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Für Tina, Henri & Bruno





Contents

1 Introduction 9

2 Theory 11
2.1 Thermal Conductivity . . . . . . . . . . . . . . . . . . . . . . . . 11

2.1.1 Phononic Contribution (Debye Model) . . . . . . . . . . . 11
2.1.2 Minimum Thermal Conductivity . . . . . . . . . . . . . . 14
2.1.3 Electronic Contribution . . . . . . . . . . . . . . . . . . . 14
2.1.4 Wiedemann-Franz Law . . . . . . . . . . . . . . . . . . . . 15
2.1.5 Magnetic Contribution . . . . . . . . . . . . . . . . . . . . 15

2.2 Demagnetization . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3 Experimental 23
3.1 Thermal-Conductivity Measurements . . . . . . . . . . . . . . . . 23
3.2 Thermal-Conductivity Measurements in the High-Temperature

Regime . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.3 Thermal-Conductivity Measurements in the Low-Temperature

Regime . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
3.4 Sample Wiring . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.4.1 Adhesives . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
3.4.2 Thermal Contacts and Heat Currents . . . . . . . . . . . . 29

3.5 Experimental Environment and Measurement Software . . . . . . 32
3.5.1 High-Temperature Measurements . . . . . . . . . . . . . . 32
3.5.2 Low-Temperature Measurements . . . . . . . . . . . . . . 33

4 Heat Transport in Spin Ice 35
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

4.1.1 Geometric Frustration and Ice Rule . . . . . . . . . . . . . 36
4.1.2 Residual Entropy for T → 0 . . . . . . . . . . . . . . . . . 38
4.1.3 Magnetic Monopoles . . . . . . . . . . . . . . . . . . . . . 40
4.1.4 Dy2Ti2O7 . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
4.1.5 Slow Dynamics . . . . . . . . . . . . . . . . . . . . . . . . 44

4.2 Theoretical Approaches . . . . . . . . . . . . . . . . . . . . . . . . 46
4.2.1 Single-Tetrahedron Approximation . . . . . . . . . . . . . 46
4.2.2 Numerical Simulations . . . . . . . . . . . . . . . . . . . . 52
4.2.3 Debye-Hückel Theory . . . . . . . . . . . . . . . . . . . . . 66

4.3 Samples and Characterization . . . . . . . . . . . . . . . . . . . . 70
4.3.1 Dy2Ti2O7 . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

5



Contents

4.3.2 (Dy0.5Y0.5)2Ti2O7 . . . . . . . . . . . . . . . . . . . . . . . 77

4.3.3 Dy2(Ti0.9Zr0.1)2O7 . . . . . . . . . . . . . . . . . . . . . . 79

4.4 Thermal Transport for ~B || [001] . . . . . . . . . . . . . . . . . . . 81

4.4.1 Dy2Ti2O7 . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

4.4.2 (Dy0.5Y0.5)2Ti2O7 . . . . . . . . . . . . . . . . . . . . . . . 90

4.4.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

4.5 Thermal Transport for ~B || [111] . . . . . . . . . . . . . . . . . . . 94

4.5.1 Dy2Ti2O7 . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

4.5.2 (Dy0.5Y0.5)2Ti2O7 . . . . . . . . . . . . . . . . . . . . . . . 105

4.5.3 Dy2(Ti0.9Zr0.1)2O7 . . . . . . . . . . . . . . . . . . . . . . 107

4.5.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

4.6 Thermal Transport for ~B || [110] . . . . . . . . . . . . . . . . . . . 109

4.6.1 Dy2Ti2O7 . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

4.6.2 (Dy0.5Y0.5)2Ti2O7 . . . . . . . . . . . . . . . . . . . . . . . 114

4.6.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

4.7 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

4.7.1 Magnetic Heat Transport . . . . . . . . . . . . . . . . . . . 116

4.7.2 Dependency on the Ground-State Degeneracy . . . . . . . 124

4.7.3 Influence of Doping on the phononic Thermal Conductivity 126

4.7.4 Open Questions . . . . . . . . . . . . . . . . . . . . . . . . 129

4.7.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

5 Thermal Conductivity in low-dimensional Spin Systems 135

5.1 Ising-Type Cobalt Spin Chains . . . . . . . . . . . . . . . . . . . 135

5.1.1 Samples . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

5.1.2 BaCo2V2O8 . . . . . . . . . . . . . . . . . . . . . . . . . . 137

5.2 Thermal Conductivity of BaCo2V2O8 . . . . . . . . . . . . . . . . 140

5.2.1 Zero-Field Thermal Conductivity . . . . . . . . . . . . . . 140

5.2.2 Field-dependent Thermal Conductivity . . . . . . . . . . . 144

5.3 Thermal Conductivity of (Ba0.9Sr0.1)Co2V2O8 . . . . . . . . . . . 152

5.4 Thermal Conductivity of Ba(Co0.95Mg0.05)2V2O8 . . . . . . . . . . 153

5.4.1 Zero-Field Thermal Conductivity . . . . . . . . . . . . . . 153

5.4.2 Field-dependent Thermal Conductivity . . . . . . . . . . . 154

5.5 Heisenberg Spin Chain BaMn2V2O8 . . . . . . . . . . . . . . . . . 156

5.5.1 Samples . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156

5.5.2 Crystal Structure and Characterization . . . . . . . . . . . 157

5.6 Thermal Conductivity of BaMn2V2O8 . . . . . . . . . . . . . . . . 158

5.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

6 Summary 163

6



Contents

A Additional Measurements 167
A.1 Two-Leg S = 1/2 Spin Ladder (C5H12N)2CuBr4 (HPIP) . . . . . . 167
A.2 Two-Leg S = 1/2 Spin Ladder (C7H10N)2CuBr4 (DIMPY) . . . . 170
A.3 Cobalt . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172
A.4 Thermopower of Copper (Calibration) . . . . . . . . . . . . . . . 174
A.5 Thermometer Calibration (Kelvinox Transport Sample Holder) . . 175
A.6 LiFeAs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176
A.7 (Pr1−yEuy)0.7Ca0.3CoO3 . . . . . . . . . . . . . . . . . . . . . . . 180
A.8 Eu0.7Ca0.3CoO3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181

Bibliography 183

List of Figures 195

List of Tables 201

Publikationsliste 203

Danksagung 205

Zusammenfassung 207

Abstract 209

Offizielle Erklärung 211

7





1 Introduction

Competing magnetic interaction cause frustration and may prevent conventional
magnetic order. As a consequence, complex ground states with unusual excita-
tions can be realized, leading to a variety of interesting physical properties. One
example is the so-called spin-ice material Dy2Ti2O7. In Dy2Ti2O7, the magnetic
Dy ions form a pyrochlore sublattice, consisting of corner-sharing tetrahedra.
Due to a strong crystal field, the Dy momenta are aligned along their local easy
axes pointing either into or out of the tetrahedra. The magnetic Dy ions inter-
act via nearest-neighbor exchange and long-range dipole-dipole interaction. This
highly frustrated spin-spin interaction is analogous to the proton displacement
in water ice and leads to a residual entropy given by the Pauling’s entropy [1].
The macroscopically degenerate spin-ice ground state is realized by the ice rule
2in-2out which is fulfilled when two Dy spins per tetrahedra point into and the
other two out of the tetrahedra. Elementary dipole excitations can be created
by flipping one spin resulting in two neighboring tetrahedra with configurations
3in-1out and 1in-3out, respectively. These dipole excitations can fractionalize
into two individual monopole excitations which can move independently within
the pyrochlore lattice and are realizations of Dirac monopoles which are connected
via Dirac strings [2].

Less is known about the interaction of these monopole excitations with each
other or with other quasi particles. The aim of this thesis is to investigate the
dynamics of these monopole excitations. In Refs. [3, 4], the observation of a
monopole current due to a small magnetic field was reported. This point, how-
ever, is currently under strong debate [5] and remains an open question up to
now. Suitable probes to study the dynamics of such elementary excitations are
measurements of the thermal conductivity which are the main subject of this
thesis. Up to now, only one experimental study about the thermal conductivity
of Dy2Ti2O7 is published [6]. This work focuses on the relaxation times of the
magnetic system in Dy2Ti2O7 which are anomalously enhanced at lowest tem-
peratures. In Ref. [6], the thermal conductivity has been measured along the
[110] direction for magnetic fields up to 1.5 T parallel to the heat current ~j.
Within this thesis, the thermal conductivity of Dy2Ti2O7 has been measured in
great detail for different heat-current directions and various magnetic-field direc-
tions.

To study the different transport mechanisms contributing to the heat trans-
port, three reference compounds are investigated in this thesis, the non-magnetic
Y2Ti2O7 and two doped magnetic reference compounds (Dy0.5Y0.5)2Ti2O7
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1. Introduction

and Dy2(Ti0.9Zr0.1)2O7. In case of (Dy0.5Y0.5)2Ti2O7, the idea is to suppress
the spin-ice features by essentially conserving the phononic properties. In
Dy2(Ti0.9Zr0.1)2O7, the substitution with much larger Zr ions is supposed to
affect the phononic properties by basically conserving the spin-ice properties.

Unconventional magnetic ordering can also be observed when reducing the
dimensionality of the magnetic system, i.e. in low-dimensional spin systems. The
second part of this thesis concerns the quasi one-dimensional antiferromagnetic
spin-chain compound BaCo2V2O8, which is a realization of an effective spin-1/2
Ising-like spin chain. For magnetic fields parallel to the c axis, the magnetization
saturates at Bs|| ≃ 23T and perpendicular to the c axis at Bs⊥ ≃ 41T. In zero
field, the system orders due to inter-chain coupling at TN = 5.4K [7].

In low-dimensional spin systems, magnetic excitations can lead to large
and unusual magnetic heat transport [8]. In integrable spin models, the heat
transport is ballistic, i.e. dissipationless, and the magnetic thermal conductiv-
ity diverges. Enhanced heat transport was found mainly for low-dimensional
S = 1/2 Heisenberg spin systems, like spin chains, spin ladders, and 2D square
lattices. In this context, the question arises whether a magnetic heat transport
can be observed for the Ising-like spin chain BaCo2V2O8. To resolve this issue,
the thermal conductivity of BaCo2V2O8 has been measured for different heat-
current directions parallel and perpendicular to the spin chains and for various
magnetic-field directions. To study the transport mechanisms in BaCo2V2O8,
additional thermal-conductivity measurements have been performed on two
doped compounds, (Ba0.9Sr0.1)Co2V2O8 and Ba(Co0.95Mg0.05)2V2O8, and on the
iso-structural BaMn2V2O8. The idea of Sr doping in (Ba0.9Sr0.1)Co2V2O8 is to
increase defect scattering in order to suppress the phononic thermal conductivity
by essentially conserving the magnetic properties. In Ba(Co0.95Mg0.05)2V2O8,
doping with the non-magnetic Mg splits the Co chains into finite chain segments.
This is assumed to have a strong influence on the magnetic system. The Heisen-
berg S = 5/2 spin chain BaMn2V2O8 is an iso-structural reference compound
with isotropic magnetic properties.

This thesis is structured as follows. First, a brief introduction into the the-
oretical and experimental framework of the thermal conductivity is given. In
Sec. 4, the thermal-transport properties of the spin-ice compound Dy2Ti2O7 is
studied. Sec. 5 deals with the study of the thermal conductivity of the spin-chain
compound BaCo2V2O8. In the appendix, additional measurements which were
performed during this thesis are presented.
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2 Theory

2.1 Thermal Conductivity

In this chapter, basics of transport theory are briefly summarized. A more de-
tailed introduction can be found in Refs. [9–21]. The thermal conductivity κ of
a solid is defined as

~j = −κ ~∇T , (2.1)

where ~j is the heat current and ~∇T is the temperature gradient over the sample.
The negative sign reflects the fact that the heat flows from the hot to the cold
end of the sample. Generally, κ is a 2nd-order tensor. For an isotropic crystal,
κ is reduced to a scalar κ. By means of the kinetic gas theory, the thermal
conductivity κ can be written as

κ =
1

d
cvℓ , (2.2)

where d is the dimensionality (usually d = 3) and c is the specific heat of the
considered (quasi-) particles with mean velocity v and mean free path ℓ. In
the case of phonons, the thermal conductivity is described by the Debye model,
presented in the following chapters.

2.1.1 Phononic Contribution (Debye Model)

The phononic specific heat (lattice contribution) can be calculated via the Debye
formula

cph = 9NAkB

(

T

ΘD

)3 ∫ ΘD/T

0

x4ex

(ex − 1)2
dx , (2.3)

where ΘD denotes the Debye temperature. The integral in Eq. (2.3) can only be
numerically calculated. In the limit T → ∞, the integral converges to 1

3
(ΘD/T )

3

and, thus, one obtains the high-temperature limit c = 3NAkB (Dulong-Petit).
For T → 0, the integral in Eq. (2.3) converges to

∫∞
0

= 4π4/15 ≈ 25.9758. This
yields the low-temperature T 3 dependence for the phononic specific heat

cph =
12π4

5

NAkB

ΘD
3 T 3 . (2.4)

Within the Debye model, the phononic thermal conductivity is given by

κph =
kB
2π2v

(

kB
~

)3 ∫ ΘD/T

0

x4exτ(ω, T )

(ex − 1)2
dx , (2.5)
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2. Theory

where v is the mean sound velocity, ω is the phononic angular frequency,
x = (~ω)/(kBT ), and τ−1(ω, T ) = v/ℓ is the total scattering rate, where ℓ is
the mean free path. The mean sound velocity can be estimated via

v = ΘD

(

kB
~

)

(6π2n)−1/3 , (2.6)

where n = N/V is the atomic density per volume.

The integrals in Eqs. (2.3) and (2.5) can only be numerically calculated. In
this thesis, the calculations and the fitting of experimental data is performed
by the numerical computation software Scilab [22]. Assuming the different
scattering processes to act independently, the total scattering rate is given by the
sum of the scattering rates of each process (Matthiessen’s rule), i.e.

τ−1
tot =

∑

i

τ−1
i . (2.7)

A variety of different scattering rates can be found in literature. The scattering
rates used for the analysis in this thesis are the following:1

Boundary Scattering

τ−1
bd = v/L (2.8)

This term describes reflection of phonons by the crystal surface, where L is the
characteristic sample length. At very low temperatures (T → 0), the phononic
thermal conductivity is essentially dominated by boundary scattering, i.e. the
mean free path is only limited by the effective sample length (ℓ ∼ L).

The phononic specific heat cph and the sound velocity can be estimated by
Eqs. (2.4) and (2.6), respectively. By inserting these quantities into Eq. (2.2), one
can estimate the phononic thermal conductivity at low temperatures (T → 0).
In Refs. [26, 27], this estimation of the phononic thermal conductivity at lowest
temperatures is used to investigate the presence of phonon scattering on magnetic
excitations in the low-temperature limit. The authors calculate the mean free
path ℓ via Eqs. (2.2), (2.4), and (2.6) and compare the (temperature-dependent)
mean free path ℓ with the effective sample width W = 2w̄/

√
π, where w̄ is the

geometric mean width of a rectangular sample [28–30]. For a ratio W/ℓ ≃ 1, one
can assume the phononic thermal conductivity to be affected only by boundary
scattering. W/ℓ < 1 indicates an additional scattering process, e.g. on magnetic
excitations.

1A detailed discussion of different scattering rates can be found in Refs. [12, 17, 23–25].
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2.1 Thermal Conductivity

Point-Defect Scattering

τ−1
pd = Pω4 (2.9)

This term describes scattering of phonons on point defects, where P is an ad-
justable parameter. Short-wave phonons are more scattered than long-wave
phonons, which dominate at low temperatures. Thus, this term is most effec-
tive in the temperature range of the phononic maximum of κ(T ). At higher
temperatures, the Umklapp scattering dominates.

Umklapp Scattering

τ−1
um = Uω2T exp

(

−ΘD

uT

)

(2.10)

This term describes Umklapp scattering, where U and u are adjustable parame-
ters. The parameter u reflects the temperature range where Umklapp scattering
sets in.

Resonant Phonon Scattering

τ−1
res = R

4ω4∆4

(∆2 − ω2)2
(N0 +N1) (2.11)

This term describes resonant scattering on a two- (or multi-) level system [31, 32].
R is an adjustable parameter, ∆ is the energy splitting, and N0 and N1 are the
population factors of the two considered levels. In the special case of a two-
level system, N0 and N1 sum up to 1. This scattering process affects phonons
with an energy (frequency) close to the energy splitting ∆, which can depend on
temperature as well as on the external magnetic field.

Scattering on magnetic Excitations at a magnetic Transition

τ−1
mag = Mω4T 2Cmag(T ) (2.12)

This term describes scattering on magnetic excitations around a magnetic tran-
sition [24, 25] and results in a suppression of κ(T ) around the transition temper-
ature. M is an adjustable parameter and Cmag(T ) is the temperature-dependent
magnetic specific heat, which exhibits a peak around the magnetic transition.

13



2. Theory

2.1.2 Minimum Thermal Conductivity

In the high-temperature regime, the phononic thermal conductivity is propor-
tional to 1/T (due to Umklapp scattering). To avoid the mean free path ℓ to
become smaller than the inter-atomic distance, one can introduce a minimum
mean free path ℓmin [33, 34] and, thus, a lower limit for the relaxation times

τ(ω, T ) = max

{

τΣ(ω, T ),
ℓmin

v

}

, (2.13)

where τΣ(ω, T ) is the relaxation time obtained from the scattering rates discussed
above. The minimum mean free path results in a minimum thermal conductivity
κmin at high temperatures (typically at room temperature).

2.1.3 Electronic Contribution

The transport properties of electrons are described in detail in Ref. [35]. Here, a
brief introduction is given. The electronic contribution κel of the thermal conduc-
tivity can be obtained by Eq. (2.2). The specific heat of the Fermi gas is given
by [10]

cel =
1

2
π2nkB

T

TF
(2.14)

with the Fermi temperature TF = ǫF/kB and the electron density n. The Fermi
energy can be expressed in terms of the Fermi velocity

ǫF =
1

2
mv2F . (2.15)

By inserting Eq. (2.14) into Eq. (2.2) one obtains

κel =
1

3
celvFℓ =

π2nk2
BTτ

3m
, (2.16)

where the dimensionality is d = 3 and the mean free path ℓ = vFτ can be written
in terms of the scattering time τ . The electron mass is m = 9.1094 · 10−31 kg
[36]. Analogues to Eq. (2.2), the total scattering rate is the sum of the different
scattering rates of each involved process,

τ−1
el = τ−1

defect + τ−1
el-ph . (2.17)

At very low temperatures, the defect scattering dominates. As the defects are
essentially temperature independent, the scattering rate is basically constant and
results in a linear increase of the electronic thermal conductivity at very low
temperatures. At higher temperatures, the scattering of electrons on phonons is
the dominant process. This leads to a reduction of κ at higher temperatures and,
thus, to a characteristic low-temperature maximum of κ(T ) [37].
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2.1 Thermal Conductivity

2.1.4 Wiedemann-Franz Law

Good electrical conductors (metals) also are good thermal conductors. This re-
sults from the fact that the electrons which carry the electric charge can also
transport heat. Within the Drude model, the electrical conductivity is given by
[11]

σ =
ne2τ

m
, (2.18)

where n is the electron density, e = 1.602 · 10−19C is the elementary charge [36],
τ is the scattering time, and m is the electron mass. Assuming only elastic
scattering of the electrons, one obtains the Wiedemann-Franz law by combining
Eqs. (2.16) and (2.18),

κel

σ
=

π2

3

(

kB
e

)2

T ≡ L0 T , (2.19)

where L0 = 2.45 · 10−8WΩ/K2 is the Lorenz number. In good metals, the elec-
tronic contribution κel is much larger than the phononic contribution κph, which
can basically be neglected.

2.1.5 Magnetic Contribution

The preceding sections dealt with the heat transport by phonons and electrons.
In principle, every (quasi) particle with a specific heat and a non-vanishing group
velocity can carry heat. A detailed introduction to the heat transport by magnetic
excitations can be found in Refs. [8, 9, 38]. Here, the essential points of Ref. [8]
are briefly summarized.

Magnetic heat transport has been observed for a wide range of different mate-
rials [39–45]. Here, we focus on a special class of magnetic systems with reduced
dimensionality, i.e. one- or two-dimensional spin systems, and antiferromagnetic
Heisenberg exchange between nearest-neighbor spins. The most prominent com-
pounds realizing a magnetic heat transport are copper-oxide systems (cuprates)
which will be introduced in the following.

Fig. 2.1 illustrates three different spin structures which are realized by various
cuprate systems. S = 1/2 Heisenberg AF spin chains (Fig. 2.1(a)) are realized
by, e.g., CaCu2O3, SrCuO2, and Sr2CuO3. The S = 1/2 Heisenberg AF two-
leg spin ladder (Fig. 2.1(b)) can be realized by different compounds of the type
(Sr,Ca,La)14Cu24O41. The 2D square lattice (Fig. 2.1(c)) can be regarded as a
spin ladder with an infinite number of legs and can be realized by La2CuO4.
These compounds have rather large coupling constants of J ≈ 1500K− 2000K
[8].

The different spin structures shown in Fig. 2.1 have different ground-state
properties and elementary excitations. Within the spin chain, the correlation of
the spins is quasi-long range and decays algebraically with increasing distance

15



2. Theory

Figure 2.1: Different spin structures of antiferromagnetically coupled
S = 1/2 Heisenberg spins. a) spin chain, b) two-leg spin ladder, c) two-
dimensional square lattice (taken from [8]).

between the spins [46]. The elementary excitations are called spinons. They are
gapless and carry a spin of S = 1/2 [47]. The ground state of the two-leg S = 1/2
Heisenberg spin ladder is a spin liquid. The short-range spin-spin correlations
decay exponentially with increasing distances. The elementary excitations are
magnons (triplons) with spin S = 1 and a spin gap ∆ [48]. The ground state of
the antiferromagnetic Heisenberg S = 1/2 2D square lattice is a Néel state [49].
The elementary excitations are spin waves.

The magnetic heat transport in one-dimensional antiferromagnetic S = 1/2
Heisenberg chains is predicted to be dissipationless, i.e. to have no thermal resis-
tivity [50, 51]. This so-called ballistic heat transport originates from the fact that
the thermal-current operator and the Hamiltonian commute, i.e. the thermal-
current operator is a conserved quantity. The question whether the heat transport
is conserved also in spin-ladder compounds is currently under debate [52–55]. In
real crystals, the thermal conductivity is affected by external scattering processes
and, hence, remains finite. In the following, experimental results of thermal-
conductivity measurements are shown for different types of low-dimensional spin
systems.

The upper panels of Fig. 2.2 illustrate experimental thermal-conductivity data
for the compounds realizing the different spin structures shown in Fig. 2.1, i.e.
(a) spin chain, (b) spin ladder, and (c) 2D square lattice [8, 56–59]. The extracted
magnetic contributions κmag are shown in the lower panels.2 The magnetic ther-
mal conductivity κmag of the gapless spin-chain compound CaCu2O3 (Fig. 2.2(a))
almost linearly increases with increasing temperature. The magnetic contribu-
tions κmag of the gapped spin-ladder compounds Sr14Cu24O41 and Ca9La5Cu24O41

(Fig. 2.2(b)) show an activated behavior at low temperatures. At ∼ 150K, de-
pending on the actual compound, κmag exhibits a broad maximum and decreases

2Details of how to extract the magnetic contribution of the respect data can be found in [8].
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2.1 Thermal Conductivity

Figure 2.2: Upper panels: Thermal conductivity of S = 1/2 Heisenberg
antiferromagnets. (a) spin chain, (b) spin ladder, (c) 2D square lattice. Lower
panels: Extracted magnetic thermal conductivity κmag for the respective spin
systems (taken from [8, 56–59]).

at higher temperatures. Fig. 2.2(c) shows κmag for the 2D square lattice La2CuO4.
At low temperatures, κmag increases quadratically with increasing temperature
and shows a maximum around ∼ 300K.

The spin systems presented up to here have rather large exchange couplings J .
In the following, a class of low-dimensional spin systems with much lower ex-
change energies is presented. Due to the lower J , one can strongly influence the
spin gap by magnetic fields which can be realized by typical laboratory mag-
nets. A disadvantage of the lower J , however, is that one needs to measure the
thermal conductivity at far lower temperatures well below 1 K to observe κmag.
A magnetic heat transport was observed for the Haldane spin-chain compound
Ni(C2H8N2)2NO2(ClO4) (NENP) [60] and for the S = 1/2 Heisenberg spin-chain
compound Cu(C4H4N2)(NO3)2 (CuPzN) [61, 62]. The latter will be briefly dis-
cussed in the following.

CuPzN is a Heisenberg S = 1/2 spin chain with intra-chain exchange coupling
J = 10.3K and a rather small inter-chain coupling |J ′/J | ≈ 4 ·10−3 [63–65]. At a
critical field Bc = 15.0T, the spin system enters a gapped phase. The reduction
of κ(B) parallel to the spin chains due to the magnetic field is illustrated in
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Figure 2.3: Magnetic-field dependent reduction of κ(B) for CuPzN at various
constant temperatures between 0.37 K and 7.82 K (taken from [61]).

Fig. 2.3. At lowest temperatures, κ(B) stays almost constant up to ∼ 13T. At
higher fields, κ(B) decreases with increasing field and forms a plateau around the
critical field Bc. For fields above Bc, κ(B) further decreases. The plateau feature
is observable up to ∼ 2.5K, although broadened. Above ∼ 3.5K, the plateau
feature vanishes. At low temperatures and small magnetic fields, κ(B) exhibits a
small local minimum which can probably be attributed to phonon scattering on
magnetic excitations (cf. discussions in Ref. [66]).

The thermal-conductivity data in Fig. 2.3 very clearly show the presence of a
magnetic heat transport within the gapless phase below Bc. Above Bc where the
spin gap opens, κ(B) drastically decreases with increasing field. The magnetic
thermal conductivity κmag can be calculated via mean-field theory including the
Jordan-Wigner transformation [67–69] by assuming a momentum-independent
mean free path ℓ. Comparison with experimental data provide an essentially field-
independent mean free path which increases linearly with increasing temperature
[61]. This is in accordance to theoretical predictions for Luttinger liquids [61, 70,
71].

Heisenberg Spin-ladder compounds with rather small exchange couplings can
be realized by (C5H12N)2CuBr4 (HPIP) and (C7H10N)2CuBr4 (DIMPY). The
main difference between HPIP and DIMPY is the ratio of the exchange couplings
along the legs and the rungs, J|| and J⊥, respectively. In the case of HPIP,
the coupling J|| ≃ 3.6 K is smaller than J⊥ ≃ 13 K [66, 72–78]. Between the
critical fields Bc1 ≃ 6.6T and Bc2 ≃ 14.6T [72], the zero-field spin gap ∆ ≃ 9.5K
vanishes and the spin system is in a Luttinger-liquid state. In the case of DIMPY,
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the leg coupling J|| ≃ 8.4 K is larger than the rung coupling J⊥ ≃ 4.3 K. The spin
system has a zero-field spin gap of ∆ ≃ 3.7K and two critical fields Bc1 ≃ 3T
and Bc2 ≃ 30T [79, 80].

The thermal conductivity of HPIP has been measured in magnetic fields up to
17 T at temperatures down to 0.37 K [66]. In this temperature range, no magnetic
heat transport is observed, i.e. κ is purely phononic. The field dependence of κ
can be attributed to scattering on magnetic excitations in the gapless phase [66].
Up to now, no literature data of the thermal conductivity of DIMPY has been
published.

Within the framework of this thesis, efforts were made to measure the thermal
conductivity of HPIP and DIMPY in a dilution refrigerator, to test if a magnetic
contribution κmag is observable at lower temperatures. Due to weak thermal
couplings of the HPIP crystals to the sample holder, the κ measurements were
only possible above 0.2 K. The results are shown in Appendix A (Fig. A.1).
The features observed in κ(B) above 0.4 K [66] can be reproduced up to 10 T.
When lowering the temperature, the observed features indeed become sharper.
However, no magnetic heat transport can be observed down to 0.2 K.

The thermal conductivity of DIMPY has been measured down to 0.35 K.
Due to sample instability and incompatibility with the adhesives, the thermal
conductivity could not be measured reproducibly. Two datasets of κ of DIMPY
are shown in Appendix A (Figs. A.4 and A.5). Unfortunately, both datasets
show a different behavior and do not allow a conclusive interpretation. Hence,
the question whether the spin-ladder compound DIMPY shows magnetic heat
transport remains an open question.

2.2 Demagnetization

The demagnetization field (stray field) is a magnetic field which is generated
by the magnetization M of a magnetic sample. In case of a paramagnet, the
demagnetization field counteracts an external magnetic field Hext and, thus, leads
to a reduction of Hext. As the magnetization M(H) itself is a response to an
external magnetic field, magnetization and demagnetization influence each other.
In case of a paramagnet, an increase of the external field leads to an increase of
the magnetization and, thus, to a reduction of the causative field.

The demagnetization effect is strongly anisotropic with respect to the sample
geometry and to the sample orientation within the external magnetic field (shape
anisotropy). For the simplified case of an ellipsoidal sample, the demagnetization
field HD is homogeneous within the sample and proportional to the magnetization
M , i.e.

HD = −DM , (2.20)

where D is the demagnetization factor which depends on the actual shape of the
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Figure 2.4: Demagnetization factor of a (a) cigar and (b) planar-shaped
ellipsoidal sample as a function of the ratios of the semi-major axes a, b, and
c. The external magnetic field is directed parallel to b. [81]

ellipsoid. Hence, the reduced magnetic field is given by

H = Hext −DM . (2.21)

Obviously, the demagnetization field HD becomes constant when the magnetiza-
tion reaches its saturation value. For larger fields, the demagnetization correction
simply is a constant offset.

The demagnetization factor D of an ellipsoid can be calculated numerically
depending on the ratio of the three semi-major axes a, b, and c [81]. Fig. 2.4
shows the demagnetization factor D for a cigar- and a planar-shaped ellipsoidal
sample (panel (a) and (b), respectively). In both cases, the special case of a
circle (a = b = c) leads to a demagnetization factor of D = 1/3. On the left
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hand side of Fig. 2.4(a), the magnetic field is parallel to the long semi-major
axis b. For an infinitesimally thin sample, the demagnetization factor vanishes.
On the right hand side, the magnetic field is directed along one of the short axes.
Here, D converges to 1/2 for an infinitesimally thin sample. Fig. 2.4(b) shows the
demagnetization factor of a planar-shaped sample. When applying the magnetic
field parallel to one of the longer semi-major axes, D vanishes in the limit of an
infinitesimally thin plane. For ~B parallel to the short axis, the demagnetization
factor converges to 1 in the limit of an infinitesimally thin plane.

Demagnetization effects can be minimized by choosing a suitable sample ge-
ometry, i.e. a thin planar- or cigar-shaped sample with the long edge parallel
to the external magnetic field. In some cases, the measurement setup inhibits a
convenient orientation of the sample with respect to the magnetic field. In this
case, the demagnetization can have a strong influence on the applied external
field. Therefore, the demagnetization field has to be subtracted from the exter-
nal field to obtain the correct internal field. This requires the knowledge of the
actual magnetization M(H), which has to be measured separately on a sample
of suitable shape.

One possibility to calculate HD is to approximate the sample by an ellipsoid
with a known demagnetization factor. Alternatively, one can calculate the de-
magnetization field numerically by means of a Mathematica script (written
by O. Breunig), which makes use of the Radia package [82, 83]. The script
works as follows. The spatial distribution of the magnetic field inside the sample
is calculated on the basis of experimental magnetization data. Generally, one
can choose an arbitrary sample geometry within the calculation software. The
demagnetization corrections for the measurements within the framework of this
thesis were done by approximating the samples as rectangular-shaped samples.
In a last step, the average internal magnetic field is obtained by integrating the
field over the whole sample.

The thermal-conductivity measurements are treated in a slightly different way.
As one can make an assertion about the measured κ only between the different
temperature contacts (Fig. 3.1 on page 24), which are attached on the sample at
approximately 1/3 and 2/3 of the sample height, the average magnetic field is
obtained by integrating over the sample volume between these two temperature
contacts.

All measurements within this thesis, including a magnetic field, were corrected
by means of this script. The corresponding magnetization data were measured
by M. Hiertz during his diploma thesis [84].
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3 Experimental

This chapter concerns the experimental environment and the measurement tech-
niques used to obtain the data presented in this thesis. The main focus lies on
the thermal-conductivity measurements, which will be described in detail.

The magnetization and magnetostriction measurements were performed by
M. Hiertz during his diploma thesis [84] and will be described in detail there.
The magnetization measurements were done with a home-built force magnetome-
ter which has been built up by D. Loewen and further modified by S. Scharffe
during their diploma theses [85, 86]. The magnetostriction measurements were
performed with a home-built capacitance dilatometer which has been built by
O. Heyer during his diploma thesis [87]. The principle ideas of the capacitance
dilatometry are described in Ref. [88].

3.1 Thermal-Conductivity Measurements

The thermal conductivity κ can be measured via the steady-state method, which
will be explained in the following. In one dimension, the definition of κ (Eq. 2.1
on page 11) can be rewritten into the form

P

A
= κ

∆T

∆x
. (3.1)

The heat current j = P/A is given by the ratio of the sample-heater power P and
the sample cross section A. The temperature gradient ∆T/∆x is assumed to be
constant within the sample. Therefore, one needs to measure the temperature
difference ∆T between two determined levels of the sample with distance ∆x.
To ensure a homogeneous heat current within the sample, one needs to chose a
suitable sample geometry. The sample should be a thin crystal with the long
edge parallel to the heat current.

Fig. 3.1 illustrates the steady-state method to measure the thermal conduc-
tivity. In order to measure κ via Eq. (3.1), one needs to know the geometry of
the sample, i.e. A and ∆x, the heating power P , and the temperature difference
∆T . The heating power is the product of the heater current IH and the voltage
drop UH over the heater. The temperature difference ∆T can be measured by two
different approaches. One can either measure ∆T via a thermocouple or one can
measure the absolute values of the temperatures at both levels. The technique
including the thermocouple is used in the temperature range between 5 K and
300 K. The method including two thermometers can be used below ∼ 20K, in
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Figure 3.1: Steady-state method to measure the thermal conductivity. The
temperature gradient is produced by a sample heater on top of the sample.
The temperature difference can either be obtained via a thermocouple or via
two thermometers attached at the sample.

principle, down to lowest temperatures. Both techniques will be described in the
following.

3.2 Thermal-Conductivity Measurements in the High-

Temperature Regime

In the temperature range between 5 K and 300 K, the temperature difference
is measured via a thermocouple as shown in Fig. 3.2. The advantage of this
measurement technique is that one directly measures the temperature difference
∆T . As a drawback, one cannot directly measure the actual sample temperature
as the thermometer is placed on the sample-holder platform. Heating the top
of the sample certainly heats up the whole sample. In this temperature regime,
the thermal resistance between sample and sample holder usually is rather small,
compared to the low-temperature region discussed below. One possibility to
directly measure such a heating is to use a second thermocouple which measures
the temperature difference between the sample-holder thermometer and the lower
end of the primary thermocouple.

The thermocouple used here consists of Chromel3 and a gold-iron alloy
(0.07% iron). This sort of thermocouple has been used within many diploma and
PhD theses. The thermocouples used in this thesis are made of one peace of gold
(0.07% iron) wire (∼ 10 cm) and two Chromel wires (∼ 5 cm). Both wire types

3Chromel consists of 90% nickel and 10% chromium.
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Figure 3.2: Photograph of a thermocouple consisting of chromel and a gold-
iron alloy (0.07% iron).
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Figure 3.3: Thermopower of the thermocouple used here for various constant
magnetic fields. This inset schematically shows the experimental setup used
to calibrate the thermocouple.
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3. Experimental

have a rubber-like cable insulation, which has to be removed at both ends. This
can be done with a scalpel. The Chromel wire is rather robust. The gold wire,
however, has to be treated very cautiously. Another difficulty is to solder up the
ends of the respective wires. To be able to solder the Chromel wire, first, it has
be treated with an acid flux. The major problem, however, is to solder the gold
wire as it melts quickly at a rather low temperature. This can be best done with
solder tin containing lead. This reduces the melting point to ∼ 180◦C.

The thermocouple has been calibrated for various magnetic fields. The re-
sults are shown in Fig. 3.3 for zero field and for three different magnetic fields.
Below 60 K, the thermopower strongly depends on the magnetic field. In this
temperature region, the thermopower S(T ) has been measured for 0 T, 2 T, 4 T,
6 T, 8 T, 10 T, 12 T, 14 T, and 16 T. Above 60 K, the thermopower is hardly
field dependent. Here, the S(T ) curves are measured in 0 T, 6 T, and 14 T.

The experimental setup to calibrate the thermocouple is schematically illus-
trated in the inset of Fig. 3.3. It is similar to the calibration setups presented in
e.g. Refs. [31, 89]. Both ends of the thermocouple are attached at the sample-
holder platform and on a sapphire plate with temperatures T0 and T1, respectively.
The sapphire plate is thermally decoupled from the sample-holder platform via
a thick Manganin4 wire. The temperature difference ∆T = T1 − T0 is produced
by a heater placed on the sapphire plate.

3.3 Thermal-Conductivity Measurements in the Low-
Temperature Regime

Below 5 K, the thermopower of the thermocouple used here rapidly vanishes
(see Fig. 3.3). Therefore, one has to measure the temperature difference via two
individual thermometers, i.e. ∆T = T2 − T1. The advantage of this method is
the knowledge of the absolute temperatures T1 and T2 directly at the sample.
Therefore, one can determine the actual sample temperature as the mean value
of both temperatures, i.e. Tsample = 1

2
(T1 + T2). This is very important as

the thermal-contact resistances between the sample holder and the sample often
become very large at lowest temperatures.

The challenge is to accurately calibrate both thermometers at the sample.
A reasonable temperature difference should be in the order of several percents
of the sample temperature. Thus, both thermometers have to provide the same
absolute values within a tolerance well below 1 per mill. Therefore, both ther-
mometers have to be calibrated within each measurement run as every cooling of
the thermometers leads to a slight change of the R(T ) characteristics. A detailed
description of the techniques to measure the temperature is given in Sec. 3.5.

The thermometers are calibrated with respect to the sample-holder thermome-
ter. It is important to calibrate both thermometers simultaneously to ensure that

4Manganin consists of copper (86%), manganese (12%), and nickel (2%) [90].
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Figure 3.4: Resistance characteristics for different resistor types classified
via the room-temperature resistance value. The inset shows a photograph of
such a resistor.

both exactly provide the same temperature. The calibration is performed with
switched-off heater, i.e. with zero sample-heater current. If the sample is a bad
thermal conductor, one has to be careful at very low temperatures, as it can
actually happen that the sample and, thus, the thermometers heat up, e.g. due
to radiation.

The thermometers used here are RuO2 thermometers (inset of Fig. 3.4). The
temperature dependent resistance R(T ) (Fig. 3.4) shows the typical behavior of
a semiconductor. In addition, the resistivity of RuO2 exhibits a considerable
magnetic-field dependence. Fortunately, the field dependence is almost linear.
Therefore, it is sufficient to measure the R(T ) characteristics for only a few con-
stant magnetic fields. The values for intermediate fields can, hence, be obtained
by interpolation.

Fig. 3.4 shows the zero-field resistance characteristics of different RuO2 ther-
mometer types which are classified via the room-temperature resistances. It
turned out that the 5.23 kΩ resistors are best suited for temperature measure-
ments between 0.25 K and ∼ 10K, i.e. for measurements in the 3He cryostat. At
temperatures below 0.25 K, i.e. in the dilution refrigerator, the 2.55 kΩ resistors
were used.
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3.4 Sample Wiring

A suitable sample for a thermal-conductivity measurement is bar shaped and
rectangular with the long edge parallel to the heat current. Typical sample sizes
are of the order of 1× 1× 3mm3. For smaller samples, it is more difficult to
attach the required wires and the sample heater. Furthermore, the uncertainties
of the geometrical dimensions become rather large. A too large sample, however,
exhibits other difficulties. First, the sample has to fit into the sample holder
of the cryostat and is, thus, limited to a length of ∼ 10mm. Another problem
arising from too large samples is the increase of relaxation times to establish a
static temperature distribution and, thus, a stationary heat current within the
sample. This problem becomes more crucial in the low-temperature region where
the thermal conductivity of the sample and the sample holder rapidly decreases.

3.4.1 Adhesives

For the thermal-conductivity measurements, several wires, heaters, and ther-
mometers or thermocouples have to be attached directly onto the sample. There-
fore, the right choice of the adhesives is a very important point. The choice
which adhesive to use depends on the sample properties, in particular, on the
compatibility with different solvents. Another important aspect is the electrical
conductivity of the sample. For metallic samples, one has to be cautious when
attaching the heater on the sample or when mounting the whole sample on the
sample holder, which consists of copper. In the following, the different adhesives
are presented together with their basic properties.

Silver Glue

The silver glue (Leitsilber G3303A Plano GmbH [91]) is a solvent-based adhesive
which contains small silver particles. It has a small electrical and thermal resis-
tance and is well suited to attach the wires at the sample which tap the different
temperatures (cf. Sec. 3.4.2). Moreover, one can use it to glue the entire sample
onto the sample holder. The silver glue can easily be solved by acetone and, less
well, by ethanol and can residue-free be removed. A disadvantage of the silver
glue is the limited mechanical stability.5 The easiest way to apply the silver glue
on the sample is to use a very fine paintbrush, e.g. a red marten brush of size
5/0 or 10/0.

Two-Part electrically-conductive Silver Epoxy

The two-part epoxy glue (Epo-Tek H20E [92]) is a solvent-free glue which consists
of two components which have to be mixed before usage. After mixing, the

5The spin ice Dy2Ti2O7 could not be fixed on the sample holder with this silver glue as it broke
away due to strong torques effected by the magnetic field.
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epoxy glue can be handled for several hours. To be hardened, the epoxy glue
has to be heated. The duration of hardening depends on the temperature. For a
temperature of∼ 150 ◦C, the glue takes some minutes to harden. After hardening,
the silver epoxy has a small electrical and thermal resistance. However, this
strongly depends on the heating duration and temperature. The big advantage
is the large mechanical stability compared to the solvent-based silver glue. The
disadvantage of the silver epoxy is that once it is hardened, it is not solvable and,
thus, to remove it from the sample, one has to scrape or polish it off the sample.

GE 7031 Varnish

This varnish (LakeShore VGE-7031 [93]) is a solvent-based, electrically-insulating
varnish. It is solvable by acetone and ethanol and can be removed residue-free
from the sample.

Delta Bond 152

This glue (Wakefield DeltaBond 152 [94]) is a two-part glue. It is electrically
insulating and a rather good thermal conductor. After mixing both parts, the
glue can be handled for hours. It hardens after approximately 12 hours. When
hardened, the adhesive has a very large mechanical stability.

3.4.2 Thermal Contacts and Heat Currents

It is important to tap the correct temperatures at defined levels of the sample.
As the sample usually is too small to attach the thermocouple or the thermome-
ters directly at the sample, the temperatures are tapped indirectly by attaching
good heat-conducting wires at the sample, e.g. copper, platinum, or gold. The
thermocouple or the thermometers are, then, sticked on the respective wires (left
hand side of Fig. 3.5).

In order to minimize additional thermal resistances when attaching the ther-
mocouple or the thermometers, one can use the silver glue. As the tips of the
thermocouple are electrically conducting, one has to use insulated wires (attached
at the sample) to avoid thermovoltages which would superimpose the thermovolt-
ages from the thermocouple. The thermometers used for the low-temperature
measurements can also be attached by the silver glue. Here, the thermovoltages
originating from the sample would disturb the resistivity bridges. To avoid these
and, in particular, to avoid an electrical short circuit of the thermometers, the
electrical contacts on the backside of the thermometers, first, have to be removed
by polishing.

One has to ensure that the heat provided by the heater on top of the sample,
indeed, flows through the sample and is not dissipated through the attached
wires. It is not possible to perfectly thermally decouple a sample. Therefore, the
right choice of cables and adhesives is a very crucial point. It is very important
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Figure 3.5: Photograph of a (Ba0.9Sr0.1)Co2V2O8 sample wired for a
thermal-conductivity measurement along the [001] direction. The diagram on
the right hand side illustrates an equivalent circuit diagram for the steady-state
method used for thermal conductivity measurements (Fig. 3.1 on page 24).

that the upper and lower end of the sample are exactly planar. Especially at very
low temperatures, the thermal contact resistances usually become very large. To
minimize this effect, the concerned surfaces both have to be planar and they
should have a maximum contact surface. At very low temperatures, also the
pressure with which the two surfaces are pressed together plays an important
role.6

The left hand side of Fig. 3.5 shows a (Ba0.9Sr0.1)Co2V2O8 sample wired for
a thermal-conductivity measurement. The corresponding equivalent circuit dia-
gram is illustrated on the right hand side. The Ri depict the different thermal
resistances. Without heater current (ISH = 0) the whole sample is assumed to
have a homogeneous temperature, i.e. T0 = T1 = T2 = T3.

When turning on a determined heater current ISH, a temperature gradient is
built up, i.e. T0 < T1 < T2 < T3, where T3 is assumed to be the temperature of
the sample heater and T0 is the bath temperature. T1 and T2 are the temperatures
at the attached wires, respectively. RSample is the thermal resistance of the sample
part between the two wires. R1 and R2 are the contact resistances together with
the upper or lower part of the sample, respectively, i.e. above the upper wire
and below the lower wire, respectively. The cables providing the sample heater
current thermally connect the sample heater to the sample-holder platform via

6This effect can be utilized by clamping the lower part of the sample at the sample holder.
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Figure 3.6: Wiring of the sample heater accounting for the heating power
produced by the wires.

R5. The thermocouple or the thermometers attached at the two wires (T1 and
T2, respectively) thermally connect the sample to the bath (T0) via R3 and R4,
respectively.

To minimize the heat current through R3, R4, and R5, the cables should
have a rather low thermal conductivity and, in particular, have to be as long as
possible. The sample heater and the thermometers are connected via Manganin
wires. By spooling the cables, one obtains rather large wires. The drawback of
the low thermal conductivity is a rather high electrical resistance. The resistance
measurements of the thermometers are not affected, as these are performed with
the 4-wire technique and the resistance bridges induce only very small electrical
currents. The situation is different for the sample heater. Here, one has to ensure
that the resistance of the cables is much smaller compared to the resistance of
the sample heater itself. One has to ponder the right choice of the sample heater
resistance. It must not be too small, as the cables would also need to have a
small electrical resistance. This would result into a too good thermal contact to
the bath. A large sample-heater resistance minimizes the heater current. For the
measurements presented here, an SMD heater with a resistance of 1 kΩ (at room
temperature) was used. The resistance is only weakly temperature dependent.

As the Manganin cables have a rather large resistance (typically ∼ 100Ω),
one cannot avoid a heating power originating from the cables. Therefore, the
sample heater is wired as illustrated in Fig. 3.6. This is equivalent to a 4-wire-
resistivity measurement of the combination of sample heater together with one
(of the three) Manganin cables. One can assume that half the heating power
produced by the Manganin cables is transfered to the sample and the other half
is dissipated to the bath. Thus, the effective heating power is given by the sum
of the power produced by the heater and by two half Manganin wires, i.e. by
one wire.
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3.5 Experimental Environment and Measurement Soft-
ware

The measurements have been performed within different magnet cryostats of the
institute. These are explained in detail in a variety of diploma and PhD theses,
e.g. [18, 19, 31, 89].

3.5.1 High-Temperature Measurements

The high-temperature measurements were done in home-built cryostat inserts
which are in use for many years and, hence, are described in detail within many
theses, e.g. [19, 89, 95, 96].

The temperature is measured and controlled by a LakeShore 340 temperature
controller [93]. The sample-heater current can, in principle, be provided by any
current source. Usually a Keithley 6220 precision current source or a Keithley
2400 sourcemeter [97] was used. The voltage drop over the heater and the thermo
voltage from the thermocouple are measured by a Keithley 182 or 2182 volt meter.

The measurement is controlled by a software called WLF7 written in LabView
[98]. The functional principle of this software is based on the software called kSR,
which has been developed in the institute by C. Zobel [99] and has been advanced
by K. Berggold [18, 89]. The main function of WLF is to set the external param-
eters and to check for stability, e.g. the temperature controller and the magnet
power supply. After stabilizing the external parameters, first, the offset voltage
of the thermocouple has to be determined. This is done with switched-off sample
heater. To ensure that there is no temperature gradient over the sample, the
temperature has to be highly stable. In a second step, a certain heater current
is applied to the sample heater. This builds up a temperature gradient which is
measured via the thermocouple.8 Here also, one has to wait until the temperature
is stable over the sample. The corrected thermo voltage is obtained by subtract-
ing the offset voltage from the measured thermo voltage. The calibration of the
thermocouple (Fig. 3.3 on page 25) is deposited as a two-dimensional landscape
upon the temperature-magnetic-field-plane. As mentioned above, the tempera-
ture is only measured at the sample holder and not directly at the sample. One
can correct the sample temperature by adding a multiple (geometry factor) of
the temperature difference ∆T to the sample-holder temperature. A reasonable
correction is given by a factor of 1.5, i.e.

Tsample = Tsample holder + 1.5 ·∆T (3.2)

7WLF is an abbreviation for “Wärmeleitfähigkeit”.
8One can either manually set a sample-heater current or determine a desired temperature dif-
ference as a percentage of the sample-holder temperature. In the high-temperature regime, the
temperature difference over the sample should be between 0.2% and 1%.
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Figure 3.7: Filter box for the Heliox and Kelvinox systems.

3.5.2 Low-Temperature Measurements

The low-temperature thermal-conductivity measurements are far more compli-
cated compared to the high-temperature method. Depending on the temperature
range, one can either use a 3He cryostat (Oxford Heliox) or a dilution refrigerator
(Oxford Kelvinox) [100]. The Heliox system covers the temperature range be-
tween 0.25 K and 10 K. The Kelvinox system can realize temperatures between
0.03 K and 1.2 K.

In the case of the Heliox system, the temperature controlling is done by an
ITC-501 temperature controller [100]. The temperature of the Kelvinox system
can either be controlled by a Picowatt TS-530A temperature controller [101] or
a LakeShore 370 temperature controller [93].

In both cases, Heliox and Kelvinox system, the measurement devices can be
connected to the cryostat via a Fisher 24-pin connector. In order to flexibly use
different devices, a filter box was built in the electronic workshop of the institute
which can be connected to the 24-pin socket at the cryostat (Fig. 3.7).9 Channels
1a and 1b are reserved for the sample-holder thermometer, which is measured via
a LakeShore 370 resistance bridge.

For the thermal-conductivity measurements, the thermometers at the sample
are measured either via AVS-47 resistance bridges or via LakeShore 370 resistance
bridges. When using an AVS-47, it is useful to grab the resistance from the analog
output of the AVS-47, which can be measured by a Keithley 182 or 2182 volt
meter. This enhances the accuracy and drastically accelerates the measurement.

9The filter box contains low-pass filters and is built in accordance to the construction manual
introduced in Ref. [102].
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The integration time is, then, limited only by the volt meter.10

For the low-temperature measurements, the same software is used (WLF) as
for the high-temperature measurements. However, the measurement principle is
different. Before starting the main measurement, first, the thermometers have to
be calibrated with respect to each other and to the sample-holder thermometer
(with switched-off sample heater). To account for the magnetic-field dependence
of the thermometer calibration, this has to be done in zero field and for various
different magnetic fields. To avoid discontinuities within the temperature cali-
bration, the calibration has to be done for each measuring range of the resistance
bridge separately. The advantage of this measurement technique is that the sam-
ple heater needs not to be turned off and on at each data point. This drastically
accelerates the measurement.

A special procedure to measure the magnetic-field dependence of the thermal
conductivity is introduced in the following. The sample-holder temperature is
stabilized at a value slightly below the desired sample temperature. The sample
heater is controlled by an additional software PID temperature controller which
stabilizes the mean value of both temperatures (at the sample) to the desired
sample temperature. This ensures that the mean value between both thermome-
ters is exactly constant during the whole measurement, i.e. for different magnetic
fields. However, one has to ensure that the temperature difference does not be-
come to large with respective to the sample temperature. This can happen if
the thermal conductivity has a strong field dependence. In this case, one has to
readjust the sample-holder temperature.

This procedure to measure the field dependence of the thermal conductivity
can, in principle, be done with a continuously changing magnetic field, i.e. with
a constant field sweep rate. Problems can occur, for example, when measuring
a metallic sample, which is heated due to eddy currents. The main problem is
that the system has no time to relax into a stationary state. Therefore, one has
to choose a reasonably small field sweep rate.

10The measurements here were done with an integration time of 30 ms using a Keithley 182 volt
meter.
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4 Heat Transport in Spin Ice

4.1 Introduction

Spin ice is a class of geometrically frustrated magnetic systems. The frustration
originates from an effective ferromagnetic nearest-neighbor interaction of Ising-
like magnetic moments (spins) which are aligned along local easy axes, i.e. each
spin has only two possible orientations within the spatial lattice. The frustra-
tion results in a highly degenerate ground state and, thus, in a residual entropy
for T → 0.

The ground state of a spin-ice system is given by the so-called ice rules, which
determine the ground-state spin configuration and depend on the actual system.
In two dimensions, a spin ice can be realized by a lattice of corner-sharing triangles
(Kagomé lattice) with local easy axes pointing from the center of the triangles
to the corners. In 3D, a spin ice can be realized by a lattice consisting of corner-
sharing tetrahedra (pyrochlore lattice) with local easy axes from the center of
the tetrahedra to the corners. In zero field, a 2D spin ice minimizes its magnetic
energy when two spins point into and one out of the triangles (or vice versa) and
for 3D when two spins point into and two out of the tetrahedra. Breaking the
ice rule results in a pair of topological defects, which (in zero magnetic field) can
propagate independently11 upon the lattice without energy loss and, thus, are
discussed as magnetic monopoles.

In 2D, a spin ice called artificial spin ice is realized by magnetic nanostruc-
tures [103–112]. 3D spin-ice systems are realized by the rare-earth titanates
Dy2Ti2O7 and Ho2Ti2O7 [113]. The rare-earth titanate Tb2Ti2O7 was proposed
to be a spin-ice system [114]. To my knowledge, however, this could not be ex-
perimentally proofed. In this thesis, the 3D spin ice Dy2Ti2O7 is studied with
respect to its thermal properties in particular to its thermal-transport proper-
ties. The main issue will be the study of the ability of the magnetic excitations
(monopoles) to carry heat. To answer this question, thermal-conductivity, mag-
netization, and thermal-expansion measurements were performed on the mother
compound Dy2Ti2O7 and on the non-magnetic reference system Y2Ti2O7 as well
as on two doped compounds, (Dy0.5Y0.5)2Ti2O7 and Dy2(Ti0.9Zr0.1)2O7. In the
case of (Dy0.5Y0.5)2Ti2O7, 50% of the magnetic Dy ions are replaced by non-
magnetic Y ions. In Dy2(Ti0.9Zr0.1)2O7, 10% of the non-magnetic Ti ions are
replaced by (as well non-magnetic) Zr ions, where the magnetic Dy sublattice

11The monopole excitations propagate strictly independent only in the case of pure nearest-
neighbor interaction, i.e. when neglecting the long-range dipolar interaction (cf. Sec. 4.2.2).
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Figure 4.1: (a) Frustrated Kagomé plane consisting of triangles fulfilling the
ice rules 2in-1out or 1in-2out. (b) Frustration of Ising spins for ferromagnetic
interaction in the case of a single triangle. Each spin has a local easy axis from
the center of the triangle to the respective corner.

remains unaffected.

The idea behind these doped compounds is to manipulate either the mag-
netic or the phononic system. In (Dy0.5Y0.5)2Ti2O7, the magnetic subsystem is
strongly disturbed as, on average, two of four magnetic ions are absent in every
tetrahedron. As Y3+ and Dy3+ have comparable ionic radii, the crystal structure
is not (or hardly) effected. In Dy2(Ti0.9Zr0.1)2O7, the Ti4+ ions are replaced by
much larger Zr4+ ions. This substitution results in a distortion of the crystal and,
thus, yields a glassy phononic thermal conductivity [34, 115–119]. A drawback of
the Zr doping is that the Dy tetrahedra are also distorted and, as a consequence,
the energetic relations within each tetrahedron are disturbed. Thus, doping with
Zr also slightly affects the magnetic subsystem (as mentioned above).

4.1.1 Geometric Frustration and Ice Rule

The principle of frustration in spin ice can be illustrated very descriptively for
the two-dimensional case. Fig. 4.1(a) shows a frustrated Kagomé lattice. Each
triangle fulfills the 2D ice rule 2in-1out or 1in-2out, which originates from the
ferromagnetic interaction of Ising spins introduced in the following. The triangle
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Figure 4.2: (a) Pyrochlore lattice, consisting of corner-sharing tetrahedra
(taken from [120]). (b) A single tetrahedron with the local easy axes pointing
from the corners to the center (taken from [121]). The shown spin orientation
fulfills the ice rule 2in-2out. (c) Schematic 2D mapping of a single tetrahedron
with the same spin configuration as shown in panel (b).

in Fig. 4.1(b) illustrates the frustration for a single triangle with ferromagnetically
interacting Ising spins with local easy axes from the center of the triangle to the
corners. Starting with spin 1, which points into the triangle, the ferromagnetic
interaction induces spin 2 to point out of the triangle. The remaining spin 3
is, thus, frustrated as the orientation to one of the other spins is ferromagnetic,
but antiferromagnetic with respect to the other one for both spin directions. For
symmetry reasons, all three spins are frustrated equally and, as a consequence, the
entire Kagomé lattice is frustrated. The particular spin configuration shown in
Fig. 4.1(a) is not the unique ground state. The ground-state degeneracy prevents
the system from ordering and yields a residual entropy. This is a fundamental
property of a spin-ice system.

A pyrochlore lattice (corner-sharing tetrahedra, Fig. 4.2(a)) is a 3D realization
of a spin ice. Analogously to the 2D case, the local easy axes point from the
corners to the center of the tetrahedra (Fig. 4.2(b)). For the same reason as in
the triangle case, the ferromagnetic interaction causes frustration of the spins.
For symmetry reasons, again, this results in a frustration of the entire pyrochlore
lattice. In its ground state, a tetrahedron fulfills the ice rule 2in-2out, shown in
Fig. 4.2(b) and schematically in Fig. 4.2(c). Analogously to the 2D spin ice, this
highly degenerate ground state yields a residual entropy and prevents the spin ice
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4. Heat Transport in Spin Ice

Figure 4.3: (A) Local hydrogen displacement in water ice. (B) Spin orien-
tation of a single tetrahedron obeying the ice rule 2in-2out in the 3D spin-ice
system (taken from [123]).

from ordering. For a hypothetical antiferromagnetic interaction, all spins would
either point into or out of a tetrahedron (or triangle in the 2D case). Thus, the
absence of frustration would cause long-range ordering of the spins.

In this thesis, only 3D spin-ice systems are investigated. To avoid confusion
with the 2D spin ice, in the following, the term “Kagomé spin ice” denotes the
field-induced ground state of the 3D spin ice for a magnetic field parallel to [111].

4.1.2 Residual Entropy for T → 0

In the 3-dimensional case, the residual entropy S0 = ST→0, originating from the
ground-state degeneracy, can be illustrated by means of the single-tetrahedron
approximation (Sec. 4.2.1). Six out of 24 = 16 possible spin configurations fulfill
the ice rule and are, hence, energetically equivalent (Figs. 4.2(b) and (c)). These
configurations form a 6-fold-degenerate ground state which results in a residual
entropy of [122–125]

S0 =
R

2
ln

(

3

2

)

≈ 1.69
J

molK
for T → 0 , (4.1)

where R = NAkB ≈ 8.314 J/mol K is the gas constant. This ground-state be-
havior of the spin orientation in the 3D spin ice (Fig. 4.3(B)) is analogous to
the hydrogen displacement in water ice [126] (Fig. 4.3(A)). In water ice, every
oxygen atom (large white circles) is located in the center of a tetrahedron formed
by the four adjacent oxygen atoms. Two of the four hydrogen atoms (small black
circles) surrounding an oxygen atom are stronger bound to the atom in the center
of the tetrahedron. The two remaining hydrogen atoms are stronger bound to
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Figure 4.4: Magnetic specific heat and entropy. The open and closed symbols
represent measurements on two different samples. R ln 2 is the theoretical value
for a two-level system (taken from [124]).

an oxygen atom at one corner of the tetrahedron. This geometrical frustration
results in the Pauling’s residual entropy of water ice, which has the same value
as the residual entropy of the 3D spin-ice system (Eq. 4.1). This analogy to the
ice rule 2in-2out is the origin of the name “spin ice” [127, 128].

For Dy2Ti2O7, an experimental proof of the residual entropy (Eq. 4.1) has
been provided in Ref. [124] by numerical integration of the measured magnetic
specific heat Cmag/T , i.e.

S(T ) =

∫ T

0

Cmag(T
′)

T ′ dT ′ . (4.2)

The residual entropy is obtained by subtracting the asymptotic value S(T → ∞)
from the theoretical value for a two-level system R ln 2 (Fig. 4.4). In Ref. [124],
a residual entropy S0 = 1.66 J/mol K was found. This value is very close to the
theoretically predicted value S0 = 1.69 J/mol K (Eq. 4.1).
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4. Heat Transport in Spin Ice

Figure 4.5: a) Two neighboring tetrahedra obeying the ice rule, i.e. both
tetrahedra have the configuration 2in-2out. b) Creation of a monopole/anti-
monopole pair by flipping the spin connecting both tetrahedra. c) 2in-2out
configuration within the dumbbell model. d) Monopole/anti-monopole pair
within the dumbbell model (taken from [129], recolorized).

4.1.3 Magnetic Monopoles

Elementary excitations in the spin-ice material Dy2Ti2O7 were predicted to be-
have like magnetic monopoles [129, 131, 132]. Such an elementary spin-ice excita-
tion can be created by breaking the ice rule 2in-2out resulting in two tetrahedra
with configurations 3in-1out and 1in-3out. Fig. 4.5(a) shows two neighboring
tetrahedra obeying the ice rule, i.e. being in the ground state. One can create a
first excitation by flipping one spin, so that the ice rule is broken in two neighbor-
ing tetrahedra. This results in two tetrahedra with the configurations 3in-1out
and 1in-3out, respectively (Fig. 4.5(b)).

A fractionized dipole excitation can be regarded as two individual monopoles
(monopole/anti-monopole pair). Each monopole (or anti-monopole) can propa-
gate independently within the network of the pyrochlore lattice via single spin
flips as follows. One of the in-pointing spins of an excited tetrahedron can be
flipped, so that the tetrahedron relaxes back to a 2in-2out configuration, while
the 3in-1out excitation has moved to a neighboring tetrahedron. A 1in-3out con-
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Figure 4.6: A dipole excitation separated into two monopoles (red and blue).
The trace connecting the monopoles is called Dirac string (taken from [130],
recolorized).

figuration can propagate in the same manner by flipping another out-pointing
spin. As long as the ground-state degeneracy is not lifted12, the energy cost
of the created 3in-1out (or 1in-3out) configuration has the same amount as the
energy regain of the previous tetrahedron which relaxes back to a 2in-2out config-
uration. Thus, the monopole excitations can propagate without energy loss and,
hence, are not confined. This property is the justification to call these excitations
“monopoles”. The trace of a monopole excitation and, hence, the connection of
the separated dipole excitation is called Dirac string (Fig. 4.6).

The monopole picture can be illustrated by the dumbbell model for a single
tetrahedron (Figs. 4.5(c) and (d)). Every spin, represented by an arrow, consists
of two isolated magnetic charges at both ends (positive and negative). A tetrahe-
dron fulfilling the ice rule 2in-2out has no net charge (Fig. 4.5(c)). A tetrahedron
with configuration 3in-1out (or 1in-3out) has a charge surplus and, thus, rep-
resents a magnetic monopole (or anti-monopole) (Fig. 4.5(d)). In Ref. [129],

12This is the case in zero magnetic field.
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Castelnovo et al. predicted an elementary magnetic charge of

Q = ±qm = ±2µ

ad
≈ ±4.27 · 10−13 J

Tm
(4.3)

and, hence, a magnetic Coulomb energy of a separated pair of magnetic mono-
poles at a distance r of

E = − µ0

4πr
q2m . (4.4)

In the monopole picture, the question whether these excitations behave like
(quasi) particles carrying an elementary magnetic charge is still under strong
debate [3–5, 133, 134]. These particles should, then, be affected by an external
magnetic field and, hence, should be accelerated. To my knowledge, this remains
an open question up to now.

4.1.4 Dy2Ti2O7

Crystal Structure

In Didysprosium(III)Dititanium(IV)Oxide (Dysprosiumtitanate), the magnetic
Dy3+ ions form a pyrochlore sublattice, consisting of corner-sharing tetrahedra
(Fig. 4.2(a) on page 37). The cubic unit cell has the lattice constant a ≈ 10.14 Å
[135] and contains 16 Dy3+ ions. The surrounding O2− ions cause a strong crys-
tal field with an Ising-type J = 15/2 doublet forming the ground state of the
Dy3+ ions and the first excited state well above the ground state. In literature,
several values for the first excited doublet state between 140 K and 380 K are
reported [136–139]. In the ground state, the total momentum is the sum of spin
S = 5/2 and orbital momentum L = 5, i.e. J = S+L = 15/2. The total angular
momentum is calculated via

µJ = µS + µL = gSµBS + gLµBL ≈ 2 · µBS + 1 · µBL = 10µB , (4.5)

where gS ≈ 2 and gL = 1 are the Landé g-factors for the spin and orbital
momentum, respectively. Due to the strong crystal field, the magnetic moments
~µ are aligned along their local easy axes pointing from the center to the corners
of the tetrahedra. Thus, every spin13 in Dy2Ti2O7 can point either into or out of
a tetrahedron and, hence, Dy2Ti2O7 is a good realization of a 3D spin ice.

Exchange Energy and Dipole-Dipole Interaction

For the rare-earth Dy ions, the rather small exchange energies are comparable
to the energy scales of the dipole-dipole interaction. Both energy scales are of
the order of ∼ 1K. Thus, we expect the spin-ice physics to take place in this

13In the strict sense, one as to consider the magnetic moment, which is antiparallel to the spin,
i.e. µz = −gµBSz.

42



4.1 Introduction

temperature regime. Considering nearest-neighbor antiferromagnetic exchange
energies as well as long-range dipole-dipole interaction, we get the Hamiltonian
[123, 129, 140]

H = − J
∑

〈(i,a),(j,b)〉

~Sa
i · ~Sb

j

+Dr3nn
∑

i>j
a,b

~Sa
i · ~Sb

j

|~Rab
ij |3

−
3(~Sa

i · ~Rab
ij )(

~Sb
i · ~Rab

ij )

|~Rab
ij |5

. (4.6)

Here, the notations of Ref. [140] will be followed. The vectors ~Sa
i = σa

i ẑ
a are the

Ising spins of the Dy3+ ions, pointing along the local easy axes ẑa in one of the
〈111〉 directions. The ẑa are normalized, i.e. |ẑa| = 1, and the Ising variables

σa
i = ±1 denote one of the two possible spin orientations. The vectors ~Rab

ij point

from (the spatial lattice site of) spin ~Sa
i to spin ~Sb

j . J is the (antiferromagnetic)
exchange-coupling constant and D is the dipole energy scale

D =
µ0

4π

µ2

r3nn
, (4.7)

where rnn ≈ 3.54 Å is the nearest-neighbor distance between two pyrochlore lat-
tice sites and µ = 10µB is the magnetic moment of a Dy3+ ion (Eq. 4.5).

If we also restrict the dipole-dipole interaction to nearest neighbor14, the
Hamiltonian in Eq. (4.6) can be reduced to an effective ferromagnetic nearest-
neighbor spin system. As ẑa · ẑb = −1/3, the nearest-neighbor exchange coupling

is Jnn = J/3; and as (ẑa · ~Rab
ij )(ẑ

b · ~Rab
ij ) = −2/3, the nearest-neighbor dipole-

dipole exchange energy is Dnn = 5D/3 ≈ 2.35K. This results in the effective
nearest-neighbor coupling constant

Jeff = Jnn +Dnn . (4.8)

For Dy2Ti2O7, the nearest-neighbor exchange coupling was reported to be
Jnn ∼ −1.24K [141]. Thus, we get a positive (ferromagnetic) effective coupling
Jeff ≈ 1.11K and an effective Hamiltonian

H = −3 Jeff

∑

〈(i,a),(j,b)〉

~Sa
i · ~Sb

j . (4.9)

In the presence of an external magnetic field Bext, the Hamiltonian in Eq. (4.6)
has to be extended by an additional term considering the energy of a magnetic

14For Dy2Ti2O7, the antiferromagnetic exchange interaction is generally restricted to nearest
neighbors.
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dipole in an external magnetic field, i.e.

H = − J
∑

〈(i,a),(j,b)〉

~Sa
i · ~Sb

j

+Dr3nn
∑

i>j
a,b

~Sa
i · ~Sb

j

|~Rab
ij |3

−
3(~Sa

i · ~Rab
ij )(

~Sb
i · ~Rab

ij )

|~Rab
ij |5

−µ
∑

i

~Si · ~Bext . (4.10)

The new term in Eq. (4.10) extends over all Dy sites. The Hamiltonian in
Eq. (4.10) will be used to perform Metropolis-like simulations of the dipolar
spin ice (Sec. 4.2.2). The effective nearest-neighbor Hamiltonian (Eq. 4.9) also
has to be modified to

H = −3 Jeff

∑

〈(i,a),(j,b)〉

~Sa
i · ~Sb

j − µ
∑

i

~Si · ~Bext . (4.11)

The single-tetrahedron approximation (Sec. 4.2.1) will base on the effective
Hamiltonian in Eq. (4.11).

4.1.5 Slow Dynamics

Recently, it has been discovered that anomalous relaxation processes lead to out-
of-equilibrium dynamics at temperatures below ∼ 0.6K [6, 142–144]. Revealed
by a wide range of physical properties of Dy2Ti2O7, the measured relaxation
times become very large at very low temperatures. However, there is a lot of
discrepancy about the absolute values of the (relaxation) time scales. Up to now,
this remains under strong debate. In the following, an overview about the present
findings will be given.

The observed dominant time scales strongly depend on the measurement tech-
niques used. Measurements of the AC susceptibility provide time scales up to
seconds at temperatures around 1 K [139, 143–145], muon spin rotation (µsR)
measurements yield time scales in the µs range [3, 146, 147], and neutron spin-
echo experiments provide relaxation times down to ns [148].

Moreover, it has been shown [6, 121] that the dynamics of the magnetic sys-
tem cannot be described by only one single relaxation process at temperatures
below ∼ 0.6K. Klemke et al. [6, 121] studied the specific heat and the thermal
conductivity of Dy2Ti2O7 in zero field and in an external magnetic field parallel
to [110]. The specific heat was measured using a temperature-relaxation-based
method. Below ∼ 0.6K, the time-resolved heat relaxation cannot be described
by an exponential fit with one or two relaxation times. In Refs. [6, 121], it has
been shown that the data can be reasonably fitted by considering at least three
relaxation times. The authors explained this by assuming the magnetic system
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Figure 4.7: Comparison of different literature data of the magnetic specific
heat of Dy2Ti2O7 [6, 130, 149–151]. The data of Morris et al. and Matsuhira
et al. were obtained via the standard single-relaxation techniques. The data
of Klemke et al. and O. Breunig were obtained by explicitly taking anomalous
relaxation processes into account. Inset: Schematic illustration of the method
introduced by O. Breunig.

to consist of different subsystems individually coupled to the platform. Stan-
dard methods to measure the specific heat (considering only one single relaxation
time) do not account for such dynamics. In Fig. 4.7, four different measurements
of the magnetic specific heat of Dy2Ti2O7 found in literature are shown. The
datasets of Morris et al. [130] and Matsuhira et al. [149] were measured with the
conventional single-relaxation method and, thus, provide too small values below
∼ 0.6K, whereas the data of Klemke et al. [6, 121] were obtained by explicitly
accounting for multiple relaxation times and, thus, provide larger values in the
low-temperature regime.

An alternative approach to measure the specific heat accounting for sample-
internal relaxation dynamics has been introduced by O. Breunig [151]. The
inset of Fig. 4.7 shows a schematic illustration of this method. The sample
is assumed to consist of any number of subsystems Ci which are not directly
linked to the bath, but only to the platform and to each other. The temper-
ature of the platform TP is measured as a function of time. The measurement
starts from equilibrium, i.e. Tsample = TP = Tbath, then a constant heating power
P is applied to the platform until the entire system is in equilibrium again,
i.e. Tsample ≃ TP = Tbath +∆T . The total heat transformed to the sample is ob-
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(a) (b)

Figure 4.8: (a) Dumbbell model of a single tetrahedron obeying the ice
rule 2in-2out (taken from [139]). (b) Schematic two-dimensional mapping of a
single tetrahedron (2in-2out).

tained by subtracting the numerically obtained heat flown via K to the platform
from the heat provided by the heater. The results are also shown in Fig. 4.7. For
temperatures above ∼ 0.6K, all methods provide the same values of cp within
10%. At lower temperatures, the method introduced by O. Breunig provides en-
hanced cp values similar to the results of Refs. [6, 121], but without any a-priori
assumptions about the subsystems or their corresponding couplings. In addition
to [6, 121], the data of Breunig [151] show a shoulder around 0.5 K and a tendency
towards saturation below 0.35 K (open symbols). These features most probably
arise from nuclear contributions to cp originating from the isotopes 161Dy and
163Dy [152]. In Refs. [6, 121], a 162Dy-enriched sample was studied.

4.2 Theoretical Approaches

4.2.1 Single-Tetrahedron Approximation

Theoretical Model

A simple but very instructive theoretical model of the magnetic spin-ice system
is the single-tetrahedron approximation [134]. Within this model, only one sin-
gle isolated tetrahedron consisting of four Dy ions with their corresponding local
easy-axes in the 〈111〉 directions is considered. Fig. 4.8(a) shows a single tetrahe-
dron obeying the ice rule, i.e. two of the four spins point into and the other two
out of the tetrahedron. A simple 2D mapping of a tetrahedron with the same
spin configuration is shown in Fig. 4.8(b).
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The single-tetrahedron approximation is based on the effective nearest-
neighbor Hamiltonian (Eq. 4.11) with a ferromagnetic effective coupling constant
Jeff,

H = −3Jeff

∑

〈i,j〉

~Si · ~Sj −
µ ~B

2

4
∑

i=1

~Si , (4.12)

where ~Si (i = 1..4) are the unit vectors pointing along the local easy axes from the
corners of the tetrahedron to its center or vice versa (Fig. 4.8(a)). The first term
in Eq. (4.12) is a summation over all pairs i 6= j, where the factor of 3 accounts
for the angles of the real local easy axes in the effective ferromagnetic spin-spin
interaction. The second term describes the individual coupling to an external
magnetic field ~B. As every Dy site belongs to two tetrahedra, only half this
energy is adjudged to one single tetrahedron. µ = 10µB is the magnetic moment
of one Dy ion (Eq. 4.5). The effective coupling constant (Jeff ≈ 1.1K in the
case of Dy2Ti2O7 [134]) is determined by comparing the theoretically obtained

magnetizationM(B) with experimental data for ~B || [111]. For this field direction,
the M(B) data exhibit a prominent steplike feature (see discussions on page 50).

The difference of the Hamiltonian in Eq. (4.12) from that introduced before
in Eq. (4.11) is the consideration of only one single tetrahedron, i.e. of only four
spins. Thus, every spin has only 3 neighbors. In Eq. (4.11), every spin has
6 neighbors. In Sec. 4.2.2, Metropolis-like simulations of the dipolar and the
nearest-neighbor spin ice are introduced. It turns out that numerical calculations
on a nearest-neighbor level and the single-tetrahedron approximation provide
the same results in zero magnetic field, whereas there are slight differences when
including an external magnetic field.

Energy-Levels and Ground-State Degeneracy

Within the single-tetrahedron approximation, an isolated tetrahedron has 24 = 16
possible spin configurations which are highly degenerate in zero magnetic field
(Fig. 4.9). In the absence of an external magnetic field, six energetically equiva-
lent 2in-2out configurations form the ground state. The first excited state, 2.2 K
above the ground state, is 8-fold degenerate and consists of tetrahedra breaking
the ice-rule (3in-1out or 1in-3out). These excitations are discussed as magnetic
monopoles (Sec. 4.1.3). The energy of the two remaining configurations (4in-0out
and 0in-4out) is 4 times larger than for the first excited state and will mostly be
neglected in the following chapters.

The single-tetrahedron model, being a 16-level system, can be solved analyt-
ically. At a given temperature T , the different spin configurations are populated
according to the Boltzmann distribution (in thermal equilibrium):

pn =
1

Z
exp

(

− En

kBT

)

with Z =
16
∑

k=1

exp

(

− Ek

kBT

)

. (4.13)
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Figure 4.9: Energy levels of a single tetrahedron with effective coupling
Jeff = 1.1K [134] in zero magnetic field.

One can use the partition function Z to calculate several thermodynamic quan-
tities, e.g. specific heat

C =
R

2
T

∂2

∂T 2
(T lnZ)

(

[C] =
J

K ·mol Dy

)

(4.14)

and entropy

S =
R

2

∂

∂T
(T lnZ) =

∫ T

0

C

T ′ dT
′

(

[S] =
J

K ·mol Dy

)

. (4.15)

Fig. 4.10 shows C/T and the integral S(T ), calculated via Eqs. (4.14) and (4.15).
The difference between the asymptotic value ST→∞ and the theoretical value
R ln 2 for a two-level system yields the residual entropy S0 = 1.69 J/mol K. This
is exactly the theoretical prediction of Pauling’s entropy of water ice (Eq. 4.1).

One has to keep in mind that the single-tetrahedron approximation (Eq. 4.12)
is a strong simplification which neglects the long-range dipolar interaction. Fur-
thermore, it only describes a system in thermal equilibrium. For low temperatures
and small magnetic fields, however, the spin ice is dominated by non-equilibrium
processes [6, 143, 144]. Nevertheless, the single-tetrahedron model is a very in-
structive approach, in particular, when including an external magnetic field.

Single Tetrahedron in an external magnetic Field

In the following, the single-tetrahedron approximation is discussed for different
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Figure 4.10: C/T and the entropy S of the spin ice calculated with the
single-tetrahedron model in zero magnetic field. The residual entropy S0 is
obtained by subtracting the asymptotic value ST→∞ from the theoretical value
R ln 2 for a two-level system. The theoretical curves have similarities to the
experimental data shown in Fig. 4.4 on page 39.

magnetic-field directions. The external magnetic field competes with the internal
magnetic interaction and, thus, has a strong influence on the energy levels of the
different spin configurations calculated via Eq. (4.12). Moreover, the preferential
direction of each spin, due to the magnetic field, causes a lifting of the ground-
state degeneracy. For the special geometrical arrangement of the pyrochlore lat-
tice, together with the local easy axes of the Dy momenta, three magnetic-field
directions ([001], [111], and [110]) are of particular interest and will be discussed
here. These field directions yield different field-induced ground states. These
particular field directions, compared to the orientation of the tetrahedra within
the pyrochlore lattice, are illustrated in Fig. 4.11. In the following, the influence
of a magnetic field on the energy levels for these three field directions is discussed.

For ~B || [001], the magnetic field causes a preference of one particular 2in-2out

configuration for which all spins have a positive component parallel to ~B. This
results in a non-degenerate field-induced 2in-2out ground state (Fig. 4.12(a)). As
all spins have the same component in [001] direction, all of them are affected
equally, and for symmetry reasons, the field-induced energy splitting shows a
monotonic behavior. As the gap to the next energy level becomes larger with in-
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Figure 4.11: Orientation of the magnetic-field directions discussed here
within the pyrochlore lattice. The [110] direction exhibits the peculiarity that
an applied magnetic field along this direction divides the pyrochlore lattice into
α chains (black arrowheads, parallel to ~B) and β chains (white arrowheads,
perpendicular to ~B) (taken from [121]).

creasing field, the non-degenerate ground state will be more stabilized the larger
the magnetic field is. For T → 0, an infinitesimally small magnetic field should
cause a population only of the non-degenerate ground state and, thus, a sharp
jump of the magnetization at infinitesimally small fields, as expected for a para-
magnet. However, the slow dynamics at low temperatures (Sec. 4.1.5) prevent
the magnetic system from behaving like a usual paramagnet but rather like a
ferromagnet with a remnant magnetization at zero field. This special behavior
at low temperatures cannot be reflected by the single-tetrahedron approximation
as it only describes the system in thermal equilibrium.

The field direction ~B || [111] affects the spins unequally. This particular field
direction is parallel to one of the local easy axes at one corner of the tetrahedron
(Fig. 4.12(b)). Thus, this particular spin (parallel to ~B) can gain the most dipole
energy (compared to the other three spins) when pointing parallel to the magnetic

field. As a consequence, it will be easily aligned along ~B already for rather small
fields at low temperatures. The three remaining spins of the tetrahedron have
the same component parallel to ~B. Thus, as long as the internal interaction
prevents these spins from aligning parallel to ~B, which is the case for magnetic
fields below 1 T, the field-induced ground state is degenerate, consisting of three
energetically equivalent 2in-2out configurations. The phase achieved below 1 T
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Figure 4.12: Field-dependent energy splitting of the configurations
of a single tetrahedron for a) ~B || [001], b) ~B || [111], and c) ~B || [110]
(n.d. = non degenerate). The tetrahedra images on the right-hand side (taken
from [121]) show the field-induced ground states (for ~B || [111], the ground state
above 1 T).
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is called Kagomé-ice state15 [120, 124, 153, 154]. For magnetic fields above 1 T,
the energy of the external field exceeds the internal energies, and all spins tend
to point along the magnetic field ~B. This change to a non-degenerate 3in-1out
ground state at 1 T (Fig. 4.12(b)) is accompanied by a sharp steplike increase of
the magnetization M(B) at low temperatures (Fig. 4.15).

For ~B || [110], two of the four spins per tetrahedron are perpendicular to the
applied magnetic field (Fig. 4.12(c)) and are, thus, not affected. As a consequence,
the field-induced ground state remains 2-fold degenerate, even for high magnetic
fields.16 This particular field direction exhibits another peculiarity. As shown in
Fig. 4.11 on page 50, the magnetic field divides the pyrochlore lattice into two
disjunct classes, the α chains (parallel to ~B) and the β chains (perpendicular

to ~B). For high magnetic fields, the spins of the α chains tend to align along
the applied field, whereas the spins of the β chains have two possible equivalent
spin configurations (taking the ice rule into account). This energetic equivalence
is only valid for a local consideration (as it is the case in the single-tetrahedron
approximation). As the spins of the neighboring tetrahedra also influence the
spin state of one particular tetrahedron, the β chains should also form (at least
domains of) ferromagnetic chains.

4.2.2 Numerical Simulations

System Parametrization and numerical Model

In the framework of this thesis, a Python-script [156] was written to simulate
the dynamics of the magnetic spin-ice system using a single-spin-flip Metropolis-
like algorithm. A detailed review about Metropolis-like Monte Carlo studies of
Dy2Ti2O7 can be found in Ref. [140].

The pyrochlore lattice is a cubic system with a cubic unit cell containing
16 lattice sites. Fig. 4.13 illustrates the parametrization of the cubic unit cell by
dividing it into four layers of 4× 4 square lattices. The size of the parametrized
pyrochlore lattice is determined by the edge length L which is an integer number
and determines the number of cubic unit cells in a row. Thus, the whole lat-
tice consists of L3 cubic unit cells with 16 lattice sites in each unit cell, i.e. of
16L3 sites. After several test runs, it turned out that a reasonable balance be-
tween numerical precision, due to finite-size effects, and computational efficiency
is given for a lattice size of L = 4, i.e. for 1024 sites. All calculations presented
here were performed with this particular lattice size. To avoid boundary effects,
the parametrized lattice is treated with periodic boundary conditions.

15The Kagomé-ice state within the 3D spin ice is not equivalent to the 2D spin ice (Fig. 4.1
on page 36). In 3D, the local easy axes of the Dy ions within the Kagomé planes have a
component perpendicular to the plane. Thus, the different spin configurations of the triangles
are not energetically equivalent.

16Monte Carlo simulations presented in Ref. [155] predict an ordered phase for high magnetic
fields and low temperatures.
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Figure 4.13: Cubic unit cell of the pyrochlore lattice, containing 16 lattice
sites (blue spheres). The crystallographic directions [111], [110], and [11̄0]
are inserted to facilitate the 3D imagination. The square panels illustrate the
parametrization of the cubic unit cell (explained in the text). The open dashed
circles depict lattice sites which arise from the periodicity of the lattice.

The magnetic moment of Dy3+ is µ = 10µB, but one can also choose an in-
dividual value for µ. For a fixed µ, the lattice can be further modified in or-
der to simulate a dilute spin ice, i.e. doping with non-magnetic ions, e.g. Yt-
trium (Y) (Sec. 4.2.2). Within the simulation, the doping is realized as follows.
The magnetic moment of every single ion (every lattice site) is randomly set to
zero according to a given probability between 0 and 1. The advantage is that the
non-magnetic defect sites are randomly distributed and do not form a superstruc-
ture. As a drawback, the actual doping ratio with defect sites is not exactly the
predefined value. For a lattice size of 1024 ions, however, this deviation causes
no considerable error.

The main function of the simulation software works as follows. The energy E
of one particular ion is calculated according to its magnetic moment as a sum-
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mation of (i) the exchange energy (spin-spin interaction), (ii) the long-range
dipole-dipole interaction, and (iii) the dipole energy with respect to the external
magnetic field (Eq. 4.10 on page 44). Due to its local easy axis, every spin has
only two possibilities of orientation and can, hence, be regarded as a two-level
system with an energy gap ∆ = 2E. The spin orientation is then determined by
the distribution

p =
exp(−2E/kBT )

1 + exp(−2E/kBT )
. (4.16)

In order to implement thermal fluctuations, the spin orientation is randomly
determined with a probability weight according to Eq. (4.16). This procedure
is sequentially done for every single ion of the lattice. To avoid systematical
errors, the order of processing is randomly generated at the beginning of each
simulation step. For each decision whether to flip a spin or not only the present
spin configuration is base of calculation not the history. During one simulation
step (processing all spins), the external parameters (temperature and magnetic
field) are kept fixed. After each simulation step, the external parameters are only
slightly changed. This inhibits the system to go too far from thermal equilib-
rium. The smaller the change of parameter, the closer the system is at thermal
equilibrium after the step.

Typically, a simulation starts with randomly distributed spin orientations.
Thus, it is convenient to start a simulation at a rather high temperature above
∼ 2K. Here, thermal fluctuations are large enough to ensure that the sys-
tem rapidly reaches thermal equilibrium, i.e. after a few steps. Temperature-
dependent simulations start from high temperatures and are performed by lower-
ing the temperature by a small amount at each simulation step. Before starting a
field-dependent simulation, the system needs to be cooled down slowly (i.e. with
a small step size) at a fixed magnetic field. This ensures that the system stays in
its ground state, especially for field-depended simulations at rather low tempera-
tures (below 0.6 K). When changing the magnetic field at very low temperatures,
it is not ensured that the system reaches thermal equilibrium, even for a very
small step size of the magnetic-field change. This results in a hysteretic behavior,
discussed in Sec. 4.2.2.

The temperature-dependent simulations, introduced here, were performed
by decreasing temperature with temperature steps of ∆T = 0.2mK. The field-
dependent data were simulated with field steps of ∆B = 0.5mT.

Nearest-Neighbor Spin-Ice Simulation

First, the case of pure nearest-neighbor interaction (Eq. 4.11) is discussed.
Fig. 4.14 shows the simulated temperature dependence of the energy of the
spin-ice system in zero field for pure nearest-neighbor interaction (orange line).
The analytically obtained energy of a single tetrahedron (dashed line, Sec. 4.2.1)
perfectly matches the simulated data. This shows that both approaches are
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Figure 4.14: Zero-field temperature dependence of the energy per Dy ion
of the magnetic spin-ice system. The experimental data were obtained by
numerical integration of specific heat data of Dy2Ti2O7 (digitized from [124]).

equivalent in zero field. However, the poor agreement with experimental data
(open black circles) shows that restricting to nearest-neighbor interaction pro-
vides a strongly oversimplified approximation, which can be used only on a
qualitative level.

This can also be observed when simulating the field-dependent magnetization
M(B). Fig. 4.15 compares the simulated magnetization for ~B || [111] at 0.4 K
(nearest neighbor) with the magnetization of a single tetrahedron and experi-
mental data [84]. The curves resemble each other only on a qualitative level.
In the presence of an external magnetic field, the single-tetrahedron calculations
are different from the simulated magnetization. Furthermore, the sharp steplike
feature, clearly observed in the experimental data, is much broader in both the-
oretical approaches. It is notable that both data (simulated and experimental)
are not hysteretic at 1 T. At low fields, however, the experimental data exhibit a
clear hysteresis, indicated by arrows in Fig. 4.15, which is absent in the theoretical
curves.
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Figure 4.15: Magnetization for ~B || [111] at 0.4 K. Comparison of simulated
data for nearest neighbor interaction (orange), single-tetrahedron approxima-
tion (green), and experimental data of Dy2Ti2O7 (black circles [84]). The
simulation started after slowly cooling down the spin system in zero magnetic
field.

Dipolar Spin-Ice Simulation

For a more quantitative treatment of the spin ice, the long-range dipolar interac-
tion has to be taken into account. This model is called dipolar spin ice. For the
short-range exchange energy, only the 6 nearest neighbors have to be considered.
The long-range dipolar interaction, however, has to be cut off at a reasonable
distance. Although the dipole field decays rather fast17, it turns out that the
long-range interaction has a considerable influence on the magnetic system. The
long-range dipolar interaction can be calculated via Ewald summation techniques
[14, 140, 157–159]. In the calculations presented here the dipolar interaction is
calculated explicitly for a given number of neighbors, i.e. it is cut off at a suitable
distance. In this framework, the number of considered neighbors can be treated
as a free parameter of the simulated system. It turned out that n = 222 is a rea-
sonable number of neighbors to achieve a good agreement between experimental

17proportional to 1/r3 for large distances r.
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Figure 4.16: Simulation of the field dependence of the magnetization M(B)
parallel to [111] for various exchange couplings J at T = 0.4K. The simulations
started after slowly cooling down at a field of 0.75 T. The dipolar interaction
is taken into account for the next n = 222 neighbors. The different curves are
shifted by 2µB with respect to each other. The arrows indicate the direction
of the field change, exemplarily for J = 3.5K.

data and simulation.18

As the dipolar-interaction coupling D ≈ 1.40K in Eq. (4.10) is determined
via Eq. (4.7), the only remaining free parameter of the simulated spin system is
the exchange coupling constant J . The effective nearest-neighbor coupling con-
stant Jeff (Eq. 4.8) and, thus, the nearest-neighbor coupling Jnn = J/3 = −1.24K
(i.e. J = 3.72K) have been fixed by comparing the simulated magnetization data

with experimental results for a magnetic field ~B || [111] (Sec. 4.2.1). As more
neighbors are taken into account within the dipolar spin-ice simulation, the ex-
change coupling J needs to be slightly corrected as follows. The magnetization
M(B) was simulated with different values for J from 3.5 K to 4.2 K (Fig. 4.16).
The dashed line indicates the experimentally observed position of the steplike
increase of M(B) (Fig. 4.15). The simulated magnetization exhibits a clear hys-
teresis at this transition, which is independent of J . Such a hysteresis is not

18As the exchange-coupling constant J will be determined in the following paragraph, the number
n = 222 will be justified afterwards.
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Figure 4.17: Simulation of the temperature dependence of the energy per
Dy ion for various numbers of neighbors n at zero field (orange line). The black
circles depict experimental data, obtained by integrating the measured specific
heat (digitized from [124]). The different curves are shifted with respect to
each other.

observed in the experimental data (Fig. 4.15) and shows that the magnetic sys-
tem has not reached thermal equilibrium within the hysteresis (cf. discussion
in Sec. 4.2.2). Despite this difference, one can clearly see that for J = 4K the
two critical fields (up and down) lie almost symmetrically around the expected
value of 1 T. By this criterion, we determine the exchange coupling J = 4K for
calculations of the dipolar spin ice.

In the following, the dependence of the spin-ice energy on the number of con-
sidered neighboring ions in the dipolar spin-ice system is investigated. The ions
taken into account for the dipolar interaction are chosen spherically symmetri-
cally around the considered central ion. This results in the following possible
numbers of neighbors,

n = 6, 18, 30, 66, 90, 126, 222, . . . , (4.17)

58



4.2 Theoretical Approaches

where these numbers of neighbors correspond to spheres with radii

r/rnn = 1, 1.8, 2, 2.7, 3, 3.5, 4.2, . . . , (4.18)

respectively. Due to the periodic boundary conditions, it is obvious that a mag-
netic ion feels its own influence if considering too many neighbors.

Fig. 4.17 shows the simulated temperature dependence of the total energy
per Dy ion of the spin system for various numbers of neighbors n (orange line).
For n = 222, one gets a quite good agreement of simulation and experimentally
obtained data. This proves that the nearest-neighbor Hamiltonian and, thus, the
single-tetrahedron approximation is only a rough approximation. The long-range
dipolar interaction turns out to be very essential, and a rather large number
of neighboring spins have to be taken into account to describe the spin system
properly.

Dipolar Spin Ice in an external magnetic Field

To check the applicability of the dipolar-spin-ice simulation in the presence of
an external magnetic field, the temperature dependence of the simulated spin sys-
tem is compared to experimental data obtained for various magnetic-field strength
along different field directions. The simulations were performed by slowly lower-
ing the temperature from 6 K down to 0.1K at a fixed magnetic field.

Figs. 4.18 and 4.19 show the temperature-dependent energy of the spin system
for external magnetic fields parallel to [111], [001], and [110], respectively. The
simulated data (orange curves) are compared with experimental data obtained by

numerical integration of the measured specific heat. For ~B || [111] and ~B || [001],
the specific heat data was digitized from [124]. For ~B || [110], the specific heat

was measured by O. Breunig [151], where the measurements for ~B || [110] have
been scaled by 10% to adjust the data with respect to literature data [124, 160].

The theoretical data were simulated for the corresponding magnetic fields of
the experimental datasets (denoted within the figures). In some cases, marked
by a star (*), a simulation at a slightly different magnetic field provides better
coincidence with experimental data. In Fig. 4.19(a), the 0.5 T as well as the
1 T datasets are better described by simulations at 0.7 T and 1.1 T, respectively.
A reason for this discrepancy could be an increase of the internal magnetic field
inside the sample due to an increasing magnetization which is not taken into
account within the simulation.

In sum, the simulation of the dipolar spin ice provides a rather good quanti-
tative agreement with experimental data for three different field directions and a
variety of magnetic fields strengths.
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Figure 4.18: Simulation of the temperature dependence of the energy per
Dy ion for a magnetic field parallel to [111] (orange line). The black circles
depict experimental data, obtained by integrating the measured specific heat
(digitized from [124]). The different curves are shifted with respect to each
other.

Out-of-Equilibrium Processes

The dipolar-spin-ice simulations presented in Figs. 4.18 and 4.19 were performed
by cooling very slowly in the presence of a fixed magnetic field (field cooled).
Therefore, it is ensured that the system has the possibility to condense into the
field-induced ground state. When the field is changed at low temperatures (after
cooling at a fixed field or in zero field), however, the system possibly needs a long
time scale to relax back into thermal equilibrium. In the context of numerical
simulation, this means that a large number of simulation steps is probably needed.
A suitable test to check for equilibrium is to simulate with increasing field followed
by a simulation with decreasing field. A hysteresis, as observed in Fig. 4.16 on
page 57, indicates that the system did not have enough time (or number of steps)
to minimize its energy, i.e. to find thermal equilibrium.

Fig. 4.20 shows the magnetic-field dependence of the simulated magnetization
for ~B || [111] at various temperatures. One can clearly see, that the hysteresis
around 1 T disappears above ∼ 0.6K. Within the hysteretic region around 1 T,
the magnetic system stays in a meta-stable state. Here, the thermal activation
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Figure 4.19: Simulated temperature dependence of the energy per Dy ion
for magnetic fields parallel to (a) [001] and (b) [110] (orange line). The black
circles depict experimental data, obtained by integrating the measured spe-
cific heat (from [124] and [151] for ~B || [001] and ~B || [110], respectively). The
different curves are shifted with respect to each other.
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Figure 4.20: Simulations of the magnetic-field dependence of the magne-
tization of the dipolar spin ice at temperatures between 0.2 K and 0.6 K.
The field-cooled data were obtained by slowly cooling the spin ice at a certain
fixed magnetic field. The zero-field-cooled data were obtained by first cooling
in zero field, followed by a simulation with increasing field (up), and subse-
quently with decreasing field (down). The inset shows an enlargement of the
region around the transition at 1 T.

energy of a single spin flip is not sufficiently large to rearrange the spins in order to
achieve the energetically most favorable state. This would require a large number
of simultaneous spins flips. This hysteresis at 1 T is not observed in experiments,
at least not for temperatures above 0.2 K.19 The correct field-induced ground state
can be achieved by slowly cooling in the presence of a constant magnetic field.
Below 0.6 K, the simulated field-cooled magnetization data (circles in Fig. 4.20)
show a sharp step at ∼ 1T. For higher temperatures, this step broadens and
the hysteresis observed for the zero-field cooled data vanishes. This indicates
that the system stays in thermal equilibrium when changing the magnetic field
above 0.6 K. The hysteresis at low fields in Fig. 4.20 is, indeed, observed in
experimental data. This meta-stable magnetization leads to a ferromagnetic-like
hysteretic magnetization M(B) [145].

A possible explanation for the out-of-equilibrium processes and, thus, the phe-

19In Ref. [125], a slight hysteresis was observed for lower temperatures.
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nomenon of slow dynamics at low temperatures (Sec. 4.1.5) is the small number of
thermally excited monopoles in the low-temperature region (Sec. 4.2.2). Within
a model considering only single-spin-flip processes, a rearrangement of the spin
system is only possible in the presence of monopoles (topological defects). If si-
multaneous spin flips are forbidden, a 2in-2out tetrahedron only can change into
another 2in-2out configuration when a monopole passes through it. As a conse-
quence, the magnetic system needs more time to relax into thermal equilibrium
the smaller the monopole number is.

Note, that the simulation algorithm makes no assertion about the absolute
time scale. Thus, the slow-dynamic behavior (Sec. 4.1.5) can only be explained
on a qualitative level. At very low temperatures, moreover, finite-size effects of
the simulated lattice become more and more crucial as it can actually happen
that no monopoles are present at all. If this happens, one has to wait until a
monopole is created due to thermal fluctuations, which becomes more unlikely
the lower the temperature is.

Monopole Density

After each simulation step, the number of tetrahedra with a particular configu-
ration is counted. The 16 types of single-tetrahedron configurations are classified
into three different subsets representing the energetically equivalent configura-
tions (in zero field). In this sense, all tetrahedra with configuration 3in-1out
or 1in-3out are summarized as 3in-1out (monopoles) as a collective term. Both
remaining configurations 4in-0out and 0in-4out are summarized as 4in-0out.

Fig. 4.21 shows the density of each tetrahedron class calculated by different
theoretical approaches. The light-green, the light-blue, and the orange data are
simulations of the effective nearest-neighbor (nn) spin-ice model. The dashed
lines are calculations of the single-tetrahedron approximation, which perfectly
agree with the nearest-neighbor simulations. The dark-green, the red, and the
dark-blue data are simulations of the dipolar spin ice. As already mentioned,
the 4in-0out tetrahedron density is rather small and can be neglected at low
temperatures. For temperatures above 5 K, the spin ice is dominated only by the
nearest-neighbor interaction, whereas the long-range interaction does not play an
essential role. Here, the 2in-2out and the (thermally excited) 3in-1out tetrahedra
are almost equally distributed. In the low-temperature regime, the long-range
interaction stabilizes the 2in-2out ground state. The monopoles are more rarefied
compared to the density one would expect from nearest-neighbor interaction only.
At 1 K, the monopole density is about 5% but increases for higher temperatures.
For lower temperatures, the monopole density rapidly decreases. For very low
temperatures (T → 0), the dipolar spin-ice model results in the same ground
state as the nearest-neighbor model, i.e. the spin ice consists only of 2in-2out
tetrahedra. Therefore, one can conclude that the long-range interaction does not
affect the residual entropy (Sec. 4.1.2).
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Figure 4.21: Temperature-dependent density of the different spin configu-
rations for nearest-neighbor (nn) and for dipolar spin-ice simulations as well
as for the single-tetrahedron approximation.

(Dy
1-x

Yx)2Ti2O7

In (Dy1-xYx)2Ti2O7, magnetic Dy ions are partially replaced by non-magnetic
Y ions. The non-magnetic reference compound Y2Ti2O7 can be regarded as the
high-doping limit of (Dy1-xYx)2Ti2O7. Low doping with Y should only produce
spatially dilute defects of the pyrochlore lattice, and the spin-ice properties, as in-
troduced in the previous paragraphs, should hardly be affected. (Dy1-xYx)2Ti2O7

in the low-doping limit is called “dilute spin ice”. With increasing doping level,
the correlation of the remaining magnetic ions should decay. As a consequence,
(Dy1-xYx)2Ti2O7 should behave more and more like a usual paramagnet.

The influence of the doping level can be investigated by simulating the
magnetic-field dependence of the magnetization M(B) for ~B || [111]. For this
particular field direction, the correlation of the magnetic moments leads to a
plateau in the magnetization data followed by a sharp steplike increase at 1 T.
The step around 1 T is very sharp at lowest temperatures and broadens at higher
temperatures (Figs. 4.15 and 4.20 on page 56 and 62, respectively). The field

dependence of the simulated magnetization for ~B || [111] is shown in Fig. 4.22 for
a variety of doping levels at a fixed temperature of 0.4 K.
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Figure 4.22: Field dependence of the magnetization of (Dy1-xYx)2Ti2O7 for
~B || [111] and doping levels x between 10% and 90%. The data were obtained
by simulations of the dipolar spin ice. The unit of the magnetization is related
to the lattice site, i.e. to the sum of magnetic and non-magnetic ions (1/2 f.u.).
The arrows indicate the hysteretic behavior exemplary for x = 10%.

In the low-doping case (x = 10%), the simulated magnetization shows a be-
havior similar to the undoped compound Dy2Ti2O7. The sharp feature at 1 T is
broadened weakly. Note, that the hysteresis at 1 T completely vanishes already
in the low-doping case. The hysteresis in M(B) for low fields, however, is con-
served, even for high doping. With increasing doping, the spin-ice features of the
magnetization die out very fast and (Dy1-xYx)2Ti2O7 behaves more and more like
a usual paramagnet, as expected.

Fig. 4.23 shows the influence of Y doping on the residual entropy. The data
are obtained by simulating the Y-doped dipolar spin ice. The entropy S(T ) is
calculated by integration of c(T )/T . The specific heat c(T ) is obtained by dif-
ferentiating the energy of the magnetic system in (Dy1-xYx)2Ti2O7. The residual
entropy ∆S is the difference between the high-temperature limit of S(T ) and the
entropy R ln 2 of a two-level system. The inset of Fig. 4.23 shows the residual en-
tropy ∆S of (Dy1-xYx)2Ti2O7 as a function of the doping level x. ∆S decreases
nearly linearly with increasing x and practically vanishes for x = 90%. Note,
that the entropy data in Fig. 4.23 are simulated only up to 6 K. At least in the
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Figure 4.23: Entropy of (Dy1-xYx)2Ti2O7 for various doping levels x. The
data were obtained by simulations of the Y-doped dipolar spin ice. The inset
shows the residual entropy ∆S as a function of the doping level x.

low-doping limit, S(T ) is not saturated at 6 K. Thus, the ∆S data is slightly
overestimated for low doping.

In sum, one can tune the spin-ice behavior by varying the doping level x.
In Secs. 4.4.2, 4.5.2, and 4.6.2, the half-doped (Dy0.5Y0.5)2Ti2O7 (i.e. x = 50%)
is investigated as a magnetic reference system with strongly suppressed spin-
ice signatures. The advantage of this particular doping level is that although
the spin-ice system is strongly disturbed, the sample remains strongly magnetic.
Therefore, this doped compound will be used to analyze magnetic-field dependent
properties of Dy2Ti2O7 which do not originate from the magnetic spin-ice system.

4.2.3 Debye-Hückel Theory

An alternative theoretical approach to describe the spin-ice model makes use of
the framework of the Debye-Hückel theory [161, 162]. This theory describes the
electrostatic interaction of charged particles in an electrolyte solution. Within
the monopole picture, the excited tetrahedra (3in-1out and 1in-3out) are sup-
posed to act like particles carrying an elementary magnetic charge (Sec. 4.1.3).
Within this framework, the Debye-Hückel theory is implemented by replacing the

66



4.2 Theoretical Approaches

electric charges by magnetic charges (monopoles). A detailed review of the ap-
plicability of the Debye-Hückel theory on the spin ice can be found in Ref. [134].
In this chapter, the essential points of the discussion in Ref. [134] will be briefly
summarized.

The Debye-Hückel Hamiltonian reads

H =
µ0

4π

∑

i<j

qiqj
rij

+∆
∑

i

(

qi
2µ/ad

)2

where q = ±2µ

ad
. (4.19)

The first term describes the Coulomb interaction between particles carrying an
elementary magnetic charge q and ∆ is the energy cost of an isolated monopole.
First, an expression for the monopole density per tetrahedron in the absence of a
Coulomb-like interaction (non-interacting monopoles) is obtained by minimizing
the free energy per tetrahedron U/Nt = ρ∆,

ρnn =
2 exp(−∆/T )

1 + 2 exp(−∆/T )
. (4.20)

The energy cost of creating a monopole ∆ = 4.35K can be estimated by the
nearest-neighbor coupling [134]. In contrast to Eq. (4.20), the monopole density
per tetrahedron including Debye-Hückel contributions (interacting monopoles)
cannot be written as an analytical expression. The Debye-Hückel monopole den-
sity can only be numerically calculated via the following recursive approach

ρ0 = ρnn =
2 exp(−∆/T )

1 + 2 exp(−∆/T )

ρℓ+1 =
2 exp

[

−
(

∆
T
− Enn

2T

α
√
ρℓ

1+α
√
ρℓ

)]

1 + 2 exp
[

−
(

∆
T
− Enn

2T

α
√
ρℓ

1+α
√
ρℓ

)] (4.21)

α(T ) =

√

3
√
3πEnn

2T
and Enn =

µ0q
2

4πadkB
, (4.22)

where q = 2µ/ad is the magnitude of the monopole charge, µ = 10µB is the mag-
netic moment of a Dy ion, and ad = 4.34 Å is the distance between two neighbor-
ing tetrahedra. Eq. (4.21) converges to the Debye-Hückel monopole density ρDH,
where it turns out that one obtains a suitable accuracy after 5 steps [134], i.e.

ρDH = ρℓ→∞ ≃ ρ5 . (4.23)

Fig. 4.24 compares the monopole density per tetrahedron for different the-
oretical models with numerical simulations of the dipolar spin ice (Sec. 4.2.2).
At temperatures below ∼ 1.5K, the density calculated via the Debye-Hückel the-
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Figure 4.24: Comparison of the monopole density per tetrahedron, obtained
by numerical simulation (SIM) of the dipolar spin ice with the density, cal-
culated with Debye-Hückel theory (DH), the theory of non-interacting (nn)
monopoles, and the single-tetrahedron (ST) approximation, respectively. The
inset shows the same data on a linear scale.

ory almost perfectly matches the numerical simulation, whereas the model of
non-interacting monopoles and the single-tetrahedron approximation yield very
poor agreement. At higher temperatures, however, none of the models describes
the spin ice properly (inset of Fig. 4.24). In Ref. [134], the authors argue that the
Debye-Hückel theory can only be applied for temperatures below ∼ 1K as the
screening length becomes shorter than the lattice spacing at higher temperatures.

Within the Debye-Hückel theory, one can calculate the specific heat via

cDH = −RT
∂2

∂T 2

(

F

NskB

)

(4.24)

with the Debye-Hückel free energy per spin

F

NskB
=

ρ

2
∆ +

Tρ

2
ln

(

ρ/2

1− ρ

)

+
T

2
ln(1− ρ)

− T

3
√
3π

{

α2(T )ρ

2
− α(T )

√
ρ+ ln

[

1 + α(T )
√
ρ
]

}

, (4.25)
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Figure 4.25: Comparison of experimental data of the specific heat [151]
with theoretical data obtained by numerical simulations (SIM), Debye-Hückel
(DH), non-interacting monopoles (nn), and the single-tetrahedron approxima-
tion (ST). The specific-heat data is scaled by 10%. The inset shows the same
data on a linear scale.

where α(T ) and Enn are given by Eq. (4.22). Fig. 4.25 compares the experimental
data of the magnetic specific heat cmag (open black circles [151]) with the theo-
retical approaches introduced in this chapter. The specific-heat data were scaled
by 10% to adjust the measurements to literature data [124]. The numerical sim-
ulation perfectly matches the experimental data in the whole temperature range.
Below 0.6 K, however, the specific heat could not be calculated due to finite-
size effects of the simulated lattice (cf. discussion in Sec. 4.2.2). The theoretical
curves obtained by Debye-Hückel (DH), non-interacting monopoles (nn), and the
single-tetrahedron approximation (ST) describe the measured specific heat only
on a qualitative level (cf. discussion above). The best agreement of theory and
experimental data is provided by the Debye-Hückel model between ∼ 0.6K and
∼ 1K. In the temperature range below 0.6 K, the spin ice enters a region of slow
dynamics (Sec. 4.1.5). Here, theory and experiments strongly deviate.
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Figure 4.26: Single crystals of Dy2Ti2O7, Y2Ti2O7, (Dy0.5Y0.5)2Ti2O7, and
Dy2(Ti0.9Zr0.1)2O7.

4.3 Samples and Characterization

The measurements presented in this chapter were done on single crystals grown
by M. Valldor and J. Frielingsdorf [163]. For the crystal growth, a floating zone
technique was applied inside a mirror image furnace to acquire centimeter sized
crystals. To obtain crystals without cracks, the floating zone was run twice trough
the bars. The pale yellow crystals exhibit high reflectance at a grazing angle but
otherwise full transparency. Dy2Ti2O7 is slightly more yellow than the other
compounds Y2Ti2O7, (Dy0.5Y0.5)2Ti2O7, and Dy2(Ti0.9Zr0.1)2O7.

Magnetization and magnetostriction measurements shown in the following
chapters were done by M. Hiertz on single crystals obtained from the same bars as
the crystals used for thermal-conductivity measurements, which will be presented
in the following chapters. Details of the magnetization and magnetostriction
measurements can be found in Ref. [84].

The thermal conductivity of the compounds presented in this chapter
were measured on two different sample-geometry types. Samples of type I
(Fig. 4.27(a)) are rectangular with the long edge parallel to [111]. Fig. 4.27(b)
shows sample type II. This sample type is bar shaped with the long edge parallel
to [11̄0]. The cross section is a parallelogram with an angle of 55◦. The surfaces
of this sample are orientated along [11̄0], [111], and [001]. Thus, one can easily
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Figure 4.27: Geometry types of samples used for thermal-conductivity mea-
surements on Dy2Ti2O7, Y2Ti2O7, (Dy1-xYx)2Ti2O7, and Dy2(Ti0.9Zr0.1)2O7.

apply the external magnetic field along one of these directions (perpendicular
to the respective surfaces). This sample type is used for thermal-conductivity
measurements along [11̄0].

4.3.1 Dy2Ti2O7

Literature Data

For Dy2Ti2O7, several articles presenting magnetization data were published.
Here, a brief overview is given. In Ref. [145], the magnetic-field dependence of
the magnetization was measured on a polycrystalline sample at temperatures
below 1 K. In the presented temperature range, the magnetization saturates
above ∼ 0.5T. Below 0.65 K, the magnetization is strongly hysteretic and shows
a ferromagnetic-like behavior. Most likely, this originates from the slow-dynamic
behavior of the spin ice at low temperatures (Sec. 4.1.5). Similar results were
reported for the Ho-based spin-ice compounds Ho2Sn2O7 and Ho2Ti2O7 [164].

An overview of the magnetizationM(B) of Dy2Ti2O7 measured on single crys-
tals for different magnetic-field directions has been published in [165]. Fig. 4.28
shows the magnetization at a temperature of 1.8 K. The theoretically expected
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Figure 4.28: Comparison of the magnetization M(B) for different magnetic-
field directions at T = 1.8K (taken from [165]). The values at the right hand
side depict the theoretically obtained saturation values of the magnetization
for the different field directions.

saturation values for the different field directions (right hand side of Fig. 4.28)
can be calculated via the single-tetrahedron approximation (Sec. 4.2.1).

Magnetization data of Dy2Ti2O7 for ~B || [001] below 1.8 K were presented in
Ref. [130]. Unfortunately, only measurements with increasing magnetic field are
presented there. The corresponding magnetization data presented in this thesis
(Figs. 4.30 and 4.33) clearly show a hysteretic behavior at temperatures below
0.6 K.

The magnetization of Dy2Ti2O7 for ~B || [111] was presented in Refs. [124,
125, 149] (Fig. 4.29). At low temperatures, M(B) exhibits a plateau followed
by a sharp steplike increase at 1 T, which is broadened at higher temperatures
(Fig. 4.28). In Ref. [125], the anomaly at 1 T is interpreted as a first-order liquid-
gas transition of the monopole excitations with a critical endpoint at 0.36 K. In
addition, one can clearly observe a hysteresis below 0.6 K which, most likely, has
the same origin as the hysteresis for ~B || [001].

To my knowledge, up to now, no magnetization data of Dy2Ti2O7 for ~B || [110]
in the low-temperature regime has been published.
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Figure 4.29: Magnetization of Dy2Ti2O7 for ~B || [111] (taken from [125]).

Magnetization

All field-dependent magnetization measurements presented here were performed
after slowly cooling in zero-field. Fig. 4.30 shows the field-dependence of the
magnetization M(B) of Dy2Ti2O7 for ~B || [001] at temperatures between 0.4 K
and 2 K. In the considered temperature range, the magnetization reaches the
theoretically predicted saturation value of ∼ 5.7µB/Dy. This saturation value
corresponds to a fully polarized spin ice which consists of only one type of 2in-2out
configuration. When lowering the temperature, the increase towards saturation
becomes steeper. In the slow-dynamic regime below ∼ 0.6K, M(B) exhibits a
clear hysteresis which becomes wider the lower the temperature is.

The magnetization data for ~B || [111] (Fig. 4.31) nicely reproduces the liter-
ature data shown in Fig. 4.29. The discontinuous jump of the 0.25 K curve at
∼ 0.2T (up, closed red squares) most likely originates from a too large sweeping
rate (0.02T/min). This effect was also observed in Ref. [166] and is discussed for
~B || [001] in the following paragraph. On the plateau below 1 T, the triangular
planes of the pyrochlore lattice are polarized. Within the Kagomé planes, one
spin per triangle points parallel to the magnetic field and the other two point anti-
parallel to ~B. This 3-fold-degenerate ground state is called Kagomé-ice state. All
these three tetrahedron configurations have the same magnetization component

73



4. Heat Transport in Spin Ice

0.0 0.2 0.4 0.6 0.8
0

1

2

3

4

5

6
B || [001]

Dy
2
Ti

2
O

7

 0.4 K (up)
 0.4 K (down)
 0.6 K (up)
 0.6 K (down)
 0.8 K (up)
 0.8 K (down)

 

M
ag

ne
tiz

at
io

n 
(µ

B
/D

y)

B (T)

0.0 0.2 0.4 0.6 0.8 1.0

 1 K (up)
 1 K (down)
 1.5 K (up)
 1.5 K (down)
 2 K (up)
 2 K (down)

 

Figure 4.30: Magnetization of Dy2Ti2O7 for ~B || [001].
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Figure 4.31: Magnetization of Dy2Ti2O7 for ~B || [111].
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Figure 4.32: Magnetization of Dy2Ti2O7 for ~B || [110].

parallel to ~B, namely 3.33µB/Dy. Thus, from the magnetization data only, one
cannot distinguish these three tetrahedron configurations. The saturation value
of 5µB/Dy corresponds to the non-degenerate ground state above 1 T. Here, all
tetrahedra have an alternating spin configuration 3in-1out or 1in-3out.

Fig. 4.32 shows the magnetization of Dy2Ti2O7 for ~B || [110]. M(B) reaches
the saturation value 4µB/Dy, close to the theoretically expected value of
4.08µB/Dy. The saturation value corresponds to a 2-fold-degenerate ground

state. Two spins per tetrahedron are perpendicular to ~B and, thus, have no
magnetization component. The data are very similar to the data obtained for
~B || [001]. In the region of slow dynamics below 0.6 K, M(B) is hysteretic with re-
spect to the field-sweep direction. The hysteresis width increases with decreasing
temperatures.

Dependency on the Field Sweep Rate

In the low-field region, the magnetization is strongly hysteretic. The hysteresis
width increases with decreasing temperature. At temperatures below ∼ 0.3K,
the field-dependent magnetization M(B) also strongly depends on the field sweep

rate. Fig. 4.33 shows the magnetic-field dependence M(B) at 0.25 K for ~B || [001].
In order to obtain a smooth magnetization curve, the measurement has to be
performed with a very slow field sweep rate of 0.003T/min (red squares in the
main panel). Dy2Ti2O7 does not behave like a usual paramagnet for which the
magnetization increase is expected to become sharper for lower temperatures.
For T → 0, the magnetization should actually jump discontinuously to the satu-
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Figure 4.33: Magnetization of Dy2Ti2O7 ( ~B || [001]) at 0.25 K for different
field-sweep rates. Inset: Sample-holder temperature. The arrows within main
panel and inset indicate corresponding magnetic fields.

ration value for an infinitesimally small magnetic field. Here, the magnetization
remains almost zero up to a critical magnetic field. For higher fields, M(B) in-
creases towards saturation. When lowering the temperature, the critical field is
shifted towards higher fields. For a paramagnet, one would expect the contrary.

For a larger sweep rate of 0.01T/min (dark-yellow circles), M(B) abruptly
jumps to a value of ∼ 4.5µB/Dy at ∼ 0.15T and almost remains constant up to
a certain field, where the curve joins up the dataset measured with slower rates.
This discontinuous step in M(B) is accompanied by an abrupt increase of the
sample temperature which, immediately afterwards, decreases back to its initial
value as the heat is dissipated to the bath (sample holder) (inset of Fig. 4.33).
The temperature shown here is not the actual sample temperature as it is mea-
sured at the sample holder and not directly at the sample. In Ref. [166], similar
measurements were presented where an additional thermometer was attached di-
rectly on the sample. The authors name this effect “thermal runaway” and report
an increase of the sample temperature up to 0.6 K. Note, that the measurements
with decreasing field do not depend on the sweep rate.

A possible explanation of this effect can be derived by energy considerations
of the single-tetrahedron approximation (Sec. 4.2.1). For temperatures below
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∼ 0.4K, the dynamics of the magnetic system of Dy2Ti2O7 freeze, i.e. the sys-
tem is dominated by very long relaxation times. As the magnetization mea-
surements shown in Fig. 4.33 were performed after cooling very slowly in zero
magnetic field, the M(B) curves start from a state consisting of equally dis-
tributed 2in-2out tetrahedra, i.e. the spin system stays in (or is at least very
close to) a 6-fold degenerate ground state (Fig. 4.12). When increasing the mag-
netic field, the ground-state degeneracy is lifted, i.e. the energy levels split up.
Due to large relaxation times, the system requires much time to reach the field-
induced ground state. When changing the magnetic field too fast, a considerable
number of 2in-2out tetrahedra remain in their energetically unfavorable state.
As the energy gap increases with increasing field, the Zeeman energy piles up
until these tetrahedra avalanche-like change into the energetically lower level by
flipping one (or more) spin(s). This stored energy is transfered to the phononic
system and, thus, results in a heating-up of the whole sample. In Fig. 4.33, this
can be observed indirectly via the sample-holder temperature, which measures
the bath temperature. In Ref. [166], temperatures up to ∼ 0.6K were observed
directly at the sample.

This also explains why this anomaly is not observed in the measurements with
decreasing field. Coming from high fields, the system starts from a non-degenerate
ground state. When approaching smaller fields, the energy gap to other 2in-2out
configurations diminishes and, thus, other 2in-2out states are populated. As
indicated by the hysteresis, this process is also suppressed due to the slow dynamic
behavior in the frozen spin-ice state.

4.3.2 (Dy
0.5

Y0.5)2Ti2O7

The complete substitution of the magnetic Dy3+ ions in Dy2Ti2O7 by non-
magnetic Y3+ ions results in the non-magnetic reference compound Y2Ti2O7,
which is a non-magnetic phononic reference system to Dy2Ti2O7. However, the
influence of the magnetic-field on the phononic properties of Dy2Ti2O7 cannot by
studied by a non-magnetic compound like Y2Ti2O7. In (Dy0.5Y0.5)2Ti2O7, 50% of
the magnetic Dy ions are replaced by non-magnetic Y ions. This compound cer-
tainly remains magnetic. The spin-ice features, however, should be suppressed
as, in average, two of the four Dy ions are missing in each tetrahedron. Nu-
merical simulations (Sec. 4.2.2) predict the spin-ice features to die out when
increasing the doping level x. In the following chapters, the thermal conductivity
of (Dy0.5Y0.5)2Ti2O7 is studied as a magnetic reference compound to Dy2Ti2O7

with suppressed spin-ice features. Concerning the heat transport, the idea is
to suppress the magnetic contribution κmag while conserving the field-dependent
phononic background κph.

Fig. 4.34 shows the field-dependent magnetization M(B) of (Dy0.5Y0.5)2Ti2O7

for ~B || [001] at various constant temperatures between 0.25 K and 2 K. The
data show a paramagnetic-like behavior. The magnetization increases rapidly
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Figure 4.34: Magnetization of (Dy0.5Y0.5)2Ti2O7 for ~B || [001].

towards its saturation value of ∼ 5.6µB/Dy, close to the theoretically predicted
value of ∼ 5.8µB/Dy. This increase sharpens towards lower temperatures. Below
∼ 0.8K, however, M(B) is hardly temperature dependent. For a paramagnet,
the tendency of the M(B) curves to become sharper should be observable down
to lowest temperatures. This shows that correlations between the Dy ions are
still present in (Dy0.5Y0.5)2Ti2O7 and, hence, some spin-ice features should still
be observable, even if (strongly) suppressed.

The main difference between the magnetization of (Dy0.5Y0.5)2Ti2O7 (Fig. 4.34)
and of the mother compound Dy2Ti2O7 (Fig. 4.33) is the absence of a hystere-
sis in (Dy0.5Y0.5)2Ti2O7. For Dy2Ti2O7, a large hysteresis is observed in the
magnetization data at lowest temperatures (0.25 K), which strongly depends
on the field-sweep rate. As can be seen in the inset of Fig. 4.34, M(B) of
(Dy0.5Y0.5)2Ti2O7 exhibits no significant hysteresis, even at the lowest tempera-
tures.

The magnetization M(B) of (Dy0.5Y0.5)2Ti2O7 for ~B || [111] is illustrated in
Fig. 4.35. The data show a small kink around 0.5 T, which, presumably, is a
remain of the magnetization plateau observed in Dy2Ti2O7 (Fig. 4.31 on page 74).
The saturation magnetization of ∼ 4.8µB/Dy is close to the theoretical value of
5µB/Dy. The feature around 0.5 T is hardly temperature dependent below 0.8 K,

analogous to the situation for ~B || [001] (discussed above). At lowest temperatures
(inset of Fig. 4.35), a small hysteresis is observed, which is much less pronounced
compared to the mother compound Dy2Ti2O7 (Fig. 4.31). The steplike feature
at 1 T in the Dy2Ti2O7 data is missing in the (Dy0.5Y0.5)2Ti2O7 data. A small
feature at 0.5 T, however, is still observable for (Dy0.5Y0.5)2Ti2O7. This is a
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Figure 4.35: Magnetization of (Dy0.5Y0.5)2Ti2O7 for ~B || [111].

further indication that some spin-ice features still remain in (Dy0.5Y0.5)2Ti2O7,

in particular, as the kink around 0.5 T is not observed for ~B || [001] (Fig. 4.34).
Fig. 4.36 illustrates the magnetization M(B) of (Dy0.5Y0.5)2Ti2O7 for a mag-

netic field in [110] direction. The data have similarities to those for ~B || [001]
(Fig. 4.34). They show a paramagnetic-like behavior with a saturation magneti-
zation of ∼ 4µB/Dy, close to the theoretical value of 4.08µB/Dy. Here again, the
M(B) curves are temperature independent below 0.8 K and only show a small
hysteresis at lowest temperatures.

4.3.3 Dy
2
(Ti0.9Zr0.1)2O7

Partially substituting Ti by Zr causes non-magnetic defects as the Zr ions are
significantly larger than the Ti ions. The magnetic Dy sublattice is not (or only
hardly) affected by Zr doping. Thus one expects the spin-ice properties to be
essentially conserved.

In the following chapters, the thermal conductivity of Dy2(Ti0.9Zr0.1)2O7 is
analyzed. The additional defect scattering on the Zr ions is supposed to sup-
press the phononic thermal conductivity, while essentially conserving the mag-
netic contribution κmag. Fig. 4.37 shows the field-dependent magnetization of

Dy2(Ti0.9Zr0.1)2O7 for ~B || [111] at temperatures between 0.25 K and 2 K. The
plateau within the Kagomé-ice phase is less pronounced compared to Dy2Ti2O7

(Fig. 4.31 on page 74), i.e. the magnetization is not constant but exhibits a linear
increase up to the transition at 1 T. In addition, the step at 1 T is broadened
compared to the data obtained for Dy2Ti2O7, and the M(B) curves saturate at
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Figure 4.36: Magnetization of (Dy0.5Y0.5)2Ti2O7 for ~B || [110].
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Figure 4.37: Magnetization of Dy2(Ti0.9Zr0.1)2O7 for ~B || [111].
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higher fields than for Dy2Ti2O7. The saturation value for Dy2(Ti0.9Zr0.1)2O7 is
close to the expected value of 5µB/Dy. Furthermore, the hysteresis observed in
the low-field region at low temperatures is less pronounced. At higher tempera-
tures, the M(B) curves broaden, as expected.

The magnetization data of Dy2(Ti0.9Zr0.1)2O7 show that the essential spin-ice
features are still present. However, these features are broadened compared to the
undoped Dy2Ti2O7. These differences most likely originate from local lattice dis-
tortions due to the different ionic radii of Ti4+ and Zr4+. This distortion results in
a distortion of the Dy sublattice and, hence, in a distortion of the Dy tetrahedra.
As a consequence, the distances and, thus, the energetic interaction within the
tetrahedra are no longer equivalent. As the Zr defects are randomly distributed,
the tetrahedra are not distorted regularly. Thus, the lattice consists of a variety
of slightly different Dy tetrahedra. This explains the increasing magnetization on
the plateau below 1 T as the different tetrahedra are not energetically equivalent,
as it is the case for Dy2Ti2O7. In addition, the broadening of the step at 1 T can
also be explained by distorted tetrahedra.

4.4 Thermal Transport for ~B || [001]
The following chapters concern the thermal-transport properties of the spin-ice
compound Dy2Ti2O7 and the related compounds Y2Ti2O7, (Dy0.5Y0.5)2Ti2O7,
and Dy2(Ti0.9Zr0.1)2O7. The main focus lies on the dynamics of the magnetic
excitations, the magnetic monopoles (Sec. 4.1.3). Measurements of the thermal
conductivity are a suitable probe to study the dynamics of magnetic excitations
(cf. Sec. 2.1.5).

The studies presented in this chapter will restrict to the magnetic-field direc-
tion parallel to [001]. The subsequent chapters will investigate thermal-transport
properties for magnetic fields parallel to [111] and [110]. The field direction par-
allel to [001] has several peculiarities. It is highly symmetric with respect to the
local easy axes of the Dy momenta.20 A magnetic field parallel to [001] results in
a non-degenerate field-induced 2in-2out ground state, for which all Dy momenta
have a positive non-vanishing component parallel to ~B (Fig. 4.12 on page 51).

The question whether magnetic excitations in spin ice (monopoles) contribute
to the heat transport will be the main issue of this chapter. As a magnetic
field parallel to [001] lifts the ground-state degeneracy, the magnetic excitations
(monopoles) are expected to entirely vanish. Hence, a magnetic contribution κmag

is expected to vanish when applying a field in [001] direction.

The phononic (κph) and the magnetic (κmag) contributions are investigated
by means of the different reference compounds Y2Ti2O7, (Dy0.5Y0.5)2Ti2O7, and
Dy2(Ti0.9Zr0.1)2O7.

20Each local easy axis has the same projection to the field direction [001].
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The thermal conductivity of Y2Ti2O7 certainly is purely phononic. How-
ever, it does not reflect a magnetic-field-dependent phononic background of
the magnetic compound Dy2Ti2O7. In the magnetic reference compound
(Dy0.5Y0.5)2Ti2O7, a magnetic contribution κmag is supposed to be suppressed.
Hence, the thermal conductivity of (Dy0.5Y0.5)2Ti2O7 should essentially reflect
the field-dependent phononic background of Dy2Ti2O7. In Dy2(Ti0.9Zr0.1)2O7,
the phononic contribution is expected to be suppressed, whereas κmag is supposed
to be unaffected. Thermal-conductivity measurements of Dy2(Ti0.9Zr0.1)2O7 have

been performed for ~B || [111] (Sec. 4.5).

4.4.1 Dy2Ti2O7

Literature Data

To my knowledge, only one experimental study of the thermal conductivity of
Dy2Ti2O7 has been published up to now [6].21 This study focuses on the anoma-
lous relaxation times in the low-temperature regime which are studied by analyz-
ing the temperature dependence of the specific heat and the thermal conductivity
of Dy2Ti2O7 for various magnetic-field strengths ~B || [110].

Below ∼ 0.6K, the time-dependent temperature curves of the specific-heat
measurement do not behave like exponential relaxation processes concerning one
single relaxation time. In Ref. [6], the exponential time evolution with multiple
relaxation times was interpreted as the magnetic system consisting of different
subsystems with different relaxation times. Taking this into account, the authors
obtained enhanced values of the specific heat (Fig. 4.7 on page 45).

Furthermore, the thermal conductivity was investigated applying a heat pulse
technique where the temperature gradient was measured as a function of time.
The thermal conductivity was interpreted as purely phononic and the temper-
ature dependence of κ(T ) was attributed to phonon scattering on magnetic ex-
citations (monopoles). As will be discussed below, this interpretation is not
supported by our data.

Low-Field Thermal Conductivity

Fig. 4.38 shows the temperature dependence of the thermal conductivity of
Dy2Ti2O7 for zero field and for 0.5 T together with the thermal conductivity
of the non-magnetic, iso-structural reference system Y2Ti2O7.

22 In both cases,
the heat current is directed along the crystallographic [11̄0] direction (within the

21This article mainly summarizes the PhD thesis of B. Klemke [121].
22Around the low-temperature maximum, the thermal conductivity of Y2Ti2O7 is 6 times larger
compared to literature data presented in Ref. [167]. At room temperature, both datasets yield
comparable values. This shows the high purity of the single crystal used here.
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Figure 4.38: Thermal conductivity of Dy2Ti2O7 ( ~B || [001]) for zero field and
for 0.5 T (closed and open blue circles) and the thermal conductivity of the
non-magnetic reference compound Y2Ti2O7 (dark yellow). The 0.5 T curve
was measured in an external field of 1 T which is strongly reduced due to
demagnetization effects. Inset: Same data on linear scales.

Kagomé planes), perpendicular to the magnetic field parallel to [001].23

The thermal conductivity κ of Dy2Ti2O7 shows no field dependence above
4 K. At lower temperatures, κ is strongly suppressed by the magnetic field. As
can be seen in the inset of Fig. 4.38, the thermal conductivity of the non-magnetic
Y2Ti2O7 is comparable to Dy2Ti2O7 for temperatures above ∼ 100K, whereas
κ(T ) of Dy2Ti2O7 is strongly suppressed below 100 K. This differences probably
originate from a structural instability in Dy2Ti2O7, which is observed in Ra-
man scattering data of Dy2Ti2O7, but absent in the non-magnetic, iso-structural
compound Lu2Ti2O7 [168, 169]. Moreover, the phononic thermal conductivity of
Dy2Ti2O7 also can be reduced by phonon scattering on crystal-field excitations
of the 4f electrons of the Dy ions (Sec. 4.7.3).

For temperatures below ∼ 3K, the Y2Ti2O7 curve resembles the 0.5 T curve

23This configuration is similar to the case of a cigar-shaped sample with the magnetic field perpen-
dicular to the long edge (semi major axis), see Fig. 2.4. Hence, a considerable demagnetization
field has to be subtracted from the applied magnetic field. The 0.5 T curve has been measured
in an external field of 1 T.
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of Dy2Ti2O7. Both datasets exhibit a power-law behavior in a rather large tem-
perature region up to ∼ 3K with a comparable exponent. The zero-field data of
Dy2Ti2O7, however, show a clear shoulder around 1 K and do not follow such
a simple power law. The qualitative similarity of the thermal conductivity of
Y2Ti2O7 and the field data of Dy2Ti2O7 gives rise to the interpretation of an
additional magnetic contribution κmag for Dy2Ti2O7 in zero field on top of the
phononic background κph, which is basically given by the κ(T ) data at 0.5 T.

This assertion is supported by measurements of the magnetic-field dependence
of κ(B) at various constant temperatures. First, the results for magnetic field
strengths up to 0.5 T (Fig. 4.39) will be discussed. The studies of higher mag-
netic fields up to 7 T will be introduced in Sec. 4.4.1. Below 4 K, κ(B) steplikely
decreases at ∼ 0.2T (Fig. 4.39(a)). Above 0.6 K, the step is followed by a weak
decrease of κ. At lower temperatures, κ(B) remains almost constant above the
step. The relative reduction κ/κ0 is maximal for 0.6 K and basically vanishes
above 4 K. The decrease of κ(B) correlates with the increase of M(B), shown
exemplarily in Figs. 4.39(b) - (e) at temperatures between 0.4 K and 0.7 K, re-
spectively. The steplike change of κ(B) exhibits a clear hysteresis below 0.6 K
with different critical fields for different field-sweep directions, which is also ob-
served in the magnetization data. With decreasing temperature, the hysteresis
width of κ(B) and M(B) increase in the same manner.

The observed correlation of κ(B) and M(B) can be explained by the oc-
currence of an additional magnetic contribution κmag on top of the phononic
background κph, i.e.

κ = κmag + κph , (4.26)

where the magnetic contribution depends on the ground-state degeneracy and is,
thus, suppressed by the magnetic field parallel to [001], which lifts the ground-
state degeneracy of the spin ice. A microscopic model explaining the magnetic
heat transport in Dy2Ti2O7 including a quantitative analysis is introduced in
Sec. 4.7.1.

Slow Dynamics

Below 0.5 K, an additional feature is observed in the κ(B) data (Figs. 4.39(e) and
(f)). Starting the measurement from zero field (after zero-field cooling), κ(B) de-
creases to a certain saturation value (curve 1). After subsequently measuring with
decreasing field back to zero field (curve 2), κ(B) only recovers 90% of its initial
zero-field value (after zero-field cooling) at 0.35 K (95% at 0.4 K). Repeating this
measurement, one obtains curves 3 and 4 with coinciding endpoints, where curve
2 and 4 perfectly match each other. The reduced zero-field value of κ slowly
relaxes back to its initial zero-field value (after zero-field cooling). Fig. 4.40(a)
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Figure 4.39: Magnetic-field dependence of κ(B)/κ(0T) of Dy2Ti2O7 for
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shows the zero-field relaxation-process at 0.4 K.24,25 The relaxation process can-
not be described by an exponential fit with only one single relaxation time (red
curve). At least two relaxation times are needed to match the experimental data
properly (green curve), i.e.

κ(t) = a0 + a1
(

1− e−t/τ1
)

+ a2
(

1− e−t/τ2
)

. (4.27)

The relaxation fit of Fig. 4.40(a) yields large relaxation times τ1 ≃ 8min and
τ2 ≃ 100min. As every data point in Fig. 4.39 was measured after stabilizing
several minutes, the different zero-field values in Figs. 4.39(e) and (f) originate
from the large relaxation time τ2.

For comparison, Fig. 4.40(b) shows the relaxation κ(t) at 0.35 T, where the
magnetization is almost saturated. The time-resolved measurement started di-
rectly after decreasing the field from ∼ 1T down to 0.35 T with relaxed stabi-
lization criteria as explained above. At 0.35 T, the relaxation κ(t) can be well
described by an exponential fit with one single relaxation time. The fit yields a
rather small relaxation time τ ≃ 30 sec.

Different time-dependent relaxation processes are also observed when measur-
ing κ(B) with different field-sweep rates. Fig. 4.41(a) shows the field dependence
of κ/κ0 at 0.4 K for 0.1T/min and for 0.01T/min. After zero-field cooling, a
stabilized measurement with increasing field (approximately ∼ 0.01T/min) was
performed (closed blue circles). The subsequent measurement with decreasing
field (open blue circles) ends at 95% of the zero-field value (cf. Fig 4.39(e)).
Starting from this zero-field value, a measurement with a continuous sweep rate
of 0.1T/min was performed (closed purple triangles). This curve shows a clear
minimum around 0.3 T and ends up at the same value above 0.5 T as the sta-
bilized (slow) measurement. The measurement with decreasing field (down) and
a sweep rate of 0.1T/min (open purple triangles) ends at only 80% of the initial
zero-field value. Fig. 4.41(b) shows κ/κ0 at 0.8 K for 0.1T/min and 0.01T/min.
In contrary to the data at 0.4 K, the measurement at 0.8 K is neither hysteretic,
nor does it depend on the field sweep rate.

High-Field Thermal Conductivity

In a second measurement run, the κ data were extended towards higher fields.
Fig. 4.42 shows κ/κ0 for magnetic fields up to 7 T. Beside the field dependence
for magnetic fields below 0.5 T (discussed above), κ(B) exhibits an additional
steplike decrease at ∼ 2T. The position of this step is temperature indepen-
dent and is observed in the whole measured temperature range up to 8 K. As
shown exemplarily for 0.4 K (Fig. 4.42(b)), the magnetization has no feature

24This measurement is part of another measurement run including the high-field regime up to
8 T.

25To obtain a sufficiently large number of data points, the stabilization criteria were reduced in
these measurements.
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Figure 4.42: Relative change κ(B)/κ(0T) of Dy2Ti2O7 for magnetic fields
up to 7 T parallel to [001]. The datasets between 0.6 K and 8 K are displayed
in panel (a). Panel (b) shows κ/κ0 together with the magnetization (the inset
shows an enlargement of the low-field region). Demagnetization effects are
taken into account.

at this particular magnetic field. For the lowest measured temperatures, κ(B)
stays basically constant above the step at 2 T, whereas for higher temperatures
(Fig. 4.42(a)), κ(B) linearly decreases above the step (at least up to 7 T).

Within the proposed interpretation of κ(B) given in the previous paragraphs,
the magnetic contribution κmag vanishes completely for magnetic fields above the
saturation of the magnetization M(B), i.e. above ∼ 0.5T (depending on tem-
perature). Hence, the feature in κ(B) around 2 T and the decrease above 3 T
(Fig. 4.42) cannot be explained by a magnetic contribution as introduced above.
However, scattering on magnetic excitations can also be excluded, as M(B) is
saturated above ∼ 0.5T. A possible interpretation is to attribute the field de-
pendence of κ(B) for magnetic fields above 1 T to a field-dependent phononic
background κph(B). In the following, this field dependence is analyzed via magne-
tostriction measurements of Dy2Ti2O7 and thermal-conductivity measurements
of (Dy0.5Y0.5)2Ti2O7.

Magnetostriction

In this paragraph, the magetostriction of Dy2Ti2O7 parallel to ~B || [001] is inves-
tigated. Fig. 4.43 shows the relative length change ∆L/L of Dy2Ti2O7 parallel

to [001] (inset (b)). For a magnetic field ~B || [001], ∆L/L shows a sharp anomaly
below ∼ 0.5T. For higher fields, ∆L/L increases almost linearly. This behavior
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Figure 4.43: Magnetostriction of Dy2Ti2O7 parallel to ~B || [001] at various
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effects are taken into account.

is essentially temperature independent. Upon this linear increase of ∆L/L, an
additional anomaly around 2 T can be observed, which can be better visualized
via the derivative of λ = (1/L) ∂/∂B(∆L) (main panel of Fig. 4.43).

The anomaly below 0.5 T can be attributed to the field-induced change of the
magnetization M(B). Above 0.5 T, the magnetization of Dy2Ti2O7 is saturated
(at least at lowest temperatures). The saturated magnetization indicates that
the fully polarized spin ice consists of only one particular 2in-2out configuration
forming the non-degenerate field-induced ground state. Above ∼ 0.5T, spin-ice
excitations (monopoles) are expected to completely vanish. Hence, the linear
increase of ∆L/L, i.e. the elongation of the sample, and the anomaly around 2 T
cannot originate from the monopole excitations in Dy2Ti2O7.

The data shown in Fig. 4.43 were measured on a sample shaped as a thin
plate of thickness 0.25 mm with the short edge parallel to [001]. This geometry
leads to a rather large demagnetization field. Above ∼ 0.5T, the magnetization
is saturated and, hence, the demagnetization field is constant. Thus, the shape of
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the peak at 2 T (Fig. 4.43) is not affected. The situation is much more complex
for magnetic fields below 1 T as demagnetization causes not only a simple shift or
linear scaling of the magnetic-field axis. The slope and, thus, the derivative λ(B)
is very sensitive to the demagnetization correction. The data in Fig. 4.43 were
obtained by first calculating the derivative. The demagnetization corrections
were applied afterwards.26

The magnetostriction data can be interpreted qualitatively by assuming that
the magnetic moments at the corners of the tetrahedra are canted towards the
external magnetic field. The torque effected by the external field causes a tilting
of the local easy axes and, thus, a distortion of the surrounding oxygen ions.
This leads to a distortion of the entire cubic cell and is supposed to suppress
the phononic thermal conductivity. This also explains the temperature indepen-
dence of the magnetostriction as the torque caused by an external magnetic field
is temperature independent at low temperatures and high magnetic fields, where
M(B) is saturated. As the phononic thermal conductivity is strongly tempera-
ture dependent, the effect of a lattice distortion on κph certainly will depend on
temperature.

The continuous lattice distortion can be understood by the torque affecting
the Dy momenta, but the origin of the anomaly around 2 T is unclear. At this
particular field of 2 T, one can observe an anomaly in the field-dependent thermal
conductivity κ(B), which also shows a steplike anomaly around 2 T (Fig. 4.43(b)).
This qualitative comparison gives rise to the assumption that the anomaly at 2 T
in the κ(B) data can be attributed to the phononic background κph rather than
to the magnetic spin-ice system.

4.4.2 (Dy
0.5

Y0.5)2Ti2O7

The temperature dependence of the zero-field thermal conductivity κ(T ) of
(Dy0.5Y0.5)2Ti2O7 is illustrated in Fig. 4.44. The data of (Dy0.5Y0.5)2Ti2O7

show a power-law behavior up to ∼ 2K with an exponent close to 2.1, which
is comparable to the 0.5 T data of Dy2Ti2O7, also depicted in this plot. Com-
pared to the thermal conductivity of Dy2Ti2O7, κ(T ) of (Dy0.5Y0.5)2Ti2O7 is
slightly larger below 1.5 K and smaller for higher temperatures. The qualitative
similarity gives rise to the interpretation that the zero-field thermal conductiv-
ity of (Dy0.5Y0.5)2Ti2O7 essentially represents the phononic background κph of
Dy2Ti2O7 (cf. the comparison of Dy2Ti2O7 and Y2Ti2O7 in Fig. 4.38 on page
83).

In contrast to Y2Ti2O7, (Dy0.5Y0.5)2Ti2O7 is a magnetic compound with a
magnetic-field dependent thermal conductivity. Fig. 4.45 shows the field de-
pendence of κ(B) of (Dy0.5Y0.5)2Ti2O7 together with κ(B) of the mother com-

26The analysis discussed in this paragraph focuses on the magnetic-field region above 1 T. A De-
tailed discussion of thermal expansion and magnetostriction also including the low-field region
can be found in Ref. [84].

90



4.4 Thermal Transport for ~B || [001]

1 10
10-2

10-1

100

101

∝T2.1

∝T2.2

0.80.60.4 8642

 Dy
2
Ti

2
O

7
 (0 T)

 Dy
2
Ti

2
O

7
 (0.5 T)

 (Dy
0.5

Y
0.5

)
2
Ti

2
O

7
 (0 T)

 

 
κ 

(W
/K

m
)

T (K)

B || [001]

0.25

j || [110]

Figure 4.44: Thermal conductivity of Dy2Ti2O7 in zero-field and for 0.5 T
(blue circles) and the zero-field thermal conductivity of (Dy0.5Y0.5)2Ti2O7

(green triangles). In both cases, the heat current is directed along the crystal-
lographic [11̄0] direction.

pound Dy2Ti2O7. Note, that the thermal-conductivity data shown in Fig. 4.45
are absolute values. Contrary to Dy2Ti2O7, the thermal conductivity κ(B) of
(Dy0.5Y0.5)2Ti2O7 is not hysteretic (not shown).

At 4 K, the magnetic contribution κmag of Dy2Ti2O7 is expected to vanish.
At this temperature, the thermal conductivity of both compounds show a very
similar behavior, where the values of Dy2Ti2O7 are slightly larger. At 2 K,
however, the additional step in the Dy2Ti2O7 data for fields below 0.5 T is not
observed in the (Dy0.5Y0.5)2Ti2O7 data. Even at lower temperatures where this
low-field step becomes more pronounced no corresponding feature is observed in
the (Dy0.5Y0.5)2Ti2O7 data. The high-field behavior of (Dy0.5Y0.5)2Ti2O7, how-
ever, is very similar to the field dependence of Dy2Ti2O7. Note that the κ(B)
data shown in Fig. 4.45 are not scaled to match each other.

The main difference between the thermal conductivity κ(B) of Dy2Ti2O7 and
of (Dy0.5Y0.5)2Ti2O7 is the correlation with the magnetization M(B). Fig. 4.39
on page 85 clearly shows that for Dy2Ti2O7, the increase of M(B) directly corre-
lates with the decrease of κ(B). This correlation is interpreted as a suppression
of the magnetic thermal conductivity κmag due to the lifting of the ground-state
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Figure 4.46: Comparison of thermal conductivity κ(B) with magnetization
M(B) of Dy2Ti2O7 and of (Dy0.5Y0.5)2Ti2O7 at 0.4 K for ~B || [001]. Demag-
netization effects are taken into account.

degeneracy by a magnetic field parallel to [001]. Fig. 4.46 compares the corre-
lation of κ(B) and M(B) for Dy2Ti2O7 and (Dy0.5Y0.5)2Ti2O7, at 0.4 K. Panel
(a) shows this correlation for Dy2Ti2O7, where even the hysteretic behavior is
observed in both datasets. The data are only shown below 0.7 T, as the mag-
netization is fully saturated above ∼ 0.5T. Fig. 4.39(b) shows κ(B) and M(B)
for (Dy0.5Y0.5)2Ti2O7 up to 4 T. The magnetization saturates above 1 T and re-
mains almost constant for higher fields. The field dependent κ(B) decreases with
increasing field up to ∼ 3T and remains almost constant for higher fields. The
direct comparison of Dy2Ti2O7 and (Dy0.5Y0.5)2Ti2O7 in Fig. 4.39 shows that
the field-induced suppression of the thermal conductivity originates from differ-
ent causes. Contrary to the case for Dy2Ti2O7, the field dependence of κ(B) of
(Dy0.5Y0.5)2Ti2O7 does not correlate with the magnetization and, hence, not with
the degeneracy of the field-induced ground state.

The similarity of the field dependence of κ(B) of (Dy0.5Y0.5)2Ti2O7 and of
Dy2Ti2O7 for high magnetic fields (above ∼ 1T) supports the interpretation of
the high-field dependence of κ(B) of Dy2Ti2O7 as the field-dependent phononic
background κph, which is essentially given by the field dependence of κ(B)
of (Dy0.5Y0.5)2Ti2O7. Above ∼ 1T, even the absolute values are rather close
to each other. It is obvious, however, that one cannot identify the zero-field
κ data of (Dy0.5Y0.5)2Ti2O7 directly as the zero-field phononic background κph of
Dy2Ti2O7. Below 1 K, the estimated κph of Dy2Ti2O7 is smaller than the zero-
field values of (Dy0.5Y0.5)2Ti2O7. A possible explanation could be a magnetic
contribution for (Dy0.5Y0.5)2Ti2O7 which is more pronounced at lower tempera-
tures. Compared to Dy2Ti2O7, this presumable magnetic contribution would be
significantly smaller, as expected for a doping level of 50%.

93



4. Heat Transport in Spin Ice

4.4.3 Conclusion

In conclusion, the thermal conductivity data of Dy2Ti2O7 and the related com-
pounds Y2Ti2O7 and (Dy0.5Y0.5)2Ti2O7 provide clear evidence for a considerable
magnetic contribution κmag for the spin-ice compound Dy2Ti2O7 on top of the
phononic background κph. The magnetic contribution κmag is maximum in zero
field and is strongly suppressed by an external field parallel to [001] which lifts
the ground-state degeneracy.

The high-field dependence of κ(B) of Dy2Ti2O7 is identified as the field-
dependent phononic background κph(B), which originates from lattice distortions
due to torques of the Dy momenta effected by the external magnetic field. This
interpretation is supported by measurements of the field-induced length change
∆L/L of Dy2Ti2O7, which shows that the Dy2Ti2O7 crystal almost linearly elon-
gates with increasing field. Moreover, κ(B) and ∆L/L exhibit anomalies at a
comparable magnetic field around 2 T, which can, thus, be attributed to κph(B).

A more quantitative study of the field-dependent phononic background κph(B)
is provided by thermal-conductivity measurements of (Dy0.5Y0.5)2Ti2O7. Here,
the spin-ice features are strongly suppressed and, hence, the thermal conductivity
is supposed to be essentially of phononic origin. The field dependence of κ(B)
of (Dy0.5Y0.5)2Ti2O7 essentially reflects κph(B) of Dy2Ti2O7. Hence, one can
separate the magnetic from the phononic contribution. A detailed study of κmag

including a microscopic model will be introduced in chapter 4.7.1.

An alternative approach to separate the different contributions of κ is to partly
replace Ti by Zr. This substitution essentially conserves the spin-ice behavior,
but suppresses the phononic thermal conductivity due to additional Zr defects.
Thermal-conductivity measurements of Dy2(Ti0.9Zr0.1)2O7 for ~B || [111] are pre-
sented in Sec. 4.5.3.

4.5 Thermal Transport for ~B || [111]

In the previous chapter, thermal-transport properties of the spin ice Dy2Ti2O7

and its related compounds were discussed for a magnetic field parallel to [001].
This chapter concerns the spin ice with a field applied parallel to the [111] direc-
tion. This field direction provides several particularities. It is parallel to the easy
axis of one of the four Dy momenta per tetrahedron. This particular spin can
easily be aligned parallel to ~B. For symmetry reasons, the field-induced ground
state is 3-fold degenerate for magnetic fields below 1 T. For larger fields, the spin
ice is fully polarized and the ground-state degeneracy is lifted. At very low tem-
peratures, the degeneracy in the field range below 1 T results in a magnetization
plateau followed by a sharp step at 1 T. This property of a magnetic field parallel
to [111] allows to tune the degree of degeneracy by variation of the magnetic field
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strength, i.e. one can realize different degrees of degeneracy.27

In the following, the magnetic contribution κmag and the phononic background

κph of Dy2Ti2O7 are analyzed for ~B || [111], analogously to the previous chapter.

4.5.1 Dy2Ti2O7

The thermal conductivity of Dy2Ti2O7 was measured for ~B parallel to [111] with

the heat current ~j either along [111] (parallel to ~B) or along [11̄0] (perpendicular

to ~B). The field dependence of κ/κ0 for ~j || [11̄0] is presented in Fig. 4.47. Analo-

gous to the magnetization data for ~B || [111] (Fig. 4.31 on page 74), κ(B) exhibits
a plateau below 1 T which sharpens when lowering the temperature. Below 0.6 K
(Fig. 4.47(c)), κ(B) is hysteretic within the Kagomé-ice phase (below 1 T) with
respect to the field sweep direction. For temperatures below 0.4 K (Figs. 4.47(d)
and (e)), the measurements with decreasing field (open circles) end in a reduced

zero-field value of κ, as was also observed for ~B || [001] (Figs. 4.39(e) and (f)
on page 85). In this low-temperature regime, the measurements with increasing
field exhibit an additional feature. Around the phase transition at 1 T, κ(B)
has a maximum followed by a sharp decline. At ∼ 1.1T, κ(B) exhibits a small
shoulder and a clear kink at 1.5 T. Above this field, κ(B) decreases slowly and
remains almost constant above 6 T (Fig. 4.39(e)). As can be seen in the inset of
Fig. 4.39(e), the magnetization M(B) shows no features above 1 T.

It is notable that the magnetization shows no hysteresis on the plateau within
the Kagomé-ice phase. As mentioned above, the ground state within the Kagomé-
ice phase is 3-fold degenerate. Within the single-tetrahedron approximation, the
ground state is realized by 3 equivalent 2in-2out configurations which have in
common that the spin of the triangle plane is polarized by the magnetic field.
The magnetization of these three spin configurations have the same component
parallel the [111] direction. As one can only measure the projection of the actual
magnetization on the magnetic-field direction, these three configurations look
the same in the magnetization measurements parallel to [111]. Hence, by mag-
netization measurements only, one cannot decide which ground state is actually
realized. The thermal conductivity within the Kagomé-ice phase is discussed in
detail in the following paragraph.

The field dependence of κ/κ0 for ~j || ~B || [111] (Fig. 4.48) shows a similar be-
havior as the measurements with heat current directed along [11̄0]. The absolute
values of κ are 30% larger for ~j || [111] (not shown). In contrast to the data for
~j || [11̄0], the maximum at lowest temperatures around 1 T is significantly higher
and the following decline is sharper.

The differences in the field dependencies for ~j || [111] and ~j || [11̄0] most likely
originate from small misalignments of the magnetic field. Fig. 4.49 shows the κ(B)

27In contrast to the field direction parallel to [001] where the degeneracy is lifted in one single
step.
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Figure 4.47: Relative change κ(B)/κ(0T) of Dy2Ti2O7 for ~B || [111] and
~j || [11̄0] ⊥ ~B. The inset of panel (e) shows the comparison of κ/κ0 and the
magnetization M(B) at 0.4 K. Demagnetization effects are taken into account.
The arrows indicate the field sweep direction.
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Figure 4.48: Relative change κ(B)/κ(0T) of Dy2Ti2O7 for ~j || ~B || [111].
The inset of panel (e) shows the comparison of κ/κ0 and the magnetization
M(B) at 0.4 K. Demagnetization effects are taken into account. The arrows
indicate the field sweep direction.
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Figure 4.49: Comparison of κ(B)/κ(0T) of Dy2Ti2O7 with ~j || [111] and
~B || [111] as well as for a 10◦-tilted magnetic field, together with the data for
~j || [11̄0] and ~B || [111]. Demagnetization effects are taken into account. The
different datasets are shifted by 0.25 with respect to each other.

data for both heat-current directions together with data obtained for ~j || [111]
and a tilted magnetic field (by 10◦ from the [111] direction). One can clearly
see that the data obtained for ~j || [11̄0] have much more similarities with the
data for ~j || [111] measured with a tilted field, rather than with the data for
the untilted field. Another explanation could be a misaligned magnetic field
originating from a non-homogeneous demagnetization of the sample. For ~j ⊥ ~B,
the demagnetization effect is much more pronounced, and as the sample has sharp
edges and corners, the demagnetization field is certainly not homogeneous. For
~j || ~B, the demagnetization effect, as a whole, is less pronounced and, thus, a
non-homogeneous inner magnetic field plays a less important role.

The zero-field values for ~j || [111] after cooling in zero-field coincide with the
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values obtained after increasing and subsequently decreasing the magnetic field.
This is different from the situation for ~j || [11̄0] where the zero-field data do not
match. Hence, the slow relaxation processes observed for ~j || [11̄0] (Fig. 4.40 on
page 86) are not observed for the heat current parallel to [111], at least in the mea-
sured temperature range down to 0.4 K. However, the situation is not exactly the
same for both heat-current directions as the measurements with decreasing field
for ~j || [111] ends in a significantly larger zero-field value than the corresponding
value for ~j || [11̄0].

Heat Transport in the Kageomé-Ice Phase

The hysteresis of κ(B) at lowest temperatures within the Kagomé-ice phase
(Figs. 4.47(e) and 4.48(e)) is of particular interest as there is no corresponding
hysteresis in the magnetization data (insets of Figs. 4.47(e) and 4.48(e)). Below
0.7 K, the thermal conductivity within the Kagomé-ice phase depends on whether
the measurement is performed with increasing field starting after zero-field cooling
or with decreasing field starting from high magnetic fields. Starting after zero-
field cooling, κ(B) is lower than the data obtained from the measurement starting
at high fields. Figs. 4.48(a) - (d) show the evolution of the hysteresis for different
temperatures. At 0.4 K, the hysteresis has a maximum width from ∼ 0.1T up
to 1 T. When increasing the temperature, the hysteresis becomes smaller. The
upper critical field of the hysteresis shifts towards lower fields, whereas the lower
critical field essential stays constant. Between the upper critical field and the
transition at 1 T, κ(B) is almost constant and the measurements for both field
sweep directions coincide. At 0.7 K, the hysteresis finally vanishes. The step at
1 T and the plateau below, however, are still well observable.

A possible explanation of this feature is an eventual dependence of κ(B)
on an ordered (or disordered) Kagomé ice. When starting a field-dependent
measurement at low temperatures, e.g. at 0.4 K after zero-field cooling, the spin-
ice system starts from an entropic ground state. When entering the Kagomé-ice
phase at ∼ 0.2T, the ground state is 3-fold degenerate (as discussed above).
However, as the measurement starts from an entropic state, flipping the spins of
the triangular planes can cause 3in-1out or 1in-3out defects within the Kagomé
planes. As the spin-ice dynamics are very slow in this low-temperature regime
and the monopole density is rather small, a reorientation of the tetrahedra is very
unlikely. When approaching the phase transition at 1 T, the monopole density
increases significantly and, hence, a rearrangement is much more likely. This can
be understood by means of the single-tetrahedron approximation as the energy
gap from the 3-fold degenerate 2in-2out ground state to the first excited 3in-1out
(or 1in-3out) state vanishes at this particular field. Above 1 T, the excitations
die out as the field-induced ground state consists only of fully polarized 3in-1out
and 1in-3out tetrahedra (depending on the orientation of each tetrahedron with
respect to the external field). This is consistent with the observed temperature
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Figure 4.50: Simulation of the temperature dependence of the monopole
density per tetrahedron of the dipolar spin ice for various magnetic fields par-
allel to [111]. All curves were obtained by slowly cooling at a constant magnetic
field.

dependence of the upper critical field. At higher temperatures, the rearrangement
of the Kagomé planes is possible for even lower fields due to a larger number of
thermally excited monopoles.

This interpretation is supported by numerical studies of the dipolar spin ice.
Fig. 4.50 shows the monopole density obtained by numerical calculations of the
dipolar spin ice (Sec. 4.2.2). The curves were obtained by slowly cooling at a
constant magnetic field parallel to [111]. For fields above 1 T, the monopole
density converges to 1 when lowering the temperature. For lower fields, the
monopole density vanishes at lowest temperatures. At a critical field of ∼ 1.02T,
the monopole density almost stays constant and jumps either to 0 or 1 at a
critical temperature TC ∼ 0.45 K. This chaotic behavior can be understood by
the step in the magnetization data at 1 T which becomes infinitesimally sharp for
T → 0 (Fig. 4.20 on page 62). Around the critical field of ∼ 1.02T, the monopole
density strongly fluctuates at low temperatures.

When entering the Kagomé-ice phase from higher magnetic fields, the situ-
ation is different from the case of an increasing field. At higher fields (above
1 T), the measurement starts from a fully ordered phase. Below 1 T, the spins
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within the Kagomé planes start to flip in order to achieve one of the energetically
suitable 2in-2out configurations. As the spin ice is fully ordered above 1 T, when
entering the Kagomé-ice phase the rearrangement of the spins of the Kagomé
planes causes no 3in-1out or 1in-3out defects (or at least less than for the case of
an increasing field).

Above 1 T, the measurements with different field-sweep directions (up and
down) match each other, as in the fully polarized state above 1 T, the field-
induced ground state degeneracy is lifted. This situation is analogous to the case
of ~B || [001] (presented in the previous chapter).

A possibility to lift the degeneracy within the Kagomé-ice state is a slight
deviation of the applied magnetic-field direction. In Ref. [170], the entropy is
predicted to vanish for a small tilting from the [111] direction. Fig. 4.49 on

page 98 shows the comparison of the κ(B) data for ~B || [111] (blue circles) and
for a 10◦-tilted field (red triangles). In both measurements, the direction of the
heat-current ~j has been kept fix along [111]. One can clearly see that the step-like
feature at 1 T broadens when tilting the field. Furthermore, the hysteresis in the
Kagomé-ice phase and the maximum around 1 T almost completely vanishes.
The absence of the hysteresis in the data with tilted field can be explained via
the single-tetrahedron approximation. Due to a tilted magnetic field, one of
the three tetrahedron configurations forming the 3-fold degenerate Kagomé-ice
ground state is energetically favorable compared to the others. Furthermore, the
absence of a hysteresis indicates that the system is close to equilibrium below
1 T.

Analogously to the [001] field direction, the κ(B) curves for ~B || [111]
and ~j || [11̄0] also show a hysteretic behavior with slow relaxation processes
(Fig. 4.51).28 The zero-field value after decreasing the magnetic field is reduced
compared to the value obtained after cooling in zero field. The reduced zero-field
value slowly relaxes back to the initial value (not shown), analogously to the case

for ~B || [001] (Figs. 4.39 and 4.40 on page 85 and 86, respectively).

Within the Kagomé-ice phase (at 0.4 K) including its hysteretic behavior,
κ(B) also depends on whether the curve started after zero-field cooling (red curve,
part 1) or from the reduced zero-field value (green curve, part 3). The different
curves with decreasing field (open red and green symbols, respectively) almost
stay constant right at the value where the measurement started. At zero field,
the green curve starts from a lower value and remains below the green curve, also
in the Kagomé-ice phase up to the turning point of the field at 0.8 T. Within

28As shown in Fig. 4.48(e) on page 97, the zero-field values after zero-field cooling and after

decreasing the magnetic field match each other for ~j || ~B || [111], i.e. no slow relaxation is
observed. The origin of the different behavior is unclear. A possible explanation could be the
larger values of κ(B) for a decreasing field within the Kagomé-ice phase compared to the data
obtained for ~j || [11̄0]. This can also be observed in the data for a 10◦ tilted field (Fig. 4.49
on page 98), which in contrast to the measurements with an untilted field, show lower values
below 1 T and, in particular, show a slow relaxation at zero field.
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Figure 4.51: Hysteretic behavior of κ(B) of Dy2Ti2O7 for ~j || [11̄0] and
~B || [111] at 0.4 K. The hysteresis loop consists of three parts, also including
the negative field range (part 2). The two different relaxation curves were
measured at the same field with different starting conditions, i.e. starting
from the up curve (orange, relax 1) and from the down curve (dark blue,
relax 2). Demagnetization effects are taken into account.
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4.5 Thermal Transport for ~B || [111]

the Kagomé-ice phase, the κ(B) values slowly drift towards higher values. This
strongly depends on whether one starts from the lower or from the upper part
of the hysteresis. In Fig. 4.51, two different relaxation processes are shown at
the same magnetic field of ∼ 0.58T but starting from different κ values. The
orange curve starts from the curve with increasing field (closed green symbols,
part 3). The time resolved κ(t) data (Fig. 4.51(b)) show the relaxation process
for up to 5 hours. The relaxation curve ends at the closed red symbols (part 1).
However, the relaxation curve exhibits a considerable drift even after 5 hours.
Hence, one cannot decide by means of this data to which equilibrium value the
κ(t) values will converge. From the end point of the first relaxation (orange
symbols, relax 1) the measurement continues towards the turning point at 0.8 T,
and directly afterwards back again to 0.58 T (purple symbols). Although starting
on the red curve (part 1), the data do not follow the red points when increasing
the field, but rather return to the green curve (part 3), even when decreasing the
field back to 0.58 T. Starting from this point, the κ values again start to drift
upwards (Fig. 4.51(c), relax 2). Compared to the relaxation shown in panel (b)
this relation is significantly slower and also does not reach equilibrium even after
5 hours.

In sum, the field dependence of κ(B) for ~B || [111] shows a hysteretic behavior
within the Kagomé-ice phase with very slow relaxation processes, even for a non-
zero magnetic field. Due to the very large relaxation times, it is not possible to
determine the thermal equilibrium value of κ(B) just by waiting. One possibility
to achieve thermal equilibrium within the Kagomé-ice phase would be to cool the
system applying a constant magnetic field (field cooled), cf. the discussion about
out-of-equilibrium processes on page 60. As every time-resolved κ(t) data show
the tendency to increase monotonically with time, it is most probable that in
the thermodynamic limit, all curves tend to relax towards the largest observed κ
values or even higher.

Magnetostriction

Analogously to the field direction parallel to [001] (Sec. 4.4), κ(B) of Dy2Ti2O7

also shows a field dependence for ~B || [111] above the saturation field of the mag-
netization (Figs. 4.47(e) and 4.48(e) on page 96 and 97, respectively). Magne-
tostriction measurements of Dy2Ti2O7 were performed and give rise to the same
interpretation of the high-field dependence of κph(B) originating from lattice
distortions induced by the external magnetic field. Different from the measure-
ments performed for ~B || [001], here, the length change was measured along all
three crystal directions keeping the field parallel to [111].29

Here again, the focus lies on the high-field region above 2 T where the magne-

29The sample used here is a thin, bar shaped (3.5 mm long) crystal. Hence, demagnetization
effects are rather small.
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tization is saturated (at least for low-enough temperatures). In Fig. 4.52, one can

clearly see that the crystal elongates parallel to ~B and contracts in both perpen-
dicular directions. The elongation parallel to ~B is one order of magnitude larger
than the contraction along the perpendicular directions. The field dependence
of the length change again is temperature independent for magnetic fields above
2 T.

The magnetostriction data clearly show that the crystal is stretched along the
space diagonal of the cubic unity cell parallel to ~B. Analogously to the [001] field
direction, this stretching results in a suppressed phononic thermal conductivity
and, hence, in a magnetic-field dependence of the phononic background κph(B)
of Dy2Ti2O7.

4.5.2 (Dy
0.5

Y0.5)2Ti2O7

Fig. 4.53 shows the field dependence of the thermal conductivity κ(B) of
(Dy0.5Y0.5)2Ti2O7 (green triangles) together with the thermal conductivity of
the mother compound Dy2Ti2O7 (blue circles). Note, that the data are absolute
values and, in particular, not scaled to match each other.

One can clearly see that the thermal conductivity of (Dy0.5Y0.5)2Ti2O7 is very
similar to the thermal conductivity of Dy2Ti2O7 above the kink at 1.5 T, whereas
the spin-ice features observed below 1.5 T are almost completely suppressed in
(Dy0.5Y0.5)2Ti2O7. Moreover, the thermal conductivity of (Dy0.5Y0.5)2Ti2O7 is
not hysteretic with respect to the field sweep direction (not shown). Analogous
to the field direction parallel to [001] (discussed in the previous chapter), one can
conclude that the thermal conductivity of (Dy0.5Y0.5)2Ti2O7 essentially represents
the phononic background κph of Dy2Ti2O7.

For ~B || [111], the field-induced ground-state degeneracy is lifted above the
transition at 1 T. At lower fields (within the Kagomé-ice phase), the ground state
is 3-fold degenerate and, hence, one expects κmag to be present up to a rather large

field of 1 T. For ~B || [001], the situation is different as κmag for ~B || [001] is sup-
posed to vanish already above ∼ 0.3T (Fig. 4.42 on page 88). The κ(B) data for
~B || [001] rapidly decrease below 0.5 T and stays almost constant up to ∼ 1.5T.
The decrease in κ(B) above 1.5 T is attributed to the field-dependent phononic

background κph. For ~B || [001], one can estimate the zero-field phononic contri-
bution κph by taking the plateau value around 1 T.

Such an estimation is much more difficult for ~B || [111] as a field of more than
1 T is needed to completely suppress κmag. For this fields, the suppression of κmag

and κph overlap. One can indeed observe a decrease of κ(B) above 1 T. However,
as also κph exhibits a considerable field dependence above 1 T, the drop of κ(B)
above 1 T ends in kink upon a non-constant phononic background rather than
in a plateau.

By considering only the data for ~B || [111] (Fig. 4.53) one could interpret the
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Figure 4.53: Field dependence of κ(B) of the mother compound Dy2Ti2O7

(blue circles) and of (Dy0.5Y0.5)2Ti2O7 (green triangles) for ~B || [111] and
~j || [11̄0]. Demagnetization effects are taken into account.

whole (Dy0.5Y0.5)2Ti2O7 data as the phononic background of Dy2Ti2O7. Obvi-
ously, the zero-field phononic contribution of Dy2Ti2O7 cannot depend on the
field direction and the zero-field phononic contribution for ~B || [111] is the same

as for ~B || [001]. Hence, it is more convenient to determine κmag and κph in zero

field by means of the data for ~B || [001]. The zero-field contribution κmag obtained

for ~B || [001] is consistent with the kink at ∼ 1.5T, observed in Fig. 4.53.

The enhanced κ(B) values of (Dy0.5Y0.5)2Ti2O7 compared to the phononic
background of Dy2Ti2O7 below ∼ 1T probably originate from a magnetic con-
tribution of (Dy0.5Y0.5)2Ti2O7 (cf. the discussion for ~B || [001] in the previous
chapter). A detailed discussion comparing the field dependence κ(B) for various
field directions is presented in chapter 4.7.2.
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4.5 Thermal Transport for ~B || [111]

4.5.3 Dy
2
(Ti0.9Zr0.1)2O7

In Dy2(Ti0.9Zr0.1)2O7, 10% of the non-magnetic Ti ions are replaced by Zr ions.
The idea of Zr doping is to enhance the defect scattering and, thus, to reduce
the phononic thermal conductivity compared to Dy2Ti2O7 while essentially con-
serving the spin-ice properties. Fig. 4.54(a) shows κ(T ) of Dy2(Ti0.9Zr0.1)2O7 in
comparison to Dy2Ti2O7. The Dy2(Ti0.9Zr0.1)2O7 data show a glassy behavior,
originating from defect scattering due to Zr doping.

Figs. 4.54(b)-(e) illustrate the field dependence of κ(B) of Dy2(Ti0.9Zr0.1)2O7

(red triangles) together with κ(B) of Dy2Ti2O7 (blue circles). The data are given
in absolute values. One can clearly see that in the shown temperature range,
κ(B) of Dy2(Ti0.9Zr0.1)2O7 decreases with increasing field and remains almost
constant for fields above ∼ 3T (dashed red line). This is in contrast to the
thermal conductivity of Dy2Ti2O7 which exhibits a pronounced field dependence
(panel (e)). At lowest temperatures (0.4 K), κ(B) for Dy2(Ti0.9Zr0.1)2O7 exhibits
a plateau-like feature below 1 T, consistent with the data for Dy2Ti2O7.

In order to compare the magnetic contributions κmag of Dy2Ti2O7 and of
Dy2(Ti0.9Zr0.1)2O7, the Dy2(Ti0.9Zr0.1)2O7 data are shifted upwards to match the
zero-field phononic background κph of Dy2Ti2O7, illustrated as a blue dashed
line which is located at the kink in the Dy2Ti2O7 data at ∼ 1.5T. One can
nicely see that both compounds have comparable magnetic contributions. The
features in Dy2(Ti0.9Zr0.1)2O7 are slightly broadened as has also been observed in
the magnetization data (Fig. 4.37 on page 80). The decrease of κmag above 1 T
for Dy2(Ti0.9Zr0.1)2O7 extends over a larger field region compared to Dy2Ti2O7,
again consistent with magnetization data which saturate at higher fields.

4.5.4 Conclusion

In conclusion, analogous to ~B || [001], the field-dependent thermal conductivity

κ(B) of Dy2Ti2O7 for ~B || [111] gives evidence for a considerable magnetic con-
tribution κmag. Qualitatively, the thermal conductivity can be explained in the

same manner as for ~B || [001]. The magnetic contribution κmag depends on the
field-induced ground-state degeneracy. It is maximum at zero field where the
ground state is 6-fold degenerate and vanishes above 1 T where the degeneracy
is lifted completely. In the Kagomé-ice phase between ∼ 0.3T and 1 T, κ(B) is
strongly hysteretic with respect to the field sweep direction. The differences be-
tween the measurements with increasing and decreasing field can be interpreted
by magnetic defects within the Kagomé planes which are created by polarizing
the triangular planes between the Kagomé planes. When decreasing the field
starting from a high field, the measurement starts from a fully polarized, i.e.
ordered, state. When entering the Kagomé-ice phase below 1 T, the spins within
the Kagomé planes can form the 3-fold degenerate ground state without defects
as the triangular planes remain polarized.
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Figure 4.54: Thermal conductivity of Dy2(Ti0.9Zr0.1)2O7 (red triangles) and
of Dy2Ti2O7 (blue circles) for ~j || [11̄0] and ~B || [111]. The blue and red dashed
lines are the estimated zero-field phononic backgrounds of Dy2Ti2O7 and
of Dy2(Ti0.9Zr0.1)2O7, respectively. The field-dependent Dy2(Ti0.9Zr0.1)2O7

curves in panel (b)-(e) are shifted to match the zero-field phononic background
of Dy2Ti2O7. Demagnetization effects are taken into account.
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The field-dependent phononic background κph originates from lattice distor-
tions due to torques of the Dy momenta, and can be separated from the magnetic
contribution κmag either by suppressing κmag or κph. The magnetic contribution
κmag can be suppressed by doping with Y, i.e. by suppressing the spin-ice features
of Dy2Ti2O7. This essentially yields the field-dependent phononic background
κph. By doping with Zr, the phononic background is suppressed essentially leav-
ing κmag unchanged. Additionally, Zr doping also suppresses the field dependence
of the phononic background κph as the scattering on the Zr defects turns out to
be the dominant scattering process. The analysis of both doped compounds pro-
vide a consistent interpretation of the magnetic contribution κmag in the spin ice
Dy2Ti2O7.

In addition, the magnetostriction of Dy2Ti2O7 nicely illustrates the defor-
mation of the crystal and, hence, the deformation of the cubic unit cell. As a
consequence, the phononic thermal conductivity is suppressed leading to a field-
dependent phononic background κph.

4.6 Thermal Transport for ~B || [110]
4.6.1 Dy2Ti2O7

Heat Transport along α and β Chains

For ~B parallel to [110], the Dy ions form α chains (parallel to ~B) and β chains

(perpendicular to ~B) (Fig. 4.11 on page 50). The κ data presented in this chapter
were measured on two similar samples of type II, i.e. with the long edge parallel to
[11̄0] (Fig. 4.27 on page 71). Thus, the heat-current direction is fixed to ~j || [11̄0].
In the following, the thermal conductivity of Dy2Ti2O7 and of (Dy0.5Y0.5)2Ti2O7

is investigated along the α and β chains. Both heat-current directions can be
realized by the sample type used here. When the magnetic field is applied parallel
to [110], the heat current ~j is parallel to the β chains. Applying the magnetic
field parallel to the heat current results in ~j parallel to α chains.

Low-Field Thermal Conductivity

Fig. 4.55 shows the comparison of κ(B)/κ(0 T) for the heat current ~j directed
along α and β chains for various constant temperatures and magnetic fields up
to 0.5 T. The extension towards higher fields up to 7 T is shown in Fig. 4.56.

The data for ~B || [110] have similarities to those obtained for ~B || [001]. How-
ever, the field-induced decrease of κ(B) is less pronounced for ~B || [110] compared

to ~B || [001]. At 1.5 K, the thermal conductivity along the α and β chains is almost
identical. At lower temperatures and magnetic fields around 0.5 T, the thermal
conductivity along the β chains is slightly larger than along the α chains. At
0.4 K, this difference is most pronounced (Fig. 4.55(f)).
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For ~B || [001], κmag is supposed to be completely suppressed above ∼ 0.5T as

the field-induced ground-state degeneracy is lifted. For ~B || [110], however, the
field-induced ground state remains 2-fold degenerate as two spins per tetrahedron
are perpendicular to the magnetic field and are, thus, not affected. This explains
the larger κ(B) values for ~B || [110] above ∼ 0.5T compared to the κ(B) values for
~B || [001]. It is remarkable that at 0.4 K, the thermal conductivity of Dy2Ti2O7

along the β chains is larger then along the α chains. This shows that the mono-
poles which contribute to the heat transport can, indeed, easier propagate along
the β chains which are not affected by the external field compared to the α chains
which are polarized due to a magnetic field parallel to [110].

At 0.5 T, the κ(B) values along the α chains are larger than the phononic

background κph estimated from the data for ~B || [001]. Hence, for ~B || [110], a
considerable magnetic contribution κmag can be observed although the α chains
are polarized (cf. the magnetization data in Fig. 4.32 on page 75). This shows
that the monopoles carrying heat can propagate not only via single spin flips,
but can also hop to neighboring β chains, which are not directly linked with
each other. A detailed study of κmag including all measured field directions is
presented in chapter 4.7.2.

High-Field Thermal Conductivity

Fig. 4.56 shows the field-dependent thermal conductivity of Dy2Ti2O7 along the α
and β chains in the high-field region up to 7 T. The high-field data were measured
on a different sample as the low-field data (Fig. 4.55).

As also observed for low fields, the thermal-conductivity data along the α and
β chains are very similar. Between 1 K and 2 K, κ(B) exhibits two kinks at 1 T
and 2 T, which are less pronounced at lower temperatures. Above 1.5 K, κ(B)
for magnetic fields above 2 T essentially decreases linearly with increasing field.
Below 1 K, an additional feature around 6 T upon the linear decrease is observed
which appears in both measurements, i.e. for ~j along the α and the β chains.
Below 0.6 K, κ(B) is slightly larger along the β chains compared to the α chains.
This difference is observable in the whole measured field range up to 7 T.

Below 0.6 K, a hysteresis with respect to the field-sweep direction is observed.
A hysteresis has also been observed for ~B || [001] and ~B || [111]. Compared to

these field directions, however, the hysteresis width for ~B || [110] is much larger.
At 0.4 K, the hysteresis in κ(B) extends up to 2 T.

Magnetostriction

We also tried to measure the field-induced length change of Dy2Ti2O7 for ~B || [110]
in order to obtain information about crystal deformation as observed in the pre-
vious chapters. Unfortunately, for ~B || [110] it was not possible to measure the
magetostriction with our setup as the sample starts to tilt in a magnetic field.
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Figure 4.56: Relative change κ(B)/κ(0T) of Dy2Ti2O7 ( ~B || [110]) along
the α and the β chains for magnetic fields up to 7 T. Demagnetization effects
are taken into account.
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Figure 4.57: Potential energy of a single tetrahedron in an external magnetic
field slightly tilted from (a) ~B || [001], (b) ~B || [111], and (c) ~B || [110]. The
energies are calculated for the field-induced ground states. For ~B || [110], the
field-induced ground state is 2-fold degenerate (green and orange planes). The
tetrahedron images are taken from Ref. [121].

This tilting purports an elongation of the crystal. The torque originates from the
tendency of the sample to minimize its potential energy. For simplicity, the energy
is calculated for a single tetrahedron in an external magnetic field (Sec. 4.2.1).

First, we study the dependence of the energy for the field directions parallel
to [001] and [111]. For these field directions, the field-induced ground state (for
large-enough fields) is non degenerate (Fig. 4.12 on page 51). The considerations
made here restrict to small deviations from the untilted field which obviously
do not change the field-induced ground state. Figs. 4.57(a) and (b) show the
potential energy (in arbitrary units) of a single tetrahedron for small deviations

from ~B || [001] and ~B || [111], respectively, calculated for a single tetrahedron. For
~B || [001] and ~B || [111], the potential energy has a (rotation symmetric) minimum
for an untilted field. Therefore, the orientation of the sample with respect to the
external field is stabilized when increasing the magnetic field.

The situation is different for ~B || [110]. First of all, the field-induced ground
state is 2-fold degenerate as for the untilted field two spins per tetrahedron are
perpendicular to the magnetic field. This degeneracy is lifted for a tilted magnetic
field.30 The potential energies for these two tetrahedron configurations (orange
and green plane) are illustrated in Fig. 4.57(c) as a function of a small tilting
perpendicular to [110]. For a given tetrahedron configuration, the single tetrahe-
dron (and hence the whole crystal) can lower its energy by tilting with respect
to the external field. In thermal equilibrium, both tetrahedron configurations
are equally distributed for an exactly aligned field. For the theoretical case of a

30Except for two discrete directions [001] and [001̄].
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perfect orientation of the crystal combined with an exact population of 50% of
the ground-state configurations, all torques cancel each other. However, this is
a meta stable situation as an infinitesimally small deviation would prefer one of
these configurations. For a more realistic case of a slight deviation of the crystal,
one configuration is preferred. Hence, the crystal as a whole can lower its energy
by tilting with respect to the external field. Once the crystal starts to tilt, this
becomes a self-reinforcing process. Due to the tilting, the lower-lying energy level
is even more populated what further enhances the torque. This effect makes it
impossible to measure the magnetostriction with our setup.

4.6.2 (Dy
0.5

Y0.5)2Ti2O7

The thermal conductivity of Dy2Ti2O7 and of (Dy0.5Y0.5)2Ti2O7 along the α
and β chains31 is shown in Fig. 4.58. Analogously to the other presented field
directions ([001] and [111]), the field dependence of κ(B) for (Dy0.5Y0.5)2Ti2O7

essentially resembles the high-field dependence of κ(B) for Dy2Ti2O7 and can,
thus, be interpreted as the field-dependent phononic background κph of Dy2Ti2O7.
At 2 K and 1.5 K (Figs. 4.58(a) and (b)), one can nicely see that the kinks at
1 T and 2 T are also found in the (Dy0.5Y0.5)2Ti2O7 data.

The enhanced thermal conductivity of Dy2Ti2O7 around 6 T cannot be at-
tributed to κph as it is only observed for Dy2Ti2O7 and not for (Dy0.5Y0.5)2Ti2O7.
However, as the ground-state degeneracy is (at least theoretically) not lifted for
an arbitrary large field, it is not straightforward to interpret the high-field data
of Dy2Ti2O7. In particular, it is unclear why the thermal conductivity κ(B) is
enhanced around the anomaly at 6 T. As the reference data of (Dy0.5Y0.5)2Ti2O7

only show a linear decrease for high fields even at lowest temperatures, one can
speculate whether the anomaly observed in Dy2Ti2O7 can be interpreted as an
additional magnetic contribution appearing below 1 K. However, as mentioned
above this is only a conjecture.

4.6.3 Conclusion

In conclusion, analogous to the field directions [001] and [111], discussed in the

previous chapters, also the data for ~B || [110] give rise to the existence of a con-
siderable magnetic contribution κmag of Dy2Ti2O7 which correlates with the mag-
netization data.

A putative field-induced lattice distortion of Dy2Ti2O7 for ~B || [110] cannot
be analyzed by means of magnetostriction measurements as the sample tends to
tilt due to an external magnetic field. This tilting originates from the tendency
of the sample to minimize its potential energy.

31The α and β chains no longer are contiguous chains as every second Dy ions is replaced by an
Y ion. α chains denote the direction parallel to ~B and β chains the direction perpendicular
to ~B.
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Figure 4.58: Field dependence of κ(B) of Dy2Ti2O7 and of
(Dy0.5Y0.5)2Ti2O7 for ~B || [110] and for the heat current ~j directed along α
and β chains, respectively. Demagnetization effects are taken into account.
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4. Heat Transport in Spin Ice

However, by means of the study of the field dependent κ(B) of the dilute
spin ice (Dy0.5Y0.5)2Ti2O7, the high-field dependence of κ(B) of Dy2Ti2O7 can
be identified as the field dependence of the phononic background κph which is
less pronounced compared to the other field directions (discussed in the previ-

ous chapters). Below 1 K, the κ(B) data of Dy2Ti2O7 for ~B || [110] show an
anomaly around 6 T which is not observed in the data of the reference compound
(Dy0.5Y0.5)2Ti2O7. The origin of this anomaly remains unclear.

An important peculiarity of the field direction parallel to [110] is the difference
of κ(B) for the heat current ~j directed along the α or the β chains. It turns out
that below 0.6 K, in the presence of an external field, κmag is slightly larger for ~j

directed along the β chains (i.e. ~j ⊥ ~B) compared to ~j parallel to the α chains

(i.e. ~j || ~B).
A detailed analysis of κmag including all presented field directions is presented

in chapter 4.7.2.

4.7 Discussion

4.7.1 Magnetic Heat Transport

In this chapter, the mechanisms of energy transport, i.e. heat transport,
in Dy2Ti2O7 will be discussed. Parts of this chapter have been published
in Ref. [150]. As Dy2Ti2O7 and the related doped compounds Y2Ti2O7,
(Dy0.5Y0.5)2Ti2O7, and Dy2(Ti0.9Zr0.1)2O7 are insulators (transparent single
crystals), the heat can only be transported by phonons and magnetic excitations,
i.e.

κ = κph + κmag . (4.28)

In Ref. [6], thermal-conductivity measurements of Dy2Ti2O7 in zero field and
in a magnetic field along the crystallographic [110] direction were analyzed by
assuming that the thermal conductivity was purely phononic, and the field de-
pendence of κ was attributed to phonon scattering on magnetic excitations. This
interpretation, however, is not supported by our data presented in the previous
chapters.

In this chapter, the presence of a zero-field magnetic contribution κmag is moti-
vated by a microscopic model making use of the correlation of the magnetic-field
dependence of κ(B) and of the magnetization M(B). The magnetic contribu-
tion κmag is suppressed by a magnetic field, where the suppression is strongly
anisotropic with respect to the applied field direction. The observed suppression
of κmag is attributed to the lifting of the ground-state degeneracy.

The phononic background κph also exhibits a magnetic-field dependence, in
particular, for magnetic fields above 1 T where, at least for low temperatures, the
magnetization is fully saturated. The field dependence of κph most likely origi-
nates from lattice distortions due to torques of the magnetic moments induced
by the external magnetic field.
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(a) (b)

Figure 4.59: Simple 2D mapping of a 3D pyrochlore lattice. The corner-
sharing white squares represent corner-sharing tetrahedra of the 3D lattice.
The spins at the corners of the squares can either point into or out of the
squares. (a) Creation of a monopole/anti-monopole pair by flipping the spin
between two neighboring tetrahedra (green bold arrow) upon a ground state
consisting of 2in-2out tetrahedra. (b) Separated monopole pair connected via
a Dirac string (orange line).

As shown in Fig. 4.38 on page 83, the temperature dependence of the ther-
mal conductivity κ(T ) of Dy2Ti2O7 for a magnetic field of 0.5 T applied along
the [001] direction exhibits similarities to the thermal conductivity of the iso-
structural non-magnetic reference compound Y2Ti2O7. Both curves show a
power-law behavior up to ∼ 3K with a similar exponent. By contrast, the zero-
field data of κ(T ) show a clear shoulder around 1 K. This qualitative differences
give rise to the assumption that the field data of Dy2Ti2O7 essentially represents
the phononic background of the thermal conductivity and the zero-field data
comprise an additional magnetic contribution upon the phononic background.

This conclusion is supported by measurements of the field dependence of the
thermal conductivity κ(B) for various constant temperatures and magnetic fields
parallel to [001] (Fig. 4.39 on page 85). One can clearly see that the increase of
magnetizationM(B) directly correlates with the decrease of thermal conductivity
κ(B). Even the hysteresis below 0.6 K is observable in both quantities, M(B)
and κ(B).

A qualitative interpretation of the magnetic-field dependence of κ(B) is ob-
tained by means of a microscopic model. Fig. 4.59 shows a simplified two-
dimensional mapping of the 3D pyrochlore lattice.32 The tetrahedra of the 3D
lattice are represented by (white) corner-sharing squares. The spins at each cor-
ner can point either into or out of the squares.

32A 2D lattice of corner-sharing squares does not really represent the correct 3D pyrochlore
lattice. However, it is a suitable tool to illustrate spin-flip dynamics on a qualitative level.
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4. Heat Transport in Spin Ice

Fig. 4.59(a) illustrates the creation of a monopole/anti-monopole pair (red
and blue circle, respectively) on the background of randomly distributed 2in-2out
tetrahedra, i.e. a spin ice in its ground state with one single (pair of) excitation.
The monopole/anti-monopole pair has been created by flipping the spin con-
necting the excited tetrahedra (green bold arrow). This results in two adjacent
excited tetrahedra with spin configurations 1in-3out (blue circle) and 3in-1out
(red circle), respectively.

Monopoles (and anti-monopoles) can propagate independently via single spin
flips (chapter 4.1.3). Fig. 4.59(b) shows the separated monopole/anti-monopole
pair, which is connected via a Dirac string (orange line). The arrows which had
to be flipped to move the monopoles are marked as green bold arrows. The
connection of all these spins together form the Dirac string from monopole to
anti-monopole. All tetrahedra through which a monopole had passed (marked as
light-green squares) have a 2in-2out configuration differing from the initial state
(Fig. 4.59(a)).

First, the case of zero magnetic field is discussed. In the absence of an external
field, the ground state is highly degenerate, i.e. all 2in-2out configurations are
energetically equivalent.33 Thus, the tetrahedra in Fig. 4.59(b) which changed its
2in-2out configurations as a monopole excitation passed through it have the same
energy as the initial configurations (Fig. 4.59(a)). As a consequence, one single
monopole can propagate without energy loss. Thus, the monopole/anti-monopole
pairs are not confined, and the single monopoles can propagate independently.

Note, that this argument holds strictly only for the single-tetrahedron approx-
imation, i.e. for a model including only nearest-neighbor interaction. Numerical
simulations, however, show that the long-range dipolar interaction has to be
taken into account in order to obtain a correct description of the spin ice on a
quantitative level (chapter 4.2.2). Moreover, Monte Carlo studies [129, 171] give
rise to a Coulomb-like attraction between a monopole and an anti-monopole.34

Taking such an interaction into account, the monopoles cannot be regarded as
independently propagating excitations but as (weakly) confined charges. Within
the Debye-Hückel theory (Sec. 4.2.3), also the possibility of monopole-charge
screening is discussed.

In Fig. 4.60, the situation is illustrated schematically for an external magnetic
field ~B || [001]. This particular field direction leads to a non-degenerate field-

33 This qualitative discussion is restricted to the single-tetrahedron approximation (chapter 4.2.1)
and, thus, to the corresponding energy levels for the different spin configurations as introduced
in Fig. 4.9 on page 48.

34The interaction has been obtained by numerical simulations of a dipolar spin ice with one
monopole/anti-monopole pair. For this simulated system, the total energy is calculated as a
function of the monopole/anti-monopole distance. To my knowledge, up to now, it is unclear
whether the monopole excitations also interact with an external magnetic field. In Ref. [3], a
monopole current effected by a small external field has been reported. However, this is currently
under strong debate [5].
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(a) (b)

Figure 4.60: Simple 2D mapping of a 3D pyrochlore lattice with a magnetic
field ~B || [001]. (a) Creation of a monopole/anti-monopole pair by flipping
the spin between two neighboring tetrahedra (red bold arrow) upon a field-
induced non-degenerate ground state consisting of one single type of 2in-2out
tetrahedra. (b) Separated monopole pair connected by a Dirac string (orange
line).

induced ground state which consists of only one single type of 2in-2out tetrahedra
(where all spins have a positive component in field direction). First of all, the
energy gap increases with increasing field parallel to [001] as can be seen in
Fig. 4.12(a) on page 51 (field-dependent splitting of the energy levels). Thus, the
energy cost of a single tetrahedron is larger than in zero field. In Fig. 4.60(a),
this is indicated by a bold red arrow connecting two adjacent excited tetrahedra.
The monopole propagation via single spin flips is strongly suppressed due to the
external field. Upon the background of the non-degenerate field-induced ground
state, a propagating monopole leaves tetrahedra with an energetically unfavorable
spin configuration behind (red squares). As every propagation step costs an
additional amount of energy, the total energy cost increases with the distance of
the separated monopole/anti-monopole pair. As a consequence, monopoles and
corresponding anti-monopoles are strongly confined and, thus, the mobility of the
monopole excitations is suppressed.

Summarizing, the mobility of the (anti-) monopole excitations in the spin ice
strongly depends on the ground-state degeneracy. The mobility is maximum in
zero magnetic field where the ground-state degeneracy is maximum (6-fold). As
soon as the degeneracy is lifted (due to an external magnetic field), the monopoles
are confined and the mobility decreases. A detailed study of the dependence of
κ(B) on the ground-state degeneracy is presented in chapter 4.7.2.

In the following, the zero-field contribution κmag is extracted quantitatively.
As a magnetic field applied along the [001] direction lifts the ground-state degen-
eracy already for rather small magnetic fields, κmag is supposed to vanish entirely

119



4. Heat Transport in Spin Ice

0.0 0.5 1.0 1.5
0.4

0.6

0.8

1.0

   µ
0
(H-DM) (T)

(c) 0.8 K

 κ
/κ

0

 
0.4

0.6

0.8

1.0

(a) 4 K

 κ
/κ

0

 

0.0 0.5 1.0 1.5 2.0
0.4

0.6

0.8

1.0

(d) 0.4 K

 
0.4

0.6

0.8

1.0Dy
2
Ti

2
O

7

(b) 2 K

 

B || [001]

0.0 0.2 0.4 0.6

0.55

0.60

0.65

   µ
0
(H-DM) (T)

 κ
/κ

0

 

0.0 0.2 0.4 0.6

0.5

0.6

   µ
0
(H-DM) (T)

 κ
/κ

0

 

0.0 0.2 0.4 0.6
0.80

0.85

0.90

0.95

  µ
0
(H-DM) (T)

 κ
/κ

0

 

0.0 0.2 0.4 0.6
0.950

0.975

1.000

1.025

  µ
0
(H-DM) (T)

 κ
/κ

0

 

Figure 4.61: Comparison of the magnetic-field dependence of κ(B)/κ(0T) of
Dy2Ti2O7 for ~B || [001] and ~j || [11̄0] obtained from two different measurements
on two different samples (blue and purple symbols). The magnetic-field axes
have been corrected from demagnetization effects.
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for rather small fields. Therefore, this particular field direction is best suitable to
extract the zero-field contribution κmag. The field dependence of κ(B) for ~j || [11̄0]
and ~B || [001] has been measured in two different runs on two different samples.
In the first run, only the low-field region up to 0.5 T has been investigated. The
high-field data, measured in the second run, show a clear plateau around 1 T
where the magnetization is almost saturated at low-enough temperatures. The
low-field data end before reaching this plateau and, thus, decrease at least above
∼ 0.8K. Furthermore, the two measurement runs provide slightly different field
dependencies (Fig. 4.61). The κ(B) data of the first measurement run (purple
triangles) are slightly less suppressed compared to the κ(B) data obtained from
the second measurement run (blue circles).

As both κ(B) datasets show a slightly different behavior, one cannot apply
the same criteria to extract κmag. First, we consider the low-field data (purple
triangles). The low-field κ(B) data are not constant above the steplike decrease.
Therefore, one can obtain the phononic background κph by either taking the
κ value at the highest measured field (purple dotted line) or by extrapolating
the (linear) decrease backwards to zero field (purple dashed line). Obviously, the
extrapolation provides larger values of κph. The magnetic contribution κmag is
obtained by subtracting the κph value from the zero-field value κ(0 T). The high-
field data (blue circles) show a pronounced plateau around 1 T. Here, one can
identify κph as the plateau value in κ(B) (dotted blue line). As κ(B) very weakly
decreases within the plateau (not shown), one can extrapolate this decrease back
to zero field. This results in slightly larger κph values. Analogous to the low-field
data, κmag is obtained by subtracting κph from the zero-field data.

The resulting κmag is shown in Fig. 4.62(a) and (b) for the low- and the
high-field data, respectively. The open blue circles are obtained by subtracting
the temperature-dependent zero-field data from data measured at a constant
suitable magnetic field35. The red squares are obtained from field-dependent
measurements (Fig. 4.61) as explained in the previous paragraph. For the low-
field data, the open red squares represent the κmag data obtained by identifying
κph as the κ value at the highest measured field (0.5 T). In case of the closed
squares, κph is extracted by extrapolating back to 0 T. For the high-field data,
the open squares are obtained by identifying the plateau value as κph. The open
squares additionally take a slight decrease within the plateau into account.

Beside this, the κmag data obtained from the different approaches and for
the different samples are all very similar and show the same behavior. The
temperature dependent zero-field contribution κmag exhibits a maximum around
1.5 K, very close to that of cmag (Fig. 4.7 on page 45) and practically vanishes
above 4 K. The similarity of the magnetic specific heat cmag and the extracted
magnetic zero-field contribution κmag supports the interpretation of a magnetic
heat transport as discussed above.

350.5 T for the low-field data (Fig. 4.62(a)) and 1 T for the high-field data (Fig. 4.62(b)).
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Figure 4.62: (a) and (b): Temperature dependence of the zero-field magnetic
contribution κmag of Dy2Ti2O7 obtained from the low-field and the high-field
measurement, respectively. (c) and (d): Magnetic diffusion coefficient obtained
as the ratio of the corresponding κmag ((a) and (b)) and cmag [151] (Fig. 4.7
on page 45).

By means of κmag and the magnetic specific heat cmag, one can calculate the
magnetic diffusion coefficient

Dmag =
κmag

cmag

, (4.29)

which is shown in Fig. 4.62(c) and (d) (obtained from the corresponding κmag data
(a) and (b)). Above 1 K, the diffusion coefficient Dmag is only weakly temperature
dependent, but is strongly increased towards lower temperatures. This fits to the
qualitative expectation of a high monopole mobility by single spin flips on the
degenerate ground state. At low temperatures, the monopole excitations are
highly dilute, what can be demonstrated by numerical simulations (Figs. 4.21
and 4.24 on pages 64 and 68, respectively). This results in a large mean free
path and, hence, in a large diffusion coefficient. With increasing temperature,
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the number of monopoles increases and, thus, the diffusion coefficient is expected
to decrease. In the simplified model of single spin flips, this follows from the fact
that a monopole can pass an already excited tetrahedron (i.e. another (anti-)
monopole) only via simultaneous spin flips.

Within the kinetic gas theory, the diffusion coefficient is related via D = vℓ/3
with the mean velocity v and the mean free path ℓ of the particles. However,
this relation cannot be directly applied to the actual monopole gas in Dy2Ti2O7

for various reasons. First of all, the number of monopoles is not conserved and,
moreover, neither the (average) velocity of monopoles nor their interaction with
each other or with the phonon excitations is well understood up to now. Quite
recently, an expression for the monopole mobility in a (magnetic or electric) field
has been derived [134], but it is unclear whether this result can be related to
the experimental Dmag arising from a finite-temperature gradient in zero field.
Despite these uncertainties, a rough estimation of a mean free path is given
by assuming the monopole velocity to be v = teff/(~π/ad) ∼ 20m/s, which
results from the distance of neighboring tetrahedra ad = 4.34 Å and assuming
an effective bandwidth for monopole hopping teff to be of the order of 1 K. The
mean free path ℓ = 3Dmag/v linearly scales with Dmag(T ) and reaches the µm
range, i.e. ∼ 1000 unit cells for T < 0.7K, which may be understood from the low
monopole density. Moreover, we can estimate the scattering time τ = ℓ/v to be in
the µs range, in agreement with relaxation times observed by muon spin rotation
[3, 146, 147]. However, even around 2 K, ℓ is still of the order of ∼ 100 unit cells
although the mean monopole distance is of the order of ad. This suggests that
at least towards higher temperatures, more complex hopping models have to be
involved to describe κmag(T ).

Up to this point, only the zero-field contribution κmag has been discussed
(Fig. 4.62). In addition, one can extract the temperature dependence of κmag for
a constant magnetic field by subtracting the temperature dependence of κph from

the measured κ(T ) data for a constant magnetic field. The 0.5 T data ( ~B || [001])
is determined as κph.

36 Fig. 4.63 shows the temperature dependence of κmag

for various constant magnetic fields parallel to [001] between 0 T and 0.29 T.
The magnetic fields are corrected with respect to demagnetization effects. The
magnetic contribution κmag(T ) is suppressed with increasing ~B || [001], while the
curve shapes basically do not change. All curves have a maximum around ∼ 1.5T
which is suppressed with increasing field.

Analogously, one obtains the field dependence of κmag(B) at constant temper-
atures by subtracting the phononic contribution κph obtained from the plateau

value of the κ(B) data for ~B || [001]. The results are shown in Fig. 4.64 for dif-

36The temperature-dependent κ(T ) measurements at constant magnetic fields have been per-
formed during the first measurement run including only the low-field region below 0.5 T. Al-
though the κ(B) data did not reach the plateau value at 0.5 T (purple triangles in Fig. 4.61),
the 0.5 T curve of the same measurement run is chosen as the phononic reference for reasons
of consistency.
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Figure 4.63: Temperature dependence of κmag(T ) of Dy2Ti2O7 for various
constant magnetic fields between 0 T and 0.29 T applied along [001].

ferent field directions. The shown data have been measured with decreasing field
starting from high fields. As discussed in the previous chapters, these data are
supposed to be closer to equilibrium than the data measured with increasing
field. In the following, κmag(B) is discussed for the different field directions with
reference to the respective field-induced ground-state degeneracy.

4.7.2 Dependency on the Ground-State Degeneracy

In the previous chapter, the lifting of the ground-state degeneracy for a magnetic
field parallel to [001] was utilized to completely suppress the magnetic contribu-
tion κmag and, hence, to separate the magnetic from the phononic contribution of

the thermal conductivity. For ~B || [111], the field-induced ground-state degener-
acy is lifted not below 1 T. Within the Kagomé-ice phase below 1 T, the ground
state is 3-fold degenerate. For ~B || [110], the ground-state degeneracy is not lifted
(at least theoretically) up to arbitrary large fields. The ground state remains
2-fold degenerate. In this chapter, the correlation between κmag on the degree of
the ground-state degeneracy is studied.

Fig. 4.64 compares the field-dependencies of κmag of Dy2Ti2O7 for different

magnetic-field directions. Aside the data for ~j || ~B || [111] (brown squares), all
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Figure 4.64: Magnetic-field dependence of κmag(B) at various constant

temperatures between 0.4 K and 1 K. The κ(B) values for ~j || ~B || [111] are
scaled by 30% to match the zero-field data for ~j || [11̄0]. All data are measured
with decreasing field starting from high fields. Demagnetization effects have
been taken into account to rescale the magnetic-field axis.

datasets have been measured directing the heat current along the [11̄0] direction.

The differences between the ~B || [111] datasets (red diamonds and brown squares)
most likely originate from an inhomogeneous or misaligned magnetic field in the
data measured with ~j || [11̄0].

Here, the discussion is restricted to magnetic fields below 2 T. In this low-field
region, the field dependence of the phononic background κph is less pronounced
compared to the field dependence of κmag. Therefore, the reduction of κ(B) is
supposed to essentially originate from a reduction of κmag (Fig. 4.61 on page 120).
In Fig. 4.64, a clear dependence of κmag(B) on the ground-state degeneracy is
observed. In zero field, κmag is maximum as the ground-state degeneracy is

maximum (6-fold). For ~B || [001], κmag(B) vanishes above ∼ 0.5T (dependent on
temperature) as the ground-state degeneracy is lifted. This is not surprising as
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κph is determined from the ~B || [001] data.
For ~B || [110] (2-fold-degenerate ground state), κmag(B) remains finite up to

2 T. Above the sharp decline below ∼ 0.5T, κmag(B) decreases linearly with
increasing field. The slope of this decrease becomes smaller when lowering the
temperature. At 0.4 K, κmag(B) almost stays constant above 0.5 T. Below 0.6 K,

a difference is observed with respect to whether the heat current ~j is directed
along the α or the β chains. At 0.4 K, this difference is most pronounced. Here,
one can clearly see that the heat can be better transported parallel to the β chains
compared to the α chains. The heat transport parallel to the α chains will be
discussed in Sec. 4.7.4.

For ~B || [111], the field-induced ground-state degeneracy can be tuned by the
magnetic-field strength. The 6-fold-degenerate zero-field ground state changes
to a 3-fold-degenerate ground state for magnetic fields between ∼ 0.2T and 1 T
(Kagomé-ice phase). Above 1 T, the spin ice is fully polarized resulting in a non-
degenerate ground state consisting of alternating 3in-1out and 1in-3out tetrahe-
dra. Here, a 3in-1out tetrahedron is surrounded by four 1in-3out tetrahedra and
vice versa. Hence, above 1 T, the spin ice is full of (anti-) monopoles. However,
these monopoles are not free like it is the case for a sparse monopole gas as every
monopole is adjacent to an anti-monopole and vice versa, i.e. all monopoles are
localized. Within the Kagomé-ice phase (below 1 T, 3-fold degenerate ground

state), κmag(B) is even larger compared to the data for ~B || [110]. This observa-

tion holds for both heat-current directions (~j || [11̄0] and ~j || [111]). For the low-
est measured temperature of 0.4 K, the plateau-like feature is most pronounced,
i.e. κmag(B) and the magnetization M(B) almost remains constant within the
Kagomé-ice phase. At higher temperatures, the plateau features in κmag(B) and
M(B) are less pronounced and the step at 1 T starts to broaden. The values of

κmag for ~B || [111] are well above the data obtained from the other field directions.
Above 1 T, κmag(B) rapidly decreases towards zero (depending on temperature).
Above this phase transition, the ground-state degeneracy is lifted. Here again,
this feature is best observable at lowest temperatures (0.4 K), where also the
step-like increase of the magnetization data M(B) is most pronounced.

In sum, a correlation between κmag and the ground-state degeneracy is ob-
served for various magnetic-field directions. The data in Fig. 4.64 clearly shows
that κmag is larger the higher the field-induced ground-state degeneracy is.

4.7.3 Influence of Doping on the phononic Thermal Conductivity

In the previous chapters, the temperature range well below 5 K was investi-
gated. The thermal-conductivity data below 5 K give rise to the existence of
a magnetic contribution κmag. At higher temperatures (up to room tempera-
ture), the thermal conductivity of Dy2Ti2O7 and the related compounds Y2Ti2O7,
(Dy0.5Y0.5)2Ti2O7, and Dy2(Ti0.9Zr0.1)2O7 are supposed to be purely phononic.
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4.7 Discussion

Fig. 4.65 shows the thermal conductivity of the mother compound Dy2Ti2O7

together with the data for the non-magnetic reference system Y2Ti2O7 and the
Zr doped compound Dy2(Ti0.9Zr0.1)2O7. All datasets exhibit a maximum around
15 K, which is characteristic for Umklapp scattering. In Dy2(Ti0.9Zr0.1)2O7, κ(T )
resembles a glassy behavior as it is strongly suppressed compared to the data for
Dy2Ti2O7. Most likely, this originates from additional defect scattering on the
Zr ions which are much larger than the Ti ions. Around the maximum at 15 K,
the thermal conductivity of the non-magnetic Y2Ti2O7 is much larger compared
to Dy2Ti2O7.

The thermal conductivity of Y2Ti2O7 obviously is purely phononic. Be-
low ∼ 1K, Y2Ti2O7 and Dy2Ti2O7 provide comparable κ values, and Y2Ti2O7

shows the same power-law behavior as the zero-field phononic background of
Dy2Ti2O7 (Fig. 4.38 on page 83). One possible explanation for the differences
between Dy2Ti2O7 and Y2Ti2O7 at higher temperatures is an additional resonant
phonon scattering on the crystal-field excitations of the Dy ions in Dy2Ti2O7

(Eq. 2.11 on page 13).
In the following, the thermal conductivity data for Dy2Ti2O7, Y2Ti2O7 and

Dy2(Ti0.9Zr0.1)2O7 are analyzed above ∼ 5K by means of the Debye model
(Sec. 2.1.1). We start the analysis by performing a Deybe fit (Eq. 2.5 on page 11)
of the thermal conductivity for Y2Ti2O7. The best fit is obtained for parameters
shown in Tab. 4.1. The parameters L and ℓmin are determined manually and are
kept fix during the fit routine. The result is shown in Fig. 4.65 as a solid line.

In order to describe the thermal conductivity of Dy2Ti2O7, we account for
resonant phonon scattering on crystal-field excitations via the corresponding
scattering rate (Eq. 2.11 on page 13). The parameters obtained for Y2Ti2O7

(Tab. 4.1) are kept fix and we introduce two additional parameters R and the
crystal-field splitting ∆ = 280K [136]. The Dy2Ti2O7 data is best described
by R = 0.022 · 10−40 s3. Around the maximum at 15 K, the fit (solid line in
Fig. 4.65) well describes the experimental data for Dy2Ti2O7. At higher tem-
peratures, however, the Debye fit provides too small κ values. Note that above
∼ 100K, Dy2Ti2O7 has a larger thermal conductivity than Y2Ti2O7. Because
it is not possible to enhance κ(T ) by adding further scattering parameters, a
proper description of the Dy2Ti2O7 data above 100 K is prevented. One has
to keep in mind that there is only one single parameter R to describe the data
for Dy2Ti2O7 as all other parameters are determined from the previous fit for

v [103m/s] L [10−3m] P [10−43 s3] U [10−18 s] u Θ [K] ℓmin [10
−10m]

4.07 0.1 15.8 15.7 8.73 490 10

Table 4.1: Fit parameters of the Debye model (Eq. 2.5 on page 11) for
Y2Ti2O7 (Fig. 4.65).
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Figure 4.65: Thermal conductivity of Y2Ti2O7, Dy2Ti2O7, and
Dy2(Ti0.9Zr0.1)2O7 for ~j || [11̄0]. The solid lines are fits of the phononic thermal
conductivity using the Debye model.

Y2Ti2O7. Despite the discrepancies above ∼ 50K, the fits of the experimental
κ(T ) data of Dy2Ti2O7 yield at least qualitatively a well description by the Debye
model including resonant phonon scattering.

In a second step, we want to describe the data for Dy2(Ti0.9Zr0.1)2O7. As men-
tioned above, the Zr ions lead to additional defect scattering. Within the Debye
model, the parameter P accounts for defect scattering. Analogously to the previ-
ous paragraph, all parameters are kept fix and only the P parameter is adjusted.
The best coincidence with experimental data is achieved with P = 550 · 10−43 s3

(solid line in Fig. 4.65). Here also, beside slight deviations above ∼ 50T, the
experimental data is in principle well described by the Debye model.

In summary, we obtain a consistent picture of the different phononic con-
ductivities of Dy2Ti2O7, Y2Ti2O7, and Dy2(Ti0.9Zr0.1)2O7. Starting from the non-
magnetic Y2Ti2O7, the thermal conductivities of Dy2Ti2O7 and Dy2(Ti0.9Zr0.1)2O7

can be described by additional phonon scattering on crystal-field excitations and
enhanced defect scattering.
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4.7 Discussion

Figure 4.66: Pyrochlore lattice, consisting of alternating triangular (green)
and Kagomé (red) layers perpendicular to [111].

4.7.4 Open Questions

In the previous chapters, a variety of arguments for the existence of an additional
magnetic contribution κmag of the thermal conductivity upon the phononic back-
ground κph were introduced. However, at this moment, some issues are not well
understood and give rise to open questions.

The main problem is the lack of a microscopic model which is able to consis-
tently explain the field-dependent thermal-conductivity data including different
magnetic-field directions as well as different heat-current directions. In Sec. 4.7.1,
the reduction of κmag due to an external magnetic field parallel to [001] is de-
scribed by means of a microscopic model including monopole propagation via
single spin flips. For this particular field direction, all spins are affected equally
and, thus, no crystallographic direction is specified. Hence, one does not expect
to observe an anisotropy with respect to the heat-current direction. However,
the situation is different for a magnetic field parallel to [111] or [110]. These field
directions affect the spins unequally and, thus, break the cubic crystal symmetry.

First, the [111] field direction is discussed here. For ~B || [111], the spins within
the triangular planes, which separate the Kagomé planes (Fig. 4.66), are supposed

to be easily polarized parallel to ~B as their local easy axes are parallel to the ap-
plied field. Fig. 4.12(b) on page 51 shows the field-dependent energy splitting of
the different spin configurations for a single tetrahedron. In zero field, the ground
state consists of 6 equivalent 2in-2out configurations. Below 1 T, an applied field
~B || [111] partly lifts the degeneracy and results in a 3-fold degenerate ground
state. These 3 configurations have in common that the spin parallel to the exter-
nal field is polarized. The remaining three spins, which are affected equally, form
the Kagomé planes, and the polarized spins at the tips form the triangular planes

129



4. Heat Transport in Spin Ice

(Fig. 4.66). One has to keep in mind that the energy levels shown in Fig. 4.12 on
page 51 only reflect the situation in thermal equilibrium and do not make any as-
sertion about the change from one energy level to the other. The high degeneracy
of the ground state within the Kagomé-ice phase below 1 T can, indeed, explains
a high monopole mobility and fluctuations. However, restricting to single spin
flips (Sec. 4.7.1), one cannot explain how an excitation can propagate along the
[111] direction as it has to pass through a fully polarized triangular plane to reach
a neighboring Kagomé plane. Thus, regarding propagation only via single spin
flips, one would expect the thermal conductivity along the [111] direction to be
strongly suppressed within the Kagomé-ice phase resulting in κ values compara-
ble to the values for ~B || [001]. However, the experimental data for ~j || ~B || [111]
(Fig. 4.64) show the opposite behavior as κ(B) is enhanced within the Kagomé-
ice phase compared to other field directions and exhibits a sharp drop to a value
comparable to ~B || [001] when leaving the Kagomé-ice phase above 1 T. The fact

that for ~B || [111] the thermal conductivity along the [11̄0] direction (i.e. within
the Kagomé planes) is smaller than along the [111] direction (perpendicular to
the Kagomé planes) cannot be explained by such a microscopic model. However,
as discussed in Sec. 4.5.1, the lower κ values for ~j || [11̄0] most likely originate ei-
ther from a misaligned external field or from an inhomogeneous demagnetization
field.

The field direction parallel to [110] has a congeneric problem. This particu-
lar field direction splits the pyrochlore lattice into two disjunct subsystems, the
α chains (parallel to ~B) and the β chains (perpendicular to ~B). Again, regard-
ing only single spin flips one would expect the magnetic contribution κmag to be
completely suppressed along the α chains, whereas along the β chains, κmag is
supposed to be less affected or even completely unaffected. Here again, this con-
siderations do not match with the experimental results (Fig. 4.64). Above 0.8 K,
the κ(B) data along the α and β chains almost perfectly match each other. For
lower temperatures, one can observe the tendency that the thermal conductivity
along the β chains is slightly larger compared to the α chains. However, even at
lowest temperatures (0.4 K), the κ(B) values along the α chains are significantly

larger than the values obtained for ~B || [001] which are assumed to reflect the
phononic background κph.

The discrepancy between the microscopic model including only single spin
flips and experimental data show that this model is far too simple. First of all,
the restriction to single spin flips is not physically justified and one can certainly
extend the model by allowing simultaneous spin flips. The more crucial point is
that the microscopic model of propagating excitations via (single or simultaneous)
spin flips only accounts for nearest-neighbor interaction. However, numerical
simulations of the dipolar spin ice (introduced in Sec. 4.2.2) very clearly show
that the restriction to nearest-neighbor interaction provides only a very rough
approximation. Fig. 4.17 on page 58 nicely illustrates that the interaction of
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(a) (b)

Figure 4.67: (a) Alternating Kagomé and triangular planes perpendicular to
~B || [111]. Panel (b) shows the plane perpendicular to [110]. The black circles
illustrate the α or β chains, depending on the actual field direction. The
blue circles illustrate spheres (surrounding a center Dy ion) with a determined
number of neighboring Dy ions.

each Dy ion with more than 100 next located surrounding Dy ions needs to be
involved for a reasonable quantitative description of the magnetic spin-ice system.
This corresponds to a sphere with a radius three times larger than the nearest-
neighbor distance rnn of two Dy ions.

Fig. 4.67(a) schematically shows the alternating Kagomé and triangular planes
for a field direction parallel to [111]. Two neighboring Kagomé planes have a
distance of ∼ 1.64 rnn. The different blue circles depict spheres (surrounding a
Dy ion) containing a certain number of neighboring Dy ions. This illustrates the
influence of the long-range dipolar interaction depending on the number of con-
sidered neighbors (Sec. 4.2.2). For nearest-neighbor interaction only (n = 6), two
neighboring Kagomé planes do not affect each other. However, taking the next
18 spins into account, the spins of one Kagomé plane interact with the neighbor-
ing Kagomé plane. And, if one takes even the next 126 spins into account, each
Kagomé plane interacts not only with the neighboring two but altogether with 4
other Kagomé planes.

For ~B || [110], the situation is very similar. Fig. 4.67(b) shows the α or β chains
depending on the field direction. In the case of nearest-neighbor interaction
(n = 6), two neighboring chains do not affect each other. However, one can
clearly see that taking more spins into account, several neighboring chains are
affected due to the long-range interaction. For n = 222, altogether 18 chains
cross the corresponding sphere and, thus, have to be taken into account.

The correlations of different Kagomé planes and different β chains show that
it is in principle possible that a magnetic excitation can propagate from a Kagomé
plane to the other and from a β chain to the other. However, a consistent theory
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which is able to describe such dynamics is still missing.
A fundamentally alternative approach to interpret the experimental data is

to analyze the field dependence κ(B) by means of phonon scattering on magnetic
excitations (monopoles). Such an approach has been proposed by B. Klemke
[6, 121], who studied the thermal conductivity along the [110] direction parallel
to the external magnetic field with field strengths up to 1.5 T, i.e. the heat current
is directed along the α chains.

The data presented here do not support such an interpretation for several rea-
sons. For example, the field dependence for ~B || [001] is not explainable by means
of phonon scattering on magnetic excitations. For this particular field direction,
the magnetic excitations are completely suppressed by the external field. Thus,
one would expect the phononic thermal conductivity to increase with increasing
field. This is contrary to the κ(B) data for ~B || [001] presented here which rapidly
decrease below 0.5 T. Furthermore, the tendency of the thermal conductivity to
be larger the higher the ground-state degeneracy is (Sec. 4.7.2) cannot be ex-
plained by phonon scattering. In particular, the enhanced thermal conductivity
for ~B || [111] around the transition at 1 T, where the monopole density is strongly
increased, is in contradiction to phonon scattering on monopoles as one would ex-
pect the thermal conductivity to be suppressed rather than enhanced. Moreover,
the field dependence of κ(B) of Dy2(Ti0.9Zr0.1)2O7 is not explainable by phonon
scattering on magnetic excitations. As the zero-field κ data of Dy2(Ti0.9Zr0.1)2O7

are well below the data for Dy2Ti2O7, the additional defect scattering is certainly
the dominant scattering process. Hence, one cannot explain why κ(B) further
decreases when increasing the magnetic field.

Summarizing, the κ data presented in this thesis give rise to a magnetic
contribution κmag rather than to phonon scattering on magnetic excitations as
proposed by B. Klemke.

4.7.5 Conclusion

In conclusion, the thermal-conductivity data of Dy2Ti2O7 give evidence for a
magnetic contribution κmag on top of a phononic background κph. The tem-
perature dependence of κmag in zero field qualitatively resembles the magnetic
specific heat cmag with a maximum around 1.5 K. The additional contribution
κmag strongly depends on the magnitude and direction of the external magnetic
field. A qualitative interpretation of the thermal-conductivity data is given by
a microscopic model including magnetic excitations (magnetic monopoles) which
can propagate via single spin flips. The ability to propagate strongly depends on
the degeneracy of the (field-induced) ground state. In zero field, the degeneracy is
maximum (6-fold, within the single-tetrahedron approximation) and, hence, the
thermal conductivity is maximum in the absence of an external magnetic field.
Within this chapter, three different field directions were investigated leading to
three different field-induced ground states with different degrees of degeneracy.
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For ~B || [001], the field-induced ground state is non degenerate and, thus,
κmag is completely suppressed. Hence, this field direction is best suitable for a
quantitative extraction of κmag assuming the total thermal conductivity to be
composed of magnetic and phononic contribution. The decrease of κ(B) directly
correlates with the increase of the magnetization M(B) parallel to [001], which
(for not too small fields) correlates with the population of the field-induced ground
state.

The field direction parallel to [111] exhibits the peculiarity that one can tune
the degree of degeneracy by means of the magnetic-field strength. The 6-fold
degenerate zero-field ground state changes into a 3-fold degenerate field-induced
ground state for magnetic fields below 1 T (Kagomé-ice state). Above the tran-
sition at 1 T, the ground-state degeneracy is lifted.

For the [110] field direction, the ground-state degeneracy cannot be entirely
lifted by the magnetic field. It remains 2-fold degenerate even for a large magnetic
field. This field direction divides the spins into α and β chains (parallel and

perpendicular to ~B, respectively). The spins of the β chains are perpendicular to
~B and are, thus, not affected by the magnetic field. For very low temperatures,
the thermal conductivity parallel to the β chains is larger than parallel to the
α chains. For all introduced field directions, one can clearly observe a correlation
of field-induced ground-state degeneracy and magnetic thermal conductivity κmag.

In the high-field region up to 7 T, the phononic background κph also shows
a field dependence which is anisotropic with respect to the field direction. For
~B || [001] and ~B || [111], the field-induced length change (magnetostriction) in-
dicates a lattice distortion due to torques of the Dy ions originating from the
external magnetic field. These field-induced lattice distortions are a possible
explanation for the emerge of a field dependence of the phononic background
κph. For ~B || [110], unfortunately, magnetostriction measurements cannot be per-
formed with our setup due to a tilting of the entire sample.

Furthermore, by means of the doped compounds (Dy0.5Y0.5)2Ti2O7, as well as
Dy2(Ti0.9Zr0.1)2O7, it is possible to suppress either the magnetic or the phononic
contribution of κ, respectively. In (Dy0.5Y0.5)2Ti2O7, every second Dy ion is re-
placed by a non-magnetic Y ion resulting in strongly suppressed spin-ice features
(Sec. 4.2.2). The (Dy0.5Y0.5)2Ti2O7 data clearly resembles the high-field data of
Dy2Ti2O7 for all considered field directions and, thus, supports the interpretation
that the high-field data of Dy2Ti2O7 essentially reflects the phononic background
κph. In Dy2(Ti0.9Zr0.1)2O7, 10% of the Ti ions are replaced by much larger Zr ions.
This substitution results in a strongly enhanced defect scattering of phonons and,
thus, suppresses the phononic thermal conductivity by essentially conserving the
magnetic properties, in particular, the magnetic contribution κmag. The absolute
reduction of κ as a function of the magnetic field is comparable to the reduction
for Dy2Ti2O7 whereas the phononic background of Dy2(Ti0.9Zr0.1)2O7 at high
fields is almost field independent above saturation of magnetization and is, in
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particular, much smaller than for Dy2Ti2O7. This is an additional strong sup-
port for the presence of a magnetic contribution κmag as discussed above.
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5 Thermal Conductivity in low-dimensional Spin

Systems

In this chapter, the thermal-transport properties of spin-chain compounds of the
AM2V2O8 type are studied, where A is an alkaline-earth metal and M is a tran-
sition metal. Here, BaCo2V2O8 and two doped compounds (Ba0.9Sr0.1)Co2V2O8

and Ba(Co0.95Mg0.05)2V2O8, as well as BaMn2V2O8 are discussed. These iso-
structural compounds realize two different spin-chain types. BaCo2V2O8 is an
Ising-like effective spin-1/2 chain with strongly anisotropic magnetic properties.
BaMn2V2O8 is a realization of an isotropic Heisenberg spin-5/2 chain.

Different low-dimensional spin systems (chains, ladders, and 2D square lat-
tices) realize different ground states (cf. Sec. 2.1.5). In the context of low-
dimensional spin systems, the question arises whether the magnetic elementary
excitations contribute to the heat transport or if the thermal conductivity is of
purely phononic origin. This issue will be discussed in the following.

5.1 Ising-Type Cobalt Spin Chains

In the first part, the heat transport mechanisms are studied by measurements
of the thermal conductivity of BaCo2V2O8 parallel (κ||) and perpendicular
(κ⊥) to the chains. To analyze different contributions of κ, the thermal-
conductivity measurements of two doped compounds, (Ba0.9Sr0.1)Co2V2O8 and
Ba(Co0.95Mg0.05)2V2O8 are discussed.

Replacing 10% of the Ba ions by much smaller Sr ions allows to manipulate
the non-magnetic subsystem of the mother compound BaCo2V2O8. The Sr ions
act as lattice defects, which are supposed to affect the phononic properties. The
additional defect sites increase phonon scattering and, thus, reduce the phononic
thermal conductivity. It turned out that the magnetic system is hardly affected
by 10% Sr doping [172, 173].

In the case of Ba(Co0.95Mg0.05)2V2O8, 5% of the magnetic Co ions are replaced
by non-magnetic Mg ions. By means of this doping, one can manipulate the
magnetic system by creating defect sites inside the chains, i.e. the spin chains are
cut into finite chain segments. The idea here is to mainly influence the magnetic
properties. In Refs. [172, 173], it has been shown that doping with 5% Mg,
indeed, influences the magnetic properties. For example, the Néel temperature
is suppressed and shows a different field dependence compared to BaCo2V2O8.

In the second part, the influence of an external magnetic field on the thermal
conductivity of BaCo2V2O8 is discussed for the low-temperature regime below
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Figure 5.1: Single crystals of (a) BaCo2V2O8 and (b) (Ba0.9Sr0.1)Co2V2O8

with sample heaters on top and contacted wires for thermal-conductivity mea-
surements along [110] and [001], respectively.

∼ 6K and for different magnetic-field directions.

5.1.1 Samples

Single crystals of BaCo2V2O8 and the related compounds (Ba0.9Sr0.1)Co2V2O8

and Ba(Co0.95Mg0.05)2V2O8 were grown by S. Niesen during her diploma-
and PhD theses [172, 174].37 All compounds are dark-green single crystals.
The thermal-conductivity measurements of BaCo2V2O8, (Ba0.9Sr0.1)Co2V2O8,
and Ba(Co0.95Mg0.05)2V2O8 parallel (κ||) and perpendicular (κ⊥) to the spin
chains were performed on bar-shaped single crystals (for details see Tab. 5.1).
Figs. 5.1(a) and (b) show photographs of a BaCo2V2O8 and a (Ba0.9Sr0.1)Co2V2O8

single crystal, respectively, with wiring for thermal-transport measurements.

For (Ba0.9Sr0.1)Co2V2O8 and Ba(Co0.95Mg0.05)2V2O8, κ|| and κ⊥ have been
measured on different samples with the long edge parallel the the heat-current
direction. However, only one single crystal of BaCo2V2O8 was available. Hence,
both measurements (κ|| and κ⊥) were performed on the same single crystal
(Tab. 5.1). The measurement of κ⊥ on this particular sample geometry exhibits
several difficulties. Firstly, the sample is thicker than long. Hence, to ensure
a homogeneous temperature gradient, all contacts have to be attached exactly
parallel to each other and to the sample edges. Secondly, the sample is rather
short in heat-current direction. Hence, the attached cables and the sample heater
are short of space (Fig. 5.1(a)).

37Details of the growth behavior of BaCo2V2O8 can also be found in [175, 176].
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compound measurements sample shape sample size

BaCo2V2O8 κ|| and κ⊥ rectangular 1× 1× 2.1mm3

(long edge || c)
(Ba0.9Sr0.1)Co2V2O8 κ|| rectangular 1× 1× 3mm3

(long edge || c)
(Ba0.9Sr0.1)Co2V2O8 κ⊥ rectangular 1× 1× 3mm3

(long edge || a)
Ba(Co0.95Mg0.05)2V2O8 κ|| rectangular 1× 1× 2mm3

(long edge || c)
Ba(Co0.95Mg0.05)2V2O8 κ⊥ rectangular 1× 2× 5mm3

(long edge || a)

Table 5.1: Samples used for thermal-conductivity measurements of
BaCo2V2O8 and the doped compounds.

5.1.2 BaCo2V2O8

Crystal Structure and Characterization

Here, a brief introduction in the crystal structure and the magnetic properties
of BaCo2V2O8 is given. A more detailed introduction can be found in Refs. [172–
174].

BaCo2V2O8 crystallizes in a tetragonal structure with the lattice constants
a = 12.444 Å and c = 8.415 Å [177].38 The rather large unit cell contains 8 formula
units. The magnetic Co2+ ions are octahedrally surrounded by six O2− ions.
The CoO6 octahedra are edge shared and form Co screw chains (Fig. 5.2). One
unit cell contains two spin chains with different helicity which are separated by
Ba2+ ions and VO4 tetrahedra. The superexchange between the Co ions leads
to an antiferromagnetic coupling. Due to inter-chain couplings, the magnetic
system enters a 3D order below the Néel temperature TN ∼ 5.5K [176, 179]. For
~B || c, an incommensurate ordering is realized above 4 T at very low temperatures
[180, 181]. The CoO6 octahedra are compressed along the [001] direction. This
results in a magnetic anisotropy with an easy axis of the Co spins parallel to [001].
Hence, BaCo2V2O8 is a realization of an Ising-type effective spin-1/2 chain.39

The magnetic system in BaCo2V2O8 can be described by the nearest-neighbor

38Slightly different lattice constants were published in Ref. [178].
39Co2+ has a spin of s = 3/2 and an effective orbital moment of l̃ = 1. The ground state is
formed by the j̃ = s− l̃ = 1/2 doublet. A detailed introduction into the different spin states of
Co can be found in Ref. [182].
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Figure 5.2: Crystal structure of BaCo2V2O8 (from Ref. [172]).

Figure 5.3: Magnetization of BaCo2V2O8 for (a) ~B || [001] and (b) ~B ⊥ [001]
(taken from [7]).
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Figure 5.4: Anisotropic magnetic susceptibility of BaCo2V2O8 within the
ab plane [172].

S = 1/2 1D XXZ model [7, 183]

H = J
∑

i

[Si,zSi+1,z + ǫ(Si,xSi+1,x + Si,ySi+1,y)] + gµBH
∑

i

Si (5.1)

with exchange coupling J = 65K and anisotropy parameter ǫ = 0.46. These
parameters result from applying the XXZ-model (Eq. 5.1) on the low-temperature
magnetization data (Fig. 5.3), which show a clear anisotropy with respect to the

magnetic-field direction. The saturation fields are ∼ 23T and∼ 41T for ~B || [001]
and ~B ⊥ [001], respectively. This anisotropy has also been reported in [179, 184].

An additional anisotropy within the ab plane has been observed in Ref. [174]
and is analyzed in detail in Refs. [172–174]. Fig. 5.4 shows the susceptibility

of BaCo2V2O8 for ~B || [110] and ~B || [100]. The data show a sharp anomaly at
the ordering temperature TN, which shifts towards lower temperatures with in-
creasing field. The field dependence of TN is strongly anisotropic with respect
to the considered field direction perpendicular to [001]. For ~B || [100], TN can

be completely suppressed by a field of 10 T, whereas for ~B || [110], TN is only
slightly reduced for 10 T. The anisotropy within the ab plane can be explained
by an orthorhombic distortion which originates from a frustration of the mag-
netic structure [185–187]. In Fig. 5.3(b), the actual field direction perpendicular
to [001] is not specified. The critical fields obtained from Fig. 5.3(b) suggest that
the magnetic field was applied parallel to the [110] direction.

The anisotropy with respect to the field direction perpendicular to [001] is also
observed in the thermal-conductivity data presented in the following section.
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Figure 5.5: High-temperature anisotropy of κ||(T ) (red squares) and
κ⊥(T ) (green circles) for BaCo2V2O8. Below TN, κ(T ) is isotropic, i.e.

κ||(T ) = κ⊥(T ) (inset). For temperatures above TN, κ||(T ) is significantly
larger than κ⊥(T ). The blue triangles depict the difference ∆κ = κ|| − κ⊥.

5.2 Thermal Conductivity of BaCo2V2O8

Very recently, thermal-conductivity data of BaCo2V2O8 have been published
[188]. The data presented in this thesis are very similar and essentially show
the same features. The authors of Ref. [188] interpret the thermal conductiv-
ity of BaCo2V2O8 to be of phononic origin rather than containing a magnetic
contribution.

5.2.1 Zero-Field Thermal Conductivity

The zero-field thermal conductivity of BaCo2V2O8 parallel (κ||) and perpendicu-
lar (κ⊥) to the spin chains is illustrated in Fig. 5.5 up to room temperature. As
illustrated in the inset of Fig. 5.5, and in more detail in the following section,
the thermal conductivity is isotropic with respect to the heat current direction
(i.e. κ|| = κ⊥) within the Néel phase. Above TN, however, κ|| is significantly
larger than κ⊥. Both datasets exhibit a pronounced maximum around ∼ 40K
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Figure 5.6: Specific heat of BaCo2V2O8 together with the non-magnetic
reference BaMg2V2O8 (from [174]). The red closed squares depict the c/T data
of BaMg2V2O8 with a rescaled temperature. The inset (a) shows the magnetic
specific heat cmag of BaCo2V2O8, and (b) shows the magnetic entropy Smag

obtained from cmag.

and decrease at higher temperatures. The origin of the isotropy of κ within the
ordered phase is unclear as the crystal structure and the magnetic properties are
both anisotropic.

The question arises whether the thermal conductivity of BaCo2V2O8 contains
a magnetic contribution or if it is of purely phononic origin. This cannot be
answered conclusively by means of the measured data. Therefore, both scenarios
are discussed in the following.

A putative magnetic contribution κmag would be expected to be anisotropic
with respect to the heat current direction, i.e. κ|| would be expected to be larger
than κ⊥. As illustrated in Fig. 5.5, this is, indeed, the case for temperatures
above TN. The blue triangles depict the difference ∆κ = κ||−κ⊥. This candidate
for κmag has a broad maximum around 45 K, close to the maxima of κ||(T ) and
κ⊥(T ).

For the further discussion of κ, first, we consider the magnetic specific heat
cmag of BaCo2V2O8. The measured specific heat c/T of BaCo2V2O8 together with
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Figure 5.7: Fits of the phononic thermal conductivity of BaCo2V2O8 by
means of the Debye model (Eq. 2.5 on page 11). The solid lines are obtained
by restricting the fits to the low- and the high-temperature region (see text).
The dashed lines account for phonon scattering on magnetic excitations around
the ordering temperature TN.

the specific heat of the non-magnetic reference compound BaMg2V2O8 is shown
in Fig. 5.6.40 The open circles and squares depict the c/T data of BaCo2V2O8

and BaMg2V2O8, respectively. The closed red squares show the c/T data of
BaMg2V2O8 where the temperature axis is scaled by a factor of 0.84 to match
the high-temperature data of BaCo2V2O8. The specific heat of BaCo2V2O8

shows a sharp maximum at the ordering transition TN, which is absent in the
BaMg2V2O8 data. The magnetic specific heat is obtained by subtracting the
phononic data of the non-magnetic reference compound BaMg2V2O8 from the
BaCo2V2O8 data. The inset (a) shows the resulting cmag per Co ion. Beside the
sharp ordering peak, cmag exhibits a broad maximum around 18 K. The corre-
sponding magnetic entropy Smag, shown in the inset (b), saturates above ∼ 40K.
The saturation value is smaller compared to the theoretical value of R ln 2 for a
spin-1/2 system. However, one has to keep in mind that the phononic reference
has been measured on a polycrystalline sample and the temperature axis had to
be rescaled. One can increase the magnetic entropy by choosing a larger scaling
factor for the rescaling of the temperature axis. As a consequence, however, the
entropy would further increase above room temperature. In the following, the
extracted magnetic specific heat is used for qualitative discussions.

Compared the the putative magnetic contribution ∆κ, the magnetic specific

40The specific-heat data for BaMg2V2O8 have been measured on a polycrystalline sample.
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5.2 Thermal Conductivity of BaCo2V2O8

v [103m/s] L [10−3m] P [10−43 s3] U [10−18 s]

6.095 1 17.77 0.9975 / 1.9

u Θ [K] ℓmin [10
−10m] M [10−41m3s3/KJ]

3.206 145.7 10 (0.021)

Table 5.2: Fit parameters of the Debye model for BaCo2V2O8 (Fig. 5.7). All
parameters are equal for κ||(T ) and κ⊥(T ), except U , where the first value
corresponds to κ||, and the second to κ⊥.

heat cmag has a maximum at a far lower temperature. However, one would as-
sume κmag to have a maximum at a comparable temperature as cmag. This is no
recommendation for a magnetic heat transport in BaCo2V2O8.

An alternative analysis of κ(T ) makes use of phonon scattering on magnetic
excitations around the ordering temperature TN [24]. The anisotropic thermal
conductivity of BaCo2V2O8 is supposed to be purely phononic. Within the Debye
model (Eq. 2.5 on page 11), scattering of phonons on magnetic excitations can
be included by a scattering term which is proportional to the magnetic specific
heat (Eq. 2.12 on page 13).

At the first step, the phononic thermal conductivity calculated via Eq. (2.5)
on page 11 is fitted to the measured data of κ||(T ) and κ⊥(T ). These fits are
obtained by only considering the low-temperature region below ∼ 3K and the
high-temperature region above ∼ 50K, leaving out the region around TN. The
obtained fit parameters are summarized in Tab. 5.2.41 The results of the phonon
fits without scattering on magnetic excitations are shown in Fig. 5.7 as solid lines
for κ|| and κ⊥.

To account for magnetic scattering, the corresponding scattering term
(Eq. 2.12 on page 13) is included into the calculations of the phononic ther-
mal conductivity. This temperature-dependent scattering term is proportional
to cmag(T ). Here, we restrict the additional scattering term to the temperature
region around TN as the dip in the κ(T ) data at TN is assumed to originate
from the sharp peak in cmag(T ). For the calculations of the phononic thermal
conductivity, the peak in cmag(T ) is extracted by subtracting an underlying linear
background (not shown).

For the phonon fits accounting for additional magnetic scattering the pre-
viously obtained parameters are all preserved (Tab. 5.2). The new parameter
in Eq. (2.12) on page 13 has been fitted to R = 0.021 (cf. Tab. 5.2). The re-
sulting phonon fits including magnetic scattering are depicted as dashed black

41Some parameters have been determined manually and are, thus, kept fix during the fit, namely
L = 1 and ℓ = 10. For the fit of κ⊥(T ), also U = 1.9 is manually set. For the fit without
magnetic scattering, the corresponding parameter M is set to zero.

143



5. Thermal Conductivity in low-dimensional Spin Systems

lines around TN in Fig. 5.7 for κ|| and κ⊥. Around TN, the data for κ||(T ) and
κ⊥(T ) can be qualitatively described by the Debye model including scattering on
magnetic excitations around the transition temperature TN. The peak in cmag(T )
results in a sharp dip in the calculated phononic thermal-conductivity data, com-
parable to the dip observed in the experimental data. Above TN, it is not possible
to describe the experimental data by means of this scattering rate as the T 2 de-
pendence of the scattering term would cause a very strong suppression of κph for
T > TN.

5.2.2 Field-dependent Thermal Conductivity

The thermal conductivity of BaCo2V2O8 has been measured parallel and perpen-
dicular to the spin chains (κ|| and κ⊥) for the field directions [001], [100], and
[110].

Fig. 5.8 displays κ||(T ) and κ⊥(T ) of BaCo2V2O8 for a magnetic field along
the [001] direction (parallel to the spin chains). Below 3.8 T, the κ||(T ) data
(Fig. 5.8(a)) show a very similar behavior as κ⊥(T ) (Fig. 5.8(d)) at low tem-
peratures. The direct comparison on Fig. 5.8(g) very clearly illustrates that the
thermal conductivity is isotropic within the ordered phase below TN. In both
cases, κ(T ) exhibits a sharp dip at the Néel temperature and is enhanced below
TN. The ordering temperature TN decreases with increasing magnetic field. In
addition, the maximum below TN is strongly suppressed by the magnetic field.
Above 3.8 T, κ(T ) shows no anomaly down to lowest temperatures.

The isotropy of κ within the Néel phase can also be observed in magnetic-field-
dependent measurements at constant temperatures (Figs. 5.9(d)-(f)). Figs. 5.9(a)-
(c) show κ||(B) at temperatures between 0.4 K and 8.14 K. A sharp anomaly is
observed at the field-induced ordering transition. Figs. 5.9(d)-(f) illustrate the
comparison between κ||(B) and κ⊥(B) at 0.6 K, 1.3 K, and 3.3 K, respectively.
One can clearly see that κ(B) is isotropic below a critical field which decreases
with increasing temperature. In addition, one can observe that the transition
changes from a sharp step at 0.6 K to a kink above 1.3 K. This correlates with
observations made in Ref. [172, 185] that the phase transition below 1.3 K is a
first-order transition, whereas for higher temperatures, the transition becomes of
second order.

The observed phase transitions are illustrated in the phase diagram presented
in Fig. 5.10. Similar phase diagrams have been published in [180, 181, 189–
191]. The phase boundaries in Fig. 5.10 are obtained from magnetization-,
magnetostriction-, and thermal-expansion measurements [172–174]. The anoma-
lies observed in thermal conductivity very well match the phase boundary defining
the Néel phase. The other phase boundary in Fig. 5.10, however, is not observed
neither in κ|| nor in κ⊥.

As shown in Fig. 5.4 on page 139, BaCo2V2O8 exhibits a magnetic anisotropy
within the ab plane. The thermal-conductivity data for ~B || [100] are presented
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Figure 5.8: Temperature dependence of the thermal conductivity of
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chains for ~B || [001]. Panel (g) shows the direct comparison between κ||(T )
and κ⊥(T ) below 8 K on a linear scale.
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Figure 5.10: Phase diagrams of BaCo2V2O8 for ~B || [001]. The circles
are obtained from literature data obtained from magnetostriction-, thermal-
expansion-, and magnetization data (from [172–174]).

in Fig. 5.11. The data for a field direction parallel to [110] will be presented

afterwards. Analogous to the situation for ~B || [001], the thermal conductivity
parallel and perpendicular to the spin chains are very similar42 (Fig. 5.11(e)).
Below the anomaly at TN, which is observed for both heat-current directions,
κ||(T ) and κ⊥(T ) very well match each other. The anomaly at TN shifts to lower
temperatures with increasing field and vanishes above ∼ 10T. In addition, the
maximum in κ(T ) below the anomaly is strongly suppressed for an increasing
field up to 10 T. Above 10 T, the thermal conductivity in the region below
10 K again increases and forms a new maximum. The field-induced anomaly
for ~B || [100] can be clearly observed in the field-dependence of κ(B). Fig. 5.12
shows the relative reduction of κ||(B) at temperatures between 0.3 K and 4 K.
κ(B) strongly decreases with increasing field up to a critical field. Above this
critical field, κ(B) again increases. The minimum of κ(B) around the anomaly is
rather broad at 4 K and sharpens at lower temperatures. At 0.3 K, κ(B) has a
very sharp dip around the critical field of ∼ 10T, encompassed by two maxima.
Fig. 5.12(d) illustrates the isotropy of κ(B). At 0.6 K, κ||(B) and κ⊥(B) are very

42The κ||(T ) and κ⊥(T ) data have been scaled by 3.2% and −3.3%, respectively, to adjust the

zero-field data to the corresponding zero-field data obtained for ~B || [001].
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Figure 5.11: Temperature dependence of the thermal conductivity of
BaCo2V2O8 (a)-(b) parallel (κ||) and (c)-(d) perpendicular (κ⊥) to the spin

chains for ~B || [100]. Panel (e) shows the direct comparison between κ||(T )
and κ⊥(T ) below 8 K on a linear scale. The κ⊥(T ) data are measured at 3%
smaller magnetic fields than the κ||(T ) data.
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Figure 5.13: Phase diagram of BaCo2V2O8 for ~B ⊥ [001]. The circles
are obtained from literature data obtained from magnetostriction-, thermal-
expansion-, and magnetization data (from [172–174]).

similar. Both data show a sharp minimum around 10 T, where the minimum of
the κ⊥ data appears at a slightly lower field compared to the κ|| data.

The anomalies observed in κ(T ) and κ(B) coincide with anomalies observed
in magnetostriction-, thermal-expansion-, and magnetization data [172–174]
(Fig. 5.13(a)). The κ||(B) data exhibit slightly larger critical fields than κ⊥(B).
This probably originates from a slight misalignment of the external magnetic
field.

As illustrated in the phase diagram for ~B || [110] (Fig. 5.13 (b)), κ|| and κ⊥
exhibit anomalies at the same critical temperatures and fields as magnetization-,
magnetostriction-, and thermal-expansion measurements presented in [172–174].

Fig. 5.14 shows κ||(T ) and κ⊥(T ) of BaCo2V2O8 for ~B || [110]. Below 4 T, κ||(T )
and κ⊥(T ) match each other within the ordered phase.43 Above 4 T, however,
the curves for the different heat-current directions deviate. At 14 T, κ||(T ) shows
a clear kink at ∼ 4K, whereas κ⊥(T ) has no prominent feature and is strongly
suppressed below 4 K compared to κ||(T ). Despite this, one can clearly observe
that the anomaly at the Néel temperature shifts towards lower temperatures and
the maximum below TN is suppressed when increasing the magnetic field. This
behavior is very similar to the other field directions but less pronounced.

43Analogously to ~B || [100], the κ||(T ) and κ⊥(T ) data have been scaled by 3.7% and −6.9%,

respectively, to adjust the zero-field data to the zero-field data obtained for ~B || [001].
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The inset shows an enlargement of the low-temperature region around TN.

5.3 Thermal Conductivity of (Ba0.9Sr0.1)Co2V2O8

In (Ba0.9Sr0.1)Co2V2O8, 10% of the Ba ions are replaced by smaller Sr ions. In
Refs. [172, 173], it has been shown that the ordering temperature is practically
unaffected in zero field. This indicates that the magnetic properties are essen-
tially preserved.44 Due to additional phonon scattering on the Sr ions, one ex-
pects the phononic thermal conductivity to be suppressed in comparison to the
undoped mother compound BaCo2V2O8. Fig. 5.15 shows κ||(T ) and κ⊥(T ) of
(Ba0.9Sr0.1)Co2V2O8 for zero-field up to room temperature. Both, κ|| and κ⊥ are
suppressed in the whole temperature range up to room temperature compared to
BaCo2V2O8 (Fig. 5.5 on page 140). For both heat current directions, the κ data
exhibit a broad maximum around ∼ 40K.

The inset of Fig. 5.15 shows the low-temperature region. At the Néel tem-
perature TN = 5.5 K, a sharp anomaly is observed. As mentioned above, the
ordering temperature has not been affected compared to BaCo2V2O8.

Analogous to the κ data of BaCo2V2O8, the thermal conductivity of the doped

44The undoped compounds BaCo2V2O8 and SrCo2V2O8 have similar magnetic properties with
comparable Néel temperatures [192–195].
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compound (Ba0.9Sr0.1)Co2V2O8 is isotropic within the ordered phase below TN.
Compared to BaCo2V2O8, however, the absolute values below TN are suppressed
by a factor of ∼ 4. Above TN, κ is anisotropic, i.e. κ|| > κ⊥. The difference
∆κ = κ|| − κ⊥ (blue triangles in Fig. 5.15) has a shape similar to ∆κ obtained
for BaCo2V2O8. The absolute values, however, are reduced by a factor of ∼ 2.
Hence, compared to BaCo2V2O8 the difference ∆κ scales in a similar way as
κ|| and κ⊥ do. The reduction of ∆κ for (Ba0.9Sr0.1)Co2V2O8 is an argument
against the presence of a magnetic contribution κmag. As the magnetic system
in (Ba0.9Sr0.1)Co2V2O8 is hardly changed compared to BaCo2V2O8, one would
expect a putative magnetic contribution κmag to be essentially conserved despite
the Sr doping.

5.4 Thermal Conductivity of Ba(Co0.95Mg0.05)2V2O8

In Ba(Co0.95Mg0.05)2V2O8, 5% of the magnetic Co ions are replaced by non-
magnetic Mg ions. This substitution causes non-magnetic defects within the
Co chains and, hence, splits the Co chains into finite chain segments. This sub-
stitution is expected to have a significant influence on the magnetic system. The
ordering temperature is slightly shifted down to 3.9 K, compared to BaCo2V2O8

(Fig. 5.5 on page 140) and to (Ba0.9Sr0.1)Co2V2O8 (Fig. 5.15).

5.4.1 Zero-Field Thermal Conductivity

Fig. 5.16 shows κ||(T ) and κ⊥(T ) of Ba(Co0.95Mg0.05)2V2O8 for zero-field up to
room temperature. Above TN, κ||(T ) and κ⊥(T ) are similar to the data ob-
tained for the mother compound BaCo2V2O8 and show the same anisotropy.
Below TN, however, Ba(Co0.95Mg0.05)2V2O8 exhibits another behavior compared
to BaCo2V2O8 and (Ba0.9Sr0.1)Co2V2O8. κ|| and κ⊥ are strongly suppressed and,
in particular, are not isotropic (κ|| is larger than κ⊥).

The differences between BaCo2V2O8 and Ba(Co0.95Mg0.05)2V2O8 are illus-
trated in Fig. 5.17. Panel (a) shows the high-temperature region above TN, where
κ|| and κ⊥ are essentially equal for BaCo2V2O8 and Ba(Co0.95Mg0.05)2V2O8. Be-
low TN, however, the peak observed in the BaCo2V2O8 data is strongly suppressed
for Ba(Co0.95Mg0.05)2V2O8. The comparison in Fig. 5.17 shows that Mg doping
influences the thermal conductivity asymmetrically with respect to TN. This be-
havior is contrary to the case of Sr doping, where the thermal conductivity is
suppressed within the entire temperature region.

Here also, no unambiguous interpretation of the thermal-conductivity data is
possible by means of the experimental data presented here. It is unclear why κ
is mainly suppressed below TN, whereas above TN, κ is essentially unaffected by
Mg doping. Moreover, it is unclear why the thermal conductivity is no longer
isotropic below TN.
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Figure 5.16: Temperature dependence of the thermal conductivity of
Ba(Co0.95Mg0.05)2V2O8 parallel (κ||) and perpendicular (κ⊥) to the spin
chains. The inset shows an enlargement of the low-temperature region around
TN.

5.4.2 Field-dependent Thermal Conductivity

Fig. 5.18 shows κ||(T ) and κ⊥(T ) for a magnetic field parallel to [001]. The zero-
field Néel temperature TN ∼ 3.9K decreases with increasing field and vanishes
above 2 T. This is also observed in magnetostriction and thermal-expansion data
[173]. In the κ||(T ) data of Ba(Co0.95Mg0.05)2V2O8, a shoulder is observed be-
low TN. In the κ⊥(T ) data, however, this feature is hardly observable. When
increasing the magnetic field, the shoulder vanishes rapidly for both heat current
directions. Above 2 T, neither κ|| nor κ⊥ show an anomaly.
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5. Thermal Conductivity in low-dimensional Spin Systems

Figure 5.19: BaMn2V2O8 single crystal with wiring for thermal-conductivity
measurements.

5.5 Heisenberg Spin Chain BaMn2V2O8

BaMn2V2O8 is a realization of an isotropic Heisenberg spin-5/2 chain. It is
a canted antiferromagnet with a Néel temperature of TN = 37K [174, 196].
BaMn2V2O8 is iso-structural to BaCo2V2O8 but with different magnetic prop-
erties. In this chapter, the thermal-transport properties of BaMn2V2O8 are dis-
cussed and compared to the thermal conductivity of BaCo2V2O8, discussed in
the previous sections.

5.5.1 Samples

Large single crystals of BaMn2V2O8 were grown by the floating zone technique
[174]. The samples used here were grown, oriented, and cut by S. Niesen during
her diploma thesis [174]. The BaMn2V2O8 single crystals are of dark-orange
color. The heat-transport measurements were performed on bar-shaped single

compound measurements sample shape sample size

BaMn2V2O8 κ|| rectangular 1× 1× 2mm3

(long edge || c)
BaMn2V2O8 κ⊥ rectangular 1× 1× 3mm3

(long edge || a)

Table 5.3: Samples used for thermal-conductivity measurements of
BaMn2V2O8.
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crystals (for details see Tab. 5.3). The thermal conductivity for each heat-current
direction has been measured on a sample of suitable shape, i.e. with the heat
current directed along the long edge of the sample.

5.5.2 Crystal Structure and Characterization

BaMn2V2O8 is isostructural to BaCo2V2O8. It has a tetragonal structure with
lattice constants a = 12.6229 Å and c = 8.6740 Å [174], comparable to the lat-
tice constants of BaCo2V2O8 (Sec. 5.1.2).45 The spin chains in BaMn2V2O8 are
aligned parallel to the crystallographic [001] direction.

In Ref. [174], it has been shown that the magnetization is isotropic with re-
spect to the magnetic-field direction and, thus, BaMn2V2O8 is a realization of
a Heisenberg spin system. BaMn2V2O8 has a Néel temperature of TN = 36.9K,
which is larger than the ordering temperature of BaCo2V2O8. The Néel tempera-
ture is hardly magnetic-field dependent. It increases to 38.4 K for a magnetic field
of 14 T [174]. This behavior differs from the situation for BaCo2V2O8 (Sec. 5.1),
where the ordering temperature is shifted towards lower temperatures and even
vanishes for certain field directions.

Fig. 5.20 shows the specific heat c/T of BaMn2V2O8 [174].46 At the or-
dering transition at TN, cp shows a sharp peak. Analogous to the specific
heat of BaCo2V2O8 (Fig. 5.6 on page 141), the magnetic specific heat of
BaMn2V2O8 is estimated via comparison with the non-magnetic reference com-
pound BaMg2V2O8. The specific heat of BaMg2V2O8 has been measured on a
polycrystalline sample and the temperature axis is scaled by a factor of 0.84.47

The inset (a) of Fig. 5.20 illustrates the magnetic specific heat obtained by sub-
tracting the phononic background from the measured data. Beside the peak at
TN, cmag(T ) shows a broad maximum around 70 K. The magnetic entropy Smag

obtained by integrating cmag/T (inset (b)) saturates above 200 K. The saturation
value of Smag, however, is smaller than the theoretical value R ln 6 for a spin-5/2
system. This was also observed for BaCo2V2O8, where the magnetic entropy
did not reach the expected value. As discussed for BaCo2V2O8, the entropy
can be increased by choosing a larger scaling factor for the rescaled temperature
axis. However, for reasons of consistency with BaCo2V2O8 and as the magnetic
specific heat is only discussed qualitatively, the same scaling factor is used here.

45In literature, slightly different lattice constants can be found. Ref. [196] report a = 12.267 Å
and c = 8.424 Å, whereas Ref. [197] report a = 12.5563 Å and c = 8.5942 Å.

46Similar data were published in Ref. [196].
47This is the same factor used for the extraction of cmag for BaCo2V2O8 (Fig. 5.6 on page 141).
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Figure 5.20: Specific heat of BaMn2V2O8 together with the non-magnetic
reference BaMg2V2O8 (from [174]). The red closed squares depict the c/T data
of BaMg2V2O8 with a rescaled temperature. The inset (a) shows the magnetic
specific heat cmag of BaMn2V2O8, and (b) shows the magnetic entropy Smag

obtained from cmag.

5.6 Thermal Conductivity of BaMn2V2O8

The thermal conductivity of BaMn2V2O8 has been measured parallel (κ||) and
perpendicular (κ⊥) to the spin chains (parallel to [001]). The zero-field κ||(T )
and κ⊥(T ) data are shown in Fig. 5.21. κ||(T ) and κ⊥(T ) exhibit a large max-
imum around 10.5 K and 11.5 K, respectively. At the transition temperature
TN = 36.9K (depicted as a dashed line), neither κ||(T ) nor κ⊥(T ) shows an
anomaly in the linear scale (main panel of Fig. 5.21). On the logarithmic scale
(inset), a small kink can be observed in the κ⊥(T ) data. The κ||(T ) data, how-
ever, show no anomalies even on the logarithmic scale. This is different from
the BaCo2V2O8 data which show a sharp anomaly at TN for both heat-current
directions.

As another difference from the BaCo2V2O8 data, the thermal conductivity
of BaMn2V2O8 remains anisotropic below TN. In the whole measured tempera-
ture region, κ|| is significantly larger than κ⊥. Analogous to the discussions for
BaCo2V2O8, here also the question arises whether there is an additional magnetic
contribution to κ. Both curves, κ||(T ) and κ⊥(T ), have a large maximum around
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∼ 10K, well below the ordering temperature TN. As shown in Fig. 5.20, the
magnetic specific heat of BaMn2V2O8 has a maximum around 70 K. Analogous
to the case of BaCo2V2O8, there are no indications of magnetic heat transport in
BaMn2V2O8.

Following the analysis for BaCo2V2O8, including phonon scattering on mag-
netic excitations, one can assume κ|| and κ⊥ to be essentially phononic. As no
anomaly is observed at TN for BaMn2V2O8

48, one can assume that the phononic
thermal conductivity of BaMn2V2O8 is essentially unaffected by scattering on
magnetic excitations.

Following the argumentation of the preceding paragraph, the thermal con-
ductivity of BaMn2V2O8 can be regarded as an anisotropic phononic reference
system to BaCo2V2O8 on a qualitatively level. Fig. 5.22 shows κ||(T ) and κ⊥(T )
of BaMn2V2O8 and of BaCo2V2O8. At temperatures above ∼ 50K, the ther-
mal conductivity of BaMn2V2O8 is larger by a factor of ∼ 2 compared to the
BaCo2V2O8 data. Beside this, however, the thermal conductivity of BaMn2V2O8

resembles the phonon fits (Fig. 5.7 on page 142) obtained from the Debye formula
(Eq. 2.5 on page 11).

48Beside a very small kink in the κ⊥(T ) data.
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Figure 5.22: Thermal conductivity of BaMn2V2O8 together with
BaCo2V2O8. The BaMn2V2O8 data can be regarded as an anisotropic
phononic reference system to BaCo2V2O8 on a qualitative level (see discussion
in the text).

5.7 Conclusion

In this chapter, the thermal transport properties of two iso-structural spin chains,
BaCo2V2O8 and BaMn2V2O8, has been studied. BaCo2V2O8 is an Ising-like
effective spin-1/2 chain with a strong magnetic anisotropy. BaMn2V2O8 is a
Heisenberg spin-5/2 chain with isotropic magnetic properties. The thermal con-
ductivity has been measured parallel (κ||) and perpendicular to the spin chains
(κ⊥). Both compounds show an anisotropic thermal conductivity with respect to
the heat-current direction, i.e. κ|| > κ⊥. In addition, the thermal conductivity of
BaCo2V2O8 is strongly field dependent and shows a large anisotropy with respect
to the magnetic-field direction.

The temperature dependence of κ(T ) of BaCo2V2O8 exhibits a sharp dip at
the Néel temperature TN. Within the ordered phase below TN, κ is isotropic,
i.e. κ|| = κ⊥. The ordering temperature TN decreases with increasing magnetic
field with different rates depending on the direction of the applied magnetic
field. An additional anisotropy within the ab plane is observed in the thermal-
conductivity data. The critical temperatures and fields obtained from field- and
temperature-dependent thermal conductivity data, respectively, very well match
phase boundaries in phase diagrams for different field directions obtained from
measurements of a variety of physical quantities, e.g. thermal expansion and
specific heat.

The anomalies in the κ data at the Néel temperature most likely originate
from phonon scattering on magnetic excitations around the ordering transition.
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5.7 Conclusion

The temperature dependence of κ||(T ) and κ⊥(T ) are discussed with respect to
the phononic Debye model including a scattering rate accounting for scattering
on magnetic excitations.

In addition to BaCo2V2O8, two doped compounds have been studied. In
(Ba0.9Sr0.1)Co2V2O8, 10% of the Ba ions are replaced by smaller Sr ions. The
idea of this substitution is to suppress the phononic thermal conductivity by
essentially conserving the magnetic properties. The κ data show that the Néel
temperature is indeed not (or hardly) affected. In Ba(Co0.95Mg0.05)2V2O8, 5% of
the magnetic Co ions are replaced by non-magnetic Mg ions. This substitution
creates non-magnetic defects within the chains and is, thus, supposed to influence
the magnetic system. This can be confirmed by measurements of κ which show
that the Néel temperature is suppressed. TN decreases with increasing field with
a larger rate compared to BaCo2V2O8.

The thermal conductivity of BaMn2V2O8 shows no field dependence and no
anomaly around the Néel temperature. This gives rise to the assumption that
the thermal conductivity of BaMn2V2O8 is essentially of phononic origin and can
be used as a phononic reference system to BaCo2V2O8 on a qualitative level.

To study the phononic properties of BaCo2V2O8 and BaMn2V2O8 on a more
quantitative level, measurements on a BaMg2V2O8 single crystal would be helpful.

In sum, the experimental data presented in this chapter show no indication
of a magnetic contribution κmag. The thermal conductivity of BaCo2V2O8 and
of the reference compounds presented here most likely are of purely phononic
origin. The anomalies at TN observed for BaCo2V2O8 can be attributed to phonon
scattering on magnetic excitations at TN.
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6 Summary

In this thesis, the thermal-transport properties of the spin-ice compound Dy2Ti2O7

and the spin-chain system BaCo2V2O8 have been investigated. For both com-
pounds, the main issue was to answer the question whether the respective mag-
netic excitations contribute to the heat transport or if the thermal conductivity
is of purely phononic origin.

In the rare-earth titanate Dy2Ti2O7, a magnetic dipole excitation can fraction-
alize into two individual monopole excitations, a monopole and an anti-monopole.
Restricting to nearest-neighbor interaction, these excitations can propagate with-
out confinement potential. To investigate whether these monopoles have the
ability to carry heat, thermal-conductivity measurements were performed on the
mother compound Dy2Ti2O7, on the non-magnetic reference compound Y2Ti2O7,
and on two doped compounds (Dy0.5Y0.5)2Ti2O7 and Dy2(Ti0.9Zr0.1)2O7. The
field dependence of the thermal conductivity κ of Dy2Ti2O7 strongly depends
on the magnetic-field direction which determines the field-induced ground state
of the spin ice. It has been shown that the thermal conductivity of Dy2Ti2O7

correlates with the degree of the ground-state degeneracy, which is maximum in
zero field (6-fold) and strongly depends on the magnetic field strength and, in
particular, on the field direction. This is illustrated by the correlation of ther-
mal conductivity κ(B) and magnetization M(B). The field dependence of κ is
interpreted as a field-dependent magnetic contribution κmag which is maximum
in zero field and is suppressed due to the external field. A magnetic field parallel
to [001] lifts the ground-state degeneracy, resulting in a non-degenerate 2in-2out
ground state, i.e. κmag can be completely suppressed. The field-dependent κ

measurements for ~B || [001] are, therefore, best suited to determine the zero-field
contribution κmag(T ) and, hence, a zero-field phononic contribution κph(T ). The
magnetic contribution κmag(T ) has a maximum around 1.5 K, similar to the zero-

field specific-heat cmag(T ). For ~B || [111] and magnetic fields below 1 T, the spin
ice is in the Kagomé-ice phase. This ground state is 3-fold degenerate and is char-
acterized by a plateau in the magnetization data M(B). Within the Kagomé-ice
phase, the thermal conductivity data also form a plateau with enhanced κ val-
ues compared to the κ data for ~B || [001], i.e. κmag is essentially constant and,
in particular, non-vanishing within the Kagomé-ice state. Above 1 T, the spin
ice changes into a non-degenerate 3in-1out (or 1in-3out) ground state. This is
accompanied by a sharp drop of the thermal conductivity to values comparable
to the κ data for ~B || [001], i.e. to κph. Within the Kagomé-ice phase, κ(B) is
strongly hysteretic with respect to the magnetic-field direction. This is inter-
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preted as a dependence of κ(B) on magnetic defects and, hence, disorder within
the Kagomé planes when approaching the Kagomé-ice phase from lower fields,
i.e. from a disordered ground state. Approaching from an ordered (polarized)
state above 1 T, the Kagomé-ice state can be realized without (or with less)
magnetic defects. Consequently, a large κmag is observed when the Kagomé-ice
phase is entered from high fields, while a reduced κmag is observed when entered
from low fields. The field direction parallel to [110] has several peculiarities. It
divides the pyrochlore lattice into two disjunct subclasses, the α chains (parallel

to ~B) and the β chains (perpendicular to ~B). The spins of the β chains are not
affected by the magnetic field. Hence, the field-induced ground state is 2-fold
degenerate, even for higher fields. Here also, κ(B) is less suppressed than the

data for ~B || [001], but the reduction is stronger than for ~B || [111], i.e. κmag is
non-vanishing with values lower than the values within the Kagomé-ice phase for
~B || [111]. For ~B || [110] at lowest temperatures, κmag (B) shows an additional
anisotropy with respect to whether the heat current is directed along the α or
the β chains. The magnetic contribution κmag is larger parallel to the β chains
than parallel to the α chains. The magnetic heat transport via (anti-) mono-
poles can be explained qualitatively by means of a microscopic model including
nearest-neighbor interaction. In zero magnetic field, the monopoles are not con-
fined and can easily propagate without energy loss upon the 6-fold degenerate
2in-2out ground state. Hence, the magnetic contribution κmag is maximum in
zero field. Applying the magnetic field in [001] direction has two effects. First,
the energy cost of a monopole/anti-monopole creation increases. The more im-
portant effect on κmag, however, is the lifting of the ground-state degeneracy for
~B || [001]. This results in a strongly suppressed monopole mobility and, hence,
in a strongly suppressed κmag. This model, however, is a strong simplification as
it only takes nearest-neighbor interaction into account. For example, within this
model, a monopole excitation cannot directly propagate from one β chain to a
neighboring one, as the α chains connecting them are polarized by the external
magnetic field. However, numerical simulations of the dipolar spin ice taking
the long-range dipolar interaction into account clearly show that the interac-
tion with more than 100 next-located Dy ions have to be considered to obtain
a reasonable description of the spin ice on a quantitative level. This shows that
different β chains, indeed, interact with each other. Analogous considerations for
~B || [111] show that different Kagomé planes also interact with each other. As a
consequence, a monopole excitation should, in principle, be able to hop through
polarized α chains or polarized triangular planes in case of ~B || [110] or ~B || [111],
respectively.

The magnetic-field-dependent thermal-conductivity measurements κ(B) of
Dy2Ti2O7 have been extended towards higher field, well above the saturation
field of the magnetization M(B). Even for high magnetic fields, κ(B) exhibits
a considerable field dependence, although the Dy spins are fully polarized and,
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hence, all magnetic excitations are supposed to vanish. This additional field de-
pendence of κ has been analyzed by measurements of the field-induced length
change of Dy2Ti2O7. For ~B || [001] and ~B || [111] above ∼ 1T, it has been shown
that the Dy2Ti2O7 crystal elongates almost linearly with increasing field. This is
interpreted as a distortion of the lattice which results from torques on the Dy ions
effected by the external magnetic field. This lattice distortion is supposed to in-
fluence the phononic properties of Dy2Ti2O7, leading to a reduced phononic ther-
mal conductivity and, hence, to a field dependence of the phononic background
κph. The zero-field phononic contribution κph has been investigated by thermal-
conductivity measurements of the non-magnetic reference compound Y2Ti2O7.
To study the influence of the magnetic field on κph, thermal-conductivity measure-
ments of (Dy0.5Y0.5)2Ti2O7 have been performed. In (Dy0.5Y0.5)2Ti2O7, the spin-
ice features are supposed to be strongly suppressed, whereas the phononic proper-
ties are essentially conserved. The thermal conductivity of (Dy0.5Y0.5)2Ti2O7 has
been measured with the magnetic field parallel to [001], [111], and [110], anal-
ogously to the measurements of Dy2Ti2O7. The field-dependent κ(B) data of
(Dy0.5Y0.5)2Ti2O7 very clearly show the same field dependence of κ of Dy2Ti2O7

for magnetic fields above saturation of the magnetization M(B). The magnetic
contribution observed for Dy2Ti2O7 is absent in the κ data of (Dy0.5Y0.5)2Ti2O7.
In addition, thermal-conductivity measurements of Dy2(Ti0.9Zr0.1)2O7 have been
performed. In Dy2(Ti0.9Zr0.1)2O7, the spin-ice system is assumed to be hardly
affected, whereas the phononic thermal conductivity is supposed to be strongly
suppressed due to phonon scattering on the additional Zr defects. The thermal-
conductivity measurements of Dy2(Ti0.9Zr0.1)2O7 clearly show that κmag is ba-
sically conserved, whereas the phononic background κph is strongly suppressed.
Furthermore, the phononic background κph is almost field independent. This can
be explained by the mean free path of the phonons to be limited by defect scat-
tering only. In summary, the experimental thermal-conductivity data give clear
evidence for a considerable magnetic heat transport by magnetic monopoles in
the spin-ice compound Dy2Ti2O7. This magnetic heat transport can be quali-
tatively explained by a microscopic model including single spin flips. However,
some questions remain open and need to be resolved. For example, fundamental
theoretical models about the monopole dynamics are required.

The second part of this thesis focuses on the thermal conductivity of the
Ising spin-chain system BaCo2V2O8. The temperature dependence of κ of
BaCo2V2O8 has a sharp dip at the ordering temperature TN. Above TN, the
thermal conductivity κ(T ) of BaCo2V2O8 is larger parallel (κ||) to the spin
chains than perpendicular (κ⊥) to the spin chains, i.e. κ|| > κ⊥. Below TN, κ(T )
is isotropic, i.e. κ|| = κ⊥. An applied magnetic field decreases the Néel tempera-
ture, where the field dependence of TN strongly depends on the applied magnetic
field direction. In addition, two doped compounds, (Ba0.9Sr0.1)Co2V2O8 and
Ba(Co0.95Mg0.05)2V2O8, have been investigated. In (Ba0.9Sr0.1)Co2V2O8, sub-
stitution with 10% Sr increases the defect scattering of phonons and, hence,
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suppresses the phononic thermal conductivity. It has been shown that doping
with Sr hardly affects the magnetic properties of BaCo2V2O8, such that one can
reduce a phononic background and distinguish a magnetic contribution κmag.
In Ba(Co0.95Mg0.05)2V2O8, the spin chains are split into finite chain segments.
As a consequence, the magnetic properties are strongly affected. The ordering
temperature is reduced compared to BaCo2V2O8. Furthermore, the decrease
of TN due to an increasing field is more pronounced compared to BaCo2V2O8.
Additionally, the thermal conductivity of the iso-structural BaMn2V2O8 has
been investigated. Within the whole measured temperature range, the thermal
conductivity of BaMn2V2O8 is anisotropic with respect to the heat-current direc-
tion, i.e. κ|| > κ⊥. Moreover, κ(T ) has no prominent feature around the ordering
temperature TN.

The thermal-conductivity data of BaCo2V2O8 and the reference compounds
show no indication of a magnetic heat transport. The temperature dependence
of κ can be explained by phonon scattering on magnetic excitations around the
phase transition at TN. The κ(T ) data of BaCo2V2O8 have been described by
the phononic Debye model including an additional scattering term which takes
scattering on magnetic excitations into account. The thermal conductivity of
BaMn2V2O8 also is interpreted to be of purely phononic origin, but without
scattering on magnetic excitations around TN.
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A Additional Measurements

A.1 Two-Leg S = 1/2 Spin Ladder (C5H12N)2CuBr4 (HPIP)
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Figure A.1: Thermal conductivity of (C5H12N)2CuBr4 (HPIP) along the

legs (κ||) for ~B || b at 0.2 K, 0.3 K, and 0.4 K and magnetic fields up to 10 T.
The inset shows literature data [66] for temperatures down to 0.37 K and
magnetic fields up to 17 T. The data shown in the main panel have been
measured in a dilution refrigerator and extend the literature data towards
lower temperatures. The data was measured up to 10 T and, thus, only shows
the first part of the left minimum. The field range of the main panel is denoted
as a bold line within the inset. When lowering the temperature, the left part
of the minimum shifts towards higher fields. This indicates that the minimum
gets sharper for lower temperatures.
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Figure A.2: (a) Field-induced length change of (C5H12N)2CuBr4 (HPIP)

for ~B || b, measured in a dilution refrigerator. The length change is measured
parallel to b. (b) Derivative (magnetostriction). The data is an extension of
literature data [73, 75] towards lower temperatures. The data were measured
up to 8 T. The corresponding field range is denoted as dashed line within the
inset showing the literature data at 0.53 K. When lowering the temperature,
the step in λ becomes sharper and an additional sharp minimum appears at
the lower critical field (cf. Sec. 2.1.5).
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A.1 Two-Leg S = 1/2 Spin Ladder (C5H12N)2CuBr4 (HPIP)
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Figure A.3: Thermal expansion of (C5H12N)2CuBr4 (HPIP). The length

change is measured along the b direction, parallel to the magnetic field ~B || b in
a dilution refrigerator. The idea was to measure the thermal expansion at the
ordering temperature TN ≃ 110mK [74]. This was not possible as the cryostat
did not reach sufficiently low temperatures. Nevertheless, the measured data
extends literature data [73, 75] towards lower temperatures and nicely show
the divergence and the sign change of the thermal-expansion data (cf. [73, 75]).
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A.2 Two-Leg S = 1/2 Spin Ladder (C7H10N)2CuBr4 (DIMPY)
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Figure A.4: Thermal conductivity of (C7H10N)2CuBr4 (DIMPY) parallel
(κ||) and perpendicular (κ⊥) to the legs. Panels (a) and (b) show the temper-
ature dependence κ||(T ) and κ⊥(T ), respectively, for various magnetic fields.
Panels (c) - (f) illustrate the magnetic-field dependence at various constant
temperatures. To attach the wires and the heater at the sample, a trans-
parent two-component (from Uhu) adhesive has been used. The idea was to
measure a possible magnetic heat transport (cf. Sec. 2.1.5).
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A.2 Two-Leg S = 1/2 Spin Ladder (C7H10N)2CuBr4 (DIMPY)
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Figure A.5: Thermal conductivity of (C7H10N)2CuBr4 (DIMPY) parallel
(κ||) and perpendicular (κ⊥) to the legs. Panels (a) and (b) show the temper-
ature dependence κ||(T ) and κ⊥(T ), respectively, for various magnetic fields.
Panels (c) - (f) illustrate the magnetic-field dependence at various constant
temperatures. To attach the wires and the heater at the sample, the Delta
Bond 152 adhesive (Sec. 3.4) has been used. The idea was to measure a pos-
sible magnetic heat transport (cf. Sec. 2.1.5).
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A.3 Cobalt
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Figure A.6: Magnetization M(B) of metallic Cobalt parallel and perpen-
dicular to c.
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A.3 Cobalt
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A.4 Thermopower of Copper (Calibration)
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Figure A.8: Calibration of copper wires used for thermopower-
measurements. Below 50 K, the thermopower is measured with respect to
the high-Tc superconductor YBCO. The calibration up to room temperature
has been measured with respect to lead [198]. Due to the small field depen-
dence in the high-temperature region, above 150 K, the thermopower has been
measured in zero field and for 15 T. The curves for the intermediate fields are
obtained by linear interpolation there. Below 5 K, all curves are extrapolated
to zero. The 17T curve is obtained by linearly extrapolating beyond 15 T.
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A.5 Thermometer Calibration (Kelvinox Transport Sample Holder)

A.5 Thermometer Calibration (Kelvinox Transport Sam-
ple Holder)

2 10 60

0.1

1

Thermometer Calibration
Kelvinox Transport Sample Holder

 0 T
 4 T
 10 T

 

T
 (

K
)

R (kΩ)

Figure A.9: Resistivity characteristics of the sample-holder thermometer
placed at the transport sample holder used in the Kelvinox dilution refrigera-
tor. The figure shows the characteristics for 0 T, 4 T,and for 10 T. The curves
measured for 1 T, 2 T, and 8 T are not shown. The thermometer has been
calibrated with respect to a calibrated thermometer (serial: U01447+RT).
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A.6 LiFeAs
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Figure A.10: (a) Thermal conductivity of LiFeAs. The electronic and
phononic contributions are estimated via the Wiedemann-Franz law (the re-
sistivity is taken from Refs. [199, 200]). (b) κ(T ) of LiFeAs around Tc. (c) Zero-
field thermopower S(T ) of LiFeAs. (d) S(T ) of LiFeAs for different magnetic
fields. (e) Figure of Merit of LiFeAs.
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Figure A.11: (a) Low-temperature thermal conductivity of LiFeAs for differ-
ent magnetic fields. (b) and (c) Magnetic-field dependence of κ(B) of LiFeAs
at various constant temperatures. The field-dependent data are obtained by
resorting field-cooled measurements at respective constant fields.
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Figure A.12: (a) and (b) κ/T of LiFeAs for different magnetic fields. (c) Lin-
ear and quadratic part of κ(T ) for T → 0 of LiFeAs for various magnetic fields.
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Figure A.13: (a) and (b) Electrical resistivity of LiFeAs measured on another
sample as the data of Figs. A.10, A.11, and A.12 for different magnetic-field
directions. (c) Zero-field resistivity up to room temperature.
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Figure A.14: Thermal conductivity, electrical resistivity, thermopower, and
figure of merit of polycrystalline (Pr1−yEuy)0.7Ca0.3CoO3 for y = 0.14 and
y = 0.22. The data were measured on samples containing 16O. A phase dia-
gram of (Pr1−yEuy)0.7Ca0.3CoO3 is published in [201, 202] where, in addition,
the influence of substitution of 16O by 18O is studied.
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A.8 Eu0.7Ca0.3CoO3

A.8 Eu0.7Ca0.3CoO3
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Figure A.15: Resistivity ρ(T ) of polycrystalline Eu0.7Ca0.3CoO3 which is a
reference system to (Pr1−yEuy)0.7Ca0.3CoO3.
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[19] K. Kordonis, PhD thesis (Universität zu Köln, 2006).
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[97] http://www.keithley.com/.

[98] http://www.ni.com/labview/.

[99] C. Zobel, PhD thesis (Universität zu Köln, 2002).
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[201] A. V. Kalinov, O. Y. Gorbenko, A. N. Taldenkov, J. Rohrkamp, O. Heyer,
S. Jodlauk, N. A. Babushkina, L. M. Fisher, A. R. Kaul, A. A. Kamenev,
T. G. Kuzmova, D. I. Khomskii, K. I. Kugel, and T. Lorenz, Physical
Review B 81, 134427 (2010).

[202] N. A. Babushkina, A. N. Taldenkov, A. V. Kalinov, L. M. Fisher, O. Y.
Gorbenko, T. Lorenz, D. I. Khomskii, and K. I. Kugel, Journal of Experi-
mental and Theoretical Physics 111, 189 (2010).

194



List of Figures

2.1 Different spin structures of antiferromagnetically coupled S = 1/2
Heisenberg spins. . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.2 Thermal conductivity of S = 1/2 Heisenberg antiferromagnets. . . 17

2.3 Thermal conductivity of CuPzN. . . . . . . . . . . . . . . . . . . 18

2.4 Demagnetization factor of a cigar and a planar-shaped ellipsoidal
sample, dependent on the ratios of the semi-major axes. . . . . . . 20

3.1 Steady-state method to measure the thermal conductivity. . . . . 24

3.2 Photograph of a thermocouple. . . . . . . . . . . . . . . . . . . . 25

3.3 Thermopower of the thermocouple for various constant magnetic
fields. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.4 Resistance characteristics for different resistor types. . . . . . . . 27

3.5 Sample wired for a thermal-conductivity measurement and an
equivalent circuit diagram for the steady-state method. . . . . . . 30

3.6 Wiring of the sample heater accounting for the heating power pro-
duced by the wires. . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.7 Filter box for the Heliox and Kelvinox systems. . . . . . . . . . . 33
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Zusammenfassung

Diese Arbeit befasst sich mit der Untersuchung des Wärmetransports innerhalb
der Spin-Eis Verbindung Dy2Ti2O7, sowie innerhalb der Spin-1/2 Ising-Kette
BaCo2V2O8.

Im Nullfeld zeigt die Wärmeleitfähigkeit von Dy2Ti2O7 einen anomalen
Wärmetransport. Der zusätzliche Beitrag κmag zeigt sich als Schulter auf dem
phononischen Hintergrund κph. Im Nullfeld besitzt die magnetische Wärmeleit-
fähigkeit κmag ein Maximum an derselben Stelle wie das Maximum der mag-
netischen spezifischen Wärme cmag. Dieser Nullfeldbeitrag von κmag wird im
Magnetfeld unterdrückt. Die Feldabhängigkeit von κmag hängt von der Grundzu-
standsentartung des magnetischen Systems ab. Im Nullfeld ist die Grundzu-
standsentartung maximal und daher auch der magnetische Beitrag κmag. Die
vom Magnetfeld realisierte Grundzustandsentartung hängt von der Richtung des
angelegten Feldes ab. Das führt zu einer ausgeprägten Anisotropie von κmag

bezüglich der Magnetfeldrichtung.

Darüberhinaus weist auch der phononische Hintergrund κph eine Magnetfeld-
abhängigkeit auf. Diese rührt von Gitterverzerrungen her, welche durch Drehmo-
mente der Dy Ionen im externen Magnetfeld hervorgerufen werden. Um die Feld-
abhängigkeit von κph zu untersuchen, wurden Wärmeleitfähigkeitsmessungen an
(Dy0.5Y0.5)2Ti2O7 vorgenommen, da dort die Spin-Eis-Eigenschaften stark un-
terdrückt sind. Desweiteren wurde die Verbindung Dy2(Ti0.9Zr0.1)2O7 untersucht.
Durch die zusätzlichen Zr-Störstellen ist die phononische Wärmeleitfähigkeit un-
terdrückt, was zu einer Reduktion des phononischen Hintergrundes κph führt,
welcher keine nennenswerte Feldabhängigkeit mehr aufweist. Die magnetischen
Eigenschaften werden dadurch kaum beeinflusst, was dazu führt, dass sich κmag

nur wenig verändert.

Im zweiten Teil dieser Arbeit wurden die Transporteigenschaften der effek-
tiven Spin-1/2 Ising-Kette BaCo2V2O8 untersucht. Dabei wurde die Wärme-
leitfähigkeit parallel und senkrecht zu den Spinketten gemessen. Für beide
Wärmestromrichtungen hat die Wärmeleitfähigkeit ein scharfes Minimum an
der Ordnungstemperatur TN. Unterhalb von TN ist die Wärmeleitfähigkeit von
BaCo2V2O8 stark feldabhängig und anisotrop bezüglich der Magnetfeldrichtung.

Um die Transportmechanismen in BaCo2V2O8 zu untersuchen, wurden
Wärmeleitfähigkeitsmessungen an den dotierten Systemen (Ba0.9Sr0.1)Co2V2O8

und Ba(Co0.95Mg0.05)2V2O8, sowie an dem isostrukturellen BaMn2V2O8 vorgenom-
men. Durch die Sr-Dotierung wird die Defektstreuung von Phononen erhöht,
wobei das magnetische System nahezu unverändert bleibt. Im Falle der Verbin-
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Zusammenfassung

dung Ba(Co0.95Mg0.05)2V2O8 hat das Dotieren mit unmagnetischem Mg innerhalb
der Co-Ketten einen starken Einfluss auf die magnetischen Eigenschaften. Die
Heisenberg Spin-5/2-Kette BaMn2V2O8 ist eine isostrukturelle Referenz mit
isotropen magnetischen Eigenschaften.

Die experimentellen Wärmeleitfähigkeitsdaten von BaCo2V2O8 und den Re-
ferenzsystemen zeigen keine Anzeichen eines magnetischen Wärmetransports
in BaCo2V2O8, sondern legen den Schluss nahe, dass der Wärmetransport in
BaCo2V2O8 rein phononisch ist, wobei das scharfe Minimum bei TN von Phonon-
streuung an magnetischen Anregungen herrührt. Diese Interpretation wird
gestützt durch die Analyse der Wärmeleitfähigkeitsdaten mithilfe des phononi-
schen Debye-Modells.
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Abstract

This thesis concerns the thermal-transport properties of the spin-ice compound
Dy2Ti2O7 and the spin-1/2 Ising-like spin chain BaCo2V2O8.

In zero field, the thermal conductivity of Dy2Ti2O7 shows an anomalous
magnetic heat transport which appears as an additional shoulder on top of the
phononic background κph. The zero-field magnetic contribution κmag has a max-
imum close to the maximum of the magnetic specific heat cmag and is strongly
suppressed by the external magnetic field. The field dependence of κmag depends
on the field-induced ground-state degeneracy of the magnetic spin-ice system. In
zero field, the ground-state degeneracy is maximum and, hence, κmag is maxi-
mum. Different field directions result in different field-induced ground states of
the spin ice. This leads to a strong anisotropy of κ(B) with respect to the field
direction.

Moreover, the phononic background κph also is magnetic-field dependent. This
results from lattice distortions due to torques affecting the Dy momenta in the
external magnetic field. The field dependence of κmag is studied by measure-
ments of the thermal conductivity of the reference compound (Dy0.5Y0.5)2Ti2O7.
Here, the spin-ice features are supposed to be suppressed compared to Dy2Ti2O7.
In the Zr-doped compound Dy2(Ti0.9Zr0.1)2O7, the phononic contribution κph is
suppressed and almost field independent due to additional defect scattering, es-
sentially conserving the spin-ice properties and, hence, the magnetic contribution
κmag.

In the second part of this thesis, the thermal transport properties of the
Ising-like effective spin-1/2 chain are studied by measurements of the thermal
conductivity parallel and perpendicular to the spin chains. For both heat-current
directions, the thermal conductivity exhibits a sharp dip around the ordering tem-
perature TN. Below TN, the thermal conductivity of BaCo2V2O8 is strongly field
dependent and anisotropic with respect to the field direction. To study the trans-
port mechanisms in BaCo2V2O8, additional thermal-conductivity measurements
of two doped compounds, (Ba0.9Sr0.1)Co2V2O8 and Ba(Co0.95Mg0.05)2V2O8, and
of the iso-structural compound BaMn2V2O8 were performed. Sr doping increases
defect scattering of phonons while the magnetic system is basically unaffected.
In case of Ba(Co0.95Mg0.05)2V2O8, doping into the Co chains strongly influences
the magnetic properties. The Heisenberg spin-5/2 chain BaMn2V2O8 is an iso-
structural reference compound with isotropic magnetic properties.

The experimental κ data of BaCo2V2O8 and of the reference compounds show
no indication of a magnetic heat transport in BaCo2V2O8 and give rise to the
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assumption that the thermal conductivity of BaCo2V2O8 is of purely phononic
origin and that the anomaly around TN can be attributed to phonon scattering on
magnetic excitations. This is supported by analyses of the thermal conductivity
of BaCo2V2O8 by means of the phononic Debye model.
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