MPRA

Munich Personal RePEc Archive

Inference in non stationary asymmetric
garch models

Christian Francq and Jean-Michel Zakoian

CREST, University Lille 3

1. March 2013

Online at http://mpra.ub.uni-muenchen.de/44901/
MPRA Paper No. 44901, posted 11. March 2013 20:09 UTC


http://mpra.ub.uni-muenchen.de/
http://mpra.ub.uni-muenchen.de/44901/

Inference in non stationary
asymmetric garch models

Christian Francq, Jean-Michel Zakoian
CREST and University Lille 3 (EQUIPPE)*

Abstract. This paper considers the statistical inference of the class
of asymmetric power-transformed GARCH(1,1) models in presence of
possible explosiveness. We study the explosive behavior of volatility
when the strict stationarity condition is not met. This allows us to
establish the asymptotic normality of the quasi-maximum likelihood
estimator (QMLE) of the parameter, including the power but without
the intercept, when strict stationarity does not hold. Two important
issues can be tested in this framework: asymmetry and stationarity.
The tests exploit the existence of a universal estimator of the asymptotic
covariance matrix of the QMLE. By establishing the local asymptotic
normality (LAN) property in this nonstationary framework, we can also
study optimality issues.
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2 C. FRANCQ AND J-M. ZAKOTAN

1. INTRODUCTION

Following more than twenty years of tremendous development of the theory
of unit roots in linear time series models (see the seminal papers by Dickey and
Fuller (1979), and Phillips and Perron (1988)), there has been, in the last decade,
much interest in the statistical analysis of non linear time series models under non
stationarity assumptions (see e.g. Karlsen and Tjgstheim (2001), Karlsen, Myk-
lebust and Tjgstheim (2007), Ling and Li (2008), Aue and Horvath (2011)). In
the framework of GARCH (Generalized Autoregressive Conditional Heteroscedas-
ticity) models, Jensen and Rahbek (2004a, 2004b) were the first to establish an
asymptotic theory for the quasi-maximum likelihood estimator (QMLE) of non-
stationary GARCH(1,1), assuming that the intercept is fixed to an arbitrary value.
Aknouche, Al-Eid and Hmeid (2011), Aknouche and Al-Eid (2012) studied the
properties of weighted least-squares estimators. Francq and Zakoian (2012) estab-
lished the asymptotic properties of the standard QMLE of the complete parameter
vector: they showed that, while the intercept cannot be consistently estimated, the
QMLE of the remaining parameters is consistent (in the weak sense at the fron-
tier of the stationarity region, and in the strong sense outside) and asymptotically
normal with or without strict stationarity.

Financial series are well-known to present conditional asymmetry features, in
the sense that large negative returns tend to have more impact on future volatili-
ties than large positive returns of the same magnitude. This stylized fact, known
as the leverage effect, was first documented by Black (1976), and led to various
generalizations of the GARCH models of the first generation (see among others,
Glosten, Jaganathan and Runkle (1993), Rabemananjara and Zakoian (1993),
Higgins and Bera (1992), Li and Li (1996), Francq and Zakoian (2010)). Moti-
vated by the Box-Cox transformation, Hwang and Kim (2004) introduced a power
transformed ARCH model, and the GARCH extension was studied by Pan, Wang
and Tong (2008). In this paper we consider an asymmetric power-transformed
GARCH(1,1) model defined, for a given positive constant J, by

15
(1.1) &= hi + 6 — s
ht = wo + a0+(€t—1) + Oé()_(—ﬁtfl) + Bohi—1

with initial values €y and hy > 0, where wy > 0, g+ > 0, ap— > 0, By > 0,
and using the notation ¥ = max(z,0),z~ = min(z,0). In this model, (;) is a
sequence of independent and identically distributed (iid) variables such that

(1.2) Enf=1 and Pni=1)<1.

Most commonly used extensions of the standard GARCH of Engle (1982) and
Bollerslev (1986) can be written in the form (1.1).

The first goal of the present paper is to derive a strict stationarity test in the
framework of Model (1.1). In this model, strict stationarity is characterized by
the negativity of the so-called top Lyapunov exponent (see Bougerol and Picard
(1992)), which depends on the parameters (except w) and the errors distribution.
By deriving the asymptotic behavior of the QMLE of the top-Lyapunov exponent,
under stationarity and non stationarity, a strict stationarity test can be derived.
The second goal of the paper is to propose a test for the symmetry assumption
in Model (1.1), namely ooy = ap—. Existing tests, to our knowledge, rely on the
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stationarity assumption. Our aim is to derive a test which can be used without
bothering about stationarity.

The rest of the paper is organized as follows. In Section 2, we study the conver-
gence of the volatility to infinity, in a model encompassing (1.1), when stationarity
does not hold. Section 3 is devoted to the asymptotic properties of the QMLE. In
Section 4, we consider strict stationarity testing and asymmetry testing. In Sec-
tion 5, the LAN property is established and used to derive the local asymptotic
power of the proposed tests. Local alternative allowing for an arbitrary rate of
convergence with respect to wg are considered. Optimality issues are discussed.
Necessary and sufficient conditions on the noise density are derived for the tests
to be uniformly locally asymptotically most powerful. Section 6 is devoted to the
case where the power ¢ is unknown and is jointly estimated with the volatility
coefficients. Proofs and technical lemmas are in Section 7. The possibility of ex-
tensions is discussed in Section 8. Several lemmas and proofs, along with a study
of the finite sample performance of the stationarity and asymmetry tests and an
empirical application, are included in appendix.

2. EXPLOSIVITY IN THE AUGMENTED GARCH(1,1)

In this section, we analyze the convergence of the volatility to infinity, for a
class of augmented GARCH processes encompassing (1.1) and many GARCH(1,1)
models introduced in the literature (see Hérmann, 2008). Given a sequence (&;);>0,

let (€¢)¢>1 be defined by

€t = h%/(sgt, t:1,2,
21) { he = w(&-1)+a(é—1)hi—1

where ¢ is a positive constant, hg > 0 is a given initial value, and the functions
w(+) and a(-) satisfy w : R — [w,+0o0) and a : R — [0, +00), for some w > 0. When
(&) is assumed to be a white noise, (¢;) is called an augmented GARCH process.
We purposely use a different notation for & in (2.1) and 7; in (1.1) because, for the
moment, we only assume that (&) is stationary and ergodic. Define in RU {400}
the top Lyapunov exponent

v = Eloga(&1).

The following proposition is an extension of results proven for the standard
GARCH(1,1) by Nelson (1990) and completed by Kliippelberg, Lindner, and
Maller (2004), and Francq and Zakoian (2012).

PROPOSITION 2.1.  For the process (e) satisfying (2.1), the following proper-
ties hold.

i) When~v >0, hy— o0 a.s. at an exponential rate: for any p > e 7,
p'hy — 0o and, if E|log(£3)] < oo, ple? — 00 a.s. ast — oo.

it) When v = 0 and (&) 1is time reversible (i.e. for all k the distributions of
&y &1y &) and (&g, ... &—1,&) are identical), the following con-
vergences in probability hold as t — oo,

hi — oo and, if E|log(£})] < oo, €2 — oo.
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Moreover, if 1 is a decreasing bijection from (0,00) to (0,00), if Ey(hi) < oo
(resp. E(€3) < oo and E|log(£?)] < o), then

(2.2) Y(he) — 0 (resp. (e?) —0) in L'

The main ideas of the proof are as follows. The a.s. convergence of h; to infinity
in the case v > 0 follows from the minoration logh; > logw + Zf;% log a(&—i),
and the fact that the latter sum is strictly increasing, in average, as t goes to
infinity. The argument is in failure when v = 0, the expectation of the sum
being equal to zero. The key argument in this case is that the sequence (hy)
is increasing in distribution. Indeed, taking hyp = 0 we have h; = w() and
hy = w(&) + a(§o)w(&o) 4 w(&o) + a(&1)w(&1) > hy under the reversibility
assumption, and the same argument applies for any ¢ > 0.

In the rest of the paper, these results will be applied with & = 7 to Model
(1.1), for which the top Lyapunov exponent is given by

Y0 = Elogag(m), ao(z) = any (z1)° + ap—(—27)° + .

3. ASYMPTOTIC PROPERTIES OF THE QMLE

We wish to estimate ¥g = (ap4,0—, o) from observations e,t = 1,...,n,
in the stationary and the explosive cases under mild assumption. Denote by 6 =
(w,aq,a_,3) the parameter and define the QMLE as any measurable solution

of

. o . 5 L1 € 2
(3.1) 0, = (Wn, Gnss G, Bn) = arg %Iélél - ;@(9), 0,(0) = 2(0) +log o (0),

where © is a compact subset of (0,00)* containing the true value 6y =
(wo, @05 a0, fo)', and 0f(0) = w + ay(61,)° + a—(—_y)° + fop_y(0) for
t = 1,...,n (with initial values for ¢y and ¢§(f)). The rescaled residuals are

~

defined by 7 = m,(0,,) where n.(0) = €,/04(0) for t =1,...,n.
/

Write ¥ = (op, o, B) and let 9, = (dn+, &n_,ﬁn> )

3.1 Consistency and asymptotic normality of 9,

The following theorem extends, to the non stationary framework, results ob-
tained for the stationary case (see Hamadeh and Zakoian (2011) and the references
therein), which we recall for convenience. We introduce the assumptions:

A1: The support of (1) contains at least 3 points and is not concentrated on
the positive or the negative line.

A2: When t tends to infinity,

E{l +§ao(m)...a0(m)}l =o0 (%) .

Note that A2, which is only required in the case v9 = 0, is obviously satisfied in
the degenerate case when a(n;) = 1, a.s., since the expectation is then equal to
1/t.
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To handle initial values we introduce the following notation. For any asymptot-
ically stationary process (X);>0 let Eoo(X¢) = limy,oo E(X}) provided this limit
exists. Let also é denote the interior of ©.
THEOREM 3.1.  Let (1.1)-(1.2) and A1 hold. Then the QMLE defined in (3.1)
satisfies the following properties.

i) Stationary case. When 79 < 0, and § < 1 for all 0 € O,

~

0,, — 0, a.s. as n — oo.
If, in addition, k, = En} € (1,00) and 0y E(S), we have
(3.2) Vvn (én — 90> 4N {0, (kp — 1)j_1} ,  asmn — oo,

where

4 1 90? do?
(3.3) J = ﬁEoo (@8—; 8«913 (‘90)> .

ii) Explosive case. When vy > 0, if P(n =0) =0,

W, — o, a.s. as n — oo.
If, in addition, Kk, € (1,00), E|logn?| < oo and 6y € (S),

(3.4) Vi (95 = 0) 5 N {0, () - )T},

as n — 0o, where I is a positive definite matrix.
iii) At the boundary of the stationarity region. When vy = 0, if P(my =
0) =0, and V0 € ©, 3 < ||[1/ag(m)||,* for some p > 1,

Uy — Yo, in probability as n — oo.

If, in addition, 6y € é, Ky € (1,00), E|log n}| < oo and A2 is satisfied, then
(3.4) holds.

The key ideas of the proof can be summarized as follows. First, we note that
0,, can be equivalently defined as the minimizer of LS {6(0) — £,(6p)}, where
0:(0) — £4(6p) is a function of n? and the ratio of(#)/hs;. While the numerator
and the denominator explode to infinity as ¢ increases, the ratio is close to a
stationary process for ¢ sufficiently large. For instance in the symmetric ARCH(1)
case (ay = a_ = a and # = 0), we have o)(0)/h; — a/ag, a.s. in the strictly
explosive case (in probability in the case v = 0). The situation is much more
intricate when 3 # 0 but we can show that, when v > 0,

— —vt(vﬂ)‘ — 0 as. as t — oo.

uniformly on some compact set included in ©, where (v;(1)) is a strictly stationary
and ergodic process. The a.s. convergence is replaced by a LP convergence in the
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case 7 = 0. The consistency results are established by showing that the criterion
in which o0 (6)/hs is replaced by v;(19) produces an estimator which is consistent
to ¥g. Similar arguments are used to prove the asymptotic normality results, but
we now show that

1 00?
ad () 09

(6o) — dy

— 0in L? as t — oo,

for some strictly stationary and ergodic process d.

An explicit expression of Z is given in appendix. To conclude the section, it
can be noted that no asymptotically valid inference on wgy can be done in the
nonstationary case (see Propositions 2.1 and 3.1 in Francq and Zakoian (2012),
denoted hereafter FZ, for the standard GARCH(1,1) model).

3.2 A universal estimator of the asymptotic variance of J,,

In view of (3.2)-(3.3), when 79 < 0 the asymptotic distribution of the QMLE
Uy, of ¥y (the parameter without wy) is given by

(3.5) vn (5‘” - 190) <, N{O, (ky — 1)1;1} , asn — oo,
with
(3.6) T = To0 — TpwToiTous,

4 1 909 959 4 1 909 959 .
Tow = B (HFGO0)) . Too = #Ew (HF 5 00)) and Ty =
é é
t t

(0.]
0 .
jé,w — (;%EOO (hi%% 55 (6?0)) . Letting

~ 412"3 1 90) 0o

v 52, 5259,y 99 OV

(0n),

and defining jg’w, juw and jwﬂg accordingly, it can be shown that
Lo = To,9 — Tow Ty Tissi
is a strongly consistent estimator of Z, in the stationary case v9 < 0. The follow-

ing result shows that this estimator also provides a consistent estimator of the
asymptotic variance of ¥,, in the nonstationary case vy > 0.

THEOREM 3.2. Let the assumptions required for the consistency results in
Theorem 3.1 hold, assume k, € (1,00) and let &, = n~' 37, A, where iy =

et /ot (0,).

i) When vo < 0, we have Ry — Ky and i — T, a.s as n — 0.
ii) When v9 > 0, we have ky — Ky and Z, — T a.s.
iii) When vy = 0, we have ky,, — Ky and, if A2 is satisfied, T, — T in probability.

In any case, (ky — 1)2?1 s a consistent estimator of the asymptotic variance of
the QMLE of vy.

It follows that asymptotically valid confidence intervals for the parameter 9
can be constructed without knowing if the underlying process is stationary or not.
This theorem also has interesting applications for testing problems, which we now
consider.
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4. TESTING
In this section we consider testing stationarity and testing asymmetry.
4.1 Strict stationarity testing

Consider the strict stationarity testing problems

(4.1) Hy:v <0 against Hy:~9 >0,
and
(4.2) Hy:v% >0 against Hy: v <O.

Let 4, = 'yn(én) be the empirical estimator of vy, with for any 6 € ©,

43 @ =+ os[a @) va @) 4],

where 17¢(0) = ¢;/0¢(6). The following result shows that the asymptotic distribu-
tion of 4, is particularly simple in the nonstationarity case.

THEOREM 4.1. Let uy = logag(n:) — o, and Ji = Eu? Then, under the
assumptions of Theorem 3.1,

when o > 0,

(4.4) Vi(Am = 70) 5 N (O, U,Qy) asmn — oo
where
o2 { 024 (ky — D{d' T ta— (1 —11)?} when v <0,
2 2

with a = (0,01, 4,01, —,v1/B) and

) Sl b Bo
o _E{ao(m)}’ - _E{ ao(m) }7 ' _E{ao(m)}'

~2 P . ~ At 4 ~ A 4 A
Let 7 be the empirical variance of log { &4 (nt ) + Qp— (—nt ) + Bp ¢, for

t =1,...,n. Under the assumptions of Theorem 4.1, it can be shown that 62 is
a weakly consistent estimator of o2. The statistics

is thus asymptotically N(0,1) distributed when vy = 0. For the testing problem
(4.1) (resp. (4.2)), at the asymptotic significance level a, this leads to consider
the critical region

(45)  T={T,>07'(1-a)} (resp. O™ = {T, < &L (a)}).
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4.2 Asymmetry testing

It is of particular interest to test the existence of a leverage effect in stock
market returns. In the framework of model (1.1), this testing problem is of the
form

(4.6) Hy: apy = ap— against Hy: apy # ap_.

Consider the test statistic for symmetry

5 = VilGng O‘"*), bps = \/(/%77 —1)e'Z: e,

5'TS

with €/ = (1,—1,0). The following result is a direct consequence of (3.4), (3.5)
and Theorem 3.1.

COROLLARY 4.1. Assume that 0y € é and the assumptions of Theorem 3.1
hold. For the testing problem (4.6), the test defined by the critical region

(4.7) S ={|T5] > @71 (1 - 2/2)}
has the asymptotic significance level o and is consistent.

We emphasize the fact that this test for symmetry does not require any station-
arity assumption. The somewhat surprising output is that the usual Wald test,
based on the asymptotic theory for the stationary case, also works in the non
stationary situation.’

5. ASYMPTOTIC LOCAL POWERS

The section investigates the asymptotic behavior under local alternatives of the
asymmetry test (4.7) and of the strict stationarity test (4.5). We first establish the
LAN of the power-transformed GARCH model without imposing any stationarity
constraint. This LAN property will be used to derive the asymptotic properties of
our tests, but the result is of independent interest (see van der Vaart (1998) for a
general reference on LAN and its applications, and see Drost and Klaassen (1997),
Drost, Klaassen and Werker (1997) and Ling and McAleer (2003) for applications
to GARCH and other stationary processes).

5.1 LAN without stationarity constraint
Assume that 7, has a density f with third-order derivatives such that

(5.1) lim yf(y) =0 and lim 22f'(y) = 0,

|ly[—o0 |ly[—o0

and that, for some positive constants K and 9,

f/ / f/ "
(5) |+ |(5) @
. . 1
For instance in ARMA models, Wald tests on the parameters are not the same in the
stationary and non stationary cases.

62 ll|[Lw|+s y? <K (1+ 1P,




INFERENCE IN NON STATIONARY ASYMMETRIC GARCH 9

(5.3) E|m|* < .

These regularity conditions are satisfied for numerous distributions, in particular
for the gaussian distribution with § = 2, and entail the existence of the Fisher
information for scale

= [{1+yf' W)/ fW)} fy)dy < co.

Given the initial value €y, the density of the observations (eq,...,€,) satisfying
(1.1) is given by Ly t(60) = [I7—1 07 *(60)f {Jt_l(@o)et}. Around 6 Eé, let a
sequence of local parameters of the form

(5.4) On = b0+ Tn/V/n,

where (7,,) is a bounded sequence of R*. Without loss of generality, assume that n
is sufficiently large so that 6,, € ©. Under the strict stationarity condition vy < 0,
Drost and Klaassen (1997) showed that, for standard GARCH, the log-likelihood
ratio Ay ¢(0n,00) = log Ly, 1(6,,)/ Ly, 5(00) satisfies the LAN property

1
(5'5) An,f(0n7 00) = T;LSn,f(HO) - §T;Ljf7-n + OPy, (1)7

where S, ¢(6o) 4, N {0,3¢} under Py, as n — oo. The following proposition
shows that (5.5) holds regardless of .

PROPOSITION 5.1.  When 6y € é, under (5.1)-(5.3) we have the LAN property
(5.5). When o < 0, we have J5 = szj, where J is defined in (3.3). When vy > 0,

the Fisher information is the degenerate matrix

~ [ O 05

where T is the positive definite matriz introduced in (3.4).

5.2 Near-global alternatives with respect to wg

We now show that, in the non stationary case, LAN continues to hold when
the local alternative allows for an arbitrary rate of convergence with respect to
wq. To this aim we assume that

Tn

NG

where e; = (1,0,0,0), (7,) is as in (5.4), and (v,) is a deterministic sequence
converging to zero. The next result shows that, in the non stationary case, (5.5)
which was established under (5.4), continues to hold under the more general al-
ternatives (5.7). For simplicity, take 7, = 7 = (7, 7')" and 7/ = (72, 73, T4).

(57) 0,, =60y +v,eq1 +

PROPOSITION 5.2.  Let 6y € O with Yo > 0. Then, under (5.1)-(5.3) and (5.7),
we have the LAN property

Ay (0, 00) AN <—L§f~/f7~', %%’Ii’) , under Py, as n — oc.
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Note that this Gaussian law is the distribution of the log-likelihood ratio in the
statistical model N {7,4Z71/1s} of parameter 7, or equivalently in the statistical
model N {¢yZ7 /4,157 /4}. To interpret this result in terms of convergence of sta-
tistical experiments (see van der Vaart (1998) for details), assume that v, = v,
where v € R and (v,,) is a given sequence converging to zero as n — oo. Denoting
by 7 a subset of R? containing a neighborhood of 0, the so-called local experiments
{L, (00 + vrner + (0,7')/y/n), (v,7') € T} converge to the gaussian experiment
N (7,427 ug) (v, 7') € T}

Interestingly, the parameter v vanishes in the limiting experiment. Conse-
quently, in the limit experiment there exists no test on the parameter v (except of
trivial power equal to the level). On the other hand, the limit of any converging
sequence of power functions in the local experiments is a power function in the
Gaussian limit experiment, by the asymptotic representation theorem. We can
conclude that there exists no test with a non trivial asymptotic power, for local
alternatives on the parameter v at the rate 1/v,. Given that the rate of conver-
gence of v, to zero is arbitrary, the LAN approach shows that no asymptotically
valid inference can be made on the parameter wy.?

5.3 Local asymptotic powers of the tests

The LAN property, with the help of Le Cam’s third lemma, allows to easily
compute local asymptotic powers of tests. In view of Theorem 4.1,

. ST\ _ 13 NS\ _
Jm Py, (C7) = Jim By, (C°F) =a.
when 6 is such that 79 = 0. For 7 such that 6y + 7/y/n € ©, we denote by P, ,
the distribution of the observations (ey, ..., €,) when the parameter is 6y +7/y/n.

We should use the notation (ejy,...,€,) instead of (e,...,€,) because the
parameter varies with n, but we will avoid this heavy notation. Let

ar(m) = <040+ + %) (Uf)(s + (040 + %) (—771_>(S + o + %-

Local alternatives for the CST-test (resp. the CNS-test) are obtained for 7 such
that Elogar(n1) > 0 (resp. Elogar(n1) < 0).

PROPOSITION 5.3. Under the assumptions of Theorem 8.1 and Proposi-
tion 5.1, the local asymptotic powers of the strict stationarity tests (4.5) are given

by
(5.8) Jim Py (C5T) = @ {cs(00) - 27 (1 - 0)}
and, using the notations of Theorem 4.1,

i Pu (0%) =0 {800 )

where

(214 + 7301 + a1/ Bo) Blog ag(m) {1+ m &2}
dou(l—14) :

c(bo) =

TS . . . . .
This is in accordance with the observation that, at least in the explosive case, the Fisher
information with respect to wg is bounded as n increases. A proof is available from the authors.
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We now compute the local asymptotic power of the asymmetry test defined by
(4.7). We thus consider a sequence of local parameters of the form 6,, = 0y+7/v/n
where 0y = (wo, @, a0, Bo) and T = (71,72, 73,74)" (With 75 # 73 under a local
alternative). We denote by PE,-:- the distribution of the observations under the
assumption that the parameter is 6,,.

PROPOSITION 5.4. Let the assumptions of Proposition 5.1 and Theorem 3.1
be satisfied. For testing (4.6), the test defined by the rejection region (4.7) has the
local asymptotic power

. S s\ _ -1 Q@) T2—1T3
lim PS(C%) = 1-@{@ <1—2) - }

+ {—cb—l <%> S S 73} :
2 aTs

where, recalling the notation €' = (1,—1,0),

o2 (ky —1)e'Z;'e when ~o <0
s (ky —1)e'IT"'e when 9> 0.

5.4 Optimality issues
We discuss, in this section, the optimality of the symmetry test defined in (4.7).

Let 0y = (wo, g, a0, 59) be a parameter value corresponding to a symmetric
GARCH. Assume that, at this point, v > 0. If 79 < 0, it suffices to replace Z by
Z. in the sequel. A sequence of local alternatives to this symmetric parameter is
defined by 6y +7/v/n where 7/ = (11, 72, 73, 74)" is such that 75 # 73. The relations
(5.5)-(5.6) imply that

A p(00 + 7/, 00) 5 N <—L§f%’z%, %f%’z%) under Py,

with ¥ = (72,73, 74)’, which is the distribution of the log-likelihood ratio in the
statistical model N {7,4Z71/1s} of parameter 7. In other words, denoting by 7
a subset of R? containing a neighborhood of 0, for any 71, the so-called local ex-

periments {Ln, (0o + (11, 7")//n), T € ’j'} converge to the gaussian experiment
(N (74T i) 7 € T},
The asymmetry test (4.6) corresponds to the test
€T =0 against €'7T#0

in the limiting experiment. The uniformly most powerful unbiased (UMPU) test
based on X ~ N (7,421 /i) is the test of rejection region

C— {|e’X|/,/4efz—1e/Lf > a1 —Q/Q)} .

This UMPU test has the power

6:9)  Per(@)=1-2{o7 (1-5) ~cerp 4@ {-07 (§) - s ).

with cer7 = 2\6/% A test of (4.6) whose level converges to o, which is asymp-

totically unbiased, and whose power converges to the bound in (5.9) will be called
asymptotically locally UMPU.
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Ficure 1. Optimal asymptotic power (5.9) (in full line) and local asymptotic power of the
asymmetry test (4.7) (in dotted line) when n, follows a standardized Student distribution
with v degrees of freedom. The horizontal axis correspond to the local parameter e'T.

PROPOSITION 5.5.  Under the assumptions of Proposition 5.3, the test (4.7)
is asymptotically locally UMPU for the testing problem (4.6) if and only if the
density of n; has the form

a
(5.10) Fly) = 2|yl a5 0, T(a)= /OO 1Tt
I'(a) 0

A figure displaying the density (5.10) for different values of @ is in appendix.
Note that the gaussian density is obtained for a = 1/2. The result was expected
because the CS-test is based on the QMLE of 6y, and the QMLE is obviously
efficient in the gaussian case. It can be shown that when the distribution of »,
is of the form (5.10), the MLE does not depend on a. The QMLE is then equal
to the MLE, which makes obvious the "if part" of Proposition 5.5. The "only if"
part of the proposition shows that there is necessarily an efficiency loss when the
test is not based on the MLE of 6.

This point is illustrated by Figure 1, in which the local asymptotic power
of the asymmetry test (in dotted lines) is compared to the optimal asymptotic
power given by (5.9). In this figure, the noise 7, is assumed to satisfy a Student
distribution with v > 2 degrees of freedom, standardized in such a way that
En? = 1. The parameters of the model under the null are gy = ag_ = 0.2,
Bo = 0.9 and 6 = 1, which corresponds to a nonstationary model with vy = 0.045.
In the figure, it can be seen that the local asymptotic power is far from the optimal
power when v is small, but, as expected, the discrepancy decreases as v increases.

6. ESTIMATION WHEN THE POWER 4 IS UNKNOWN

In this section, we consider the case where the power 0, now denoted dy, is
unknown and is jointly estimated with 65. We rewrite the vector of parameters
as ¢ := (0,0"), which is assumed to belong to a compact parameter space T C
(0,00)? x [0,00)3. The true parameters value is denoted by (o = (do,0))". A
QMLE of ¢ is defined as any measurable solution CAn of

" PN 1 2
©0) b= b)) =mgming 3260, 40 = i +lezot(0)

where

62)  or=01(¢) = (wtasle 1) +a(—e ) + ol 1(0)"
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for t = 1,...,n (with initial values for ¢y and 0¢(()). The rescaled residuals are
defined by % = n:(C,) where n.(¢) = €/0¢(¢) for t = 1,...,n. For identifiability
reasons, we need to slightly reinforce assumption A1l as follows.

A3: The support of 7, contains at least three points of the same sign, and at
least two points of opposite signs.

We also introduce the following technical assumption to handle the derivatives
of ¢; with respect to the exponent 9.

A4: V(e X, 3 <|1/ag(m)l," and |71 log |m1||l, < oo for some p > 1.

For brevity, we only present results for the non stationary cases.

THEOREM 6.1.  Let (1.1)-(1.2) and A3 hold. Then, the QMLE defined in (6.1)

satisfies the following properties.
i) Explosive case. When o > 0, if P(m =0) =0

(8, 9%) — (80, 9h), a.s. as mn — oo.
If, in addition, k, € (1,00), E|logn?| < oo, (o € %, and A4 holds, then

(6.3) Vi (6, 91) = (8o0,96)) S N {0, 6y = DI,

as n — oo, where Is is a positive definite matriz (see Lemma D.J).
ii) At the boundary of the stationarity region. When vy = 0, if P(my =

0)=0,andV(eY, < Hl/ao(m)H;l for some p > 1,

(8,0") — (80, h), in probability as n — oo.

If, in addition, ¢y € %, Ky € (1,00), E|logn?| < oo and A2 and A4 are
satisfied, then (6.3) holds.

The presence of parameter § induces specific difficulties. It turns out that the
derivative of the criterion with respect to § involves the process (9o /96 —log oy).
A strictly stationary approximation to this process can then be obtained, but in
a more complicated way than for the other parameters. To save place, the proofs
of this section are given in appendix.

Obviously, stationarity and symmetry tests could be derived as in Sections 4
and 5. Other tests concerning the exponent ¢ (for instance testing the TARCH
model (0 = 1) against the GJR model (§ = 2)) could be considered as well, but
we leave this for further investigation.

7. PROOFS AND COMPLEMENTARY RESULTS
7.1 Proof of Proposition 2.1
Writing w; = w(&;) and a; = a(&;), we have, for all t > 1 and 1 < k < ¢,

k J k+1
(7.1) hy = wp—1+ Z Wi—j—1 H ar—; + he—p—1 H ag—;.
=1 i=1 i=1

We begin by showing ). Since all the random variables involved in (7.1) are
positive, hy > QHE; at—i. For any constant p > e~7, we thus have, a.s.

1 1 =
liminf —log p'hy > logp + lim —{logg+ E 10gaz} =logp+~v>0,
t—oo t t—oo t =
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by the ergodic theorem. It follows that log p'h;, and hence pthy, tend to +o0 a.s
as n — 00. The second convergence is shown right in the same way, arguing that
E|log €3] < oo entails log &2/t — 0 a.s. as t — oo.

To show i), first consider the case where hy = 0. Note that, for all ¢, the
distribution of hy = hy(&p,...,&—1) is equal to that of

t—1 J
(7.2) b= h(&, .. &) =wi+ > wjs [ ai
j=1 i=1

Note that, contrary to (h¢), the sequence (h}) increases with ¢. The Chung-Fuchs
theorem applied to the random walk _f_; log a; entails that limsup,_, . [['—; a; =
+o0o a.s. It follows that hy — 400 as t — oco. We thus have P(h; > A) = P(hf >
A) — 1 for all A > 0, from which the first part of i) easily follows. To prove the
first convergence of (2.2), note that the dominated convergence theorem entails

E(hy) = /Ooop{h; <47 w)} du— /OootlirgoP{hf <47} du=0.

The second convergence is shown similarly. Now consider the case where the initial
value is not equal to zero. It is clear from (7.1), with & = ¢ — 1, that h; is an
increasing function of hy. So the convergences to infinity obtained when hg = 0,
and the convergences in (2.2), hold a fortiori when hy > 0. 0

7.2 Asymptotic behavior of the QMLE of ¥

Define the [0, co]-valued process

e ta(n )Y 8
= ]221 ao () /}31 a0(7i—)

with the convention Hi;ll =1when j < 1. Let ©g = {0 € © : § < €} and
©p = {0 € [0,00)* : B < [[1/ao(n1)|;'}-

LEMMA 7.1. i) When vy > 0, for any 0 € ©q the process vy(1) is stationary
and ergodic. Moreover, for any compact Of C Oy,

o} (0)
ey | T

—vt(vﬂ)‘ — 0 a.s. as t — oo.

Finally, for any 0 ¢ Oq it holds that o?(0)/hy — oo a.s.

ii) When vo = 0, for any 0 € ©, with p > 1, the process v(0) is stationary and
ergodic. Moreover, for any compact © C Oy,
a? (0)

t

sup
0O

- vt(ﬂ)| — 0 in LP.

Proof. Assuming, with no generality loss, that oo(f) = 0, we have of(f) =
L1tz j where 2 = w + ay(6) +a_(—¢)° and

ol0) &) hew | oz
(7.3) i Zﬁ 11 T

iy =k
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Noting that

hi g hi—k - 1

7.4 — 7
(7.4) hi—pr1 wo+ ao(Me—r)hi—r — ao(Mi—k)

the rest of the proof follows from arguments similar to those used in the proof of
Lemma A.1 in FZ. Therefore is it omitted. ad

LEMMA 7.2. If0 € ©g, we have v (¥) =1, a.s. iff 9 =y.
Proof. Straightforward algebra shows that

(7.5) v(@)ag(ne-1) = Bre1(9) + ax () + a-(=n )’

Hence

{ve(9) = 1}ao(ne—1) = Bre—1(9) — Bo + (ot — o) (1) + (a— — ap—) (=)’

It follows that v(9¥) =1 a.s. iff

B = Bo+ (ay — o) (1) + (o= — ap=)(—n;_1)° = 0.

Thus, if ¥ # J¢, n: takes at most two values of different signs, in contradiction
with Assumption A1. The conclusion follows. O

Let w = inf{w | § € O}, a = inf{ay,a_ | § € O}, 3 = inf{3 | § € O},
w=sup{w |0 € O}, @ =sup{a,a_ |0 €O}, 3=sup{B |0 € O}. Denote by K
any constant whose value is unimportant and can change throughout the proofs.
Let © be the compact set of the 9’s such that (w,') € ©.

LEMMA 7.3.  Suppose that P(n, = 0) = 0. Then, for any k > 0

1 \k he \"
FE sup < > < oo and FEsup — ] < .
geo \vi(V) oco \ of(0)

Proof. Let € > 0 such that p(e) := P(|n] <€) € [0,1). If [n—1| > &, since the
sum v, (1) is greater than its first term, we have,

1 ao(1—1) < maX(Oé0+,a0—) Bo .
v(9) T ()0 + o (—n )’ T a ‘)‘55

Iterating this method, we can write

i—1
1 .- ap(e)
E) Z ]l\ﬂt—l\SE e ]l|77t7i+1‘§€]1‘77t7i‘>€ < 3 ) .
=1 =

sup ——
96 Vt(V)

where @o(¢) = max(agy, ag_ )€’ + Fo. It follows that, for any integer k,

Y (&) k(i—1)
) < e }zp (7) -

Esup(
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k
Noting that lim._,op(¢) = 0 and lim._,g @p(c) = By we have p(¢) (aoﬁ(s)> < 1 for

¢ sufficiently small. The first result of the lemma is thus proven.
Similarly, we have for |n._1| > ¢,
hy wo @  Bo

< Z24+-4+ 2 —H

and for |m—1| < e and |n_2| > ¢,

More generally,

hy e
Sup 5(9) < Z ]l\nt—l\SE s ]l\ntfi+1|§€]l|m7¢|>€
=1

e Oy
Oi—2 60(5) J 60(5) i—1
( Z( 7)) H“))'

The conclusion follows by the same arguments as before. a

€| &

Proof of the consistency results in the cases it) and i) of
Theorem 3.1. Note that (&,,?),) = argmingee Q,(0), where Q,(0) =
nL S {0(0) — £4(00)} . We have

n 2/6 o0 2/6
Qult) = %&{(%) —1}+1og<%f)> = 0u(9) + Ru(6)

and

1 n ht 2/0 1 0‘?(9) e
Rul®) = 3 2 0k { () - W} oo ()

It suffices to consider the case § € ©5 where O is an arbitrary compact subset of
©y, because by Lemma 7.1 i) Q,(0) — oo a.s. if § ¢ ©y. We have by stationarity
and ergodicity of vy (9), a.s.

. 1 2/5
vy (V)
because logx < x — 1 for z > 0. The inequality is strict except when vy (¢) = 1
a.s. By Lemma 7.2 we thus have E{O,,(9)} > 0, with equality only if ¥ = .
By Lemma 7.3 we prove, as in FZ, that

(7.6) lim sup |R,(A) =0 as. (resp. lim sup |[R,(0)] =0 in L),

e geoy n gy
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when vy > 0 (resp. 79 = 0) and O, O, are defined in Lemma 7.1, which completes
the proof. O

We now need to introduce new [0, oo]-valued processes. Let a(n;) = oy (n;)° +
a(=n; )"+ B and

> ()’ 25 o X)) B
da+ — ] d — J
' Z 1;[ ' Z ao(ne—j) el ao(ne—k)

= 1610 Nt—j) 0(Ne—k) =1

=3 = Do () oo Y o
5 Boao(me—;) oy @0 (Ne—k)
LEMMA 7.4. Assume vo > 0 and En} < oo. We have
1 14
Zat 4, NAO, (ky — I} asn — oo,

where T = S Edyd, and d, = (d;",d _,dﬂ . Moreover, T is non singular.
5 1 t t 0y 50

Proof. Since E log 3y /ao(m) < 0, by the Cauchy root test, the processes d; , d;
and df are stationary and ergodic. Still assuming o3 = 0, we have

() = Y et e ) a“f )= > -np
Oy, a-) = A -
Jj=1 j=2
Thus, using a direct extension of (7.4)

Jr

o & ) (—e )
R B Zﬂ“{H tkwo))}{(tw )%

k 1Ut k100 J?—j(‘go)

< (d" (%), d; ™ (Y0)),

I DN Lol 00 | =y
2(60) OB o) = 2:22] Y {H (90)}0?—]'(90)

& 1Ut k41
d; (o),

where the first inequality stands componentwise. Moreover, we have

IN

o 1 9o?
0< dt+(190) 5 Do 1(90) < Sto + Ttgs
where
5 = i (n?_])‘s = B B (62__]‘)6 ﬁ Boo?_.(0o)
’ = ao(n—j) ;= ao(m—k)  Poop_;(00) ;=5 o)1 (6o)’
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For all p > 1, ||rgllp — 0 as tg — oo because ||Bo/ao(m)|, < 1 and
H(nf)‘s/ao(m)ﬂp < 1/ap4. Since, in addition, ||ﬂoaf_1(¢90)/af(90)||p < 1, and

Bo _500?—1('90)| _
p

ao(ne-1) a7 (6o)
as t — oo by the dominated convergence theorem, s;, = sy,(t) converges to 0 in
LP as t — oo. The same derivations hold true when d;" is replaced by d; = and

Bowo
ao (1)o7 (0o)

— 0

p

dtﬁ . Therefore, d;", d;'~ and dtﬁ have moments of any order, and
1 oo}

(7.7) 57

(60) — dy

— 0

in LP for any p > 1.
Using (7.7) and the ergodic theorem, we thus have, as n — oo,

1 &0 AR 1 ,
Var% ; 8—19&5(90) = 62 o ; E(dtdt) + 0(1) — (Iin 1)I

Moreover, it can be shown as in FZ that the Lindeberg condition is satisfied,
allowing to apply the Lindeberg central limit theorem for martingale differences
(see Billingsley, 1995, p. 476).

Now we show that Z is nonsingular. Suppose there exists z = (21,22, 23) € R3
such that z’Zz = 0. Then we get 2’'d; = 0, that is,

> ( ;)" (=my)°

1a(ﬁt—j) w2 a(??t—j) sl - 1)

ay(n;)° + a(—m‘ﬁ)
Ba(ne—;)

j=1

j-1 3
X =0, a.s.
,};‘[1 a(m—r)

It follows that 1 (n;"{)° + x2(—n_1)° = 22, a.s. where z_o is a measurable
function of the n;_; with j > 1. Because 7;—1 is independent of z;_», this variable
must be a.s. constant. In view of Assumption A1, this entails 1 = 2o = 0 and
then x3 = 0. Therefore, Z is nonsingular. O

LEMMA 7.5. Let w be an arbitrary compact subset of [0,00). Assume that
Elogn? < co. When vy > 0 we have, a.s.

sup |=—/2.(0 < o0, sup ||=2—£,(0)]| < oo,
itk " 2 | gt
1 & 82€t(w o) o
S = — 2T = 1 I1i,j€41,2,3},
wlelg' n;a@i+1agj+1 J 0( ) fora 1,7 { }
l"s 8736(9) — O(1) foralli,j ke {2,3,4}
nt:l Glelg 89189Ja¢9k t - or a1, j, 5 Dy .

When ~v9 = 0 we have, for alli,j, k € {2,3,4},

1 < 0%y (w, ag, Bo)
78 W a0 o) g 1),
(78) Elelg n; 00;4100;41 / or(1)
(79) IS g |2 o) = op)
' n & pee, |00,00,00, | T TPV
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Proof. This is similar to that of Lemma A.5. in FZ, therefore is it omitted. O

Proof of the asymptotic normality in the case ii) of Theorem 3.1. An
expansion of the criterion derivative gives

n o N
(7.10) < 7 Z“Of’_wgt(e") ) = Z —ét 00) + Tnv/n(6r — bo)

where 7, is a 4 x 4 matrix whose elements have the form
1 & 02
= — E — (0
7) n &= 90,00 «(67)

"is between 0,, and 0y. Moreover, it can be shown

where 0] = (v}, a7, ,a;_,3})
that, for 4,5 = 1,2, 3,

(7.11) Tn(i+1,1) =o(1/v/n), Tu(i+1,5+1)—Z(i,j) as.
The conclusion follows from the last rows of (7.10) and Lemma 7.4. O

Proof of the asymptotic normality in the case iii) of Theorem 3.1. Note
that (7.10) continues to hold. In view of (7.8)-(7.9), we have

In(i+1,54+1) — Z(i,j) in probability as n — oc.
To conclude, by the arguments used in the case i), it suffices to show that,
(7.12) for i =2,3,4, FE|J.(i,1)vVn(@, —wo)| — 0 asn — oc.
Noting that
t
am L <o
and (35 < 1 for n large enough, and using the compactness of ©, we obtain

|7 (2, 1) v/ (& — wo)
5 (gt ) (E 0 ()

(7.13)

<

n \/ﬁt 1 ) 0% (05)
K I (212002 he 1

< = +1 =
Vi ;::1 ( o (03) o) (03) I

Hence, by Lemma 7.3 and Hélder’s inequality

K & 1
E n271 An_ S = E—7
G~ < B

for any 7 > 0. The same bound is obtained when 7,,(2, 1) is replaced by 7,(3,1)
and J,(4,1). Moreover,

h=wo(l+Zs 1+ Zs 1 Zp o+ +Zs ... 21) + Zs_1... Zyod.

Hence
1 - 1
htlJrT o w(l)JrT(l 7 IR I /T B/ S S /AT T Zl)
By Assumption A2, the conclusion follows. O

Proof of Theorem 3.2. It is displayed in appendix.
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7.3 Stationarity test

Proof of Theorem 4.1. In the stationary case 79 < 0, standard arguments show
that

(714 o= 0(00) + 2500 6, 65) + 0p(n 1),
with
0
() _ —1¢n 1 10000 | Gy
20 = 7;@0(1%) {a0(77t) ﬂO} 90 (_77;)6
1
(7.15) — U+ op(1),

where ¥ = (1 —11)Q2 —a and Q = E 1 aat (90) . Moreover the QMLE satisfies

n )
7.16 n(by, —0)) = T — n2) 2 99i(0) | iy,
(T16) vl i 2 g on)

In view of (7.14), (7.15) and (7.16), we have
1 & - 2 00?(6)
Y — = — W' T n?) ¢ 1).
V1 (5n — 70) \/ﬁzuﬂr J! T Z 5ht 50 tor(l)

t=1 t=1

Note that

Ln I 7—1 S 228‘7?(‘90) _ 2,
Cov(\/ﬁ;ut,\llj Z M 50 = 59]

where ¢ = Cov(ug, 1 — n?). The Slutsky lemma and the central limit theorem for
martingale differences thus entail

Vil —m0) > N (0,03 + 4§Q'j—1q, + (g — 1)\I,/j_1\1,) _
Now let 6y = (wo, agy, ag_,0)". Noting that %,805(90)/80 = hy almost surely, we
have S
1 9o (o) 1 90 (6o)
{ht 00 < he 00" 0 ’

which entails %jH_O =Qand QT 10 = %. It follows that

2 2 2
Q/jil (1—1/1)%—6—%/0,— 0

4 4 (1 — V] — Oéo_‘_ﬂl_,_ - 040_171_) =0.

We also have W/ 710 = o/77'a — (1 — v1)?, which completes the proof of the
asymptotic distribution (4.4) in the case vy < 0.

Now consider the case 79 > 0. Let 6 be a sequence such that |0} — 6p] <
16,, — 6o||. By Proposition 2.1 (using Assumption A2 when 5 = 0), we have

o(1), a.s. (resp. in probability) as n — oo
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when 79 > 0 (resp. when 79 = 0). It can be deduced that, under the same
conditions, /n?2x0a) g;‘é% = 0(1), and /n(f — 0)'8879"8(3/ L(6 — 6y) = o(1), which
entails that (7.14) still holds. The previous arguments show that (7.15) holds
with

0 0
O=F d ( 0) 1 Vit and =10
( O) 1— 141 Vi— 0
7 (6o) vi/B
The conclusion follows. O

7.4 Asymptotic local powers

Proof of Proposition 5.1. The LAN of GARCH models has already been estab-
lished in the stationary case (see Drost and Klaassen (1997), Lee and Taniguchi
(2005)). The non stationary case will be studied under more general assumptions
in the proof of Proposition 5.2. a

Proof of Proposition 5.2. Let the functions

n)=1+yh) ad a0 =1+2kw 7 (4) 0.
Introduce also the notations
Avi(0) = 1 0%04(0) Aos(6) = 1 90)(0) 052 ()

o(0) 9000 2o3(0) 00 00

A Taylor expansion of 6, — A, ¢(0,,0y) around 6y yields
1
(7.17) Ay £ (00, 00) = 7'Sp £(60) — 57"3”(«9;)7 + R,

where 0} is between 6y and 0,,,

1 90?(6y)
5ht a0

9= tilgl (5o5) Ao - %tilm (555) dute)

and R, is a reminder which is displayed below. As in the proof of Lemma 7.4, it
can be seen that

(7.18) Sn.f(00) = Zgl

0

-1 2 d?ur

Sns(00) = 5= > n(m)ds (Vo) + 0p(1), V) = | jh-
t=1

dy

Using (5.1), it is easy to see that Eg(m) = 0, and thus Egi(m) = tf. The
Lindeberg central limit theorem for martingale differences then shows that

(7.19) Sy £(60) 2 N (0,35).
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Turning to the second term of (7.17) we first note that, similarly to (7.7),

1 80’?(90)

T —di(99)| — 0 in L?as t— oco.

Moreover, integrations by parts show that, under (5.1), [?f"(y)dy =
=2 [yf'(y)dy = 2. It follows that Egs(11) = —ty. We thus have, using Eg; (1) =
0,

92

di (Vo) d};(Yg) + op,, (1) — Ty in probability as n — oo.

Next, it can be shown that, as n — oo,
(7.20) 13,(0%) — 3,(6)|| — 0 in probability.
Finally, we show the convergence in probability to zero of

1 009(0 . 1 ~ s
Rp = vp Zgl 77t é( o) _ U/t 3,(01) e — EnvzelJn(Gn)e'l

Noting that 9o (6y)/0w is constant and that 1/h; converges to 0 in L? by Propo-
sition 2.1, the first term in the right-hand side converges to zero in probability.
The two other terms can be handled similarly. The conclusion then follows from
(7.17)—(7.20). O

Proof of Proposition 5.3. For simplicity, write P instead of P, . In the proof
of Theorem 4.1 we have seen that

Z—‘I—OP

By (5.5) and (7.18), it follows that under P

T, d N 0 1 c
An (00 +7/v/m,00) | “urrE o\ e Y4FTE )0

where 7/ = (12,73, 74), ¢ = MEulgl (m) = c¢(bp). Le Cam’s third lemma

(see e.g. van der Vaart, 1998, page 90) shows that

T, AN (cf(6p),1), under P, .

The conclusion easily follows. O

Proof of Proposition 5.4. First consider the case vy > 0. In the proof of (3.4)
it has been shown that

) 1 XM
Vil —00) = =27 = (1= e + 0p (1)
\/ﬁ; o
Moreover
An g (00 + 7/, 00) ! zn:{ I )}%’d—ﬁ%’z++o (1)
n, Y0 0 5 ”t=1 77t) t 3 P
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with 7/ = (79,73,74). Note also that, since Enf < oo implies y3f(y) — 0 as
ly| — oo, we have

f’(ﬁt)} _

(7.21) E(1—n?) {1+m o)

It follows that under PS’O

~

V(U — o) RN O3 (ky—1I' 7
A (80 + 2=, 60) “urTE ) 7! Y4FTE ) [

Le Cam’s third lemma (see e.g. van der Vaart, 1998, page 90) shows that
Vn(d, — ) LN <7~', (ky — 1)1_1) , under PS’_,_.

We thus have shown that, in the case vy > 0, 7§n is a regular estimator of ¥, in
the sense that \/n (ﬁn -y —T7/ \/ﬁ> converges to a distribution which does not
depend on 7. More precisely

(7.22) Vi (0w = 99— 7/v/n) =5 N (0,(5y = )T7Y),  under P
When ~¢ < 0, the same arguments show that 0, is a regular estimator of 6
Vi, — 0y — 7/v/n) AN (0, (ky — 1).7*1) , under PS,-;--

In the case 79 < 0, we thus have (7.22) with Z replaced by Z.. Now, noting

that TS = %’Sﬁﬂo), and by the same arguments, it follows that 7.5 4,
T

N (0,1), under PJ, and more generally T} N (cr,1), under PS5 _ where

n,T’
c¢r =(0,1,—1,0)7 /ops. The conclusion easily follows. 0

Proof of Proposition 5.5. Recall that we assume 5 > 0. The case vy < 0 is
obtained similarly, replacing Z by Z,.. In view of Proposition 5.4 and (5.9), the
CS-test is asymptotically locally UMPU if and only if ces = € T /ops, which is
equivalent to (k, — 1)ty = 4. By Corollary 1 in Francq and Zakoian (2006), the
solutions of this equation are given by (5.10). O

8. CONCLUDING REMARKS

Our framework covers the most widely used GARCH models in financial ap-
plications. Strictly stationary models are a special case but symmetry tests, and
asymptotically valid confidence intervals for the parameters (except the intercept)
can be built without this assumption. Surprisingly, while the asymptotic covari-
ance matrix of the estimators is sensitive to the stationarity of the underlying
process, an estimator which converges to the appropriate covariance matrix in ev-
ery situation can be built. Nevertheless, if the interest is on the whole parameter
vector, including the intercept, it is important to know whether the observations
come from a stationary process or not. To this aim we derived strict stationar-
ity /non stationarity tests which are very easy to implement.

Are our results extendable to higher-order models? It seems likely that for
particular extensions involving univariate stochastic recurrence equations for the
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volatility, the asymptotic theory derived in this paper can also be established. One
key problem, to show consistency, is to find stationary approximations to e?fj /hy
for j = 1,2,.... For an ARCH-type model of order ¢ it suffices to take j < g¢.
Consider standard symmetric GARCH models for simplicity. In the GARCH(1,1)
case, the problem can be circumvented because

€ _ hi—; 2
hy hy hejyr 7

can be approximated by a stationary process, in view of

he_; 1
LN 5 for large t.
hi—iy1  ami_; + 0

To have a glimpse of the considerable difficulties encountered when the orders
increase, consider a standard ARCH(2) model

2 2
e =V ey, he =w+ i€, + caep_y.

We have, neglecting w and for ¢ large enough h;/e? | ~ X; and h;/e? 5 ~ Y,
where 1
Xi =01+ %E’ Y = ag + a1mp X1

It is not difficult to show that the first stochastic recurrence equation admits a
strictly stationary solution (X;) under mild assumptions on the density of 7,
whatever the values of a; and ao. From this solution we deduce a strictly sta-
tionary solution (Y;) to the second equation. We thus believe that, at least for
the consistency, the ARCH(2) model is amenable to a treatment similar to that
developed in this paper, but at the price of increasing technical difficulties. To
summarize, the ratio h;/hq—; is, for large ¢, close to i) a constant in the ARCH(1)
case, ii) an iid process in the GARCH(1,1) case, iii) the stationary solution of
a nonlinear times series model in the ARCH(2) case. Whether or not this ap-
proach based on the resolution of nonlinear stochastic recurrence equations could
be extended, is left for further investigation.
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Appendices

APPENDIX A: DENSITIES ENSURING LOCAL OPTIMALITY OF THE
ASYMMETRY TEST

Figure 2 shows densities (5.10) for different values of a. For such densities, the
test (4.7) is asymptotically locally UMPU for the testing problem (4.6).

APPENDIX B: NUMERICAL ILLUSTRATIONS

We first simulated N = 1,000 independent trajectories of size n = 500, n =
2,000 and n = 4,000 of an asymmetric GARCH(1,1) model, with a parameter
of the form 0y = (0.1, ap+, a9, 0.8) and the standardized Student distribution
with 7 degrees of freedom for 7. With such parameters, we have v = 0 for
oo+ = ag— = 0.2575 or for apy = 0.22 and - = 0.2971, in particular. Table 1
studies the finite sample properties of the stationarity and asymmetry tests based
respectively on the statistics 7, and Tﬁg . The first rows of the table concern
tests applied to a symmetric model agy = ap_, and the last rows concern the
asymmetric model.

The empirical size of a test of theoretical level o = 5%, over N = 1,000
independent replications of the null hypothesis, belongs to the interval [3.6%,
6.4%| with probability 95%. In view of this basic result, one can consider that
the error of first kind of the asymmetry test is well controlled. Indeed, except for
three values of ag— when n = 500 (displayed in bold-face in the table), in the first
part of Table 1 the relative frequency of rejection of H@g is always between the
significance bounds 3.6% and 6.4%, regardless of the value of vy. The empirical
frequency of rejection of the stationarity test under the null, displayed in the rows
Hy of the two gray columns, is also quite satisfactory when n > 500. Looking at
the second part of Table 1, one can note that the asymmetry test behaves as
expected under the alternative. Indeed the frequency of rejection of H()g increases
when ap— moves away from agy = 0.22 and when the sample size n increases.
As expected from the asymptotic study, as n — oo, the frequency of rejection of
H{ tends to zero when ~y < 0 (on the left of the gray columns) and tends to one
when 79 > 0 (on the right of the gray columns).

We then considered applications to financial series. The strict stationarity and
asymmetry tests have been applied to daily returns of various daily stock in-
dices. We do not report the detailed results of the tests, since they always lead
to the same conclusions for this kind of series. The strict stationarity can never
be rejected because the value of T;, is always very small when computed on the
returns of stock indices. Moreover, a significant negative value of 7Y, indicating
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TABLE 1
Finite sample behaviors of the stationarity test based on Ty, and of the asymmetry test based
on T : relative frequency of rejection of the hypotheses Hy v <0 and HS : ooy = oo at the
nominal level o = 5% for a symmetric GARCH(1,1) (for which coy = aoq = 0.2575
corresponds to yo = 0) and for an asymmetric GARCH(1,1) (with aot+ = 0.22, and for which

ao— = 0.2971 corresponds to vo = 0). The unexpected frequencies of rejection are displayed in
bold.
Model with ap+ = ap4+
ao—
n Null 0.18 0.20 0.22 @ 0.2575 0.28 0.30 0.31

500 HJ 00 00 0.1 7.3 | 284 624 76.2
HS 45 6.0 6.6 5.6 8.0 7.7 6.1
2,000 Hj 00 00 0.0 5.8 67.7  99.1  100.0
HS 60 51 45 5.3 44 5.2 5.0
4,000 H; 00 00 00 4.0 91.8 100.0 100.0
H§ 60 53 45 5.2 57 6.4 4.2
Model with ap4+ < ap—

Qo—
n Null 023 026 029 | 02971 03 032 0.34
500 HY 0.1 09 438 7.8 70 150 255
Hy 51 74 139 140 162 184  21.0
2,000 H 0.0 0.0 28 6.3 70 268  59.0
HS 71 138 298  39.0 39.1 525 66.2
4,000 HY 0.0 0.0 1.9 4.1 5.6 424  83.7
H 66 262 552 595 659 821 917

TABLE 2
Test statistic T,, with the p—value of the nonstationarity test, and asymmetry test
statistic T;? with its p—wvalue for stock returns.

G+ Qipp— Bn T p-val Tf p-val
ICGN 0.010 (0.022)  0.397 (0.190) 0.870 (0.052) -2.412 0.008 -2.083  0.037
MCBF  0.030 (0.031) 0.021 (0.021) 0.977 (0.011) 0.039 0.515 0.189  0.850
KVA 0.007 (0.042)  0.278 (0.133)  0.928 (0.026) 0.547  0.708 -1.946  0.052
BTC 0.188 (0.183)  0.812 (0.425) 0.771 (0.075) -0.653 0.257 -1.392  0.164
CCME 0.492 (0.155) 0.364 (0.138) 0.744 (0.046) 0.283  0.611 0.670  0.503

the presence of a leverage effect, is often observed. Different conclusions can be
obtained for individual stock returns. For comparison purposes, we took the series
considered in Table VII of FZ. We estimated asymmetric GARCH(1,1) models
on the daily series of Icagen (NasdaqGM: ICGN), Monarch Community Bancorp
(NasdaqgCM: MCBF), KV Pharmaceutical (NYSE: KV-A), Community Bankers
Trust (AMEX: BTC) and China MediaExpress (NasdaqGS: CCME)3. The sta-
tionarity results, shown in Table 2, are in accordance with those obtained in this
paper: we cannot reject explosiveness for four out of five assets. Interestingly, the
symmetry assumption cannot be rejected at the 5% level for these (possibly) ex-
plosive assets. This is very different from the conclusion generally obtained for
stationary series (the leverage effect). For the (probably) stationary asset, ICGN,
the leverage effect is present.

®The data range from May 31, 2007, August 28, 2007, March 31, 2006, June 29, 2007, and
March 31, 2009, respectively, to February 7, 2011.



28 C. FRANCQ AND J-M. ZAKOTAN

APPENDIX C: AN EXPLICIT EXPRESSION FOR T

To derive the explicit form of Z in (3.4), we introduce additional notations. Let
aoy (11e) = a0t (1)’ + Bo,  ao— () = ao—(=1;)° + o, and for i = 1,2,

Vi:E<aoﬁ(?7t))i’ Vi+:E<aof?m)>i’ i :E<ao—ﬁ?m))i'

LEMMA C.1.  Under the assumptions of Theorem 3.1, we have I = (Z;;) where,

Ill _ 4 (1 — 2V1+ + 7/2+)(1 - 1/1) + 2 (I/1+ - I/2+) (1 — I/1+)

52 a3, (1—11)(1—w)
. = A v )l -n )+ e~ ) -ny) o
12 - _2 — 421,
) CMOJFCMO,(l - I/l)(l - 1/2)
4 1/2(1 — Z/lJr) + V4 — Voy
T = — =1
13 0% Boaot (1 —12)(1 —11) o
4 1
33 = va(l + 1)

2 RA—)(l—w)

and Tso (resp. Toz = Is2) is obtained by replacing agy by ag— and the viy by v;—
in I11 (resp. 113).

Proof. For ease of notation we will omit the index 0 for the true parameters and
functions in this proof. We have

0o j—1
(C.1) ardyt +a_d] = Z (]1_[ b ) <1 __F : ) =1 as.
1

j=1 \ k= a(ﬁt—k) a(ntfj)
Letting
) <nt+>6>i (mﬂé ) i <<—m>6>" ((—nm)i
i+ = F =F ) i =F =F
v (a(m) ar(m)) " a(ne) a_(m)
we obtain
o) Vi oy .
(C.2) B(d) =120 Bd) =17
Noting that 5
()’ ve v
+Ea2(77t) - B B’

we have 5
E (77t+) _ Vi — a4
5 —
a?(n) Bay

It follows that
+\d
(7271 ) h—lﬁH_

o0 o0 o0
Ed)? = oY d 23 S i '8E vy
=1 J=1h=1 a*(m)
17 1 1 vy —voy .
P, EaaliCP
1—19 1l—w»nl—1g oy
Vgyoy (1 — 1) +2 (14 — vay) D1y
ap (1 —v)(1 = vy)
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Symmetrically

a_\2 1327&7(1_1/1)"—2(1/17_7/27)1‘)1,
Bd)" = a_(1—v)(1 =)

Moreover,

0
Ed;"d}~ = iyj_lﬁE(ni) iyh 1171_—1—21/2 ﬁE( ) iy{‘ g7

2 2
j=1 a (771) h
a_(vig — vag ) + Oé+(V1— - V2—)V1+
Oé+04_(1 — 1/1)(1 — 1/2)

Noting that

Oé+l;1+ =+ I/ii» = 1,
aviy a4+ = 1
2—Z/1+—Z/1, = 1—1/1,
2 ~
ailop +voy + 214 —1og) = 1
(l/1+ — Z/2+) + (1/1, — I/Q,) = V] — s

we obtain the announced formulas for 771,775 and Zoo.

Now
oo j—1 + \é — \0
8 . g B a+(77t—j) + Oé—(—m_j)

j=2 a nt*k)

Noting that

()’ +a_(—n7)°\ _ By —v
() <5 (1- 25) =1

s\ 2
> <a+(nf)6a‘é‘n(ll)—(_771 )6> B <1 — A >2 =1+wvy — 2,

and +\d —\d
Ea+(771) +04—(—771) _h—n
a?(m) R
we have
. Bl =
(c3) B(d)) T
2 i 14+ vy —2v
E(dtﬁ) = Z(]—l) 1#
j=2
1_
+QZZJ—1 (G +h—1p A2
j=2h=1 ﬂ ﬂ
. (1 — 21 + 7/2)1/2(1/2 + 1)
- ﬂQ(l—l/Q)g

(1 — 1/1)(1/1 — 1/2) i 1/2(1/2 +14+h— I/2h) h—1

+2 vy,
p h=1 (1 =)’ '
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which, in view of Z = (;%Edld’l, gives the formula for Z33. Noting that

E(nff{m( AR /R SIS G

= ]/1 —
a?(m) i o4 ot 7

we also have

E<d0¢+dﬁ) _ i( _1) 11 =214 + oy
t Ut = . J —5044_
]:
ZZJJFh_l e e e S
J=1h=1 O+ ' B
YD G- =
j=2h=1 p
_ 1/2(1 — 24 + I/2+)
Boy (1= 1p)?
(I =v) (s —124) | < Vo 1 ) he1
+ +h v
ﬁ(l+ hzzjl (1 — 1/2)2 1— 125) 1

(i —w)liy o 2
T8 {z:(l—v2)2y1 }

vo(l —2u1 4 + 1oy)

Bog (1 —17)?
(1 — 1/1)(1/1+ — Z/2+) 120} 1 1 1
* o, {(1—y2)2 (1_V1)+1_V2(1_V1)2}

(1/1 - I/2)(1 - I/1+) 120) 1
T Bay {<1 — o (=) }

which gives the formula for Z;3. O

APPENDIX D: PROOFS
D.1 Proof of Theorem 3.2
The convergence results in i) follow from Taylor expansions of the functions

A A 0o? 952 /5 .
fipy = kn(6n) and =377, gf(lén) 8(;2 a%’;(«%) around 6y, and the ergodic theorem

together with the consistency of O, 5
Now consider the case ii). For some 6* = (w*,9*) between 6,, and 6§y we have

1 & 4 &€ 1 90d(6%),
D) fy== mh—— t : § :
(D-1) nt:lnt on = Uf(‘g*)gf(‘g*) o' ( " e + Hn-

Write dy(0) = (d2* (9),d? (9),d?(9))'. Let the matrix norm defined by ||A|| =

>~ |ai;| with standard notations. By Proposition 2.1 and already given arguments,
for some p € (0,1),

Zn

t=1

4/5

(p [ = wol + (@) [10n — Vo) = o(1), 2.
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Hence the first part of i) is proven. Now we have, using (7.13),

N 4 hy t 1@]'71 n hy
(D'2) njwva+ = _22 o0 A a L <K Z o0 A
t=1 Oy t =1 0 ( ()

for p € (0,1) when n is large enough, by Proposition 2.1 ). It follows that
njw . = O(1) as. More generally nJ,y = O(1) a.s. Moreover, we have
njuw > 1/0%(6,) > 0. Thus we have shown that

jﬂ,wj;ijwﬁ =o(1), as.

Now we turn to .,’/7\19719. Considering the top-left term, a Taylor expansion around
0y gives

2
- 41 I Ky
Jarey = - - 6
ot 5%2 (ag(en); =
41, o
(D.3) = 52_Z{dt+(190)}2
=
2
41 " 1 80't oy 2
+§E; |i{ ( ) das — (o) } — {dt (790)} + Sp,
where, for 6* such that ||y — 0% < ||60 — 0,)]|.
|l
; 2
Ko tl(g*)J—l(ej,ﬁ) .
< — ’ ’ Pl — wol + [lde (") |9 — ol
o (5 ) : }

K zlw*)j—l(efj)é)( G- DY)
*nﬁ( o3(0°) o (0°)

= o(1), a.s.

) ’Bn - ﬁO’

by already used arguments. Moreover, the second term in the right-hand side of
(D.4) converges to 0 a.s. by (7.7), while the first term converges to Z;;. We thus
have shown that ja+7a+ a.s. converges to Z11. The other two terms in :7\19719 can
be handled similarly, which completes the proof of ii).

Turning to 44i), we note that dof (0*)/0w < K for n large enough, since 3y < 1.
Moreover, of(0*) > w* + ale;_1|°. Therefore (D.1) continues to hold with |R,,|
bounded by

2 1 K™ 4 hy 2
n — dy (9*
Znt ( o* ) w* +Q|€t71|5 + n Znt (0'252((9*)) H t( )H

t=1

|| 0y, — Vo]

Therefore |R,| = op(1) by Proposition 2.1 i), the weak consistency of 9,, and
the existence of moments for dy(9*) and hy/o? (6*). Hence Iin — K in probability.
By arguments already used we have njwﬂg =0p(1), jgij ij 98 = op(1), and
the right-hand side of (D.4) converges to Z(1,1) in probab1hty 0
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D.2 Proof of Theorem 6.1
Note that ¢, = arg mingey Qn(¢), where

n /0 2/8
1 2 hf/éo i Uf(()
@)

where
1 & 1 2/6
0,(6,9) = ~ nQ{——l}Hogv (6,9),
n v (6,9) t
= oy ()0 +a (=)’ I
v(6,9) = J ]
t(6,9) ]z::l {ao(n—j)}0/% H - {ao(me—k) }6/50
and

1 ha/(so 2/6 1 o5() 2/6
_; {( C)) - 2/‘5(579)}Hog(hf/&%t(a,qa)) '

To prove the consistency, in the cases 79 > 0 and 9 = 0, it will be sufficient to
establish Lemmas D.1, D.2 and D.3 below.

Let To={C € T: 8 < €%} and T, = {¢ € [0,00)° : B < [[1/al/® (my)||;'}.

3

LEMMA D.1. i) When o > 0, for any ¢ € Y the process v,(,9) is stationary
and ergodic. Moreover, for any compact Y§ C Yy,

a7 (<)
hf/lso

sup
CeTy

— vt(é,ﬁ)’ — 0 a.s. as t — oo.

Finally, for any ¢ ¢ Yq it holds that Uf(()/hf/(s0 — 00 a.s.
ii) When ~o = 0, for any ¢ € T, with p > 1, the process v(6, V) is stationary
and ergodic. Moreover, for any compact Y; C T,

sup

CeYs h6/60

o (¢) Ut(a,qa)‘ — 0 in LP.

Proof. When vy > 0, for ( € T, by the Cauchy root test, the series v;(4,7) in
a.s. finite. As a measurable function of {n,,u < t}, the process v;(d,?) is thus
stationary and ergodic. When g = 0, since [|v¢(0,9)]||, < oo for ¢ € T, v4(6,9)
is a.s. finite and the stationarity and ergodicity follow.

We have, keeping the notation of the proof of Lemma 7.1,

(ISR (R
Oy . i—1 t—k Rt—j
19 - so e s

k=1 ht*k‘i’l t—j

In view of (7.4) we have

hoy, }5/50 1
D.4 { < ,
(D-4) = ag(y—x)%/%

and the conclusion follows from arguments already used. O

P—k41
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LEMMA D.2. If ¢ € Yo, we have
ve(0,9) =1, a.s. iff (6,9) = (do, V).
Proof. We have
D5)  wld9aolm 1) = Gur1(6,9) + s (1) +a (i,
Thus, v4(6,9) =1 a.s. iff
B+ ay () +az(=n1)° = {80 + aos (1) + ao—(—m,_1) ™}/ = 0.

Straightforward algebra shows that the function =z — 4+ ajz — {fy +
a0+x50/6}5/50, has at most two zeroes on (0,00), except when § = dp, 3 = [
and a; = agy. Similarly, the function z — 8+ a_z — {By + ap_x%/9}9/%  has
at most two zeroes on (0,00), except when 6 = 6y, = [y and a— = ag_. By
Assumption A3 we can conclude that (d,4) = (o, Jp). 0

To handle R, (¢) we prove the following lemma. Let T be the compact set of
the (4,7)’s such that ¢ € T.

LEMMA D.3.  Suppose that P(n, = 0) = 0. Then, for any k > 0

E ( ! )k i E ( ny/% )k
sup v — < 0 an sup < 00.
@9er \vt(0,9) cer \ a7 (¢)

Proof. Let € > 0 such that p(e) := P(|n] < ¢) € [0,1). If [—1]| > €, since the
sum vy(0,7) is greater than its first term, we have,

Lo g™ (m1)
(5 79) — + \é )0
vt (0, ay(m 1)’ +a-(-n,_4)

<maX(Oéo+7040—)+ Bo >6/5O

ad0/5 90/6 30

<
= K(e).

Iterating this method, we can write

1
sup ———
@,0)et vt(6,7)

o0 _ 7—1
00(5)
< K@Y Ngyj<e o Dpeirj<e L ij>e <—ﬂ ) :
=1

where @o(¢) = max(agy, - )e® + By. The first result of the lemma follows by
the arguments given in the proof of Lemma 7.3.
Similarly, we have for |n._1| > e,

hf/‘so < {wo + ag(ne—1)he—1}9/%
RO T Wt B {an (1)’ + an (=0 1)) + Bol 4 (Q)

(wo n [#] n Bo )5/50 — H(e),

W00/8 T q80/d T 580/3gd

IN
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and for |n—1| < e and |n_2| > ¢,

5/50 — 5/50
ht wo aO(e) )
< + H(e .
a7 (¢) (QD/ 0 g/ )

The conclusion follows by the arguments used for Lemma 7.3. a

Now we turn to the asymptotic normality. Let, for n € R,

Bo
ao(n)

with by convention G(0) = —log(f)/9, and let

G(n) = log |n| {1 - } - %log{ao(n)},

j—1

ZGT/t]H B

b 1a0(77t k)

Since Elog{fy/ao(m)} < 0, by the Cauchy root test, the process d¢ is stationary
and ergodic.

LEMMA D4, Assume 79 > 0 and En} < oo. We have

! Z g?} <, NAO, (ky — 1)Zs}  asn — oo,

where, letting D} = (df,dfﬂdfé*,df) ,Is = (;%EDlDi is nonsingular.

() 2 €2 1 9o?
DS R .
25 o ol (ot a5 87

Proof. We have

Moreover,
do? _ o
(D.6) 8—(; = a+(€t 1) IOg(Gt 1) +a (= 61‘,71) log(—€;_1) + 3 ai; 17

with by convention log(0) x 0 = 0. Thus, computation shows that, at (o,

1 do? Bo
Z = —2% ogoy = Gn) + —20—
g% 96 Bt (1) ao(ne-1)

o0 1 9o} 1 yo
W, — (_L{s) Ti__log(#é>
ao(ni-1)o;2y ) 0p° 90 o ao(Ni-1)0y4

wo 1 60't 1 wo
P N A
ag(ni—1)o%, o 06 do ao(n—1)0?°,

L1+ W,

with

We will show that

(D.8) Wy — 0in LP as t — oo.
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First note that the second term in the right-hand side of (D.7) converges to 0 in
LP by Proposition 2.1. Now in view of (D.6) we have

. 2
11 aat jorhea )P bk | w(neg)log(le—))
- a1 i)

o) ad 4 he | iy Pe—k

where u(z) = agr (21)% + ap_(—27)%. The first term in the right-hand side of
(D.7) is thus bounded, in absolute values, by

00 J

My Z{H fo } () {108 ()| + 1o I}
t )

ag(ne-1 i 90 (M) hi—j

Write M; = Z] 1 Mt + 32724, +1 Mji. Note that Mj; — 0 because {|log(h:—;)| +
|log [ni—j||}/hi—j — 0 in LP as t — oo, by Proposition 2.1. Hence ijl M;j; — 0
in LP as t — co. Moreover, it can be noted that {|log(hi—;)|+|log |[ni—;||}/hi—j <
K (1+ [10g ). Thus

]ZlM Z { 2(77t ") } w(ne—;) (1 + [ log |ne—j1])-

=2 40

Moreover, under A4,

-1
[[u(mi) (1 + [log [m|Dl, < oo
p

ag(m)

It follows that >322, 1 Mj; — 0 in L? as tg — co. The convergence in (D.8) is
thus established.

On the other hand, (dY) is the strictly stationary and non anticipative solution
of the stochastic recurrence equation

Bo s
40 = Gp_q) + ———do_
! (77t 1) ao(nt—l) =t
It follows that 5
—d’ O (Z, A+ W,
t ao(ﬁt—l)( t—1 t 1) t

and thus

t J
Bo
Zy—dj = — =W
s
In view of (D.8) and arguments already used it follows that
(D.9) Zy —d? — 0in LP as t — oo.

The conclusion straightforwardly follows.

Finally, we show that Zs is nonsingular. Suppose there exists = =
(w1, 22,73, 74)" € R* such that 2/Zsz = 0. By arguments given in the proof of
Lemma 7.4, it follows that

21G (1) ao(ni—1) + 22(n 1) + a3(—m_1)° = K,  a.s.
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where K is a constant. Letting L(n) = 21G(n)ao(n) + z2(n™)? + z3(—n7)° — K,
we find that for > 0, the derivative

L'(n) = (n)°" {x25 + z1004 log <¢> }

Bo + o+ (n)°

cancels at most once on (0, 00), except if z; = x5 = 0. It follows that the equation
L(n) = 0 has at most two solutions on (0,00) if (x1,z2) # (0,0). The same
arguments apply on (—o0,0). In view of Assumption A3, we conclude that Zs is
nonsingular. O
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Ficure 2. Densities (5.10) of n for which the asymmetry test (4.7) is

optimal.

asymptotically



