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Abstract: In this paper,we proposea discussionon the robustnessand performancepropertiesof
a proportional-derivativecontroller applied to a very flexible joint. Becauseof the flexiblemodedueto
in-joint compliance,the classicalcollocatedcontrol doesnot allow to obtain goodrigid modedynamics
with a correct phasemargin in low andhigh frequency,and thenon-collocatedcontrol doesnot allow to
dampcorrectly the rotor mode. Thesimultaneousanalysisof discrete root loci and Nicholsplots leads
to a phasecontrol law with a derivativeterm built from both input and output velocities. Simulations
taking into accountvariousreal non-linearitiesand measurementimperfectionsare proposedto validate
this improvedcontrol design.

Keywords: SPACE MANIPULATORS — JOINT — COLLOCATED CONTROL — P.D. CONTROL
— ROTOR MODE

Intr oduction
Spacemanipulatorshaveseveralspecificfeatureswhich

limit the transferof the terrestrialrobotic know-how to the
externalspacerobotsat anyauthoritycontrol level (cf.[1]) .
From the point of view of joint control, the main difference
comes from the rotor mode, due to in-joint compliance,
which limits theperformancesachievableby positionservo-
loops. This problemis alsoconsideredfor industrialrobots,
but the classicalproportional-derivativecontroller built on
the input velocity andthe outputposition is often sufficient
to insure the desireddynamicsfor the rigid modewithout
stability problemsdueto higherfrequencydynamics: then,
the collocationbetweenthe ratedetectorandthe command
torque guaranteesa positive and active dissipationof the
in-joint flexible modes.The robustnessof this commandis
well-known and most of moto-reductorsare providedwith
a tachometeron the input axis, mechanicallytuned to the
rotor, and a position encoderon the outputaxis.

For spacemanipulatorjoints, the rotor mode control
problembecomesmoresignificantdueto thefollowing con-
siderations:

• beamsof the arm are very long becauseof the great
desiredwork-space: so, even in the casewhere the
arm bearsno payload,the total inertia (noted

���
) seen

by eachjoint is very large ;
• asa counterpartanddueto 0g environment,the motor-

izationis very light. Thesolutionwhich is oftenchosen
to minimizethejoint weight introducesa gearbox.But,
the rotor inertia (noted

���
), evenseenfrom the output

axis through the squareof the gear ratio, is very low
andthesuccessionof gearstagesrequiredto achievean
importantreductionratio yields to a very low stiffness
(noted � ).

On thecollocatedtransferfunction (fig.1), thesecondi-
tions exhibit the fact that the residueof the flexible mode
(equal to the inertia ratio

���
/
� �

) is very important,and so,
the limitation due to the cantileverpulsation, in terms of

This work hasbeenperformedin the frameof contractsgrantedby
C.N.E.S.— CentreSpatial de Toulouse(France)— under the technical
managementof M. Maurette.

closedloop bandwidth,is very low [1]. But for very high
ratios,evenif this limit not attainedin the courseof space
roboticsactivities,which allow slow motionsbecauseof the
absenceof productivityrequirements,theclassicalP.D.con-
troller losesits robustnesspropertywhenthe control law is
discretized. This will be the subjectof the first sectionof
this paper. The numericalapplication is basedon a real
joint of a spacerobotic testfacility calledM.F.B. (Maquette
Fonctionnellede Bras manipulateur),developedby Matra
Marconi SpaceunderC.N.E.S.contract.

Thesecondsectionis devotedto non-collocatedcontrol
and showshow the frequencydecouplingbetweenthe free
mode and the cantilever mode permits to createeasily a
stabilizing but limited dissipationof the rotor mode with
non-collocatedP.D. control. This control built with both
positionandvelocity on the outputaxis, basicallyunstable,
presentsa correctphasemargin, onceenhancedby a low-
passfilter.

In the third section, a phasecontrol making use of
favorablepropertiesof both collocatedand non-collocated
control is proposed.This new discretetime control design
allows to reachthe limit for the rigid dynamicsfixed by the
cantileverpulsation,but providesalsoa very gooddamping
of the rotor modeand a correctphasemargin.

In thelastsection,thesepreviousanalysesarevalidated
with simulationstakinginto accountnon-linearitiesandmea-
surementimperfections,andalsothedelaywhich appearsin
practicebetweenthe date of the measurementacquisition
andthedateof thecommandtorqueapplicationto the joint.

1 Collocated control
The openloop model is shownon figure 1.
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Figure 1 Open loop model

Notationsand numericalapplication:465
: rotor inertia ( 798;:=<?>�8 @BA )4-C
: payloadinertia ( DE:9<?>�8 @BA )4GFH4	5JIK4 C
: total inertia ( DML�8;:9<?>�8 @BA )< : joint stiffness( 7MN9O=PEP9QR@S8;T=U=V )WYX[Z]\ ^_a` : cantileverpulsation( 7Mbc8;U=V?T-d )WYefZ \ ^g _ih�jf_lkam_ h _ ` : free pulsation( 7E7Mnc8;D9U=V?T9d )o
: sampleperiod( Pf8 PEP9DEd )pGq
: input position(rd/s)pGr
: outputposition(rd/s)s
: input torque(N.m)t : command(N.m)

Then, the collocatedcontrol feedbacksthe input rate
througha derivativegain uwv andtheoutputpositionthought
a proportionalgain uyx and reads:z Z|{~}9�;���������~������{G�M�����X
where

p 5
representsthe input referenceposition.

1.1 Continuous time tuning

As a first step,it is interestingto find the fastestclosed
loop dynamicsfor the rigid modeswhich are achievable
by this control and the correspondingtuning with respect
to the pulsation ratio � q TM�(� . That can be easily done
usingthe following reducedparametrization(involving only
dimensionlessparameters):

�yZ��=��=� reducedcantileverpulsation���Z �� � reducedLaplacevariable� ��Z����_�� �?�� reducedproportionalgain

W��w� �¡ _	� � � Z¢^ h� h reducedcontrol dynamics

Table 1 Definition of reducedparameters

Then the closedloop transferreads:�~���� ���6�¡Z {£}¤ �;�¥=�a¦-§©¨ � ��9��Eª ¨S{ � � �M��¦	§(¨ � �� �� ª ¨R{ }
or, with new parameters:

�«�� � � ��6�¬Z � ��� ¥ ���§©¨ �� ¥ �c¨¯®(°�� h � ¦ §±¨¯°� �² � ª ¨³§µ´ � �
For eachvalue of parameter¶ , the closedloop eigen-

valuesyielding the fastestrigid dynamicsis given by a root

locusscaledaccordingto < 5 andoptimalwith respectto � 5 .
Thebehaviorof this optimal root locusis quitedifferentfor
low valuesandfor high valuesof parameter¶ . The bound-
ary valuebetweenthesetwo situationsis given by �?e?Z¸·¹ º .
For this particularvalue, the optimal roots locus revealsa
coalescentpoint on the real axis betweenfive branches(see
figure 2).
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Figure 2 Optimal root locus with

collocated P.D. controller ( »�¼¾½ ¿À )

For highervalues,(seefigure3) thereis alwaysatuning
( ÁÃÂ , Ä±Â ) for which the rigid polesare not attractedby the
cantileverzerosand so, the limit for the closedloop rigid
dynamicsis givenby therotor modestabilitywhich strongly
dependson thenaturaldamping(neglectedin this analysis).
This is typically the caseof industrial robotsand this case
will not be investigatedany longer in the sequel.
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Figure 3 Optimal root locus with
collocated P.D. controller ( Å�Æ�Ç=È É )

For valueslower than ÊcË (seefigure 4), the rigid poles
areattractedby the cantileverzerosfor any tuning ( ÌEÍ , Î±Í )
while flexible polesaredriven on the real axis. In this case,
a good tuning is given by the couple( ÌEÍ , Î(Í ) which leads
to 4 real eigenvalues:

• 3 equaleigenvaluescorrespondingto thetwo rigid poles
and one of the two flexible poles;

• 1 eigenvaluefaster than the othersdue to the second
flexible pole.
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Figure 4 Optimal root locus with
collocated P.D. controller ( ������� � )

The following figure gives, for any value of � between	�

and � � :

• the commonreal eigenvalue������� which specifiesthe
rigid closedloop dynamics;

• thecorrespondingoptimal tuning ��� , ��� ; physicalgains
values( � � , ��� ) can be easily found with the help of
table 1.
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Figure 5 Optimal tuning for P.D. control

N.A. : In our case, this tuning gives the following
result :

• � �"!$#&%(' ;
• )+*,�"-.!�/.!�0�# 1�2�354 ;
• ) 67�8'�9.':0�#;1<# =52.354 ;
• Dynamics: >.?@%(!�# 9�AB?@%(!�# 9�AB?@%(!�# 9�AB?DC$/�E�# F�G ;

1.2 Discrete time tuning

It is quite obvious that the samplingof the previous
control law getsinto troublewith thefastpole( HJILKNM�O$PNQNR ) :
Fig. 6) showsthat the real negativeasymptotegoesoutside
the unit circle in the S plane.

If we want to keepthe samecontrol architecture,two
solutionsare possible:

• reduce the rigid mode dynamics until the fast pole
comesback inside the unit circle;

• in order to keepthe optimal rigid dynamics,introduce
a first order low-passfilter in the loop [1].
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Figure 6 Nominal discrete root locus with collocatedcontrol
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Figure 7 Discrete root locus with filter ed collocatedcontrol
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Figure 8 Discrete Nichols plot with filter ed collocatedcontrol

Theroot locusof this last solutionwith a T�U�V;W$XLYNZ filter
cut-off frequencyis displayedon figure 7. The dynamics
of the rigid modeare correct,the rotor modeis stabilized,
but the discreteNichols plot analysisrevealsan insufficient
phasemargin (seefigure8) : therigid modephasemargin is
large( [�\^] ), but thephasemargin over _5`�\La5b$c�d is quitesmall
( _(e.] ) andeasyto loosewith actuatorsor detectorsdynamics
or delay in control calculation.So, in the caseof very high
inertia or pulsation ratios, the classicalcollocatedcontrol
doesnot allow to obtainsimultaneouslygoodrigid dynamics
bandpassanda correctphasemargin in high frequency.



2 Non-collocatedcontrol
The commandreadsnow :���������
	��������������������������

and naturallyyields a rotor instability accordingto the fol-
lowing Nichols plot :
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Figure 9 Discrete Nichols plot of non-collocatedP.D. control

But we canalso seeon this locus that stability canbe
restoredwith a phaseshift which minimal valuemustbe at
leastequalto ��� � at the rotor modefrequency.That canbe
easilydonewith asecondorderlow-passfilter, for instance:!#"%$'&)(�*,+�-/.102-43�560�&879*�:-�3<;�!�$�!>=?*A@ B?C * DE*
FFG0H=EI B?C * D�JLK
ThecorrespondingNicholsplot (with previousgains M8N andMPO ) is displayedon figure10. Themargin in high frequency
becomesnow equal to QSR ��� and the root locus (figure 11)
showsclearly that the artificial dissipationfunction of the
rate feedbackis restoredat the free modefrequency.
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Figure 10 Discrete Nichols plot
of filter ed non-collocated control

The frequencydecouplingbetweenthe rigid modeand
the rotor mode ensuresthat the filter does not alter the
rigid modebranchon the root locus,andthenthat the rigid
dynamicsperformancesare preserved.The only drawback
of this control designis that the achievabledampingof the
rotor mode is not large enough.

It is easyto show also that a pure delay hasa similar
stabilizingeffect. Themainfeatureof apuredelayis aphase

0

0.1

0.2

0.3

0.4

0.5

0.6

0.8 0.82 0.84 0.86 0.88 0.9 0.92 0.94 0.96 0.98 1

x

o

Real Axis

Im
ag

 A
xi

s

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++
+

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

++

++
++

x

o

Real Axis

Im
ag

 A
xi

s

++

+ +
++

++

+

+
++

++

+
+

++

++

+
+

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

++

Figure 11 Discrete root locus of filter ed non-collocatedcontrol

which is a linear functionof the pulsationwithout any gain
attenuation.The number T of sampleperiodsrequiredfor
a phaseshift U (in radians)at the rotor pulsationV%W is given
by : X�Y ZEY [<\^]'_
For instance,with Ua`cb?d e�f , an equivalentcontrol law
reads: g#h ]jilk�Y,mon)p1q�n�r�s6q�i8t9Y�un�r<v g ] gxw Y y^z^{
with the correspondingroot locusdisplayedon figure 12
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Figure 12 Root locus of delayed
non-collocated P.D. control law

It changesthe sign of the control at the rotor mode
frequency, which is clearly what is neededto restore a
correct sign relationshipbetweenthe control and the rate
measurement; of course, the sign of the control in low
frequencymust remainthat of a negativefeedback.

3 Phasecontrol
The previousinvestigationshaveshownthat the collo-

catedratefeedbackwhich is requiredto dampcorrectly the
rigid modehas too much influenceon the rotor modeand
thusproducesa very fastpolewhichcannotstandthecontrol
samplingwithout major degradationof the phasemargin at
the free mode frequency.

On the other hand, the non-collocatedcontrol can be
stabilizedwith a filter or a pure delay and then presentsa
goodphasemargin togetherwith gooddynamicsfor therigid
mode,but the rotor modeis not enoughdamped.



So, it is interestingto use both input and output rate
feedbacks: each of thesefeedbacksmust be phasecon-
trolled in order to createa positive dissipationat the rotor
modefrequency.The final tuning that we proposereads:
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Correspondingroot loci are displayedon figure 14 for the
inner loop (built on input ratemeasurement),and on figure
15 for the externalloop (built on output position and rate
measurements).

Figure 13 Final control design

As we cansee,the rigid modecontrol is entirely done
by the externalloop. A puredelayis introducedto provide
the phaseshift requiredto createactive dampingfrom the
output rate. This loop is completedby an inner loop built
on input rate to increasethe dampingof rotor mode. This
last loop is high-passfiltered in order to :

• attenuatethe influenceof this loop on the rigid mode
(controlledby externalloop) ;

• bring thecorrectphaseshift at therotormodepulsation.
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Figure 14 Root locus of input rate feedback
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Figure 15 Root locus of external loop

Finalclosedloopdynamics(andcontinuoustimeequiv-
alents)are displayedin the following table:

Discretetime
dynamics

Continuoustime
equivalent

nature

0.9661+ 0.0088i 6.9 + 0.018i rigid mode

0.8012+ 0.2275i 36. + 55.i
flexible
mode

0.5427+ 0.3907i 80. + 125.i
control
mode

-0.0501+ 0.3569i 204. +342.i
control
mode

-0.2315+ 0.0855i 280. + 558.i
control
mode

Table 2 Final closed loop dynamics

Theminimumdampingis over0.5andtherigid dynam-
ics aregoodenough.Fromtherobustnesspoint of view, the
Nichols plot (figure 16) revealscorrectphaseandgainmar-
gins at any frequencyandseemsto be alike the one which
canbe obtainedwith P.D. control on a rigid joint.
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Figure 16 Nichols plot of external loop

4 Simulations results
From the implementationpoint of view, severalcon-

straints appearand limit the results obtainedin previous
theoreticalanalyses.A secondstepbefore real implemen-
tation thus consistsin a validation with a simulation tool
taking into accountvariousnon-linearitiesandmeasurement
imperfections.Amongall theseconstraints,themostimpor-
tant one is the measurementquantizationbecausewe have
seenthat the rigid modewas entirely controlledby output
rateandposition,the measurementof which is availableon
the mock-up joints throughoptical position encodersonly.
So, we can notice on the final control scheme(figure 13)
that velocities are simply derived from position measure-
mentsby Euler formula : it is easyto check,on root loci
and Nichols plots, that thesefinite differencesdo not alter
too much the previousresults(assumingthe rate measure-
mentsavailable).But we haveto provethat the output res-
olution (here >	?�@	@�@BA�C;D	E�F!G&H ) is adequateto control the rigid
mode. This last problemis not so importantwith classical
control using rotor axis measurementsbecausethe resolu-
tion is then the input one times the reduction ratio (hereIKJ @	@�@LA�C.D�E�F�G&HNM I @�@ ). The simulationspresentedfigure 17
for the collocatedandfiltered control, andfigure 18 for the



final designtakeinto accountthesequantizations,andalso :
• the input torquesaturation
• dry and viscousfriction

We have investigateda variation of the value of the
puredelay introducedin the loop to take into account:

• the control law computationtime (typically
�����������

),
• the electricalmode(PWD) which canbe modeledby a

first orderfilter with a 0.002sresponsetime.

The collocatedcontrol is not robust to the pure delay
andbecomesunstable,asa consequenceof the small phase
margin of this design.Time responsesobtainedwith phase
controlareinsensitiveto this delayandthedesiredbehavior
is not affectedby the measurementquantization.
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Fig 17 Collocated filter ed P.D. control
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Figure 18 Phasecontrol

5 Conclusions
Spacedimensioningof theM.F.B. mock-uphaveledus

to stresssomespecific problemsfrom the joint controlpoint
of view. The in-joint flexible mode becomesa major dy-
namicparameterfor the control law synthesisandcandrive
classicalrotor axis collocatedcontrol to instability. In order
to achieverigid mode performance,we have investigated
improvementsof the basic proportional-derivativecontrol
laws, which appearmore suitable for joint low authority
control requiringgoodrobustnesspropertieswith respectto
arm and payloadconfigurationsthan complex solution in-
volving pole/zeroscancellationor veryhigh ordercontroller.
The final proposedsolutionis a simplephasecontrol,using
both rotor axis and outputaxis measurements,ensuringthe
closed-loopbandwidthachievableby P.D. control with bet-
ter phasemargin androtor modedamping.Thenext stepof
thestudieswill be the implementationof this controldesign
on the variousM.F.B. joints.
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