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Amplitude Estimation of a Signal With Known Waveform
in the Presence of Steering Vector Uncertainties

Olivier Besson, Gleb Varfolomeev, and Frangois Vincent

Abstract—In this correspondence, we address the problem of estimating
the amplitude of a signal with known waveform received on an array of
sensors and we consider the case where there exist uncertainties about the
spatial signature of the signal of interest. Closed-form expressions for the
Cramér-Rao bound are derived and the respective influence of the uncer-
tainties and the number of snapshots is studied. The maximum likelihood
estimator (MLE) of the signal of interest amplitude along with the covari-
ance matrix of the interferences and noise is also derived and an iterative
algorithm is presented to obtain the ML estimates.

I. PROBLEM STATEMENT

In this correspondence, we consider the problem of estimating the
amplitude of a signal with known waveform received by an array of
sensors in the presence of spatially correlated noise. This problem has
practical relevance in many applications, including active radar systems
[1] where the reflection from a target is a scaled and delayed version
of the emitted signal. It can also be encountered in mobile communica-
tions when, for instance, a training sequence is used. Finally, the same
type of problem arises in quadrupole resonance techniques [2]. Briefly
stated, the problem amounts to estimating the scalar § from N snap-
shots drawn from the following model:

ry = fast + ny. (1

In the previous equation, x; is the array output collected at time £, s; is
the known signal waveform while 3 denotes its unknown amplitude and
a corresponds to the array’s response for the signal of interest (SOI).
The noise n, is assumed to be a zero-mean, complex-valued Gaussian
process with unknown covariance matrix C, i.e., n: ~ CA (0,C).
The problem of estimating 3 in the model (1) has already received
much attention in the literature. More precisely, different methods were
proposed in [2]-[5] corresponding to various assumptions on @&, which
are summarized in Table I.

In [2], the steering vector of interest is assumed to be known and the
maximum likelihood estimator is derived and compared to the Capon
estimator. Reference [2] also considers the extension to a temporally
correlated (i.e., multichannel autoregressive) noise. In [3]-[5], the
multiple signal version of (1) is considered (i.e., multiple signals with
known waveforms impinge on the array) but the SOI’s steering vector
is assumed to be of the form @ = a(f) where 8 is the direction-of-ar-
rival (DOA) of the source. Hence, [3]-[5] address the problem of
jointly estimating the amplitudes and DOAs of the signals of interest.
[4] also addresses the case of a completely unstructured steering vector
a, i.e., a is assumed to be an unknown deterministic vector. Since, in
this case, there exists an inherent scalar ambiguity between a and j,
only @ = [Ja can be estimated, unless some constraint is set on a to
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TABLE 1
SUMMARY OF ARRAY PROCESSING FROM THE MODEL &; = ,Bast =+ ny
WHERE 5; IS A KNOWN WAVEFORM

Model a=a | a=a(f) | a~CN(@C.,) a
Unknowns 38 3,0 8 a = fa
Reference [2] [31, [4], [5] this paper [4]

resolve the ambiguity, for instance ||a|| is a known constant. Observe
that the a priori knowledge about a is less and less pronounced as we
go from the left to the right in Table I.

Herein, we consider the case where the steering vector of interest
is affected by random errors and thus there exist uncertainties about
a. This is typically the case when the source is surrounded by mul-
tiple closely spaced scatterers, rendering the spatial signature @ random
with a full-rank covariance matrix [6], [7]. Randomness in the array’s
response has been considered, e.g., in [8], [9]. It can be due to a non-
perfectly calibrated array with random gains and phases. Accordingly,
there can exist uncertainties about the DOA of the source of interest.
Therefore, in this paper, we assume that the steering vector of interest @
is drawn for a complex Gaussian distribution with mean @ and a known
covariance matrix C, which gathers the effects of uncertainties, i.e.,
a ~ CN (a,C,). Since the errors in the steering vector are typically
a combination of different and independent factors, the central limit
theorem can be advocated to justify the Gaussian assumption. We also
assume that @ and and n; are independent. Within this framework, we
examine the influence of these random steering vector errors onto the
estimation performance. Toward this end we derive the Cramér—Rao
bound (CRB) and study its dependence toward NV and C,. Then, we
consider the maximum likelihood estimator of the signal amplitude and
the noise covariance matrix. In contrast to the case of known or un-
known but deterministic a, it is shown that the MLE cannot be obtained
in closed-form but requires an iterative procedure.

II. CRAMER-RAO BOUND

In this section, we derive the CRB for estimation of the unknown
parameters in the model, namely the parameter vector

ns
=[]

with 95 = [Re[s] Im[3]]7 = [Br 5r]" and where 7. is the
m?x 1 vector build from the (real-valued) diagonal elements of C and
the real and imaginary parts of the elements below the main diagonal.
Since we are mostly interested in estimating 3, we will concentrate
on deriving a closed-form expression for the CRB associated with 3.
Let X = [z zy ] and £ = vec (X) be the vector obtained
by stacking the columns of X . Accordingly, let s = [ 51 SN ]T
be the vector of signal waveforms. Then, under the stated hypotheses,
x is a Gaussian vector whose mean g and covariance matrix C, are,
respectively, given by

(2a)
(2b)

p=ps@a
C.=IxoC+p)ss" aC,

where & stands for the Kronecker product [10]. The (k, {) element of
the Fisher information matrix (FIM) can be written as [10], [11]

T
Fio=2Re {aLCf a—”} 1 Tr{C;‘ 9Cs =1 9C, } G
aﬂk 07]5 aﬂk 6774
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The FIM will have the following partitioned form:

F Fl
F — |:F713'I,9 F"Ic"l;j :| (4)
neng Nene

where the partitioning corresponds to that of 7. We now derive the FIM
on a block-by-block basis. Prior to that, we introduce some notations
and derive matrix relations that will be used repeatedly in the sequel.
For any invertible matrices A and C and any matrices B and D of
conformable size, one can show that [10]

[A+BCD] ' =A™ —A7'B[C"'+DA'B] "' DA, (5

Applying (5) to (2b) and observing that ss” © C, =
(s@In)Ca (sH ® Im), we obtain

7' = [ty 0 0+ (s 1) Co (s 0 1)]

=IvoC™' —|p)ss" @C (©6)

A

where ¢~ 2 ¢! (18 B.C™" + C’;l]_1 C~'and B, = s"s.
Let us also define
1

Z7ACT - I8P E.CT = [CH+ I8P E.C.]” )

where, to obtain the second equality, we again made use of (5). Let us
consider now the block F’ Since 4 = 3s & @, it follows that

NNz
ow _ o _ .
a/’TR—s®a., 861—5380,. (8)
Therefore
o o1 om
PR I8r

= (s” ® a”) {IN 20 = |87 s @ 6’71} (s @)

= E,a"” [C*1 — 8P E35_1] a=FE.a’ 7z 'a

H
= oo e ©)
08 98
and
a”n —1 3#}
€ {aﬁﬁ EX (10)
Similarly, we have that
60}. PN H _ . 60}. PN H
3 20rss @ Cg; G 23rss @ C,. (11)

Additionally, using (6), it is straightforward to show that for any set of
matrices {M,}}_, of conformable size

Tr{C;' (M, © M) C7' (M3 © My)}
=Tr{M M} Tr {C"'M.C 'M.,}
— 18P (sHM3M1s> Tr{c—lMgé’1M4}
= 18P (5" M1 Ms) T {C " MaC ' ML |
+ 18" (sHMls) (sHM;;s) Tr{é’_1M2(~,‘_1M4}. 12)
Using (12), one can write that
Tr {C;l (ssH ® Ca) o (ssH ©C. })
:E,‘;’Tr{(c*— 18] ES(TI) C. (C*1 — 18P Esé’l) ca}
=E!Tt{Z"'C.Z'C.}. (13)
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Therefore, F' can be compactly written as

NNz

Fon, = 2E, (aHz—la) IT+4E*Tr{Z7'C.Z27'C.  yam}.
(14)
Let us now turn to the derivation of the other blocks of the FIM. As
will be shown later, it is more convenient to work with ¢ = vec (C)
rather than with 7..: the two are linearly related by the Jacobian matrix
J such that ¢ = Jn... First, observe that

0C;
6Ck+m (¢—1)

ocC

— IV & —
N Ockimie-1)

15)

and OC / O¢j 4 ym(e—1) is am X m matrix with all elements equal to zero
except the (¢, k) which equals one. In particular, this implies that for
anyT € C™*™

Tr {Ti‘?c } =Ty (16)
OCkpm(e—1)
Using (12), we get
Tr{C{l <IN ® L)C;l (ssH ©C, })
ack-l—m([—l)
:EsTr{Z_l oc z—lca}:&p—lcuz—l] (17)
ack’-‘rwn(f—l) k.2
which, along with (11), implies that
Fey, =2E.vec (Z7'CaZ ") 5. (18)

Finally, using (12) and after some straightforward calculations, it
comes

r{C,"' <IN ® L) C.'|Ine *L
OCkpmie—1) Ocerm(q*l)

=Tr{Z™" oc z7! *80
OChtm(e—1) ¢ 1 n(a—1)

oC o-! *OC
OCkm(i—1) 9¢; 4 m(a—1)
[c7]

+ (N - 1)Tr{01
=z, [z, +=-1[C]

= [Z_Tv Z7'v(N—1c" "o 0—1}

q,t k, q,t k,p

19)

k+m(€—1),p+m(g—1)

and hence

Fee=Z"0zZ'+(N-1)CcTaCc™". (20)
Equations (14), (18), and (20) provide all necessary material to com-
pute the FIM and hence the CRB. Since we are mainly interested in
estimating 3, we now derive a closed-form expression for CRB(3).
Using the fact that Fy_n, = J"' Fey,, Fy.n, = J"' Fecd along with
a lemma for the inverse of partitioned matrices [10], we obtain

—1 —1
CRB(n) = (F,,B,,B — Féy,J (JHFCCJ) JHF%)

1

= (F'mns _FglgFEClFCYIB)_]: (VI+ 1"'7/37733_)_
@2n

with
v=2E, (aHz—la) (22a)

cTaC

—1
v=4E*vec(C,)? {ZT@»ZJF v 1] vec (C,) (22b)
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and where, to derive v, we made use of (5), (7), and (20) to obtain
Fgl = (ZT ® Z)

_(ZT@;Z) {ZT @Z—i—cﬂlolc] - (ZTVZ) (23)

Note that CRB(#3) is not diagonal and that its diagonal elements are
not identical. For any unbiased estimate d = JR + zﬁ rof B

el (-

> Tr{CRB(n3)} £ CRB(3).
Since the eigenvalues of v1 + 1,!ngng are v and v + | 3|° v, it follows
that

(24)

1 1

Equations (22) and (25) provide closed-form expressions for the CRB.
The following remarks are in order.

¢ Through numerical evaluation, it was observed that in most
cases, one can accurately approximate the CRB as follows.
Observe that C = O(1) while Z = max {O(1), O (N ||C.||)}
as E; = ss = O(N). Hence, for not too small N,
(1/(N —1)CT @ C is small compared to Z” © Z. This
in turn implies that v ~ 4E2Tr{Z~'C.Z~"'C.}. With this
approximation, the CRB becomes

' ~ 1
CRB(f3) ~ Tr{Fr);TI,j} m
X {1 -

B ETr{Z"'C.27'C.} }
B gl . 6)
a’Z7'a+ 2|8 E.Tr {Z C.Z Ca}
which provides a rather simple expression for the CRB. It will be
shown through numerical examples that the approximated CRB
(26) is very close to the exact CRB (25).
e Where there are no uncertainties, then C, = 0 and the steering
vector is known to be @. In this case, v = 2F, (E”C_‘E),
v = 0 and the CRB reduces to

1
Ne,—0 = E @c'a) 27

CRB(j3
which coincides with the expression derived in [2]. Hence, the
CRB’s expression in (25) generalizes the result obtained in [2]
to the case of random steering vector errors.

*  When the steering vector is known the CRB decreases as 1/N
and thus goes to zero as N goes to infinity. In contrast, when N
tends to infinity, and assuming that ||C.|| is constant

Q(E’TC;1E). . o Am (28)
ik T N=oo|Bft

and hence the CRB does not go to zero. This is a logical since
the steering vector a is random [11] and even when N — oo the
performance is limited by the steering vector errors covariance
matrix C,. For instance, when C, = o2I anda”’a = m,
the asymptotic (in V) CRB is approximately | /3| o2 / m and
is therefore proportional to the variance of the steering vector
errors.

4405

III. MAXIMUM LIKELTHOOD ESTIMATION

We now turn to the derivation of the MLE of 3 and C. The proba-
bility density function (pdf) of the observations can be written as

p(x;3,C) = /lp(-’vla; 8,C)pla) da

where p(z|a; 3, C) is the conditional pdf, given a, p(a) is the a priori
pdf of the steering vector of interest and where the semicolon indi-
cates that the pdf depends on 3 and C'. For a given a, the snapshots are
Gaussian so that the conditional pdf is given by

N
exp {— S (e — Bas)? C7 (&, — ﬁast)}
t=1

‘ 1 3,C) = - _
p($|a / ) Y |C|N

(29)
where |C| stands for the determinant of matrix C. Since p(a) does
not depend on 3 and C, we consider the derivatives of p(z|a; 3, C)
with respect to 3 and C. For notational convenience let us define

A(z|a; 3,C) 2 Inp(x|a; 3, C). First note that
Ip(z|a; 3,C z|a; 3,C
D0 250

) I}
= p(z|a; 3, C)%

.{_Z(m_

t=1

ﬁast)H C ™ (z — ﬁa,.st)}

-3 (aH Cila) s s}

(30)

= p(zla: 3.C) {a“ C X"

and consequently

9p(z; 3,C) dp(z|a; 3,C)
BY; _/ AL

m/{aHCﬁle*—ﬂ (aﬂcfla)Es}p(ah; 8,C)da
:aéQStC_1Xs*
~BE. [ao €™ apors +Tr {CaipC™'}] (3D

where apost £ & {alz; 3,C} = J ap(alz; 3,C) da is the a posteriori
mean and Ca‘g; is the a posteriori covariance matrix. In order to derive
the last equality in (31), we used the fact that

/ (" )ptala: 5. O)ia=alli (320)

/(aH Fa)p (a|z; 3,C)da= af{m Taposit+ Tr{CawP}. (32b)

Accordingly
p(z|a; 3,C) OA(z|a; 5,C)
e 1-C) — y(ala mwic
=p(z|a; 3 C) {—N n|C|}—p(z|a;3, C)

. {Z (x — ;Ba,st)H c! (z¢ — ﬁast)}
t=1
= — Np(zla; 3,C)C™"
H
—|—p(.1:|a;/3,C')C'_1(X—ﬁasT) (X—ﬁ’asT) c
(33)
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which yields (34), shown at the bottom of the page. Both apost and
Cq z can be expressed as a function of the data matrix X. More pre-
cisely, the a posteriori covariance matrix Cq |z is given by [11, p. 532]

[ Ca)
:Cu, - |B|2 Cn (5” ®I7n)
= [c; 8P E.CT) T

where we used (5) and the expression of c;!
a posteriori mean is given by

Apost =@ + 3" (eH ® Ca) C.Mx—p)

=a+3°C, (sH @ I) C.l (z—p)

Caxz =Co— Ell (SH C.l(s2Cy)
C;'(sol,)C,
(35)

in (6). Similarly, the

=Cqz (C.'a+3°C'Xs"). (36)
Setting the derivatives in (31) and (34) to zero, it follows that
H —1 *
PDOS ,C X
8= oot : - (37a)
Es [ postC a»post + Tr {C(),W;C }]
c=21(x- Baposs’ ) (X = Bapous’ "y 13)? E—'me.
N N
(37b)

Before pursuing the derivation of the ML estimator, the following re-
marks are in order. The ML estimate of C in (37b) is the sum of two
terms. The first corresponds to the MLE of C would the steering vector
be known and equal to a@,.s¢ While the second accounts for the infor-
mation brought by the observations. Note also that (37a) corresponds
to the MLE of 3, would @ = a0st and C be known.

Equations (35)—(37) form the basis for computing the ML estimates.
However, it can be observed that 3 depends on C' and a@p.st, Which
itself depends on 3 and C'. Similarly, C is a function of /5 and apost -
Therefore, there does not exist any closed-form solution for the
problem at hand and we have to resort to an iterative procedure. Equa-
tions (35)—(37) suggest the iterative scheme of Table II to estimate /3
and C.

In the simulations presented below, ai,olt = @ and the initial guess
of the noise covariance matrix C' was the unstructured MLE derived in
[4], or equivalently the matrix 7" in [2, eq. (10)]. Note that this is not the
true MLE C wr of C when a is known. It is interesting to note that, for
the data model oAf [2], a better estimate of the covariance matrix, e.g.,
replacing T' by C'js 1, does not yield a better estimate of /3, in contrast
to the MLE in the present problem. Although it appears very difficult to
prove that the scheme of Table II converges, we did not encounter any
convergence problem in practice. The algorithm typically converges
within 10 to 20 iterations.

IV. NUMERICAL EXAMPLES

In this section, we provide numerical illustrations of the results de-
rived in the previous sections. We consider an uniform linear array with
m = 6 elements separated a half-wavelength. We consider a scenario
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TABLE 1I
ITERATIVE SCHEME FOR COMPUTING THE MLE

Initialisation: C“); Cfll‘; =Clo; alt)

post

Recursion: forn=1,---,

amH & 1
() g (m)—1x g

ﬁ(ﬂJrU —
EQ[ (“>”C<") lu<")+T{C<"’>C(71) 1}}
. -1
CEIT:U <|)3‘(n+1)2ESC(n)—1 +C;1)
ali? =i (Cgla+ ﬂ<ﬂ“>*c<">*1xs*)

H
c+) — N1 ( o B(nﬂ)ag:;rl)ST) (X 8¢ (n+1) £&23T>

+Wl(nJrl)zN lE C (n+1)

alz

where the SOI impinges from the broadside of the array and undergoes
local scattering so that its spatial signature is [6]

1 & =

a=a+ — ca(Ok

v ;gk (6r) 38)
where g); are zero-mean, independent and identically distributed
random variables with power O'Z and 6} are independent uniformly
distributed random variables with standard deviation (i.e., angular
spread) oy = 15°. @ = a(0°) corresponds to the spatial signature of
the line of sight component. The model in (38) is typical of coherent
local scattering for which there exists a line of sight component
along with multiple scatterers randomly distributed around the user of
interest. In the simulations, we use L = 10. We define the uncertainty
ratio (UR) as UR = 10log,, (Tr{C.}/a"@). UR is a measure of
the degree of uncertainty in a. The noise component comprises a white
noise contribution with power o and two interferences with respective
DOAs —30° and 20°, and powers 20 dB above the white noise level.
The signal to noise ratio is defined as SNR = —10log;, (02). The
SNR is set to SNR = 3 dB in all simulations.

First, we study the influence of C,, N and SNR onto the
Cramér—Rao bound and we examine the validity of the approx-
imated formula (26). Toward this end, we display the exact and
approximated CRBs versus UR for different values of NV (see Fig. 1)
and different values of the SNR; see Fig. 2. From inspection of
these figures, it can be observed that (26) provides a very accurate
approximation of the exact CRB. Note also that when UR is very small
the CRB is roughly proportional to (N x SNR)™', see e.g., the 3 dB
improvement of the CRB when NV goes from N = 10to N = 20
with U R = —30 dB, or the 6 dB improvement when SNR goes from

Op(x; 3,C) _ / dp(zla; 3,C)

e 5C p(a)da

K

So [fron (et (x- v ) € 0.1
-c! {1 - {N,l (X _ ﬁapostsly) (X _ ,Bapostslv)H

(34

2 E _
32 WCalx:|C 1}.
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CRB for estimation of B

T T T T T

c : —— N=10 true CRB

o0+

o

N=10 approx CRB
N=20 true CRB
N=20 approx CRB
N=100 true CRB
N=100 approx CRB

30 L 1 1 1 L
=30 -25 =20 =15 -10 -5 0

Uncertainty ratio (dB)

Fig. 1. Exact and approximated Cramér—Rao bounds versus the uncertainty
ratio. / = 1 and SNR = 3 dB.

CRB for estimation of §
-5 T T T T

— SNR=-3 true CRB

+

[0}

[u]

- SNR=10 true CRB

SNR=-3 approx CRB
SNR=3 true CRB
SNR=3 approx CRB

SNR=10 approx CRB
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Mean—-Square Error of the MLE of

—4 ; - : - - : %
——CRB
S| 4 MmE 7
» MLE *
a prior

Y 1 L L 1 L L 1 1 L

20 -18 -16 14 12 -10 -8 -6 —4 -2 0
Uncertainty ratio (dB)

Fig. 3. Mean-square error of the maximum likelihood estimators versus UR.
8 =1, N =50 and SNR = 3 dB.

V. CONCLUSIONS

In this paper, we considered the problem of estimating the ampli-
tude of a signal with known waveform received on an array of sensors
with uncertainties about the spatial signature. We examined the influ-
ence of these random errors onto the estimation performance by de-
riving closed-form expressions for the CRB. Furthermore, we derived
the MLE for the problem at hand and showed that the uncertainties
should be taken into account in the ML procedure, even though it re-
sults in a more complicated algorithm.

_30 1 L L L 1
=30 —25 —20 -15 -10 -5 0

Uncertainty ratio (dB)

Fig. 2. Exact and approximated Cramér—Rao bounds versus the uncertainty
ratio. 5 = 1 and N = 20).

SNR = —3 dB to SNR = 3 dB with U R = —30 dB. However, when
UR increases, this improvement decreases. Indeed for UR above some
threshold (say —10 dB), the CRB still depends on N (or SNR) but
more and more on C,. Increasing N or having a better SNR does
not result in a significant improvement. For moderate to large UR the
CRB is roughly proportional to UR (i.e., nearly independent of N and
SNR), indicating that the parameter with largest influence onto the
performance is C|,.

Next, we study the performance of the ML estimator and compare it
with the MLE which assumes that @ is known and equal to @ (we refer
to it as the MLE, priori in the figure). Fig. 3 displays the mean-square
errors of the two estimators along with the CRB versus UR. It can be
observed that, for very small UR, there is hardly no difference between
the two methods. In contrast, when UR increases the difference be-
comes significant indicating that it is really worth taking into account
the steering vector’s uncertainties. Finally, note that the MLE has a per-
formance very close to the CRB for all values of UR.
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