.+7Z,

s Cells Q. and Q"
Q! and Q, with transfer functions R; and RZ, take into
account slopes of pipe r; = /(£ =0) and . =7/ ({ = L)
at left and right ends. The index “s” means “slope.” They
are similar to cells of the framework of Kelly—Lochbaum
after connection of cones (cf., e.g., [4], [7]).

s o . Co 7]
R (s) = th o= -2 1
i(s) s—ap ™M 2 7 an
/
Ri(s) = . with a, = + 2" (12)
s — 2 r,

With some particular cases of junctions of cones (which
correspond to rf < 0 orr. > 0), these transfer functions
are unstable. This classic problem has been understood and
solved in [7], [28]-[30] with some different methods.
e Cells Qlcl and 9,

Qlc ; and Q7 with the transfer function R, take into account
the constant curvature and losses of the pipe. The indexes
“cl” means “curvature and losses”. With I" defined by (8)

= —T(s
R(s) = ;:—I—;FES; (13)

o Cell Q P
This central cell represents the wave propagation with
transfer function

T(S) :e_r(S)L — D(s)e—(s/co)L
with D(s) = e=(C()=s/c0)L

(14)
15)

In [26], D(s) is proved to be causal and stable with T > 0,
so that T'(s) represents the delay L /cq of wave propagation
through the piece of pipe, and the effect D(s) due to the
visco-thermal losses and the curvature.

The framework of Fig. 4 is interesting because the effects of
the curvature and losses are isolated from the other (sections and
slopes), and it makes their study easier. Because of the square
roots of the function I" [cf. (8)], the study requires special treat-
ments (see Section IV-A).

The six cells 9%, 9, OL, O, Q!, and Q' of the framework
of Fig. 4, can be rewritten as Fig. 5 shows. This simplification is
used in [3], [4], and [11] to derive the Kelly-Lochbaum frame-
work, in order to reduce the cost of calculation.

A
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Fig. 4. Separation of the effects of pipe geometry.
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Fig. 5. Simplification of cells. H(s) is any transfer function, and 3 = +1.

B. Modeling the Mouth-Piece

The mouthpiece of a brass instrument is an element which is
inserted at the beginning of the resonator, and where the player
presses his lips. It is composed by an acoustic cavity (the cup)
and a cone (the backbore). In [31], it is proposed to model the
mouthpiece by an acoustic compliance C|, for the cup, and a re-
sistance and a mass for the backbore, R,, and M,, respectively
(see Fig. 6). This modeling is a low frequency approximation!
but seems sufficient in respect of the small dimensions of the

IThe mouthpiece is an important piece for the spectral envelope and the tone
color of the instrument. More accurate models can be found in [8], [19], but here
we prefer to use a simpler model to present the formalism.



Fig. 6. Left: scheme of a mouthpiece. Right: equivalent electrical circuit.

12 Ue — P pr
Z
Cip,up) 1 C(Pu,p)
De_| P -2 | U P
. 4
P Pt
HZI
- H,',,, .n,, Hﬁf, -
De H“ p

Fig. 7. Two-port system for the mouthpiece.

mouthpiece. With x = 1.8 1075 kg - (m - s) ™" the dynamic vis-
cosity, the values of C,, M,, R, are given by

Vo L, 8ul,
Co=—2 M, =22 and R, = 2222 (16)
PoCG w2 T

From Fig. 6 the two-port system with (P, V') is derived (see
Fig. 7). Z; and Z, are given by

Z1(s) = and Z5(s) = R, + sM,. (17)

sUq

To obtain its equivalent two-port system with p* as inputs
and outputs, two conversion two-ports are connected at each
end (top of Fig. 7). The algebraic laws of interconnections (see
Appendix I-A) lead to the two-port Q,,,, (see bottom of Fig. 7).
The transfer functions of Q,,,, are given by

(M.Y2s+(1+R,Y.)Y.)

H)l (s) =2 0 -1,

H,ln2 s)=2 L,

Hﬂ”( - , 3 (18)

mp(s) - m7
—C,s-Y.

anzp(s) =2 ( 1) ) + 1,
with
d(s):YCMGCGSQ+(Ca+YCRaCa+MaY02)s+(2+RaYc)Yc.

C. Modeling Sound Radiation

At the output of the horn or at tone-holes, acoustic pressure
and flow are linked by the radiation impedance 7,.(s). To sim-
ulate this effect, the corresponding system is derived, for which
left-end variables are p* and right-end output is the radiated
pressure P, (right of Fig. 8). For any radiation impedance
Z,(s), the radiation reflexion R,(s), and transmission 75.(s)
are calculated using algebraic laws of interconnections (see
Appendix I-A):

Ri(s) = 58 +§ (19)
T,(s) = Ry (s) + 1. (20)
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Py

Fig. 9. N-port junction.

Because of the flared end of the horn, the radiation model
of a pulsating portion of a sphere (cf. [32]) seems appropriate
for brass instruments. In this paper, this model is chosen for
radiation at the end of the horn. Its impedance is denoted Z/.
and its corresponding reflexion function R... Their expressions

are
2
o+ (2)
Z!(s) = Z, - VA 1)
14262 + ()
2w Lo Zs (p —28)8 —wy  Zs— Ze
R = 22
=71z d(s) 7.+ 7. ¥
with d(s) = (Zs + Z.)s% + wr(2Z:& + Zsy)s + Zow?, and

where w,., o, and &, are optimized parameters of the approxi-
mated model.

D. Modeling N -Port Junctions

Junction elements are [V-port systems which allow the con-
nection of N elements, like pieces of pipe for instance (see
Fig. 9). They are modeled with no spatial dimension, thus they
have to satisfy pressure and flow continuity on all ports. By con-
vention, positive flows go to the junction. Pressure and flow con-
tinuities are equivalent to Kirchhoff s laws for electrical circuits,
and are written

Pn:Pla
N

S U, =0
n=1

for1<n<N

Introducing p,ﬂf [with (1)], and considering p;" as known vari-
ables and p;,; as unknown variables, solving this linear system
leads to

2
P~ = JyPt, with Jy = (NlN - IN) (23)
where Pt = [pf,p;',....pN] , and P~ =
[Py ,p3 - 7p;,]T. I is the N x N identity matrix, and 1

is the N x N matrix filled with 1 (1n(4,5) = 1,V(3, 5)).
Remark: Equation (23) is not new, but contrarily to some
previous works, using variables p*, no impedance appears in
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this equation. The only parameter is N, which makes modular
building easier.

IV. STATE-SPACE REPRESENTATION

For a systematic building of resonators, it is proposed to de-
rive state—space representations for all elements. These repre-
sentations allow algebraic manipulations on the system using
well-known tools of automatic control (see Section V).

With U the (IV x 1) vector of inputs and Y the (N x 1) vector
of outputs, each element is rewritten with the following repre-
sentation in continuous time

{SX(S) =AX(s)+ BU(s),

Y(s) =C X(s)+DUl(s), 4

where X is the (J x 1) state vector, A is the dynamics matrix,
B is the control matrix, C' is the observation matrix, and D

is the direct link matrix. .J is the dimension of the system. Its
discrete-time version is

{z X(z) = AT X4(2) + BT U(z)

=04 XU2)+ DT UY(2).

Pure delay operators are treated differently: for e 7%, if 7" is
commensurate with the sampling period Ts (T' = MT, with
M € N*), its discrete-time version is Z~* and is performed
by a circular buffer. If M is fractional, interpolation filters are
needed (cf., e.g., [4], [33]).

In this section, state—space representations are derived in con-
tinuous time for all elements presented in Section II1, then using
their diagonal forms, their discrete-time version are derived,
but first, because the Webster—Lokshin model involves irrational
transfer functions, it cannot be simulated so easily. It need to be
approximated by finite-dimensional systems.

A. Finite-Dimensional Systems

Because of the square roots in I'(s), some involved transfer
functions are irrational (cf. R(s) and T(s) of Section III-A4).
These transfer functions have continuous lines of singularities
in C, which are named cuts. These cuts join some points
(branching points) and the infinity. If Y = 0, the function T"
has one branching point at s = 0. The cut R~ is chosen to
preserve the hermitian symmetry. Therefore, transfer functions
have a continuous line of singularities on R™. The residues
theorem shows that these functions are represented by a class of
infinite-dimensional systems, called Diffusive Representations
(cf. [27], [34]-[36]). For any diffusive representation H (s)
which is analytic on C \ R~

_ [T uu(§)
H(s)_/0 Sl

(€)= 5 AH(=€ +i07) — H(-E+i07)}. @)

(26)

For simulation in the time domain, in [35], it is proposed
to approximate such diffusive representations by finite-
dimensional approximations, given by where L is the number
of poles, —¢; € R™ is the position of the jth pole and /J,JH is its
weight.

The poles are placed in R~ with a logarithmic scale, and the
weights /Lf are obtained by a least-square optimization in the
Fourier domain.

If T > 0, I" has two more branching points, which are com-
plex conjugate. In this case, the diffusive representations are ap-
proximated with a finite sum of first and second order differen-
tial systems

H(s) = i

H j=M H —H
D D B S Sy G
s+&; = s+ s+7;

Transfer functions to approximate are: Ry, and Dy, for any
k (see Section III-A4). The order of approximation depends on
the desired quality: L mainly tunes the quality of approximation
of effects due to visco-thermal losses, and M, that due to the
curvature. For example, in the case of large tubes, visco-thermal
losses are negligible so that, the choice L = 0 can be done. In
practice, choosing L = 6 and M = 5 leads to fully satisfactory
results, in most cases (which corresponds to a 16th-order filter).

B. State—Space Representations in Continuous Time

In this section, the state—space representation of every ele-
ment presented in Section III, is derived in continuous time.

1) N-Port Junctions: These systems have no dynamics
because they only contain constant coefficients. That leads
to degenerate state—space representations where J = O:
dim(X) = (0,1), dim(A) = (0,0), dim(B) = (N,0) and
dim(C) = (0,N). However the state—space representation
formalism stays convenient and most scientist calculation
software manages empty matrices (Matlab©, Maple© for
instance). From (23) the degenerate state—space representation
of an N-port junction is

A=[], B=][]
c=1], D = Jy. (29)
2) Pieces of Pipe:
Cells Qfl and Q;: These Cells only contain constant co-
efficients k; and k,.. With Qfl for example, the matrices of the

degenerate state—space representation are

B =[]

D= [ ki (30)

1-k
1+k =k |

Cells Qé and Q: They contain one first-order transfer

function, using the simplification of Fig. 5, the state—space rep-
resentation of le is

A=[m], B=[1 1]
o=[a] 2=[i ]

Cells Q', and Q;: Using the approximation of diffu-
sive representations (28), and the simplification of Fig. 5, the

€19



state-space representation of Q! is written with a diagonal
form which follows:

A:dlag([gl reey £L7717 LK) ’Yl\ffvﬁlv 71\/[])
r T
[t 1
I S U |
C:_uﬁ...7uf,wf7...7wfj,wﬁ...7U§I
_/1'{%7"'7u§7w{%7"'7wﬂltm17 7m1\/j
[0 1
D=y 0]. (32)

Cell Q,: The central cell Qp of the framework contains
two pure delay operators which are simulated by circular buffers
in discrete time, and two transfer functions D(s) for damping.
These transfer functions are simulated by two approximation
filters D(s). Their state—space representation are

A =diag([&1, oy ELav1y ooy YLy <o T )

B =1, 1"

C=[uP, ...y wpP, ... wh wl, ... w

D =[o0]. (33)

3) Mouthpiece: From the expression of the 4 transfer func-
tions of the mouthpiece two-port Q,,,,, [see (18)], the canonical
form for the observation leads to the state—space representation
which follows:

0 1 0 0 0 0
_ —ag —ax 0 0 _ 1 0
A=y 0 0 1 ["B=10 o
0 0 —ap —Aax 0 1
1+RY. 1 77F
2 M.,Y. 0 [-1 0
v= M,C, 1 -1 ’ D‘[ 0 1]
0 _Cq
c Y.
. 24 RaYc =+ R(l, Cﬂ, +M(1,Yc
with ag = TR da;=2e VG, . (34)

If a1 # V/2a0, the matrix A is diagonalizable in C, then the
change of variable X’ = P~! X is done where P is the matrix of
eigenvectors of A. The diagonal matrix of dynamics is P~1AP.
The equivalent diagonal form is

{ $X/(s) = (PTLAP) X/(5) + (PIB)U(s) 5o

Y(s) = (CP)X'(s)+ D U(s).

4) Radiation: Using (22) and (20), the expression of the re-
flexion and transmission radiation, the canonical form for the
observation leads to the state—space representation which fol-

lows:
A [ 0 1 } B [0
—ay —ay 1
C — 2w1’ZCZS |: —Wyr }T D — |: g;;é: :|
(ZS + Zc)2 (ar - 257‘) foszp
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Zc 2 T 2Zc r Zs T
with ap :ﬁ and a1 = w ( Z£++Z o )

(36)

If a1 # V/2a0, the matrix A is diagonalizable in C, and its
diagonalization is performed.

C. State—Space Representations in Discrete Time

The diagonal form of the previous state—space representations
leads to .J independent one pole filters, which write
sX;=a;X;+V;, for1<5<J (37)

where a; = A;jand V; = 2N, B(jn)Un.

Then the use of discretization schemes yields .J discrete-time
equations. Standard solutions are forward or backward Euler
schemes, the bilinear transform, etc. In this paper, the so-called
modified first-order hold (cf., e.g., [37]), that is, the exact dy-
namics computed for a linearly interpolated input, is used. One
nice property of the first-order hold is the ability to build the
exact pole mapping.2 The corresponding difference equations
are

2X§ = 0 X§ + (21 + AoV for 1 <j <N (38)

where
o = e Ts
Aoy = a1~ @ (39)
\io) = + 5

The matrix version is

2XT = AYXY 4 (2A + Ao)U?
vy =cx?+ DU

(40)
(41)

where A; = diag({A(j)}1<j<s)B for I € {0,1}, and A? =
diag({a;}1<j<r).

Equation (40) is not a standard dynamics equation of
state—space representation, because z,, depends upon u,, in the

time domain. To cope with this problem, let us define the new
state vector: W = X — AyU? = W< = ALX? + A UY,

d _ gdyyd o pdyrd
{ZW = A*W* + BU 42)

Yd — Cde-f—DdUd

with B¢ = (A%A; + Ag), C¢ = C and D? = (CA; + D).
To simplify notations, vectors and matrices of the discrete-
time systems are denoted U, Y, X, A, B, C, and D.

V. REALIZABLE NETWORK

This section is devoted to obtaining a computationally re-
alizable network. First, from the previous network character-
ized by the state—space representations of elements, delay-free
loops are removed by concatenating elements without delay (cf.

2Note that, in the special case of convergent cones (cf. [30]), the first-order
hold has revealed to be more efficient than, e.g., the bilinear transform for the
stability. Moreover, in practice, its accuracy is fully satisfactory.
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Fig. 10. Concatenating bi two-ports, with state—space representation.

Section V-A). Then, the complexity of the new network is re-
duced using standard tools of automatic control consecutively
(cf. Sections V-B-V-D).

A. Concatenating Elements

Because of an instantaneous loop, two connected elements
without delay cannot be simulated in discrete time (see top of
Fig. 10). To cope with this problem, it is possible to derive an
equivalent two-port as the bottom of Fig. 10 shows.

In [33, pp. 31-33], the interconnection laws are performed
from state—space representation and are given in Appendix I-B.
This leads to the matrices A, B., C. and D, of the equivalent
two-port.

This operation is performed recursively to remove every in-
stantaneous loop, until the network only contains intertwined
N -port systems (without delay) and cells Qp (with delay oper-
ators).

B. Minimal Realization

At this stage of the building, a well-known result in automatic
control allows the reduction of the dimensions of the systems,
in order to reduce the cost of numerical computation.

For an original state—space representation, the study of its ob-
servability allows knowledge of the existence of a state change,
which defines observable and non-observable substates. From
an input/output point of view it is not necessary to simulate the
last substates, because they have no influence on the output.

Similarly, the study of reachability allows the separation of
reachable and unreachable substates. With zero initial condi-
tions, unreachable substates remain zero for bounded excita-
tions U.

Using the canonical form of Kalman (cf. [38]), the minimal
realization is derived by eliminating non-observable or unreach-
able substates. If they exist, the dimension of this minimal real-
ization is lower than the original.

Remark: The Kelly-Lochbaum framework (Fig. 5 right part)
corresponds to a minimal realization of the original cell (left
part) in the sense of automatic control theory.

C. Jordan Decomposition

To reduce the cost of calculation, it is useful to look for a new
change of state which makes the matrix A sparse.

Considering the minimal realization of a system of the net-
work, if its matrix A is diagonalizable over C”*”, the modal
form of the system is computed. If this matrix is not diagonal-
izable, it always admits a Jordan decomposition over C7*”.

Then, the appropriate change of variable is done to lead to
the new dynamics matrix A’ = P~ AP with the diagonal form
or the Jordan normal form. Such a matrix contains its complex
eigenvalues on its diagonal, some O or 1 on its super-diagonal
and O everywhere else.

D. Last Reduction

Whereas all systems are real-valued (u,, € RN and y,, €
RY), matrices of the state—space representation are complex-
valued. From a numerical point of view, computation with com-
plex numbers is more expensive than with real numbers. How-
ever, using the hermitian symmetry of input/output transfer ma-
trix (that is H(s) = H(3)), it is possible to reduce the number
of substates to calculate, as follows.

The matrix A is with the Jordan normal form, then its Jordan
blocks are sorted with respect to theixr eigenvalues. Real eigen-
values appear first, complex eigenvalues with positive imagi-
nary part appear second, and finally their complex conjugate ap-
pear with the same order. This leads to the matrix

A" = diag(Ag, Ac, Ag)

with Ag is a Jordan matrix composed with real eigenvalues,
Ac is aJordan matrix composed with complex eigenvalues with
positive imaginary part, and Az = Ac.

Then H(s) can be decomposed as follows:

H(s) = Hr(s) + Hc(s) + Hg(s) + D.

Using the hermitian symmetry of H(s) and by identifica-
tions, the following properties are proved: Hr(3) = Hg(s) and
Hc(3) = Hg(s). Thus, the contribution of H(s) can be de-
duced from that of H¢(s).

Decomposing the state—space representation with re-
spect to eigenvalues of A, X' = [XR,XC,XG]T,
B' = [Br,Bo,Bg]", and C' = [Cr,Cc,Cgl, the
equivalent scheme for simulation is, in the time domain

] = [ame] [me ) + [ e o

y(n) = Crazgr(n) + 2Re (Cczc(n)> + Du(n).

Moreover, using an appropriate change of variables, it is pos-
sible to ensure that Bg and Ci are real matrices.

VI. RESULTS OF SIMULATIONS

A. Building Two Virtual Trombones

In this section, two virtual trombones are built with a mouth-
piece, a varying cross-section pipe, and a radiation impedance.
The target instrument is a Courtois trombone, for which the
shape and the input impedance have been measured.

In the first case, the pipe is decomposed into 11 pieces of
pipe, with some discontinuities of sections or slopes to have a
refined fit with the measured shape. This model is denoted Mj.
The first piece is a cone at the junction between the mouthpiece
and the pipe, the three following are cylinders for the slide, then
two cones and two cylinders approximates the junction between
the slide and the horn, and finally three flared pieces of pipe
approximates the horn.
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Fig. 13. Comparison of input impedances of M; with and without
visco-thermal losses. This comparison shows the effect of visco-thermal
losses mainly in term of quality factor.

The second case M, is a simplification of the shape with only
one cylinder and four flared pieces of pipe and with continuity of

section and slope at junctions. It leads to the Kelly-Lochbaum
scattering network of [11], because of the C*-regularity of the
radius.

Parameters of flared pieces of pipe, of M7 and M5, have been
chosen so that the shapes of the virtual pipes fit the real shape.
Then, they have been adjusted by an optimization so that the
computed impedance get closer to the measured impedance. The
values of geometrical parameters used for the two models are
given in Appendix II.

B. Simulated Systems and Computing Impedances

From the geometrical parameters of M; and Ms, the respec-
tive whole networks for simulations are built by following the
procedures of Sections IV and V. These global systems which
represent the resonator of a trombone, have one input and two
outputs: the input is the incoming traveling wave p at the entry
of the mouthpiece, and their outputs are the traveling wave p_
outgoing from the mouthpiece and the radiated pressure ps from
the horn. In Fig. 11, R (f) and T,(f) represent the global re-
flexion and the global transmission, respectively.
Note that in the case of a complete sound synthesizer, pT™ and
p, are used for the coupling between the exciter (lips for brass
instruments) and the resonator, and p; is the output variable of
the synthesizer.
The input impedance of a virtual trombone is computed, at
the sampling frequency F; = 44100 Hz, as follows.
* The impulse response r4(n) of the global reflection is com-
puted in the time domain. It is the response of p_ (n) for
n > 0 with zero initial conditions, when pF(n) = §(n).

» Then R,(f) := P, (f)/PX(f) is evaluated by a discrete
Fourier transform of r4(n).

* Finally, from (1), the normalized input impedance is

SO Pe(f) — ZCSO 1+Rg(f)
Ue(f)  poco 1 —Ry(f)

where Sy = mr denotes the section area at the entry of
the resonator, which is the mouthpiece here.

Z(f) =

= 43)
PoCo

C. Comparison of Impedances

In this section, the comparison between the measured input
impedance and the impedances of M; and M, is presented. The
measurements have been done with a Courtois trombone using
the impedance sensor of the CTTM.3 Impedances are presented
in Fig. 12. The importance to take into account visco-thermal
losses is illustrated in Fig. 13, where the impedance is calculated
with and without losses (¢ = 0)

The main improvement of the model M; (with 11 pieces of
pipes) compared to that of M, (with 5 pieces) concerns the spec-
tral envelope. Whereas the envelope of maxima and minima of
M5 is smooth, that one of the measurements have some irreg-
ularities (see the fifth and the sixth maxima for example). With
a best fit with the real shape of pipe, the envelope of M; has
the same type of irregularities. However, because of the simpli-
fication of M>, the complexity of the network of simulation is
reduced.

3Centre de Transfer de Technologie du Mans (CTTM), Le Mans, France.
http://www.cttm-lemans.com.
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VII. CONCLUSION AND PERSPECTIVES

Using the formalism of state—space representations for digital
waveguide networks leads to a good modularity for the assem-
bling of elements, and an automatic building of the network of
simulation. Moreover, standard tools of automatic control are
used to reduce the cost of computation.

Considering the refined model of Webster—Lokshin for lossy
flared pipes, it has been shown that this formalism can be applied
with an approximation of the diffusive representations by finite-
dimensional systems. Compared to models based on cylinders
or cones, this model requires fewer pieces of pipe to obtain good
geometrical fits and realistic computed impedances. This latter
point is the main contribution of this work.

In this paper, only linear and static models have been pre-
sented. In order to have a complete computer-aided maker of
virtual wind instruments, nonlinear or time-varying system must
be considered: trombone slide, valves, lips (cf., e.g., [39]), reed
(cf., e.g., [5], [22]), tone-holes (cf., e.g., [5], [40]), brassy effect
(cf., e.g., [41]). The modularity of the formalism should make
an easy integration possible with few differences.

In Section VI, geometrical parameters of the model are
chosen to fit the measured shape of pipe, then they are ad-
justed by an optimization to lead to a realistic impedance. It
seems interesting to go into details in this way. Moreover, the
approximated impedance could be idealized, with a perfect
harmonicity for instance.

In the case of C!-regular radius, the stability and the passivity
of a network built by lossy flared pieces of pipe using the Web-
ster—Lokshin model has been proved mathematically, but the ap-
proximation of Section IV-A does not guarantee to preserve the
stability and passivity of the whole network. At present these
properties can only be checked a posteriori, before simulation.
Nevertheless the automatic conservation of the stability and the
passivity is under study.

Even if the order of simulated transfer functions is relatively
high (16th order in most cases), the global complexity is com-
pensated by the small number of simulated pieces of pipe. More-
over, some extended methods of optimization may lead to a sig-
nificantly reduced complexity. This promising point is under
study.

APPENDIX |
CONNECTING TWO-PORTS

Connecting two systems consists in branching outputs of one
system to inputs of the other. In Fig. 14, Q. is defined as the
equivalent two-port of the connection of Qi and Q5. In [14],
the following notation is defined: Q. = Q1 ® Q2, where = is
the equivalent relation and © is the connection operator.

Merging these two-ports into a unique equivalent two-port is
interesting for the following reasons.

* First, in some cases, merging allows the simplification of

the framework.

[t can be used to prove the equivalence between some dif-

ferent forms of a two-port system.

* As Fig. 14 shows, there is an instantaneous loop at inter-

face, which cannot be simulated numerically as such.

Here are presented two methods of concatenation.

+ +
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== H, r—i ﬁ‘\ i Hj, I—IQ
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Fig. 14. Connecting two-ports with transfer functions.

na y

Uy yf’ = Uy y;’
— — = —= -
- (AlvBlaCth) 5 ,, (A27B27027D2) -

Y% ur =y U
- fe= = -

Il +

uy Ys

(A87B€7CE7D€>

Yr

E

Fig. 15. Concatenating 2 two-ports, with state—space representations.

A) Algebraic Concatenation: The first algebraic method
is performed from the transfer functions of two-ports Q; and
Q2, and leads the analytical expressions of transfer functions of
the equivalent two-port Q. [see (44)—(47)]. These expressions
are proved in continuous time and in discrete time. Studying
stability of the transfer function of Q. leads to study the roots
of 1 — Hl,H? in the Laplace domain or in the z-domain:

. Hi,H} H}
Hiy=Hiy+ 2505 };%12 H21211 (44)
H%,HY
H — 127712 (45)
271 - HLHY
H} H?
HE — 217721 , (46)
271 - HLAY
. H?,H3},H?
Hyy = Hiy + 225 =2 ;2122 1{21211 : 47)

B) Concatenation With State—Space Representations: The
second method is performed using the state—space representa-
tions (cf. Fig. 15). With the block decomposition of Q1 and Q2
[see (48)], the discrete-time state—space representation of Q. is
performed in [33, pp. 31-33] and is given here by (49)—(52)

( u+
Qr R k (48)
][5 [25][5)
\ LYk Cy dgy d3o | | ug
A _ _Al + Bl_d%lry+ci|— Bl_7702_ ] (49)
| Bfytof As + B djyy Oy |
Bs — |:Bi|— + El_d%11’7+d%1 _ Bl_l_fl%Z o (50)
By y*dy, By + By d3yy dis |
Oe — |:C1_ +1d%2d%11+0f_ n d%QZ’y_lc’Z_ _ (51)
) dy vt Cy Oy + d3ydypy Oy |
D — |:d%1 + d%2d%1ry+d%1 d%27_d%2 (52)
¢ 3yt dy, d3q + d3,dyy~diy |




where yT and ™ are the inverse matrices of Id — d},d3; and
Id — d?,d3,, assuming they are invertible.

APPENDIX II
GEOMETRICAL PARAMETERS OF MODELS

The following tables give the values of geometrical parame-
ters used for the two trombone models of Section VI. The first
model, M, is the model with 11 pieces of pipe, and the second
model, M>, is made with five pieces of pipe.

Mouthpiece parameters of M7 and Ms:

re (mm) [V, (m®)[L, (em)|r, (mm)
14.5 1.0775¢ — 5 | 1.9 3.75

Pieces of pipe parameters of M;:

[ [ mm)[r, mm)[L (em) [T (m?)]
1 6.35 6.9 4.7 0

2 6.9 6.9 63.5 0

3 7.75 7.75 18.8 0

4 6.9 6.9 74.5 0

5 6.98 7.5 18 0

6 7.5 7.5 8.62 0

7 7.96 10.04 19.6 0

8 10.4 10.4 8.62 0

9 10.4 20.1 32.3 8.33
10 || 20.1 41.5 13.3 79.87
11 || 41.5 110 8.38 53.42

Pieces of pipe parameters of Mo:

[ [n (mm)[r, (mm)[L (ecm) [T (m~?)]

1 || 6.9 6.9 161.5 0

2 || 6.9 10.4 54.9 3

3 || 10.4 23.5 37.74 9.03

4 || 235 4.7 12.36 146.2

5 || 4.7 110 3.9 42.4
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