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Abstract— A predictive control method to perform the ac-
tive damping of a flexible structure is here presented. The stud-
ied structure is a clamped-free beam equipped with collocated
piezoelectric actuator/sensor. Piezoelectric transducers advan-
tages lie in theirs compactness and reliability, making them
commonly used in aeronautic applications, context in which
our study fits. Theirs collocated placement allow the use of
well-known control strategies with guaranteed stability. First
an analytical model of this equipped beam is given, using the
Hamilton’s principle and the Rayleigh-Ritz method. After a re-
view of the experimental setup (and notably of the piezoelectric
transducers), two control laws are described. The chosen one
- Generalized Predictive Control (GPC) - will be compared to
a typical control law in the domain of flexible structures, the
Positive Position Feedback, one of the control law mentioned
above. Majors benefits of GPC lie in its robustness in front of
model uncertainties and others disturbances. The results given
come from experiments on the structure, performed thanks to
a DSP. GPC appears to suit for the considered study’s context
(i.e. damping of the first vibration mode). Some improvements
may be reached. Among them, a more complex structure with
more than a single mode to damp, and more uncertainties may
be considered.

Index Terms— Active Control - Piezoelectric transducers -
Predictive Control - Flexible structures.

I. INTRODUCTION

The reduction of vibrations in flexible structures finds one
of its most important applications in avionics. Indeed, con-
sidering the vibratory environment in this domain, we can
distinguish two kinds on vibration: the transient vibrations
which are related to impulses or gusts and the permanent vi-
brations dues to repetitive efforts or turbulences. Transient
vibrations, in particularly, are located around the wings and
the fuselage, appears in low frequency and may excite the
modes of the structure (See details in [7]).

In this paper, a Generalized Predictive Control (GPC)
is used to perform the active damping of a clamped beam
equipped with piezoelectric sensor and actuator. The pur-
poses here are on the one hand to perform the damping of the
structure i.e. to perform as efficiently as possible the vibra-
tory disturbances reject and on the other hand to evaluate the
performances of such a control law, in the domain of flexible
structures.

The flexible structure considered has its eigenfunctions
in low frequency - around 20 Hz - just like avionics struc-
tures. This equipped beam will be described in section I1-A,
where more details concerning the piezoelectric components
and the experimental environment are given. An analytical
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state model follows this description, taking into account the
full control loop i.e. including the piezoelectric actuator and
sensor. The section IV deals with the control law. The ba-
sis and the main features of the chosen control law are here
explained. Finally, the efficiency of such a control law is
studied in the section V. These results will allow appreciat-
ing the interest of GPC, according to more classical control
laws.

II. EXPERIMENTAL SETUP

A. The control loop

The whole control loop is represented Fig. 1.

The studied structure in an aluminium clamped-free
beam, whose characteristics will be given in Table 1. This
beam is equipped with piezoelectric sensor and actuator (c.f.
next section), bounded in its clamped side. In case of vi-
brations, the sensor is subject to a bending moment which
appears as a charge variation, then as a voltage, thanks to a
charge amplifier. In an analog way, the actuator induce into
the structure a bending moment proportional to the voltage
applied to it.

This flexible structure has its eigenfunctions in low fre-
quency - around 20 Hz - just like avionics structures, domain
in which our study fits.

The output and control signals are respectively the stresses
measured by the sensor and provided by the actuator at the
clamped side of the beam. The full control loop also includes
a charge amplifier and a voltage amplifier.

Computer
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free-clamped amplifier
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Fig. 1. Control loop

Using such a charge amplifier allow us to measure a
charge quantity instead of a voltage and thus to avoid difficul-
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ties inherent to the cables impedance. This amplifier set the
tension between the sensor’s electrodes to zero. The charges
are conveyed to a capacity inside the charge amplifier. The
quantity of charges is determined by measuring the tension
at the capacity’s terminals.

The control law is computed by a DSP, a dSpace board.

material | Aluminium
length | L = 30cm
width | { = 2cm
thickness | 7 = 2mm
Young modulus | 75G'Pa
density | p = 2970
TABLE I

BEAM CHARACTERISTICS

B. The piezoelectric devices

The piezoelectric transducers allow the conversion be-
tween mechanical and electrical energy. Thanks to the piezo-
electric effect, bending moments can be measured and pro-
vided (because they are proportional to the delivered and pro-
vided voltages).

These patches are bonded on each side of the beam. They
are collocated (c.f. the "Modelling" section) . It is shown that
the most efficient location for them is on the clamped side
of the structure. The chosen actuator material is PZT (Lead-
Zirconate-Titanate). This actuator will be glue on the beam
using an epoxy adhesive. The beam being used as ground,
the sensor’s electrode has its potential set to zero. A cable is
glued on the other electrode.

The sensor will be cut in a PVDF (Polyvinvlidene fluo-
ride) sheet. It is placed on the other face of the beam, using
double-face adhesive, with one cable per electrode.

The main benefits of using piezoelectric transducers lie
in the fact that this is nowadays a mature technology (see
[1], [2]). Theirs linearity, compactness and reliability should
make them particularly efficient for such a structure. More-
over piezoelectric patches are commonly used in aeronautic
applications (precisely because of theirs above advantages),
context in which our study fits.

Main characteristics of the piezoelectric transducers will
be given in Table 7.

II1. MODELING

The purpose of this section is to give an analytical state
model of the equipped beam.

The first step is to consider the Hamilton’s principle (see
(1)), thanks to which the relation between the conservative
forces’s work and the kinetic and potential energies can be
expressed.

123 2
/ 5(T—U)dt+[ ordt =0 (1)
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where:

o 7. conservative force’s work
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Actuator/Sensor

material | PZT
length | L, = L. = 2.5cm
width | I, = 1. = 2em
thickness | h, = 0.5mm
he = 25.107%m
Young modulus | £, = 60GPa
E. = 60GPa
piezo. coef | daj, = 210.1072mV !
d31. = 16.1012my —1
TABLE II

PIEZOELECTRIC TRANSDUCERS CHARACTERISTICS

T kinetic energy

 U: potential energy

This continuous problem is solved using an approxima-
tion method, like the Rayleigh-Ritz (or variational) one,
where the considered generalized coordinates ¢; will be
the nodes displacements. The deflection tip will be ap-
proximated by the sum of these generalized displacements
weighted by the shape functions 1, as described in (2)

wla,y =) =Y ey gty =0ty (2)

The Hamilton’s principle is rewritten, using (2) and is used

jointly with the Lagrange equations, defined in (3).
gC_T o U 5
dt \ Oq dq  Oq -

where F represent the generalized forces.

This lead to the dynamics equations (4):

M¢+Ci+Kg=F 4)

where M and K are respectively the mass and stiffness ma-
frix. C' is the damping matrix. It has been added to improve
the model.

Because the aim is to compute a control law, the notions
of input and output are added to the above equations.

Mg(t) + Cq(t) + Kq(t) = bu(t)
{ y(t) = caq(t) + cog(t) + ca(t)

where v and y are respectively the input and output.

Thus a state-space representation of the structure can be
written. However the flexible structures domain deals with
the dynamic behavior of these structures. A real modal anal-
ysis must be performed so the modal base is chosen to ex-
press the state-space representation, where the eigenfunc-
tions will be the mode shapes of the beam.

The state-space representation in such a base will be writ-

(5)

ten as:, ) . .
q?‘. _ —28iw; —Ww; C]l b;
A eI E
y = [0 &] {?}-i—()u

(6)

The sensor and the actuator were previously called ’collo-
cated’. This term is used when a structure is equipped with
an actuator applying an generalized effort and with a sensor
measuring the corresponding degree of freedom. This case
results in a very particular allure of the Bode diagram (see
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Fig. 2. collocated system (4 first modes)

Fig. 2) and in an alternating pole-zero pattern near the imagi-
nary axis in the root locus. These properties aren’t anecdotic,
they have an important significance in term of stability. In-
deed, such a pattern guarantees the asymptotic stability of
some well-known control laws (and allows to avoid the pole-
zero flipping phenomenon for example). One of these typical
control laws will be reviewed in the next section.

The state-space model must take account into the piezo-
electric devices. Bundling the actuator and sensor into the
model leads to consider the piezoelectric equations (7).

S = s%0 +dle
{ D=do+:%€¢
Those bind electrical (electric field ¢ and displacement D) to
mechanical values (stress S and strain o). (This notation is
only valid for this equation set). Thanks to these equations,
the relations between the voltages (applied by the actuator
and delivered by the sensor) and the bending moments cor-
responding can be written. The expressions of b; and & can
also be written, in function of piezoelectric variables (see dé-
tails in [2]).

Note: Another way lies in adding the energetic contribu-
tion of the piezoelectric patches into the Lagrange equations.

The final model include each element quoted above. The
last step in the modelling process is the model reduction. In-
deed, on the one hand a too large number of states in the
model would make the control almost impossible to perform
experimentally and on the other hand, the choice has been
made to focus the control on the first vibration mode. So the
model has been reduced to the second order.

(7)

IV. CONTROL LAW

The two chosen control laws will be here described. As
been said above, the control focus on the first flexible mode
of the beam. So the disturbance used during the tests will be
chosen to suit this aim.

To be able to evaluate the contribution of GPC in the study
domain, we need to compare it to a standard. The 'reference’
control law selected is one of the typical control laws used

for active control of flexible structures, named PPF (Position
Positive Feedback). The second one is (of course) the GPC
(Generalized Predictive Control).

A. PPF

The interests and benefits of using collocated actua-
tor/sensor couples are already been remarked. A class of
control law that guarantee the asymptotic stability has been
used and successfully tested.
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Fig. 3. SISO loop

Such control laws are built on considering independent
SISO loops ¢.Go(p).D(p) (see Fig.3), where ¢ 1s a scalar
gain, (G the sensor/actuator transfer and D the controller.
Among these control laws - and because of the natural input
and output of our structure i.e. stresses - the Positive Position
Feedback (PPF) appears as particularly appropriate (see [3]).

Its starting idea is that some roll-off must exist in
g.Galp).D(p) to deflect the phase lag due to the actuator dy-
namic or the digital sampling for example. If the structure
(G) doesn’t include enough roll-off, it must appear in the
controller. Let’s consider a typical structure to damp. The
governing equations are almost similar to a second order fil-
ter:

&+ 28wt +wiz=u

(8)
g=DBT%
The control law « will be defined by :
o i R it § P B
{ 0+ 28wyt ngfl = wj (9)
U= guyv

(w2 is introduced to make g non-dimensional).

The structure to damp has two more poles than zeros (see
(8) and two extra poles are brought by the controller. Thus,
as seen in Fig.4, four asymptotes exist in the root locus.
An analysis shows that stability of the closed loop system
is guaranteed for 0 < g < 1.

Notes: The aim is to damp the first mode, so these equa-
tions have been given in the mono-dimensional case.

B. GPC

Each Predictive control methods involve three steps. First
of all comes the Quiput prediction. As Predictive control is
a model-based control law, this model allow to predict the
future behavior of the system output from the actual data.
Then occurs the Control calculation, when the control signal
is compute to make the predicted output as close as possi-
ble to the desired future output. The last step lies in closing
the feedback loop, during which the current value of the pro-
posed future control signal is applied to the system. Because
these three steps happen at each sample instant, predictive
control is known as a receding horizon strategy.
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Generalized Predictive Control (GPC) is an interesting
and later approach among the differents Predictive Control
methods(see [4], [5], [6]).

It uses a CARIMA model of the considered plant (in-
stead of the impulse or step response models previously used,
which bring difficulties to handle unstable systems). Con-
sider a plant of the form:

AlgNy(t) = ¢ 'Blg Mu(t) (10)

Where y, « are respectively the output and input of this
plant.

The linear CARIMA model will be written as:

Alg™hAy(t) = ¢ ' B¢ HAu(t = 1) +£(t)

Where ¢ is the the disturbance.

The control law is computed by minimizing a cost func-
tion (see (12)), which involves the predicted output y* and a
reference set r.

(11)

ho ha
Z f+7—7f+7]+zf\Aaf+J—1)]
F=F j=1

(12)

We can distinguish in this cost function the minimum and
maximum prediction horizon (h; and hs, respectively), the
control horizon (h,, ) and the control increment weighting ().
These four values are the design parameters of GPC.

¢(t + 7) is the predicted output at time ¢ + 5. This predic-
tion is performed thanks to the available input/output data at
time ¢, as shown in (13).

9t +3) = Filg~ () + E;(q~ Bl ) Aulk +5 ~ 1)
(13)

With the Diophantine equation (14):
1=Ej(¢ DAl H).(1-¢ )+ 'Filg)  (14)

The prediction of the system output y is based on two dif-
ferent components, named free and forced responses. The
free response represents the predicted behavior of the output
y(t + 7j|t) (in the range from ¢ + 1 to ¢ + ), based on pre-
vious outputs y(¢ — i[¢t) and inputs (¢ — i[t), considering no
future control. The forced response is the additional compo-
nent of the output computed from the optimization criterion.
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The total prediction is the sum of both components (for lin-
ear systems). Together with the known reference values the
future errors can be calculated. Caused by these future er-
rors, future control signals are calculated to set the output to
the desired reference values.

The following step is to separate the forces and free re-
sponses, using (15):

9t +5) =gt +jlt) + Glg HAulk +5-1) (15
(15) can also be written :
g=Gu+f (16)
where: ) X .
=gt + h1). gt +ho)f
f=190t+ haft).. .9t + haolt)]’ (17)
a=[Au(t)... Au(t + h, = 1)]
and
g0 0 0
g1 go 0
;= (18)
go
Gho—1 g(hz—hu)
where g; are the polynomial elements of G(¢~1).
We obtain: i
Uope = (G'G+21d) .G r - f) (19)

GPC belongs to the group of “long-range predictive con-
trollers™ and generates a set of future control signals in each
sampling interval, but only the first element of the control
sequence is applied to the system input, as described in (20).

w(t) =ult = 1) +g'(r — -
With g, being the first row of (GtC‘ +A1d)!
In addition to its well-known good control performance the
robustness properties makes GPC interesting and realizable
for practical control applications. For this purposes GPC
offers a compact control strategy in terms of model mis-
matches, variable dead time and disturbances.

(20)

V. RESULTS

As mentioned above, the aim of the control law is to damp
the first vibration mode. The tests must refiect this purpose.
Release tests have thus been performed: the beam’s tip is de-
viated from its equilibrium position and released. This kind
of disturbance allows to excite almost exclusively the first
mode of the beam. Both of the control laws have been ap-
plied to the structure. Two criteria will be used to allow the
quantitative comparison between them (see below). The re-
sult figures will provide the temporal responses curves using
each of the control strategies and a "5% zone", corresponding
to 5% of the maximum magnitude of the response.

The first criterion used is a temporal one. Based on the
"5% zone", it will indicate the contribution of the considered
controller, in terms of velocity for returning to equilibrium
state. Concretely, this criterion represent the response times
ratio with and without the controller.



The second criterion is an energetic one. It express the
corresponding energy of the response signal, i.e. the cumu-
lated sum of the response’s square (normalized by the energy
for the uncontrolled structure).
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Fig. 5. control laws comparison

First of all, we can make a qualitative remark about the
responses curve envelops. The response of the system con-
trolled by PPF has the most "roped" curve: the "5% zone"
is reached very quickly. This behavior is noticeable, when
observing the experiment, the vibration reduction is particu-
larly impressive. However, the control isn’t very efficient at
the beginning of the test.

The PPF is noticeably effective according to the temporal
criterion. As remarked above, the "5% zone" is more quickly
reached than when GPC is used. For that matter, tests using
the PPF controller are the most visually impressive.
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Fig. 6. Positive Position Feedback

However, according to the energetic criterion, GPC is far
more efficient. Indeed, as described in Table III the energy
corresponding to the response for the system controlled with
GPC is near from the value of 16% (versus about 40% for
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Fig. 7. Generalized Predictive Control

PPF control). We can explain such large differences by look-
ing at the structure behavior during the beginning of tests (see
Fig. Sand 7).

Indeed, the GPC controller sensibly damps vibrations
since the first overshoot. In return, as damping is particu-
lary efficient in the beginning of the test, the "5% zone" is
reached later than with PPF control. This means less impres-
sive performances according to the temporal criterion.

control law | temporal criterion | energetic criterion

PPF 12.03% 40.91%

CGPC 14.31% 15.78%
TABLE III

COMPARATIVE ANALYSIS

VI. CONCLUSION AND PERSPECTIVES

This study’s purpose was to evaluate how efficient predic-
tive control could be, when applied to the flexible structures
domain. For the considered structure and context (i.e. con-
trol of the first vibration mode of a clamped-free beam), GPC
seems to suit. However, this study represent a first step and
fits in a larger context. Indeed, the choice has been made
to focus on the first vibration mode and the tests performed
have been designed in this perspective.

Some improvements have to be made to complete the
present results. Among them, there is the sensor choice. The
actual sensor is a PVDF piezoelectric patch. The choice of
this material has been motivated by its nature itself: PVDF is
a polymer (instead of a ceramic, like PZT). PVDF is notice-
ably flexible, so may be much thinner and larger than PZT.
In return, some problems of noise in the signal measured by
the sensor occur during experiments, problems which can be
avoided by the use of a PZT patch, thinner than one used for
the actuation.

Also concerning the transducers, it would be useful to take



a look at the dimensioning. This study is at work, to evaluate
the potential performances of the actuator.

At least, the full potential of the predictive control can’t
be exploited when controlling a unique mode. Indeed, this
control law is classified as a global control law. Tt means
that such a control law damps not only the mode for which
she was designed. In fact, a global control law damps each
modes of the structure, and mainly the mode it is designed
for.

These improvements refer to a following study, using a
more complex structure. This new experimental support calls
upon several modes coupled in more than an unique dimen-
sion and it needs a particularly robust control law, because
of some additional uncertainties due to fluid/structure inter-
actions within it.
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