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Kurzzusammenfassung

Heutige Schaltungsmodelle verlieren in der Schaltungssimulation aufgrund der rasanten
technologischen Entwicklung, Miniaturisierung und hoherer Komplexitat von integri-
erten Schaltungen zunehmend ihre Giiltigkeit. Dies motiviert die direkte Kombination
von Schaltungssimulation mit Bauelementesimulation fiir kritische Schaltungsteile.

In dieser Arbeit betrachten wir ein Modell von partiellen Differentialgleichungen fiir
elektromagnetische Bauelemente - modelliert durch die Maxwell-Gleichungen - gekop-
pelt mit differential-algebraischen Gleichungen, welche die einfachen Schaltungselemente
einschliellich Memristoren und die Topologie der Schaltung beschreiben.

Wir untersuchen das gekoppelte System nach Diskretisierung der Maxwell-Gleichungen
in einer Potentialformulierung im Ort durch die Finite Integration Technik, die eine
gangige Methode in der Praxis ist. Das ortsdiskretisierte gekoppelte System ist als
differential-algebraische Gleichung mit einem proper formulierten Hauptterm modelliert.
Es werden topologische Bedingungen sowie Modellierungsbedingungen, die sicherstellen,
dass der Index der differential-algebraischen Gleichung nicht grofler als zwei ist, prasen-
tiert. Es zeigt sich, dass der Index abhangig von der gewahlten Eichbedingung fiir die
Maxwell-Gleichungen ist.

Fir die erfolgreiche numerische Integration von differential-algebraischen Gleichungen
spielt die Index-Charakterisierung eine entscheidende Rolle. Der Index kann als Ma8 fiir
die Empfindlichkeit der Gleichung gegeniiber Stérungen der Eingangsfunktionen und
numerischer Schwierigkeiten, wie der Berechnung von konsistenten Anfangswerten fiir
Zeitintegration, gesehen werden.

Wir verallgemeinern Indexreduktionstechniken fiir den Traktabilitatsindex fiir eine all-
gemeine Klasse von differential-algebraischen Gleichungen. Mit Hilfe der Indexreduktion
erhalten wir lokale Losbarkeits- und Storungsaussagen fiir differential-algebraische Gle-
ichungen mit einem proper formulierten Hauptterm vom Index-2, und wir geben einen
Algorithmus an, um konsistente Initialisierungen fiir das ortsdiskretisierte gekoppelte
System zu bestimmen.

Schlielich werden die Ergebnisse durch numerische Experimente verifiziert.






Abstract

Today’s most common circuit models increasingly tend to loose their validity in cir-
cuit simulation due to the rapid technological developments, miniaturization and higher
complexity of integrated circuits. This has motivated the idea of combining circuit
simulation directly with distributed device models to refine critical circuit parts.

In this thesis we consider a model, which couples partial differential equations for electro-
magnetic devices - modeled by Maxwell’s equations -, to differential-algebraic equations,
which describe basic circuit elements including memristors and the circuit’s topology.
We analyze the coupled system after spatial discretization of Maxwell’s equations in
a potential formulation using the finite integration technique, which is often used in
practice. The resulting system is formulated as a differential-algebraic equation with a
properly stated leading term. We present the topological and modeling conditions that
guarantee the tractability index of these differential-algebraic equations to be no greater
than two. It shows that the tractability index depends on the chosen gauge condition
for Maxwell’s equations.

For successful numerical integration of differential-algebraic equations the index char-
acterization plays a crucial role. The index can be seen as a measure of the equation’s
sensitivity to perturbations of the input functions and numerical difficulties such as the
computation of consistent initial values for time integration.

We generalize index reduction techniques for a general class of differential-algebraic
equations by using the tractability index concept. Utilizing the index reduction we de-
duce local solvability and perturbation results for differential-algebraic equations having
tractability index-2 and we derive an algorithm to calculate consistent initializations for
the spatial discretized coupled system.

Finally, we demonstrate our results by numerical experiments.
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1 Introduction

Insofern sich die Satze der Mathematik auf die
Wirklichkeit beziehen, sind sie nicht sicher, und
insofern sie sicher sind, beziehen sie sich nicht auf
die Wirklichkeit.

ALBERT EINSTEIN, 1879-1955

In various fields such as automotive industry or telecommunication technological progress
is mainly driven by a rapid development of integrated circuits. The enormous growth of
performance is based on a higher complexity and packing density of integrated circuits
as well as decreasing spatial scales and increasing frequencies of electronic devices.

The miniaturization of the circuits causes an increasing power density, which in turn
makes it necessary for the prediction of the circuits behavior to take, amongst others,
into account heating effects, electromagnetic fields and an accurate switching behavior
of semiconductors.

A common tool to predict the behavior of circuits and to reduce the costs of development
is circuit simulation. Due to the complexity, which arises from up to millions of circuit
elements it is absolutely necessary to keep the model sizes as low as possible. The
consequences are contradicting demands in circuit simulation: On the one hand the
physical behavior of the circuit needs to be described correctly whereas on the other
hand the computing time must be reasonably small.

A well established approach, which tries to fulfill both requirements is the modified nodal
analysis, see [CL75, [CDKS&T7, [DK84]. The modified nodal analysis models the circuit with
basic elements only, such as capacitors, resistors, inductors, voltage and current sources.
Complex elements such as semiconductors or even conductors and their interactions,
respectively, are modeled by equivalent circuits consisting of basic elements only. The
modeling of equivalent circuits in an appropriate manner is a challenging task leading
to hundreds of model parameters, see [DFQG].

Due to decreasing spatial scales and increasing frequencies the device behavior is also
influenced by the surrounding circuitry, for example, by inductive coupling. It happens
with ever greater frequency that these equivalent circuits are not accurate enough and
a refined modeling of a particular device is necessary. Consequently, for complex cir-
cuits it is recommended to directly combine circuit simulation with device simulation for
particular devices. However, due to up to millions of circuit elements belonging to one
circuit we are restricted to equivalent circuits for most devices. There is a wide range



of modeling levels from linear and nonlinear equations to partial differential equations
depending on the effects to be described, for example, heating [Bar04) [Cul09], semicon-
ductor behavior [Tis04, Bod07] and electromagnetic fields [Giin01, Ben06, [Sch11].

From the circuit designer point of view not only new manufacturing technologies have
a great impact on future integrated circuits but also the development of new circuit
elements. Such a new element that most likely will be of huge impact is the memristor.
In 1971 Leon Chua postulated the theory of such an element to be existing, but only
in 2008 the first physical model was released by HP Labs, see [Chu71, [SSSWO0§|. Apart
from the three basic elements, namely, the capacitor, the resistor and the inductor,
already discovered in the 18th and 19th century, the memristor is considered the fourth
basic element. This holds true as the behavior of the memristor cannot be reproduced
by any circuit using only the other three basic elements, see [Chu7l].

The circuit models including refined devices and memristors lead to systems composed of
linear, nonlinear and ordinary differential equations after applying a method of lines. For
a reliable simulation of these systems we are interested in the perturbation sensitivity.
Thus, modeling these systems as differential-algebraic equations with a properly stated
leading term is an appropriate approach since for certain classes of such differential-
algebraic equations it has been shown that backward differentiation formulas and Runge-
Kutta methods are stability preserving, see [HMT03al, [HMTO03b].

There are several different index concepts to characterize a differential-algebraic equa-
tion. All concepts are a measure of the difficulties to be found in the numerical simulation
such as sensitivity to input perturbations. A direct measure of this sensitivity is the per-
turbation index, which takes perturbations of the right hand side into account. These
perturbations result, for instance, from round-off and Newton method errors. However,
the perturbation index in general is difficult to determine. For our investigations we
choose the tractability index concept to determine the differential-algebraic equation’s
sensitivity with respect to perturbations.

This thesis is based on three basic issues, namely, differential-algebraic equation theory,
structural investigations of circuits including memristors and structural investigations
of circuits including refined electromagnetic devices modeled by Maxwell’s equations.

The first basic issue is the differential-algebraic equation theory, which is the basis for our
later analysis of the extended circuit models. We familiarize with differential-algebraic
equations with a properly stated leading term and the index concept up to index-2 used in
this thesis. For a complete overview on that topic we refer to [LMT13]. The differential-
algebraic equation analysis is guided by a generalization of the index reduction technique
by differentiation of differential-algebraic equations without a properly stated leading
term to differential-algebraic equations with a properly stated leading term lowering the
index down from two to one. We show that the index reduced differential-algebraic
equation has index-1 and a properly stated leading term. Utilizing the index reduction
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we deduce local solvability and perturbation index-2 for differential-algebraic equations
having index-2 from well-known index-1 results given in [LMT13]. One of the difficul-
ties in solving differential-algebraic equations numerically is to determine a consistent
initial value to start the integration. To solve this problem we derive an algorithm to
calculate consistent initializations for differential-algebraic equations having index-2 and
a properly stated leading term by an approach, which is a generalization of the results
of [Est00]. All results are derived under sufficient structural conditions.

The second basic issue is the structural investigation of circuits including memristors. We
introduce the characteristic equations and topology for capacitors, resistors, inductors,
voltage and current sources known from literature, [CDKS87, [DK84], and, in addition, for
the memristor, [Chu7l1]. For circuits without memristors we introduce the modified nodal
analysis and well-known topological index results of [Tis99, [ET00]. For a potential use
of the memristor in circuit simulation we need to embed the memristor in actual circuit
models. The nodal analysis method has already been extended by memristor models.
The index of the resulting differential-algebraic equation is investigated in [Rial0]. In
this thesis we extend the modified nodal analysis by memristor models and the structural
properties of resulting differential-algebraic equation are presented, which leads to an
extension of the topological index results for circuits without memristors.

The third basic issue is the structural investigation of circuits including refined devices
modeled by Maxwell’s equations. First, we investigate Maxwell’s equations. The par-
tial differential equations have been postulated by James Clerk Maxwell in the middle
of the 19th century and form the basic of the modern theory of electromagnetics, see
[Max64]. We take Maxwell’s equations in a potential formulation into account which
are very popular in a broad filed of applications. Various spatial discretizations have
been studied, see [BP89L [StMO5) [Cle05, [CMSWII], and common spatial discretizations
are the cell method [Ton01], a finite-volume method [MMS01] and variants of the finite-
element method [Ned80, Bos98, [G6d10]. In the work presented we opt for the finite
integration technique introduced in 1977 by Thomas Weiland [Wei77] for spatial dis-
cretization. Weiland generalized a finite-difference time-domain-scheme of Kane Yee
[Yee66], also known as leap-frog scheme, to solve Maxwell’s equations. The potential
approach results in a suitable description of Maxwell’s equations and provide a natural
link to the concept of potential differences used in circuit simulation. However, the po-
tentials are not uniquely defined and a gauge condition is needed, see [Jac98, Bos01].
For the finite integration technique, grad-div formulations based on the Coulomb gauge
are already well known, see [CWO02, BCDS11]. In this thesis we introduce a new class
of gauge conditions in terms of the finite integration technique motivated by a Lorenz
gauge formulation. After spatial discretization we analyze the structural properties of
resulting differential-algebraic equation formulated with a properly stated leading term.
It turns out that the index of the differential-algebraic equation depends on the cho-
sen gauge condition but without exceeding index-2. To concentrate the link to circuit
simulation a suitable boundary excitation and current formulation is deduced. Next
we investigate coupled electromagnetic device/circuit models with spatially resolved



electromagnetic devices, where the electromagnetic devices are described by Maxwell’s
equations in a potential formulation spatially discretized by the finite integration tech-
nique. In literature coupled magnetoquasistatic device/circuit models are investigated in
[HM76, KMST93, DHWO04, DW04| and the index of the resulting differential-algebraic
equations is discussed in [Tsu02, Ben06, BBS11, [Sch11] using certain conductor models
and different circuit configurations. These results extend the topological index conditions
for the modified nodal analysis given in [Tis99, [ET00]. Our index analysis for coupled
electromagnetic device/circuit models is not restricted to certain conductor models and
we do not suppose that the magnetoquasistatic assumption holds. We deduce that
the index of the coupled system depends on the chosen gauge. For the coupled elec-
tromagnetic device/circuit model using Lorenz gauge we extend the topological index
conditions for the modified nodal analysis. The Coulomb gauge always results in an
index-2 differential-algebraic equation.

All considered differential-algebraic equations from our application areas have a common
structure such as a properly stated leading term, constant projectors onto/along certain
subspaces, linear index-2 variables and do not exceed index-2. That is, for all resulting
differential-algebraic equations we obtain solvability results, perturbation index results
and we can determine consistent initial values. In particular, we show that the per-
turbation index coincides with the tractability index and does not exceed perturbation
index-2.

The first chapter is devoted to the description of the differential-algebraic equations
with a properly stated leading occurring in this thesis. The analysis is guided by the
tractability index concept up to index-2. We investigate index reduction, solvability and
perturbation results. Methods for computing consistent initializations are derived. The
following chapter introduces the fundamentals of Maxwell’s equations using a potential
formulation and discusses boundary and different gauge conditions. We briefly introduce
the finite integration technique for spatial discretization. The structural properties of
the formulated differential-algebraic equations with incorporated boundary conditions
are discussed and we introduce a new class of gauge conditions formulated for the finite
integration technique. Index results using different gauge conditions are derived. Chap-
ter 3 is devoted to a detailed network analysis. The modified nodal analysis including
memristor models is derived and new topological index criteria and structural properties
of the resulting differential-algebraic equations are deduced. In chapter 4 we investigate
the coupled system consisting of circuits refined by spatially resolved electromagnetic
devices modeled by the modified nodal analysis and Maxwell’s equations. We generalize
the topological index criteria for the modified nodal analysis for this coupled system and
present its structural properties. The final chapter provides proof-of-concept examples
to verify the different models including memristors and electromagnetic devices. Ap-
pendix A and B subsume the basic aspects of linear algebra and graph theory relevant
for this thesis. Appendix C collects auxiliary calculations needed to prove the index
results.



2 Differential-Algebraic Equations

Differential/Algebraic Equations are not ODE’s.

LinpA PETZOLD, [PETS2|

Two major application fields of differential-algebraic equations are the simulation of
electric networks and constrained systems. These application areas in engineering can
be seen as important impulse to start with a systematic differential-algebraic equation
research, since failures in numerical simulations have provoked to analyze these equa-
tions.

During the last three decades considerable progress in differential-algebraic equation
theory has been made and we refer to [GMS86], [HLRS9, BCP96| [ESF98|, [AP98| [HNW02,
RR02, [KMO0G6, Ria08, LMT13].

Mostly differential-algebraic equations occur because of simplifications of the real prob-
lem. In electric networks Kirchhoff current law gives rise to algebraic relationships. If
these were modeled either as they are really found or with less idealizations we would
obtain an ordinary differential equation or a partial differential equation. In mechani-
cal systems the simple pendulum model has a fixed constraint on the pendulum length
whereas any real material will stretch very slightly, see [Gea(6].

Differential-algebraic equations are known to be ill-posed in the sense of Hadamard.
This ill-posedness is characterized by the differential-algebraic equation index. Briefly
speaking, the index can be seen as a measure of the systems’ sensitivity to input per-
turbations, as a measure of the difficulties to be found in the numerical simulation and
as the difference to an ordinary differential equation. Depending on the point of view
several index definitions exist which mostly generalize the Kronecker index in the linear
time-independent case.

In this chapter we introduce the basic notation and tools for the analysis of differential-
algebraic equations with a properly stated leading term which occur in this thesis. First,
we establish the abstract term of a differential-algebraic equation and point out the
main problems we face when dealing with differential-algebraic equations. Second, we
briefly introduce some well-known index concepts from literature. Then we familiarize
with differential-algebraic equations having a properly stated leading term guided by
the tractability index concept. Lastly, we deduce new results in index reduction, lo-
cal solvability, perturbation results and consistent initialization of differential-algebraic
equations.



An implicit ordinary differential equation (ODE - Ordinary Differential Equation) is an
equation of the form

d

where f € C(R™ x D x Z,R") is given and y € C! (Z, D) denotes the unknown function
with D < R", Z < R. In this thesis we restrict ourselves to initial value problems, (IVP
- Initial-Value Problem) of the form

f (%y,y,t) =0 with y (t) = yo € D and to € Z.
Definition 2.1. Let be (y,t) € D x Z with D < R" and Z < R. We call the implicit
ODE a differential-algebraic equation, (DAE - Differential-Algebraic Equation) if
f € C(R" x D xZ,R"), the continuous partial derivatives %f(z,y,t) and Zf (z,y,t)
exist and, in addtion, the partial derivative a—azf (z,y,t) is singular with constant rank for
all (z,y,t) e R" x D x 7.

DAEs have, amongst others, the following two important properties:

e Several components of the solution are determined by constraints. For IVPs these
constraints limit the choice of initial values since there is not a solution through
every given initial value.

e DAEs with an index higher than two do not only represent integration problems
but also differentiation problems. This implies that some parts of the DAE must
be differentiable sufficiently often and the differentiations and integrations may be
intertwined in a complex manner.

The behavior of DAEs differs from that of explicit ODEs in several aspects. In the
following we describe some of the essential differences.

Example 2.2. Regarding the DAE

d
—Y2=Y2+ Y1 yi1=q(t)

dt
with the solution
yi=q(t)

and y, being the solution to the explicit ODE %yg = yo+q (t) for a given input function
q. The solution has the properties:

e Only yy has to be continuously differentiable with respect to t.

e The initial value for y; is fixed by the input function q.
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Example 2.3. Regarding the DAE

d

a}ﬁ =Y2—Y1 Y1

q(t)

with the solution

Yo = (t) +al(t) y1=q(t)

aq
where ¢ is a given input function. The solution has the properties:
e The input function q has to be continuously differentiable with respect to t.
e The initial values are completely fixed by the input function q and %q.

e To get a solution to y; we need to differentiate y; with respect to t.

Example 2.4. DAEs are are ill-posed problems. Regarding

d
&Xl = X9 and X1 = sm(t) + 5(t)

where §(t) is a perturbation of the system, the solution is given by

x; = sin(t) + d(t) and xo = cos(t) + %5@).

A very small perturbation §(t), for example 6(t) = 107%*sin(10%*t) with & » 1, can
have a serious impact on the solution when compared to the solution xy = cos(t) of the
unperturbed problem, where § = 0, since $4(t) = 10" cos(10%"t).

2.1 Brief Index Survey

...and please no war between the different index
camps ...

ANDREAS GRIEWANK DURING THE “TWELFTH
EUROPEAN WORKSHOP ON AUTOMATIC
DIFFERENTIATION WITH EMPHASIS ON
AprpLicATIONS TO DAES”, DEC. 09, 2011,
BERLIN.

In this section, we briefly introduce some well-known index concepts from literature
namely the Kronecker index, the differential index, the perturbation index and the
strangeness index. In the majority of cases DAEs arising in industrial applications
are nonlinear. The Kronecker index is only defined for linear DAEs with constant co-
efficients. Other index definitions are mostly generalizations of the Kronecker index for
the time-varying and nonlinear case. The different index definitions depend on various
perspectives but all concepts exist in their own right and each has its own pros and cons.



Kronecker Index

The first introduced index concept was the Kronecker index [GP83|,[GM86]. The concept
is only defined for linear DAEs (22.1)) with constant coefficients given by

d
A—y + By = 2.2
) By =4 (2.2)
with A,Be R, qe C(Z,R") and y € C' (Z, D), where A is singular. For this type of
DAESs the Kronecker index provides a closed solution formula. The Kronecker index is
closely related to regular matrix pencils.

Definition 2.5 ([Gan7l1]). Let be A, B € R"*". The ordered matriz pair {A, B} and the
matriz pencil AA + B respectively are called nonsingular if there is a constant A € R so
that det (AA + B) # 0. Otherwise they are called singular.

Both the ordered matrix pair {A,B} and the linear DAE (2.2)) are said to be regular
if the accompanying matrix pencil is nonsingular. In fact, the regular matrix pencil is
essential for the unique solvability of the DAE ([2.2), see [LMT13].

Lemma 2.6. If the matrix pair {A, B} is nonsingular, then %A + B is nonsingular for
sufficiently small h > 0.

Proof. We regard the polynomial det (AA + B) in A. If det (AA + B) # 0 then there
is only a finite number of roots of the polynomial. Let A\g be the root with the largest
1

absolute value. Then %A + B is nonsingular for all 0 < h < Pk O]

Theorem 2.7. For any regular matrix pair {A, B} there are nonsingular matrices L, K €
R™ ™ and an integer 0 < [ < n such that

I 0

0N (2.3)

LAKzl 0 1

] and LBK [W 0]
with N € R>* and W e R=Dx(»=D_ Here, N is absent if [ = 0. Otherwise there
is 0 < k < [ such that N is nilpotent of order k, that is, N¥* = 0 and N*=1 % 0.
The integers [ and k as well as the eigenstructure of the blocks N and W are uniquely
determined by the matrix pair {A, B}.

Proof. See Proposition 1.3 in [LMT13]. O

The matrix N in Theorem [2.7 has only the eigenvalue zero and can be transformed into
its Jordan normal form by means of a real valued similarity transformation. Therefore,
the transformation matrices L and K can be chosen such that N is in Jordan form. The
pair given by is called Weistra-Kronecker form of the regular matrix pair {A, B},
see [GanT71].

Definition 2.8 (Kronecker index). The Kronecker index of a matrix regular pair {A, B}
and the Kronecker index of a regular DAE ([2.2)) are defined to be the nilpotency order
k in the Weistrafl-Kronecker form (2.3)).



2 Differential-Algebraic Equations

The DAE (2.2) in WeistraB3-Kronecker form is completely decoupled and provides a broad
insight into the structure of the DAE. Every regular DAE (2.2)) with Kronecker index-k
can be transformed into the Weistrafl-Kronecker form given by

d
Ndypv (2.5)
dtv V=T .

with y = K : and Lq = <1;)) We obtain the explicit ODE (2.4]) and for [ > 0 we
deduce from (2.5 the unique solution

T
L

v=) (=1)"Nit®, (2.6)
0

<.
Il

provided r € C¥~1 (Z,R) by recursive use of (2.5), see [LMT13]. Thus shows the
dependence of the solution y on derivatives of the right-hand side or the perturbation
term q.

The higher the index the more differentiations are needed. From the numerical point
of view it is very important to know the index of a DAE as well as details on
the structure responsible for differentiations. The regularity of the matrix pair {A, B}
guarantees the unique solvability for linear constant DAE ([2.2]) if we assume smooth
input functions q. If A and B are time-dependent this unfortunately holds no longer
true. There are examples, where the matrix pair is regular for all t € Z and the DAE
has infinitely many solutions. It may also happen that the matrix pair is singular and a
unique solution exists, see [BCP96].

If r € C¥(Z,R), the differentiation of yields an ODE for v. That idea is picked
up by the differentiation index that figures out how many differentiations are necessary
to transform the DAE into an ODE. On the other hand the perturbation index
directly measures the impact of perturbations on the solution.

Differentiation Index

The best known index is probably the differentiation index [Cam87, BCP96]. It is more
or less the number of differentiations needed to transform a DAE into an ODE. The
differentiation index received much attention and it is widely used. But it assumes high
smoothness of the DAE which often does not hold for applications.

Definition 2.9 (differentiation index). The DAE has differentiation index-% if
feCk(R" x D x Z,R") and k is the minimal number of analytical differentiations with
respect to t needed to determine an ODE for %y as a continuous function in y and t by
algebraic manipulations only.



A major drawback in application of the differentiation index is that the calculated dif-
ferentiation index-k is just an upper bound for the exact differentiation index of the
system and the exact index can be lower than k. The calculated differentiation index
depends strongly on a successful rearranging of the system’s unknowns. However, the
differentiation index is not clearly defined for DAEs as

—y =0.

y dty

Here y = 0 is a solution, but then we can not determine an ODE for y. Otherwise for
y = 1 we obtain %y = 0 and hence differentiation index-1.

Perturbation Index

The perturbation index [HLR89, [HNWO02] interprets the index as a measure of sensitivity
of the solution with respect to perturbations of the given problem and the right hand
side. The perturbation may arise from rounding errors and numerical approximations.
From a numerical point of view the perturbation index is the most important one. A
major drawback is that the perturbation index does not give us a prescription way how
to determine it and requires knowledge about the exact solution.

Definition 2.10 (perturbation index). The DAE (2.1)) has perturbation index-k along
a solution y, € C' (Z,D) on a compact interval Z = [to, T, if k is the smallest number
so that for all functions y € C! (Z, D) with

f (%i Y, t) =q(t)

for q € C*~1(Z,R") and all t € Z, the inequality

k—1
17 = v, < ¢ (|y<to> —yu (to)l oo + Y !!q“)\!oo)
j=0

holds true for some ¢ > 0 as long as || _, j < k, and [y (to) — v« (to)], are sufficiently
small.

Strangeness Index

The strangeness index [KM94, [KMO06] is an algorithmic approach, relies on a transforma-
tion to a canonical form and is closely related to the differentiation index, but extended
to over- and under-determined systems.

We will briefly review some of the key properties related to the strangeness index, see
[Voi06]. From the Kronecker index point of view two matrix pairs {A1, B;} and {A, By}
are considered to be equivalent if there exist nonsingular matrices U and V, so that

Ay =UA,V and B, = UB, V.

10



2 Differential-Algebraic Equations

For A; = A and B; = B the DAE ([2.2) is rewritten in terms of the transformed unknown
x = V7 ly. If V depends on the time, then y = Vx needs to be differentiated to obtain
the transformed DAE. Thus, %y = %VX + V%x holds true and the additional term
%VX has to be taken into account.

The strangeness index concept considers two time-dependent matrix pairs {A;, B;} and
{Ay, By}, with A;,B; € C(R,R*™™) and ¢ = 1,2, equivalent, if there exist point-wise
nonsingular matrix functions U € C (R, R™*") and V € C (R, R™*™), so that

d
A2 = UA1V and Bz = UB1V + UAlaV

Under certain constant rank assumptions it is possible to derive the normal form

I, 00 0] [0 A, 0 Ay s1

0 I, 0 0] [0 0 0 Ay dy
{A;,Bi} ~{As,Bst=<{]0 0 0 0|,[0 0 I o0 ay

0000 (I, 0 0 0 s1

0000 [0 0 0 0]|)m-—d—a

where the blocks
A eC(RR™™M), Ay e C (R, RSlX(m_ml_dl_al)) and Ay € C (R, Rdlx(m—ml—dl—m))

are again matrix functions. The numbers si, d; and a; are invariants of the equivalence
relations, see [KMO0G]. The corresponding linear DAE (12.2) is found to be equivalent to
the DAE:

d
T Argy2 + Agys = 1 (2.7a)

d .
a2 T Asyyy = qo  (dynamic part)

ys =qs (algebraic part)
Y1 = 4 (2.7b)
0 =qs (consistency condition)

The “strangeness” is derived from the coupling between (2.7al) and (2.7b]). Differentiating
(2.7b]) and inserting into (2.7a)) leads to an algebraic equation and we get the DAE:

d
Apys + Agys = i — —u
dt
d + A =
th? 24Y4 = Q2
Y3 = Q3
Y1 =q
0=gs

11



The resulting modified matrix pair is again denoted by {As,Bs}. The procedure to
obtain a normal from and the elimination of the “strangeness” can be repeated to obtain
a sequence of characteristic values (s;, d;, a;) for the matrix pairs {A;, B;}.

A matrix pair {A;, B;} is called strangeness-free if s; = 0. The strangeness indez is i,
if i € N is the smallest number so that the matrix pair {A;, B;} is strangeness-free, see
[KMOG].

The strangeness index is a powerful tool for the analysis of DAEs, including over- and
under-determined systems. The resulting normal forms provide much inside into the
structure of a given DAE. But even for simple DAEs it may be difficult to calculate the
normal forms, in particular for nonlinear problems.

Other Index Concepts

Thanks to Caren we have all the numerical
problems.

ANDREAS STEINBRECHER DURING THE
“TWELFTH EUROPEAN WORKSHOP ON
AUTOMATIC DIFFERENTIATION WITH EMPHASIS
ON APPLICATIONS TO DAES” AS RESPONSE TO
CAREN TISCHENDORF’S EXAMPLE POINTING OUT
A GAP IN THE STRUCTURAL INDEX CONCEPT,
Dec. 9, 2011, BERLIN.

In addition to the index concepts already mentioned a geometrical theory to study
DAEs as ODEs on manifolds is provided by the geometrical index [RR90, RR02]. A
combinatorial index concept is the structural index [BMROOQ, Pry01]. In [Janl2a] a
new index concept is introduced combining the ideas of the tractability index and the
strangeness index. For more index discussions we refer to [Voi06, [Meh12].

Expect the structural index all index concepts mentioned are generalizations of the
Kronecker index in case of linear DAEs ([2.2)) with constant coefficients.

2.2 Analysis of Differential-Algebraic Equations

Actually, DAEs ARE ODESs but those which
cannot be solved with respect to x’.

EBERHARD GRIEPENTROG, MICHAEL HANKE
AND RoswiTHA MARz, [GHMO92|

Apart from the index concepts discussed so far there is the tractability index concept.
The tractability index is a projector-based algorithmic decoupling concept working in

12



2 Differential-Algebraic Equations

terms of the original unknowns and it is straightforward to determine the tractability in-
dex at least in theory. The concept behind the tractability index is a stepwise projection
of the solution onto certain invariant subspaces leading to a precise solution description,
see [LMT13]. It focuses on the linearization of a DAE and requires only weak smooth-
ness conditions. The decoupling procedure provides a detailed insight into the structure
of a given DAE, see [GMS86, [Ria08, LMT13|. In addition for some classes of DAEs we
can connect the tractability index with the perturbation index, which is of importance
for our purposes.

Quasilinear DAEs ([2.1)) can be written as

d
A(y,t) ayﬂLb(yﬁ) =0,

where A € C (D x Z,R™™) and b € C (D x Z,R™). Formally, it must be assumed that the
solution y € C* (Z, D) is more smooth than actually required since A (y, t) is singular and
hence only the solution components in the cokernel of A (y,t) have to be continuously
differentiable. To avoid the unnecessary smoothness we focus on DAEs of the more
special form

%d (y,t) +b(y,t) =0 (2.8)

A(y,t)
with
e AeC(DxZ,R™™) deC'(Z,R™), beC (D xI,R"),
e a properly stated leading term, see Definition [2.11]
and

e the continuous partial derivatives %A (v,t), %d (v,t), 2d (y,t) and %b (y,t) exist.

> 0t

We denote D (y,t) = a—ayd (y,t). The leading term d(y,t) figures out precisely which
derivatives are actually involved and we need the continuous differentiability of combi-
nations of the solution components only in the cokernel of A (y,t).

Definition 2.11 ([Mar01]). The DAE (2.8) has a properly stated leading term if a
projector R € C! (Z, R™*™) exists with

ker A (y,t) = ker R (t) and imD (y,t) = im R (t)
for all (y,t) e D x Z.

Hence ker A (y,t) and im D (y,t) do not depend on y € D for a DAE with a properly
stated leading term and the subspaces have constant dimensions. Furthermore they are
well matched together without any overlap or gap. Once again the leading term shows
precisely all involved derivatives. Due to the historical development most DAEs are
formulated without a properly stated leading term.

13



Lemma 2.12. For the DAE (2.8)
ker A (y,t) ®@imD (y,t) = R™ (2.9)
holds true, which is equivalent to
imA (y,t) =imA (y,t) D (y,t) and kerD (y,t) = ker A (y,t) D (y,t).

In addition the identities A (y,t) R (t) = A(y,t) and R(t)D (y,t) = D (y,t) hold true
for all (y,t) e D x 7.

Proof. See Lemma A.1.3 in [LMT13] and Lemma O

Definition 2.13. A function y € C (Z,R") is said to be a solution to the DAE (2.8)) if
y € C} (Z,D) with the canonical solution set

Ci(Z,D)={yeC(Z,D) [d(y(),)eC (Z,RM)}
and the DAE (2.8) is fulfilled pointwisely.

The solution set of the DAE (12.8)) is nonlinear if d (y, t) is nonlinear with respect to y.
Fortunately it is straightforward to transform the DAE ([2.8)) into a DAE of the form

d

[D(t)¥] +b(¥,t) =0 (2.10)

with a properly stated leading term as shown in the following. The transformation to
a DAE (2.10) makes useful implication such as a solvability and perturbation result
available for the DAE (2.8) for a certain DAE class as we will see in the next section.

Definition 2.14. A function y € C (Z,R") is said to be a solution to the DAE ({2.10) if
¥ € C5 (Z,D) with the canonical linear solution space

C5(Z,D)={7€C(Z,D) | D()¥(:)eC" (Z,R™)}
and the DAE ([2.10)) is fulfilled pointwisely.
This allows linearization of the DAE which based on linear function spaces, see [Mar01].

In fact, C% (Z,D) is a vector space over R using point-wise addition and scalar multipli-
cation. Together with the norm

_ _ d _
5l = 151, + |5 B 03]

oe]

we obtain the Banach space (C%, ”'H(i), see Theorem 9 in [GMS86].
D
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2 Differential-Algebraic Equations

Definition 2.15. The natural extension of a DAE (2.8)) is given by

d

A (3,t) I [D(t)¥] +b(¥,t) =0 (2.11)

with
- =[] - w20,

The original DAE ([2.8) is called the underlying DAE to the natural extension.

The natural extension and the underlying DAE are closely related as shown in the next
theorem.

Theorem 2.16 ([Mar01]). The natural extension ([2.11))

(i) is a DAE of the form ({2.10])
(ii) and the underlying DAE are equivalent by the relation z = d (y,t), t € Z.

Proof. (i) Clearly ker A (y,t) = ker A (¥,t) and im D (y,t) = im D (t) due to the prop-
erly stated leading term of the underlying DAE (2.8)). Hence we can choose R (t) = R (t)
and the natural extension has a properly stated leading term as well.

(ii) If y» € C}(Z,D) is a solution to the DAE then ¥, € C5(Z,D x R") with
z=d(y,t), t € Z, is a solution to the natural extension ([2.11). If y, € CL(Z,D xR") is
a solution to the natural extension (2.11]), then d (y,t) = R (t)z € C' (Z,R™) holds true
and hence y, € CJ (Z, D) is a solution to the underlying DAE (2.8). O

Obviously if y € C (Z,R") is a solution to the DAE (2.8]) then y (t) € Mg (t) for allt e 7
must hold true with

Mo (t) ={y(t)eD[b(y,t) eimA(y,t)} = R"

is the so-called obvious constraint set, see [Mar03|]. The flow of the DAE is restricted
to Mo (t) and there is no solution through every given initial value. Thus, for the
numerical integration of the DAE (2.8)) we need to start the integration using a suitable
intial value.

Definition 2.17. A value yo € M, (tg) is said to be a consistent initial value of the
DAE (2.8) if there is a solution passing through (yo,to) € D x Z.

Definition 2.18. A triple (zg, yo, to) € R™ x M (tg) x Z is said to be an operating point
of the DAE ([2.8) if

A (v0,t0) zo + b (yo,to) = 0

is fulfilled.

15



The term operating point comes originally from circuit simulation, which is an important
application class for this thesis. In some cases, depending on the integration method, we
are also interested in a starting value of the derivatives appearing in the DAE (12.8)). The
following lemma and definition will characterize the values of the derivatives properly.

Lemma 2.19. For every yg € My (tg), to € Z, of the DAE (2.8) there is a unique z, € R™
such that

A(yo,to) 70 +b(y0,t0) =0 and 70 = R(to) 70 (212)
are fulfilled.
Proof. Let yo € My (to), to € Z and z}, z3 € R™ be fulfilling (2.12)). Then

A (yo,to) (25 — zg) = 0 and zy — z € ker R (to) .

Furthermore z} — 72 = R (to) (z§ — 7z2) and 7z} — z2 € im R (to) are valid. Hence we have
12
7y — 7 = 0. [

Definition 2.20. A triple (zg, yo, to) € im R (to) x M (to) x Z is said to be a consistent
initialization of the DAE (2.8) if yo € My (tg) is a consistent value and the triple is an
operating point.

For our investigations we choose the tractability index concept. Once again the tractabil-
ity index is a projector-based algorithmic decoupling concept and the concept behind it
is a stepwise projection of the solution onto certain invariant subspaces, see [LMT13].
In this thesis we focus on DAEs ([2.8)) of tractability index-1 and index-2 which occur
in our applications. Next we define the needed matrices and subspaces for this index
concept.

Definition 2.21 (Matriz Chain and Subspaces). Given the DAE ([2.8) we define:

= T A(y, )2+ b(y0)]

)
)
) — Qo (y,t), Qo (v,t) projector onto ker Gg (y,t)
) = ker Gg (y, t)
) ={veR"By(z,y,t)veimGq(y,t)}
Gi(z,y,t) = Go (y,t) + Bo (2,y,t) Qo (v, t)
)=1—Q1(z,y,t), Q1 (z,y,t) projector onto ker Gy (z,y,t)
)
)
)

We choose the projector Q; (z,y,t) such that AV (y,t) < ker Qq (z,y,t).
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2 Differential-Algebraic Equations

Remark 2.22. The choice of the projector Q; (z,y,t) so that N (y,t) < ker Qq (z,y,t)
is always possible. The matrix chain is said to be admissible up to two, see [LMT13].

For computational aspects of the matrix chain as well as for the properly stated leading
term we refer to [LMT13] taking Remark into account.

Definition 2.23 (tractability index). The DAE (2.8)) has (tractability)

e index-0 if and only if the index-0 set Ny (y,t) satisfies
No (v, t) = {0}

e index-1 if and only if the DAE (2.8) does not have index-0 and the indez-1 set
No (v, 1) NSy (z,y,t) satisfies

No (v,8) n Sy (z,y,t) = {0}

e index-2 if and only if the DAE ({2.8) has neither index-0 nor index-1, the index-1
set satisfies

dim (N (y,t) N So (2,y,t)) = const.
and the indez-2 set Ny (v,t) n Sy (z,y,t) satisfies

(Nl N 51) (Z7Y7t) = {O}

for all (z,y,t) e R™ x D x 7.
Remark 2.24 ([Mar(02]). For the matrix chain of the DAE ({2.8) holds:

(i) The projectors Qo (v,t) and Q; (z,y,t) are not uniquely determined.

(i) If No (v,t) < ker Qq (z,y,t), then Qq (z,y,t) Qo (y,t) = 0.

(iii) The index is independent of the choice of the projectors Qq (y,t) and Q (z,y,1t)
as long as (ii) is valid.

Furthermore the index of the DAE (2.8)) is invariant under transformation and scaling.

It is worth to formulate a DAE with a properly stated leading term because for a large
class of index-1 and index-2 DAEs it has been shown that backward differentiation
formulas (BDF - Backward Differentiation Formulas) and Runge-Kutta methods are
stability preserving, see [HMT03a, [HMT03b]. Such a DAE formulation is called numer-
ically qualified. An appropriate formulation of the problem ensures a correct behavior
of the numerical solution. The numerical methods keep their stability properties and
unexpected step size restrictions can be avoided.
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Example 2.25. Consider the linear index-1 DAE

M A—=1]d [u 0 0 u

[0 0 Lﬂ@)*{&—1A—J(OZﬂ (2.13)
reported [But03] with A # 1. From the DAE (2.13)) we obtain the ODE 4u = Au. Using
the implicit Euler to solve the DAE ([2.13) we obtain

U1 = (L + hA)u,

which is in fact the explicit Euler applied to the ODE. This will have several consequences
such as step size restrictions due to stability requirements. Formulating the DAE ([2.13))
with a properly stated leading term may lead to

BRI 10 A (O PO

Using the implicit Euler to solve the DAE ([2.14)) with a properly stated leading term we
obtain

1
Upt1 = ———Uy
AR S

and induce the implicit Euler for the ODE, too.

--- numerical solution ' --- numerical solution
— exact solution — exact solution
4

it 0.8
L

(a) standard formulation (b) proper formulation

Figure 2.1: BDF-2 solution to the n-DAE with step size h = 0.01 and n = —0.275.

Example 2.26. The well-known linear index-2 DAE, so-called the n-DAE, described in
[GP83|, further investigated in [HLR89] and successfully tackled by the properly stated
leading term in [HMTO3D], is given by

[l ()l 2 ) (59)
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2 Differential-Algebraic Equations

with the exact solution u(t) = (1 —nt)e™* and v (t) = e~* such that (ug,vo) = (1,1)
is a consistent initial value at ty = 0. Using the original formulation the implicit Euler
fails completely for n = —1 and is exponentially unstable for n < —3, see [GP84]. The
simple reformulation

o (0 () o 51 6) - ()

with a properly stated leading term leads to a correct implicit Euler solution, see
[HMTO3b]. These statements are confirmed by the numerical results given in Figure .

Remark 2.27. Let Wy (y,t) be a projector along im Gg (y,t). Then
SO (Zv Y, t) = ker WO (Y7 t) BO (Z> Y, t)
holds true for all (z,y,t) e R™ x D x T.

Remark 2.28. Let W (z,y,t) be a projector along im Gy (z,y,t). Then
81 (Z7 Y t) = ker Wl <Z7 Y t) BO (Z, Y, t) PO <Y7 t)
holds true for all (z,y,t) e R™ x D x T.

Now we come back to the relation between the natural extension and their underlying
DAE. The index of the natural extension (2.11)) is given by the underlying DAE and
vice versa.

Theorem 2.29. The natural extension (2.11]) and the underlying DAE have both index-
1 or index-2.

Proof. See Theorem 3.4 in [Mar01]. O

At a later stage we will utilize an equivalent characterization for the tractability index.
We use this equivalence to prove that the index reduction introduced in the next section
really reduce the index.

Lemma 2.30. The DAE (2.8)) has (tractability)
e index-0 if and only if G (y,t) is nonsingular
e index-1 if and only if the DAE does not have index-0 and G4 (z,y,t) is nonsingular

e index-2 if and only if the DAE has neither index-0 nor index-1 and Gs (z,y,t) is
nonsingular

for all (z,y,t) € R™ x D x Z with constant rank.

Proof. See [GMS86] and [Est00]. O
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Remark 2.31. Notice that we define G, (z,y,t) different to [LMT13]. However, since

G2 (Z7 Y, t) = G2 (Z7 Y, t) (I - Pl (Z> Y, t) E (Z7 Y, t) Ql (Z? Y, t))

holds true with (I — Py (z,y,t) E(z,y,t) Qi (z,y,t)) nonsingular, see Lemma [A.F] it is
sufficient to check whether Gy (z,y,t) is nonsingular or not in the index-2 case. For
Gs (2,y,t) we have E (z,y,t) = D (y,t)” % (D (y,t)Po(z,y,t) P1 (y,t) D (y,t)f) D (y,t).

The next lemma is motivated by [Sch03]. We need the lemma to prove Theorem [2.59]
In fact the next lemma provides a decoupling into certain solution components as shown
later.

Lemma 2.32. Let the index-2 DAE be given. Then
Gs (2,y,t) " Go (v, t) = P1 (z,y,t) Py (v,t)
and
Gy (2,y,t) " B (2,y,t) = Ga (,y,t) " By (2,,t) Py (v, t) P1 (2,y, t)
+ Qi (zy, 1) + Qo (y, 1)
holds true for all (z,y,t) e R™ x D x .

Proof. The first identity is true since

Go (v,t) = (Go (y,t) + Bo(z,y,t) Qo (y,t)) Po (v, t)
= Gi1(2,y,t) Po (y,t)
= (G1(z,y,t) + Bo (z,y,t) Po (y,t) Q1 (2,¥,1)) P1 (z,y,t) Po (v, t)
= G2 (2,y,t) P1(2,y,%) Po (v, 1)

and the second one due to

BO (Z7 Y, t) = BO <Z7 Y, t) PO (Y7 t) Pl (Za Y, t) + BO (Z> Y, t) PO (Y7 t) Ql (Za Y, t)
+ BO (Z7 Y t) QO (Y7 t)
= BO <Z7 Y, t) PO (Y7t) 1:)1 (Za Y, t) + GQ (Z7Y7 t) Ql (Za Y, t) + GQ (Z7Y7 t) QO (yv t)

is valid. ]

2.2.1 Index Reduction, Solvability and Perturbation Results

Our goal is to describe all constraint sets for index-2 DAEs with a properly stated leading
term having a special structure and to derive a solvability and perturbation result. For
this, a suitable tool is the index reduction. The index reduction may be applied to a
DAE to lower the index down from an initially higher index. A well known approach
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2 Differential-Algebraic Equations

is the differentiation of the DAE or of parts of it. Depending on the DAE structure
this approach may lead to a reduction of the index. Here we follow the techniques in
[MR99, [Est00, Rod00] for DAEs without a properly stated leading term to reduce the
index of a subclass of index-2 DAE ([2.8]) with a properly stated leading term. For index-
2 DAEs of the form an index reduction result can be found in [Mar(O1, Menl1].
We have already applied these techniques in [Bau08, [BST10] for index-2 DAEs of the
form ([2.8]).

The next lemma shows that the obvious constraint set My (to) describes all constraints
in case of an index-1 DAE ({2.§]).

Theorem 2.33. Let the DAE (2.8) be of index-1 and ty € Z. Then through each
vo € My (to) passes exactly one solution to the DAE (2.8]).

Proof. See Theorem 2.3 in [HMO04], using the relation between the DAE ([2.8]) and its
natural extension given in Theorem and [2.29| O

Note that Theorem [2.33|ensures local unique solvability only. For a a global unique solv-
ability result for DAEs using the concept of strong monotonicity under certain structural
conditions we refer to [JMT12].

In contrast to index-1 DAEs the flow of the index-2 DAE ({2.8)) is additionally restricted
by a set My (t), where the relation M; (t) < M, (t) holds true. For every solution
y € C(Z,R") of the DAE the relation y (t) € M, (t), is fulfilled for all t € Z. The
set M (t) is the indez-2 constraint set with My (t) = Mg (t) n Hi (t), t € Z, where
H; (t) is the so-called hidden constraint set. In case of an index-2 DAE for a consistent
value yo =y (to) € My (tg) holds true for (yo,to) € D x Z.

Example 2.34. Consider the index-2 DAE
d

e U= 0 (2.15)
VEV —vz=0 (2.16)

dt - '
w4+vi—-1=0 (2.17)

on D = {(u,v,z) € R®|v > 0}. Obviously we get
Mo (t) = {(u,v,z) e R*[u® + v’ — 1 = 0}.
Differentiation of and utilizing and yields the hidden constraint set
Hi (t) = {(u,v,z) € R?[u® + vz = 0} .
That is, the index-2 constraint set is given by

M (t) ={(u,v,z) e R’[u® + v =1 = 0 and u® + vz = 0} .
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Next we determine the index-2 constraint set M (t) by the use of index reduction. Let
Wy (y,t) and Wy (z,y,t) be projectors along im Gq (y, t) and im Gy (z,y, t), respectively.
The projectors Wy (y, t) and Wy (z,y, t) will play an important for the index reduction by
differentiation. At first we need some basic results presented in the next four lemmata.

Lemma 2.35 (Lemma 2.3.1, [Est00]). Let the DAE be given. The identities

(i) Wi (zy,t) Wo (y,t) = Wi (zy,t)

(i) Wi (zy,t) Bo (2,y,t) Qo (y,t) =0
hold true, for all (z,y,t) e R™ x D x 7.
Proof. (i) We get

0 =Wi(z,y,t)Gi(zy,t)Po(y,t) = Wi(zy,t) Go(y,t).
Hence im Gy (y,t) < ker Wy (z,y,t) that is
ker W (v,t) = im G (v,t) < ker Wy (z,y,1t)
and we conclude
Wi(z,y,t) (I=Wo(y,t)) =0 Wi (z,y,t) Wo (v, t) = Wi (z,y,1).

(ii) We obtain directly

0=Wi(zy,t)Gi(zy,t)
= Wi (z,y,t) (Go (v, t) + By (z,y,t) Qo (v, 1))
=W, (Z, Y, t) BO (Z> Y t) QO (Y7 t) :

Lemma 2.36. Let an index-2 DAE (2.8) be given. The identity
im Wi (z,y,t) =im Wy (z,y,t) Bg (2,y,t)
holds true for all (z,y,t) € R™ x D x 7.

Proof. Clearly im Wy (z,y,t) By (z,y,t) < im Wy (z,y,t) holds true. From the index-2
condition Nj (z,y,t) @ S1 (z,y,t) = R"™ can be deduced, see |[GM86] using a canonical
projector

Ql,S <Z7 Y, t) = Ql (Z7 Y, t) G2 (Z7 y, t>_1 BO (Z7 Y, t) PO (Y7 t) :
Using the Rank-nullity theorem and Lemma [2.35] we can conclude

dim (Hn Wl <Z7 Y, t) BO (Z7 Y, t)) = dim (Hn Wl <Z7 Y, t) BO (Z7 Y, t) PO (Y7 t))
=n —dim (ker Wl <Z7 Y, t) BO (Za Y, t) PO (Y7 t))
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2 Differential-Algebraic Equations

=n—dimS; (Z7Y7t)

= dimN1 (Z, Y, t)

— dim (ker G (z,y, 1))

=n —dim (im Gy (z,y,t))
=n —dim (ker Wy (Z7 Y, t))
= dim (im Wy (z,y,1))

and therefore it follows the missing inclusion, see Remark [2.28| O

For the next investigations we denote by D (y,t)” a pseudoinverse of D (y,t). To obtain
a unique D (y,t)” we choose

D(y,t)" D(y,t) = Po(y,t) and D (y,t)D(y,t)" = R(t)
for all (y,t) € D x Z, see Theorem and Lemma [A.15]
Lemma 2.37. Let an index-2 DAE be given. The identity
im Wy (z,y,t) =im Wy (z,y,t) Bo (z,y,t) D (y,t)"
holds true for all (z,y,t) € R™ x D x Z with Py (y,t) =D (y,t)” D (y,t).

Proof. Clearly one inclusion is obvious. Let be x € im Wi (z,y,t). Then there are
v,u € R™ and w € R such that

X = Wl (Za.Y7t)V
= Wl (Zu Y, t) BO (Z7 Y, t) P0 (Y7 t) u
= Wl <Z7 Y, t) BO (Zv Y, t) D (ya t)_ D (Y7 t) u
= Wl (Z7 Y, t) BO (Za Y, t) D (ya t)i w
and hence x € im Wy (z,y,t) B (z,y,t) D (y,t)", see Lemma and [2.36] O

In the following we need d (y,t) depends only on dynamic components. This structure
will be exploited later on.

Lemma 2.38. Let the DAE (2.8 be given with Py € C (Z,R™*") and domain D so that
for each (y,t) € D x T also Pq (t)y + sQq (t) y € D for all s € [0,1]. Then, the identities

(i) d(y,t) =d(Po(t)y,t)
(H) D <Y7 t) =D (PO (t> Y, t)
(i) £d(y,t) =D (P (t)y,t) SPo (t)y + £d (Po (t)y,t)

hold true for all (y,t) € D x Z.
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Proof. We use ker Py (t) = im Qg (t) = ker D (y, t) for all (y,t) € D x Z. (i) We apply
the mean value theorem, see [Mar03]. We get

M%O—dﬁh®y¢ﬁjﬁD@Y+ﬂ—®PMO%OQMOwb=O

(ii) We directly obtain

0

D(Y7t) = -d (y7t> =

= Z APy ()3, 1) = D (Po (1),1) Po (1) = D (Po (1) y.1)

oy

(iii) On the one hand we have

ad(y,)

S0 =D (1) Sy b o

dt
and on the other hand

CA(Po(1)y.1) = D (Po (1)y,1) Py (1) Ty + D (Py () y,1) TP 1)y + = (P (1) .1

d d 0
=D (Po(1)y,6) oy + D (Po(6)y,5) TP (1) + o (P (1), 1)
Combining both via d (y,t) = 4d (Py (t) y,t) we achieve

La(5.1) = D (Po (1)v.1) Py (v + 2 (P (0.1,

O

Now we collect all ingredients for the index reduction of index-2 DAEs. The application
classes we investigate the forthcoming chapters have special structures. We will restrict

ourselves to index-2 DAEs (2.8)) of the form

id (y,t) + b (y,t) =0, (2.18)

A(y,t) T

where we assume
e constant projectors Qy and Wy,
e domain D so that for each y € D also Poy + sQpy € D for all s € [0, 1],
e the continuous partial derivative Wb (y,t) exists for all (y,t) € D x T

and

e by D (y,t)” we denote the pseudoinverse of D (y,t) with D (y,t)” D (y,t) = P¢ and
D(y,t)D(y,t)” = R(t), see above.
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2 Differential-Algebraic Equations

Remark 2.39. Since W, is constant the relation

0 0
WiBy (z,y,t) = Wiz [A(y,0)z+Db(y,t)] = Wigoh (y,t)

holds true.

To extract suitable parts of the DAE (2.18) to reduce the index by differentiation we
left-multiplying the DAE (2.18) by W; and obtain

Wlb (Y7 t) =0
due to Lemma and ker Wy (y,t) = im Gy (y,t) = im A (y, t). Hence the relation

d
Wb (y,) =0 (2.19)

holds true, too. The next step is to describe the derivative (2.19)) in a proper way so that
the DAE ([2.18) can be reformulated as an index-1 DAE with a properly stated leading

term.
Lemma 2.40. Let the DAE (2.18]) be given. The relation

d d 0

0 _ 0
VD0 = Wb D0 (Fa00 - 5400 + ZWib (.

holds true for all (y,t) € D x Z.
Proof. We apply Lemma and [2.38 Since Q) is constant, it holds that

d d 0
4 (v,t) =D (y,t) T [Poy] + 54 (v,t) (2:20)
and
d 0 d 0
- = — — [P — . 2.21
g WVib (v, t) Wlayb(y,t) ¢ [Fov] + 5 Wib (y, t) (2.21)
Left-multiplying of (2.20]) by D (y,t)” leads to
d d 0
—|P =D t) —d(y,t)—D t) —d(y,t
g [Pyl =D (. t)" d(y,t) =Dy, t)” =d (v, 1)
since D (y,t)” D (y,t) = Py. Substitution into (2.21)) yields the result. O

The DAE ([2.18) can be written as

0= A1) 300 8) + by
= A1) 5 (n0) 4 (1= W) b (3,6) + Wib (7.1

25



and replacing Wib (y,t) by %Wlb (y,t) leads to

d d
= - W W — 0.

Using Lemma we obtain from the index-2 DAE ([2.18) the index-1 DAE

Ay, t)

with
_ 0 _
D (y.t) = (T— Wi) b (y,6) — W1-b (v,6) D (v, )" —d (v,8) + < Wyb (v, 1)
Y, - 1 Y, lay Y, Y, at Y, &‘t 1 Y,

and a properly stated leading term. Within the next lemmata we prove the properly
stated leading term and that the DAE ([2.22)) has indeed index-1.

Lemma 2.41. The DAE (2.22)) has a properly stated leading term utilizing the projector
R e C (Z,R™") of the DAE (2.18).

Proof. It is sufficient to show the relation ker A (y,t) = ker A (y,t). The first inclusion
ker A (y,t) < ker A (y, t) follows immediately using the identity

Wi Sh (56D (y,1) = Wi b (. ) D(y.6) R (1)
y y

and ker A (y,t) = ker R (t). Let be v € ker A (y,t). Using the constant projector W,
see Lemma [2.35] we achieve v € kerWl%b (y,t) D (y,t)” and hence v € ker A (y,t).

That means the decomposition in ker A (y,t) and im D (y,t) can be realized using the
projector R (t). O

The relation ker Gy (v, t) = ker Gy (v, t) holds true since the DAEs (2.18)) and (2.22)) have
the same leading term d (y,t), see Lemma [2.12, That is, the same derivatives occur in
both DAEs.

First, we need a technical lemma to handle second order derivatives with respect to the
unknowns to prove the index-1 result for the DAE ([2.22)).

Lemma 2.42. Let the DAE (2.18)) be given. Then, the relations
(1> Wlb (y7 t) = Wlb (P0y7 t)
(i) 2 [ngb (v, 1) z] Qo = 0 for all z € R"

hold true for all (y,t) € D x Z.
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2 Differential-Algebraic Equations

Proof. (i) We apply the mean value theorem. We get
! 0
Wib (v,t) — Wib (Poy, t) = f Wl@b (sy + (1 = s) Poy, t) Qoyds
0

1

= J WiBg (2, sy + (1 — s) Poy, t) Qoyds
0

— 0.

(ii) We define H (y) = W, %b (v,t)z for fixed z € R". Regarding the directional deriva-
tive of H (y) along Qew for all w e R™. Using (i) we get

oy h
“im L [ Wo b (y 4 hQow, )2 — Wi-b (3, )
—hlg(l)h 1(7y y ow, 1)z 1(3y y,t)z
10
- Illli)r(l) Ea_ [Wlb (POY> )Z - Wlb (POya t) Z]
=0
for all w e R™. O

Lemma 2.43. The DAE (2.22)) has index-1.

Proof. We compute G, (z,y,t) by

G_I(Z)Y7 ) G_( )+B0(Z Y, )QO

-Gt + 5 [R5 02+ By 0]

0
= Gl (Za Y, t) + Wla_b (Y7 t) PO
y
0

. : [ngb (v,6)D (v, t)" (z — %d (y,t)ﬂ Qo

deploying Lemma [2.35] Using Lemma [2.42] we get

_ 0
G1 (Z, Yy, t) = G1 (Z, y, t) + ngb (y, t) P(].

Finally we have

veker Gy (z,y,t) & vekerGy (zy,t) and v e ker W1By (2,7, t) Po
< veM(zy,t)nSi(zy,1)

by using Remark [2.39 and hence v = 0, because N, (z,y,t) N Si(z,y,t) = {0} due to
the DAE (2.18 - having index-2. The decomposition of G; (z,y,t) can be realized by W,
and we conclude that Gi (z,y, t) is nonsingular, that is, the DAE (2.22) has index-1. [
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To make use of the index reduced DAE ([2.22]) we need to relate the solution to
and . An analytical solution to the index reduced DAE is not necessarily a solution
to the index-2 DAE but the other way holds true. The index reduced DAE has more
solutions than the index-2 one. But if the initial conditions are chosen properly a solution
to the index reduced DAE is a solution to the index-2 DAE, too.

Theorem 2.44. Let W1b (yo, to) = 0 be fulfilled in one point (yo, to) € D xZ. A solution
to the DAE (12.18) through (yo, to) is a solution to the DAE (2.22)) through (yo,to) and

vice versa.

Proof. Let y. € C}(Z,D) be a solution to the DAE (2.18). Due to construction the
solution is a solution y, to the DAE , too.

The other direction is only true if Wb (yo,to) = 0 for (yo,to) € D x Z and y (to) = yo.
If the relation Wb (y,t) = 0 holds true then Wib (y,t) = 0 for all (y,t) € D x Z. Let
v« € C(Z,D) be a solution to the DAE (2.22)) with y (tg) = yo. Then

d _
A (v, t) ad (Vse,t) + b (ye,t) =0

and left-multiplication by W; yields

0 _/d 0 0
ngb (V4 ) D (y4, 1) (&d(y*,t) - gd (Y*J)) + awlb (ys,t) =0

and

d
ETAS (Vs, t)

respectively, see Lemma [2.40f Due to Wb (yo, t) = 0 we obtain
Wlb (y*, t) = 0.

Left-multiplying the DAE (2.22) by (I — W) results in

Ayart) S (v, 0) 4 (L= W1) b (v, 1) = 0.

Hence y, is a solution to ([2.18)). O]

Now we are able to describe the hidden constraint set H; (t) and hence the index-2

constraint set M (t) = My (t) N Hy (t) of the DAE ([2.18)).

Theorem 2.45. The hidden constraint set H; (t) of the DAE (12.18)) can be described
by

0 0 0
Hi(t) =yeD|IzeR"™: Wi—b(y,t)D(y,t) (z— =d(y,t) | + =W;ib(y,t) =0,.
oy ot ot
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2 Differential-Algebraic Equations

Proof. The set

{y e Db (y,t) € imK(y,t)}

is the obvious constraint set of the index-1 DAE (2.22). Then the index-2 constraint set
M, (t) of the DAE 1) can be described by

{Y € Mo ) |[Wib ( = 0}
due to Theorem 2.44l Hence
={y(t) e Db (y,t) e imA (y,t), Wb (y,t) = 0}
—{y eDBzeRm:A(y,t)z+(I—W1)b( v, t), Wib (y,t) =0

0 _ 0 0
Wi 0D 0 (2 £40.0) + ZWibly.o =0}
= Mo (t) M Hl (t)
is valid. ]

Next we deduce an unique solvability result for index-2 DAEs (2.18)) using an unique
solvability result for index-1 DAEs (12.8).

Theorem 2.46. Let a DAE ([2.18)) be given with tg € Z. Then through each y, € M; (to)
passes exactly one solution.

Proof. Applying the index reduction by differentiation to ‘the DAE (2.18)) we get an
index-1 DAE (2.22). Due to Theorem for every yo € My (t) we obtain a unique
solution to the index-1 DAE (2.22)). Utilizing Theorem leads to the result. O

Remark 2.47. The index-2 constraint set M, (t) of the DAE (2.18) is filled with solu-
tions due to the index reduced DAE having index-1 and M; (t) € M (t). Hence every
y € M (t) is a consistent value.

As mentioned previously the index reduced DAE has more solutions than the index-2
DAE. Hence we need to choose proper initial conditions, see Theorem [2.44] Otherwise
we provoke the so-called drift-off-phenomenon. This is due to differentiating parts of the
algebraic constraints of the index-2 DAE. The former algebraic constraints turns into
ODEs for the index reduces DAE. That is, the initial values are not restricted by the
former algebraic constraints anymore and if the initial values violate the former alge-
braic constraints then the error increases in time, independent of the step size. Unfortu-
nately consistent initial values are not always available. Additionally the used numerical
method do not necessarily preserve the former algebraic constraints even though they
are preserved in the ODEs with proper initial values. If the step size goes to zero, the
drift-off will go to zero on a fixed time interval, too. To reduce the effect of the drift-off
we can apply projection or stabilizing techniques to correct the algebraic constraints
at certain time points like a Gear-Gupta-Leimkuhler formulation known for multibody
systems, see [Mar96, HNWO02|, (GGLS5].

Next we illustrate how the solution to a given example changes due to index reduction.
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Example 2.48. Consider the index-2 DAE ([2.18)) given by

H g ([ o+ (u+?ivf (t)) =0

with f(t) # 1 for all t € [tg, T], T € R. The solution is given by

-3 —16
0o X10 4 x10
0.0 ’
—0.2
S s
©—04 o
© ®
—0.6
—08
-3
~1.0 -4
0.0 0.5 1.0 L5 2.0 25 0.0 0.5 10 15 2.0 25
t x10! t x10!
(a) obvious constraints (b) hidden constraints

Figure 2.2: Index reduced DAE starting with consistent values.

U(t)=f(t)—1andv(t):fc(?£_<_t>l

d
with consistent initial values ug = f (t¢) — 1 and vy = fczttigtfi The constraints are given

16 -3
, x10 0o X10
, 15
10
1
N _ 05
2 <
S 0 S 0.0
K] s
T | S0
~1.0
-2
~15
-3 —20
0.0 05 1.0 15 2.0 25 0.0 0.5 10 15 2.0 25
t x10! t x10!
(a) obvious constraints (b) hidden constraints

Figure 2.3: Index-2 DAE starting with consistent values.

u+1—f(t) =0 (obvious constraint)
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d
uv — af (t) = 0 (hidden constraint)

Using the constant projectors

0.0 x10% 3 x10~10
—0.2
504 5
5] 5]
T_06 [
-038
~1.0
0.0 0.5 10 15 2.0 2.5 0.0 0.5 10 15 2.0 2.5
t x10! t x10"
(a) obvious constraints (b) hidden constraints
Figure 2.4: Index reduced DAE starting with inconsistent values.
10
R = [1] and Py =
* 1o 0
we choose

This lead to

and

%Wlb((u, V),t) = m % ([1 0]u) + (iof (t)> .

Hence the index reduced DAE reads

m S o)+ (%‘;V(t)) 0

d
with consistent initial values uy = f (tp) — 1 and vo = it (o) fulfilling the hidden con-

f(to)—1

straints. We choose f (t) = sin (t) + 3t + 3, to = 0 and 7' = 24. The calculation were
carried out by the implicit Euler scheme using the fixed step size h = le-2. Starting
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with consistent initial values the difference of the exact and the numerical solution to the

constraints is given in Figure and [2.3] To show the drift-off we choose inconsistent
d

initial values ug = —200 and v = ffzttz()tfi The differences in exact and numerical solu-

tions to the constraints are given in Figure 2.4, Note that in case of the index reduced

DAE the hidden constraints turn into obvious constraints.

With the index reduction technique we can derive a perturbation result for index-2 DAEs
(2.18). First we present a perturbation result for index-1 DAEs (12.8)).

Theorem 2.49. Let the DAE (2.8]) be of index-1 and Z, < 7 a compact interval with
to € Zy. If y. € C} (Z, D) is a solution to the DAE (2.8)), then for all solutions y € C} (Z, D)
of

L1@.0 +bE.0) = qt).

AT

the inequality

[7 = ¥ulloe < (5 (o) =y« (to)llo, + lall.,)

holds true for some ¢ > 0 as long as |ql|, and [[¥ (to) — y« (to)
and q € C (Z,,R").

|, are sufficiently small

Proof. See Theorem 4.11 and Remark 4.12 in [LMT13] and using the relation between
the DAE (2.8)) and its natural extension given in Theorem and [2.29] O

That is, if the DAE ([2.8)) has index-1, then the DAE ({2.8]) has perturbation index-1, see
Definition [2.10, With that preliminary work we elaborate a new perturbation result for
index-2 DAEs ([2.18) using the index reduction techniques.

Theorem 2.50. Let the DAE (2.18) be of index-2 and Z, < 7 a compact interval
with tg € Z,. If y. € Cj(Z,D) is a solution to the DAE (2.18)), then for all solutions
yeCl(Z,D) of

1@ +bF.6 =q(). (2.23)

dt

£q||, and |y (to) — v« (to) |, are sufficiently

Ay t)

the inequality

_ _ d
7=l < e (I3 ) = o ()l + lal + | o

holds true for some ¢ > 0 as long as ||q|
small and q € C! (Z,,, R™).

o’

Proof. Applying the index reduction by differentiation to the DAE (2.18) we get an
index-1 DAE (2.22) with

Ay,t) 4

dtd (v,t) +b(y,t) =0 (2.24)
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and from the perturbed DAE ([2.23|) we obtain an index-1 DAE ([2.22)) given by

A(y,t) %d (7.t) +b(y,t) = at (2.25)

with @ = (I—W1)q+ Wisq. Assume [q,., [$a],, and |7 (to) — v« (f0)],, are suffi-
ciently small and q € C' (Z,,R"). Next we apply Theorem and we get the the
inequality

[¥ = ¥uloe < (5 (o) =y« (t0)l, + [all,)

with ¢ > 0, where y, € C} (Z, D) is a solution to (2.24) and y € C} (Z, D) of (2.25)). Thus
the inequality
)

with d > 0 holds true, due to the projector W; being constant. O

_ _ d
7l < (19 0) = o)l + ol + | o

That is, if the DAE (2.18) has index-2 then the DAE ([2.18) has perturbation index-2,
too. That is a major justification for choosing the tractability index as index concept.

2.2.2 Consistent Initialization

IMAGE BY [HNWO02]

An important task for a successful time integration of DAEs is the determination of
a consistent initial value. In this subsection we present methods for the calculation of
consistent initial values for a subclass of index-1 and index-2 DAEs. For the index-2
case we follow the idea of [Est00]. In contrast to [Est00] we elaborate the approach for
DAEs with a properly stated leading term.

For the index-1 case a very general approach to calculate consistent initial values can be
given, see [Mar03].
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Theorem 2.51. Let the index-1 DAE (2.8)) be given and ty € Z. The system

A (vo, to) 2o + b (yo,to) =0 (2.26)
(I =R (to)) 20 + R (to) (d (vo,t0) —2") =0 (2.27)

is locally uniquely solvable for given z° € R™ and provides a consistent initialization
(z0, Y0, to) € im R (to) x Mo (to) x Z.

Proof. The Jacobian of the nonlinear system (2.26]) and (2.26|) reads

A( ,to) BQ (Z, ,to)
T3 = |1 R () R(to)Dy(y,to) '

Let be (z4,y«) € ker J (z,y). Then

A (Y7 tO) Zy + BO (Z, y, tO) Ve = 0 (228)
(I =R (to)) z« + R (to) D (y,t0) y« =0 (2.29)

and we can conclude that y, € Ny (y,t) N Sp(z,y,t). That is true since leads to
Bo (2,y,t0) vy« € im A (y,tg) and results in y, € kerD (y,tg). We achieve y, = 0
because the DAE has index-1. Next and come to z, € im R (tg) nker R (to).
Hence the Jacobian is nonsingular. From ([2.26)) we obtain zg € im R (to). O

In Theorem the equation (2.26)) ensures that the DAE ({2.8)) including the obvious
constraints are fulfilled and (2.27)) provide the uniqueness of z.

A difficulty for index-2 DAEs is the description of the so-called index-2 components,
which belong to the index-1 set Ny (y,t) N Sp(2,y,t) and are determined neither by
differential nor by derivate-free equations but require inherent differentiation. We call the
components of the index-1 set index-2 components since the index-1 set would be empty if
the DAE may of index-1. To describe the index-2 components we introduce the projector
T (z,y,t) onto Ny (y,t) n So(z,y,t) and the complementary projector U (z,y,t) = I —
T (z,y,t), see [Tis96].

Example 2.52. To clear clear up the misunderstanding that every single solution com-

ponent belongs to exactly one index set we inspect the linear index-2 DAE

d

&Xl—Xg—ngo
Xlzf(t)
X2—X3:0

proposed by [Janl12b]. For the description of the index-2 components we make use of
the relation im QyQ; = Ny N Sy, see Lemma 3.5 in [Tis96]. Choosing the projectors

000 1 00
Q=101 0] andQi =[5 0 0
00 1 100
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2 Differential-Algebraic Equations

we obtain

No NSy =span ((0,1,1)) = im T with T =

o O O

0
1
1

o O O

that is, the index-2 component is a linear combination of the solution components.

The first relation of the next lemma is taken from [Voi06] and is used to exploit the
index-2 components.

Lemma 2.53. Let a DAE be given. The projector U (z,y,t) can be chosen so that
(i) U(zy,t)Po(y,t) = Po(y,t) = Po(y,t) U(z,y,t)
(i) Po(y,t)P1(2,y,t) U(z,y,t) = Po(y,t) P1(zy,1)

hold true for all (z,y,t) e R™ x D x .

Proof. (i) With im T (z,y,t) < ker Py (y,t) we get Pq (y,t) T (z,y,t) = 0. Furthermore
we can choose the projector T (z,y,t) with the property T (z,y,t) Py (y,t) = 0 due to
imPy (y,t) nim T (z,y,t) = {0}.

(ii) Using (i) we get

PO (Ya t) Pl (Zv Y, t) PO (Y7 t) U (Zv Y, t) = PO (Y7 t) Pl (Z7 Y, t) PO (Y7 t) .

Furthermore we have

PO <Y7 t) Pl <Z7 Y, t) PO <Y7 t) =

QO (Y7t>> (I - Ql (Z7Y7 t)) (I - QO (Y7 t))
- QO <Y>t>> (I - Ql (ZvY7t)>
=Py (Ya t) Py (Za Y t)

due to Ql (Z7 Y t) QO (Ya t) =0. [
We restrict ourselves to index-2 DAEs (12.18) of the form

A(t) %d (v,%) + b (v,t) = 0, (2.30)

where we assume

e Non Sy (y,t) does not depend on (y,t) € D x Z and T is a constant projector onto
the index-1 set, U =1—T and Py = UPy, see [Est00],

e domain D so that for each y € D also Uy + sTy € D for all s € [0, 1],

and
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e index-2 components Ty occur linearly only, that is, the DAE (2.30]) can be written
as

A(t) %d (Uy,t) + b (Uy,t) + B (t) Ty = 0,

where b (y,t) = b(Uy,t) + B(t) Ty and B (t) € C (Z, R™*™) problem given.

In this subsection we develop a step-by-step method to compute consistent initial values
guided by [Est00]. Note that we extend the approach to DAEs with a properly stated
leading term. Under the later structural properties we compute a consistent initialization
for index-2 DAEs as follows:

(i) Describe the hidden constraints.
(ii) Compute an operating point.
(iii) Correct the operating point to fulfill the hidden constraints.

Next we derive the necessary statements for this step-by-step approach. The leading
term d (y,t) of the DAE depends only on the non-index-2 components as shown
in the following which is an essential ingredient for our investigations. The next two
lemmata are used to describe the hidden constraint set H; (t) given in Theorem [2.45]
without the index-2 components.

Lemma 2.54. Let the DAE ([2.8)) be given with Py, U € C (Z,R"*") and domain D so
that for each (y,t) € D x T also Py (t)y + sQo (t)y € D and U (t)y + sT (t) y € D for all
s € [0,1]. The identities

(i) d(y,t) =d(U(t)y,¢t)
(ii) D(y,t) =D (U(t)y, 1)
(iii) D(y,t)” =D(U(t)y,t)"
(iv) £d(y,t) =D(U()y,t) FU®)y + £d(U(t)y,1)
hold true for all (v,t) € D x T.

Proof. Following the proof of Lemma and using Lemma leads to (i), (ii) and
(iv). (iii) Using (ii) the matrix D (y,t)” fulfills the conditions to be a pseudoinverse of
D(U(1)y,1). .

Lemma 2.55 (Lemma 2.3.4, [Est00]). Let the DAE (2.8)) be given with domain D so
that for each (y,t) e DxZ also U (t) y+sT (t)y € D for all s € [0, 1], Wy, U € C (Z,R™*™)
and Wy € R™™™, Then

(i) Wo (t) Bo (y,t) T (t) =0
(if) Wo (t)b (y,t) = Wo (t) b (U (t)y,t)
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2 Differential-Algebraic Equations

(i) Wy (t) Bo (y,t) = Wo (t) Bo (U (t) y,t) U (t)
(iv) £Wib(y,t) = SWib (U (t)y,t) + WiBo (U (t)y,t) §U(t)y
hold true for all (y,t) € D x Z.

Proof. (i) We have imT (t) < Sy (y,t) and ker Wy (t) Bg (y,t) = Sp(y,t), see Re-

mark [2.27] that is, Wy (t) B (v,t) T (t) = 0.
(ii) We apply the mean value theorem. We get

wo<t>b<y,t>—wo<t>b<Uy,t>=j0 Wi (t) By (sy + (1 — ) U (£) y,£) T (£) yds = 0

since (i) holds.
(iii) We have
0
Wo (t) Bo (v, t) = EWO (t)b(y,t)

- %WO ()b (U(t)y,t)

= Wo (t) Bo (U (t)y,t) U(t).

(iv) On the one hand we have

d d
—W;b (y,t) = WiBg (v,t) —y +

dt i)+ g Vbt
and on the other hand applying (iii) we get
d d d
7 Vib (U (0)y,t) = WiBo (U (t) y, ) U (t) 7oy + WiBo (U (t) y, t) U (t)y
0
+ 5 Wib (U (t) y,t)
ot
d d
= WiBo (U (6)y,t) 7o + WiBo (U (t) v, t) U (8) ¥
0
+ —=Wib (U (t)y,t).
ot
Combining both via %Wlb (y,t) = %Wlb (U (t)y,t) proves the statement. ]

We have already described the hidden constraints for the DAE ([2.30]), see Theorem [2.45]
but have not yet taken into account the projector U.

Theorem 2.56. The hidden constraint set H; (t) of the DAE (2.30)) can be described
as

0
7

ot

Hi (t) = {y € D|Fze R™ : W B, (Uy, t) D (Uy, t)~ (Z — %d (Uy, t))
(

+=Wib (Uy, t) = 0}.
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Proof. Let be y € H; (t). Then there is z € R™ with

_ 0 0
0= WiBa (10D (50 (2 () + S Wibr.o)

see Theorem [2.45] The use of U being constant, W; = W; W (t), see Lemma [2.35]
UD (UY7 t)_ = UPOD (UY7 t>_ = POD (UY7 t)_ =D (UYa t)_ )

due to Lemma and Py = D (Uy,t)” D (Uy,t), Lemma and lead to

_ 0 0

[l
Lemma 2.57. Let the DAE be given with b (y,t) = b (Uy,t) + B (t) Ty. Then
By (y,t) T=B(t)T
holds true for all (y,t) e D x Z.
Proof. We get

Bo(y.t) = < [B(Uy.t) + B(t) Ty]

ay
_ ¢ b (Uy,t)U+B(t) T
Thus right-multiplying by T yields Bg (y,t) T = B (t) T, since UT = 0. O

We are ready for the calculation of a consistent initialization in case of an index-2 DAE
(2.30). For this we specify and fix all non-index-2 components Uy and try to correct
the index-2 components Ty of the DAE . At first we need an operating point
(z°,v°, tg), that is, a triple fulfilling

A (to)z” + b (Uy® to) + B (to) Ty’ = 0, (2.31)

see Definition [2.18] A consistent initialization (zg, yo,to), see Definition needs to
fulfill all constraints and we obtain

A (to) Zo + B (Uyo, to) +B (to) Tyg = 0. (232)
Due to the fixing of the non index-2 components we have

Uy’ = Uy, (2.33)
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and subtraction of (2.31)) from ([2.32)) using ([2.33)) yields
A (to) (20 —2°) + B (to) T (yo — ") = 0. (2.34)

In addition the hidden constraints

_ 0 0
W1B0 (UyO, t) D (Uy(), to) (ZO — %d (UyO, tg)) + awlb (UyO, tg) =0 (235)

are fulfilled, see Theorem [2.56] Using the properties of Wy, Lemma [2.35] 2.55] [2.57 and
(2.33)) the two equations (2.34)) and (2.35) are equivalent to

(A (to) + WiBo (Uy", to) D (Uy®, to) ") 2 + B (to) Ty =

_WlBO (Uy07 tO) D (Uy07 t0>7 (ZO - %d (Uyoa tO)) - %Wlb (Uy07 tO)

with z = 29 — z° and y = yo — y°.

Now we are able to calculate a consistent initialization starting from an operating point.

Theorem 2.58. Let (2°,y° t5) be an operating point of the index-2 DAE (2.30). The
rectangular linear system

(A (to) + W1By (Uy®, to) D (Uy®, to)_> z + B (to) Ty =

ot ot
Uy =0
(I—-R(tg)z=—T—R(tg))2z°

—WiBo (Uy®, to) D (Uy®, to) (ZO ~ 4 (Uy°, to)) — iWllo (Uy®, to)

has a unique solution (z,y) € R™™™. A consistent initialization (zg,yo,to) is given by
70 =7+ 7% and yo = y + y°.

Proof. The proof is divided into three part: Show that the problem has at most one
solution, show that the problem has at least one solution and prove that (zg, yo, to) is a
consistent initialization.

First we show that the matrix

A (to) + W1B0 (Uyo, t()) D (Uyo, to)_ B (to) T
M = 0 U (2.36)
(I =R (to)) 0

is injective, that is,

(A (to) + WiBo (U’ to) D (Uy®, to) ") 2 + B (to) Ty = 0 (2.37)
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Uy =0 (2.38)

(I—R(ty))z=0 (2.39)

has only the trivial solution. We split into
A(tg)z+B(tg) Ty =0 (2.40)
WiBo (Uy”, to) D (Uy% tg) 2z =0 (2.41)

using Wy, Lemma and [2.55 First, we focus on ([2.40]), which can be rewritten as

0=A(tg)z+ B(to) Ty
(to)z + Bo (", to) Ty
(to) R (to) z + By (y°, to) Ty

= A (to) D (y% to) D (y°,t0) 2+ Bo (v°, to) Ty
= Go (y% to) D (v°,to) 2+ Bo (¥, to) Ty
by Lemma . Left multiplying by G (yY, to)fl yields
0=Gs (yoato)_l (Go (v, t0) D (v% t0) 2z + Bo (y°, t0) TY)

=Py (y°, to) PoD (y°,t0) 2+ G2 (v°, to)_1 Bo (", to) PoP1 (¥, to) Ty
+ Ql (Y07 tO) Ty + QOTY7

see Lemma [2.32] Finally, we obtain
0= P1 (yO’ to) D (yo, t(])_ z+y, (242)

since Lemma and ([2.38) lead to
QT =T
Ty =y
Ql (yoatO) T=0
POP1 (yo,to) T=0

due to Q; (y°,t9) Qo = 0. Splitting by Qo and P results in
0="PoP; (y°,to) D (y°,t0) z< 0=D (v to) P1 (y°,t0) D (y% to) 2 (2.43)
and
y = —QoP1 (y°,to) D (y°,t0) z<y = QoQi1 (¥’ to) D (¥’ to) 2 (2.44)

since QoD (y°,to)” = 0 and Py = D (y°, tg)” D (y%,tg). By combining (2.39)) and ([2.43)

we gain

z=D (yo,to) Q1 (yo,to) D (yo,to)_ z (2.45)
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because of
=R (to) 2
=D (y to) D (yo to)_ 7
=D (% to) P1 (v%t0) D (¥ t0) 2+ D (y°,t0) Q1 (¥, t0) D (%, t0) " 2

Starting from ([2.41]) using Lemma [2.53] [2.55( and (2.45)) we can deduce

0 =W:Bo (Uy’, o) D (Uy’, o) z
= W;By (Uy% to) D (Uy% to) D (v°,t0) Q1 (v°,t0) D (y° to) 2
= WiBo (Uy", to) PoQu (v",t0) D (v, t0) 2
= W;By (v°,to) PoQ1 (¥%, t0) D (%, t0) 2,
that is,
Q1 (v°,t0) D (v°,to) 2z € ker W1By (%, t9) Po = S1 (¥, to) -
Furthermore

Qi (v t0) D (¥, t0) 2z € mQu (7, t0) = N (", t0)

and we conclude Q; (y°,to) D (y° to)” z = 0 due to N; (y°,t0) N Si (y°, to) = {0} since

the DAE (2.30) has index-2. From ({2.44) and (2.45) we end up with (z,y) = 0. That
is, the matrix (2.36) is injective and if a solution to the linear system exists then the

solution is unique.

The right-hand side of the linear system reads

—W;Bg (Uy% ) D (Uy°, tg) ™ (2° — 2d (Uy®, tg)) — SW1b (Uy?, to)
g= 0
—(I—R(tg))2°

For the existence of a solution we have to prove g € im M, that is, we have to show that
it exist (z,y) € R™™" with

0

A (t()) + W1B0 (Uyo, to) D (ijo7 to)_ B (to) T 7
7))
(I =R (to)) 0

We need y € ker U and z = v — z° with v € imR (t) and z° € R™. Using W; we split
the first equation of the linear system into

A(tg)z+B(tg) Ty =0 (2.46)
W1B0 (Uyo, to) D (Uyo, to)_ 7Z = —W1B0 (Uyo, t) D (Uyo, to)_ [ZO
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0 0
- %d (Uyo, to) ] - awlb (Uyo, to)
= —W1B0 (Uyo, t) D (Uyo, to)i [R (to) ZO (247)

R (to) %d (UY°, to) + R (t0) w]

since D (Uy%, t9)” R (to) = D (Uy? t9)~ and it exists w € R™ such that

WiBo (Uy®,t) D (Uy®, to) w = —%Wlb (Uy° to) ,

see Lemma From ([2.47) we can deduce

v=R (to) %d (Uyo, to) —R (to) weimR (to)

is always a valid choice for fixing the component z. It remains to fix y. For that we have
to investigate (2.46]). We get

A (to) z + B (to) Ty = A (to) R (to) z + B (to) Ty
= A (to) R (to) z + Bo (y° to) Ty
= Go (v°,t0) D (y",t0) 2+ Bo (v°,t0) Ty
and left-multiplication of G5 (y°,to) yields
y = —TP1 (yo,to) D (yo,to)_ AS 1mT,

see above. We show that g € im M and hence the system has a unique solution.

In the final step we have to show that zy = z + z° and yo = y + y° is a consistent
initialization. Since (z°,y°,to) is an operating point

A (to) 2° + b (Uy% to) + B (to) Ty" = 0
is valid. Addition of A (t9)z + B (to) Ty = 0 leads to
A (to) zo + b (Uyg, t) + B (to) Tyo = 0

due to Uy = 0, that is, (zg, yo, to) is an operating point and we get yg € M, (tg). The
equation

ja
0 = W;Bg (Uy% to) D (Uy®, to) <(z +2°) — %d (Uyo,to)> + é—inb (Uy°, to)

_ 0 0
= W1Bo (Uyo, to) D (Uyo, to) <Zo - Ed (UYO,to)) + awlb (Uyo, to)
ensures that the hidden constraints are fulfilled, that is, yo € M; (to) and (zo, yo, to) is
a consistent initialization since zy € im R (to). O

42



2 Differential-Algebraic Equations

The rectangular linear system stated in Theorem [2.58] is well suited for a least square
method due to the full column rank.

So far we have not shown how to calculate an operating point (z°,y, tg), which is an
essential ingredient for Theorem [2.58. Motivated by our application classes we determine
an operating point for a subclass of DAEs ([2.8]) given by

A (y,t) %d (v,t) + b(y,t) =0, (2.48)

where we assume

e kerBy (y,t) = ker By (y,t)' independent of y € R”
and

e it exists y? € R" such that b (y%, tg) = 0 for to € Z.

First, we are interested in a point of equilibrium (y°,to) € R™ x T of the DAE ,
that is, a point fulfilling b (y°,to) = 0. If y° € D, then the point of equilibrium is an
operating point (z°,y° tg) of the DAE (2.48) with z° = 0. For the calculation of a point
of equilibrium for the subclass of DAEs we make use of an orthogonal projector
decomposition developed in [Jan12a] for a new index concept.

Theorem 2.59. Let
f(y,t) =0 with f: R" x R - R"

be given. Moreover, let F (y,t) = %f (v,t) with ker F (y,t) = kerF (y,t) be indepen-
dent of y € R, Bp (t) = [bi(t) ... bi(t)] € R™*, where {by (t),...,by(t)} is an
orthonormal basis with respect to the standard scalar product on R* of ker F (y, t), and
Bp (t) = [brs1 (t) ... by (t)] € R™"* where {bgy1 (t),..., b, (t)} is an orthonormal
extension of {by (t),..., by (t)} to an orthonormal basis with respect to the standard
scalar product on R", t € R. In addition we assume the domain D to be so that for each
(y,t) € D x T also Py (t)y + sQg (t)y € D for all s € [0,1] with Py (t) = Bp (t) Bp ()"
and Qgp (t) =1 — Pg (t). Then

Bp (t)' f (Bp (t)v,t) =0
has a unique solution v € R¥ and y = Bp (t) v+ u, with u € ker Bp (t) Bp (t)" arbitrarily.
Proof. We choose an orthogonal projector Pg (t) along ker F (y, t) by

Pg (t) = Bp (t) Bp ().

Using Lemma , , the orthogonality of Py (t) and ker F (y, t) = ker F (y, t)" yields
imPp (t) = imF (y,t) and

Py (t) F (Y7 t) =F (Y7 t) =F (ya t) Pp (t)
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for all (y,t) € R™ x R. The relation

f (Y7 t) =1 (PB (t> Y t)

holds true since applying the mean value theorem provides

f(y,t) —£(Pp(t)y,t) ZL F(sy+(1—s)Pg(t)y,t)(I-Pg(t))yds=0.

Due to the choice of Bp (t) and Bp (t) the matrix C (t) = [Bp (t) Bp (t)] is nonsingular.
Hence:

£(Py (t)y,t) = 0 C(6) £ (Pg (t)y,t) = 0 = {g

Notice that Bp (t)' f (Pg (t)y,t) = 0 holds true for all y € R” since
Bp (1) F (Pg (t)y,t) P (t) = 0

for all (y,t) € R® x Z, that is, Bp (t)" f (Pg (t) y,t) is independent of y € R”, and due to
the requirements that y € R" exists so that f (y,t) = 0 for t € R. Regarding
0=Bp(t) f(Ps(t)y,t)
—Bp(t)"f (Bp (t)Bp (t) "y, t)
= Bp (t)" f (Bp (t) v, t)

with v = Bp (t)T y and Jacobian given by
J(v) =Bp(t) F(Bp (t)v,t)Bp (t).
Due to the construction of Bp (t) the Jacobian is nonsingular. ]

Remark 2.60. The orthogonal basis {by (t),...,bx (t)}, needed in Theorem can
be calculated by, for example, a QR decomposition.

If we are not interested in a consistent initialization of the DAE at tg € Z, but
finding a solution satisfying the DAE after the first step, we can also apply the implicit
Euler method starting with an operating point y’ € My (ty). Since the DAE ([2.30)
depends linearly on the index-2 components, the approximation obtained at t; = tqg + h
is identical to the approximation obtained with a consistent initial value y, satisfying
Uy = Uy®. In detail, if the implicit Euler method is applied to the DAE then the

approximation yi to y (t1) is the solution to the following nonlinear system of equations

£(y1) = %A (t2) (d (Uyn, t1) — d (Uyo, to)) + b (Uys, t1) + B (t1) Tyr (2.49)
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with f (y1) = 0 and Jacobian J (Uy;) = %f (y1) given by
J(Uys) = 2A (6) D (Uys, t2) U + = (Uys, £1) U + B () T
yi) = h 1 Y, 1 aUy AATRY! 1) 1.
Applying Newton’s method to (2.49)) yields

yi =y =T (Uyd) £ ()

and

That can be reformulated to
J(UyY) vl =T (Uy?) ) — £ (v?)

1 0 —

- %A (t1) (d (Uy?, t1) — d (Uyo, to)) — b (UyY, t1) — B (t1) Ty}

1

9 _ _
+ g0 (U 6) U =B (U 1)

=g (Uy})

and we obtain

vl =T (Uy9) g (UyY).

Since this equation depends only on Uyg, Uy? and Uy, = Uy® the choice y) = y
yields the same approximation at t; as the choice y? = yq. The result does not surprise
because it is true for classes of DAEs without a properly stated leading term [Est00].
Consequently, (y1i,t1) is a consistent initial value for the DAE at t; € Z provided
the rounding errors are zero.

0

Lemma 2.61. For the DAE ([2.30)) it is sufficient to start the integration with the implicit
Euler using an operating point. All constraints are fulfilled after the first integration
step. ]

Remark 2.62. It is a common approach to start the numerical integration with the
implicit Euler to overcome the problem of the calculation of a consistent value, but
usually it is not proven that the approach works. Here we have shown that starting the
integration of the DAE (12.30)) using the implicit Euler we only need an operating point
and we obtain after one time step a consistent initial value. For this the Theorem [2.58
is essential, since here we prove that starting with an operating point only the index-2
components Ty has to be correct while the non-index-2 components Uy are fixed.
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Remark 2.63. The tractability index concept and all techniques presented are not
invariant under transformation with respect to solution components which can be chosen
freely. Consider the index-1 DAE

d
—x+y=0 —vyv+2x=0
y dty
where yg can be chosen arbitrarily within the tractability index concept, but we can
not choose the algebraic component xy. Inserting the first equation into the second one
leads to the index-1 DAE

—x+y=0 %X+2X=O
where xq can be chosen freely within the tractability index concept, but we cannot choose
the algebraic component yo. That is dissatisfying since an engineer, for example, does
not have the immediate possibility to fix certain initial algebraic components such as
the velocity of a car or the energy consumption of an electric device. How to solve this
challenging task is still an open issue and may become subject of future research.

For the index-3 or higher DAEs are more of a challenge. If such a DAE is solved by a BDF
method, then the solution can have a huge error in the first steps even if consistent initial
values are given. Instead of consistent initial values we have to introduce numerically

consistent initial values, that is, values fulfilling the numerical constraints to solve the
DAE numerically, see [Aré0§].

2.3 Summary

In this chapter we have laid the basis of for our later analysis. We have identified
problems and challenges in differential-algebraic equation theory and developed and
refined methods to tackle them within the tractability index concept for differential-
algebraic equations with a properly stated leading term.

The basis was a generalization of the index reduction method by differentiation for index-
2 differential-algebraic equations to index-1 differential-algebraic equations
(Lemma and . Next, we have deduced a suitable description of the hidden
constraints of the index-2 differential-algebraic equations (Theorem, the local
unique solvability (Theorem and a perturbation index-2 result (Theorem [2.50).
The latter is an important justification for the choice of the tractability index concept
in this thesis and is essential to numerics.

To start the numerical integration we focused on consistent initial values for differential-
algebraic equations . For index-2 differential-algebraic equations we gener-
alized a step-by-step approach of [Est00] for differential-algebraic equations without a
properly stated leading term to differential-algebraic equations with a properly stated
leading term. For this we had to calculate an operating point. Next the operating point
was corrected by a full rank linear system providing a consistent initialization (Theo-
rem . For differential-algebraic equations we provided a method to compute
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an operating point (Theorem [2.59). It turned out that for differential-algebraic equa-
tions (12.30)) it is sufficient to start with an operating point if the implicit Euler method
is used for time integration (Lemma and Remark [2.62]).
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3 Maxwell’s Equations

From a long view of the history of mankind, seen
from, say, ten thousand years from now, there can
be little doubt that the most significant event of the
19th century will be judged as Maxwell’s discovery
of the laws of electrodynamics.

The Feynman Lectures on Physics, Volume I
RICHARD FEYNMAN.

Nowadays electric and magnetic fields are an integral part of our technological life. We
are surrounded by electric and magnetic fields ranging from induction cooking, mobile
phones, wireless networks, electric cars to magnetic resonance tomographs.

The reduction of development costs is a core industrial demand. One way to mini-
mize efforts is to replace as much laboratory testing as possible by numerical simulation
predicting the full range of device performance. A common device type is the electro-
magnetic, which is governed by the interaction between electric and magnetic fields fully
as described by the partial differential equation system of Maxwell’s equations. For
the numerical simulation of an electromagnetic device we need to discretize Maxwell’s
equations in space and time.

A well established method of lines approach for the spatial discretization is the finite inte-
gration technique introduced by Thomas Weiland [Wei77] and further developed during
the last three decades [MWO0T]. The finite integration technique is used by our partners
in the EU-funded ICESTARS project and the SOFA project, funded by the German
government. Moreover, it is successfully applied in established software packages such
as MAFIA (Technical University Darmstadt) and CST studio (Computer Simulation
Technology AG).

We investigate electromagnetic models described by Maxwell’s equations in a potential
formulation. They are much used in low and high frequency applications with vari-
ous formulations and discretizations having already been analyzed, for an overview see
[BP&9, [StMO05, [Cle05, [CMSWT1]. Apart from the finite integration technique discretiza-
tion the cell method [Ton01], particular finite-volume methods [MMS01] and also certain
variants of the finite-element method are broadly used [Ned80), Bos98, [(God10]. Here we
focus on the finite integration technique discretization scheme. The potential approach
results in an adequate problem description that provides a natural link to the concept of
potential differences, which are crucial in circuit simulation. However, the potentials are
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not uniquely defined and to obtain a consistent description a gauge condition is needed,
see [Jac98, [BosO1]. For the finite integration technique, grad-div formulations based on
the Coulomb gauge are well understood, see [CW02, BCDS11]. In this thesis we intro-
duce a new class of gauge conditions in terms of the finite integration technique driven
by a Lorenz gauge formulation. After spatial discretization we investigate the structural
properties of the resulting differential-algebraic equation formulated with a properly
stated leading term. It turns out that the index of the differential-algebraic equation
depends on the chosen gauge condition but does not exceed index-2. To concentrate
the link to circuit simulation a suitable boundary excitation and current formulation is
deduced. Similar differentiation index results are obtained in [BCS12] using a source
term excitation and different gauge conditions.

In this chapter the relevant fundamentals of Maxwell’s equations are discussed focusing
on the basic features of electromagnetism. First, we analyze the electromagnetic fields
by using a potential formulation. Different gauge conditions and suitable boundary
conditions are discussed. Second, we briefly introduce the finite integration technique.
Especially the structural properties of the discrete operators with incorporated bound-
ary conditions are discussed and we introduce a new class of gauge conditions in terms
of the finite integration technique. This leads to Maxwell’s grid equations and we derive
a current formulation and present a boundary excitation for the potential. Third, the
resulting differential-algebraic equations are formulated with a properly stated leading
term and the new index results are presented, which depend on the chosen gauge con-
dition. In addition, we present an approach to calculate a consistent initialization for
Maxwell’s grid equations.

3.1 Classical Electromagnetism

Mazwell’s equations (ME - Maxwell’s Equations) are a set of four coupled partial differ-
ential equations postulated by James Clerk Maxwell in the middle of the 19th century
and form the basic of the modern theory of electromagnetics (EM - ElectroMagnetic),
see [Max64]. These equations describe all phenomena of EM fields by four vector valued
functions of space x € Q2 < R? and time t € Z < R on a simple connected domain Q. The
EM quantities are denoted by the electric and magnetic field E H:Qx7Z— R3and
by the electric and magnetic induction D B:QxZ— R An EM field is created by,
amongst others, a distribution of electric charges and a current flow. The distribution
of charges is given by p : Q x T — R? while the conduction current density is described

by Jo: Q x T — R3, see [JacO8, [HWOH].

Today ME in differential form reads:

oy O
I

o
[@%)
—_

\Y
AV
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3 Maxwell’s Equations

— a —

E—_ 8 .
V x pn (3.3)

— — a —

H = —D 4
V x Je + pn (3.4)

These equations describe the spatial and temporal behavior of the EM quantities. Tables
of SI units are given in Table 3.1] and [3.2]

] quantity \ SI units ‘

E V/m
D C/m? =As/m?
B T=Vs/m?
H A/m

jca jd, jt A/m? ’ operator \ SI units ‘
e |V = 1
é Wb/m=Vs/m \V4 1/m
I V/m V x 1/m
p C/m3 =As/m? V. 1/m

Table 3.1: Field quantities. Table 3.2: Differential operators.

ME are the work of several well-known physicians. That is why the individual equa-
tions are attributed to other scientists. But Maxwell grouped all the equations together
into a consistent set and introduced the displacement current. The Gauss’ law
describes the effect of the charge density on the electric induction and Gauss’ law for
magnetism expresses the fact that magnetic induction is solenoidal. The Mazwell-
Faraday’s law describes the effect of a time changing magnetic field on the electric
field. Finally, Mazwell-Ampere’s law gives the effect of the total current density
on the magnetic field. The total and displacement current density jt, J:OxT > RS
are given by

Jo= o+ Jyand Ty = S
An essential feature of ME is that electric charges are conserved. For this we derive
the charge-current continuity equation from ME. The divergence of and the time
derivative of lead to the continuity equation
VT + %p
expressing the conservation of electric charges. The continuity equation reveals that ME
are not independent. If charge is conserved, then Gauss’ law and Gauss’ law for mag-

netism are consequences of Maxwell-Faraday’s law and Maxwell-Ampere’s law. Taking

the divergence of (3.3)) and (3.4) and interchanging the derivatives we obtain

%V-ﬁzOéﬂld%(V-ﬁ—p):O

0 (3.5)
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using the continuity equation . Thus, if the divergence conditions and are
fulfilled at one time they hold for all time, see [Mon03|]. Hence the divergence conditions
are consequences of the dynamic curl conditions and and can be seen as re-
striction on valid initial conditions for the Maxwell-Faraday’s law and Maxwell-Ampere’s
law. Therefore we conclude that the whole time evolution is completely specified by the
dynamic curl conditions. ME are completed by three constitutive laws. The laws relate

’ quantity \ SI units ‘
€ F/m=As/Vm
v m/H=Am/Vs
o S/m=A/Vm

Table 3.3: Material properties.

E and B to ]3, jc and H. These laws depend on the material properties in the domain
occupied by the EM field. One distinguishes between linear and nonlinear, homogeneous
and inhomogeneous, isotropic and anisotropic materials. For linear materials the consti-
tutive laws are independent of the fields quantities. The constitutive laws of nonlinear
materials depend on the fields quantities. For homogeneous materials the constitutive
laws are independent on the spatial coordinates. The constitutive laws of inhomogeneous
materials are functions of the spatial coordinates. Isotropic and anisotropic materials
are characterized by the absence or presence of a dependence of the constitutive laws
upon the spatial direction, see [Ben06].

We restrict ourselves to the following constitutive laws. The first constitutive law relates
E and D by

—

D = ¢E, (3.6)

with € :  — R and the permittivity € dependlng on the spatial coordinates only.
The second constitutive law relates B and H by

H = v(B)B, (3.7)

with v : Q x R?* — R3*3 and the reluctivity v depending on the spatial coordinates and
depending nonlinearly and anisotropically on the magnetic induction. The reluctivity is
the inverse of the permeability .

In case of conductive materials the electric field E itself gives rise to a current flow. That
leads to the last constitutive law also known as Ohm’s law. As long as the field strengths
are not too large we can assume that Ohm’s law is fulfilled. It relates E and J. by

—

J. = oE, (3.8)

with o : @ — R and the conductivity o depending on the spatial coordinates only. In
insulating materials we can assume that o vanishes.
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3 Maxwell’s Equations

Assumption 3.1 (constitutive laws). The materials have:
(i) Linear, inhomogeneous and isotropic permittivity and conductivity.

(ii) Nonlinear, inhomogeneous and anisotropic reluctivity given by Brauer’s model, see
[Sch11l BHO1].

Table [3.3| shows the corresponding SI units of the material properties. In this thesis we
restrict ourselves to materials fulfilling Assumption [3.1]

Classification of Electromagnetic Problems

The behavior of EM fields is governed by ME. To simplify the calculation of ME there
are several approaches that disregard effects depending on the speed of propagation of
the EM waves. Common simplifications are:

(i) Static fields: The time dependence in the EM quantities are neglected, that is,
%BzO&ﬂd%DzO.

(ii) Magnetoquasistatic (MQS - MagnetoQuasiStatic): The electric induction D is

2D = 0.

slowly varying and the time dependence is neglected, that is, 5

(ili) Electroquasistatic: The magnetic induction B is slowly varying and the time de-

28 = 0.

pendence is neglected, that is, £

Every simplification has an impact on the solution, that is, we have to take care if a
simplification is really admissible, see [HMS89]. In this thesis we mainly focus on ME
without simplification, that is, we consider the “full set” of ME in time domain.

3.1.1 Potential Formulation and Gauge Conditions

When studying ME it is often convenient to introduce auxiliary functions that simplify
the representation of ME. For our investigations we use a potential approach, see [BP89,
Jac9g, [StM05l, [HWO05].

From Gauss’ law for magnetism (3.2) we deduce from Helmholtz decomposition that
there is a vector field A : Q x T — R3 such that

B=VxA

and using Maxwell-Faraday’s law (3.3)) we obtain

V x (E’+ﬁ§) = 0.
ot
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Thus using Helmholtz decomposition we can conclude that there is a scalar function
¢ : Q) x I — R such that

. 0 -
E=-Vp atA.
This potential approach is the so-called (K, p)-formulation with the vector potential A
and scalar potential ¢, see [StMO05]. Note there are different potential approaches and
for an overview we refer to Tabelle 2.4 in [Koc09]. The (A, g)-formulation has the
advantage that the scalar potential ¢ provides a natural link to the concept of potential
differences which plays a crucial role in conventional simulations of electric circuits.
A second advantage is that Gauss’ law for magnetism and Maxwell-Faraday’s law are
automatically fulfilled. A visual representation of all quantities is given in Figure

Primary Primary
¢ [V]
A [Wh/m] a [Wh)]
5 o [S/m] ) My [S] .-
B [V/u - | [F/m] g
B [Wh/m? b [Wh]]
V x B3 C é_lt
f 2 . S
0 [V/m? . oV
0 [Wh/m?] 0 [wh]Y
(a) continuous (b) discrete

Figure 3.1: Tonti’s diagram or Mazwell’s house, [Ton95, [Cle05l [SEMO5].

The potential approach has a drawback: The scalar and vector potentials exhibit a
so-called gauge freedom, that is, there are arbitrary in the sense that B and E are left
unchanged if the gauge transformation

K'=A+annd<p'=g0—%

is applied, where the gauge function x : 2 x T — R is an arbitrary scalar function, see
[Jac98, HW05]. For B and E we have

B =V x A
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3 Maxwell’s Equations

—VxA+VxVy
=V><A
- B
and
/ a /
E —Vgp—aA
0 0 - 0
= —Vyp— Vat —%AJF(%VX
0 -
-V &
E.

A physical law which does not change under a gauge transformation is said to be gauge
invariant. In that sense E and B are gauge invariant. To obtain a unique solution the
next step is to remove the gauge freedom of A and . For that reason we fix a gauge
function except for a constant scalar field by choosing a gauge condition. In the following
we introduce the two most common gauge conditions, namely the Coulomb gauge and
Lorenz gauge given by

V-A=0 (3.9)

and

0
el %goJrV A=0 (3.10)

for the case of linear, homogeneous and isotropic materials.

Remark. Lorenz gauge is named after Ludvig Lorenz. It is an invariant condition, and
is often wrongly called Lorentz gauge because of confusing with Hendrik Lorentz, after
whom Lorentz covariance is named.

To show the impact of the two gauge conditions we assume ¢ and g to be constant
and the functions p and J. to be given, but related by the continuity equation (3.5, see

[MRTO05]. That is, we regard Je as a given source current density Then Gauss’ law (3.1)),
Maxwell-Ampere’s law and the constitutive laws and ( . ) lead to

Ap+ =V-A=—=p
ot €
2 5 ) (3.11)
VzA—euatQA V(V A+5,ua ) —pde
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where the vector Laplace operator is denoted by V2. Applying Coulomb gauge to ((3.11))
we get the semi-decoupled system

1
Ap=——p
2 (3.12)

- 0° - - 0
A —ep=—A = — —
\Y 5,u6t2 e + 5,uat Vo

consisting of an elliptic equation for ¢ and three wave equations for A. Applying Lorenz
gauge to (3.11)) we can deduce the fully decoupled system

0? 1

Ap—epmmp=—_p
» c (3.13)
C — —

VA — cpmsA = —pde
M8t2 K
consisting of four wave equations.

In both cases the systems lead to an unique solution if we choose initial and boundary
conditions properly, see [Eval(], and hence the gauge function x is fixed. To derive
the system and we apply Coulomb and Lorenz gauge directly to (3.11]).
To make sure that the gauge conditions are fulfilled implicitly we need to choose the
initial and boundary conditions such that we obtain only the trivial solution for the
homogeneous wave equation

82
Ap — euﬁw =0 (3.14)

with ¥ : Q@ x Z — R given by ¢p = V - A and Y = 5u%gp +V-A, depending on the
chosen gauge condition. We obtain by taking the continuity equation (3.5 into
account. That is important since the systems and solve ME if and only if
the applied gauge is implicitly fulfilled. Note that both gauges regularize the curl-curl
operator in the sense that a Green function exists to determine the vector potential A
uniquely.

For our later analysis we need to generalize the Coulomb and Lorenz gauge to obtain
suitable gauge conditons for the spatial discretization method presented in the next
section. We rewrite Maxwell-Ampere’s law (3.4]) to

2

. 2 .
CA) + A
0+ (VEV - ¢ )+at2€

-

J = (quVxK—(VfV-CK)—i—(eV

a7

ot

with artificial material properties (, € :  x R — R such that the SI units of v and ¢2¢
match. A possible class of gauge conditions reads

0 B}
9V 20+ CVEV - (A = 0 (3.15)

56



3 Maxwell’s Equations

with 1 € R. For ¥ = 0 we obtain a grad-div type of Coulomb gauge
(VEV - CA = 0.

Moreover for 1 = 1 we get a type of Lorenz gauge

5V§tw+CV§V-§K=O.

For further discussion on gauge conditions we refer to [BCS12) [StMO05], [Bos01, [CMSWT1].

Finally, ME formulated in terms of potentials using Maxwell-Ampere’s law (3.4]), the

constitutive laws (3.6)), (3.7) and (3.8)), and the gauge condition (3.15) reads

ﬁsV%cp +(VEV-CA=0

VXVVXA-F&?% (Vg0+ﬁ>+a(V<p ) (3.16)

ol

K-

ot
utilizing an auxiliary vector field Il : OxZ — R3 to avoid the second-order differentiation
in time for A.

3.1.2 Boundary and Interface Conditions

In general, EM field problems are not restricted, open boundary problems. However, for
our later investigations we have to restrict ourselves to a finite domain 2 < R3. That
is, we deal with an artificially bounded problem.

Assumption 3.2. The finite domain © < R? is simply connected with the boundary
I =0Q.

In case of MQS the truncation of the domain is reasonable if a sufficiently large region
of air is around the MQS device, since the magnetic induction decays rapidly in the air
towards the boundary. As a general rule it recommends the distance from the device to
the boundary to be at least five times the radius of the device, see [CK97].

Remark 3.3. A MQS device is an EM device under the MQS assumption.

Unfortunately, this argumentation is not valid in our case since we will assume that
the device is connected to the boundary. We assume that the main part of the device
is sufficiently far away from the boundary and that wires with a good conductivity
connect the main part of the device to the boundary. Due to the damped wave equations
character of ME the fields decays towards the boundary.

To complete the system (3.16) we need boundary conditions. In addition, we have
to handle discontinuities of ¢, ¥ and ¢ which can appear at the boundary between
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different materials in our bounded domain 2. We denote by I';,; the internal boundary
between different materials. The conditions on the internal boundary are called interface
conditions.

We consider an internal boundary separating two different materials 1 and 2 with mate-
rial properties (e1,01,11) and (g9, 09, 15). Interface conditions are obtained by applying
the Gauss’ theorem and Stokes’ theorem to ME in a small region at the internal boundary
between two materials:

< 1> n, =

(B>~ B) s =
(]3 51) n, =9
<ﬁ2 — ﬁ1> 'HH = K

A detailed derivation is given in [Jac98| [Str07]. The subscripts 1 and 2 of the EM
quantities denote the quantities in materials 1 and 2. Here o describes the surface
charge density and x the surface current density with

0, K Fint — R.

That is, the tangential component of E and the normal component of B are continuous
functions across the internal boundary. The method to derive the interface conditions
is known as pill-box method.

The interface conditions motivates boundary conditions for E and B. One approach is
the so-called electric boundary condition (PEC - Perfectly Electric Conducting) and are
also called “flux wall” or “current gate” boundary conditions, see [Cle98, Ben06]. We
assume:

I
o

(3.17)

E- i
B (3.18)

I
o

The idea is to think of a complete universe, where ME are also true outside the simulation
domain 2. The picture is to attached a perfect conductor from outside at the boundary,
where the magnetic induction does not pass through.

The next step is to interpret and motivate the boundary conditions for E and B in terms
of the potentials A and ¢.

Assumption 3.4. We assume that the boundary consists of k£ € N disjoint parts with
I' = Ule I'; and for every I'; the material properties (¢, o, v) to be constant.
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3 Maxwell’s Equations

Let Assumption be fulfilled. We examine an arbitrarily boundary part I';. Due to
(13.18) we get

0=B-fi, =V xA 0,

and we deduce that

—

A6, =0 (3.19)
is a possible choice. Next we inspect (3.17) and we obtain
— . 5 a — 5 5
0=E-n, = —Vgo-nu—aA-n“: —Vy-n,.
To fulfill that condition a possible choice is

Ve - ii, = 0. (3.20)

The conditions (3.19) and (3.20]) can be interpreted as Dirichlet boundary conditions for
the potentials.

Applying the pill-box method using the gauge conditions and it is possible to
show that V¢ inherits the discontinuity of E at internal boundaries and A is continuous,
see [AHOI]. This motivates choosing homogeneous Dirichlet boundary conditions for A
and spatial-constant time-dependent Dirichlet boundary conditions for ¢ on each I';. In
addition, we choose Dirichlet boundary conditions for Il in accordance with A. This
set of boundary conditions are a suitable link to circuit simulation, where the boundary
condition for the scalar potential ¢ can be identified with the applied potentials at the
device contacts.

Essential for our later analysis of ME is the charge conservation expressed by the conti-
nuity equation (3.5)), since including EM devices into circuit models are only possible if
charges are conserved. Due to the definition of the total current J; = J. + J4; we obtain

fit-ﬁlszfv-Ldvzomth J, =V x vV x A,

r Q

that is, the sum of in- and outgoing currents equals. Without loss of generality we
suppose that we number the disjoint boundary parts I'; such that the first ng < k
boundary parts have the material property o # 0 and the last k& — ng boundary parts

have the material property o = 0. We call I'y = Uf:nE .1 I's the mass contact while the
other I'; are called conductive contacts and we get

ng
jg = — > Ji with j; = JJt-ﬁldF.
=1

r;
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This means that the current j, flowing through the mass contact of the EM device is the
negative sum of the currents j;, i = 1,...,ng, flowing through the conductive contacts.
The picture is that each conductive contact is connected to a wire from outside while
the mass contact is grounded.

3.2 Finite Integration Technique

This section provides a survey on the finite integration technique (FIT - Finite Integration
Technique) for spatial discretization for solving ME in integral form. That approach
was developed and formulated by Thomas Weiland [Wei77] and is based on a stag-
gered discretization. For orthogonal grids in time domain the FIT is equivalent to the
finite-difference time-domain-scheme of Kane Yee, also known as leap-frog scheme, see
[Yee66].

The first step in the FIT discretization is the decomposition of the domain 2 into a finite
number of three-dimensional volumes so that the intersection of two different volumes is
either empty - or a two-dimensional facet, a one-dimensional edge or a zero-dimensional
node shared by both volumes. This decomposition yields a finite volumes complex
G. To each edge of the volumes we prescribe an initial orientation, so that G can be
characterized as a directed graph, see Chapter [B| for the notation in Graph theory. The
volume facets are supplied with an initial orientation, too.

For a rectilinear grid in Cartesian coordinates on a brick-shaped domain €, see [Wei7T,
TW96], the corresponding volumes complex G reads

g = {V (n) =V (n(ig, iy, i) [V (n(is, iy, 12)) = [T, Ti11] X [yiyvyiy-i-l] X [z, Zi41]
iz=1,...,N,—1,i,=1,...,N,— 1,0, =1,... N, — 1}
where N,, N, and N, are the total numbers of (grid) nodes in z-, y- and z- direction,

respectively. The total number of nodes is then N = N,N,N,. The space indices 7, i,
and 7, can be reduced to one canonical space index

n=mn(ly,ly,0,) =14 (i — 1) Ky + (i, — 1) K, + (i, — 1) K, <N
where K, =1, K, = N,, K, = N;,Nyand 1, =1,... N, i, =1,... Ny, i, =1,...,N,.

To each node N (n) we associate three (grid) edges E, (n), E, (n), E, (n), three (grid)
facets F, (n), Fy (n), F, (n) and finally, one (grid) volume V (n).

The orientation of edges and facets is given as follows: The front node of the edge E,, (n)
in w-direction is N (n). A facet F,, (n) is defined by the lower left node N (n) and the
direction w, in which its normal vector points.

Remark 3.5. The numbering scheme of the grid G introduces phantom edges, facets
and volumes at the boundary of the finite domain 2. To not disrupt the convenient
numbering scheme, we tackle this issue later, see Subsection [3.2.4]
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3 Maxwell’s Equations

The FIT makes use of two staggered grids. The primary grid G is supported by a dual
grid QN, which is constructed by connecting the center points of neighboring primary
volumes sharing a facet, see Figure The center points define the dual (grid) nodes
N (n). The definition of the dual (grid) edges E,, (n), facets Fy, (n) and volume V (n),
are analogous to the primary grid. The orientation of dual edges and dual facets is given

; Vprimary.node

dual volume o

dual .node

+" primary volume

Figure 3.2: Spatial allocation of a primary cell and a dual cell of the grid doublet, see [CWOTD].

as follows: The dual back node of the dual edge E,, (n) in w-direction is N (n). A dual
facet F, (n) is defined by the upper right dual node N (n) and the direction w, in which
its normal vector points.

Remark 3.6. With this definition of the dual grid it is ensured that there is a one-to-one
relation between nodes and edges of G and volumes and facets of G and vice versa.

The collection of all primary nodes and primary edges are denoted by A and &.

3.2.1 Maxwell’s Grid Equations

The formulation of discrete approach to electromagnetism arises from the mapping of
ME in their integral form and the constitutive laws on {G,G}. As variables of the FIT
we introduce electric and magnetic voltages located on the edges defined by

éw(n): J E'ﬁ”dE, Hw(n): J ﬁ'ﬁ||dE,

as well as magnetic and electric fluxes and electric currents allocated at the facets defined

by (n) = ‘[ B-ii,dF, d,(n) = ‘[ D-idF, ., (n) = J Jo Ay dF

Fu(n) Fu(n) Fu(n)
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The variables are tagged by arcs according to the underlying geometric object, see
[Bos8§|. For a convenient notation we introduce the state variable vector

and the vector h, b , d and TC are defined analogously. This notation allows to write
ME in terms of the FIT discretization. Gauss’ law for magnetism ({3.2)), for example,

(a) Gauss’ law for magnetism. (b) Maxwell-Faraday’s law.

Figure 3.3: Allocation of the FIT degrees of freedom on the primary grid.

integrated over a volume V (n), see Figure [3.3(a)|, can be written as

= = =

—Dba () + by (n+ K,) — by (n) + by (n+ K,) —b. (n) + b, (n+ K.) = 0

using Gauss’ theorem. The relations for all volumes are collected in the equation

=p)
8

b
b, (n + K,)

—~
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3 Maxwell’s Equations

The Maxwell-Faraday’s law (3.3) integrated over a volume F, (n), see Figure 3.3(b)|
leads to

—~

d=
e;(n)—e,(n+K,)—¢,(n)+e,(n+ K,) = &bz (n)

using Stokes’ theorem and can be organized for all facets by

~ €y (n)
=C e, (n+ K,)

-
\

The discretization of both laws exploits the numbering scheme and we refer to [Wei7,
Wei96] for more details. The discretization of Gauss’ law and Maxwell-Ampere’s
law is analogously to the procedure described above with the only difference that
the discrete quantities are allocated at the dual grid elements. Finally, the FIT has

primary nodes dual volumes
G < > S
primary edges Me, My | dual facets
C C
primary facets _ M, | dual edges
S G
primary volumes dual nodes

Figure 3.4: Operator mapping.

translated ME exactly into Mazwell’s grid equations (MGE - Maxwell’s Grid Equations),
[CWO1D], given by

Sd=q (3.21)

Sh =0 (3.22)
_ d-

Ce=——b (3.23)

~ 0 d- =

with the discrete Gauss’ law (3.21)), discrete Gauss’ law for magnetism (3.22), the dis-
crete Mazwell-Faraday’s law (3.23)) and the discrete Mazwell-Ampére’s law ([3.24]). The
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discrete curl operators C and é, the discrete divergence operators S and S on the pri-
mal and dual grid, respectively. The discrete curl operators contain only information
on the incidence relation of the volume edges and on their orientation, see Figure [3.5
The divergence operators collect information on the incidence relation and on the ori-
entation of the facets of the volumes. The curl operator maps from edges to facets and
the divergence operator from facets to volumes, see Figure The unknowns are the
discrete electric field and magnetic field @, h 1 — R3N | discrete electric and magnetic
induction d,b : T — R3N conduction current j,: T — R3N and distribution of charges
q:Z — RY. Tables of SI units are given in Table 3.4 and

e

1

Figure 3.5: Orientation of the curl.

Remark 3.7. The discrete distribution of charges q is located on dual volumes and
hence ¢ should be written as q to be consistent with the notation. Nonetheless, for
clarity, we simple write ¢ in abuse of notation.

So far the discretization of the physical laws does not require any approximation since
the ME have been directly applied to the grid by using topological information only.
For a complete discretization of ME the constitutive laws , and have to
be related to the discrete EM quantities allocated at the grid doublet. At this point all

‘ quantity ‘ geometric object ‘ SI units ‘

e primary edges \Y%

d dual surfaces C=As

b primary surfaces | Wh=Vs

h dual edges A ,
~ = ‘ operator ‘ SI units ‘
jes J¢ | dual surfaces A -~

o primary node \Y% dat 1/s

a primary edges Wb=Vs G, 9 1

7 primary edges \Y% G C 1

q dual volumes C=As S, S 1

Table 3.4: Discrete field quantities. Table 3.5: Discrete differential operators.
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3 Maxwell’s Equations

metric information enters the spatial discretization and the constitutive laws establish
a coupling between the primary and the dual EM quantities. Now the need for the grid
doublet becomes clear. For example the discrete version of the constitutive laws
needs to relate € and ﬁ, but these discrete quantities are defined on different geometric
objects. We can relate them because of the one-to-one relation between edges of G and
facets of G.

Y

’ NG KK  Nm-K)

(a) permittivity and conductivity (b) reluctivity

Figure 3.6: Material properties located on the grid.

Assumption 3.8. The material properties are constant in each primary volume.

Let Assumption [3.1] and [3.§ be true. To derive a discrete version of the constitutive laws
(3.6)) for linear, inhomogeneous and isotropic permittivities we employ the rectangle rule.
Regarding the edge E, (n) and the facet F, (n). Using the midpoint rectangle rule we
get

e. (n) = [Ex ()| [E]... + O (") (3.25)

where |E!z,n is the sample value of the electric field at the midpoint of the edge E, (n),
|E, (n)] is the edge lengths and

h= max |E, (n)
we{z,y,z}
1<n<N

is the maximum length of the edges. The discontinuities of electric induction D at
internal boundaries in normal direction does not effect the discretization since we need to
switch to the electric field E for the discretization of the constitutive law (3.6]). Applying
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’ quantity \ SI units ‘

M, F=As/V
M, | 1/H=A/Vs
M, S=A/V

Table 3.6: Discrete material matrices.

the top-left and top-right rectangle rule we get

4. (n) = 2 (1) [El.n + O (7) (3.26)
with the average permittivity
g (n) = ;1 (€ (nay) [F> (nay)| + € (n) [F2 (na)[ + £ () [F2 (n)| + € (ny) |2 (ny)])

and ng, = n— K, — K, n, = n— K,, n, = n— K,. Note that for the dual facet F. (n)
it holds

F. ()] = 5 (F (1) + [F- (22)] + F- (0)] + IF- ()

and € (n) denotes the permittivity on the volume V (n), see Figure [3.6(a)l Combining
(3-25) and (3.26) yields

Q)

.(n) =%.(n)e. (n)+ O (k).

with 2, (n) = ézz((z))‘ Finally we get the permittivity matriz
M, = diag (€, (1),...,8, (N),g,(1),...,E,(N),E.(1),...,E.(N)).

The conductivity matriz M, for linear, inhomogeneous and isotropic conductivities is de-
fined analogously, see [Cle98|, [Krii00, Ben06]. On a similar way a linear, inhomogeneous
and isotropic reluctivity matriz can be deduced by taking Figure into account. For
the derivation of a nonlinear, inhomogeneous and anisotropic reluctivity matrix M,,(g)
given by Brauer’s model, we refer to [Schll]. The discrete constitutive laws reads:

d=M.e (3.27)
j.=M,e (3.28)
h =M, (b)b (3.29)

Table B.6] shows the SI units.

Remark 3.9. The discrete material matrix of permittivities is diagonally positive defi-
nite, while the discrete material matrix of conductivities is typically diagonally positive
semi-definite if insulators are present in our domain 2, otherwise positive definite. In
case of non-orthogonal grids band structured matrices results. For Brauer’s model the
discrete material matrix of reluctivities is positive definite.
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3 Maxwell’s Equations

The basic approximation of the constitutive laws leads to a staircase approximations at
curved boundaries. In practice this limitation is overcome by subgridding at boundaries
or using other more elaborate schemes, see [TW96), [Cle05].

3.2.2 Algebraic Properties of the Discrete Operators

The discrete operators in terms of the FIT have several important inheritances of their
continuous counterparts and are composed of simple two-banded matrices, which can be
interpreted as discretized partial differential operators, see [BDD™92, [CWO01h].

Let be w € {z,y, z}. We introduce the upper shift matrices U, € {0, 1}NXN with
(Uw)yj = disk,; and Uy, = UK. (3.30)
We define the discretized partial differential operators P,, € {—1,0, l}NXN by
P,=U, -1

where P, is nonsingular, w € {z,y, z}. The discrete curl operators can be written as

0 -P. P, ‘
C=|P. 0 =P,|e{=1,01}3N
-P, P, 0

and the duality of the two grids yields the simple relation
C=cr.
The discrete divergence operators are constructed by
S=[P, P, P.]e{-1,0,1}"*" and S =[-P] -P] -PI].

Finally the discrete gradient operators are obtained by

G=-STand G =-9T,
see [CWO01b, [CWO01a].
Lemma 3.10 (Lemma A.1., [Schil]). Let be v,w € {z,y, z}. The relation

P,P, =P,P,

holds true.
Proof. Straightforward calculus using leads to

PPy, = (U, — 1) (U, — 1)
—U,Up — U, — Uy +1
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= UkUse —U, - U, +1
= Ukvut —U, - U, +1
=U,U,-U,-U, +1

— (Uy = 1) (U, = 1)

= P,P,.

[]

The result reflects the interchange of partial derivatives as in the continuous case,
[BDD*92].

Lemma 3.11 ([BDD*92]). The discrete operator identities
SC =0 SC=0 (3.31)
CG=0 CG=0
hold true.
Proof. To prove the identities we use Lemma We get
SC = [PyPZ -p.p, P.P,-P,P. PP, — PyP;E] = 0.
The dual case is analogous. To show the other identities we simply transpose . O

That is, the discrete gradient, curl and divergence inherit important operator identities
from their continuous counterparts, namely

V- Vx=0and V x V=0,
which is an important property of the FIT discretization.
We have already seen that the continuity equation can be derived from ME. Due to the

properties of the discrete operators given in Lemma that is possible in the discrete
case, too. From ([3.24) we derive the built-in discrete continuity equation by

d~A ~=
—Sd+S7.=0 3.32
o4 T80 (3.32)

which corresponds to the continuous counterpart and is an essential feature of FIT.
The discrete continuity equation is of great importance for our later investigations in
circuit models including EM devices. The discrete continuity equation ensures that no
erroneous charges arises, see [CWO01b].

Lemma 3.12. For the discrete operators the relations

kerS =im C kerS = im C
kerC =im G ker C = im G

hold true.
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3 Maxwell’s Equations

Proof. We apply Lemma and Exemplarily we show ker S = im C. Due to
Lemma we achieve directly ker S © im C. Let be w € ker S. Then we get

wal + PyW2 + PZW3 =0< W1 = —Pil (PyWQ + PZW3) .

x

Next we choose u; = 0, up = P, 'ws and us = —P;lvvg. So we obtain w = Cu and hence
w € im C. The other relations can be deduced in a similar way. O]

3.2.3 Discrete Potential Formulation and Gauge Conditions

In analogy to ME we introduce auxiliary functions to simplify the representation of MGE
and use a discrete potential approach, see [Cle98, [CW99, MMSO01].

From discrete Gauss’ law for magnetism (3.22)) we deduce from a discrete version of
Helmholtz decomposition that there is a vector function a : Z — R3Y such that

b=Ca (3.33)

and using discrete Maxwell-Faraday’s law ([3.23)) we obtain

o d
C(e—l—aa)—()

and conclude, using a discrete version of Helmholtz decomposition, that there is a vector
function ¢ : Z — R¥ such that

d
¢=-Go— —a. (3.34)

see [Cle05]. This approach is the discrete (@, ¢)-formulation with the discrete vector
potential @ and discrete scalar potential ¢. It fulfills immediately the discrete Gauss’
law for magnetism and the discrete Maxwell-Faraday’s law because important properties
from vector calculus are transfered to the discrete level, see Lemma [3.11 A visual
representation of all quantities is given in Figure .

As in the continuous case we need a gauge condition to remove the gauge freedom since
the discrete curl-operator inherits the non-uniqueness from its continuous counterpart. A
common gauge condition approach is the grad-div reqularization, [CW02], which utilizes
the discrete gradient and divergence operator and suitable discrete artificial material
matrices. This motivates a new discrete class of gauge conditions in terms of the FIT
given by

d ~
ﬁMEGa(b + McGM§SM<a =0 (335)

where the artificial material matrices M, maps primary edges to dual facets, M, maps
dual points to primary volumes and 9 € R is a “slider” between a type of discrete
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Coulomb and Lorenz gauge. The discrete class of gauge conditions is the discrete
analogon to . The discrete material matrix M is called norm matrix and supplies
the correct units to the discrete grad-div regularization. In case of ¥} = 0 suitable choices
for the discrete material matrices M and M are discussed in [CW02, [Cle05, BCDS11].
For another type of discrete gauge conditions motivated by damped wave equations we
refer to [BCS12].

Assumption 3.13. The discrete artificial material matrices My and M are positive
definite.

Let Assumption be true. For ¢ = 0 we obtain a type of discrete Coulomb gauge
SMca =0

due to §M§G is nonsingular. The discrete Coulomb gauge is known from literature.
Moreover, for 1 = 1 we obtain a type of discrete Lorenz gauge

d -
MsGaqb + M:GM¢SMca =0

and selecting in addition My = M, yields
d ¢ + MeSM.a = 0
dt et T

due to §M€G is nonsingular. For linear, homogeneous and isotropic materials and an
equidistant grid the discrete grad-div regularization regularizes the discrete curl-curl
matrix and the resulting discrete operator corresponds to the discrete vector Laplacian.

Lemma 3.14. Let M € RV*¥ be positive definite. Then, the matrix
C=CM,C—-G™MS
is positive definite.

Proof. We use the relation G = —ST. The matrix C is symmetric positive semidefinite
since C is the sum of two positive semidefinite matrices. To show positive definiteness
we prove the nonsingularity. Let be x € ker C. Then

(éMVC +§TM§>X —0< Cx =0and Sx = 0,

see Lemma |A__3| Hence x € ker C A kerS. With Lemma @ it is clear that
xekerC nimC = ker C n (ker C)*
and hence x = 0. OJ

Note that CM, C + MggTMggMc is not necessarily positive definite. Hence not an arbi-
trary type of discrete Coulomb or Lorenz gauge leads to a gauge condition in the sense
of a discrete curl-curl operator regularization.
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3 Maxwell’s Equations

3.2.4 Phantom Objects and Discrete Boundary Conditions

The numbering scheme of the grid G introduces needless phantom objects at the bound-
ary. The phantom objects are edges, facets and volumes which have to be disregarded.
In order to disregard those objects we follow and extend the idea of Schid].
Table gives an overview of the number of non-phantom objects.

| object | number of non-phantom objects |
primary nodes/dual volumes NN, N,
primary facets/dual volumes (N, —1) NyN,

+N, (N, —1)N,
+N,N, (N, —1)
primary facets/dual edges N, (N, —1) (N, —1)
+(Ny —1) N, (N, —1)
+ (N, —1) (N, — 1) N,
primary volumes/dual nodes (N, = 1) (N, —1) (N, —1)

Table 3.7: Number of non-phantom objects.

Example 3.15. Regarding the primary FIT grid of two points in each direction as
shown in Figure [3.7. The grid consists of 8 nodes, 12 edges, 6 facets and one volume.
The numbering scheme introduces 12 edges, 18 facets and 7 volumes which are needless.

(a) non-phantom edges (b) non-phantom facets and volumes

Figure 3.7: Primary FIT grid of dimensions 2 x 2 x 2 with non-phantom objects.

To find all phantom objects it is sufficient to characterize the phantom edges. These
edges are always attached to points on the boundary that are addressed by n (i, iy, 7.),
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where one direction reaches its maximum i,, = N, with w € {z,y,z}. For each w €
{z,y, 2z} the set

Hu = {1 < n(ig, iy, 0.) < N|i = Ny}

contains the indices of all points with an attached phantom edge in direction w and we
fade-out all phantom objects using the diagonal fade-out matrix F,, € {0, 1}NXN given
by:

(F.). = 1, for i = j and 7 ¢ H,,
©/ 0, else.

The sets Hy. = Hy, v Hy U 'H, and Hy = H, U H,, contain all points connected to at
least one phantom edge and connected to at least one phantom edge in the (v-w)-plane
with v,w € {z,y, 2}, v # w, respectively. Next we investigate some properties of the
fade-out matrices.

Lemma 3.16 (Lemma A.3., [Schll]). The matrices F,, are orthogonal projectors and
for v # w

F,F, = F,F,, (3.36)
F,F,P, = F,P,F, (3.37)

is valid with v, w € {z,y, z}.

Proof. The projector properties of F,, as well as (3.36)) are clear since they are diagonal
matrices containing only zeros and ones. The left-hand side of (3.37)) reads:

—1, for j =i and i ¢ Hy,,
(FwFUPv)ij = 1, for j =i+ K, and i ¢ H,

0, else.

The right-hand side of ([3.37) reads:

—1, for j =i and i ¢ Hy.,
(FUPvo)Z.j = 1, for j=i+ K,, j¢ H, and i ¢ H,,

0, else.
Now we show that both sides equals. Since ¢ ¢ H, we can write
i =1y + 1, K, + 1, K, with i, < N,
and thus j =1 + K, gives
J = Ju + 3yl + j. K., with j, =i, + 1 < N,,.

Then we know that j,, = i, since v # w and thus the condition ¢ ¢ H,, is equivalent to
j=1+ K, ¢ H, for v # w. O
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3 Maxwell’s Equations

All points addressed by the numbering scheme are included in the primary grid but only
subsets of the addressed edges, facets and volumes really exist. Only edges not in H,,,
w € {x,y, 2}, exists. Furthermore facets and volumes exists if and only if all their edges
exist. To fade-out the phantom objects we define

F, 0 0 F,F. 0 0
Fx=I1, Fg=|0 F, 0|Fs, =| 0 F,F. 0 | andFy=F,F,F,
0 0 F, 0 0 F,F,

where Fy, Fg, Fr and Fy denote the fade-out projectors for all points, edges, facets and
volumes in the primary grid. Analogously we define the corresponding counterparts for
the dual grid and benefit of the relation between both grids.

Corollary 3.17. The fade-out projectors Fy, Fg, Fr and Fy are orthogonal projectors.
[

Next we define the discrete operators with fade-out phantom objects. The gradient
operator maps points to edges and we have to ignore contributions from phantom points
and edges. We achieve

GF = FEGFN and ép = FFGFV

The curl operator maps edges to facets and therefore we have to ignore contributions
from phantom edges and facets. We get

CF = FFCFE and GF = FEGFF

In the end the divergence operator maps facets to volumes and hence we have to ignore
contributions from phantom facets and volumes. We gain

SF = FVSFF and gp = FNgFE
All discrete operators with fade-out phantom objects have a redundancy.

Lemma 3.18 (Corollary A.5., [Schll]). For the discrete operator with fade-out phantom
objects the relations

GF = FEG CNJ"F = CN;’FV
Cp = FpC Cp = CFy
Sr = FvS Sk = SFg
hold true.
Proof. This is a consequence of Lemma [3.16] O

For the discrete operators with fade-out phantom objects all important properties still
hold true.
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Lemma 3.19 (Theorem A.6., [Sch1l]). The discrete operator identities

SpCr =0 SpCp =0
CFGF =0 éFéF =
hold true.
Proof. This is a consequence of Lemma and [3.18] O

Remark 3.20. Sometimes in literature the discrete partial differential operators are
directly constructed as P,, = F,,P,, with w € {z,y, z}, for example, as in [Ben06].

Not only in the discrete operators the phantom objects occur but also in the discrete
material matrices. The discrete permittivity matrix as well as the discrete conductivity
matrix are mapped from primary edges to dual facets and we get

M!F = FgM.Fg and MY = FgM,Fg.

Furthermore, the discrete reluctivity matrix maps from primary facets to dual edges and
reads

MY = FpM,Fp.

In fact we do not simply want to fade-out the phantom objects but we want to delete the
corresponding rows and columns within the discrete operators, too. For that we extend
the idea of phantom objects of [Schll] and we define the matrices

D'w S {O, ]_}N*‘Hw‘XN’ Dvw c {07 1}N*|va|><N’ nyz c {O, l}N*‘szz|><N

related to the fade-out projectors by

D/D, =F, D,D) =1
D, Dy = F,Fy, DyD), =1
D,,.Day. = FoF,F. Day:D,,. =1

with v, w € {x,y, 2z}, v # w. We construct the deletion and shrinking matrices

D, 0 0 D,. 0 0
DN = I, DE = 0 Dy 0 y DF = 0 sz 0 and DV = D:r:yz
0 0 D, 0 0 Dy

where Dy, Dg, D and Dy denotes the matrix deleting all rows of Fy, Fg, Fr and Fy
belonging to phantom objects. For the deletion matrices the relations

D{Dy = Fx DyDy =1
D{Dg = Fg DgDf, =1
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3 Maxwell’s Equations

D{Dp = Fg DpDf =1
D{Dy = Fy DyDy =1

hold true.

Now we remove the phantom objects. For that we left-multiply the different discretized
laws of MGE by the corresponding deletion matrix and we set the unknowns correspond-
ing to phantom objects to zero. From MGE (3.21)) to (3.24) we deduce the phantom-free
MGE

Spdp = adp (3 38)
Spbp = 3.39)
d =~
ep=——Db 4
CDGD dt D (3 O)
~ d = ~
CDhD adD + jCD (3 4]_)

where the existing unknowns are

ep = Dge, dp = Dygd, TC,D = Dgj., hp = Dph, bp = Db and qp = Dxq
and for the phantom-free operators the relations
Cp = DECD}, Sp = DxSD, Sp = DySD}. and Cp = DpCDy,

hold true. Applying the same deduction as above, the discrete constitutive laws (3.27)),

(3-28) and (3.29) yields

dp = MPep, (3.42)
Jep = MPep (3.43)
hp = M%(bp)bp (3.44)

where the phantom-free material matrices are given by

MP = DgM.Dj,, MP = DgM,Dj, and MY = DpM, Dy,

The discrete equations for the vector and scalar potential (3.33]) and (3.34)) result in

o)

p = Cpap (3.45)

d
ep = —Gp¢p — &SD (3.46)

at which the existing unknowns are
gf)D = DN¢ and QD = DEa\

and the phantom-free gradient reads Gp = DgGDY.
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Remark 3.21. By & < £ we denote the set of non-phantom edges indices. We can
interpret Gp as the transpose incidence matrix of the directed graph (N, Er). We will
come back to that later when motivating the boundary conditions.

For completeness we have (NED = DF(N}D\T,. The phantom-free operators still have the
following properties:

Lemma 3.22. The phantom-free operators identities

SpCp =0 SpCp =0
CpGp =0 CpCp =
hold true.
Proof. This is a consequence of Lemma [3.19] O

Using (3.41) and Lemma we can derive the phantom-free continuity equation given
by

d~ = ~ =
aSDdD +Spj eD = 0 (347)

but note that we can derive (3.47) also directly from (3.32)). Therefore charge conserva-
tion is also fulfilled for the phantom-free operators.

From the phantom-free equation for the vector potential (3.45]) and scalar potential (3.46]
we can deduce that the phantom-free Gauss’ law for magnetism ([3.39) and Maxwell-
Faraday’s law (3.40) are fulfilled automatically like in the continuous case. Based on

(3.47) we conclude that if
Spdp (to) = ap (to), to €I,

then the phantom-free Gauss’ law (3.38)) is always fulfilled like in the continuous case.
That is, it is sufficient to take the phantom-free Maxwell-Ampere’s law (3.41)) into ac-
count using the phantom-free potential formulation.

Boundary Conditions
The next step is to incorporate the boundary conditions. Here we focus on the PEC

case and apply Dirichlet boundary conditions for the unknowns.

Let Qx = {1,..., N} be the set of node indices and I'y = {n € Qx|N (n) € T'} the set
of boundary node indices. We denote by Qf = Qx\I'y the set of non-boundary node
indices and n, = |Q§‘ To describe the non-phantom edge indices properly we need
some notation. Let

& ={neNneH,} & ={n+NeNneH,} €& ={n+2NeNneH,}
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3 Maxwell’s Equations

and
E.={l,...,N}\& &, ={N+1,....2N}\E, E&.={2N+1,...,3N}\&,

be the index sets of phantom and non-phantom edges in each direction. Then the set of
non-phantom edges indices is given by & = £, UE, UE,. Let Qg = {1,...,|Ep|} be the
set of the renumbered non-phantom edge indices. For renumbering the non-phantom
edges we define the injective and surjective mapping

p:{l,...,3N} - Qg
with the property
i<jepl)<p(y), i,7€{1,...,3N},
where for the preimage
p (k) eé&r, ke Qg
holds true. By
I'g={neQg|m=p'(n),me€,and E, (w) c T ,we {z,y,2}}

we denote the set of renumbered boundary edge indices and Qf = Qg\I'p is the set
of renumbered non-boundary non-phantom edge indices, where the non-boundary non-
phantom edges are degrees of freedom. We denote n, = |Qg‘

We introduce the unknown and boundary selection matrices
Uy € {0,1}"N | Ug e {0,1}"* 1 By e {0, 1}V | By € {0, 1}MelIr
for nodes and edges defined by

U\ Ux = Upx UnUf =1 ByBx = Brx ByBy =1
UpUg = Upg UpUg =1 BiBg = Brg BeBf =1

with the properties
Upn + Brx = Fy and Upg + Bpg = Fg.
With that we obtain the relations
Uy =UnxUpn UL =UpnUy Bx=BxBrny Bl =BpxBl UxBpx =0
and
Ug=UgUpr Up =UpgUi Bgp=BgBrpr Bf=BpgBy UpBpg=0

hold true

At this point we need the orthogonality of each grid complex G and G.
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Remark 3.23. For every diagonal matrix D e RIEFIXI€Fl we get UgDB], = 0. O]

Now we incorporate the boundary conditions into the equations. We start with the
phantom-free constitutive laws. Left-multiplying ([3.42)) by UgDj, and using Remark

we acquire on the one hand
UgDLdp = UgDEMPep,
= UgDgDgM. Dy, D@
= UgFgM_.Fge
= UgM: (Upg + Brg) €
= UgM.Upge
= UpM.UjUge

and on the other hand

UgDgdp = UgDfDgd
— UgFgd
— Ugd.

With that the phantom-free constitutive laws (3.42)), (3.43)) and (3.44)) yields the reduced
discrete constitutive laws

_

d, = M8, (3.48)
Tc,u = Mgéua (3'49)
h, = M!(b,)b, (3.50)

with the unknowns

— — — _ _

/éu = UE@, ﬁu = ,BD, hu = hD, du = UEd and jc,u = UETC
and reduced discrete material matrices
M" = UgM.UL, M" = UgM,UL and M%(b,) = MP(bp).

From phantom-free Maxwell-Ampere’s law (3.41)) we get the reduced discrete Mazwell-
Ampeére’s law

Cuhy = —dy + J o (3.51)

with the reduced discrete dual curl operator

Cu = UgCD}.
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From the equations of the phantom-free vector and scalar potential (3.45]) and (3.46]) we
obtain

b, = Cya, + Chay (352)

_ d_
€y = _Gu¢u - G'b¢b - aau (35?))

at which the unknowns read
¢u = Uxg, ¢p = Bxg, @, = Uga and &, = Bra

and reduced discrete operators are given by

G, = UgGUY, Gy = UgGBY, C, = DpCU}, and C,, = DpCBy.
In addition the reduced discrete dual divergence operator reads

S. = UxSUL

We show that important reduced discrete operator identities are still valid.
Lemma 3.24. The relations G, = —ST and C, = C[ hold true. O

Lemma 3.25. The reduced discrete operator identity §uéu = 0 and C,G, = 0 hold
true.

Proof. We infer from G, = UEGUg that UEGUUN = UpgGUp . For every edge in I'g
the front and back node are in I'y. That is, Up y set exactly that columns to zero which
are not effected by Up g Hence GUpn = Up gGUp n and GUY = UREGUg. We get

SuCy = UxSULUECDY,

— UxSUpCD}
— UxSCD{
see Lemma [3.11] The other statement follows directly. O

Using (3.51) and Lemma we can derive the reduced discrete continuity equation
given by

~ =

—Sudu+Suj. =0 3.54
T +Suje, (3.54)

but note that we can (3.54]) derive also directly from ([3.47)). Left-multiplying (3.47)) by

UNDITI we obtain

_

d_ s = < -
0= aUNDI}SDdD + UnD{Spjep
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d ~ A S ~
= —UxDYDNSDgDgd + UxD{DxSDEDE]

dt
_ %UNFNgFEﬁ + UnFxSFij,
— %UNg (Upg + Brr) d + UxS (Urg + Brg) Je
_ %UN§UF,E§ + UnSUpk],
_ %UNgUEUEﬁ + UnSULUgJ,
_ %Eﬁu +Suien

using Br gGUY; = 0 since Up x sets exactly that columns to zero which are effected by
Br g. Therefore charge conservation is also fulfilled.

We already mentioned that Gp can be interpreted as the transpose incidence matrix of
the directed graph (N, &r), see Remark In fact G/ is a kind of reduced incidence
matrix of the directed graph (N, Er) with more then one reference node, due to setting
Dirichlet boundary conditions for all boundary nodes and edges. That is an important
observation for the later index analysis of the resulting DAE from MGE.

Remark 3.26. The reduced discrete operator G, has full column rank. O

3.2.5 Maxwell’s Grid Equations with Boundary Excitation

In this subsection we formulate a new class of reduced discrete gauge conditions in terms
of FIT for the non-phantom and non-boundary unknowns. We describe the boundary
conditions for the scalar potential as excitation of the EM fields at the boundary and
formulate the current through the EM devices. The excitation and current formulation
play a vital role for the circuit models including EM devices.

Motivated by (3.35)) we reformulate the class of discrete gauge conditions into the class
of reduced discrete gauge conditions given by

d
19M‘§Gua¢u + Mza, =0 (3.55)
with reduced discrete artificial material matrices given by
M2 = MEG,MES,ME, M = UM Uf, and Mg = UxMUY.

Note, we cannot deduce (3.55]) directly from (3.35)) due to the presence of the boundary
conditons but ([3.55)) is motivated by that. For later investigation we left-multiply (i3.55))
by S, and we regard

- d -
IS MECu -6, + SuMya, = 0. (3.56)
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3 Maxwell’s Equations

The next step is to describe the Dirichlet boundary conditions for the discrete boundary
scalar potentials given by ¢y, : Z — RI"™Nl in more detail to have an excitation for the
EM fields at the domain boundary. Here we do not follow the approach presented
in [DHWO04, Ben06, BBS11l, [Sch1l], where the excitation is constructed using different
conductor models and applied as a source term. In Subsection |3.1.2| we motivate spatial-
constant time-dependent Dirichlet boundary conditions for scalar potentials on each I'y ;
with

FN,Z’ = {n € QN‘N (n) € FZ} .

Without loss of generality we suppose that the first ng < k boundary parts I'y; are
conductive contacts and I'y, = Uf:nE +1I'nyi 1s the mass contact. That is, the EM
device has ng + 1 contacts. At the mass contact we apply zero potential. The potentials
at the conductive contacts are described by vg : Z — R™. Next we construct an

pre-excitation matriz X € RV*"e defined by

1, ifi e FN,',
(X>ij = { ’

0, else.

which maps from conductive contacts to nodes, acting only on boundary nodes at con-
ductive contacts. Note that we directly skip the mass contact because of the zero po-
tential. We write the boundary conditions in terms of the input function and obtain the
boundary excitation

¢, = By XvVE.
With the pre-excitation matrix we define excitation matriz A, € R"»*"e by
Ay = —GBxX (3.57)

which maps from conductive contacts to non-phantom and non-boundary edges. Due to
that construction it is obvious that the excitation matrix acts only on edges attached to
conductive contacts and A, has full column rank.

Assumption 3.27. We assume homogeneous Dirichlet boundary condition for the dis-
crete vector potential, that is, @, = 0, and that the applied potential at the mass contact
is zero.

Let Assumption be true. The applied potential at the EM device conductive con-
tacts generates currents and the reduced discrete total current density in terms of FIT
is given by reduced discrete Maxwell-Ampere’s law (3.51]). We get

= da =
A _ —du"r‘ A
.]t,u dt Jc,u

= CuM¥(Cyay,)Cyay.
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For our later investigation we are interested in the reduced discrete total current density
at the conductive contacts. Here we can utilize the excitation matrix A,. The reduced
discrete total current density at a contact is the sum of all contributions from non-
phantom and non-boundary edges attached to the contact taking the edges orientation
into account. That is, the reduced discrete total current density at the conductive
contacts can be described by

ig = A CuMY(Cya,)Cya, € R™. (3.58)
Assumption 3.28. For a consistent contact formulation we assume:
(i) There are at least two conductive contacts.
(ii) The conductive contacts are disjoint and simply connected.
(iii) Between two conductive contacts are at least two primary surfaces.
To ensure this we need a sufficiently fine spatial discretization of the EM device.

To show that we have a consistent discrete contact current formulation we formulate the
following lemma.

Lemma 3.29. Let Assumption be true. The matrix C,A, has full column rank.

Proof. Regarding the j-th column of C,A,. The i-th row of the j-th column of C A,
is nonzero if the i-th primary facets consists of one or three primary edges connected
with the j-th conductive contact. Such a primary facet always exists for each conductive
contact. If the i-th row of the j-th column is nonzero the other columns are zero at the
i-th row. 0

Next we derivative the reduced curl-curl equation. Starting with the reduced discrete

Maxwell-Ampere’s law (3.51)), the reduced discrete constitutive laws (3.48)), (3.49) and
(3.50)), using the excitation matrix (3.57)) and formulated in terms of the reduced poten-

tials (3.52)) and (3.53) we gain

~ o d = =
= Cyhy — —dy — ]
0= Cubu = —du = ..,
~ a A/ d
= CM(Bu)b, — MY e, — Mie,
& aru . d d N d
= CuMy(Cuau>Cuau + Me& Gu¢u + Gbgbb + aau + MU Gu¢u —+ Gb¢b + &a\u

and we are ending with the reduced curl-curl equation

d d? ~ d
0=M!G,—¢, + M —a, + M)G,¢, + C,M}(C,a,)Cya, + Ml —a,

dt dt2 dt (3.59)
d ;
—M?AU&VE - M;AuVE.
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3 Maxwell’s Equations

Grouping a reduced discrete gauge conditions given by (3.56)), the reduced discrete total
current density at the conductive contacts (3.58) and the reduced curl-curl equation
(13.59) we obtain the MGE

jg — ATCu MY (Cyay)Cuay = 0
~ d -
ﬁSuMgGuagbu + S Mia, =0

d d ~
MEGu— ¢y + ME—7, + MEGyé, + CuME(Cya,)Cua, + M7, (3.60)
dt dt '
d
—M?AuaVE - MEAuVE =0
4
dt

ay—7y, =0

with the auziliary vector 7, to avoid the second-order differentiation in time for a,. The
number of non-boundary nodes is ny, the number of non-boundary edges is n,, n, and
the number of conductive contacts by ng. The given vector function vg (t) describes the
applied potential at the conductive contacts in time t, Z = [to, 7] = R. The unknowns
are the (reduced) discrete scalar potentials ¢, : T — R™ the (reduced) discrete vector
potentials a, : Z — R™ the auxiliary vector 7, : Z — R"" and the current jg : Z — R"E
through the conductive contacts.

Remark 3.30. Let (¢, a,,7,) € R™ x R™ x R be a solution of (3.60). Then all field
quantities can be derived. We obtain

ﬁu = Cuauv
ey = _Gu¢u + AuVE T,
dy = MUa,,

Tc,u = Mg@u?

and

qQu = guﬁu-

3.2.6 Numerical Analysis of Maxwell’s Grid Equations

In this subsection we investigate MGE using the Coulomb and Lorenz gauge
without the current equation since it is only an explicit function evaluation. We are
mainly interested in the index of the resulting DAEs. We obtain similar results as
[BCS12] but we do not use the differentiation index, the excitation of the fields is coming
from boundary conditions instead of source term and we regard a different class of gauge
conditions.
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We collect some basic assumptions and properties for the discrete operators from the
previous section.

Assumption 3.31. The reduced discrete conductivity matrix M} is a symmetric pos-
itive semi-definite diagonal matrix and M! is a symmetric positive definite diagonal
matrix. Furthermore the reduced discrete material matrices Mg, Mg, M}(C,a,) and
the reduced discrete differential reluctivity matrix M} 4(C,&,) are positive definite, see

Remark [3.33
Property 3.32. Let Assumption be fulfilled. We have:
o Mp = MpG,MgS, M

Gy, has full column rank

CyA, has full column rank
o Gy=-S/,Gy=-ST and C, = CT
e SuCy=0and C,G, =0

In the following we suppose that Assumption [3.31] and Property are valid.

Maxwell’s Grid Equations using Coulomb Gauge

First we focus a Coulomb gauge, that is, ¥ = 0, and we obtain a DAE of the type

d

with

0 0 u e

A=|1 0], dyt) - (MaG“¢E+ Maﬁ“)

01 A

and
S.Mua,,
b (Y7 t) = MgGu¢u + Klzi(au)au + Mgﬁu + %Mng¢b + Mng¢b )
—7y

where K%(a,) = CuM%(Cya,)Cy. The DAE (B.61) has a properly stated leading term.
With
MG, 0 M

it is easy to verify and we can choose R = 1.
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3 Maxwell’s Equations

The next steps are: First we determine the higher index components. With that it is
easy to show that the index is always greater than one. Finally we show that the index
is always two. Following the index analysis we present an approach to compute suitable
starting values for the numerical integration.

We determine the index of the DAE (3.61]). We start with the first matrix of the matrix
chain, see Definition [2.21], given by

0 0 0
Go(y,t) = [ M{Gy 0 M
0 I 0

Obviously the matrix Gq (y, t) is always singular and thus the DAE (3.61]) has not index-
0, see Lemma [2.30l A projector onto ker G (y, t) is given by

I 00
Q=] 0 00
~G, 0 0

For the matrix chain we need the derivative of b (y,t) with respect to the unknowns.

Remark 3.33 ([DMWOS, [Schil]). The derivative of K}(a,) = CoaM!(Cyay)Cy with
respect to @, is given by

with:

For Brauer’s model the reduced discrete differential reluctivity matrix M} 4(C,a,) is
positive define, see Corollary A.13. in [Schll].

Then we get
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and

o O O
o O O

0
Bg (Y7t) Qo = 0
G

u

The next step is the calculation of the intersection of Ny and Sy (y,t). That intersection
is crucial for the index and for the consistent initialization as well. The intersection of
Np and S (y, t) can be described as follows.

Lemma 3.34. The Assumption [3.31] and Property holds true. The index-1 set of
the DAE (3.61]) can be described by

NO N 80 (Y7t) = lmQO
for all (y,t) e D x T.

Proof. For calculating the index-1 set we make use of Remark [2.27 For a suitable
description we need a projector along im Gq (y, t). In order to determine such a projector
we calculate a projector onto ker Gy (x, t)T, see Remark , with

0 —S.M 0
Goly,t) =0 0 1
0 M' 0

We can choose a projector onto ker Gq (y,t)' and along im Gy (y, t) by

I 00 I 00
Wg =10 0 0| andWo= |0 0 0
0 0O 000
We get
0 0O
WoBg (y,t) Qo= [0 0 0
0 0O
and hence Ny N Sy (v,t) = im Qp. O

It is obvious that the index-1 set Ny n Sy (y,t) is always not empty, that is, the DAE
(3.61) has never index-1, see Definition [2.23] But the index does not exceed two as we
will see in the next theorem.

Theorem 3.35 (index-2). Let Assumption and Property be fulfilled. The
DAE (3.61)) has index-2.
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3 Maxwell’s Equations

Proof. At first we need

0 0 0
Gi(y,t) = [ MGy 0 M
Go I 0

in order to proceed the matrix chain. For the characterization of the index-2 set we
introduce a projector along im Gy (y,t), see Remark [2.28l On this we determine a
projector onto ker Gy (x, t)T, see Remark . By investigating in

0 —S,M» —S,
Gy, ) =10 0 I
0 M 0

We can choose a projector onto ker Gy (v,t)" and along im Gy (y,t) by W = W] and
W; = W,. Next we take into account

0 00 0 SuME 0
Po=|0 T 0|, By(y,t)Po= MG, Kl (@) M|,
Gy 0 1 Gy 0 ~1

where Py is the complementary projector to Qg, and

0 S.M: 0
WiBo (v,t)Po= [0 0 0
0 0 0

Let be z € ker Gy (y,t) n ker W1By (v,t) Po. That is true if and only if the conditions

7z, = —Guzg, (3.62)
zg, = —Guzg, (3.63)
SuMizg =0 (3.64)

are fulfilled. Left-multiplying (3.63)) by §UM; and using (3.64) yields

SuMLGzg, = 0

and hence z4, = 0 due to the choice of M} = MZGuMgguME. From ([3.62) and (3.63)) we
get (zz,, zz,) = 0 and conclude z = 0, see Definition O

In order to start the integration of the DAE (3.61) we need a consistent initialization.
For the index-2 case we apply Theorem [2.58

Assumption 3.36. For the DAE (3.61)) exists the continuous partial derivatives %d (y,t)
and SWib (y,t) for all (y,t) e D x Z.
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These assumptions are not a restriction since, if a solution exists, then %d (v,t) exists
and is continuous. Moreover Wb (y,t) describes exactly the hidden constraints and
hence (%Wlb (v, t) needs to exists and to be continuous to have a solution to the problem.
In addition the DAE has a constant matrix A and there are the constant projectors
Qo and W;. We need to show that the index-2 variables enter linearly only.

Lemma 3.37. Let Assumption|3.31/and Property be fulfilled. The index-2 variables
enter the DAE (3.61]) linearly only.

Proof. From Lemma we easily obtain a constant projector T onto Ny N Sp (v,t)
given by Qo and U = Py. The unknowns are divided into

Pu 0
y=Ty+ Uy = 0 + ay
—Gudu Guou + Ty

Now we can write b (y,t) = b (Uy, t) + BTy with

00 0
B=10 0 0
0 0 —I
The relation d (y,t) = d (Uy, t) is obvious by Lemma O

The DAE (3.61)) fulfills all requirements to apply Theorem in case of index-2. But
we still need an operating point when we want to integrate it numerically. Since Theo-
rem [2.58|is applicable to the DAE an operating point is sufficient to start the numerical

integration, see Lemma [2.61]

Lemma 3.38. Let the DAE ([3.61)) be given and tq € Z. An operating point (z°, v, to)

with 20 = (Z% ;22 ) and y° = (47, @), 7)) can be calculated as follows:

e Choose ¢ € R™ and 70 € R"" arbitrarily, and a% € ker §UM%

e Compute the missing parts by:

d
_=MyGugy + Ki(a))ay + Mpm, + aM?Gb% (to) + MyGrop (to)

0
u

]

Remark 3.39. Due to the structure of the DAE (3.61]) we obtain a locally unique solu-
tion through every consistent initial value and perturbation index-2, see Theorem [2.46

and 2.50
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3 Maxwell’s Equations

Maxwell’s Grid Equations using Lorenz Gauge

Next we take Lorenz gauge into account, that is ¥ = 1. Let Assumption [3.31] and
Property be fulfilled. Then we obtain an ODE of the form

d
A—y+b(y,t)=0 (3.65)
dt
with
SAM!G, 0 0
A=| MG, 0 M
0 I 0
and
S.Mua,
b(y,t) = | MiGugu + K (8u)8y + MiTy + SMUGpoy, + MGy,
—Ty

Lemma 3.40. Let Assumption and Property be fulfilled. Then, MGE (3.60))
using Lorenz gauge is an ODE of the form ([3.65]).

Proof. From Assumption and Property we deduce that guMgGu and M} are

nonsingular. Thus,

Su MG, 0 0
A=| MG, 0 M
0 I 0

is nonsingular. O]

Hence for Lorenz gauge we have no restriction for initial values.

Remark 3.41. The chosen gauge condition for MGE has a huge impact on the
structure of the resulting system. In case of the Coulomb gauge we obtain an index-2
DAE and for Lorenz gauge we attain an ODE. That is, from the numerical point of view
Lorenz gauge is to be prefer. Next we consider the Jacobians results from integrating the
DAE in time by BDF methods with step size h > 0. For the DAE ([2.30]) the Jacobian
reads
J(v.t) = TPA (DD (v,£) + B (v, 1),

Depending on the choice of My and My, the MGE using Lorenz gauge may leads
to more dense Jacobians than using Coulomb gauge. In addition the structure of the
Jacobians depending on the gauge. For Lorenz gauge the Jacobian reads

%guM?Gu guM; 0
Tu(y.t) = | (Mg +52M2) G Kig(aa) (Mg + 52M)
0 Ll . |
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with a nonzero diagonal and for Coulomb gauge

0 SuM2 0
Jo(y,t) = | (M2 + 9M) Gy Kig(a,) (MY + 2eMy)
0 0] —1

Hence the Lorenz gauge system could be suitable for iterative solvers, particularly with
regard to the possible large number of unknowns. Note that for sufficient small h > 0
the Jacobian Jy, (y,t) and Jc (y,t) are nonsingular due to Lemma [2.6]

Remark 3.42. Coulomb gauge could be suitable for iterative solvers, too. For this we
need to reformulate the DAE . We add the Coulomb gauge , ¥ =0, by a
grad-div formulation directly to the reduced discrete Maxwell-Ampere’s law and
we add the reduced discrete continuity equation to the system equations. This
leads to the DAE

N d - d - N
MGy~ M= 7, + S, M2 M7
Su EGU dt ¢u + Su £ dt 7Tll + Su JGU¢U + Su o'ﬂ-u

~ d ~
—SUM?AU&VE - SUMEAUVE =0
d d ~ ~
M;‘Guaqﬁu + Mgaﬁu + MGy + CuM;(Cya,)Cuay, + MG MgS My a, + My7,

d
—M?Au&VE - MgAuVE =0

Ay — Ty =0

dt
where the Coulomb gauge is implicitly fulfilled. The BDF Jacobian for this DAE is given

Su (M2 + M) G, 0 N Sy (M2 + 2e))
Jo(vit) = | (M2 +2M) Gy Kig(aw) + MEGMESME (M2 + 20MY)
0 2] -1

with a nonzero diagonal.

Remark 3.43. It seems that MGE (3.60|) using Coulomb gauge has some disadvantages
compared to Lorenz gauge. However, a reformulation of MGE ([3.60) using Coulomb
gauge with M} = MY proposed by [Janl2b| lead to an ODE if we disregard the current
equation and taking into account that guM‘gGu and Mg are nonsingular. The idea is to
exploit the kernel of the Coulomb gauge. Let {by,..., b} be an orthonormal basis with

respect to the standard scalar product on R* of ker SuMY. Moreover let {bgi1,...,b,,}
be an orthonormal extension of {by,...,bs} to an orthonormal basis with respect to the
standard scalar product on R™. We define Bp = [bkﬂ bna] e Rxna=k  Then

P = BpB}, is a projector along ker gul\/[;1 and we obtain

0= guMgau = §uM?Pau = guMgBPB;au
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3 Maxwell’s Equations

Due to the choice of Bp we obtain that guM};Bp is nonsingular and hence
Bpa, = 0.

With Q = BQBg, Bq = [b1 ... b ] e R"* and a, = BQau, Tq = BQﬂ'u we obtain
u d u d =3 u u I~ — u —
Ms Guagbu + MEBQaTFq + MgGquU + KV(BQaq)BQaq + MUBQTFq

—MIA, ;VE —MyA,wvE =0 (3.66)

—aq—Tq=0
from MGE (B3.60). We split the first equation of (3.66) using B, and Bg. We achieve

d

BgM;‘BQ&TTq + B{MLG o, + B{K(Bqag)Bqag + BOMEBqT,
d
tdt

d d
B;MgGuagbu + B;M?BQ&@ + BpMEGy¢y + BpKY(Bqa,)Boay + BpM!Bq7,

—B{MIA —vE — BOMEAvE = 0

d
—BpMUA, g Ve~ BiMIAvg =0

aaq - 7?(1 = 0
using Property 3.32L Since B)M!Bq and BEM!G, are nonsingular we obtain an ODE
for (¢u,8q, 7). In fact, that is some kind of index reduction using knowledge of the
solution of @, given by the Coulomb gauge.

3.3 Summary

This chapter has briefly introduced Maxwell’s equations and the finite integration tech-
nique for the resulting spatial discretization. We discussed a potential formulation of
Maxwell’s equations and presented a general class of gauge conditions. Next we moti-
vated Dirichlet boundary conditions for the potentials.

General properties of the discrete operators in terms of the finite integration technique
were discussed. The Maxwell’s grid equations were formulated in terms of poten-
tials with incorporated boundary conditions using a new class of discrete gauge condi-
tions (3.55)) in terms of the finite integration technique. We defined a suitable boundary
excitation and formulated current equations for the currents through the elec-
tromagnetic devices to be easily accessible for circuit simulation. The chosen approach
differs substantially from [DHWO04, Ben06l, BBS11, [Sch11], where the excitation is con-
structed using several conductor models and applied as a source term.

The structural properties of Maxwell’s grid equations formulated as a differential-
algebraic equation with a properly stated leading term were discussed and analyzed by
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the index concept to obtain new index results. The first new result was that the index
depends on the chosen gauge condition. The Coulomb gauge leads to the locally unique
solvable index-2 and perturbation index-2 differential-algebraic equation formu-
lated with a properly stated leading term (Theorem and Remark with linear
index-2 variables (Lemma and we provided a way to calculate an operating point
(Lemma to determine a consistent initialization. Maxwell’s grid equations turned
out to be an ordinary differential equation using Lorenz gauge (Lemma [3.40).
These results were obtained without taking the currents through the device into ac-
count.

We analyzed the structural differences of Maxwell’s grid equations using Coulomb and
Lorenz gauge (Remark and . Finally, we reformulated Maxwell’s grid equations
using a particular Coulomb gauge as an ordinary differential equation by an
orthonormal basis decomposition (Remark without taking the currents through
the device into account. From the results of both ordinary differential equations it can
be concluded that the modeling of the Maxwell’s grid equations has an impact on the
perturbation sensitivity and thus careful modeling is desirable.
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4 Electric Network

Today electric networks and circuits are indispensable. They can be found in almost
every electronic device from radios to central processing units of our personal computer
to smartphones. An electric network is the interconnection of elements such as con-
densers, resistors, coils and batteries modeled by capacitors, resistors, inductors, current
sources and voltage sources or more complex elements such as diodes and metal-oxide-
semiconductor field-effect transistor.

To reduce cost and development cycles of new electric products numerical simulations
are used to predict the circuit’s behavior in terms of physical quantities such as voltages
and currents. A suitable model for numerical simulation of electric networks has to
meet two contradicting requirements. On the one hand the physical behavior of an
electric network should be as correct as possible. On the other hand the model has
to be simple enough to keep the simulation time reasonably small. With regard to
the simulation time usually the first step is to restrict the circuit elements to the basic
elements capacitors, resistors, inductors, current sources and voltage sources while other
elements are replaced by equivalent circuits, that is, basic elements only.

A well-established modeling approach to meet the requirements is the modified nodal
analysis providing a system with a relatively small dimension that is able to automat-
ically setup the network equations, see [CL75, [CDKS87, [IDK84]. This model analysis is
successfully applied in established programs such as SPICE (Electronics Research Lab-
oratory of the University of California, Berkeley) and TITAN (Infineon Technologies
AG).

For today’s challenges the circuit industry is continuously developing new circuits and
circuit elements. In 2008 HP Labs announced the physical realization of a new circuit
element, namely, the memristor, whose existence was postulated in 1971 by Leon Chua,
see [Chu7ll, SSSWO0S]. This has motivated further research on memristors since many
potential applications are reported such as storing huge amount of data or replacing
transistors. The use of memristors in circuit simulation requires some effort and the
memristor needs to be embedded in actual circuit models. The nodal analysis method
has already been extended by memristor models. The index of the resulting differential-
algebraic equation is investigated in [Rial(0]. In this thesis we extend the modified
nodal analysis by memristor models and investigate the structural properties of resulting
differential-algebraic equation formulated with a properly stated leading term.

This chapter is organized as follows. First, we introduce the characteristic equations
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and topology for the basic circuit elements known from literature, [CDK87, [DK84],
and, in addition, for the memristor, [Chu71]. Next, we familiarize with the modified
nodal analysis. Finally we extend the modified nodal analysis by memristor models
and the resulting differential-algebraic equation with a properly stated leading term is
analyzed in terms of the index. We extend the well-known topological index conditions
of [Tis99, [ET00] for the modified nodal analysis to circuits including memristors. In
addition, we present an approach to calculate a consistent initialization for the modified
nodal analysis including memristor models.

4.1 Network Modeling

ME are also applicable to circuits. However, the complexity of integrated circuits makes
simplifications unavoidable. Therefore an independent theory was deduced from ME,
tailored for circuit simulations, see [CLT75].

The spatial dimensions of the elements are disregarded in this investigations. Two
preconditions must be met: The electrical connections between the circuit elements
have to be ideally conducting and the nodes have to be ideal and concentrated. The
physical behavior of the circuit elements is modeled by characteristic equations.

In the modified nodal analysis (MNA - Modified Nodal Analysis) the circuit is modeled
by a network graph and the topology can be described by Kirchhoft’s laws, see [DK84]
Ria08]. We restrict ourselves to elements with two contacts and terminals, respectively,
that is, every circuit element is represented by an edge with a different front and back
node.

4.1.1 Basic Electric Elements

The physical behavior of each network element is modeled by the relation between its
edge currents and its edge voltages.

We specify the characteristic equations for the basic elements, that is for capacitors, re-
sistors, inductors, voltage and current sources, in terms of currents and voltages through
the elements, see [CL75, [CDKS8T]. A part from the sources characteristic equations are
deducible from ME by neglecting certain effects. Capacitors store energy in their electric

——e———node —t'fi mass node

— — resistor 4{ }7 capacitor
—@7 current source —®7 voltage source

inductor

Figure 4.1: Symbols of circuit elements.
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4 Electric Network

field. The electric charges of the capacitor are modeled by a function q¢ : R"¢ xZ — R"c
and the characteristic equations are given by

o = Lo (vert)
JC—dtQC Vg, 5

where jo,ve : Z — R™C are the capacitors currents, voltages and n¢ € N is the number
of capacitors and Z < R.

Resistors limit the flow of electrical current by generating voltage drops and may be
described by a function gg : R™ x 7 — R"® given by

jR = 8r (VR7 t) )

where jg, Vg : Z — R"® are the resistor currents and voltages and nr € N is the number
of resistors.

Inductors store energy in their magnetic field. The magnetic flux of the inductors is
modeled by the function ¢, : R™ x 7 — R"™ and the characteristic equation is given by

d
= — o (it
VL dt¢L (jr,t)

with ji,, vy : Z — R™ being the inductor currents and voltages and ny, € N the number
of inductors.

We confine our investigation to independent sources. Voltage and current sources are
distinguished by the fact that the voltage and the current are given by

vy = vy (t) and jr = i (t)

with vy : Z — R™ and j; : Z — R™, where ny,n; € N is the number of voltage and
current sources.

4.1.2 Memristors

If it’s pinched, it’s a memristor.

LEON CHUA ABOUT THE CHARACTERIZATION OF
A RESISTANCE MEMORY DEVICE, [CHULI].

In 1971 Leon Chua introduced a new circuit element named memristor [Chu7l]. He
motivated the plausibility that such a device might someday be discovered by ME, see
[Chu7l, IAASE™10]. This element provides a nonlinear relationship between the charge
and the flux and hence it completes the conceptual symmetry with the resistor, whose
characteristic relate current and voltage, the inductor, involving current and flux, and the
capacitor, which relates voltage and charge. In 2008, a physical model of a two-contact
device behaving like a memristor was announced in [SSSWO0§|. This has motivated a
lot of research on this topic, and the memristor and related devices are likely to have a
great impact on electronics in the near future at the nanometer scale, see references in
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—J_m_r— memristor

Figure 4.2: Symbols of memristor elements.

[Rial(, Riall]. For this reason the memristor needs to be embedded in actual circuit
models.

Memristors are governed by charge-flux relations gy : R™ x R™ x 7 — R™ of the type

gm (¢, qum,t) =0

with ¢, qy : Z — R™, ny € N is the number of memristors and Z < R. In the following
we assume that the devices have two contacts and are either charge-controlled, that is,
the fluxes can be expressed by

¢ = onm (au, t)

where ¢y : R™ x 7 — R™, We assume that the partial derivatives

M(q,t) = aﬁqm (0,1

exist and is continuous. We call M : R™ x 7 — R™*™ the memristance. Together
with the basic relations

d d )
&@v{ (qum,t) = vp and aCIM = M, (4.1)

where jy, v : Z — R™ are the memristors currents and voltages, we can conclude
vm = M (qum, t) ju
and it becomes clear why that devices are called memristors. In case of a constant

memristance the memristors do not differ from resistors. For a non-constant memristance
the memristance depends on

t
au(®) = [ julr)dr
—a0
and hence the memristors have an memory effect.

In [RialQ, RT1I, Riall] an extension of the nodal analysis and in [BT10, [FY10] an
extension of the MNA are presented including memristor models. There is a number of
SPICE implementations of the memristor, see [BBB09al [KKS10, BBBK10, IAASE™10]
and references therein. Most SPICE models of the memristor are developed on the
basis of the HP memristor or using subcircuits to model the memristor’s behavior. In
[SSSWOS, [KKS10, BBBK10, [Chull] memristances are given.

A lot of recent research is focused on devices closely related to the memristor, such as
the memcapacitors and meminductors recently introduced in [CPD09, BBB09b]. These
and other related circuit elements are beyond the scope of the thesis.
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4 Electric Network

4.1.3 Network Topology and Kirchhoff Laws

We model a circuit by a directed graph G := (N, &) with arbitrarily orientation, see
[DK84l [Ria08]. Then the network topology for elements with two contacts is retained
by the (reduced) incidence matrix A € {—1,0,1}"¥*" see Appendix . The matrix A
describes in an elegant way the relation between all ny +1 = |[N| nodes and all n, = |€|
edges of the circuit. The (reduced) incidence is defined by:

1 if the edge j leaves node 1,
(A);; =4 —1 if the edge j enters node i,
0 else.

The reference node is called mass node and is an arbitrarily node of G.

A milestone for circuit modeling are the Kirchhoft’s laws, which deal with the conserva-
tion of charge and energy in electrical circuits and were first described in 1845 by Gustav
Kirchhoff. Both laws can be directly derived from ME, but Kirchhoff preceded Maxwell
and instead generalized the work by Georg Ohm.

The Kirchhoft’s laws take into account the circuit’s topology:

(i) Kirchhoff’s voltage law (KVL - Kirchhoff’s Voltage Law): At every instant of time
the algebraic sum of voltages along each loop of the network is equal to zero.

(ii) Kirchhoff’s current law (KCL - Kirchhoff’s Current Law): At every instant of time
the algebraic sum of currents entering one node of the network is equal to zero.

KVL and KCL can be deduced from ME. We start from the following Assumptions:
First, cross talk, that is, undesired capacitive, inductive, or conductive coupling from
one circuit element to another, can be neglected. Second, there is no time evolution of
the EM fields. Last, the electrical connections between the circuit elements to be ideally
conducting and the nodes to be ideal and concentrated. If these assumptions are met
ME imply the Kirchhoff’s laws. KCL can be derived by the continuity equation (i3.5))
and KVL by Maxwell-Faraday law (3.3]), respectively. In the static case ME leads to:
V-J.=0 (4.2)
VxE=0 (4.3)

Applying Gauss’ law to (4.2]) we achieve

Ji,mdF:fvjmvza
F A\

where V donates the volume and F = 0V the surface of an idealized electrical node. The
current is defined by
izifldF

F

97



Considering one node with edge currents iy, ...,1, with F =" F; see Figure |4.3(a)
entering this node we may describe KCL as

Ly,

i
! ° Vm °
Vi
13 i2 ® V2 ®
(a) Node with m con- (b) Loop with m con-
ducting edges ducting edges

Figure 4.3: KCL and KVL.

iikzijjc-ﬁLdF:ch-ﬁLszo
k=1 k=1

o F

that is, the sum of all edge currents entering a node equals zero. Applying Stokes’” law
on ({4.3) we achieve
F

with E = 0F and F being a loop of idealized electrical wires. The voltage is defined by

esfl
=l

,.dF:fvxE-ﬁldEzo
E

v = fﬁ-ﬁ,ldE
E

If we consider a loop with the edge voltages vi,...,v,, with E = >™ E; see Fig-
ure [4.3(b)| then we can formulate KVL as

ivk - ifﬁ-ﬁ,dEzfﬁ-ﬁ”dEzo
k=1 k=1

Ej E

that is, the sum of all edge voltages in a loop equals zero.
Let a connected electric network be given and j, v € R™ be the vectors of all edge currents
and voltages. Then KCL and KVL imply

Aj=0 (4.4)
and

v=ATe, (4.5)
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4 Electric Network

where e € R™ are called node potentials, see [DK84], where the node potentials are
defined as voltage drop with respect to the mass node. The node potentials leads to a
smaller system size compared to a system with the edge voltages as variables. This is
due to the fact that the network graph usually contains considerably more edges than
nodes.

4.2 Modified Nodal Analysis for Circuits including
Memristors

In this section we extend the charge oriented MNA, [FG99, [ET00, [Giin01], for circuits
including memristors. We arrive at the system as [EY10], but in contrast to [EY10] we
provide a detailed analysis of the resulting DAE.

The four essential steps in setting up the equations of the MNA equations are:
(i) Apply KCL to every node, except for the mass node, that is, start from (4.4)).

(ii) Replace the characteristic equations for currents of resistors, capacitors and current
sources in KCL.

(iii) Add the characteristic equations for inductors.

(iv) Add the characteristic equations for voltage sources and apply KVL (4.5) to obtain
a formulation in node potentials instead of branch voltages.

The first step to gain structure information is sorting the network edges in such a way
that the incidence matrix A forms a block matrix with blocks describing the different
types of network elements, that is,

A=[Ac Ax AL Ay A,

where the index stands for capacitive, resistive, inductive, voltage source and current
source edges, respectively, see [T1s99, [ET00].

We are back to the MNA equations, which results in a DAE system of the form

d . . :
ACEQC (Age, t) + ARgR (A}T{e, t) + AL,]L + Avjv + AIIS (t) =0
d
Sot - Ale=0 (40

Ale —v,(t) =0
in time t € Z, Z = [to, T] < R. Denoting the number of nodes - except for the mass

node - by ny, the number of inductive edges by nr, and the number of voltage source
edges by ny. The dimension of the system is ny + ny, + ny. The given vector functions
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qc (v, t), gr (v, 1), &L (j,t), vs (t) and i5 (t) describe the characteristic equations for the
circuit elements.

The unknowns are the node potentials e : Z — R"™~, except of the mass node, as well
as the currents ji, : Z — R™ through inductors and the currents jy : Z — R" through
voltage sources. The potential at the mass node is assigned to zero.

The first equation of states KCL and the second one states the characteristic
equations for inductances. The last equation combines the characteristic equations and
KVL for the voltage sources. Details can be found in [ET00, Tis04].

Remark 4.1. In stating the model as we do we implicitly assume independent voltage
and current sources only. For results with a broad class of controlled sources we refer to
[ET00).

For the MNA (4.6 there are well-known index results depending on the circuit topology
only, [Tis99, [ET00]. For this we need the following assumptions and definitions.

Assumption 4.2 (no short circuit). The matrices Ay and [AC Ar Ap AV]T have
full column rank, that is, it exists neither a loop containing only voltage sources ( V-loop)
nor a cutset containing only current sources ( I-cutset), see Remark [B.14]

These assumptions are necessary for a consistent model description and very natural
since a violation would in reality result to a short circuit. From the mathematical point
of view, the circuit equations would have either no solution or infinite many solutions

due to KCL and KVL.

Example 4.3. The linear circuit in Figure 4.4(a)| has a V-loop and the MNA (4.6 lead

to
v iy +Ge=0
e = vL (1)
ezvg(t)

with infinitely many solutions if and only if v} (t) = v2 (t), otherwise no solutions exist.

The linear circuit in Figure [4.4(b)| has an I-cutset and the MNA equations (4.6]) lead to

€9

—® o

vl (1) C) C) v2 (1) i; (t) i2 (t)

= er

(a) V-loop (b) I-cutset

Figure 4.4: Example of a V-loop and an I-cutset.
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ig (8) — i3 (t) = 0
1; (t) +G€1 =0

with infinitely many solutions if and only if il (t) = i% (t) since e; can be chosen freely,

S
otherwise no solutions exists.

Assumption 4.4 (Passivity, [Bar04]). The functions qc (u,t), ¢r, (j, t) and gg (u,t) are
continuously differentiable with

C(u>t) = iqC (uat)7 L(Jat) = %¢L (j7t>7 G(uat) = igR (uvt)a

ou ou
being positive definite. Physically, we say that the elements are locally passive, that is,
they do not produce any energy.

For the later analysis special loops and cutsets play a key role, [ET00].

Definition 4.5 (LI-cutset). A cutset is called LI-cutset if and only if the cutset contains
only inductors and current sources.

Definition 4.6 (CV-loop). A loop is called CV-loop if and only if the loop contains
only capacitors and voltage sources.

Theorem 4.7. Let Assumption and Assumption be fulfilled. The MNA (4.6
represent a DAE ([2.18)) with a properly stated leading term. The DAE has

e index-0 if and only if there are no voltage sources in the circuit and the circuit has
a tree containing capacitors only,

e index-1 if and only if there is at least a voltage sources in the circuit or there is no
tree containing capacitors only and if there is neither an LI-cutset nor a CV-loop
with at least one voltage source,

e otherwise, it has index-2.

Proof. For the properly stated leading term we refer to [Méar03]. The index result can
be found in [Tis99] and in Theorem 4.3. in [ET00]. O

If the DAE has index-2 then the numerically unstable index-2 components are given
by currents through voltage sources of CV-loops but also by potentials of inductors and
current sources of Ll-cutsets, see [Est00, [EFM™03|]. Fortunately the index-2 variables
appear linearly only, see [Est00]. Using perturbation index analysis it has been shown
for index-2 Hessenberg systems with linear index-2 variables, [ASW95|, and for index-2
circuits, [Tis01], that the numerical difficulties in time integration are moderate, because
the differential (index-0) variables are not affected by numerical differentiations.

Next, we add memristor elements to our system. That is, we enlarge our list of basic
elements by the memristor. In the MNA framework, we simply add the unknown current
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jm € R™ through the memristors to KCL using the corresponding incidence matrix Ay
with ny the number of memristors. In addition we have to add the characteristic
equations for memristors. Starting from the MNA (4.1]), we obtain the extended MNA
system

d d . . :
ACan (Age, t) + AM&QM + ARgR (A;l;e, t) + AL.]L + Avjv + AIIS (t) =0

d
- t) — Al e =
O (s t) = Aye =0 oy

d )
FRZACRL) —Afe=0
Ale —v,(t) =0

with the additional unknowns qy : Z — R™ and characteristic equations ¢y (q, t).

For our later investigations we need the following assumptions.

Assumption 4.8 (no short circuit). The matrices Ay and [AC Ar Am Ap Av]T
have full column rank, that is, it exists neither a V-loop nor an I-cutset, see Remark

Assumption 4.9 (Passivity). The function ¢y (q,t) is continuously differentiable with

being positive definite.

4.3 Numerical Analysis

In this section we investigate the extended MNA system and extend the topological
index results for the MNA equations . The index still depends on simple topological
criteria and we see that memristors behave like resistors from the index point of view.
Furthermore we provide an approach to calculate a consistent initialization.

The steps are as follows: At first we show that the resulting DAE has a properly stated
leading term. Then we develop network topological index-0 conditions. Next we deter-
mine the higher index components. With this it is easy to formulate network topological
index-1 conditions. Finally we show that the index is always lower or equal two. After
the index analysis, we present an approach to compute suitable starting values for the
numerical integration.

We suppose that Assumption and are valid. The extended MNA (4.7) can be
written as a DAE given by

A%d (v,4) + b (y,t) = 0 (4.8)

102



4 Electric Network

with unknowns y = (e, qu, jr,jv) and the describing matrix and functions

AC AM 0 0 qc¢ (Age, t)
0 0 I o qum
A= d(v,t) =
0 0 0 I}’ (v, t) ou (Qu, t)
0 0 00 oL (jr. t)
as well as
Agrgr (Age, t) + AvjL + Avijv + At (t)
b(y.t) = —Aje
Y7 - —AEG
Ade — v, (t)

Remark 4.10. In practice, a reformulation of the DAE
d
dt
to a DAE
ALT ) bt = 0
dt Y7 y7 -
with a properly stated leading term and relations

d d~ ~ ~ ~
A&d (y,t) = Aad (y,t),d(y,t) = Pd(y,t) and ker A = ker P

is not necessary since we are allowed to move the constant projector P from outside into
the time derivative and vice versa, see [Mar03]. Moreover with AD (y,t) = A%d (y,t)
the matrix chain is uneffected by the reformulation, too.

Lemma 4.11. Let the Assumption and be satisfied. Then, the DAE (4.8) has a

properly stated leading term, where the constant projector

o —=H O O
— o O O

realizes the decomposition ({2.9)).

Proof. The first step is to rewrite the DAE (4.8]). For that we choose the projector
R with ker A = ker R, see Lemma |A.13, where [Ac AM]Jr denote the Moore-Penrose
inverse of [Ac AM]. With that we get

d(x,t) = Rd (x,t)
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and A%d (y,t) = A%(Ni (y,t) holds true. We to show imR = im %5 (y,t), see Defini-
tion [2.11} that is, it remains to prove

im[Ac Au] [Ac Aw]=im[Ac Aun] [AcC (Ade t) AL Au]
That is true since im AcC (Ale, t) AL = im A¢, see Lemma . O
Remark 4.12. Note, the constant projector

AZAc 0 00
5_| 0 AfAw 00
0 0 10
0 0 01

does not provide a properly stated leading term since ker A ¢ ker p.

Next we determine the index of the DAE (4.8]) by simple topological criteria. We start
with the first matrix of the matrix chain, see Definition [2.21] given by

AcC (Ag, t) Ag Ay 0 0
0 M ot 0 0
G0 (Y7 t) = 0 (%M ) L (,]L t) 0 (49)
0 0 0 0
with

C (Age, t) Ag 0 0 0
0 1 0 0
D(y.t) = 0 M(@i,t) 0 0
0 0 L(jL,t) O

If the matrix Gg (y,t) is nonsingular, all equations are differential equations, such that
the problem is an ODE. This is the case for the following class of circuits.

Theorem 4.13 (index-0). Suppose Assumption [4.4] and 4.9 hold true. The DAE (4.8)
has index-0 if and only if there is a tree containing capacitors only and no voltage source.

Proof. We have to check under which conditions the matrix Gy (y,t) is nonsingular.
Since C (Ale, t), M (qu, t) and L (ji,, t) are positive definite this is the case if and only
if the zero rows and columns disappear and ker Al, = {0}, see Lemma . The null
space of Al is trivial if and only if the circuit has a tree containing capacitors only, see
Theorem [B.11] The zero rows and columns disappear if and only if no voltage sources
exist. Using Lemma [2.30| we can conclude that the DAE has index-0. O]

To further continue the matrix chain we need a projector onto ker Gg (y,t). A possible
choice for such a projector is

Qc 0 0 0
0 00 0
Q=10 000
0 00 I
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due to Assumption where Q¢ is constant projectors onto ker AL. For the matrix
chain we need the derivative of b (y,t) with respect to the unknowns which is given by

ARG (Aﬁe,t) AE 0 AL AV

—A] 0 0 0
BO (y’ t) = _Al\f 0 0 0
A7 0 0 0

In addition we calculate

ARG (Age, t) AE{QC 0 0 AV
B ~A\Qo 00 0
Bo (v,t) Qo = *AEQC 00 0
A\T,QC 00 O

As already mentioned with regard to the analysis, certain loops and cutsets of edges
play a key role. In order to describe different circuit configurations in more detail we
will introduce some useful projectors. We denote by

Qc—v and Qcrmv

projectors onto
ker Q(Ay and ker [Ac Ar Ay AV]T

respectively, see [ET00]. The next lemmata are basically known from [ET00] and slightly
extend them to circuits including memristors.

Lemma 4.14 (LI-cutsets). Let a connected circuit be given. The circuit does not
contain an LI-cutset if and only if the projector Qcrumv is equal to the zero matrix.

Proof. See Lemma with Ag = [Ar  Am| and Ay = Ay. O

Lemma 4.15 (CV-loops). The circuit does not contain a CV-loop with at least one
voltage source if and only if the projector Qc_v is equal to the zero matrix.

Proof. See Lemma [C.4 with Ay = Ay. O

The next step is the calculation of Ny N Sy (v, t). This intersection is crucial for index
determination and the consistent initialization as well.

Lemma 4.16. Assume Assumption [£.4] and [£.9] to be satisfied. The index-1 set of the
DAE (4.8]) can be described by

No NS (y,t) = {z € R"|z, € im Qcrmv, 2jy € Im Qov, Zgy, = 0,2, = 0}

for all (y,t) e D x Z.
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Proof. For calculating the index-1 set we make use of Remark [2.27, For a suitable
description we make use of a projector along im Gy (y,t). We are given one by

QL —QLAMM (qu,t)™" 0 0

0 0 0 0
WO (Y7t> - 0 0 0 0 )
0 0 0 I

see Lemma [C.13] and we get

QEG (ev qm, t) QC 00 QEAV
0 0 0 0
Wo (v, ) Bo (v, t) Qo = 0 00 0
AV Qc 00 0

with G (e, qu, t) = (ARG (Age,t) AL + AuM (qu, t) 1 AY).

Let be z € im Qo n ker Wy (y,t) Bo (v,t) Qo. That is true if and only if

QcZe = Ze (4.10)

Zay = 0

ZjL =0
Q& (ARG (Afe, t) AR + AMM (an, t) 7 Afp) Qoze + QLAvz;, =0 (4.11)
AVQeze =0 (4.12)

hold true, using Assumption and 4.9 Left-multiply (11) by z! and using [@.12)

leads to Qcz. € ker [AR AM] , see Lemma [A.3 We obtain z, € im Qcryy in combina-

tion with (4.10) and (4.12)). Thus (4.11)) leads to

T .
QcAvzi, = 0 and z;, € im Qc_v.

We get z€ Ny n S (v,t) if and only if

Ze € im Qcrmv
Zgy =0
zj, =0
zj, € 1m Qc_v
holds true. O

Remark 4.17. It is possible to choose a constant projector along im G (y,t), since
imA =1im Gy (y,t), see Lemma [2.12] Nonetheless it is more convenient to make use of
the given non-constant projector Wy (v, t) to prove Lemma m

With the characterization of Ny n Sy (y,t) we are able to provide network topological
index-1 conditions. We show that, from the index point of view, the memristors behave
like resistors.
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Theorem 4.18 (index-1). Let Assumption [4.4] and |4.9|to be true. The DAE has
index-1 if and only if there is at least a voltage sources in the circuit or there is no tree
containing capacitors only and if there is neither an LI-cutset nor a CV-loop with at
least one voltage source.

Proof. We make use of the representation of Ny NSy (y,t) as proposed in Lemma m
The intersection Ny n Sp (v, t) is trivial if and only if Qervy = 0 and Qe_v = 0. This
is equivalent the condition that to the circuit containing neither LI-cutsets nor CV-

loops, see Lemma and [4.15| Using Definition we get the DAE (4.8) to be of
index-1. [l

The DAE (4.8) can be of index-2 also, but higher index problems can be avoided as we
will see in the next theorem. We will see that LI-cutsets and CV-loops are the only
critical circuit configurations.

Obviously the dimension of Ny NSy (X, t) is constant, which is important for the index-2
case.

Theorem 4.19 (index-2). Let Assumption [4.4] and hold true. The DAE (4.8)
has index-2 if and only if there is an LI-cutset or a CV-loop with at least one voltage
source.

Proof. At first we need

AcC (Age, t) Ag + ARG (Alge, t) AQQC Awm 0 Ay
_ —AnQo M(qu,t) 0 0
G1 (Y7 t) - _A—lL—QC 0 L (jL7 t) 0 (413)
AL Qe 0 0 0

in order to proceed the matrix chain. For the characterization of the index-2 set we
introduce a projector along im Gy (y, t), see Remark We are given one by

QERMVOO 0
0 00 0

0 0 0 0 ’
0 00 Qlvy
see Lemma [C.14] Next we take into account

W, =

Pc 0 0 0 ARG (Afe,t) AfPc 0 AL 0
10 T 00 B —A)Pc 0 0 0
P0 = 0o 01 o0l BO <Y7t) PO - _ALFPC o o0 ol
0 000 Al Pc 0 0 0
where Py is the complementary projector to Qy and

0 0 0 0
WlBO <Y7t) PO = O O 0 0
QL vA{Pc 0 0 0
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Let be z € ker Gy (y,t) n ker Wi By (v, t) Pg. That is true if and only if the conditions

T _
QcrvvALzy, =0

(4.14)
Qb_vAVPoze = 0 (4.15)
(4.16)
(4.17)

Qcze €1im Qermv 4.16
zj, €Im Qc_v 4.17
Zgy = 0
—1
Pcze = _HC (Age,t) AVQC—szV (418)
L (i, t)" Al Qoze = Zi;, (4.19)

are fulfilled, using

M (v,t) = {z € R"|Qcze € im Qcrmv, zjy € im Qo—v, Zqy = 0,
-1 -
Poze = —He (Ale,t)  AvQe_vz,, L (ji, t) "AlQeze = zi,. },
see Lemma [C.15, where He (Ale, t) = AcC (Ale,t) Al + QLQc is positive definite, see
A 10]

LemmalA.10} using Assumptionand . From (4.16)) we deduce Qcze = QcrmvQcZe-
Left-multiplying (4.14)) by z! Q/ and inserting of (4.19) yields

2z, QCL (ju. t) ' AL Qoze = 0 and Qcze € ker A,

see Lemma [A.3, Hence Qcz. € ker [Ac Ay Ar Ay AL]T and we conclude that
Qcze = 0, since I-cutsets are prohibited. Consequently (4.19) leads to z; = 0. Inserting

(4.18) in (4.15) and using (4.17) we obtain Ayzj;, = 0. Thus z;, = 0 due to V-loops are
forbidden. From (4.18]) we get z. = 0 and we result in z = 0, see Definition m ]

To start the integration of the DAE (4.8) we need a consistent initialization. In case of
index-1 we make direct use of Theorem In case of index-2 we apply Theorem [2.58
For this we need to check the requirements.

Assumption 4.20. For the DAE (4.8]) exist the continuous partial derivatives %d (v,t)
and 2Wb (y,t) for all (y,t) e D x Z.

These assumptions are not a restriction since, if a solution exists, then %d (v,t) exists
and is continuous. Moreover Wib (y,t) describes exactly the hidden constraints and
hence %Wlb (y,t) needs to exists and to be continuous to have a solution of the problem.
In addition, the DAE (4.8]) has a constant matrix A and there are the constant projectors
Qo and W;. It remains to show that the index-2 variables enter linearly only.

Lemma 4.21. The relation

gr (Age,t) = gr (ARPcrave, t)

holds true for all (e, t) e R™ x 7.
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Proof. We apply the mean value theorem. We get

1

gRr (Age, t) — ERr (AI—I%PCRM\/G, t) = J G (SAI—ID;G + (1 — S) AI—ID;PCRM\/G, t) AgQCRMVeds
0

]

Lemma 4.22. Let Assumption [4.4] and [4.9 be fulfilled. The index-2 variables enter the
DAE (4.8)) linearly only.

Proof. From Lemma we easily obtain a constant projector T onto Ny N Sy (v, t)
given by

Qcrmv 0 0 O
0 00 0
T= 0 00 0
0 0 0 Qc-v
and the complementary projector U reads
Pcrmv 0 0 0
0 I 0 0
U= 0o 01 0
0 0 0 Pe_y
The unknowns are divided into
Qcmvwe Pcrmve
y=Ty+ Uy = 0 + qM
0 JL
Qc-viv Pc_viv

Now we can write b (y,t) = b (Uy,t) + BTy with

0 0 0 Ay
0 00 O
B=1_a7 00 o]
00 O
using Lemma The relation d (y,t) = d (Uy, t) is obvious by Lemma O

The DAE fulfills all requirements to apply Theorem m in case of index-2. But
we still need an operating point when we want to integrate it numerically. Since Theo-
rem [2.58]is applicable to the DAE an operating point is sufficient to start the numerical
integration, see Lemma [2.61]
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The computation of an operating point and DC (direct current) solution is very well
established area, see [CLT75, [CDKS87, [DK84) [SV93], and is usually the first step in the
simulation of ciruits. Common approaches are, among others, homotopy methods and
source ramping, which are used in SPICE and TITAN, [V1a94, [SW96| [Daul0].

0_ (,0 0 0 0
Let be z° = (ZC,ZM,ZqSI\/I,ZL), y

(ad;,i0) such that

O = (% q¥,i%,i%) and tg € Z. We choose (z,23;) and

Aoz + Azl + Anjd + Adig (to) € im [Ag  Av]. (4.20)

Definition 4.23 ( RV-path). A path is called RV-path if and only if the path containing
resistors and voltage sources only.

Remark 4.24. The condition can be fulfilled if we choose all currents through
capacitors, memristors and inductors to be zero. For capacitors, memristors and in-
ductors, where the elements contacts are connected by a RV-path we can choose freely
the currents and charges through the elements, respectively. For simplicity we assume
the currents through current sources to be zero if the contacts are not connected by a
RV-path, otherwise we apply a source ramping, see [V1a94].

Next we determine (e°,j?,). For this we need a solution of the nonlinear system:

Argr (ARe® to) + Avi¥ = —Aczd — Amzy — ALY — At (o)

AT = v, (to) (4.21)
The Jacobian of the nonlinear system has the form
o) = [MOOIE AT &)
Let be v € ker J, (€%,j%). Then we get:
ARG (A;{eo, to) Afvi + Ayvy =0 (4.22)
A{vi =0 (4.23)

Left multiplying (4.22) by v{ and using ([4.23)) leads to v, € ker [AR AV]T and hence
ker Joy (€%,3%) = ker [Ag AV]T x {0} . (4.24)
In analogy we show ker Jo, (,j%) = ker Jo, (,3%) "

Approach 4.25. To solve the system (4.21]) we suggest two possible ways:

(i) Assume [Ag Avy] to have full row rank. In terms of network configurations that
means there is a tree containing voltage sources and resistors only, that is, the
index-2 configurations are CV-loops only. That is, we can choose (z2,z%;) and
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4 Electric Network

(Y, 3?) arbitrarily. Let be v € ker Jo, (€°,j%). Then we deduce from (4.24) the

relation v; € ker [AR AV]T and v; = 0 due to [AR Av] has full row rank.
Furthermore we get vo = 0 by Assumption [4.8] that is, V-loops are forbidden.
With that we conclude J., (€°,j%) to be is nonsingular. Hence we obtain a unique
solution for (e°,j%) by solving the nonlinear system (4.21]) using, for example,
Newton’s method.

(ii) We apply Theorem to (4.21). Then
(eo,jg,) = Bpv+u
with u € ker BpB}, being arbitrarily and v € R* is the unique solution of
Bpf (Bpv, to) = 0,

where

; A Ale t) + Avjv + Aczd + Ayzd, + Arj¥ + Aji (t
f((er),t):( RgR( RC ) VJVA\T/eC—Z(\j/S (t> MZp L)L 1l ())

After applying Approach we compute the missing parts by

ng = Ale® and 20 = A .

Remark 4.26. Due to the structure of the DAE (4.8)) we obtain a locally unique solution
through every consistent inital value and the perturbation index to be not greater than

two, see Theorem [2.33] [2.46} [2.49] and [2.50]

4.4 Summary

In this chapter we have introduced the modified nodal analysis to model circuits con-
taining the basic elements including memristors formulated as a differential-algebraic
equation (4.8]) with a properly stated leading term.

We extended the well-known topological index conditions of [Tis99, [ET00] for the mod-
ified nodal analysis to circuits including memristors (Theorem [4.13] [4.18/ and |4.19) and
showed that the index does not exceed two. We conclude that, from index point of
view, the memristors behave like resistors. Moreover. we have shown perturbation and
solvability results for the modified nodal analysis including memristors (Remark
and the perturbation index does not exceed two.

We presented two approaches (Approach for the calculation of an operating point.
Based on the linearity of the index-2 components (Lemma the calculation of a
consistent initialization is possible by correcting an operating point by solving a linear
system. Due to the structure it is sufficient to start the numerical integration with the
implicit Euler using an operating point to obtain a consistent initialization after the first
time step.

111



112



5 Coupled Electromagnetic
Field /Circuit Models

Usually in a technology computer aided design environment devices exhibiting multi-
physical effects such as electromagnetic or semiconductor devices are simplified and the
devices are modeled by an equivalent circuits.

The rapid developments in chip technology lead the devices being ever more minimized
and higher frequencies evoking effects that no longer can be reproduced by an equivalent
circuit in an appropriate manner. One reason is that the performance of the devices is
significantly influenced by the surrounding circuitry such as, for example, heating or
inductive coupling. This requires additional iterations during the circuit design for the
extraction and generation of equivalent circuit parameters for the different time steps
in simulation. Today, the equivalent circuits such as the BSIM6 transistor models (Uni-
versity of California Berkeley Device Group) depend on up to hundreds of parameters.
Most of these parameters do not have a direct physical interpretation, see [DF06], and
their calibration is a time consuming and challenging task.

To meet future demands in circuit design it is recommended to combine circuit simu-
lation directly with device simulation. While most elements are modeled by equivalent
circuits we simulate a particular device with a refined model to meet the contradicting
requirements of correct physical behavior of the circuit and reasonably small simulation
time.

In engineering it is a common task to couple circuit and device simulation, see [Tis04]
and references therein. But for mathematics it is a young research area. Several index
results for circuits with various distributed elements leading to differential-algebraic
equations have beed proposed during the last years: lossy transmission lines [Gun01],
heating [Bar(04, [Cul09] and semiconductors [Tis04) [ST05, [Sel06, Bod07, BST12]. More
theoretical results concerning solvability of abstract differential algebraic equations, that
is, differential-algebraic equations on infinite dimensional Banach spaces, are presented
in [Tis04), Rei06, Mat12] with their results being also applicable to circuits including
partial differential equation models.

We investigate coupled electromagnetic device/circuit models with spatially resolved
electromagnetic devices. The electromagnetic devices are described by Maxwell’s equa-
tions in a potential formulation and spatially discretized by the finite integration tech-
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nique. Coupled magnetoquasistatic device/circuit models are investigated in [HMT6),
KMST93, DHWO04, [DW04] and index results are presented in [Tsu02), Ben06, BBS11],
Sch11l] using certain conductor models like stranded and solid conductors. The magne-
toquasistatic assumption leads to the eddy-current problem for the device. In [Tsu(2,
Ben06] index-1 circuit configurations are investigated while [BBS11, [Sch11] take general
circuit configurations into account by extending the topological index conditions for the
modified nodal analysis given in [Tis99) [ET00]. Our index analysis for coupled electro-
magnetic device/circuit models does not cover a special class of conductor models and
we do not suppose that the magnetoquasistatic assumption holds. It turns out that the
index of the coupled system depends on the chosen gauge condition. For the coupled
electromagnetic device/circuit model using Lorenz gauge we extend the topological in-
dex conditions for the modified nodal analysis. The Coulomb gauge always results to
an index-2 differential-algebraic equation.

This chapter is devoted to the index analysis of coupled systems. First, we introduce
the terminology of coupled system and point out why an index analysis is necessary.
Next, we introduce the coupled system consisting of circuits refined by spatially re-
solved electromagnetic devices modeled by the modified nodal analysis and spatial dis-
cretized Maxwell’s equations formulated as a differential-algebraic equation with a prop-
erly stated leading term. We generalize the topological index criteria for the modified
nodal analysis to the coupled system. In addition, we present an approach to calculate
a consistent initialization.

5.1 Simulation of Coupled Systems

Mathematical models for coupled systems are characterized by their decomposition into
different subsystems described by differential equations in space and time. These sub-
systems may arise through refined modeling. The interdependencies are named coupling
conditions and describe the mutal impact of the subsystems. There are two major
approaches for the time integration of coupled systems:

e costmulation: The subsystems are solved sequentially or in parallel. The infor-
mation interchange is restricted to particular time points. All subsystems may
be solved on their own time scale (multirate) with tailor-made methods (multi-
method). We call cosimulation systems weakly coupled. Cosimulation requires
more detailed analysis of the system formulation and the coupling conditions.

e monolithic: All subsystems are combined into one single system of equations and
solved simultaneously. Every subsystem has all system information at every time
point. All subsystems must be solved on the same time scale using the same
methods. We call monolithic systems strongly coupled.

In this thesis monolithic systems of DAEs are investigated. We would like to stress that
it is not sufficient to determine the index of the different subsystems to deduce the index
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5 Coupled Electromagnetic Field/Circuit Models

of the coupled system as shown by the following examples. The index of the coupled
system depends on the structure of the subsystems as well as on the structure of the
coupling conditions.

Example 5.1. We show that coupling of an index-1 and index-2 DAE can result in a
monolithic index-1 or index-2 DAE. Let us consider the following system

d. . _ d
th1 = X2 thl
Xg = u(t) y1 = v(t)

where u (t) and v (t) are given inputs and the subsystems consist of an index-1 and an
index-2 DAE. The coupling conditions are given by

(i)
u=y; +ys and v =xy + Xg
(ii)
u=y; and v =x;

such that the monolithic system using (i) leads to an index-1 and using (ii) leads to an
index-2 DAE.

Example 5.2. We show that coupling two index-1 DAEs can result in a monolithic
index-2 DAE and vice versa. Let us consider the following systems

(i)

d B d B
thl = X2 thl =Y2
X1+ X2 = u(t) yi+y2=v(t)
(i)
d d
—x; =X vy, =
dt 1 2 thl Y2
x; = u(t) y1=v(t)

where u (t) and v (t) are given inputs and the subsystem (i) consists of an index-1 and
(ii) of an index-2 DAE. The coupling conditions are given by

u=yyand v =X

such that the monolithic system (i) leads to an index-2 and (ii) leads to an index-1 DAE.
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5.2 Electromagnetic Field/Circuit Model

In this section we investigate circuits refined by spatially resolved EM devices modeled
by the MNA and ME. The MNA describes the non-critical circuit parts for which a
modeling using basic elements only is sufficient. Critical circuit parts for which the
MNA approach is insufficient to describe the EM device behavior are modeled by ME
directly. For simplicity we assume that only one critical EM device is given.

We have to include the EM device into the MNA framework. For this charge conservation
is essential which is given by the additional mass contact. We suppose that the EM device
has ng disjoint conductive contacts and each contact of the device is joined to a node
of the circuit. In addition we suppose that the mass contact is connected to the mass
node. The contacts of the EM device joined to the same node of the electrical circuit
define a terminal, see [Tis04, Bod07]. Let nr + 1 be the number of terminals of the EM
device and ny be the number of circuit’s nodes except the mass node. We define the
following (reduced) incidence matrix Ag € {—1,0,1}"¥*"" by

1 if terminal j is joined to node i,
(AE)Z.]. = < —1 if the reference terminal is attached to node 1,

0 else.

The coupling of the EM device to the circuit is established by the applied node potentials
at the EM device conductive contacts and the currents through it. For this we need to
add the EM device to our list of elements. In the MNA framework we simply add the
current through the EM device to the KCL using the corresponding incidence matrix
Ag. In addition we add the MGE for the EM device to the MNA , where the
Dirichlet boundary conditions for the scalar potentials are described by e = Afe. That
is, we apply the potential difference to the mass node at the conductive contacts. That
is possible since the scalar potentials are determined up to a constant. The coupled EM
device/circuit system with gauge condition reads

d ) . . .

ACEQC (Ale,t) + Argr (Age, t) + ALjL + Avjv + Agje + Aris (£) = 0
d .

aﬁbL (jr,t) — Afe=0

Ale—v, (t) =0

jg — A K%(a,)a, =0

~ . d N (5.1)
VS, M} G“E% + SuMpa, =0
d d d
—M?AuAgae + MIGu b + M — MUALALe
+MEGuo, + Kl (ay)a, + Mym, =0
d
T 0
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5 Coupled Electromagnetic Field/Circuit Models

in time t € Z, Z = [to, T] = R, see Remark [3.33]

For our analysis of the coupled system ([5.1)) certain loops and cutsets play a key role.

Assumption 5.3 (no short circuit). The matrices Ay and [AC Ar A Ag AV]T
have full column rank, that is, it exists neither a V-loop nor an I-cutset, see Remark|B.14}

Definition 5.4 (LEI-cutset). A cutset is called LEI-cutset if and only if the cutset
contains only inductors, EM devices and current sources.

In order to describe different circuit configurations in more detail we will introduce some
useful projectors. We denote by

Qc, Qc-v and Qcry

projectors onto
ker Al, kerQJAy and ker[Ac Ag Av]

respectively, see [ET00]. The next lemmata are basically known from [ET00] and we
slightly extend them to circuits including EM devices.

Lemma 5.5 (LEIl-cutsets). Let a connected circuit be given. The circuit does not
contain an LEI-cutset if and only if the projector Qcry is equal to the zero matrix.

Proof. See Lemma with Ag = Ag and Ay = Ay. O

Lemma 5.6 (CV-loops). The circuit does not contain a CV-loop with at least one
voltage source if and only if the projector Qc_v is equal to the zero matrix.

Proof. See Lemma with Ay = Ay. O

5.3 Numerical Analysis

In this section we investigate the coupled system using Coulomb and Lorenz gauge.
For both systems we extend the topological index results for the MNA , see [Tis99,
ET00]. The index depends still on simple topological criteria and we see that an EM
device using Lorenz gauge, from the index point of view, behaves like an inductor.
Furthermore we provide an approach to calculate a consistent initialization.

We suppose that Assumption [4.4] and Property are fulfilled.

The steps are as follows: First we show that the resulting DAEs have a properly stated
leading term. Then we develop network topological index-0 conditions. Next we deter-
mine the higher index components. With this it is easy to formulate network topological
index-1 conditions. Finally we show that the index is always lower or equal two. After
the index analysis, we present an approach to compute suitable starting values for the
numerical integration.
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5.3.1 Field/Circuit System using Coulomb Gauge

The coupled system (j5.1)) using Coulomb gauge, that is, ¥ = 0, can be formulated as a
DAE given by

A%d (yv,t) +b(y,t) =0 (5.2)

with unknowns y = (e, jv, jv, jg, ®u, au, Tu) and the describing matrix and functions

Ac 0 0 O
0O I 0 0
0 00 0 Go (Age, 1)
A=|0 00 0f,drt)= ¢Lg“t)
8 8 8 1\5[)11 _AuA—IE—e + Gu¢u + 7T‘-u
[0 01 0]
as well as
Argr (Age,t) + ALjL + Avjy + Agje + Ad, (t)
—Ale
Aje — v, (t)
b(y,t) = je— Mg K (au)a,
S.Mia,
—MEALALe + MUGyoy, + K2 (a,)a, + MUT,
—Tu

First, we show that the DAE has a properly stated leading term.

Lemma 5.7. Let Assumption and be fulfilled. Then, the DAE (5.2) has a

properly stated leading term where the constant projector

[AfAc 0
=[]

realizes the decomposition (2.9)).

Proof. The first step is to rewrite the DAE (5.2)). For that we choose a projector

<~ [A{Ac 0
P

with A = AIS, where A, denote the Moore-Penrose inverse of Ac. With this we get

d(x,t) = Pd (x,t)
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5 Coupled Electromagnetic Field/Circuit Models

and A%d (y,t) = A%(Ni (y,t) holds true. We denote D (y,t) = %5 (y,t) given by

ASACC (Ale, t) Al 0 00 0 0O
T U
—AAL 0 00 G, 01
We get
ker A = ker A¢ x {0}
and

imD (v,t) = im AEACC (Age, t) AT x Rrtnatnn

using Assumption and [3.31] Applying Lemma [A.1] [A.19] and [A.21] we obtain
g ption [4.4] pplying ,

imAFACC (Ale,t) AL = imAfAc = im Al
Hence we can choose the projector R = 13, see Lemma . O

Notice that the projector P in Lemma is not needed for practical computations, see
Remark .10l

We follow the matrix chain concept, see Definition [2.21] For that we need the matrix

[AcC (Ade,t) Al 0 00 0 0 0
0 L(p,t) 00 0 0 0
0 0 00 0 0 0
Go (y,t) = 0 0 00 O 0 0 (5.3)
0 0 00 0 0 0
~MUALAL 0 0 0 M'G, 0 MY
| 0 0 00 0 I 0]
with
C(Ale,t) AL 0 00 0 00
B 0 L(,t) 00 0 0 0
D(y.t) = 0 0O 00 0 I0
—ALAL 0 00 G, 01

To obtain an index-0 DAE we need to check under which conditions the matrix Gy (y, t) is
nonsingular. If the matrix Gq (y, t) is nonsingular all equations are differential equations,
such that the problem is an ODE. This is the case for the following class of circuits.

Theorem 5.8 (index-0). Let Assumption be fulfilled. The DAE (5.2) has index-0
if and only if the circuit does not contain voltage sources and EM device and if there is
a tree containing capacitors only.

119



Proof. Following the proof of Theorem [4.13| the remaining zero rows and columns
disappear if and only if there are no EM device. m

To further continue the matrix chain we need a projector onto ker Gy (y,t). Let be
z € ker Gg (y,t). That is true if and only if

Ze € im Qg

ZjL = O
7w = AuAEQCZe — Gyuzg,
zg, =0

hold true, due to Lemma [A.3] Assumption and [3.3I] We can choose a constant
projector onto ker Gy (y,t) by

Qe 000 0 00

0 000 0O 00O

0 010 0 00

Qo = 0 001 0 00
0 000 I 00

0 000 0 00

| AVALQe 0 0 0 =G, 0 0]

For the matrix chain we need the derivative of b (y,t) with respect to the unknowns
which is given by

_ARG (A;{e, t) A;{ AL AV AE 0 0 0 ]
—A] 0 0 0 0 0 0
Ay 0O 0 O 0 0 0
By (y,t) = 0 0 0 I 0 —AJKps(a.) 0
0 0 0 0 0 S M 0
~MjALAY 0 0 0 MG, Kj4@,) M
i 0 0 0 0 0 0 =
and we obtain
[ARG (Afe,t) ALQc 0 Ay Ag 0 0 0]
~AlQc 00 0 0 00
ATQc 00 0 0 00
By (y,t) Qo = 0 O 0 I 0 00/,
0 00 0 0 00
0 00 0 0 00
—AALQC 0 0 0 G, 0 0]

see Remark [3.33]

The next step is the calculation of Ny n Sy (y,t). This intersection is crucial for index
determination and the consistent initialization as well.
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5 Coupled Electromagnetic Field/Circuit Models

Lemma 5.9. Assume Assumption [4.4] and Property to be satisfied. The
index-1 set of the DAE ([5.2)) can be described by

Non8y (y,t) = {zeR" | z. € im Qcry, 7, € im Qc_v,
AuAEQCRVZe - Guzdm =77 (Zju Zjgs Zau) = O}‘

Proof. For calculating the index-1 set we make use of Remark [2.27] For this we need
a projector along im Gy (y,t). We are given one by

(Q; 0

SO o oo HO O
O O O HO O O
SO H OO OO
OO OO o oo
OO OO o oo

O O O o oo
S O oo oo

see Lemma [C.16] and we get

[QLARG (Afle,t) ALQc 0 QLAY QLAg 0 0 0]
0 0 0 0 0 0 0
A{Qc 0 0 0 00O
WoBO (y, t) Q() = 0 0 0 I 0 0 O
0 0 0 0 0 0 O
0 0 0 0 0 0 0
I 0 0 0 0 00 0
Let be z € im Qg N ker WoBy (y,t) Qo. That is true if and only if
Ze = QcZe (5.4)

Zj,

g3, =
Zz = AuAEZe - Guz(bu
QLARG (Afe, t) ALQeze + QlAvz;, =0
A;I—/che =0
=0

Zjg

hold true by taking Assumption and Property into account. Left-multiply
of (5.5)) by z! and utilizing (5.6)) leads to Qcz. € ker A} due to Lemma|A.3| In combina-

tion with (5.4]) and (5.6 we obtain z, € im Qcry. Moreover, (5.5)) yields z;, € im Qc_v.
With it we obtain z € Ny n Sy (y, t) if and only if

Ze € im Qcry

ZJLZO
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Zauzo

T
T, = AuAEQCRVZe - GquSu

Zjy, € im QC—V

ZJEZO

hold true.

]

It is easy to see that the index-1 set Ny n Sy (v, t) is always not empty, that is, the DAE
(5.2) has never index-1. But the index does not exceed two as we will see in the next

theorem.

Theorem 5.10 (index-2). Let Assumption 5.3 and Property be fulfilled.
The DAE (5.2) has at most index-2. It has exactly index-2 if and only if the circuit does

contain a voltage source or if an EM device or if it has not a tree containing capacitors

only.

Proof. For the matrix chain we need

G (e, t)
-AfQc  L(
AyQe
G1 (}77 t) = 0
0
CMUAAL
__AuA;lE)—QC

SO O o oo

Ap

O OO HOO

—_0 O O O O O

o O O O o

(5.7)

with G (e,t) = AcC (Ale, t) AL + ARG (Afe, t) ALQc and we calculate the index-2 set,
see Definition [2.23] and Remark [2.28, For the subspaces needed, we have to provide a
projector along im Gy (y, t). We are given one by

Qlry 0 0

0 0 0

0 0 Qb

W,=| 0 0 0
0 0 0

0 0 0

0 0 0

\%

see Lemma [C.17l Next we take into account

Py =
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_QER\/AE

O O OO O oo

0

S OO OO

O O OO O oo

OO OO oo

OO —-H OO OO

SO H O O O o o

SO OO o oo

— o O O O O o

SO OO o oo




5 Coupled Electromagnetic Field/Circuit Models

where Py is the complementary projector to Qg, and we calculate

ARG (Afe,t) ALPc AL, 0 0 0 0 0
—A[P¢ 0 00 0 0 0
AT P 0 00 0 0 0
By (y,t) Py = 0 000 0 —AlK:(a,) 0
0 0 00 0 S.Mu 0
—MUALAL 0 0 0 MIG, Ki,a,) M
AAL Qe 0 00 —Gy 0 =
and
[ 0 QlrvAL 0 0 0 QlryApA K},(a,) 0]
0 0 000 0 0
QL AlPc 0 000 0 0
W1Bo (y,t) Py = 0 0 00 0 0 0
0 0 000 S M 0
0 0 000 0 0
0 0 000 0 0

Let be z € ker Gy (y,t) n ker W1Bq (y, t) Po. That is true if and only if the conditions

Qcze = QervZze (5.8)
ziy = Qo-vzj, (5.9)
Zj, = 0

JE
L (jr, t) ™ Al Qoze = 7, (5.10)

Poze = —He (Ale, t)_l AvQe-vzj, (5.11)

AyApze — Guze, = 27, ( )

AALQeze — Guzg, = 73, (5.13)

QlrvALz, + QERVAEAIKB,d(au)ZaH =0 (5.14)
Q& vALPcze = 0 (5.15)

SuMizg =0 (5.16)

are fulfilled, using the representation
N (y,t) = {z€ R" | Qcze € im Qcry, 2, € im Qv
: - -1
L (jr,t) ! Al Qoze = zj,, Pcze = —Hc (Age,t) AvQc_vzy, 2z, =0,

T T
Au*AEZe - Guz¢>u =77 AuAEQCZe - Guz¢u = Zﬁu}7

see Lemma [C.18] where He (Ale, t) = AcC (Ale, t) Al + QLQc is positive definite, see
Lemma [A.10] using Assumption [£.4] and Property [3.32] Left-multiplying of (5.11))
by ijng_VA\T, and using ((5.15)) leads to

-1
3,08 VATHG (Ade.t) ™ AvQevay, =0,
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With Lemma and (5.9) we deduce
Ayz;, =0 and z, =0

since V-loops are forbidden. From ([5.11]) we acquire z, € im Q¢ and together with (/5.8])
we get z, € im Qcry. Combining (5.10)), (5.13]) and (5.14)) yields

QlrvALL (i, ) ™ Al Qorvze + Qv AATKS 4 (84) AvAL Qervze = 0,

since C,G, = 0 holds true, and we deduce z, € ker [AL AE]T. Thus we come by the
condition

zecker[Ac Ar AL Ap Av]'.

Because I-cutsets are forbidden, we gain z, = 0. Then the relation ([5.10)) leads to z;, = 0.
Left-multiplying (5.13)) by S,M2 and using (5.16)) yields

SuMEGzg, = 0

and hence z4, = 0 due to the choice of M} = M‘EGuMgguM“. From (5.12) and (5.13)) we
get (zg,,27,) = 0 and we conclude z = 0, see Definition [2.23| O

To start the integration of the DAE ([5.2) we need a consistent initialization. For the
index-2 case we apply Theorem [2.58 For this we need to check the requirements.

Assumption 5.11. For the DAE (j5.2)) exist the continuous partial derivatives %d (v,t)
and 2Wib (y,t) for all (y,t) e D x Z.

These assumptions are not a restriction since, if a solution exists, then %d (y,t) exists
and is continuous. Moreover Wib (y,t) describes exactly the hidden constraints and
hence %Wlb (v, t) needs to exists and to be continuous to have a solution of the problem.
In addition, the DAE has a constant matrix A and there are the constant projectors
Qo and W;. It remains to show that the index-2 variables enter linearly only.

Lemma 5.12. Let Assumption [£.4] and Property be fulfilled. The index-2
variables enter the DAE (5.2)) linearly only.

Proof. From Lemma we easly obtain a constant projector T onto Ny N Sp (v, t)
given by

Qcrv 0 0 0O 0 00

0 0 0 0O 0 00

0 0 Qcv 0 0 0 O

T = 0 0 0 0 0 00
0 0 0 0O I 00

0 0 0 0 0 00

| AvALQery 0 0 0 =G, 0 0]
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Furthermore the complementary projector U is given by

Pcrv 0 0 0 0 0O
0 I 0 0 0 00
0 0 Pc.v 0 0 0 O
U= 0 0 0 I 0 00
0 0 0 0 0 0O
0 0 0 0 0 IO
__AuA]T]QCRV 0 0 0 Gy, 0 T
and the unknowns are divided into
Qcrve Pcrve
0 Ju
Qc-vijv Po_vijv
y=Ty+Uy= 0 + B
Pu 0
0 Ay
AuAgQCRVe - Guqbu _AuAEQCRVe + Guqbu + ﬁu
Now we can write b (y,t) = b (Uy,t) + BTy with
[0 0 Ay 0 0 0 O]
-Al 0 0 000 O
O 0 0 000 O
B = 0O 0 0 O0O0O0 0],
0O 0 0 000 O
0O 0 0 000 O
| 0 0 0 00 0 —I]

using Lemma without memristors. The relation d (y,t) = d (Uy,t) is obvious by
Lemma 2541 O

The DAE fulfills all requirements to apply Theorem in case of index-2. But
we still need an operating point when we want to integrate it numerically. Since Theo-
rem [2.58] is applicable to the DAE an operating point is sufficient to start the numerical
integration, see Lemma [2.61]

Let be 20 = Z%,Zg,z%u,z%u>, vO = (e2,10,72,j%, ¢, 8%, 70) and to € Z. We choose
al € ker C, and (¢Y, 7) arbitrarily. Then we get
jg=0

and choose z¢, and j? such that

—Acz% — ALJ% — AIis (to) € im [AR Av] s
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see Remark without memristors. Next we determine (e°,j%). For that we need a
solution of the nonlinear system:

Argr (Age”, to) + Avjy = —Aczd — ALj) — Ad, (to)

5.17
A\T,e0 = v (to) ( )

To obtain a solution (e, j%) of (5.17) we apply Approach without memristors. Then
we compute the missing parts by:

0 _ AT_O
z; = Aje
u, 0 _ u T.0 u 0 u=0
MUZS = MEALALE — MG, @) — M7
0 _ =0
Zﬁ.u = 7Tu

Remark 5.13. Due to the structure of the DAE (j5.2)) we obtain a locally unique solution
through every consistent initial value and the perturbation index-2, see Theorem [2.46]
and

5.3.2 Field/Circuit System using Lorenz Gauge

The coupled system (5.1)) using Lorenz gauge, that is, ¥ = 1, can be formulated as a
DAE given by

A%d (v,t) + b (y,t) = 0 (5.18)

with unknowns y = (e, ji, jv, jg, ®u, 8u, Tu) and the describing matrix and functions

Ac 0 0 0 0
oI 0 0 0 qc (Ale,t)
00 0 00 o (i1, 1
A=10 0 0 0 01, d(y,t) = Ou
0 0 SuM!G, 0 0 ay
0 0 MG, 0 M —AAle + 7,
o0 0 I 0|
as well as
Argr (Afe,t) + ALjL + Avjv + Agje + Ad, (t)
—Ale
Aje — v, (t)
b(y,t) = JE — AIKB(au)au
S.Mua,
—MUAALe + MGy, + K¥(a,)a, + Mi7T,
7y
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5 Coupled Electromagnetic Field/Circuit Models

Lemma 5.14. Let Assumption 4.4 and be satisfied. Then, the DAE (5.18)) has a
properly stated leading term where the constant projector

~[AfAC 0
[
realizes the decomposition ([2.9)).
Proof. We follow the idea of the proof of Lemma [5.7 O

The first step is an index-0 result. For this we need the matrix, see Definition [2.21

[AcC (Ade, t) Al 0 00 0 0 0]
0 L(jr,t) 0 0 0 0 0
0 0 00 0 0 0
Go (v,t) = 0 0 00 0 0 0 (5.19)
0 0 0 0 SM'G, 0 0
—MUALAL 0 00 MG, 0 M
i 0 0 00 0 I 0
with
C(Ale,t)AL 0 000 00
0 L(j,t) 0 0 0 0 0
D (y,t) = 0 0 00100
0 0 000TIO0
—AAL 0 0000 I

Theorem 5.15 (index-0). Let Assumption [4.4] and Property be fulfilled. The
DAE (j5.18]) has index-0 if and only if the circuit does not contain voltage sources and if
EM device and if there is a tree containing capacitors only.

Proof. Following the proof of Theorem the remaining zero rows and columns
disappear if and only if there is no EM device. O

The next step is to describe the intersection index-1 set. For this we compute a projector
onto ker Gg (v,t) and the derivative

_ARG (Age, t) AE AL AV AE 0 0 0
—A] 0 0 0 0 0 0
A7 0 0 0 0 0 0
By (v,t) = 0 0 0 I 0 —A;Kg,d(au) 0
0 0 0 O 0 SuMz 0
~MUALAL 0 0 0 MG, K@) M
i 0 0 0 O 0 0 -1

Let be z € ker Gq (y,t). That is true if and only if

Ze € 1M QC
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ZjL = 0
Iz = AuAEQCze
Z¢u = 0

zg, =0

due to Lemma [A.3] Hence we can choose a projector onto ker Gy (y, t) by

Qzc 000000
0 000000

0 010000

Qo = 0 0071000
0 000000

0 000000

[ AwARQe 0 0 0 0 0 0]

and we calculate

_ARG (APT{e, t) Ach O A\/
~A{ Qo 0
AlQc
By (v, t) Qo = 0
0
0
_AuAEQC

oooHooEf
coocococoo
coocococoo
coocoococoo

OO O o OO

o O O OO

see Remark Next My n Sy (v, t) is calculated, since the intersection plays an im-
portant role for the index calculation and for the consistent initialization.

Lemma 5.16. Let Assumption [£.4] and Property hold true. The index-1 set
of the DAE (5.18]) can be described by

NonSy(y,t) = {zeR" | z € imQcry, %, €imQc-_v,

AAEQorvZe = 27, (%i1+ Zigs Zous 23, ) = 0}

Proof. For calculating the index-1 set we make use of Remark [2.27, For that we need
a projector along im Gq (y,t). We are given one by

Q5 0

Wy =

DO OO HOO
OO O H O OO
SO OO oo o
SO OO oo o
S OO OO oo

SO O O OO
O O OO oo
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5 Coupled Electromagnetic Field/Circuit Models

see Lemma [C.19] and we get

_QgARG (Age, t) A;{QC 0 QgAV QgAE 0 00
0 0 0 0 0 0O
A{Qc 0 0 0 0 0O
WoBg (v,t) Qo = 0 0 0 I 0 00
0 0 0 0 0 00
0 0 0 0 0 00

| 0 0 0 0 0 0 0]

The rest of the proof is entirely analog to the proof of Lemma [5.9] O

With the characterization of the intersection we are able to deduce network topological
index-1 conditions for the coupled system DAE . The EM devices are insert into
the circuit as a kind of controlled current sources, but the analysis show that for using
Lorenz gauge they, from the index point of view, behave like inductances.

Theorem 5.17 (index-1). Let Assumption , and Property be true. The
DAE has index-1 if and only if there is at least a voltage sources in the circuit
or there is no tree containing capacitors only and if there is neither an LEI-cutset nor a
CV-loop with at least one voltage source.

Proof. We make use of the representation of Ny n Sy (y,t) as proposed in Lemma m
The intersection Ny n Sp (v, t) is trivial if and only if Qcry = 0 and Qc_y = 0. This
is equivalent to the circuit containing neither LEI-cutsets nor CV-loops, see Lemma [5.5

and 5.6l Using Definition we get the DAE (5.18)) to be of index-1. O

The DAE (5.18) can be of index-2 also, but higher index problems can be avoided.
We will see that LEI-cutsets and CV-loops are the only critical circuit configurations.
Obviously the dimension of Ny n Sy (x,t) is constant, which is important for the index-2
case.

Theorem 5.18 (index-2). Let Assumption [4.4] [5.3] and Property be fulfilled.
The DAE (5.18)) has index-2 if and only if there is an LEI-cutset or a CV-loop with at

least one voltage source.

Proof. For the matrix chain we need

G (e, t) 0 AV
—AfQc  L(ju,t)
Al Qc

G1 (y, t) = 0

0
0 , (5.20)
0 0
0
0

m%oooo
cocoococo

(9o
e
@
=

CMUA,AT
__AUA;EFQC

co o oo o
oo o Hooéb
ok

)

=}
—_HOoO O OO0 OO
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with G (e, t) = AcC (Ale, t) AL+ ARG (Afe, t) ALQc, and we calculate the index-2 set,
see Definition 2.23] and Remark [2.28] For the subspaces needed, we have to provide a
projector along im Gy (y, t). We are given one by

Qéry O 0 —QlryAe 0 0 0
0 0 0 0 0 0O
0 0 Ql vy 0 0 0O
W, = 0 0 0 0 00 0],
0 0 0 0 0 0O
0 0 0 0 0 0O
| 0 0 0 0 00 0
see Lemma [C.20l Next we take into account
[ Pc 00000 O]
0 I 000O00O0
0 000O0O0O 0
Py = 0 00 0O0O0O0],
0 00 0T1UO0OO
0 0 00O0TO
_—AHAEQC 00000 T

where Py is the complementary projector to Qq, and we calculate

_ARG (Age, t) AgPC AL 0 0 0 0 0 ]

—AlP¢ 0 00 O 0 0

Al P 0 00 0 0 0

By (v,t) Py = 0 0000 0 —AlKiy(a,) O
0 0 00 0 S.Mu 0

~MiALAL 0 00 MG, Kp,a,) My
L AALQC 0 00 —Gy 0 =y

and

0 QER\/AL 000 QERVAIKB,d(au) 0]

0 0 000 0 0

QL AP 0 00 0 0 0

W;By (v,t) Py = 0 0 000 0 0
0 0 00 0 0 0

0 0 000 0 0

0 0 000 0 0]

Let be z € ker Gy (y,t) n ker W By (y,t) Pg. That is true if and only if the conditions

QCZe € 1im QCRV (521)
Zj, € im QC,V (522)
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5 Coupled Electromagnetic Field/Circuit Models

ZjE = O

Z¢u =0
L (ij t)il AEQCZe = Zj, (523)

1
Pcze = _HC (Age,t) AVQCfVZjV (524)
AuAI—gZe =75,

NALQeze = 23, (5.25)
QlrvALzi, + Qlry ALK} q(84)zg, = 0 (5.26)
Qé_vAyPcze = 0 (5.27)

are fulfilled, using

N (y,t) = {z€ R" | Qcze € im Qcry, 2j, € im Qo-v,
oy -1
L (ju.t) " AL Qeze = 2y, Peze = —He (Ade,t)  AvQeovzy,
(ZjE’ Z¢u) =0, AuAEZe =77 AuAchze = Zau},

see Lemma [C.21}, where He (Ale, t) = AcC (Ale, t) Al + QLQc is positive definite, see
Lemma [A.10] using Assumption [4.4] and Property [3.32] Left-multiplying of (5.24))
by 2}, QL_yAy and using (5.27) leads to

-1
Z;ngvA;r/HC (Age, t) AvQC,szV = 0
With Lemma and ([5.22)) we deduce
Ayz;, = 0 and z, =0

since V-loops are forbidden. From 15.241 we acquire z, € im Q¢ and together with ((5.21)
we come by 7z, € im Qcry. Combining ([5.23)), (5.25) and (5.26]) yields

QlrvALL (i, t) ™" Al Qorvze + QlryArAT K} 4 (80) AuAgQervze = 0

since C,G, = 0 holds true, and we deduce z, € ker [AL AE]T. Thus we come by the
condition

zeeker [AC AR AL AE Av]T.

Because I-cutsets are forbidden we gain z, = 0. Then the relations (5.23)), (5.12) and
(5.25) leads (z,,z5,,2%,) = 0 and we conclude z = 0, see Definition [2.23] O

The topological index results for the coupled system using Lorenz gauge are also a
extentsion of the topological index results of [BBS11] for coupled MQS device/circuit
systems using Lorenz gauge.

In order to start the integration of the DAE ((5.18]) we need a consistent initialization.

In case of index-1 we make direct use of Theorem [2.51) In case of index-2 we apply
Theorem [2.58 For this we need to check the requirements.
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Assumption 5.19. For the DAE (5.18)]) exist the continuous partial derivatives %d (y,t)
and 2W;b (y,t) for all (y,t) € D x Z.

These assumptions are not a restriction since, if a solution exists, then %d (v,t) exists
and is continuous. Moreover Wib (y,t) describes exactly the hidden constraints and
hence %Wlb (y,t) needs to exists and to be continuous in order to have a solution of
the problem.

In addition, the DAE has a constant matrix A and there are constant projectors
Qo and W;. It remains to show that the index-2 variables enter linearly only.

Lemma 5.20. Let Assumption [4.4] and Property be fulfilled. The index-2
variables enter the DAE (55.18)) linearly only.

Proof. From Lemma we easily obtain a constant projector T onto Ny n Sp (v, t)
given by

Qerv 0 0 0000
0 0 0 0000

0 0 Qc—v 0 0 0 0

T= 0 0 0 0000
0 0 0 0000

0 0 0 0000

| AvAEQery O 0 0 0 0 0]

Furthermore, the complementary projector U is given by

[ Pcry 0 0 000 O]
0 I 0 00 0O
0 0 Pc_v 0 0 0 O
U= 0 0 0 I1 000
0 0 0 0OI 0O
0 0O 0 0O0TUWO
| —AALQery 0 0 0 0 0 I
and the unknowns are divided into
Qcrve Pcrve
0 jL
Qc—viv Pc_vijv
y=Ty+ Uy = 0 + JE
0 Pu
0 Ay
AyALQcrve —AyALQcrve + Ty
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5 Coupled Electromagnetic Field/Circuit Models

Now we can write b (y,t) = b (Uy,t) + BTy with

el

os)

I
cCoococoxo
cCoococo oo
oooooo?
cCoococo oo
cCoococo oo
cCoococ o oo

cooco oo

—1

with Lemma without memristors. The relation d (y,t) = d (Uy,t) is obvious by
Lemma 254 O

The DAE fulfills all requirements to apply Theorem m in case of index-2. But
we still need an operating point when we want to integrate it numerically. Since Theo-
rem [2.58| is applicable to the DAE an operating point is sufficient to start the numerical
integration, see Lemma [2.61]

o_(0 0,0 0 0 0 _ (a0 30 0 0 40 =0 ~0
Let be z° = (ZC,ZL,z%,zau,z/ﬁu), vY = ()30, iV, Jns O, 8, o) and to € Z. We choose

al € ker C, and (¢%,7) arbitrarily. Then we get

ju =0
and choose z¢ and j¥ such that
—ACZ% — ALJ% — Alis (to) € im [AR Av] s

see Remark without memristors. Next we determine (e°,j%). For that we need a
solution of the nonlinear system:

Argr (Age’, to) + Avjy = —Aczd — ALj, — Adds (to)

0.28
A\T/GO = Vg (to) ( )

To obtain a solution (e°,j%) of (5.28)) we apply Approach without memristors. Then

we compute the missing parts by:

70 = Al el
SuMUGyzl = —S,Mia’
Miz% = —MIGyzl, + MIAL AL — MIG,¢) — MiA
Z%u = ﬁ?l

Remark 5.21. Due to the structure of the DAE ([5.18) we obtain a locally unique
solution through every consistent initial value and the perturbation index to be not
greater than two, see Theorem [2.33] |2.46} [2.49] and [2.50]
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5.4 Summary

In this chapter we have introduced circuits refined by spatially resolved electromagnetic
devices and modeled by the modified nodal analysis and Maxwell’s grid equations. The
coupling is realized by the applied potential at the conductive contacts of the electro-
magnetic device and by the current through it. We discussed the structural properties
of the coupled electromagnetic device/circuit system. The chosen coupling approach is
different to [DHW04, Ben06l, BBS11,[Sch11], where the coupling is realized using serveral
conductor models and applied as a source term.

We generalized the well-known topological index conditions of [Tis99, [ET00] for the
modified nodal analysis to circuits refined by spatially resolved electromagnetic devices
modeled using Lorenz gauge (Theorem , and and proved that index-2
does not exceed. The index bound is also true for Coulomb gauge (Theorem and
5.10). Furthermore we presented perturbation and solvability results for the coupled
systems and the perturbation index does not exceed two (Remark and . The
electromagnetic devices were inserted into the circuit as controlled current sources, but
the analysis showed that if using Lorenz gauge they, from the index point of view, did
behave like inductances. We concluded that in case of an index-1 configuration it is
always preferable to choose Lorenz gauge for the electromagnetic device.

Next, we presented an approach for the calculation of an operating point. Based on the
linearity of the index-2 components (Lemma and the calculation of a consistent
initialization is possible by correcting an operating point by solving a linear system. Due
to the structure of the coupled system it is sufficient to start the numerical integration
with the implicit Euler using an operating point to obtain a consistent initialization after
the first time step.
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6 Numerical Examples

In this chapter the different circuit models including memristors and electromagnetic
devices are verified by some basic examples.

The simulation software is written in Python and is an extension in the framework of
the MECS (Multiphysical Electric Circuit Simulator) developed by the group of Caren
Tischendorf. The framework use for time integration a backward differentiation formulas
implementation with an adaptive order and step size control for index-2 differential
algebraic equations with a properly stated leading term which is based on [Tis96].

For the electromagnetic device simulation we integrate parts of the FIDES (Field Device
Simulator) package of Sebastian Schops, see [Sch1l], implemented for the magnetoqua-
sistatic device simulation. FIDES is written in OCTAVE and integrated within the
framework of the demonstrator platform of the CoMSON project (Coupled Multiscale
Simulation and Optimization in Nanoelectronics).

The 3D Visualizations are obtained by Paraview.

6.1 Index Behavior of Field Problems

0.5 mm
-

3 m

(a) 3D view. (b) Geometric dimensions.

Figure 6.1: Geometry of the copper bar.

Let us consider a copper bar used in with a cross-sectional area of 0.25 mm?
surrounded by air and discretized by the FIT, see Figure[6.1] The left contact is excited
by a sinusoidal source of the form v (t) = sin (27t), the other contact is grounded.

The simulations are carried out on the time interval [0 s,0.5 s] by the implicit Euler
scheme with fixed step sizes h = 8e-5 s,4e-5 s, 2e-5 s, 1le-5 s.

The numerical solution of the Lorenz (index-0) and Coulomb gauge (index-2) formula-
tions of MGE are given in Figure[6.2(a) and [6.3(a). Both formulations provide solutions
as anticipated.
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To analyze the sensitivity of the formulations we perturb the sinusoidal source v (t) by
a small high-frequent noise

6 (t) = 107" sin(2 - 10¥*7t).

We get the perturbed source v, (t) = v (t) + d (¢). For the simulation, in this thesis, we
have chosen k = 4. As expected, the numerical solution of the perturbed Lorenz-based
formulation is not affected, see Figure . On the other hand the solution of the
index-2 formulation suffers strongly from the perturbation, see Figure[6.3(b). The effect

3.0 3.0
— h-te05 — h-fe05
25 H— h=2e-05 2.5 H— h=2e-05
< h=4e-05 = h=4e-05
= 20 h=8e-05 = 20 h=8e-05
2 B .
§ 15 § L5
i 5
5 10 5 10
Q )
E 0.5 A »‘:—) 0.5 /—\
8 00 8 00
o S
—0.5 —05
—~1.0 —-10
0 2 3 4 5 0 2 3 4 5
time [s] x107! time [s] x107!
(a) unperturbed excited by v (t). (b) perturbed excited by v (t).

Figure 6.2: Plot of a single component of the electric field using the Lorenz formulation (3.60)).

occurs even for tiniest perturbations, that is, for very large k£ » 1. Moreover, the effect
increases with a reduction in step size, that is, it cannot be compensated by a finer
temporal mesh. This is a typical index-2 behavior: The error increases while the step

3.0 3.0
— h=1e-05
25 || — h=2e-05 25
E h=4e-05 E
= 20 h=8e-05 = 20
> . 5 .
] 1.5 § 1.5
% G
10 10
8 2 i
505 s 05 2 ﬂ‘h i
2 2 , I
§ 0.0 § 0.0 ’m
[} [0
—05 —0.5
-1.0 ~1.0
0 1 2 3 1 5 0 2 3 4 5
time [s] x 107! time [s] x10~!
(a) unperturbed excited by v (t). (b) perturbed excited by vy, (t).

Figure 6.3: Plot of a single component of the electric field using the Coulomb formulation (3.60)).

size decreases. The index-2 problem is ill-conditioned but the perturbation error is not
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6 Numerical Examples

propagated in time because the index-2 components enter only linearly. However, using
a step size control we should exclude the index-2 variables for the step size prediction,
because the numerical error might be detected by the step size control and leads to an
unprofitable reduction of the step size. The best case would be an unreasonably small
step size whereas in the worst case the integration could completely fail.

6.2 Memristive Circuits

W,
e K
d
(a) Basic memristor circuit. (b) HP memristor circuit.

Figure 6.4: Memristor examples.

In this section we consider two models for the memristor to show that the MNA including
memristor models (4.7) works properly, see Figure [6.4(a)l The first example is the HP
memristor stated in [SSSWO0S], see Figure [6.4(b)l The HP device is composed of a

x10~* 5 x10~*

— current |\
\
--- voltage \,
a \
\
| D

=

o
o

current [A]
j=]
<

=
_C) (=}
ot
voltage [V]

|
53

|
o

3 4 5 6
x10~! time [s] 107!

current [A]

w/d[1]
O DOUWIH=UTIY=]00O

.3 4 5 6 —1.0 —0.5 0.0 0.5 1.0
time [s] x107! voltage [V]

(a) Voltage and current through and relative (b) Lissajous curve: pinched hysteresis.
boundary position of the device.

Figure 6.5: HP memristor with Rog = 16e3 Q2 and f = 5 Hz.

thin titanium dioxide film between two electrodes containing a doped (D) region and
an undoped (U) region and thus it behaves as a semiconductor. The application of
a voltage drop across the device moves the boundary between the two regions. With
electric current passing in a given direction, the boundary between the two regions is

137



moving in the same direction. The total device length is d and the length of the doped

x10~*

— current {,
--- voltage

current [A]

O v w v
O PO o 00

- x107!

0 1 2 3 4 5

6
time [s] x1072

(a) Voltage and current through and relative

boundary position of the device.

1.0
0.5

0.0

voltage [V]

|
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current [A]
(=}
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—0.4

—0.6

-0.8
—1.0 —0.5

0.0 0.5 1.0
voltage [V]

(b) Lissajous curve: pinched hysteresis.

Figure 6.6: HP memristor with Rog = 16e3 Q and f = 50 Hz.

region is denoted by w € [0,d]|. The limits of the memristor resistance is given by Reg
and R, for w = 0 and w = d. The dopant mobility is described by py. The HP
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— current
--- voltage
\ \

current [A]
Sooooooo:

x107!

w/d [1]
ORI CISI~I00O

=

3 4 5
time [s] x107!

(a) Voltage and current through and relative

boundary position of the device.
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(b) Lissajous curve: pinched hysteresis.

Figure 6.7: HP memristor with Rog = 36e3 Q and f = 5 Hz.

memristor is modeled by the memristance

d2

M () = Rog <1 - “V—Ronq) (6.1)

with Reg » Ron and the length of the doped region is given by

w =
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6 Numerical Examples

The simulations were carried out on the time interval [0 s, 0.6 s] by the implicit Euler
scheme using the parameters d = 1le-8 m, Ry, = 1€2 Q and py = le-13 m/Vs. For

Figure [6.5 and [6.6] we use as applied voltage source v (t) = sin (27 ft) and for Figure
the applied voltage source is given by

(t) = sin (27 ft)%, for te[ 0,0.3],
YT sin @ ft)?, for t e (0.3,0.6].

Unfortunately, the results shown in Figure 2 of [SSSW08|] do not fit the stated parameters
therein since the applied sinusoidal voltage source has in both cases a frequency of 5e-3
Hz instead of 1e2 Hz. Nonetheless the results show the same qualitative behavior as our
results here.

In fact the HP memristance (6.1]) is a polynomial. Another memristance described by a
polynomial is given in [BBBK10] and reads
M (q,t) = r1 + 3rsq”

with 7 = 5 V/A and r3 = led V/A3s%. The results in [BBBKI0] are obtained by the
circuit given in Figure [6.4(a)| in SPICE using a subcircuit to describe the behavior of
the memristor.

—1 -1
15 10 1.5 15 10
— current . .
1.0 F : 1.0 1.0
_ 05 o iy os 05
< /o /0 T B IR
5 00 00 3 5 00
o v s g7
5 Y N A : S 3
RN S S R N N -05°  “-05
—10 |} Ve ' v v ~1.0 ~1.0
—15 ~15 —15
0 1 2 3 4 5 15 —10 —05 00 05 10 15
time [s] voltage [V]
(a) Voltage and current through the device. (b) Lissajous curve: pinched hysteresis.

Figure 6.8: Memristor with memristance described in [BBBK10].

Our simulations were carried out on the time interval [0 s,5 s| by the implicit Euler
scheme and applied voltage source v (t) = 13e-1sin(27t). The results are given in
Figure and fit perfectly to the simulation results given in [BBBK10].

6.3 Coupled Field/Circuit Problems

We regard two interlocking open copper loops with a cross-sectional area of 1 mm?

surrounded by air and discretized by the FIT, see Figure [6.9(b)l First we examine the
basic circuit given in Figure |6.9(a)l
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The simulations were carried out for Coulomb gauge on the time interval [0 s, f~!] by
the implicit Euler scheme using as supply voltage sources v (t) = le-3sin (27 ft) with
frequency f.

0.5mm 0.5 mm

- -

L
T E
=
o —
g
g
e ——————— N
g
=
—
3.5 mm 1 mm
(a) Basic circuit with two sources. (b) Geometric dimensions.

Figure 6.9: Two interlocking open copper loops.

For f = 1 Hz we obtain the expected results since the static resistance of each open
copper loop is between 124e-6 2 and 158e-6 €2. The results are given in Figure For

8 8 8 8
6 6 6 6
4 4 4 4
2 2 2 2
z, VEE, ) E
T e T a
—4 -4 -4 —4
-6 -6 -6 -6
-8 -8 -8 -8
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
time [s] time [s]
(a) Light open copper loop. (b) Dark open copper loop.

Figure 6.10: Current through the open copper loops with f =1 Hz.

f = 1e9 Hz we obtain the results given in Figure [6.11] The current through the dark
open copper loop is larger then the current through the light open copper loop. That
behavior, of course, results from the increasing frequency and arises from the prozimity
effect, see [Terd3].

The effect can be described as follows: When an alternating electric current flows through
an isolated conductor, it creates an associated alternating magnetic field around it, which
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6 Numerical Examples

influences the distribution by electromagnetic induction of an electric current flowing

within an electrical conductor.

The alternating magnetic field induces eddy currents in adjacent conductors, altering

the overall distribution of current flowing through them.

x10~* x10~* x10~*

x10~*

- jl — jJ!
5 ook 5 o |

it[Al
P2 [A]
js [A]

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8
time [s] x1077 time [s]

(a) Light open copper loop.

Figure 6.11: Two interlocking open copper loops with f = 1e9 Hz.

1.0

%1079

(b) Dark open copper loop.

i1 [A]

Eddy currents are electric currents induced in conductors when a changing magnetic field
acts on the conductor and causes a circulating flow of current within the conductor, see
[Ter43]. These currents are responsible for the skin effect in conductors. The skin effect
is the tendency of an alternating electric current to distribute itself within a conductor
with the current density being largest near the surface of the conductor, decreasing at
greater depths, that is, the electric current flows mainly at the skin of the conductor.
This effect is due to opposing eddy currents induced by the changing magnetic field
resulting from the alternating current. Figure demonstrates well the increasing

AN

Figure 6.12: Change in the distribution of the currents through the two interlocking open copper loops.

skin effect at increasing frequency for the basic circuit with two sources.
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The second example circuit given in Figure [6.13| uses the two interlocking open copper
loops of Figure , too. We choose Ry = 9865e-6 2, Ry = 140e-6 2, L = 1le-2 H

[ |
— R, -
EM device
| Ry
) ° ° °
L L
Ry ()? Ry Ry ()9 Ry
B’ =
[a C\]>'JJ
(a) Equivalent circuit. (b) Circuit with EM device.

Figure 6.13: More complex circuit with EM device.

and the supply voltage sources to be v (t) = le-1sin (27 ft) with the frequency f. The
simulations are carried out for Coulomb gauge on the time interval [0 s,2f7'] by the
implicit Euler scheme. The results are given in Figure and

1.0

1.0 0.0
0.5 05 0.5 —05
00 —1.0
< g T <
= 00 = = 00 -1.5%
= 1.0 .= -}
—2.0
—-1.5
—05 90 —05 —25
—2.5 3.0
-1.0 -3.0 —-1.0 —3.5
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 15 2.0
time [s] time [s] x1077
(a) f=1Hz (b) f =1e9 Hz

Figure 6.14: Equivalent circuit: Currents through the voltage sources.

In Figure the EM device is replaced by two resistors with a resistance of Rs.
For f = 1 Hz the results of both circuits are equal. This, of course, is not true for
higher frequencies. There the inductive behavior of the EM device plays a crucial role.
Amongst others, inductive coupling occurs and affects the circuit strongly, see above.
Furthermore due to the skin effect the effective resistance of the device is increased.
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6 Numerical Examples

%1077

0.0 0.5

1.5 2.0 0.0 0.5 1.0 5 2
time [s] x107

1.0
time [s]

(a) f=1Hz (b) f =1e9 Hz

Figure 6.15: EM device circuit: Currents through the voltage sources.

Note that the equivalent circuit, Figure[6.13(a)}, is only for validating the low frequency
results using the EM device.

6.4 Implementation Aspects

The simplest model in applied mathematics is a
system of linear equations. It is also by far the
most important.

GILBERT STRANG.

In every time integration step in transient simulation we have to solve linear systems.
For effective solving of large linear systems iterative solvers and multigrid methods play
an essential role since direct solvers are memory and time consuming and rapidly reach
the limit of applicability. For an introduction to iterative solvers and multigrid methods
we refer to [OSTO1) [Saa03]. But most linear systems of the coupled simulation are not
(directly) suitable for an iterative scheme since they are usually not symmetric, not
positive definite and not diagonally dominant.

However, we often find the following structure of the systems:
. A1 A2 Xy _[u
e 2 0)-6) 0
with Ay € R™*™ A} € R™*™ n; « ngy and Ay being nonsingular and suitable for

iterative solvers, while A is not. Applying the Schur complement S = (A1 — AQAng)
of the block A, we achieve the two linear systems

Ay = v —Asx (6.3)
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and
Sx =u— AyA v, (6.4)

The idea is to apply different linear solvers for solving the linear systems (6.3)) and ((6.4)).
To solve (6.4) we solve simultaneously n; + 1 linear systems of the dimension n4 in
advance, namely

Agw =v (6.5)
and
AW = A;. (6.6)
Then becomes
(A — AsW)x =u— Ayw (6.7)

For this, we solve ((6.5)) and by an iterative solver. Then the linear system (6.7))

can be solved by a direct solver to determine x € R™.
Finally, we solve the linear system (6.3) by an iterative solver, too. We obtain the
solution y € R™ and thus we have solved the original linear system (6.2)).

For the field/circuit system using Lorenz gauge ([5.18)) the Jacobian of the BDF methods
for the time integration can be decomposed into the blocks are given by:

[ 0ACC (Abe,t) AL + ARG (Afe, t) AL AL Ay
A= —Af QL (j.t) 0
I Al 0 0
(A 0 0 0
Ay = 00 0
|0 000
0 00
A 0 00
T = (M 4+ ME)AAL 00
I 0 00
1 0 —ATKE 4 (ay) 0
A |0 g MG, SuM2 0
0 ($ME+Mp)CG,  Kpg(a,) — §eME+ My
K 0 2] .|

Obviously, A; coming from the MNA (4.6) is not (directly) suitable for an iterative
solver, whereas A, coming from the MGE (3.65)) using Lorenz gauge could be suitable
for iterative solvers, see Remark [3.41] This is motivated by the experience about the
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6 Numerical Examples

use of iterative solvers for MGE especially for MQS and electroquasistatic devices, see
[Hip98, [CSvW96, [Cle98, DW04, [Cle05), [Sch11].

In [BCK™11] we presented a systematic approach to reformulate the MNA to be
accessible for iterative solvers. Here the main goal was to eliminate the zero entries on
the main diagonal of the Jacobian by manipulating the voltage sources. Nonetheless,
this reformulation needs some effort and is usually not done within circuit simulation
packages.

6.5 Summary

We have shown that the extended models work as expected due to our theoretical findings
of the Chapters 3, 4 and 5. For the modified nodal analysis including memristors models
we validated our model by using the HP memristor and an another memristance model
from literature. We obtained the same qualitative results for both models

For the electromagnetic device we showed the influence of the chosen gauge with respect
to perturbations and we observed the predicted behavior.

For the modified nodal analysis including electromagnetic device models we examined
two simple circuits. In both cases we investigated two interlocking open copper loops
with different frequencies for changing the applied potentials. For the low frequency case
we observed the expected resistance behavior of the device. For the high frequency case
we took note of the proximity and skin effect due to the inductive coupling.

The combination of methods for solving the resulting linear systems were briefly out-
lined.
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Conclusion and Outlook

In this thesis, we presented the derivation of the modified nodal analysis including mem-
ristor models and coupled electromagnetic device/circuit models and we investigated the
models in terms of the tractability index concept for differential-algebraic equations with
a properly stated leading term.

We have derived new index results for circuits including memristors formulated as
differential-algebraic equations with a properly stated leading term. We extended the
well-known topological index conditions of [Tis99, [ET00] for the modified nodal analysis
to circuits including memristors. The critical index-2 circuit configurations are loops of
only capacitors and voltage sources and cutsets of only inductors and current sources.
We concluded that, from index point of view, the memristors behave like resistors.

The electromagnetic devices were modeled by Maxwell’s equation in a potential for-
mulation using the finite integration technique for the resulting spatial discretization.
General properties of the discrete operators have been discussed. The spatial discretiza-
tion leads to Maxwell’s grid equations, which were formulated in terms of potentials with
incorporated boundary conditions using a new class of discrete gauge conditions in terms
of the finite integration technique based on Lorenz gauge. The structural properties of
Maxwell’s grid equations were discussed and analyzed by the index concept to obtain
knowledge about the stability of the solutions with respect to perturbations. The main
result here is that the index depends on the chosen gauge condition. For Coulomb gauge
we obtain an index-2 differential-algebraic equation with a properly stated leading term
whereas for Lorenz gauge we achieve an ordinary differential equation.

The coupled electromagnetic device/circuit system was formulated as a differential-
algebraic equation with a properly stated leading term. The coupling was realized by
the applied potential at the conductive contacts of the electromagnetic device and by
the current through it. In our case we have taken a different coupling approach than
[DHWO04, Ben06, BBS11, [Sch1l], where the coupling is realized using several conductor
models and applied as a source term. We generalized the well-known topological index
conditions for the modified nodal analysis to circuits refined by spatially resolved elec-
tromagnetic devices modeled in case of using Lorenz gauge. In case of Lorenz gauge the
critical index-2 circuit configurations are loops of only capacitors and voltage sources
and cutsets of only inductors, electromagnetic devices and current sources. For Coulomb
gauge we have shown that the index does not exceed two. The electromagnetic devices
were inserted into the circuit as controlled current sources, but the analysis showed that
when applying Lorenz gauge they, from the index point of view, behave like inductances.
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We concluded that in case of an index-1 circuit configuration it is always preferable to
choose Lorenz gauge for the electromagnetic device.

All considered differential-algebraic equations resulting from our fields of applications
have a common structure such as a properly stated leading term, constant projectors
onto/along certain subspaces and linear index-2 variables. For that reason we investi-
gated the differential-algebraic equations in a common differential-algebraic equation
framework. For index-2 differential-algebraic equations we derived a local uniquely
solvability result and a perturbation estimation. To achieve these results we extended
the well-known index reduction techniques for differential-algebraic equations without a
properly stated leading term to differential-algebraic equations with a properly stated
leading term and exploited local uniquely solvability and perturbation results for index-1
differential-algebraic equations with a properly stated leading term from literature. In
particular we have proved that if the differential-algebraic equations with a properly
stated leading term have index-2 then the differential-algebraic equation has perturba-
tion index-2 as well. We extended the step-by-step approach by [Est00] for calculating
consistent initial values for differential-algebraic equations with a properly stated lead-
ing term using the linearity of the index-2 components. In addition we presented an
approach to calculate an operating point.

Some numerical examples were given to show that the models works as expected.

There are still a lot of unsolved problems and tasks to be tackled. For electromagnetic
devices further sets of consistent boundary conditions for the coupled electromagnetic
device/circuit model and other models for nonlinear materials have to be considered.
Beyond that it would be of great interest to combine existing models for electromag-
netic devices, semiconductor devices and heating of devices. For this the next step
could be to combine electromagnetic and semiconductor device models to study the
influence of electromagnetic fields of the surrounding circuitry to semiconductor switch-
ing elements. Then an index analysis of the coupled electromagnetic-semiconductor
device/circuit model would be an inevitable future step for the numerical simulation.
Finally, heat effects could be studied by extending the models by heat conducting model
equations.
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A Linear Algebra

We make use of several simple definitions and deductions from linear algebra in this
thesis and collect the results in this Chapter.

Lemma A.1. Let be A € R**™_, Then
ker A = (imAT)l and im A = (kerAT)l
holds true.

Proof. We show both inclusions.

(©) Let be x € ker A. Then

ATzeimAT = 0=(Ax)"z=x"ATz=x¢ (imAT)L

is true. For z € ker AT we obtain

AxeimA=0=x'(Az) = (AX)'z=1z¢€ (kerAT)l.

(2) Starting with
dim (im AT)L > dimker A = n — dimim A > n — dim (ker AT)L
=n—(m- dimkerAT) =n—dimimA" = dim (imAT)l
we get
dimker A = dim (im AT)l and dimim A = dim (ker AT)l :
O

Definition A.2. A (non-symmetric) matrix A € R™*" is called positive semidefinite if
and only if x"Ax > 0 and positive definite if and only x" Ax > 0 for all x # 0, x € R".

From the definition above several simple results can be elementarily derived.

Lemma A.3. Let A € R™*™ be positive definite and B € R¥*™. Then
ker BAB" = kerB" and imBAB' = im B

holds true.
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Proof. At first we show ker BABT = ker B'.
(S) Let be x € ker BAB". Then
X BAB'x=0=y'Ay=0, y=B'x=B'x=0=xekerB',
since A is positive definite.
(2) If x € ker BT then BAB"x = 0 and hence x € ker BAB'.
Due to Lemma [A 1l and we have
im BAB' = (ker BATBT)L = (ker BT)L = im B,

since AT is positive definite. O

A.1 Properties of Projectors

Fiir euch ist es einfach. IThr seid mit Projektoren
aufgewachsen.

ROSWITHA MARZ DURING THE “DEUTSCHE
MATHEMATIKER-VEREINIGUNG” CONFERENCE,
SEPT. 20, 2011, COLOGNE.

This section is devoted to basic definitions and results in projector calculus.
Definition A.4. The basics definitions for a projector are:
(i) A matrix Q e R™*™ is called projector, if Q* = Q.
(ii) A projector Q € R™*™ is called projector onto S < R™, if imQ = S.
(iii) A projector Q € R™*™ ig called projector along S < R™, if kerQ = S.
(iv)

Lemma A.5. Let Q € R™*™ be a projector and P =1 — Q. Then:

v) A projector Q € R™ ™ is called orthogonal projector if Q = Q.

(i) P is a projector.

(ii) xeImQ < x = Qx.

)
)
(iii) kerP = im Q and ker Q = im P.
(iv) ker Q@®imQ = R™.

)

(v) If Q is nonsingular, then Q = 1.
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A Linear Algebra

(vi) Let Q be a projector with P = I—Q and im Q = im Q. Then QQ = Q and PP = P
hold true.

(vii) I+ PEQ is nonsingular for all E € R™*™.
Proof. The proofs are straightforward.
(i
(i) xeimQ < IzeR™: x=Qzand Qx = Qz < x = Qx.

Qe (I-PP’=1-P<P2=P.

) Q
)
(iii) x e kerP = Px = 0 = x = Qx = x € im Q. The other one is analog.
(iv) x=Qx+Px,xekerQ nimQ = Qx =0,x = Qx = x = 0.

M) @=QeQ Q@ -Teq-1

(vi) Let be x € R™. Then Qx € im Q = im Q. Hence Qx = QQx and Q = QQ. We get

PP=(1-Q(-Q=1-Q-Q-QQ=1-Q=P.

(vii) The inverse is given by I — PEQ.

If Q is a projector then we call P =1 — Q the complementary projector.

Remark A.6. The product of two projectors is not necessarily a projector, too. For
that we look at the projectors P; and P, given by

P, = [(1) (1)] and Py = H 8]
Obviously P3 = PP, is not a projector.
Lemma A.7. Let A € R™*" and Q € R™*™ be a projector onto ker AT. Then
ker Q" =imA
holds true.
Proof. Using Lemma we obtain
kerQ' = (im Q)" = (ker AT)l =imA.
O

Remark A.8. Instead of determining a projector Q along im A we can calculate Q'
onto ker AT and betimes the computation of a projector onto a subspace is easier.

Lemma A.9. Let be A € R*"*". Then:
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(i) Q e R™™ a projector onto im A implies QA = A.

(ii) Q€ R™™ a projector along ker A implies AQ = A.
Proof. We get:

(i) imQ=ker(I-Q)=imA=(I-QA=0=QA=A

(i) kerQ=im(I-Q)=kerA=A(I-Q)=0=AQ=A

The next Lemma is motivated by [ET00].

Lemma A.10. Let A € R™*™ be positive definite, B € R¥*™ (Q be a projector onto
kerB" and P = I — Q. Then the matrix

H=BAB' +Q'Q
is positive definite and

HP = BAB' =P'H
holds true.

Proof. It is clear that H is positive semidefinite since it is the sum of two positive
semidefinite matrices. With that we get

. 2’ BAB'z = 0
z Hz=0< o
z Q Qz=0
and we obtain z = 0 by reason of z € ker BT = im Q and z € ker Q. Hence H is positive
definite. The second statement follows immediately:
HP = (BAB" +Q'Q)P =BAB" =PT (BAB" +Q'Q) =P'H
O

For computational aspects of projectors calculus we refer to [LMT13], where the projec-
tors are determined by matrix decompositions.

A.2 Generalized Inverse

We report the (basic) definitions and relations of generalized inverses needed for our
considerations. A more detailed look on this topic is provided by, for example, [BIGO3,
BOTI].
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Definition A.11. With A~ € R™™ we denote a pseudoinverse and {1,2}-inverse of
A e R™™ if

AATA=Aand A AA" = A"
are fulfilled.
Lemma A.12. A pseudoinverse A~ € R™*™ exists for every A e R™*".

Proof. For every A e R™*" it exist nonsingular matrices S € R™*™ and T € R™*" with

1o e [T 0]
sr- [} T wansi [t O

with [ € R™" and r = rank A. The matrix

_ I X
e

fulfills all necessary properties, where Y € R(™x7 X e R™ (") are arbitrarily, see

BOTI]. 0

Lemma A.13. The matrices AA~ € R™ and A~A € R™ " are projectors onto im A
and along ker A.

Proof. The projector properties are clear due to the definition of the pseudoinverse. It
remains to show im AA™ = im A and ker AA = ker A. We show the first identity. We
have:

(©) xeimAA” =x=AA"z=x=Ay=xecimA

(2) xeimA=x=Az=x=AA"Az=x=AA"y=xeimAA~
The second identity is completely analog. O]

Let R € R"™"™ be a projector onto im A and P € R™*™ a projector along ker A.

Theorem A.14. Let R € R™™" be a projector onto im A and P € R™*™ a projector
along ker A. The choice

(i) AA =P
(i) AA- =R

is always possible.
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Proof. Let be I € R™*" and r = rank A. It exists nonsingular matrices S € R™*"™ and
T e R™™ with

_ 1 X [T 0] a1 x
wer[ &saa-r[l o wian st X]s
see proof of Lemma

(i) Let be z € ker P = ker A~A. Then y € ker Py = ker Py with

P, = T 'PT, P, = ll and y = T 'z

0
Y 0
The matrices Py and P, are projectors with the same nullspace. We have

and hence we obtain

o P]_71 O 2 o P%,l 0
P = [Pm O] and Py = [PMPM 0|

Since P; is a projector we conclude that Py, is a projector, too, and Py o = P12Pq;.
Assume P, ; # I, that is, Py is singular. Then there exist y; # 0 with Py ;y; = 0 and
Piy = 0 with y = (y1,y2). With y; # 0 we obtain

o= (35,) < )

which is a contradiction to the property that both nullspaces equals. Hence P; ; = I and

I 0
-1 _
T PT_[PM O]

with Y = PLQ.

(ii) Let be z€ imR = im AA~. Then y € imR; = im Ry with

R, =SRS™!, R, = [(I) iﬂ and y = Sz.

The matrices Ry and Ry are projectors with the same image. We have
y€imRy =y = (y1,0) with y = (y1,y2)

and hence we obtain

2
R, = lRé’l R(l)’Q] and R} = {Ré’l R1’10R1’2] .
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Since R; is a projector we conclude that R;; is a projector, too, and R;2 = Ry 1R .
Assume R;; # I, that is, Ry, is singular. Then there exist y; # 0, y; € R", with
Ri1y1 = 0. Thus y; ¢ imR;; and hence (y1,0) ¢ imR;. But (y1,0) € im Ry since

Yy _ I X (v
0 0 0f\0)/)"
That is a contradiction to the property that both images equals. Hence R;; = I and

-1 _ I RLQ
o1 - [1

with X = R1,2' ]

A proof of Theorem is already given in [BIG03|, Chapter 2, Theorem 12. But the
proof given above provides a way to construct the pseudoinverse A~ explicitly with the
special choice above.

Lemma A.15. Let R € R"™" be a projector onto im A and P € R™*™ a projector along
ker A. The pseudoinverse A~ together with

ATA =Pand AA” =R
is uniquely determine.
Proof. Let B be a pseudoinverse of A too. Then:
B=BAB=BR=BAA™ =PA™ = A"AA" = A"
O

Definition A.16. With At € R™™™ we denote the Moore-Penrose pseudoinverse and
{1,2,3,4}-inverse of A € R™*™ if

AATA = A ATAAT = A*
A*A = (ATA)' AA*T = (AAT)T
are fulfilled.

The Moore-Penrose pseudoinverse is a special pseudoinverse. In contrast to a pseudoin-
verse we require also that A™A and AA™ are orthogonal projectors

Lemma A.17. A Moore-Penrose pseudoinverse A" exist for every A € R"™*".

Proof. Let A = ULV’ be a singular value decomposition. The Moore-Penrose pseu-
doinverse is given by

D!t 0 D 0
+ == T ==
A —V[O O]U and X [0 O]'
The necessary properties follow immediately. O]
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An essential difference between the pseudoinverse A~ and the Moore-Penrose pseudoin-
verse AT is the uniqueness of the latter.

Lemma A.18. The Moore-Penrose pseudoinverse At of A € R™*" is uniquely deter-
mine.

Proof. Let B be also Moore-Penrose pseudoinverse of A. Then
B = BAB = B(AB)" = BBTAT = BBT (AA*A)' = BBTAT (A*A)'
—B(AB)" (A*A)' = BABAA* = BAA™ = (BA)" ATAA*
— (BA)" (ATA)T AT = ATBTAT (A*)TA* = (ABA)" (A*) " A7
— AT (A*) AT = (ATA) AT = ATAAY = AT
is valid. O

Lemma A.19. The matrices AAT € R™*™ and AT A € R™ " are projectors along ker A T
and onto im A",

Proof. The projector properties is clear due to the definition of the pseudoinverse. It
remains to show ker AAT = ker AT and imATA = im AT. We show the first identity.
We have

ker AA™ = ker (AAJ“)T = (im AAJF)L — (imA)" = ker A",
The second identity is completely analog. O
Remark A.20. If A € R"*" is nonsingular, the pseudoinverse and the inverse coincide.
Lemma A.21. Let A € R™*™ be positive definite and B € R¥*™. Then
imB*B = imB*BAB"
holds true.

Proof. We show both inclusions.

(c) Let be x € imB*B. Then there exists y € R™ such that x = B*By and z € im B
with z = By. Lemma leads to z € im BABT and there exists u € R* such that
z = BABTu. Hence we obtain x = B"BAB u and x € im B*BAB.

() Let be x € imB*BAB'. Then there exists y € R* such that x = B*BABTy.
Choosing z = AB"y we obtain x = B*Bz and x € im B*B.

O

For computational aspects of generalized inverses calculus we refer to [LMT13|, where
the generalized inverses a determine by matrix decompositions.
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B Graph Theory

In this section we want to introduce elementary basics derived from the theory of graphs
and digraphs. For more details we refer the reader to [Die05]. First, we start with some
basic notation and definitions. Roughly speaking, a graph is a set of edges and the ends
of the edges are called nodes. If all edges own an orientation then the graph is called a
digraph. Let N be a set. Then |[N| € N is the number of elements in N.

Definition B.1 (graph, node, edges). A graph G is a tuple of finite sets G := (N, &)
such that &€ € N x N with [N, |€| < c0. We call an element of the set N' node and of
the set £ edge. In general each edge corresponds to an unsorted tuple of nodes denoted
by e = (ny, ny) and e = (ny, ny), respectively, with e € £ and ny, ny € N'. We call n a
node of G if n € A and e an edge of G if e € £.

A graph, where edges correspond to an unsorted tuple of nodes, is called undirected
graph. We say that two nodes n; and ny, of G are adjacent if either e = (ny, ny) or
e = (ng, ny) are edges of G. In case of e = (ny, ny) we say that n; is the front node and
ny is the back node of edge e. A node n of G is called incident to an edge e of G if n is
the front or back node of e. Two edges e; and e, of G are called incident if these edges
have one common node n of G and an edge e of G is called incident with a node n of G
if the node n is the front or back node of the edge e .

A common approach to illustrate a graph is drawing a dot for each node and joining two
of dots by a line if there exists an edge between these two dots. How to draw the dots
and edges is considered irrelevant because all relevant information is the node-to-edge-
relation. Hence the representation of a graph is not unique.

For further investigations we exclude the possibility to have an edge with the same front
and back node.

Definition B.2 (digraph). A digraph G is a graph, where each edge corresponds to a
sorted tuple of nodes. We say that the edges are orientated.

In case of digraphs the representation of edges are considered as arrows instead of lines.
Each digraph G we can assign an undirected graph by dropping the edge orientation. If
we speak about graphs we include digraphs by the assigned undirected graph.

Definition B.3 (path). A set of n edges {e1,..., e,} < & of a graph G is called a path
between n; and ns if:

(i) the edges e; and e;,1 are incident, i € {1,..., n — 1}
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(ii) each node is incident to at most two edges
(iii) the nodes nj, ny belong to exactly one edge of the set

Definition B.4 (Connected graph). A graph is called a connected graph if there exists
at least one path between any two nodes of the graph. Otherwise we call the graph
disconnected.

For defining loops, trees and cutsets of a graph we need the following definition of a
subgraph.

Definition B.5 (subgraph). A graph G’ := (N, &’) is called a subgraph of G if N' € N,
E' < &€ and & < N x N'.The difference graph G\G’ is given by G\G' = (N, E\E’) and
for e € £ we define (G\G') U {e} = (N, (E\E') U {e}).

Next we can define loops, trees and cutsets of a graph.

Definition B.6 (loop). A subgraph G’ of a connected graph G is called a loop if it is
connected and precisely two edges of it are incident with each node.

Definition B.7 (tree). A subgraph G’ of a connected graph G is called a tree if:
(i) G’ is connected
(ii) G’ contains all nodes of G
(iii) G’ has no loops

It should be mentioned that we can construct a tree for each connected graph. Further-
more each tree of a connected graph with |[A| nodes consists of exactly |N| — 1 edges,
see [Die05] Proposition 1.5.3 and 1.5.6.

Definition B.8 (cutset). A subgraph G’ of a connected graph G is called a cutset if:
(i) G\@' is disconnected
(ii) For every ¢ € £ the graph (G\G’) u {€'} is connected

Now we will focus on digraphs and combine some linear algebra with graph theory by in-
troducing the so-called incidence matrix for digraphs. We obtain a matrix representation
for a graph, which shows the relationship between nodes and edges.

Definition B.9 (incidence matrix). Let a digraph G with |N| nodes and || edges be
given. The incidence matriz denoted by A, € {—1,0, 1}W|X|g‘ is defined as A, = (a;;)
with
1 if the edge j leaves the node 1,
a;; = { —1 if the edge j enters the node i,

0 else.
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By definition of the incidence matrix A, of a connected digraph it is easy to see that
the rows are linear dependent. To be more specific the sum of all rows of A, equals
zero. This is caused by the fact that each column contains exactly one 1 and one —1
and all other entries are zero. This becomes obvious if one observes that each column
corresponds to exactly one edge and each edge has two incident nodes. Hence one row
of the incidence matrix can be neglected in order to describe the graph. That node
corresponding to the neglected row is called reference node and can be chosen freely.
Erasing one row of A, we obtain the so-called reduced incidence matriz A. In literature
the reduced incidence matrix A is often called only incidence matrix A. In our case we
will name the matrix A incidence matrix too.

ng € ny N3 €5 ny
€2 €3 €4 €2 €3 €4
€1 €1
g oy 1 N9
(a) undirected graph (b) digraph

Figure B.1: An undirected graph and digraph with four nodes and five edges.

Example B.10. Regarding the graph G = (N, ) in Figure the set of nodes is
given by N = {nj, ny, n3, ny} and the set of edges by £ = {ey, ey, €3, 4, e5}. The graph
G is the undirected version of the digraph in Figure [B.1(b)] Obviously the graph G is
connected. A loop is given by the edges {ej, e4, e3}, but not by the edges {es, e5}. The
last set of edges builds a path starting in node n; and ending in node ny. In this case
the set describes a cutset, too. A tree is given by the edges {ej, e3, e5}. Choosing the
node ny as reference node the incidence matrices are

_11 _01 (1) _01 U 1 =11 0 0
A, = and A=|-1 0 0 -1 0
o 1 0 0 -1 0 1.0 0 -1
o o0 -1 1 1
respectively.

In the following we collect some facts about incidence matrices.

Theorem B.11. The incidence matrix A of a connected graph G with || nodes has
IN| — 1 linear independent rows.
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Theorem B.12. A subgraph G’ of a connected graph G with |€’| edges has loops if and
only if the columns of the incidence matrix A corresponding to these |E’| edges are linear
dependent.

Theorem B.13. Let A be the incidence matrix of a connected graph G with |N| nodes.
Then |N| — 1 columns of A are linear independent if and only if the edges of these
columns form a tree.

We refer the reader to Appendix A.1 in [Tis04] for the proofs.
Remark B.14 (Incidence matrices). We note the following:

(i) An incidence matrix Ax of a subgraph has full column rank if and only if there is
no loop (in the subgraph), that is, no X-loop, see Theorem m

(ii) Let [Ax Ay] denote the incidence matrix of a connected graph. Then A} has
full column rank if and only if there is a spanning tree of elements from Ay, that
is, no Y-cutset, see Theorem [B.13]
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C Auxiliary Calculations

C.1 Topological Projectors

Let the network edges be sorted in such a way that the (reduced) incidence matrix A
has the form

Az[Ac Ax Ar Ay AI],

where the index stands for capacitive, (extended) resistive, (extended) inductive, (ex-
tended) voltage source and current source edges, respectively.

In order to describe different circuit configuration in more detail we will introduce some
useful projectors.

We denote by

Qc, Qo-v: Qv_c, Qr_cv and Qcgy
projectors onto
ker AL, ker QhAy, ker ATQe, ker ATQoQy_c and ker[Ac A Ag]',

respectively. All complementary projectors will be denoted by P = I — Q with corre-
sponding subindex.

In the following we show that Qqgvy = QcQyv_cQr_cv is a valid construction. That
special construction goes back to [ET00], here it is slightly extended them to an enlarge
class of network edges.

At first we introduce some notation and results concerning special cutsets and loops to
motivate the projectors above.

Definition C.1 (LI-cutset). A cutset is called Ll-cutset if and only if the cutset contains
(extended) inductors and current sources only.

Lemma C.2 (LI-cutsets). Let a connected circuit be given. The circuit does not contain
an Ll-cutset if and only if

(i) the matrix [Ac Agx Ay has full row rank or
(ii) the projector Qqgry is equal to the zero matrix.

Proof. See Lemma 1.2 in [Tis04]. O
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Definition C.3 (CV-loop). A loop is called CV-loop if and only if the loop contains
capacitors and (extended) voltage sources only.

Lemma C.4 (CV-loops). Let Q¢ be a projector onto ker Al. The circuit does not
contain a CV-loop with at least one (extended) voltage source if and only if

(i) the matrix QJAs has full column rank or
(i) the projector Q_y is equal to the zero matrix.
Proof. See Lemma 1.3 in [Tis04]. O
Next we construct the projector Qqgy. For that we need the following lemmata.
Lemma C.5. The relations
(i) imP¢ < ker Py
(i) imPy_o < ker Pg_v
(iii) im P < ker Py_v
hold true.
Proof. Straightforward computations show the results.
(i) x € ker Qe = A%QcX =0=xeimQy_c

(il) xekerQy_¢ = ALQcQy_x=0=xeimQg_ ¢y

(iii) x € ker Qc g A%QCQV_CX =0=xeimQg_cv

[
Corollary C.6. The relations
(i) Py_cPo =0+ Qy cQc=Qc+Qy ¢ —1
(i) Pr_ovPo =0« Qr_cvQc = Qo + Qr_ov — I
(iil) Pr_ovPy_c =0 < QrocvQv_c = Qv_c + Qr-cv — I
hold true. [
Lemma C.7. QcQy_ is a projector.
Proof. Using Corollary we get
(QcQv_¢)* = Qc (Qc+ Qo — 1) Qv_¢ = QeQy -
[
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C Auxiliary Calculations

Lemma C.8. QcQv_cQr_cv is a projector.
Proof. Using Corollary and Lemma we get
(QeQv-cQ_cv)” = QeQy_c (Qc + Qrcv — 1) Qu_cQr_cv
= QoQy_cQr-cvQv-cQr-cv
= QcQv—c (Qv—c + Qr_cv — I) Qrcv
= QcQv_cQr-cv-

Lemma C.9. The relations im QcQvy_cQgr_cv < im Q¢ hold true. [

Lemma C.10. The matrix QcQvy_-Qgr_cv is a projector onto ker [AC Ag AV] .
Proof. We have to show two inclusions.

(S) Let be x € imQcQy_cQr_cv. Then x € im Qg = ker AL, We obtain x € ker A%
since im Qg_cy = ker A%QCQV,C- Due to im Qy_q = ker A%QC we get X € ker A%

and we conclude im QcQvy_Qr_cv < ker [AC Ag AV]T.

(2) Let be x € ker [Ac Ag AV]T. Then we get x € im Q¢ and also x € ker A%QC.
Consequently, we gain x € im Qy_ and thus x € im QcQvy_. From x € ker A%
we obtain x € ker AfQcQy_¢ and hence x € im Qg_cy. Accordingly, we achieve

x € im QcQy_Qgr_cy and therefore ker [Ac Ay Av]T < im QcQyv_cQr_cv-
O
Lemma C.11. The relation ker Q¢ < ker Qqgv hold true.

Proof. We use Lemma [C.5 Let be x € kerQc. Then x € im Qy_ and we achieve
x € ker QcQy_¢. Therefore x € im Qf_c and thus x € ker Qcgv. O

Corollary C.12. The matrix
Qcrv = QeQv_cQr-cv

is a projector onto ker [Ac Ag AV]T and the relation Q gvQc = Qv holds true. [

C.2 Electric Network

Lemma C.13. Let Assumption and be fulfilled. For the DAE (4.8) we get

Qt —QLAMM (qu,t) " 0 0
0 0 00
0 0 01
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Proof. We compute a projector along im Gg (y,t). In order to determine such a pro-
jector we calculate a projector onto ker Gy (y, t)T, see Remark with

AcC (AL, t)" AL 0 0 0
A, M (qui, t) " 0 0

Go (v,t) = M M; ,
o (¥:1) 0 0 L(j,t)" 0
0 0 0 0

see ([1.9). Let be z € ker Go (v, t)". This it true if and only if

Ze € im QC
-T
-M (ql\/h t) AK/IZe,t = Zgy
Zj, = 0

hold true, using Assumption [4.4] and Lemma [A.3] We can choose a projector onto
ker G (v,t)" and along im G (y, t) by

Qc 0 00
T_ | ~M(aw,t)" A Qe 0 0 0
0 0 0 I
and
QL —QLAMM (qu,t)™" 0 0
0 0 0 0
WO (Y7t) = 0 0 O 0 9
0 0 0 I
respectively. O

Lemma C.14. Let Assumption and be fulfilled. For the DAE (4.8]) we get

Qlrpmy 0 0 0

0 00 0

Wi = 0 00 0
0 00 Qly

Proof. We compute a projector along im Gy (y,t). On this we determine a projector
onto ker Gy (v,t)", see Remark . Hereby we investigate

Get)! —QIAM  —QIAL QIAy

Al M(qunt)' 0 0

Gi(y,t)" = M : ,
1) 0 0 LG,t)" 0
Al 0 0 0
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with G (e,t) = AcC (Ale, t)T Al + ARG (Afe, t)T AR Qc, see (4.13).
Let be z € ker Gy (y,t)". That is true if and only if

(ACC (Ale,t) AL+ QUARG (Afe,t) ' Ag) Ze — Qb Anzqy + QUAvVzZ, =0 (C.1)
—M (qum, t)_T Alze = Zqy (C.2)

ZjL:O

A\T,ze =0 (C.3)

hold true, taking Assumption and into account. Left-multiplication of (C.1)) by
Q{, yields

QEARG (Al—;ea t)T A;{Ze - QEAMZQM + QEAVZJV =0

and subtraction of (C.I]) leads to z. € im Q¢ by applying Lemma [A.3] Using z, € im Qc
and ((C.2) we can rewrite (C.1]) as

T _
GARG (Afe,t) ALQoze + QEAMM (au, t) ™| A Qeze + QLAvz;, = 0.
Left-multiplying that by z! leads to z. € ker [AR AM]T by taking ((C.3) into account.
Together with (C.3) we attain z. € im Qcrmy. From (C.2) we obtain z,,, = 0 and (C.1))
yields

T .
QcAvzi, = 0 and z;, € im Qc_v,

that is, we can choose a projector onto ker Gy (y, t)T and along im G4 (y, t) by

Qcrmv 0 0 0 Qlgyvy 0 00
S R 0 00 o0
Wi 0o o0 o |[MWi=] o 90 o |
0 0 0 Qc-v 0 00 Qly
respectively. O

Lemma C.15. Let Assumption and be fulfilled. For the DAE (4.8]) we get

Ni (v,t) = {z € R"|Qcze € im Qermv, 7jy, € im Qe-v, Zqy = 0,
Pcze = —HC (Age, t) ! AvQC,\/ZjV, L (jL, t)_l AEQCZe = ZjL} .
Proof. Let be z € ker Gy (y,t). This is holds if and only if

AcC (Ale,t) Al + ARG (Afe, t) AL Qeze + Anizay, + Avzy, = 0, (C.4)
M (qum, t)_1 A Qcze = 7qy, (C.5)
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L (jLa t)il AEQCZe = Zj,

AI/QCZe = 07 (CG)
are valid, see (4.13) and using Assumption and [4.9] Left-multiplication of (C.4) by
z! QL and inserting (C.5)) give rise to

z! QLARG (A;Le, t) AL Qcze + 2] QLAMM (qur, t)_l Al Qoze + ZIQEA\/ZJV =0
Utilizing (C.6) leads to Qc¢ze € ker [AR AM]T by using Lemma |[A.3] We attain z,,, = 0
and together with (C.6]) to Qcze € im Qermy. Left-multiplication of (C.4)) by Q/ results

m

QLAvz;, = 0 and z;, € im Qc_v.
Moreover we can reduce to
AcC (Age, t) Agze + Ayz;, =0
which can be rewritten as
He (Ale, t) Peze + Avzy, =0,
where He (Ale,t) = AcC (Ale,t) Al + QLQc is positive definite, see Lemma

Hence we deduce that
Qcze € im Qcrmv
Zj, € im QC—V
Zgyy = 0
-1
Pcze = _HC (Age,t) AvQC_vzjv
L (ju. t) 7" A Qeze = 7,
hold true and yields the representation
Ni(y,t) = {z € R"|Qcz € im Qcrmv, 2y € im Qc—v, 2qy = 0,
~1 ) _
Poze = —He (Ale,t) ~ AvQe-vziy, L (ji, t) PATQeze = ZjL} :
H

C.3 Field/Circuit System using Coulomb Gauge

Lemma C.16. Assume Assumption [4.4] and Property to be fulfilled. For the
DAE (5.2)) we get

Wy =

OOOOOOCQ
DO DO OO oo
DO OO HOO
OO O HO OO
OO, OO OO
SO OO oo o
S OO OO oo
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Proof. We compute a projector along im Go (y,t). In order to determine such a pro-
jector we calculate a projector onto ker Gy (y, t)T, see Remark , with

AcC(Ale,t) AL 0 00 0 —AgATM! 0
0 L(,t)" 0 0 0 0 0
0 0 000 0 0
Go (v, )" = 0 0 000 0 0],
0 0 000 —SM 0
0 0 000 0 I
0 0 000 M 0

see (5.3), using Assumption and Property . Let be z € ker Gy (y,t)T. This is
valid if and only if

Ze € im Q¢
ZjL =0
zg, =0
7z, =0

hold true, using Assumption and Lemma [A.3] We can choose a projector onto
ker Go (v,t)" and along im G (y, t) by

and Wy =

OOOOOO(&O
SO OO O oo
SO OO HOO
OO O HO OO
SO H OO OO
SO OO oo oo
SO OO o oo
OOOOOO&%
OO DO OO oo
S oo o HOO
O OO H-HO OO
S OoOoOHO O OO
SO OO o oo
SO OO o oo

respectively. O

Lemma C.17. Let Assumption [4.4] and Property be true. For the DAE (5.2)

we get

[ Qlry ~QlrvAr

Wy

coocococoo
cocoocof@io o
co—~ococoo
coocococoo
coocococoo

o O O O O
o O O O O
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Proof. We compute a projector along im G; (y,t). On this we determine a projector
onto ker Gy (y,t)", see Remark . Hereby we investigate

[Glet) —QLAL QGAv 0 0 —ApATM! —QJAgA]]
0 LG,.t)" 0 00 0 0
A7 0 0 00 0 0
Gi(y,t) = | Al 0 0 10 0 0 :
0 0 0 00 —S,M —S.
0 0 0 00 0 I
0 0 0 00 M 0 |

where G (e, t) = AcC (Ale, t) AL+QIARG (Afe, t) A, see (5.7), using Assumption|3.31]
and Property . Let be z € ker Gy (y, t)T. This is valid if and only if

<ACC (Ale,t) Al + QLARG (Afe,t) Aﬁ) Ze + QU AvZ, =0 (C.7)
ZjL = O
Ayz. =0 (C.8)
Zig = _A;E—Ze
zg, =0
2z, =0

hold true, taking Assumption into account. Left-multiplication of by Qf yields
QUARG (Afe,t) | Afze + QGAvz, =0 (C.9)
and subtraction from leads to
AcC (Ae,t) Adze = 0.

Hence we obtain z, € im Q¢ due to Lemma . Left-multiply (C.9) by z! and taking
(C.8) into account leads to ze € im Qcry. From (C.9)) follows that z;, € im Qc_v. Hence
we deduce

Ze € im Qcry

ZjL = O

Zjy, € im QC—V

Zig = —A]T:QCRVZe
zg, =0

7z, =0
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and we can choose a projector onto ker G (y, t)T and along im G4 (y,t) by

[ Qcrv 0O 0 000 O]
0 0 0 00 0O
0 0 Qc_v 0 0 0 O
W) =|-AfQecrv 0 0 0 00 0
0 0 0 0I 0O
0 0 0 00 0O
| 0 0 0 00 0 0]
and
[ Qlry 0 0 —QlrvAr 0 0 O]
0 0 0 0 0 0O
0 0 Qv 0 0 0O
W, = 0 0 0 0 0 0 0f,
0 0 0 0 I 00
0 0 0 0 0 0O
| 0 0 0 0 0 0 0]
respectively. O

Lemma C.18. Let Assumption [4.4] and Property be true. For the DAE ([5.2)
we get
M (y,t) = {z€ R" | Qcze € im Qcry, 2j, € im Qo_v,
- —1
L (jr, t) " Al Qoze = 7, Peze = —Hg (Ale,t)  AvQo-vzjy, zj, =0,
AuA]sze — Guzy, = 77 AuA]T:QCZe — Guzg, = zau}.

Proof. Let be z € ker Gy (y,t). This is valid if and only if

(AcC (Ale,t) Al + ARG (Afe, t) ALQe) ze + Avzy, =0 (C.10)
L (j,t) " A Qoze = 7,
AVQcze =0 (C.11)
Zj, = 0
AUAEZe — Guzg, = 77,
AHAEQCZe — Guzg, = 73,

hold true, see (5.3)), using Assumption [4.4] and Property Left-multiplication
of (C.10) by z! Q and taking advantage of (C.11]) results in Qcz. € ker A} due to
Lemma [A.3] From (C.11)) we attain Qcz. € im Qery. With this (C.10) reduces to

AcC (Ale,t) Alze + Avzy, =0 (C.12)
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which can be rewritten as
HC (Age, t) Pcze + AVZjv = 0,
where Hcg (Age,t) = AcC (Age,t) AL + QLQc is positive definite, see Lemma
Left-multiplication of (C.12)) by Q/ leads to z;, € im Qc_v. Hence we deduce that
Qcze € im Qcry
Zjy, € im QCfV
ZjE =0
~1
Pcze = _HC (Age,t) AvQC,szV
L (ju, t) 7" AL Qoze = 7,
AyALze — Guzg, = 27,
AuAEQCze — Guzg, = 73,

hold true and we obtain

N (y,t) = {z€ R" | Qcze € im Qcry, 2z, € iIm Qe_v,
. _ -1
L (.]Lvt> ! AEQCZG = Zj,, PCZe = _HC (Age7 t) AVQC*VZJ'V? Zip = 07
AuAI—gZe — Guzg, = 27, AuAchZe — Guzg, = zau}.
O

C.4 Field/Circuit System using Lorenz Gauge
Lemma C.19. Let Assumption [4.4] and Property be true. For the DAE (/5.18)

we get

Q¢ 0

Wy =

S OO OO

S OO OO

O OO -HO O
OO O HO OO
SO O OO oo
S OO O oo o
S OO OO oo

0 00

Proof. We compute a projector onto ker Go (y,t). On this we determine a projector
along ker Gy (y, t)T, see Remark . Hereby we investigate

AcC(Ale, )AL 0 00 0 —AgATM® 0
0 LG,t)" 00 0 0 0
0 0 00 0 0 0
Go (v,t)" = 0 0 0 0 0 0 0f,
0 0 0 0 S,M'G, —S.M! 0O
0 0 00 0 0 I
0 0 00 0 M 0
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see (5.19)), using Assumption and Property Let be z € ker Gg (y,t) . This is

valid if and only if

Ze € im Qg
ZJL = 0
zg, =0
zz, =0
Z¢>u = 0

hold true, due to Lemma and Assumption 1.4l Hence we can choose a projector
onto ker Gy (y, t)T and along im Gy (y, t) by

W, = and W, =

OOOOOO(&O
SO OO O oo
[N oNoNall e lNo)
OO O HOOO
SO DO oo oo
S OO oo oo
SO OO o oo
OOOOOO&%
S OO OO oo
S oo o HOO
O OO H-HO OO
SO OO o oo
SO OO o oo
SO OO o oo

]

Lemma C.20. Assume Assumption [4.4] and Property to be fulfilled. For the
DAE (5.18) we get

—QlrvAE
0

O T
QCRV

Q

\%

SO OO o oo

0
0
T
C—
0
0
0
0

O O OO O oo
O O O OO oo
O OO OO OO

0
0
0
0
0
0

o O O O O

Proof. We compute a projector along im Gy (y,t). On this we determine a projector
Wi (v,t)" along ker Gy (y,t)', see Remark |A.8 where

Gle,t)! —QEAL QIAy 0 0 —AgATMY —QlAgA] ]
0 L@Gut) 0 0 0 0 0
Al 0 0 0 0 0 0
Gi(y,t) = | AL 0 0 I 0 0 0 :
0 0 0 0 SM'G, —S,M 0
0 0 0 0 0 0 I
0 0 0 0 0 MY 0o |
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see (5.20), with G (e, t) = AcC (Age, t) AL+ARG (Al_T{e, t) A Qc, using Assumption@
and Property Let be z € ker Gy (y,t)". This is valid if and only if

(AcC (Ade, )" AL + QARG (Afe,t) " AR) 7 + QlAvzy, =0 (C.13)
ZjL = O
AVze =0 (C.14)
Zijg = _Agze
zg, =0
2z, =0
Zg, =

are valid, taking Assumption into account. Left-multiplying by Qf yields
QEARG (Afe,t) " Afze + QlAvzZ, =0 (C.15)
and subtraction from leads to
AcC (Ade,t) " Alz, = 0.

We obtain z, € im Q¢ due to Lemma . Left-multiplying (C.15) by z! and taking
(C.14) into account leads to z, € im Qcry. Hence we deduce that

Ze € iIm Qcry

ZjL =0

Zjy, € im Qc_v

Zip = —ALQervZe
zg, =0

gz, =

Zg, =

hold true. We can choose a projector onto ker G (v,t)" and along im Gy (y,t) by

Qv 0 0 0000

0 0 0 00 0O

0 0 Qc—v 0 0 0 O

W/! = | ~ALQcry 0 0 0000
0 0 0 00 0O

0 0 0 00 00O

. 0 0 0 0000
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and
0 0 0 0 0 0O
0 0 ngv 0 0 0O
W, = 0 0 0 0 00 0f,
0 0 0 0 0 0O
0 0 0 0 0 0O
| 0 0 0 0 0 0 0]
respectively. O

Lemma C.21. Let Assumption [4.4] and Property be true. For the DAE (5.18))
we get
N (y,t) = {z€ R" | Qcze € im Qcry, 25, € im Qv
.- -1
L (jr,t) " Al Qoze = 7, Poze = —Ho (Ale,t)  AvQo-vzj,,
(i, 26,) = 0, /\HAEZe =77, AuAchze = Zau}.

Proof. Let be z € ker G (y,t). This is valid if and only if

(AcC (Ale, t) Al + ARG (Afe, t) ALQc) ze + Avzy, =0 (C.16)
L (j. t) " A{ Qeze = 7,
AVQcze =0 (C.17)
Zj, = 0
AUAEZG =77,
Zgp, = 0

-
NAEQeze = 73,

hold true, see (5.20)), using Assumption [1.4] and Property [3.32] Left-multiplying
(C16) by z! Q¢ and taking (C.17) into account result in Qez, € ker A} due to LemmalA.3|
We attain Qcze € im Qcgry using (C.17)). With this we reduce (C.16|) to

AcC (Age, t) Agze + AVZJV =0 (018)
which can be rewritten as
Hc (Age, t) Poze + AVZJV =0,

where He (Ale,t) = AcC (Ale,t) Al + QLQc is positive definite, see Lemma [A.10]
Left-multiplication of (C.18) by Q(, leads to z;, € im Qc_v. Hence we deduce that

Qcze € im Qcry

Zj, € im QCfV
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ZjE =0
Zgp, = 0
-1
Pcze = _HC (Age,t) AVQC—VZjV
L (i, t) " A{ Qoze = 7,
AHAEZe =75,

-
A AEQeze = 73,

are valid and in the end we achieve

N (y,t) = {z€ R" | Qcze € im Qcry, 2z, € Im Qe_v,
) _ -1
L (.]L7 t) ! AEQCZe = Zj1,» PCZe = _HC (Ageut) AVQC*VZJ‘VJ
(Zigs Zpy) = 0, AUAEZC =77, AHAEQCZC = zau}.
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Notation

Abbreviation

ODE ordinary differential equation

DAE differential algebraic equation

MNA modified nodal analysis

Ivp initial value problem

BDF backward differentiation formulas

KCL Kirchhoft’s current law

KVL Kirchhoft’s voltage law

ME Maxwell’s equations

EM electromagnetic

MQS magnetoquasistatic

PEC perfectly electric conducting

FIT finite integration technique

MGE Maxwell’s grid equations

[-cutset cutset of current sources

LI-cutset cutset of inductors and current sources

LEI-cutset cutset of inductors, EM devices and current sources

V-loop loop of voltage sources

CV-loop loop of capacitors and voltage sources

General

3 there exists

v for all

N naturals

Z integer

R real numbers

R real n-dimensional vector space

A e R™™ and A € Z™™ matrix with n rows and m columns

I identity matrix

S set

|S| number of elements in S

dim S dimension of a vector space &

St orthogonal complement of § < R"™ with respect to
the standard scalar product on R”

A interval

D domain of definition

{ai, ..., a,} set consisting of the elements aq, ..., a,



x e M

Matrix Chain and Subspaces

Ci(Z,D)
Ch (Z,D)
D(y,t)
G0 (Y> t)
Bo (Za Y, t)
Gl (Z7 Y, t)
NO (Y7 t)
SO (Z7 Y, t)
Nl (Z7 Y t)
‘Sl (Z> Y, t)
MO (t) and Hl (t)
M (t)

Projectors

QO (Y7 t)

x is an element of the set M

X is not an element of the set M

M is contained in N/

M is not contained in N/

union of M and N/

intersection of M and N

direct sum of M and N

product set of M and N

function that maps from M into N

partial derivative of f with respect to x

total derivative of f with respect to t
function norm

linear space of k-times (k > 0) continuously differen-
tiable functions f: M — N, M < R™ and N < R"
open

image of the matrix A

kernel of the matrix A

rank of the matrix A

determinant of the matrix A

transpose of the matrix A

pseudoinverse of the matrix A
Moore-Penrose pseudoinverse of the matrix A
inverse of the matrix A

transposed inverse of the matrix A

normal vector

tangential vector

={yeC(Z,D) |d(y(),")eC (Z,R™)}
={yeC(Z,D) |D()y()eC (Z,R™)}
= %d (Y7t)

=A(y,t)D(y,t)

= £[A(y,t)z+b(y,t)]

= GO (Y7 t) + BO <Z7Y7 t) QO <Y> t)

= ker Gq (y, t)

= {veR"By(z,y,t)veimGq(y,t)}

= ker Gy (z,y,t)
={veR"By(z,y,t)Po(y,t)veimGy (y,t)}
obvious and hidden constraint set
index-2 constraint set

projector onto ker G (y, t)



Py (Y7 t) =1-Qo (Y7 t)

Qi1 (z,y,t) projector onto ker Gy (z,y,t)

Py (Z7 Y, t) =1-Q (Z7 Y, t)

T (z,y,t) projector onto Ny (y,t) N So (2,7, 1)

U (z,y,t) =1—-T(z,y,t)

Wy (v,1t) projector along im Gy (y, t)

Wi (z,y,t) projector along im Gy (z,y, t)

R (t) projector onto im D (y,t) and along ker A (y, t)

Electric Network

AR, Am, AL, Ac, Ag, Ay, A; incidence matrix of elements

e node potential

am charges through the memristors

M currents through the memristors

L currents through the inductors

jv currents through the voltage sources
JE currents through the electromagnetic devices
v (1) given voltage sources

i (t) given current sources

qc (u,t) charges of capacitors

gr (u,t) currents of resistors

oL (j, t) fluxes of inductors

o (q,t) fluxes of memristors

C (ll, t) = aiqc (u7 t)

G (u7 t) = u8R (u7 t)

L(jvt) = a%qu (jvt)

M (qv t) = %QSM (qa t)

Projectors for Electric Networks

Qc projector onto ker A,

Pc =1-Qc

Qc_v projector onto ker QLAvy

Pc v =1-Qc-v

Qv_c projector onto ker Ay Q¢

QryM_cv projector onto ker [AR AM]T QcQl v
QcrMmv projector onto ker [Ac Ay Ap AM]T
Pcrmv =1 — Qcrmv

Qr_cv projector onto ker A QcQf_v

Qcry projector onto ker [Ac Av AR]T
Pcry =1—Qcrv

Electromagnetic Field
E electric field



el S A I TR S ol /== 11

magnetic field

electric induction
magnetic induction
distribution of charges
conduction current density
displacement current density
total current density
permittivity

reluctivity

conductivity

artificial material property
artificial material property
scalar potential

vector potential

auxiliary vector field

Discrete Electromagnetic Field

Vector Analysis
\va

\Y

V x

A

v2

reduced) discrete electric field strength

reduced) discrete magnetic field strength
reduced) discrete electric induction density
reduced) discrete magnetic induction density
reduced) discrete distribution of charges density
reduced) discrete conduction current density

( )

( )

( )

( )

( )

( )

(reduced) discrete total current density

(reduced) discrete permittivity matrix

(reduced) discrete reluctivity matrix

(reduced) discrete conductivity matrix

(reduced) discrete artificial material property matrix
(reduced) discrete artificial material property matrix
(reduced) discrete scalar potential

(reduced) discrete vector potential

(reduced) discrete auxiliary vector

(reduced) discrete divergence operators

(reduced) discrete gradient operators

(reduced) discrete curl operators

excitation matrix

divergence operator
gradient operator

curl operator

Laplace operator
vector Laplace operator
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