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Lacunarity of Fractal Superlattices: A Remote
Estimation Using Wavelets

Y. Laksari, H. Aubert, Senior Member, IEEE, D. L. Jaggard, Fellow, IEEE, and J. Y. Tourneret

Abstract—The lacunarity provides a useful parameter for
describing the distribution of gap sizes in discrete self-similar
(fractal) superlattices and is used in addition to the similarity
dimension to describe fractals. We show here that lacunarity,
as well as the similarity dimension, can be remotely estimated
from the wavelet analysis of superlattices impulse response. As a
matter of fact, the skeleton—the set of wavelet-transform mod-
ulus-maxima—of the reflected signal overlaps two hierarchical
structures in the time-scale domain: such that one allows the
direct remote extraction of the similarity dimension, while the
other may provide an accurate estimation of the lacunarity of the
interrogated superlattice. Criteria for the choice of the mother
wavelet are established for impulse response corrupted by additive
Gaussian white noise.

Index Terms—Inverse problem, lacunarity, noise, wavelet anal-
ysis.

I. INTRODUCTION

THE remote analysis of scaling properties of multiscale
(fractal) objects may be achieved from interrogation by

an incident electromagnetic wave. From the observed reflection
data in the spectral (see [1] and, the references therein) or in
the time [2]–[6] domain the problem consists of determining
the primary fractal descriptors of interrogated objects. Recently
some of us have reported [7], [8] the remote determination
of fractal descriptors of discrete self-similar laminated struc-
tures denoted fractal superlattices. We have shown that the
time-scale analysis is a powerful tool for detecting singularities
(or abrupt changes) in the impulse response that are due to
direct reflections and consequently, that such analysis may be
used advantageously for the resolution of inverse problems
involving discrete self-similar objects [9], [10]. We explore
here the efficiency of the wavelet-based analysis when the
impulse responses of fractal superlattices are corrupted by
additive Gaussian white noise. In addition to the admissibility
conditions, criteria for the choice of the mother wavelet are
established for improving the efficiency of wavelet-based anal-
ysis. Next the inverse problem involving laminated structures
constituted by two different superlattices is analyzed with
success.
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The present article is organized as follows: the theoretical de-
velopments of Section II deal with the determination of the im-
pulse response of fractal superlattices corrupted by an additive
Gaussian white noise. Section III is devoted to the choice of the
mother wavelet and to the remote estimation of the similarity
dimension and lacunarity from the wavelet analysis of this im-
pulse response. In Section IV the proposed approach is applied
to the cascade of two different superlattices. Finally, conclusions
are drawn in the last section.

II. IMPULSE RESPONSE OF FRACTAL SUPERLATTICES

CORRUPTED BY AN ADDITIVE GAUSSIAN WHITE NOISE

A. Similarity Dimension and Lacunarity of Fractal
Superlattices

Discrete self-similar (fractal) superlattices are multilayered
structures that are designed by alternating dielectric layers of re-
fractive index and according to an iterative process.
As displayed in Fig. 1(a) for the first stages of growth, the stage
of growth consists in replica of one obtained at the previous
stage , each replica being reduced by a factor . The sim-
ilarity dimension associated to the resulting superlattice is
defined by .

Two superlattices, with the same similarity dimension, may
differ from the size of the outermost gap (normalized to the
total length ) at the first stage of growth (here, a “gap” is a
layer of refractive index ). Such quantity characterizes the
“gappiness” or lacunarity of the superlattices [11]: when all gaps
have the same lengths at the first stage of growth, the structure
presents a low lacunarity; when some gaps are large while the
others are very small (e.g., for small values of ) the structure is
said to be highly lacunar. In addition to the similarity dimension

, the lacunarity-related parameter provides a second useful
descriptor for characterizing fractal superlattices.

B. Impulse Response Corrupted by Noise

The noiseless impulse response of a fractal superlattice
is given by the following inverse Fourier transform:

(1)

where denotes the radius (or root mean square duration) of the
normally incident (electromagnetic or optical) Gaussian pulse
and designates the reflection coefficient of the superlattice
of length at the stage of growth . This coefficient is computed
by using an efficient double recursive computational technique
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Fig. 1. (a) Generation, for the first two stages of growth, of a lacunar (polyadic) Cantor distribution of dielectric layers of refractive index n and n immersed
in a medium with refractive index n . Here, each stage consists in � = 4 replica of the distribution at previous stage, each being reduced by a factor � = 1=7. The
similarity dimension of this fractal structure is then D = ln(�)= ln(1=�) = ln 4= ln 7. (b) Pulse interrogation of the lacunar Cantor superlattice. As illustrated
in the insert, due to multiple reflections the reflected signal r(t) is wildly irregular. The spectral radius of the pulse is chosen close to the highest spatial frequency
of the multilayered structure at S = 5. The constitutive parameters of the multigap superlattice are: S = 5; " = 1=14; � = 4; � = 1=7; � = 2=7;n = 1, and
n = 1:5.

(see [11] for details). An impulse response corrupted by an
additive Gaussian white noise of zero mean and variance

can then be written as follows:

(2)

As illustrated in Fig. 1(b), due to multiple reflections inside
the superlattice, the noisy or noiseless impulse response ex-
hibits a succession of abrupt changes or singularities in time. For
noiseless impulse responses it has recently been reported that
the wavelet analysis allows the remote estimation of the simi-
larity dimension [7] and lacunarity [8] of fractal superlattices.

We show here that this wavelet-based approach holds even if an
additive Gaussian white noise corrupts the impulse responses.

III. REMOTE ESTIMATION OF THE SIMILARITY DIMENSION AND

LACUNARITY FROM WAVELETS

A. Wavelet Analysis of Highly Irregular Signals Corrupted
by Noise

The continuous wavelet transform (CWT) of the impulse
response consists of expanding the response in terms of
wavelets constructed from a single function, named the mother
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Fig. 2. (a) Maxima of the wavelet transform modulus of the impulse response shown in Fig. 1(b). At a given scale, each point shown in this time-scale representation
indicates the location of a maximum for the wavelet transform modulus. Two hierarchical structures of some wavelet maxima are clearly apparent in this skeleton:
for clarity, these two structures are reported in (b) and (c).

wavelet , by means of dilations and translations. The
wavelet coefficient of at scale and time is then given by

(3)

The (real valued) mother wavelet is required to be
of zero mean and well localized in both time and scale [13].
Admissibility conditions are now well-known and established
[14]. Additional criteria may be proposed for the choice of this
wavelet in order to maximize the wavelet-based signal-to-noise
ratio given by [15]

(4)

where designates the mathematical expectation of
is the noiseless impulse response and denotes an ad-
ditive Gaussian white noise of zero mean and variance
(see Section II). As observed previously, the noiseless impulse
response consists of a succession of abrupt changes. Assume
that these singularities are analog to a succession of Dirac delta
functions. For a Dirac delta function singularity occurring at

time , i.e., for where , the
defined by (4) becomes

(5)

where is the auto-correlation
function of the (real valued) mother wavelet . From (5)
it follows that the is inversely proportional to the
scale parameter. Consequently, the wavelet analysis is more ef-
ficient at fine scales than at coarse scales. Moreover, (5) provides
a direct relationship between the in the time-domain

, and the in the time-scale domain .
Finally, for maximizing the at time , we
conclude that a mother wavelet which renders maximum the
ratio should be chosen. For a mother wavelet
belonging to the class of unit energy—that is for satis-
fying the condition —this criteria reverts to ensure a
high value to . We adopt here the second derivative of the
Gaussian function (also referred to as the
Mexican hat wavelet).

From the maxima of the CWT modulus at a given scale,
named the wavelet-transform modulus-maxima (WTMM), one
can extract the skeleton of the impulse response, that is, the set
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of all WTMM in the time-scale domain. This skeleton allows
us to capture the scaling properties of the temporal distribution
of singularities in the analyzed signal [16]. Here, we use this
property of wavelet analysis to explore the locations of singu-
larities in the impulse response . In order to illustrate our
method, Fig. 2(a) displays the skeleton of the impulse response
(with high ) of a lacunar superlattice at stage ,
with , and . We observe that this
skeleton overlaps two hierarchical structures that are reported
in Fig. 2(b) and 2(c). Thus, fractal superlattices, when interro-
gated by an electromagnetic or optical pulse, imprint their dis-
crete self-similarity properties on the reflected signal by gener-
ating discrete self-similar hierarchical structures in time-scale
domain. We now show that these two hierarchical structures
allow the remote estimation of the similarity dimension and la-
cunarity.

B. Wavelet-Based Estimation of the Similarity Dimension

Following the process developed in [7] for nonlacunar super-
lattices, the hierarchical structure displayed in Fig. 2(b) allows
the estimation of the similarity dimension of the superlattice in-
terrogated by the pulse from the following relationship:

(6)

where designates the number of maxima at scale . As a
matter of fact, from the illustrative example of Fig. 2(b) [

, and ] we note that the number of maxima
increases by when the scale decreases from to

( and is an integer), where denotes
the constant scale factor between successive bifurcations: thus,
from (6), we deduce that . This wavelet-
based dimension provides an excellent approximation of the
similarity dimension of the interrogated superlattice. For fractal
superlattice with arbitrary and , we have observed that the
number of maxima increases by when the scale
decreases from to , where designates
the number of arch-like structures replicated in the time-scale
and represents the constant scale factor between successive
bifurcations. We remark that the values of and provide a
very good approximation of and , respectively. Moreover,
the number of maxima at a given scale is found to be

. Consequently,
from (6) we deduce , that is, a remote es-
timation of the similarity dimension .

As shown in Fig. 3 where a large range of similarity dimen-
sions for various lacunarities and signal-to-noise ratios
is investigated, the computed wavelet-based dimension
still provides a good estimation of the similarity dimension
for many fractal superlattices. As mentioned in our previous
research involving non lacunar superlattices and noiseless
impulse responses [7], the wavelet-based dimension provides a
good estimation of the similarity dimension if refractive indices

and if the radius of pulses is close to the
inverse of the highest spatial frequency of the interrogated
multilayered media. For greater than 10 dB we show

Fig. 3. Wavelet-based dimension D as a function of the similarity
dimension D for various signal-to-noise ratios S=B : () S=B = 10 dB,
(+) S=B = 20 dB, and (�) S=B = 30 dB. All the symbols are close to the
straight line D = D . Here, the lacunarity parameter " = 1=11.

here that the error on the estimation of the similarity dimension
does not exceed 6% (see Fig. 3).

C. Wavelet-Based Estimation of the Lacunarity

Consider the lacunarity-related parameter of a fractal su-
perlattice with arbitrary and (see Section II). At the first
stage of growth and for even values of , we deduce that

where denotes the ratio
between the length of the center gap and the length the outer-
most gap. Consequently, since and are estimated by and

, respectively, a wavelet-based approximation of the la-
cunarity-parameter can be obtained by the following relation-
ship:

if is even (7a)

where designates a scale ratio between the first bifurcations
at large scales. For for odd values of (or ) the wavelet-based
lacunarity parameter is found to be

if is odd (7b)

Fig. 4 display the wavelet-based lacunarity as a function
of the lacunarity-parameter for various SNRs. In Fig. 4(a) the
lacunarity-parameter is estimated by substituting by in
(7a), that is, by using the exact value of . The error does not
exceed 17% for SNRs greater than 10 dB. From (7) we note that
the determination of the wavelet-based lacunarity suffers from
two sources of errors: one on the evaluation of the constant scale
factor between successive bifurcations and one on the estima-
tion of . As shown in Fig. 4(b) where these two inaccuracies
are taken into account the wavelet-based lacunarity-parameter

given by (7a) is still close to the lacunarity-related param-
eter (the error does not exceed 8%).
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Fig. 4. Wavelet-based lacunarity " as a function of the lacunarity parameter
" for a lacunar Cantor superlattice: (a) from the exact value of �, that is, by
substituting � by 1=� in (7a), and for various signal-to-noise ratios S=B :
() S=B = 10 dB, (+) S=B = 20 dB, and (�) S=B = 30 dB; and (b)
for S=B = 30 dB and (+) from the exact value of � and (——) from the value
of � estimated from the skeleton of Fig. 3(b). Here, the similarity dimension
D = ln 4= ln 7.

IV. CASCADE OF SUPERLATTICES

Consider a multilayered dielectric structure composed of two
Cantor superlattices (separated by a distance ) with similarity
dimensions and , respectively. For each superlattice
the transmission and reflection coefficients are deduced from the
above-mentioned recursive algorithm (see [11]). By cascading
three chain-matrices the reflection coefficient of the overall lam-
inated structure is then deduced and finally, the impulse re-
sponse is computed. As shown in Fig. 5 the skeleton associated
with the cascade of two superlattices exhibits two hierarchical
structures in time-scale domain. The hierarchy associated to the
second superlattice emerges clearly in the late time response of
the first one. Each hierarchy allows the accurate remote extrac-
tion of the similarity dimensions and of each con-
stitutive Cantor superlattice, that is: and

.

Fig. 5. Skeleton of the impulse response of the cascade of two Cantor
superlattices of different similarity dimensions: D = ln(4)= ln(7) and
D = ln(2)= ln(5).

V. CONCLUSION

An accurate remote estimation of the similarity dimension
and lacunarity of discrete self-similar superlattices has been
achieved from the wavelet analysis of impulse response re-
sponse in presence of an additive Gaussian white noise. Criteria
for the choice of the mother wavelet are established in order to
maximize a wavelet-based and consequently to improve
the remote estimation of fractal descriptor from reflection data.
Illustrative examples are given for the case of one-dimensional
Cantor superlattices. However, the analysis is also applicable
to multidimensional discrete self-similar objects.
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