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Abstract

Subject of this thesis is the asymptotic behaviour of the higher eigenvalues
of the p-Laplacian operator as p goes to 1. The limit setting depends only
on the geometry of the domain. In the particular case of a planar disc, it
is possible to show that the second eigenfunctions are nonradial if p is close
enough to 1. Moreover, it is shown that second eigenfunctions of —A,, can be
obtained as limit of least energy nodal solutions of a p-superlinear problem.

Zusammenfassung

Gegenstand dieser Dissertation ist das asymptotische Verhalten hoherer
Eigenwerte des p-Laplace Operators fiir p gegen 1. Der Limes hangt nur von der
Geometrie des Gebietes ab. Im besonderen Fall einer Kreisscheibe, gelingt der
Nachweis, dass die zweiten Eigenfunktionen nicht radialsymmetrisch sind, falls
p nah genug an 1 liegt. Auflerdem wird gezeigt, dass zweite Eigenfunktionen
von —A, als Grenzwert von vorzeichenwechselnden Funktionen mit kleinster
Energie eines p-superlinearen Problems erhalten werden konnen.






”Considerate la vostra semenza:
fatti non foste a viver come bruti,

ma per sequir virtute e canoscenza’

(Dante Alighieri, ”Divina Commedia”)
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Introduction

Eigenvalue problems have been for many years an important part of the math-
ematical landscape. One of the most known and investigated is surely the
eigenvalue problem for the Laplacian operator:

{—Au = A in

v = 0 ondN (1)

where €2 C R" is a bounded domain, and

is the Laplacian operator. A real number ) is called eigenvalue if the equation
(1) admits a solution u # 0, which will be called eigenfunction. One could be
tempted to look for solutions directly in the function space C2(2) or C3(Q2) N

C(2), but this approach does not work. Instead, a common procedure is the
following;:

e introduce the Sobolev space W;*(€) as the subset of L*(Q) consisting of
those function which admit weak partial derivatives in L?(£2);

e define a weak solution of (1) as a function u € W, *(Q) such that

/Vqu:)\/uv
Q Q

e find weak solutions of (1), usually by means of variational methods;

for every v € WOI’Q(Q);

e investigate the regularity properties of weak solutions. If one can prove
that they belong to some Sobolev space whose order is high enough, then
the solutions are classical, that is, they belong to C2(Q2) N C(Q).

The eigenvalues of the Laplacian are given by a sequence

O<)\1<>\2§)\3§...



such that \y — 400 as k — co. Moreover, the eigenfunctions are analytic and
thus they are in particular classical solutions.

In some kind of applications - such as fluid dynamics, nonlinear elasticity
and glaciology - the following problem is of relevant interest:

—Apu = Mulf?u  inQ 2)
u = 0 on 0N

where 1 < p < +00 and
A, u— div(|VulP?Vu)

is the p-Laplacian operator. Remark that Ay = A. Problem (2) is structurally
different from (1), since the equation is nonlinear: if v and v solve the equation,
then u 4 v needs not be a solution anymore. However, the problem is (p — 1)-
homogenous, which implies that if u is a solution, then also tu (¢t € R) solves the
equation. Since (2) shares some of the properties of linear problems, it makes
sense to introduce the concept of eigenfunction also in this case - although
the idea must be necessarily interpreted in a generalized sense. One defines
an eigenfunction as a nontrivial weak solution u € Wy*(Q) of (2), that is a
function such that, for a fixed A € R (which will be again called eigenvalue),

/\Vu\p2Vqu:>\/ |ulP~?uw
0 0

for every v € Wy (Q).

Most of the methods which one can use in the linear case do not find immediate
application to this problem. Nevertheless, it is possible to show the existence
of a sequence of eigenvalues

0 < M(p;Q) < Xa(p; Q) < A3(p; Q) < ..

such that Ag(p;Q2) — 400 as k — oo. The eigenfunctions of the p-Laplacian
share many properties with those of the ordinary Laplacian: for instance, the
first eigenfunction has constant sign and is unique up to multiplication by a
nonzero constant. Eigenfunctions corresponding to higher eigenvalues must
be sign-changing, and in particular the second eigenfunction has exactly two
nodal domains. Moreover, the first eigenvalue is isolated, which means that
there does not exist any eigenvalue between A (p; Q) and A\y(p; ).

The investigation of the higher eigenvalues of the p-Laplacian is however
far from being complete. One of the most interesting and difficult questions
is to understand if other eigenvalues exist, apart from the above mentioned



sequence, if p # 2. Other properties of the eigenfunctions - for instance whether
they satisfy the so-called "unique continuation property” - are still an open
problem. For a better understanding of all these issues it seems sensible to look
at the behaviour of eigenvalues and eigenfunctions in the limit cases p — 1
and p — +o00. In the latter case Juutinen and Lindqvist could prove that

lim M\ (p; Q) = A (Q)

p—-too
and )
lim Ao(p: )7 = A5(Q)
p—+oo
where

Ap(Q)7' := sup{r | there exist k disjoint balls of radius r contained in Q}.

Moreover, the first (resp. the second) eigenfunctions converge uniformly to a
viscosity solution of

Fa(u,Vu,D*u) = 0 inQ
u = 0 on 022

where
min{|{| — As,—X&-&F ifs>0
Fi(s,6X) = —X¢-¢ if s = 0
max{—As — [¢], - X¢- &} ifs<0
for A = A1(Q2) (resp. A = Ay(Q)).

In the present thesis I focus on the case p — 1. The aim is to extend the
results found by Kawohl and Fridman, who showed that

lirq A(p; Q) = hi(Q)
p—>

where Per(E:R")
, er(E;
S )
is the so-called Cheeger constant. Here V(E) is the n-dimensional Lebesgue
measure of E, while Per(E;R") is the perimeter of E measured with respect
to R™, defined in the sense of De Giorgi. I am able to show that a similar
result holds also for the second eigenvalue; namely, it will be shown that

lirr} A2 (p; Q) = he(Q2)
pg)

where hy(€2) is defined as

Per(E;
E'El,EQ C Q ,ElﬂEgz@ ,maxm S)\}

o +
ho(2) := inf {)\ eR X R




The geometrical properties of the sets for which hs(2) is attained are investi-
gated, and in particular I can compute the value of the constant when € is a
planar disc. As a consequence, it is possible to deduce the nonradiality of the
second eigenfunctions if p is sufficiently close to 1.

In the last chapter I show that it is possible to obtain second eigenfunctions
of the p-Laplacian as a limit of the following p-superlinear problem:

—Apu = AMu|fu  inQ 3)
u = 0 on 0f}

where 1 < p < ¢ < p*. Equation (3) admits a sign-changing solution of least
energy, whose limit as ¢ — p is a second eigenfunction of —A,,.



Chapter 1

Multiple Cheeger sets

In this chapter we will introduce a geometrical problem which generalizes the
well-known Cheeger problem.

1.1 Some results on the Cheeger problem

Let Q C R™ be an open bounded domain with Lipschitz boundary. Let us
define the Cheeger constant of €2 as

. . Per(E;R")
hi(Q2) .= inf —————=
() B V(E)

where Per(E;R") is the distributional perimeter of E measured in R™ (see De-
finition B.4), and V(E) is the volume of E, that is its n-dimensional Lebesgue
measure. A set for which the infimum is attained is called a Cheeger set for ).
For the sake of simplicity, in the following we will set Per(E) := Per(E;R").

Proposition 1.1. Let 2 C R” be a bounded, open domain with boundary of
class Lipschitz. Then there exists at least one Cheeger set for ).

Proof. A proof is given in Appendix B (Proposition B.12). ]

Proposition 1.2. Let E C R" a set of finite perimeter. Then there exists a
sequence of sets of finite perimeter { Ey 1> such that:

1. OEy is smooth for every k;
2. By CC FE for every k;
3. Xg, — x& m L (R") as k — 400;

4. Per(Ey) — Per(E) as k — +oo.
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Proof. The proof can be found in [45]. O

Proposition 1.3. The following equalities hold:

. . Per(E) . . Per(E) , Per(E)
inf = inf = inf ———2.
eca V(E) Bcca V(E) gcce  V(E)

OF smooth

Proof. 1t is clear that

f Per(E) < inf Per(E) < inf Per(E)
pca V(E) ~— eEcca V(F) — Ecca V(E)

OF smooth

Let F' be a Cheeger set for €2; applying Proposition 1.2 we obtain

- Per(E) < Per(F) . . Per(E)
in < — i
OF Smooth V(E) V(F) eca V(E)
so that the claim is proved. -

In the following we will mention some geometric properties of Cheeger sets.
Proposition 1.4. Let E be a Cheeger set for Q; then OE NI # ().

Proof. Let us suppose that this is not the case. Then E is compactly contained
in 2, which means that there exists a number A\ > 1 such that the set A\E =
{A\z |z € E} is contained in 2. But then

Per(AE) 1Per(E) Per(E)
VOE) A V(E) - V(E)

which contradicts the fact that E is a Cheeger set. [
Proposition 1.5. Let E be a Cheeger set for €); then:
1. OE N Q is analytical, up to a singular set of Hausdorff dimension n — 8.
2. The mean curvature in every reqular point of OE N is equal to hi(Q).

3. Let x € OE N OS) be a reqular point for OS2; then x is a regular point for
oF.

Proof. The proof can be found in [30]. As a consequence, if OF meets 0f) in a
regular point of the latter, this must happen tangentially. O

Proposition 1.6. Let 2 C R" be a bounded, convex domain. Then there exists
a unique Cheeger set E for 2. Moreover, E is convex.
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Proof. A proof of the existence of a convex Cheeger set can be found in [38,
Remark 10]. Uniqueness has been proved in [39] for the case n = 2, and in [1]
for general n and € of class Cb!. O

Remark 1.7. The hypothesis of convexity can not be dropped: there are ex-
amples of star-shaped domains which admit infinitely many Cheeger sets (see
[48]). However, it was proved that ”almost all” bounded domains admit a
unique Cheeger set (see [17]).

Remark 1.8. If n = 2 and €2 is convex, then the Cheeger set is the union of
balls of suitable radius contained in 2. This property holds no longer true in
higher dimensions (see [39]).

We will often make use of the following property.

Proposition 1.9. Let 2 C R" be bounded, and let B C R™ be a ball such that
|B| = |2|. Then
hi(B) < hi ().

Proof. The proof is a consequence of the well-known isoperimetric property of
the ball (see for instance [21]). A quantitative version of this theorem is stated
in [26]. O

1.2 A continuity result for the Cheeger constant

In the following theorem we prove that h(€2) is continuous with respect to the
L' convergence of sets, if we restrict ourselves to the class of convex subsets of
R".

Theorem 1.10. Let 2, C R™ be bounded convex sets such that £, — ) in
the L'-topology as k — oo. Suppose that there exist two bounded set D, F C R™
such that D C Q C F and D C Qy C F for every k. Then, after possibly
passing to a subsequence,

Proof. In order to prove the claim we will make use of the notion of I'-
convergence (see Appendix C). Let ¥ and ¥ be the families of convex subsets
of 2, and 2 respectively. Let us define the functionals

__ Per(C)
and Por(C
o) = LrC) i ces
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Notice that the elements of ¥, and X are convex subsets of F', so that we can
actually define ®; and ® on the family of convex subsets of F', endowed with
the metric inherited by the L!-convergence. Moreover, observe that

() = jnf P;Zé?;)

since every convex domain admits a convex Cheeger set (see Proposition 1.6).
We are now ready to prove the I'-convergence of the functionals ®, to ®.

liminf inequality. Let C € ¥ and C) € X, such that ¢, — C in the L!-
topology. Of course we have V(Cy) — V(C'), while from the lower semiconti-
nuity of the perimeter (Proposition B.5) we obtain Per(C') < ligg)lf Per(Cy).

In conclusion we get (see also Proposition A.3)

k—o00

limsup inequality. Let C' € 3, and let us define Cy := C'N €Y. The sets C}, are
convex sets contained in €2, and are such that C, — C in the L!-topology.
From [15, Lemma 4.4] one has Per(C)) — Per(C), so that

k—o0

Equicoercivity. Let 5k be a convex Cheeger set for 2. From D C Q C F we
obtain

PVGZ—(%) < (D) = Per(Cy) < hy(D) - V(Cy) < h(D) - V(F).

So the characteristic functions of the sets Cy, are uniformly bounded in BV (F)
and hence they are contained in a compact set of L'(F).

From the properties of the I'-convergence we obtain that, after possibly passing
to a subsequence,

and there exists a sequence of Cheeger sets C,, for Qy, converging in the L!-
topology to a Cheeger set C' for €. m
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1.3 Multiple Cheeger sets

Let 2 C R™ be an open bounded domain with Lipschitz boundary. We define,
for k € N,

hi(Q) = inf{/\ER+ dE,...EB, CQ ,E;NE; =0 fori#j,

i=1,...k V(E;)
with the convention that
Per(E) N
= 400
V(E)

whenever V(E) = 0. We will call hy(Q2) the k-th Cheeger constant for . Notice
that, for k = 1, we recover the definition of the Cheeger constant h;(2). By
Proposition 1.2 it is possible to take the infimum on sets compactly contained
in €2, or even on sets compactly contained in 2 with smooth boundary.

Theorem 1.11. For every k, there exist k pairwise disjoint subsets E, ..., Ey
contained in 2 such that

Per(E,
‘max M < hi(92).

Proof. Let us consider minimizing sequences of pairwise disjoint sets £ , ..., E
for n = 1,2, ..., corresponding to the value p,,, where

Per(E; )
=tk V(Ei,)

Set Xin = XE,, for i =1,..., k. Fix R as the radius of k equal disjoint balls of
fixed arbitrary volume V{, > 0 contained in 2. We are going to show that we
can consider V(E;,) > Vy for every 4,n. Indeed, if we had V(E;;) < V; for

some values of 7 and n, then by Proposition 1.9 we would surely have

Per(Ffi,ﬁ)
V(—Em) > hl(Br>

where B, is a ball with the same volume as V(E;;) and so of radius r < R.
As a consequence, pz > hi(Bpg), which means that we can actually discard the
k-tuple of sets Ej 5, ..., By 7. Because of the compact embedding of BV () in
LY(Q) (see Theorem B.9), there exist E, ..., Ej, such that, up to a subsequence,
Xin — Xp; almost everywhere on 2. Moreover, V(E;) > V; > 0. Denote with
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N the negligible set of non-convergence. From the lower semicontinuity of the
total variation (Theorem B.5), it follows that

Per(E;)
> < (2
V(E) — ()
for every i = 1, ..., k. We are going to show that the E; are pairwise disjoint:
suppose i # j, then z € E; \ N = xg,(x) = 1, which implies y;,(z) = 1
definitely; this means x;,(z) = 0 definitely, hence xg,(z) = 0, that is ¢
E;\N. If x € N, we can assign arbitrary values to the characteristic functions

(this does not affect the total variation). Hence we obtain the claim.
O

Definition 1.12. Any k-tuple of sets Ei, ..., Ex as in Theorem 1.11 will be
called a k-tuple of multiple Cheeger sets. If k = 2, we will also speak of coupled
Cheeger sets.

Remark 1.13. The proof of the theorem shows that we can always consider a
minimizing sequence of k-tuples of sets for hx(£2), where the volumes of the
sets are uniformly bounded from below.

Remark 1.14. Proceeding as in Proposition 1.4, one can show that at least one
of the minimizing sets must touch the boundary.

Let us define
1
Ax(2) ;= inf {; | 3 k disjoint balls By, ..., By C Q of radius T} .

According to [37], A1(€2) and A9(R2) are the first two eigenvalues of the oo-
Laplacian, defined as
Asou := (D*u - Vu, Vu).

We are then able to state the following

Proposition 1.15.

Proof. Fix ¢ > 0 and consider k disjoint balls By, ..., By of radius (A (Q)+¢)~L
Then

Per(By) nw,r"!
hi(2) < =
W) = V(By) Wy ™

The claim follows letting € tend to 0. O

In the following we will give a different characterization of the higher Cheeger
constants.
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Remark 1.16. The constant hy(£2) can also be defined as

hi(Q) = inf{)\ ERT|IE, ... B, CCQ ,ENE; =0 fori+#j,

Per(E;)
V(E:)

= X forevery i =1, ..., k}

Per(E)
V(E)

to find a subset F' C F with P‘fq("g;) = A by the following procedure: fix a point
o € FE and set R := sup{r > 0| B,(x¢) C E}. Set E, := E \ B,(zo); the
function

This is a consequence of the following observation. If < A, it is possible

Per(E,)  Per(E)—27r
V(E,)  V(E)—mr?

is then continuous with respect to r and monotonously increasing. One can

0, R| —

repeat the procedure with Fr instead of E as often as wished, so that the
perimeter of the set obtained increases, while its volume tends to zero. This
yields the claim.

Proposition 1.17. Let Pj be the set of all partitions of 2 with k subsets
Ey, ..., E,. Then

hi(Q2) = 17r91kf Jnax, hi(E;).
Proof. Set /l;k(Q) := infp, max,—1__r hi(E;). Let us suppose ﬁk(Q) < hg(Q);
then there exists a partition FE1, ..., B of € such that

which is a contradiction. Thus fAlk(Q) > hi(€2). On the other hand, if C1, ..., Cy
are the sets realizing hy(Q2), then we can find a partition Ej, ..., Ej of ©Q with

the property that C; C E; for every i = 1, ..., k. Hence, for every 1,

Per(Cy)
V(Cy)

hi(E;) < < hi ()

and consequently

that is

which finally yields
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Remark 1.18. The proof of the proposition also states that there exists a par-
tition realizing hy(2); that is, we can also write

hi(2) = min max hy(E;)

Pr i=1,...k
or also Per(C
hi(§2) = H%i,en 1o gé%l ;?(C>)
or also
hi(§2) = min max  min S
Pe i=lkueBV(E)  |ul:

Remark 1.19. The sets realizing hi(€2) can be supposed to be connected. In-
deed, if E is disconnected, i.e. E = Ey U E,, with E1 N Ey = 0, we have
Per(E)  Per(E) + Per(Es) _ {Per(El) Per(Ey) }
V(E) V(E)) +V(E2) — V(E) W V(E)

This follows from Proposition A.4. So one connected component of E has a
lower or equal ratio perimeter/area. If By N Ey = ), but £, N Ey # 0, we
modify F on a set of measure zero (this does not affect the total variation) to
get a connected set E' defined as

E/ - El U EQ U (8E1 N 0E2)

Theorem 1.20. There exist multiple Cheeger sets such that the part of their
boundary contained in ) is a piecewise smooth hypersurface of piecewise con-
stant mean curvature.

Proof. We will give the proof for the case k = 2: let Fy and E5 be two coupled
Cheeger sets, which exist according to Theorem 1.11. Since E; minimizes
perimeter (measured in R") in Q \ F, with a volume constraint, it will have
interior regularity according to [30]. More precisely, dE; N (2 \ Es) is an
analytic hypersurface up to a singular set with Hausdorff dimension n — 8,
whose regular points have constant mean curvature. The same can be stated
for E5. Then we have to consider the possibly nonempty contact surface: also
in this case [30, Theorem 2] can be applied to state that the contact surface (if
it exists) enjoys the same regularity as the interior boundary of the two sets
and has constant mean curvature. O

Definition 1.21. Let E; and FEs be a pair of coupled Cheeger sets. The free
boundary of E is defined as OE; N (Q\ E,) (analogously for E,). The contact
surface between E; and Fy is OF, N OFE, N Q.
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Theorem 1.22. [t is possible to find two coupled Cheeger sets such that the
following holds. Suppose that OE, N OFy # (. Let us denote by ¢1 the mean
curvature of the free boundary of Ei, by co the mean curvature of the free
boundary of Es, and by c3 the mean curvature of the contact surface, measured
from Ey. Then the relation

Cl—C2—2C3:0 (11)
holds.

Proof. We follow [14, pp. 10-11]. Take x; € (0F; \ 0Es) N, xo € (0F3 \
0FE)NQ and x3 € OE, NOFE, N ). Suppose that the boundaries of Fy and Ej
can be locally described by the graph of a function u defined in an open subset
w = w; Uwy Uws of R*71, where w;, wy and ws are disjoint open neighborhoods
of x1, x9 and x3 respectively. For i = 1,2, 3, let v; be a function defined in w;
with compact support and such that the following conditions are satisfied:

/ o +/ vy =0, (1.2)

w1 w3

/ Vg — / V3 = 0. (13)
w2 w3

Since £ and FEs are coupled Cheeger sets, we can suppose that u is such that

/ \/1+yvu|2§/ V1+|Vu+eV(v +vs)?
w1Uw3z w

1Uws

and

/ \/1+]Vu]2§/ \/1—|—|Vu+5V(v2—|—v3)\2
woUws w

2Uws

for small € > 0. It follows that
0< / VuVu, VuVuy VuVus B
w1

- 4 - = 4 e

\/ 1+ |VU|2 wa \/ 1+ |VU|2 ws \/ 1+ |VU|2
——/div v v—/div S

o NERE NSESE A

) Vu
_2A3dlv<m>vgz—cl[)1@1—02[)2112—263[031}3.

Since also the functions —wv;, —v9 and —ws are admissible, it follows that

Cl/ Ul+62/ 'U2+263/ ’U3:O
w1 w2 w3
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for arbitrary vy, va, vs satisfying the conditions (1.2) and (1.3); hence we obtain
01—62—263:0.
[

Remark 1.23. The condition on the mean curvatures is similar to the one
given in [35] for the double bubble problem: find two regions in R"™ which
enclose two given amounts of volume, such that they minimize the sum of
the surface measures. However, in that problem the quantity to minimize is
slightly different, so also the condition on the mean curvatures differs and reads
1 —cg—c3=0.

Proposition 1.24. Let Q C R? be a convex planar domain; then it is possible
to find two coupled Cheeger sets Ey, Ey such that they satisfy condition (1.1)
in Theorem 1.22 and such that, if OE, N OFE, # 0, then their boundaries meet
tangentially.

Proof. We can suppose that c;, co > 0; otherwise, since {2 is convex, it would
be possible to modify the sets suitably in order to decrease their perimeter and
increase their volume. As a consequence, at least one of the two sets (say E)
is convex. Let us suppose that 0F; and dF, meet each other in a non-smooth
way. Then one could consider the Cheeger set C of Ej, which is convex and
has a C! boundary, and then find a perimeter-minimizing set Cy in Q \ C;

under the volume constraint |Cy| = |Es|. The boundaries 0C; and 0Cy will
meet tangentially as proved in [30]. Then one can apply again Theorem 1.22
to get the condition on the curvatures. O]

Proposition 1.25. Let {2 C R™ admit a unique Cheeger set. Then
ha(€2) < ho(€2).

Proof. Let us suppose that hq(£2) = ho(€2); then there exist two disjoint subsets
Ch, Cy C ) such that
Per(Cy) Per(Cg)}
max , = h1(2
{ Ve VG § -
which means, by definition of h(€),

Per(Cy)  Per(Cy)
V(C) V(G

= hy(Q).

This is a contradiction to the uniqueness of the Cheeger set for €. m
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Remark 1.26. It is worth noting that there exist nonconvex domains for which
hq(€2) = ho(Q2); think for example of a ”barbell domain” made of two identical
rectangles connected by a thin pipe. To be more precise, consider the planar
set

0 ={(0,1) x(0,2)} U{[1,2] x (0,6)} U{(2,3) x (0,2)}

where ¢ > 0 is small enough.

Proposition 1.27. Let us denote by w, the volume of the unit ball in R™.

Then )
h(Q) > ((Fon )"
=Tl

Proof. Let Fy, ..., B}, be a family of multiple Cheeger sets, so that

max hy(F;) < hip(Q).

i=1,..k
The volume of each FE; can not be smaller than the volume of a ball with
Cheeger constant hg(€2), which is exactly w,, (%) . In fact, let B be a ball

such that |E;| = |B|, and B a ball such that hy(B) = hy(Q); if |B| < |B| we
would have, applying Proposition 1.9,

hi(Q) = hi(B) < hi(B) < hi(Ei) < hi()

which is a contradiction. So we obtain

o ) sz ()

Corollary 1.28.

as k — +o0.

Remark 1.29. The lower bound in Proposition 1.27 for £ = 1 follows directly
from Proposition 1.9, and is obviously optimal if €2 is a ball. For the higher
Cheeger constants, it can be easily seen that the estimate is optimal for the
union of & balls with equal radii. If we try to minimize hx(£2) among connected
sets, it turns out that the infimum is the same (consider a family of k£ balls of
equal radii connected by thin strips whose width goes to 0). An interesting
question would be to minimize h;(£2) among plane convex sets of given area.
If we focus on hs(£2), it seems that a stadium (the convex hull of two tangent
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balls with both radii equal to R) is very near to be a minimizer; namely, it is

possible to show that
1.874 1.912

T < hy(2) < T
The lower bound follows directly from Proposition 1.27. To obtain the upper
bound, one can note that the common tangent divides {2 into two equal convex
halves, whose Cheeger set E is given by the union of balls of constant radius

r < R. FE satisfies then the conditions

Per(E)=4R+ R — 4z + mx

1 1
V(E) = §7TR2 -+ 2R2 — 2%2 + E?T.CL'Q

and since it must be
Per(E) 1

V(E) «z
we get x = 0.523R. This yields the estimate from above. However, it should
be mentioned that the stadium does not minimize the second eigenvalue of the
Laplacian among convex planar domains, as proved in [32].

1.4 Coupled Cheeger sets for a planar disc

In this section we will determine the coupled Cheeger sets of a disc Q C R?
with radius r. As a first step we will compute the Cheeger set E for a half-disc
2 of same radius. According to the results in Section 1.1, the Cheeger set
must have the geometry shown in the picture.

Figure 1.1: The candidate Cheeger set for a half-disc.
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We will denote by « the inner angle and by z the radius of the inner arc.
Thus we have the relation

(r—az)sina=x

which gives the existence condition 0 < x < £. Then

r
5

Per(E) =2(r —x)cosa + 2z <g + a) +7r(m = 2a),

2

V(E) =z(r — ) cosa + 2° <g + a) + %(7? - 2a).
Remember that o = arcsin (%) and cosa = 4/1 — (Tfm)Q, since we consider

0 < a < 5. Numerical resolution of the equation

Per(E) 1 , , ,
V) 1 (= possible hq(£2))

gives, for r =1,
x =0.317028...

which means

hi(€Y) = 3.15429...

This is the best configuration with convex subsets to compute hy(€2); indeed,
a convex partition of a convex set can be obtained only cutting the set with
hyperplanes (otherwise we would have a point of non-zero curvature which
gives convexity from one side but concavity from the other one). The Cheeger
sets of each of the two partitioning subsets are then convex. Conversely, two
convex subsets can be separated by a hyperplane thanks to the Hahn-Banach
Theorem. The Cheeger constant of a circular segment strictly contained in
a half-disc is then strictly higher, due to uniqueness reasons. So the above
configuration is the best among convex subsets of the disc.
Observe that the two coupled Cheeger sets F; and E5 must have a contact
surface. If it was not the case, we can suppose without loss of generality that

Per(Ey) _ Per(Es)
V(E) — V(E)

and that F; is a Cheeger set for 2\ Fs. Notice that Fj is automatically
a Cheeger set for 2\ F;. Due to the properties of Cheeger sets, the free
boundaries of E; and Ey must be circular arcs which meet 02 tangentially.
The only possibility is that £} and E, are discs, and the best configuration is
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given by to equal discs with radius £, which is clearly not optimal for 2.

We are going to prove that the contact surface can not be closed; if it was
the case, then one of the two coupled Cheeger sets, which we denote by Ej,
would be a disc of radius " < r, as in Figure 1.2. The other set Ey will be
then contained in Q \ F;. Suppose that E, has a free boundary consisting of
arcs with constant curvature ¢ > 0. An easy computation shows that the
case co = 0 is never optimal; so we can suppose that the arcs have constant
curvature ¢o > 0. Due to the fact that OF; is the contact surface, these arcs can
not start on 0€) and end on OFE}; the only possibility is that the free boundary
"encloses” E; as the dashed line in Figure 1.2. But in this case, the choice
Ey = Q\ E; would give a lower ratio perimeter/area. So the optimal choice
is the pair consisting of F; and its complement. By modifying r’ suitably, one
can easily convince himself that the optimal configuration is achieved when
the ratios perimeter/area of £y and Fj are equal. This implies

Per(Ey)  Per(E;) 2 2 , T
V(E))  V(E) v —r! 2

which yields, for r =1,

I (Ey) = hy(Es) = 4.

This gives a worse configuration than the one found before. As a consequence,
the contact surface can not be a closed line.

We will now use the regularity results about the coupled Cheeger sets; in
particular, by Remark 1.24 we can suppose that the boundary of each of the
two sets meets the boundary of the other set tangentially. Suppose that the
separating surface is an arc P(Q with constant curvature cs. From the point
P two arcs of curvature ¢; and ¢y respectively will depart, in such a way that
the centres of curvature lie on the chord AB orthogonal to P() and such that
P € AB. Notice that we can suppose, without loss of generality, that c;,
Co Z 0.
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Figure 1.2: The contact surface can not be closed.

Figure 1.3: The case c3 > 0.

19
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Let E; be the ”candidate” Cheeger set containing the segment AP and such
that the curvature of its free boundary is ¢q; let Fs be the set containing the
segment PB and with curvature of the free boundary equal to c¢;. Without
loss of generality, we can suppose that AP < PB. Let M be the middle point
of the segment AB. If P # M, it is impossible that ¢3 > 0 (as in Figure 1.3);
indeed, since F; would be a subset of a circular segment strictly contained in a
half-disc, this would contradict the fact that the configuration of the Cheeger
sets of the two half-discs is better. So it must be ¢3 < 0.

Figure 1.4: The case c3 < 0.

Let C and D the centers of curvature of the free boundaries of £; and FEs
respectively, and E, F as in Figure 1.4 such that CP = EC and PD = DF.
Since ¢3 < 0, from Theorem 1.22 it must be ¢; < ¢y, that is PC > PD. This
is impossible for geometrical reasons: indeed, take a point C' on AB such that
AC = C'B; it follows PC" > PC > PD, which means that the point D must
lie between P and C’. If E’ is the intersection of the circle with the line OC",
it is clear that DF > C'E’. This is a contradiction because we would have
C'E'=CFE>DF >C'FE".

It follows that necessarily P = M. For symmetry reasons, this implies ¢; = ¢

and hence, again from Theorem 1.22, ¢3 = 0. So we recover the optimal
configuration consisting of the Cheeger sets of the two half-discs.



Chapter 2

Eigenvalues under Dirichlet
boundary condition

2.1 Introduction

Let 2 C R™ a bounded open domain with Lipschitz boundary. We are inter-
ested in the following nonlinear eigenvalue problem:

{—Apu = MulPu in Q

u = 0 on 0f) (2.1)

where A € R and A,u := div(|Vu|P"2Vu) is the p-Laplacian operator. A real
number ) is said to be an eigenvalue if there exists a function u € W, ?(Q)\ {0}
(called eigenfunction) satisfying (2.1) in the weak sense, which means

/ |VulP2VuVov = /\/ lulP2uv Vv e Wol’p(Q)-
Q Q

For p = 2 we recover the well-known eigenvalue problem for the Laplacian:

{—Au = A inQ

v = 0 on J9. (2.2)

From standard results of linear functional analysis it is known that all eigen-
values of the Laplacian are given by a sequence {\(2; Q) }/29 such that
A(2;9) < A2(2;Q) < .o < A(2,9Q) — 0.

In order to obtain the first eigenvalue one can use the direct method of Calculus
of Variations by minimizing the so-called Rayleigh quotient, which means

V 2
A(2;Q) = inf Jo [V :
vewl2@n o} Jo lvI?

21
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In the case p # 2, the operator A, is no longer linear, so that it is impos-
sible to use techniques from linear functional analysis. In fact, if u and v are
two eigenfunctions associated to the same eigenvalue, then u + v need not be
necessarily an eigenfunction. However, for every ¢ # 0, the function cu will
still be an eigenfunction. Somehow surprisingly, many of the results valid in
the linear case extend also to the p-Laplacian. Indeed, the first eigenvalue can
be obtained in an analogous way to the case p = 2:

VolP
inf —le vl

>\1(P§ Q) = .
vewdr@\(oy Jg 0[P

We have the following

Proposition 2.1. Let u be an eigenfunction of the p-Laplacian associated to
A €R. Then u € C:%(Q) where o € (0,1) depends only on p and n.

loc

Proof. The claim follows from the estimate
[ulloo < 4™ - A - [lully,
whose proof can be found in [44], and from the regularity results in [22]. O

Proposition 2.2. There exists, up to a nonzero multiplicative constant, one
and only one eigenfunction ey, associated to \(p; ). Moreover, ey, is of only
one sign and therefore it can be considered to be strictly positive in €.

Proof. Suppose that e;, is a first eigenfunction of the p-Laplacian; observe
that, by Proposition 2.1, e; , is in particular continuous. Since

fQ |v|61,p||p _ fQ |ve1,p|p
fQ ‘el,p’p fQ ’el,p’p

then also the function v := |e;,| will be a first eigenfunction. From Harnack’s

inequality it follows that v > 0 in 2, which in turns implies that e;,, due to
its continuity, is one-signed. Having this in mind, one can prove the simplicity
of e1,, following for instance the proof in [8]. O

A1(p; Q) is not the only eigenvalue of the p-Laplacian. Indeed, it is possible
to build a sequence of eigenvalues

A(p; Q) < Xa(p; Q) < As(p; Q) < oo < Me(p; Q) — 400

using the following minimax principle, as shown for instance in [27] and ex-
plained in Appendix D.
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Definition 2.3. Let X be a Banach space, A C X a closed, symmetric subset.
The Krasnoselskii genus y(A) is defined as

v(A) :=min{m € N|J p: A — R™\ {0}, ¢ is continuous and odd}.
Definition 2.4. We denote by I';, the set

Ty = {A C Wy P(Q\{0} | An{||lul|, = 1} is compact, A symmetric, v(A) > k;}

It is possible to prove that, for every £ € N, the following numbers are

VulP
Ak(p; Q) := inf max—f9| u

A€ETy, ueA fQ |ulp ’

eigenvalues:

In the literature they are sometimes called variational eigenvalues. It can be
easily seen that the two definitions of A;(p;€2) given so far coincide. It is still
an open question, whether other eigenvalues can exist. We mention that the
existence of nonvariational eigenvalues was proved in [9] for the problem

—Apu = MuP?u in Q
% =0 on 0f)

for some ¢ € C1(2), ¢ > 0, 1 < p # 2, in the case where Q has a particular
shape (for instance a planar annulus).

We recall some results about higher eigenfunctions.

Proposition 2.5. Eigenfunctions associated to higher eigenvalues of the p-
Laplacian must be sign-changing.

Proof. A proof can be found in [43, Lemma 3.1]. O

Proposition 2.6. There does not exist any eigenvalue between A\ (p; <)) and
Ao (p; ), which means that A\i(p; Q) is isolated.

Proof. A proof can be found in [5]. O

The second eigenvalue has also the following mountain-pass characteriza-
tion, which turns out to be very useful in the numerical investigation of the
problem (see [33]).

Proposition 2.7. Let e; ), be a first eigenfunction of the p-Laplacian. Then

Ao(p; Q) = inf sup /|Vu|p
Q

V€A 4eq[0,1]

where

A= {y € C([0, 1; WgP( Q) [IvE)llp = 1, 7(0) = e1p, (1) = —e1,}.
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Proof. The proof can be found in [20, Corollary 3.2]. O

A nodal domain of a function u : 2 — R is a connected component of the
set {x € Q|u(z) # 0}. It is not known whether the zero set of an eigenfunction
of the p-Laplacian has Hausdorff dimension n — 1, or if it can be even an open
subset. The following result generalizes Courant’s nodal domain Theorem for
the eigenfunctions of the Laplacian.

Proposition 2.8. Let u be an eigenfunction associated to A\i(p; ). Then u
has at most 2k — 2 nodal domains.

Proof. The proof can be found in [23, Theorem 3.3]. O]

As an easy consequence of the previous proposition it follows that any
second eigenfunction has exactly two nodal domains.

2.2 A convergence result for higher eigenvalues

First of all we prove an approximation result for functions of bounded variation.
We will denote by BV (2) the space of functions of bounded variation on a
set @ C R* If w € BV(Q), the symbol |[Dul[(€2) will stand for the total
variation of u measured in € (as defined in B.1), while || Du||(R"™) will be the
total variation of u measured in R™. It holds

| Dull(R") = | Duf|(2) + /a Juldr

Theorem 2.9. Assume Q € R™ is bounded and 99 is C*. Let u € BV(Q).

Then there exists a sequence {uy}3>, C C®(2), converging strictly to u.

Proof. By a known approximation result (see [25, Chapter 5, Theorem 2]) there
exists a sequence {vg}32, C C(2) N BV () converging strictly to u. Every
vy, belongs in particular to W1(Q), and so by [24, Section 5.3, Theorem 3|
there exists a sequence wy, ,,, in C> () converging to vy in WHH(Q) as m — oo;
in particular, ||Dwy,|[(Q2) — [|Dvg||(2). By a diagonal procedure we obtain
the claim. [l

Remark 2.10. Since the trace operator is continuous from BV (€2) (endowed
with the topology of the strict convergence) to L*(9Q; H"™!) (see [6, Theorem
B.11]), the functions uy of the previous theorem are such that

[ D[ (R™) — || Du| (R™).
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Theorem 2.11. Assume Q € R" is bounded and 09 is C*. Let u € BV ().
Then there exists a sequence {vy,}32, C Wy (), such that

v — u in L'(Q)

and

[ Dvg[[(R™) — || Dul|(R")
as k — oo.
Proof. Set

d.(x) = e tdist(x,00) if dist(x,00) < e
A 1 if dist(z,00) > e

Let u; be the approximating sequence in C(€2) given by Theorem 2.9; the
claim will follow if we prove that every u, can be approximated by a sequence
in Wy ">°(Q) converging strictly in BV (R"). To this end, fix w as such a wuy
and set v, := wd.. Clearly, v. € W;°(Q) N C(Q). Moreover,

v — w in LY(Q)

as € — 0, so that
|Duwl|(R") < limint || Du | (R").

Then
||Dva||(]R"):/ |Vva|:/ |V (wd.)] :/|de5+dng|
Q Q Q

§/\de€]+/|d€Vw\.
0 0

Denote by €2, the set
Q. = {zx € Q| dist(z,00) < e}.
Then we have
D @) < 2 [l 1Vl 0\l [ (9
For ¢ — 0 it follows (see also Lemma 3.1)
limsup [ Duc|(R") < [ ol @ + [ [Vl = [Dul ()

Hence
lim || Do | (R") = || D[ (RY).
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Theorem 2.12. Let Q have a boundary of class C?. Define the following
functional on L'(Q)

_ [ IVuly forue Wy (@)
(u) := { +oo  forue LY(Q)\ W, P(Q).

Then the functionals F, T'-converge in L*(Q), as p — 1, to the functional

_ [ IDul|(R") forue BV()
Fl(u) T { +00 foru € Ll(Q) \ BV(Q)'

Proof. liminf inequality. Let u, — w in L'(Q). If only a finite number of
the u,’s are in Wy(Q), then lim ilnf F,(u,) = +o00 and there is nothing to
p—)

prove. If u, € W, (Q) for a sequence, then u € BV(Q). From the lower
semicontinuity of the total variation it follows

Dl () < i Do | (&) = imiat | [,
j—oo j—oo Jq
< lim inf (/ |vuj|w) R
J—0 QO

< lim inf (/ |Vuj]pj> + 1] - pj,
J0 Q p;

=

<liminf [ |Vu,|? + limsup | |Q] - =
Q

J—o0

:hminf/ |Vu;|Pi.
Q

limsup inequality. First of all, if u = 0 the proof is trivial. Let us suppose in
the following u # 0. If u ¢ BV(Q), there is nothing to prove. If u € BV (Q),
by Theorem 2.11 we can find a sequence of functions uy in VVO1 >°(Q) such that
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up — u in LY(Q) and || Dug||(R™) — || Du||(R™). It follows that

Dul|(R") = i D R™) = i \Y
IDul(R) = Jim | DR =t [ [V

= 1 \V4 _—
P IVt ]| o IVug|se

> timsup |V [ [V
k—+o00 (9]

> <llim£nf||Vuk||;pk) (hmsup/ |Vuk|p’“)

If lign inf || Vug|lo = ¢ > 0, we obtain

| Dul| (R™) >hmsup/|Vuk|p’“

which is the claim. If lign inf || Vug||oo = 0, we would have

|| Dul|(R"™) < lilgninf/ |Vug| < li]{ninf IVug||loo - [€2] =0

and thus v = 0, case which we ruled out.

Corollary 2.13. Let Q have a boundary of class C?. Define

_ [ IVull, forue WyP ()
Fylw) = {+oo for w e L)\ Wy * (%),

Then the functionals F, T'-converge in L'(Q), as p — 1, to the functional

_ [ IDu||[(R")  forue BV(Q)
Fl(u) T { +00 foru € Ll(Q) \ BV(Q)'

Proof. The liminf inequality can also follow from the fact that liminf a,b, <
(liminf a,,)(lim sup b,,). Otherwise one can argue that lim a,, = lim a?» as p,, —
1. [

Now we consider a slightly different family of functionals, where the space
WyP(Q) is replaced by W'(Q). We will show that the a very similar result
holds, where the quantity ||Dul|(R™) is substituted by ||Dul|(£2).

Proposition 2.14. Let Q have a boundary of class C*. Define

(1) = { [Vullp - foru e WhP(Q)

k too foru e LI(Q)\ WP(Q).

p
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Then the functionals F, T-converge in L'(Q), as p — 1, to the functional

_ { IDul(©@) forue BV(Q)
Bl = { +oo  forue LY(Q)\ BV(Q).

Proof. liminf inequality. The same proof as in Theorem 2.12, with || Dul|(€2)
instead of || Du||(R™).

limsup inequality. First of all, if u = const the proof is trivial. Let us suppose
in the following u # const. If u ¢ BV(Q), there is nothing to prove. If
u € BV(Q), by Theorem 2.9 we can find a sequence of functions wuy, in W (Q)
such that uy — u in L'(Q) and || Dug|[(Q) — ||Dul[(R2). It follows that

IDul() = Jim 1D (@) = Jim [ [T

o IV

> lim sup || Vg | 7+ / Vg
k—+4o00 O

> <l]igm+inf||VukHiop’“) (hmsup/ |Vuk|p’“)

If li;n inf || Vug|| = ¢ > 0, we obtain

= 1
Jm Voo

| Dul[(2) > hmsup/ |V |-

which is the claim. If lilgn inf || Vgl = 0, we would have

|| Dul|(©2) < lilgninf/ |Vug| < liminf | Vug|leo - 2] =0
—0Q )
and thus u = const, case which we ruled out. O

Corollary 2.15. Let  have a boundary of class C?. Define

o { 170l Jorue Wt

d +oo  forue LY(Q)\ WP(Q).

p

Then the functionals F, T-converge in L'(Q), as p — 1, to the functional

_ [ IDull(Q) forue BV(9)
Fy(u) '_{ +00 for w € LY(Q) \ BV ().
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In the following we will prove the main result of this section. Our aim is to
modify slightly the results of [19], in order to adapt them to our setting. We
will consider the family of functionals

(0) = |Vull, forue W,P(Q)
PV 400 foru e LY(Q) \ Wy P(Q)
with p > 1. Let us denote by F}j the functional defined as

{ |Dul|(R™) for u € BV(Q)

Fi(u) == +00 for u € L*(2) \ BV (Q).

We also define, for p > 1,

El; = {A C WyP(Q) ‘ A C {|jv]|, = 1}, symmetric, compact, y(A) > k’}
and

PILEES {A C BV(Q) ’A C {||v|l1 = 1}, symmetric, compact, y(A) > k}

Moreover it will be
Ks:=1{A C L'(Q) | A symmetric, compact in L*(Q)}.

It turns out that E’; C K, and the genus of a set in E’; is the same as the
genus as an element of g (see [19, Lemma 3.2]). We define, for p > 1, the
following functional on &C,:

)=

sup,eq Fp(v) if G € XF
+00 otherwise.

Again from [19] one has, for p > 1,

COY k
Ae(p; ) = Glglgs J(G).
Then we define

A(1;9) == inf JEG).

It is still not known whether the A;(1;2) can be considered as higher eigen-
values of the 1-Laplacian, defined formally as

, Vu
Alu = div (W) .

It is not clear neither what the eigenvalue equation should look like; however,
it was proved in [46] that there exists a sequence of eigenvalues obtained us-
ing abstract results of nonsmooth analysis which make use of the concept of
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Ljusternik-Schnirelman category.

In the following we will denote by dy the Hausdorff distance between two
compact sets E and F', defined as

dn(E, F) = supdist(z, F) + sup dist(y, F').
el yek

It turns out that (K, dy) is a metric space.

Theorem 2.16.
lim Ak (p; ©2) = Ae(1;92).
p—)

Proof. We will follow the scheme of [19, Theorem 3.3]. We divide the proof in
three steps.

Step 1. We prove that the family of functionals {J§}1<p<po is equicoercive in
Ks for a pg > 1. Let p < pyp and G, € K, be such that JZ’f(Gp) < C. By
definition of lef we obtain the estimate

lulysr < Cl1Y5 <K

for every u € G,. By [19, Proposition 2.5] the sublevels {J¥ < C'} are con-
tained in a common compact subset of (K, dy) for p < pg, so that the family
{5 Hepepo 18 equicoercive.

Step 2. We show the I'-liminf estimate. Take G € K and {G,},~1 such that
G, — G in the Hausdorft topology. We want to prove that

JHG) < lirpn_)ilnf JN(Gy).

Without loss of generality, we may assume that there exists a constant C' > 0
such that J¥(G,) < C for every p > 1. Let us first show that v(G) > k. By
[19, Proposition 2.4] there exists an open symmetric neighbourhood N of G
in L'(Q) such that v(N) = v(G). We then infer from [19, Lemma 2.8] that
G, C N C N for p near enough to 1. By the second property in [19, Remark
2.3], for such a p we get

k< y(Gp) < (V) =(G).

Let now u € GG, by the sequential characterisation of the Hausdorff convergence
of compact sets, there exists a (generalised) sequence u, € G, converging to u
in L'(Q). By the I-liminf inequality for the functionals F,, we have

Fy(u) < liminf F,(u,) < liminf <Sup Fp> = liminf J}(G,).
p—1 p—1 Gyp p—1



2.2. A CONVERGENCE RESULT FOR HIGHER EIGENVALUES 31

Taking the supremum on all u € G we obtain the claim.
Step 3. It only remains to prove that

. . k < k .

imsup 1t J5©)) < jnf (@

Without loss of generality we can assume that Glnf JF(@) < +00. Fix 6 > 0,
€Xs

and let Gy € K, be such that

inf JH(G) 2 JE(Go) — 6.

Since Gy is compact in BV (2), by the compact embedding theorem G is also
compact in L'(Q); so there exists a finite family {u’},—; _ in Go such that

GO C UBLl(Q) (UZ, g) .
i=1

From the I'-limsup inequality for F), there exists, for every i = 1, ..., m, a family
{u}}, in L'(€2) such that

u; — ' in L}(Q)

and
Fy(u,) — Fy(u')

as p — 1. Taking py as in step 1, for any p € (1,py) we define C, to be the
convex closure of the finite symmetric set {£u;, |i = 1,...,m}. We may assume
that F,(u ) < 400 for any ¢ and any p € (1, pg) so that the finite dimensional
set C), is a compact convex subset both of W, P(Q) and L'(Q). We denote by
@, the unique projection onto C, for the L'-norm (with respect to which C,
is compact) satisfying the property

1Qp(0) | 2, = min {Jlwll sy : flw = vl = mingllo = w'| € Gy} }.

Moreover we notice that for any v € Gy there exists ¢+ = 1,...,m such that
v — ||y < 2. Therefore

1Qu(W)l1 > Nluplls = 1@Qp(u) = uplls = 1Qp(v) — Qp(u') ]y
. o 5
> [Juplly = [lu" =l — <

b}

Since u}, — u’ in L'(Q2), for p close enough to 1 we have

@Qp(Go) € Cp \ Bri(g) <0, 1-— g) .
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Moreover, the element @Q,(Gy) of Ky satisfies v(Q,(Go)) > k. Then consider
the functional ¢, : Q,(Go) — WyP(Q) defined as p,(v) :=

every p € (O7p0>7

and set, for
lvllp

Gp = p(Qp(Gh))-
Since ¢, is continuous on Q,(Gy), G, belongs to X (notice that it is finite-
dimensional). Moreover one has, for every v € Q,(Gy),

) _1
1= 5 < ol < ol e,

As a consequence we get

3G =sw {, () 1 ve Qe

'
[
1—3
210>
2%
20"

=53 Zf{{?}?f{F( uy,) }-

<

sup{Fp(v) [v € Qp(Go)}

< sup{Fp(v) [v € Cp}

Thus

po1 \GeKs pol PP= 2§ \cek.

The claim follows letting d go to 0.

lim sup ( inf J (G)) < limsup J}(G,) < 2 ( inf JF(G) +5) :

2.3 Continuity of \;(p;2) with respect to p

In [34] it was proved that the first two eigenvalues of the p-Laplacian are
continuous with respect to p. To show that also the higher eigenvalues are
continuous functions of p, a possibility could be to prove that eigenfunctions
corresponding to different eigenvalues are linearly independent, which is still
an open question. However, the result can be obtained as an application of
the results in [19].

Theorem 2.17. Let () have a boundary of class Lipschitz. Letp,q > 1. Define

(1) = { |Vull, for ue Wy?(8)

E foo forue LUQ)\ W(Q)

q

Then the functionals F, T'-converge in L'(Q), as ¢ — p*, to the functional F,.
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Proof. liminf inequality. Let u, — w in L'(Q) for ¢ — pT; if lim iI+1f F,(uy) =
q—p
+00 there is nothing to prove. If lim igf F,(uy) = ¢ < 400 then the u,’s are
q—p

uniformly bounded in W, () by Holder’s inequality; hence there exists a
sequence u,, such that ¢, — p* as k — o0, klim F, (ug,) = c and u, — u

weakly in VVO1 P(Q). From the weak lower semicontinuity of the norm it follows

/|Vu|p§hminf/ |Vug, |
Q k—o0
< hmlnf (/ |quk|q’“) |Q| e

< hmlnf (/ |quk|q’“> hmsup |Q| .

p_

— hmmf (/ \quk\q’“) "

F,(u) <liminf F, (ug,) = liminf F(u,).

k—oo q—pt

u:‘_@

Q“G

so that

limsup inequality. If u & W, P(Q), there is nothing to prove. Let us suppose
w € WyP(Q); if u = 0, simply take u, = 0. If u # 0, we can find a sequence
of functions uy, in C,(Q) (and hence in W, °(Q)) such that u;, — u in the
WhPnorm. Set g, — p*. It follows that

. v Vaugl? \ 7
v p = 1 V P - l v 0
</Q' “') i (/' “’“') [Vl (/ TVl

1
. |Vuk|q’€ P
> limsup ||Vu T
B k—>+o<PH kHOO< Hvu qu

(/ o)
k——+o0

> T sup([|Veseoe)
> hmlnf(||Vuk||oo) hmsup (/ |Vuk|q’“)

If lign inf || Vug|lo = ¢ > 0, we obtain

1 1 1
(/ |Vu|p> b > lim sup </ |Vuk|qk) " lim sup (/ |vuk|qk) %
Q k—oo Q k—oo Q

which is the claim. If lilgn inf [|Vuglloc = 0, we would have, by the liminf
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inequality,

(/ |Vu|p)p < li}gninf (/ |Vuk|q’“> " < liminf ||Vug| o - |Q|i =0
Q —o \Jo

and thus v = 0, case which we ruled out.
m

Theorem 2.18. For a Lipschitz domain ) the eigenvalues A (p; Q) are con-
tinuous from the right with respect to p, that is

lim A(g; Q) = Ar(p; Q)

q—pT

Proof. The theorem is a consequence of the results in [19, Theorem 3.3]. [

Theorem 2.19. Let ) have a boundary of class Lipschitz. Letp,q > 1. Define

F,

q

( )_{ IVull, forue WoLq(Q>
BRI GRS foru € LY(Q)\ Wy ().

Then the functionals F, T-converge in L'(Q2), as ¢ — p~, to the functional F,.

Proof. liminf inequality. Let u, — u in L'(Q) for ¢ — p~ and fix £ > 0; if

liminf F}(u,) = 400 there is nothing to prove. If liminf F(u,) = ¢ < +o0
a—p~
then the u,’s are uniformly bounded in VVO1 P7€(Q) by Holder’s inequality; hence

there exists a sequence ug, such that ¢ — p~ as k — oo, klim F, (uq,) = c
—00

and u,, — u weakly in W, ?~%(Q). From the weak lower semicontinuity of the
norm it follows

/|Vu|p_‘E < liminf/ Vg, [P~°
Q
< hmmf (/ |quk|q’“) |Q|qk7

P—E

< hmlnf (/ ]quk]q’“) " hmsup 12

pP—E€

= Q|7 lim inf </ |quk|q’“> "
k—oo Q

E,_.(u) < Q|7 hmlan (ug,) = |7 liminf F,(u,).

q—p-

q— p+5

so that



2.4. THE SECOND EIGENFUNCTION 35

Notice that the value liminf F}(u,) does not depend on the choice of the par-
q—p~
ticular subsequence, and so does not depend on e. Letting ¢ tend to 0, we

obtain
F,(u) <liminf F,(u,).

k—oo

limsup inequality. Set qp — p~. Ifu ¢ VVO1 P(€)), there is nothing to prove.
If u € W, P(Q), then it belongs in particular to W% (Q) for every k and so we
can simply consider the constant sequence uy, := u for every k; then of course

F,(u) = lim F, (ug). O

k—o0

Theorem 2.20. For a Lipschitz domain §) the eigenvalues A\i(p; Q) are con-
tinuous from the left with respect to p, that is

lim Ap(gq; Q) = Me(p; ).

q—p~
Proof. The theorem is a consequence of the results in [19, Theorem 3.3]. O

Theorem 2.21. For a Lipschitz domain §) the eigenvalues A\i(p; Q) are con-
tinuous functions with respect to p.

Proof. The theorem is a consequence of Theorems 2.18 and 2.20. O

2.4 The second eigenfunction

2.4.1 The second eigenvalue as p — 1

Lemma 2.22. Let E C R" be a set with Lipschitz boundary, and let E¢ be,
for e > 0, the e-strip around E defined as

Ef:={z € R"\ E|dist(z,0F) < }.

Then
V(E®) = ePer(E) + o(e)
where@—ﬂ) as e — 0.
Proof. The proof can be found in [4]. O

Theorem 2.23.
lim sup Az (p; €2) < ha ().

p—1
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Proof. Let Cy, Cy CC € be two subsets such that C; N Cy = ), and

Per(Cy) Per(Cs) 1
< hy(Q) + —.

Vo VG St gy

It is possible to find E;, Fy with the property that, for ¢ = 1,2, E; CcC C},

OFE; is smooth, and

P@?”(Ei) 1

ViE) < ha(Q2) + s

Let £ > 0, and let v; (i = 1,2) be two functions such that: v; =1 on E;, v; =0
outside a e-neighbourhood of E;, and |Vv;| = ! on the e-strip Ef outside E;.
e should be chosen in a way that (Ey U ES) N (E2 U E5) = 0. Set

Ay = {avl+ﬁv2 \a|p+|ﬁ\p:1}.
Then Ay € T’y (see also [34, Lemma 2.1]). Thus we have
Jo [Vul? e P|a|PV(ES) + e P|BPV(ES)

Aa(p; Q) < sup < sup
2P ) S sup TETRT S S TRV (B + PV (By)

. elP|lafP Per(E,) + 7P| B3P Per(E,) 4+ e Po(e)
lafp-+]8JP=1 la|PV(Ey) + 8PV (Es)

1-p ! ¢ Fole)
<e <h2(Q) + E) + min {V(E,),V(E2)}

as we have

V(E;) = ePer(E;) + o(e)
where @ — 0 as ¢ — 0 (see Lemma 2.22). Note that the last inequality is
true because of Proposition A.4. If we send p — 1, we obtain

| 1 e o(e)
1I;1_S}}1p 2(]9, ) — 2< ) + k * mln{v<E1)7 V<E2>}

and if e — 0 .
lim sup Ao (p; Q) < ha(Q) + X
p—1
The claim follows if we send k& — oo. The fact that £y and Ey depend from
k does not constitute a problem, since in any case we can estimate V(E;)

uniformly from below, as a consequence of Proposition 1.9. O

Remark 2.24. The theorem can be easily generalised to the k-th variational
eigenvalue obtaining

lim sup Ay (p; ©2) < he(€2).

p—1
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Theorem 2.25. The following Cheeger-type inequality holds:

Aa(p; ©2) > (My) :

p

Proof. Let ey, be a second eigenfunction of the p-Laplacian. From [37] we
know that ey, has exactly two nodal domains N;,, Ny,. ey, is also a first
eigenfunction on each of the two nodal domains; from Cheeger’s inequality it
follows, for ¢ = 1,2,

Xa(p3 Q) = Ma(p; Niy) > (W)p

But as Ny, N Ny, = (), we have
max{hi(Nip), hi(Nap)} = ha(€2)
due to the definition of hs(§2). So we obtain the claim. [

Remark 2.26. It is worth noting that, if A is an eigenvalue such that there
exists an associated eigenfunction with k nodal domains, then

A > (M)

p

Theorem 2.27.
lirq A2 (p; ) = ha(Q2).
p*)

Proof. The claim follows easily from Theorems 2.23 and 2.25. [

2.4.2 Nodal domains as p — 1

In the following we prove a result about the asymptotic behaviour of the nodal
domains of second eigenfunctions as p — 1 and draw some consequences about
the shape of the nodal line if €2 is a planar disc or a square.

Theorem 2.28. Let N, No, the nodal domains of the second eigenfunction
of the p-Laplacian. Then

lim max{fi1 (N1p), hi(N2p)} — ha(€2).

Proof. By definition of hy(€2) we have

hQ(Q) S max{hl(vap), hl (sz)}.
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It remains to prove that for every € > 0, there exists py > 1 such that for every
L <p <po,
max{hl (vap)’ h’l(NQ,p)} S hQ(Q) + €.

Suppose that this is not the case; then there exists € > 0 such that, without
loss of generality, hy(Niyp,) > ho(2) + € for a subsequence p, — 1. From
Cheeger’s inequality

AM%QﬁEGM%%QYM><E&£i£y%>M“U+§

for k large enough. But this contradicts the fact that lin} Aa(p; Q) = ha(Q).
p—)

Hence the claim follows. O]

Corollary 2.29. For p — 1, the volume of each of the nodal sets is uniformly

bounded from below by w, —2h2"(9)

Proof. From the preceding theorem there exists py > 1 such that, for every
1< P < Ppo,
maX{hl(Nl,p), hl(sz)} S 2h2(Q)

Arguing as in Proposition 1.27, the volume of the nodal sets can not be smaller
than the volume of a ball with Cheeger constant 2hy(2), which is exactly

W, (%) . Thus, for i =1, 2,

n n
N; | > |B| =
Nigl 2 18] = n (57755 )

as claimed. O

2.4.3 The second eigenfunction as p — 1

We are now going to investigate the asymptotic behaviour of the second eigen-
function as p — 1. First, we state some technical lemmas.

Lemma 2.30. Let Q2 C R" be a bounded set with Lipschitz boundary, p; — 1
as j — oo (pj > 1), uj € Wol’pj(Q) for every j, u; — w in L'(Q) as j — oo.
Then

| Dul| (R™) < liminf/ |Vu;|Pi.
i—oo Jq
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Proof. Since 0 is Lipschitz, the functions u; are in particular in BV (R"™).

Let us denote by p’; the exponent conjugate to p;; by Theorem B.5, Hélder’s
inequality and [24, page 622, letter d| we have

IH%M(RWféhmhﬁHDUAHR”)Zlmﬂn{/IVUA
Jj—00 J—00 Q

L 1
< lim inf (/ \vuj\w)"] Q%
Jj—o0 Q

< lim inf (/\Vuﬂ’”) -
J—00 9} b

,.
J

/

_5
p;"”
< liminf/ |Vu,|P7 4 limsup Q] - =5
J—00 0 j—o0 .
zliminf/ (V[P
i—oo Jq

Lemma 2.31. Let Q@ C R" be a bounded set, p; — 1 as j — oo (p; > 1),
0 < [Jujll poe(qy < ¢ for every j (¢ >0), u € LYQ), and u; — u in LY(Q) as

j — 00. Then
ml|ww=/my
J= J0 Q

Proof. Let us denote by p’; the exponent conjugate to p;. By Holder’s inequality
and [24, page 622, letter d], we have

R,
lu| = lim [ |u;| < liminf |w;|P? " [o1fE

7

p; "
<timint | ([ Jupr) +100- %
J—ee Q p;

_b

. pj
= liminf/ |u; P + limsup €] - b
o .

. /
J—00 j—00 p]

zliminf/ | [P (2.3)
i— Jg
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On the other hand from 0 < [Ju;{[ o) < ¢ and p; = 1 we have

|uy Z/( |uy] )pj
QHuJ”OO Q Hu]Hoo

so that

/|u| hm |u]| > hmsupHujH1 bi. /|u |Pi > hmsup/ ;|7

Jj—00 J—0o0

The last equation and (2.3) end the proof.
[

Lemma 2.32. Let ez, be a second eigenfunction of the p-Laplacian. Then

lezplloo < 4" - Ao (p; )7 - [lealhr-

Proof. The proof can be found in [44]. O

Theorem 2.33. Let ey, be second eigenfunctions of the p-Laplacian such that
leapll, = 1. Then (after possibly passing to a subsequence) e, converge, as
p — 1, in LY () and hence pointwise a.e. to a function u € BV () such that
lulli = 1 and ||Dul[(R™) < he(R2). Moreover, u can not be strictly positive or
strictly negative.

Proof. From Lemma 2.32 and Holder’s inequality, es,, are uniformly bounded
in L>(§2). Moreover, we have

1
P 1 1 1
Deasl B = [ 19es,l < ( [ [9ea,l?) 100 = raGsev - ol
Q Q

where p’ is the exponent conjugate to p. Since \y(p; Q2) — ha(Q2), the functions
are uniformly bounded in BV (£2); hence there exists a subsequence converging
in L'(Q) to a function u € BV (). From Proposition B.5 we have

| Dul||(R") < liminf || Desg,||(R") < lim inf </ |V€2,p|p) ’ |Q|§
p—1 p—1 Q
= lim inf A (p; )7 - Q7 = ha(9).
p—)

Finally, Lemma 2.31 yields |lu|; = 1.

The fact that u can not be strictly positive or strictly negative is a consequence
of Corollary 2.29. Note that it is possible that ||le; |1 — 0 as p — 1 although
|{e2, < 0}] is uniformly bounded away from zero. O
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2.5 The cases of the disc and of the square

In this section we will apply the previously found results to the particular case
where the domain  C R? is a disc or a square. In particular, we are able
to state that, if p is sufficiently close to 1, then every second eigenfunction
in a planar disc must be nonradial. Let us recall that the existence of radial
eigenfunctions was shown in [52]; in this case, one has to solve the ordinary
differential equation

—(r" M Pu) = At HuP?u in (OR)
W(0) = 0
u(R) = 0

Let us mention that no result about the symmetry properties of the second
eigenfunction of the p-Laplacian seems to be known so far (except for the case
p=2).

Proposition 2.34. Let Q C R? be a disc of radius R > 0. Then
3.15429
lim Ao (p; Q2) = :
o 2(p; ) R

Proof. The claim follows from Theorem 2.23 and the results in section 1.4. [

Theorem 2.35. For p close to 1, the second eigenfunction of the p-Laplacian
in a disc @ C R? can not have a circular centered nodal domain. In particular,
it can not be radial.

Proof. Fix R = 1. From Proposition 2.34 there exists pg > 1 such that
Xo(p; ) < 3.5

for 1 < p < po. Let us suppose that there exists a second eigenfunction of
the p-Laplacian whose nodal domains are a ball B, of radius r (0 < r < 1),
compactly contained in 2, and A := Q\ B,.. If we restrict ourselves to the case
p < 1.1, Cheeger’s inequality allows us to state that

e (M) - (3 (2 -2

e (42 - (2> (22 - 22

Then we have the following compatibility conditions:

1.818
r

and

<35=r>0.519
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and
1.818

1—7r

<35=1—-—r2>0519=1r <0481

which are incompatible. Hence we obtain the claim.
]

Theorem 2.36. For p close to 1, the second eigenfunction of the p-Laplacian
i a square §2 can not have the diagonal as nodal line.

Proof. The proof is similar as in the preceding theorem. In fact, one notices
that, if the Q = [—1,1]?, the Cheeger constant of each rectangle obtained
cutting €) along a cartesian axis is 2.842, while the Cheeger constant of the
triangle obtained cutting along the diagonal is 2.970. O]

2.6 The one-dimensional case

In the one-dimensional case (with Q = (a,b)) the eigenvalue problem for the
p-Laplacian reads

—(['Pu) = MufP"?u in (a,b)
ula) = 0
ub) = 0
It is known (see [44]) that the first eigenvalue is explicitly given by the
expression
p
27
M (a,b)=(p—-1) | ————
1(p7 ((l, )) (p ) (p(b—a) sin%)

and that

Ae(p; (a,b)) = K" Au(p; (a, D).
The sequence {\x(p; (a,b))}{>S exhausts the spectrum (see [10]). Moreover,
every eigenvalue is simple, and the eigenfunction ey, associated to A (p; (a,b))
has exactly & — 1 zeros in (a,b), which means that it has exactly k& nodal
domains. Arguing as in the previous sections, one can obtain the following
"abstract” result:

Theorem 2.37. Let Q= (a,b). Then
lirri Ak(p; Q) = he(Q).
p—)

The result can be actually obtained by direct calculation, once one observes

that
2k

b—a

hi((a, b)) =
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Indeed, the optimal configuration for hg((a,b)) is given by k disjoint intervals
I, ..., I}, of equal length, so that Per(l;) = 2
1.k

and V(I;) = %2 for every i =

2.7 Other results

Theorem 2.38. Let Q@ C R™ be such that hi(2) < hi4;(Q) for a j € N. Then
there exists po > 1 such that every eigenfunction relative to the eigenvalue
Ak (p; Q) with p < po has at most k + j — 1 nodal domains.

Proof. Assume that there exists a sequence of values p,, \, 1 for which the
eigenfunctions ey, corresponding to Ai(p,; ) have at least k + j nodal do-
mains. Then, according to Remark 2.26 and Theorem 2.23, we would have

Hm inf Ay (prm; Q) > hig (2) > hy(2) > limsup Mg (pr; €2)

pm—1 pPm—1

which is a contradiction. So we obtain the claim.
O]

Proposition 2.39. Let Q be of class C*®. Let X be an eigenvalue of the p-
Laplacian, and e, an associated eigenfunction such that ||e,||, = 1. Let M be

%ilj’ on 0. Then

the mazimum of
M@
(0= 1) (@) p 7

Proof. M is well defined because, under these hypotheses, e, € C1*(Q) for a
3 € (0,1) (see [42]) and so 22 is continuous (9 is compact). Then, by the

M >

ov
generalised Rellich identity (see [40]), we obtain
2 h(Q)\" 2 2
_p( 1l )) SLASMP/ Mdﬂ"_l =: MP ¢(Q). O
p—1\ p p—1 oo OV

Corollary 2.40. Let Q be of class C**. Let \ be an eigenvalue of the p-
Laplacian, and e, an associated eigenfunction. Then

dep(z)

14

max
z€IN

— +00

asp — 1.






Chapter 3

Extensions

The aim of this chapter is to show that the results previously found essentially
hold also when other differential operators are involved. Complete proofs of
the statements will not always be given; instead, it will be pointed out which
modifications are necessary in order to obtain the results.

3.1 The weighted problem
Let Q C R™ be an open bounded domain with Lipschitz boundary. We consider

the problem

—div(g|Vul[P7>Vu) = Af|ulP?u in Q
u = 0 on 0f)
where f € C(Q), g € C}(Q) are such that
0<fo<f<flle

0<60<9< |90

We define the weighted volume
VIE) = / f(z)dx
E
and the weighted perimeter (measured in R")
Pert(E) = | Dxs()l,(R)

(see also [16]) where
Dl =sup { [ )i (a)ote) | € xR0 1ol <1}

45
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The weighted Cheeger constants are defined as

h%f(Q) = inf {)\ eR ‘ E'Eh ceey Ek CcC Q, EZ N Ej = Q)Vz 7é j,
Perd(FE;
OF; smooth Vi = 1, ..k, f?f‘.ﬁ#fzi)) < )\}.
Similarly to the case f = 1, g = 1, the following values are eigenvalues, as
proved in [41]:

v
A (p; Q) := inf mafog|_u|
Aery wed [0 flulp

where

Y= {A C WP\ {0} | AN {/Qf\u|p = 1} compact,

A symmetric, y(A) > k}

Lemma 3.1. Let Q0 C R" be a bounded domain, D CC € be a subset with
boundary of class C?, and set

Df:{zx € Q\ D|dist(z,0D) < e}.

Let g : 2 — R be a continuous function. Then

lim ! g(x)dr = /aD g(x) dH"*(z).

e—0 ¢ De

Proof. Fix € > 0. Since g is a uniformly continuous function, there exists a
d > 0 such that |z — y| < § implies |g(x) — g(y)| < € for every z,y € Q. Let
0 < e < 9. For every y € D, let us denote by x, the projection of y on dD;
such a projection is unique provided ¢ is small enough. Then

/sg(y) dy—/sg(xy) dy‘ < 5|D5|.

3

From [4, Proposition 19] we can deduce that

/5 g(zy) dy = (¢ + o(¢)) /aDg(x) dH™ L.

The claim follows easily letting € tend to 0 if we recall that

||

lim = Per(D).
e—0 &£
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Lemma 3.2. Let g € C°(Q), D CC Q such that dD is of class C*. Denote
with g(E) the mean value of g on E, and let D* CC Q be e-strips around 0D.
Then

9(D*) — g(0D)

as e — 0.

Proof. One has

ey 1 B 1
90°) = ey | 9(@)dw = sPer(D)qLo(e)/eg(x)dx

1 1
" Per(D) + e lo(e) e /De 9(w) dz.

From Lemma 3.1 we obtain

lim 5(D°) = Pej(D) | st ar@) = g(op).

]

Now we try to extend the approximation result proved in [45] to this setting.
We recall that we can define the weighted total variation as

[Dully(£2) := sup {/Qu(x) div (g(z)e(x)) ‘ p € C(Q), gl < 1}

(see [16]). The weighted total variation is L'-lower semicontinuous and a coarea
formula is available. One has to prove the passage in [45] from (2.28) to (2.29),
but this can be done using the following lemma.

Lemma 3.3. Let 7 > 0 be a test function defined on R™ such that 7(x) =
T(Jz]), 7(z) =0 if |z| > 1, [7(x)dx =1. Set 7(x) := h"7(hzx) and Py (x) =
Th * Xo. Then

[ Dnlg(R™) — || Dxalls(R")

as h — 0.

Proof. Since 7, — xq in L, .(R™), we have

| Dxolly(B") < liminf [ Dy, (R").
Moreover we have
Y div (gp) = /

_ / e div (g(m * ©)) < [ Dxalls(R?)

(70 % xe2) div (gp) = / Yo div (7 % (99))

n n

Rn
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since
mr (o) < [ mle-nleldy < [ nlo—y)dy=1.
So
imsup | D, (R") < [ Dxall (B)
from which the claim follows. O

In order to prove the desired result, we need to verify relation (3.21) in [45];
this can be proved as in [47], Appendix, knowing that if E is a set of finite
perimeter, there exists a sequence of smooth functions 1, approximating xg
in the strong topology, such that 0 < 1, < 1. See also the approximation
result in [36]. We are then able to state the following proposition.

Proposition 3.4. Let F C Q) be a set of finite perimeter. Then there exists a
sequence of smooth sets { Fy,} such that: Fy, CC F', xp, — xr, and Per?(F},) —
Perd(F) as h — oo.

Corollary 3.5. We have

Perd(E;)

< =1, ... .
I <AVi=1, k}

Theorem 3.6. Let 2 C R"™ be a bounded domain with Lipschitz boundary.

Then
limsup A% (p; Q) < 197 (Q).

p—1

Proof. We give the proof for k£ = 2. It is possible to find F,, Fy with the
property that, for i = 1,2, E; CC 2, dF; is smooth, and

Per(E;) 1
U <) + -

Let £ > 0, and let v; (i = 1,2) be two functions such that: v; = 1 on E;, v; =0
outside a e-neighbourhood of E;, and |Vv;| = ! on the e-strip Ef outside E;.
e should be chosen in a way that (F; U Ef) N (Ey U ES) = (. Set

Ay = {owl + v

al? + |87 = 1} |
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Then Ay € T'Y (see also [34, Lemma 2.1]). Thus we have

. Jp 9 Vul” eP|aPVI(ES) + 7|8V (Es)
M) S T S e el VI(E) + APV
P [lalPg(EDV (B5) + |81Pg(E5)V (E5)]

)

< sup

|afP+]8lP=1 laPVI(Ey) + [B]PV(Ey
oy SlOFBEDPer (B + 585 Per () + 7o)
lalp+]8p=1 aPVI(E) + 8PV (E2)
G(ES)Per(E;) e to(e)

M T VIE) i (VI(E), V(B
as we have from Lemma 2.22
V(E;) = ePer(E;) + o(e)

where @ — 0 as ¢ — 0. Note that the last inequality is true because of
Proposition A.4. If we send p — 1, we obtain

_ g(E?)Per(E;) Lo(e)
9 f (0. Q < g( 7
st X)) < max S5 . V)
and if e — 0
. _ g(OE;)Per(E;) Perd(E;) _ g5 1
hI;l_S)}lp Xa(p; Q) < max VIE) = EE%W < hg? () + 2

The claim follows if we send k£ — oo. The fact that F; and E5 depend from &
does not constitute a problem; in fact we can estimate V/(E;) from below: if
it were V/(E;) — 0 we would have

Pe'rg(E)> Jo Per(E)> go Per(B;) go n

> > = - — +00
VIE) ~ [Iflle V(E) ~ [[flle V(Bi)  [flloo Bi
where B; is a ball with radius R; such that V(B;) = V(E;). O
Theorem 3.7.

SIS

Ai”f@;mz( Jo )

91loc

NS
p

Proof. By means of the weighted Cavalieri principle and the weighted coarea
formula, which are available also in this case (see [16]), we generalize [38,
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Theorem 3] and obtain at the end the following inequality:

1

_ dodlVul Lot Vel (o lol?) (ol

nl (@ 1
S A Y [ T T
_ ol i) fﬂgwwp)i<p<||g||oo>é<fﬂg|w|p>f_
fo (fo|v|p)5

fo fQ [v[P)a fQ [v[P)?

We recall that Sard’s Theorem assures us that almost all of the level sets of a
smooth function have a smooth boundary. O]

Corollary 3.8.
lim AP (p; 2) = n{7 ().

Remark 3.9. If g < f we can also proceed as follows:

Jo 9IVw| < pr glvP~H Vol < p(fQ glvlP)a(Jq 9l VolP)r
Jo flwl =7 [, flvlp B fg flvfp

<p (o F10IP) 7 (o 91 V0l)? <p (Jo g!V’U\p

N fQ f|1}|p folU’P

M9 > (M)

p

which is a better estimate in the case fo < ||g|loo, Which can occur even if
g<f.

hl(Q) <

to obtain

Remark 3.10. The proof of the existence of a function v € BV (§2) minimizing

the ratio
| Dvl|,(R™)

Jo flv]
among all functions v € BV (Q2), as well as the existence of a weighted Cheeger

set for € (with the minimum of the ratio above equal to 29 (Q)) can be found
n [16].

Remark 3.11. The first eigenfunction(s) of the weighted p-Laplacian can be
considered to be strictly positive; indeed, Harnack’s inequality is available
according to [51] or [49]; the results of those articles are in fact still valid if
one sets, using their notation,

A(z,u, Vu) = _gl div(g(z)|Vu[P~2Vu)
0
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and 1
Bz, u, Vu) = —(f(x)|ul""u)
gJo

since g(z) > go > 0.

Remark 3.12. Since f, g are positive and bounded from below and from above,
[43, Lemma 3.1] could be used to state that the first eigenvalue of the weighted
p-Laplacian is simple. From the same computations it follows (see the remark
following that Lemma) that the higher eigenfunctions have to change their
sign.

Theorem 3.13. The following inequality holds:

) = (1) ( 7 )

Proof. There exists a second eigenfunction eg’f which admits at least two nodal

domains N; and N,. One can then proceed as in the case f,g = 1. O

Corollary 3.14.
lim A3 (p; ©2) = n§7(2).

3.2 The pseudo-p-Laplacian

It is worth mentioning that the results of the preceding chapter hold also for
the eigenvalue problem for the pseudo-p-Laplace operator, defined as

~ "9 [loulP? ou
Apu = ; oz, ( &Ei) )

85137;
For n = 1 we have ﬁpu = Apu, while Asu = Ay for every n. The pseudo-p-

Laplacian admits a sequence of eigenvalues
(i Q) < Xa(pr Q) < o < Nelps Q) — +o0

which can be obtained by means of a minimax principle, similarly as for the
p-Laplacian. We define

| Dul|; (R™) := sup {Z/Qu

= sup{/ udivw‘so € CX (LR, [lpflee < 1}.
Q

dp;
0x;

(2

i € CZ(R), |@i] < 1}
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The difference with the ordinary total variation is that there we required the
condition |¢| < 1, i.e. [j¢|l2 < 1. By the equivalence of the norms in R" we
have

|| Dul[(R") < 0o < || Dul|;(R™) < oo.

For a set E C Q) we define

Peri(E) = Peri(E;R"™) := sup {/ xE divp ‘ © € CF(R™Y), (1€l < 1}

n

and the Cheeger constant

The L'-lower semicontinuity of ||Dul|; and the existence of a coarea formula
(see [2]) yield the existence of a minimizer for the Rayleigh quotient, as well
as the existence of a Cheeger set for every @ C R™. In [7, Theorem 3.7] it was
proved that B _

lim 3 (p: ) = 7 ().

It is easily seen that the results of Chapter 2 can be extended also to this
setting. In the following we will only extend a useful approximation result for
Cheeger sets, which was proved in [45] in the standard case.

Lemma 3.15. Let 7 > 0 be a test function defined on R™ such that 7(z) =
T(Jz]), 7(x) =0 if |z| > 1, [7(x)dz =1. Set 7,(z) := h"7(hzx) and Py (x) =
Th * Xa- Then

[DYn[s(R) — [[ Dxall: (R")

as h — oo.
Proof. Since 1, — xq in Lj,.(R™), we have
DXl (R?) < lim inf | Di 1 (R,

Moreover we have

undive = [ (mexa)dive = [ xadiv(ne) < [Dxalh (®)
Rn n

n

since

7% () oo < / (@ — ) o) llo dy < / () dy = 1.

n n

So
limsup || Dyyl[1(R") < |[Dxall1(R™)

h—o0

from which the claim follows. ]
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Proposition 3.16. Let F' C €2 be a set of finite perimeter. Then there exists a
sequence of smooth sets { Fy,} such that: F, CC F, X, — Xr, and Per,(F},) —
Peri(F) as h — oo.

Proof. The results in [45] about the approximation of Caccioppoli sets from
the inside can be extended also in this case, since the article makes use only
of the lower semicontinuity and of the coarea formula, which are available also
in this case. One modification is needed in (3.21): in this case it is possible to
use the results of [47, Appendix| by modifying the classical proof using Lemma
3.15. The same lemma is useful in order to prove the step between (2.28) and
(2.29). O






Chapter 4

Lane-Emden problem and
Dirichlet eigenfunctions

Let 2 C R” be a bounded domain. We consider the Lane-Emden equation for
the p-Laplacian, that is

{—Apu = Au["%u  inQ

v = 0 on 0f). (4.1)

Hereis A > 0,1 < p < ¢ < p* (Withp*:%ifp<n,andp*:+oo
otherwise). We are interested in the existence and the asymptotic behaviour,
as ¢ — p, of the positive and sign-changing solutions with minimal energy.
It will be proved that, for suitable values of A, such solutions converge to

eigenfunctions of the p-Laplacian.

The results of this chapter were obtained in collaboration with Christopher
Grumiau and have appeared in [31]. However, the proof of Proposition 4.9 is
given here in a simplified version obtained together with Fernando Charro.

We denote by |.|| the norm in W,”(Q) defined as

foll= ([ |w|f’)’1’.

In order to simplify the notation, we will set A\; := A1 (p; Q) and Ay 1= Ay (p; Q).

4.1 Existence of solutions

Let us fix 1 < p < +o00 and p < ¢ < p*. We will prove the existence of at
least two non-trivial solutions to the Lane-Emden problem (4.1). In particular
we prove the existence of a ground state solution (non-trivial solution with

55
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minimum energy) and a least energy nodal solution (sign-changing solution
with minimum energy). We recall that the existence question in the case p = 2
and 1 < g < 2* was already studied in 1973 by Ambrosetti and Rabinowitz
in [3], where it was shown that the problem admits a positive ground state
solution. The existence of a sign-changing solution with minimal energy was
proved in [18] by Castro, Cossio and Neuberger in 1997.

We introduce the energy functional

1 A
u) = — Vup——/uq
Pq(u) p/ﬂl | qQ||

defined on W,?(€). A function u is a solution of (4.1) if and only if it is
a critical point of ¢,. Remark that ¢, is a C? functional for p > 2 and C!
functional for 1 < p < 2.

Let us define the first variation of ¢, at v in direction v

dpg(u)(v) = / |Vu|p_2VuVU—/\/ || 2uw
Q Q
and the Nehari manifold
Ny = {u € WeP()\ {0} | dpy(u)(u) = 0}.

Clearly, all the non-trivial solutions belong to A,. We will also make use of
the positive Nehari manifold

N = {u e NyJu> 0},
of the negative Nehari manifold
Ny ={ueNg|u<0}
and of the nodal Nehari set
Mg i={ueNgJu" e N, u” e N},

where we defined the positive part u™ := max(0,u) and the negative part
u” :=min(0, u).

Notice that by definition the functions belonging to M, are sign-changing.
Moreover, all sign-changing solutions of the problem belong to M,. The fol-
lowing results prove that ground state solutions are characterized by functions
minimizing the energy functional in N, and least energy nodal solutions are
characterized by functions minimizing the energy functional in M.
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Proposition 4.1. For every u € Wy*(Q)\ {0}, there exists one and only one
ty > 0 such that tju € N,. Moreover,

Pq(tqu) = max o, (tu).

Proof. For u € WyP(Q) \ {0}, we have

tu € N ©/|V (tu)] /|tu|q—0<:>tp/|Vu|p )\tq/|u|q—0

The last equation admits
VulP\ 77
g (JalVul (4.2)
! A fQ |l

as unique positive solution. For ¢t > 0 we define

1 A tP A4
t) := tu) = — V(tu p——/tuq:—/ Vup——/uq.
Y(t) %()p/ﬂl()l qQII pQII qQI\
tpl/]VuV’ )\tql/|u|q

so that the only positive critical point is ¢ = ¢;. Since 1)(0) = 0 and ¥(t) — —o0
as t — 400, t; must be a maximum point, Wthh means

goq(tZu) = max g, (tu).
O

By the previous result and since the support of u™ and v~ are disjoint, we
obtain

Corollary 4.2. For every u € Wy *(Q)\ {0}, the numbers tf,t, >0 such that
thut +t;u” € My are uniquely defined.

Proposition 4.3. The Nehari manifold N, is closed in W, 7(Q).

Proof. Since ¢, is of class C', it is clear that N, U {0} is closed. So we must
prove that 0 is not an accumulation point for A; this follows from the fact
that the W, P-norm of every function u € A/, is uniformly bounded from below.
Indeed, from Sobolev’s embedding Theorem we have

IVoll, > Clivlly ¥ v e WP (Q).
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For v € W,?(Q) \ {0} the unique positive multiplicative function tiw € N,
(with t; as in (4.2)) satisfies

1

* * ”VU”p i 1 Yv =
IV(E)l, > Clltiv]l, =C ( p> o]l = CA" 7 <_” Hp)

q q
Alvllg o]

pNer=pNr=23
O

The following result proves that we can compute the minimum of the energy
on the positive and negative Nehari manifold, and on the nodal Nehari set.
The idea for it is the same as the one used by Castro, Cossio and Neuberger
in [18].

Proposition 4.4. The infima

inf u), inf w), inf u
ueNj(pq( ) weN Soq( ) uquSOq( )

are attained.

Proof. We will give a proof only for M, since the arguments are the same for
N and N . Let us define ¢ := inf ¢, and consider {u,}s2, C M, such that
Mg

a0 = (5= 7)ol

for any v € N, we obtain that {u,}°>, is bounded in W,”(Q). So, up to a
subsequence, there exist u, v and w such that u, — u, v) = v and v, — w in
Wy P (Q). By Sobolev’s embedding Theorem and as the functions u — u* and

©q(un) — c. Since

u — u~ are continuous, we obtain that vt = v and u= = w.
By Proposition 4.3, the Nehari manifold A is closed in W, (). We obtain
that

/\/|u+|q:)\ lim /|u:{|q: lim Huj{“p > 0.
Q Q

n—-+o0o n—-+o0o

So u is a sign-changing function.

It remains to verify that u € M, and u,, — u in W, *(Q). In fact, it suffices
to prove that ut — u* and u; — u~ in W, (). Suppose by contradiction
that this is not the case; without loss of generality, we can assume that )
does not converge to u*. Then
+||p < lim inf HU:{HP

o
n—-+o00
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(see [13, Proposition 3.30]), which implies that dp,(ut)(ut) < 0. So u™ does
not belong to the Nehari manifold. By Proposition 4.1, there exist 0 < a < 1
and 0 < # <1 such that au™ + fu~ belongs to M,. In fact, we have

pqlau™ + fu”) < liminf(gpq(au;:) + ¢,(Bu,)) < lim}nf 0q(un) = c,
which is a contradiction. So the minimum of the energy on M, is attained in

u.

O

The following results show that the functions found in Proposition 4.4 are
solutions of the problem (4.1). Remark that, as the positive part and the
negative part of a solution belong to the Nehari manifold and as the energy
of the positive or negative part is strictly less than the energy of the solution,
we obtain that the functions which minimize energy on the positive Nehari
manifold or negative Nehari manifold are ground state solutions of the problem
(4.1). We will make use of the following lemma, also known as Miranda’s
theorem.

Lemma 4.5. Let B C R" be a closed ball, let f : B — R™ be a continuous
function. If f points inside B on OB, then f possesses a zero in B.

Proof. A proof of this theorem can be found for instance in [24, Section 9.1]. [

Proposition 4.6. If u, € M, (resp. N or N ) is such that p,(u,) =
infuem, q(u) (resp. inf ot pg(u) or inf, oy pq(u) ), then ug is a critical
point for @g.

Proof. We give the proof for M,. The arguments are essentially the same for
the two other cases: we only need to think that a minimum on N or N
is a minimum on A,. So, for the two other cases, we do not need that the
deformation used in the next part of the proof stays in the positive Nehari or
negative Nehari manifold.

Fix ¢ := I/I\l}n ¢q. Let us suppose that u, is not a critical point for ¢,. Since

¢, is of class C', it is possible to find a ball B with u, € B and such that, for
e >0,
c—e<gi(u)<c+e YueB

and

I d@q(u)”(wolvp)’ 2 VueB.
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Let us consider the quarter of a hyperplane 7 defined as
m o= {ouf + Buy |0, > 0).

Notice that, from Proposition 4.1, u, is the unique global maximum of ¢, on
7. By the deformation Lemma (see [28, Proposition 5.1.25]) there exists a
deformation I' such that

1. pg(I(t,u)) < cforue BNmandt € [0,1],
2. T'(t,u) =u foru € 90BN 7 and t € [0, 1], and
3. ||IT(t,u) —ul| <8t forue BNxwandt e [0,1].

Because of the compactness of B N, it is possible to find ¢* > 0 such that
['(t*,u) is a sign-changing function for every u € B N m. Now we consider the
application ¥ : 1 — R x R defined as

v (dg (T, v) )T, 0) "), depg(D(E7, 0) ) (T(E",v) 7).

Since I'(t*,v) = v on 0B, we obtain that the vector field points inwards on
0B. Using Lemma 4.5 we obtain that there exists w € B N 7w such that
[(t*,w) € M,. This is a contradiction because ¢,(I'(t*,w)) < c. O

4.2 Convergence results

In this Section we study the asymptotic behaviour of ground state solutions
u, (resp. least energy nodal solutions) of the Problem (4.1) when ¢ goes to p.
We prove that there exist suitable positive constants C; and C5 such that

A\ 77 A\ 77
a(3)7 <l < (%)

if u, is a ground state solution, and

Ao\ 77 Ao\ 77
(%) <l (%)

if u, is a least energy nodal solution. We are able to state the following result.

Theorem 4.7. As ¢ — p, the ground state solutions of Problem (4.1):

(1) diverge to infinity, up to a subsequence, if A < A\i;

(i1) converge to a first eigenfunction of the p-Laplacian, up to a subsequence,
Zf A= /\1;.

(11i) converge to zero, up to a subsequence, if A > Ap.
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Theorem 4.8. As ¢ — p, the least energy nodal solutions of Problem (4.1):
(1) diverge to infinity, up to a subsequence, if A < Ay;

(1) converge to a second eigenfunction of the p-Laplacian, up to a subsequence,
if A= Ay

(i11) converge to zero, up to a subsequence, if X > Ao.

We mention that the case A < A\; in Theorem 4.7 was already investigated
in [34].
Let us first remark that statements (i) and (iii) of Theorems 4.7 and 4.8 can
be derived from (i) as follows. If v, is a ground state solution of (4.1) for

A = Ay, then the function
1
AL 9P
Ug = ; Vyq

will be a ground state solution for A = p. So for A < Ay, the function

Ug = By Uq

goes to infinity as ¢ — p, while for A > )y it goes to zero. The proof of
Theorem 4.8 (i) and (i4) is virtually identical. It remains to consider the case
A = )\ for ground state solutions, and A = A\, for least energy nodal solutions.
Remark that the energy functional of problem (4.1) is given by

1 A
u) = — Vup——/uq
Pq(u) p/ﬂ| | qﬂll

where A = A (resp. \3). We denote by N, , the associated Nehari manifold
and M, , the associated nodal Nehari set. The family {u,;},>, Will denote
a family of ground state solutions for the problem (4.1) with A = \;, while
{ug2}q>p will be a family of least energy nodal solutions for the same problem
with A = A;. We prove that, up to a subsequence, {ug1},., (resp. {ug2},.,)
converge in LP(2) to a first (resp. second) eigenfunction of —A,,.

Let us fix a first eigenfunction e; and a second eigenfunction ey of —A,,.

Proposition 4.9. The families {ug.1},., and {ug2}, ., are uniformly bounded
. 1,17
in Wy (Q).

Proof. We give the proof only for the family {Uq72}q>p. The arguments are eas-
ier in the other case. As u, 2 belongs to the Nehari manifold, dy,(ug2)(ug2) =
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0, which means ||Vugzalb = Aa||ug2[[Z. On one hand we have

(1 _ _) IVttg |5 = 0q(tg,)

p

< pgltyes +tges)
= 9011(75;6;) + ‘Pq(t;%_)-
On the other hand we have

1 A2 1 1
eutzed) = G PIVe I - 2letly = (5 - 2) G PIves;

and analogously for ¢,(t; ey ). So we obtain

IVugally < ()P IIVes |l + (¢ Ve 17

- 1
o (IVesl les 1l \
T\ elles [ les 113

and similarly for ¢;". By Holder’s inequality one has

1
q_ s 1
A A S
T ez 117 eIl

Substituting we obtain

where

Vg ally < 2- X0 - 9]

so that
[Vugall, < (2 A2 - [Q])7.

]

The two following results prove that the sequence of ground state solutions

(resp. least energy nodal solutions) of problem (4.1) stays away from the zero

function.

Theorem 4.10. Let {ug1},.,
Lane-Emden problem (4.1) for A = A\;. Then

liminf [|[Vug,][, > 0.
a—p

be a family of ground state solutions of the
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Proof. Fix r > 0 such that p < r < p*, and set s := ;Eg:zg. By interpolation of

Hoélder’s inequality (see Proposition A.5) we obtain

R ((7RY [

.1l < llug,
By definition of \; we have
Mlfugally < [IVugallp.
On the other hand, since {ug,1},., belongs to the Nehari manifold N, we have
Vgl = Mlluga g

and, since r < p*, by Sobolev’s embedding Theorem, we know that there exists

a constant C such that
[ugall? < Cl[Vugalb.

So it follows that

—p+q—sq

[Vtgally > A, "7 C wms?

which means, recalling the definition of s,

o,
Hvuq,al > A\ O

Since this estimate does not depend on ¢, we obtain the claim.
O

Theorem 4.11. Let {uq,g}q>p be a family of least energy nodal solutions of
the Lane-Emden problem (4.1) for X = \y. Then

lim inf || Vg s, > 0.
q—p

Proof. Since u, 2 is sign-changing we can write u, o = u;_,g +u, o, with u;CQ, U,y F#
0. Define

A= {v € Wol’p(Q) \ {0} |v= @uI2 + B, o, (a, B) # (0,0)} .

It can be proved that A € I's, where I'y is as in Definition 2.4. By definition
of Ay we have

|of”[[ Vg, |

(@8)£00)  |afp|lu,]

Ay <

D+ 18P IVuglE { [Vl \|qu,2|rg}

p + 1017 [lugallp lugallp ™ llugalls

The last inequality follows from Proposition A.4. Let us assume, without loss

of generality, that the maximum is attained for uIQ. Then we have

allugally < (IVugslly.
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Fix r > 0 such that p < r < p* and set s := 28{:3. By interpolation of Holder’s

inequality (see Proposition A.5) we obtain

lugallg < lugally™ lug7”

On the other hand, since {u;2}q>p belongs to the Nehari manifold N, we have
Vgl = Aallugs |l

and since r < p* by Sobolev’s embedding Theorem we get
HUIQHqu < OHV“;zHZ'

So it follows that
“pta=sq g
||VU;2||p > NP O e
and if we recall the definition of s

o,
Vg ,ll, > A3~ Cre=.

From the relation
[Vugall, > ||VU;_,2||p

and since the estimate does not depend on g we obtain the claim. O

Theorem 4.12. Let {uq,l}q>p be a family of ground state solutions of the
Lane-Emden problem (4.1) for X = A1 (resp. {ugp},., be a family of least
energy nodal solutions for A = o). Then, up to a subsequence, u,1 — Uy
(resp. ugo — uy) in LP(Q) as ¢ — p, where the function u. is a first (resp.
second) eigenfunction of the p-Laplacian.

Proof. We give the proof for the family of least energy nodal solutions. The
idea is the same for the family of ground state solutions. Let v € W,"(Q).
Because of the uniform boundedness of the family {ug2}4sp in W, 7 (), there
exists u, € Wy () such that ugs — u, in W, ?(Q) and ugs — u, in LP(Q) for
g — p (up to a subsequence). By Lebesgue’s dominated convergence Theorem
we also have

[ugal? *ugo — || u, in LP(9).

So
/ |V, [P?*Vu, Vo = lim / Vg 2PV, 2 Vo
Q =P JQ

= lim )\2/ |uq7g|q_2uq720
Q

q—p

:)\2/ |u*\p’2u*v.
Q

By Theorem 4.11 u, # 0. Hence, u, is a second eigenfunction of —A,,. O



Appendix A

Inequalities

Proposition A.1. Let {a,}, {b,} be sequences. Then

n—oo

lim sup(a,b,) > (lim inf an) (lim sup bn).

Proof. Set a := liminfa,, b := limsupb,. Let {b,, } be a subsequence such

that b,, — b. Then
a < liminfa,,.

k—o00

Let {anz } a subsequence of a,, such that ), — a = liin inf a,. Then b, — b
— 00

and

ab < d'b= <lim a”k) <lim bn%) = lim (anzbn ) < limsup a,b,,.

/
k
k—oo k—oo k—oo N—00

Proposition A.2. Let {a,}, {b,} be sequences. Then

liminf(a,b,) < (lim inf an) (lim sup bn>.

n—oo n—oo n—oo

Proof. Set a := liminf a,, b := limsupb,,. Let {a,, } be a subsequence such

n—oo n—o0

that a,, — a. Then
b > limsupb,, .

k—oo

Let {bn;g } a subsequence of b, such that b”% — b’ :=limsupb,,. Then an — @
k—oo
and

ab > all = <lim an;€> <lim b”k) = lim (ankbnk) > liminf a,b,,.

k—o0 k—o0 k—o0 n— o0
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Proposition A.3. Let {a,}, {b,} be sequences such that a,,, b, > 0. Then

liminf,,_, o a, .. . Qp
—————————— = liminf —.
lim,, .. b, n—oo b,

Proof. Set a := liminf a,, b := lim b,. Let {a,,} be a subsequence such that

n—oo

ap, — a. Then

.. (079 .. an a
liminf — < liminf —% = —
n—oo n k—oo e b

a
On the other side, set ¢ := liminf -, and let {Zﬂ} be a subsequence such
n—o0 n "k

that 3" — ¢; then a,, — bc. So
ny

liminf,,_, . a, < liminfy . an,,  bc

limy by b 0
O
Proposition A.4. Let a,b,c,d > 0. Then
min{2 9} < ath <max{g é}
c’d) T e+d” ¢’ d
Proof. The claim follows from the fact that
Ziz < (2)% S ac+be < (>)ac+ ad & g < (2)%.
O

Proposition A.5. Let Q CR", 1 <p < g < 400, and let u € LP(2) N LI(S2).
Then u € L"(2) for every r € [p,q| and

luallr < flelly ully™

where 0 < a <1 and .

a 11—«
—+
p q
Proof. The proof can be found in [13, Chapter 4]. O

<



Appendix B

Functions of bounded variation

The functions of bounded variation build a generalisation of Sobolev functions.
Most of the following results can be found in [29] or in [25].

Definition B.1. Let Q@ C R™ an open set. The total variation ||Dul|(2) of a
function u € L'() is defined as

IDule) =sup{ [ wdive | o e cx(@R?) ol <1},
Q

A function u € L*() is said to have bounded total variation if || Dul| (Q) < oco.
This quantity can also be indicated by [, [Du| or [|u||;,.

We denote by BV () the space of function of bounded variation (also called
BV functions). For every u € BV (Q2), we define

[ull gy () = llully, + [[Dull (2) (B.1)

Remark B.2. 1t is easy to see that [|-[| 5y, is a norm on the space BV(2).
Moreover, it can be shown that ||Dul| is a Radon measure on (2, defining

| Dul[(U) := Sup{/ udivp
U

where U is a subset of €.

o€ CRUIRY L |g| < 1}

Remark B.3. Tt can be shown that W1(Q) C BV(Q), but Wh1(Q) #£ BV (Q).
As a counterexample take for instance = (0,1) C R, E = (0, %), and u = xg.
Then clearly u € L'(2) and if we take p € C°(]0, 1]; R) with |¢| < 1 we obtain

/leEso’ = /0;90’ = 90@)—@0(0):90(%)-

Taking the supremum on every admissible ¢ we have ||[Du|| (£2) = 1; hence
u € BV(Q). However, u ¢ Wh1(Q).
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We recall the following

Definition B.4. A Lebesgue-measurable subset E C R" has finite perimeter
in Q if
XE € BV(Q)

The quantity ||Dxg| (2) is called the perimeter of E in Q and can also be
denoted by [|OE| (€2).

For a set E with sufficiently smooth boundary (for instance of class Lip-
schitz) we have

10E]|(€2) = H" 1 (OF)
where the symbol H"~! stands for the (n — 1)-dimensional Hausdorff measure.

Theorem B.5. (Semicontinuity of the total variation) Let @ € R™ an open
set, and {ug}2, a sequence of functions in BV (), converging in Li,.(Q) to
a function u. Then u € BV (), and

[Dull(2) < liminf || Dug| ().

Definition B.6. Let u, uy € BV(Q) (k = 1,...). We say that the sequence
{ug}2, converges strictly to u if, as k — oo:

1. up —u in LY(Q) ,and
2. [ Dugl| (€2) — || Dul] (€2).

Remark B.7. It should be noted that BV-norm convergence implies strict con-
vergence, but the converse is in general not true.

Theorem B.8. Let u € BV(Q). Then there exists a sequence {ug}3>, C
C>®(Q) N BV (Q), converging strictly to u.

Theorem B.9. Let Q C R” be open and bounded, with OS2 of class Lipschitz.
Assume {ug}32, is a sequence in BV () satisfying
S‘;P ||uk||BV(Q) <M

for some M > 0 Then there exists a subsequence {uy;}32, and a function
u € BV(Q) such that
ur, — u in L'()

as j — oQ.



Theorem B.10. (Coarea formula) Let u € BV (), and define
E, :={z € Q|u(x) > t}.
Then:
o I has finite perimeter for almost every t € R.
o |1Dull (2) = 7 10| (%) dt.

e Conversely, if u € L'(Q), and

“+o00
/ |0E|| () dt < o0

o0

then uw € BV (Q).

We consider now two minimization problems. Let us define

M@= it IPUED
weBV(Q)  lull,
and Per(E)
er
h(Q) := inf
() Euclﬁ V(E)

69

(B.2)

(B.3)

as in Chapter 1. The connections between the two problems will be shown in

the next two theorems (see also [38])

Proposition B.11. Let 2 C R" be a bounded, open domain with Lipschitz

boundary. Then there exists a function u € BV () such that
[Dul| (R™)

fufl,

Proof. Clearly, A;(2) > 0. Let {ux}2,; be a minimizing sequence for (B.2).
Without loss of generality, we can suppose |lui||, = 1. For every k big enough

we have

[Dug[] (R") < Ai(62) + 1.

It follows
HukHBV(Q) < A(Q) +2.

According to Theorem B.9, there exists a subsequence (still denoted by {uy}),

such that there exists u € BV () with

up — u in L*(Q).
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Using Theorem B.5 we get
M (Q) < [ Dull (R) < liminf || Dy | () = lim || Dus | (B") = 2y ()
= [[Dull (R") = A1 (92).

As |lu||; = 1, we obtain the claim.
[

Proposition B.12. Let 2 C R" be a bounded, open domain with Lipschitz
boundary. Then there exists a set E C Q such that
Per(E)
V(E)

= h(Q).

Moreover, A1(2) = h(Q2).
Proof. We begin to observe that A\;(£2) < h(€2): this is true, as h(£2) can be

considered as the same infimum in (B.2), taken only on all the characteristic
functions of sets of finite perimeter in Q (and ||Dxgl|| (R™) = Per(FE) according
to Definition B.4). Let u € BV (Q2) be as in Theorem B.11; using the coarea
formula B.10 and Cavalieri’s principle we get

1Dl R [ IOEN R de [ Per(By) di

Xl = lll,  — [Cvega TR V(E)d

hence

/+OO [Per(E;) — M(Q)V(E)] dt = 0.
As A\1(Q2) < h(Q), we have
Per(E;) — M(QV(E) >0
for every t € R Hence, for almost every ¢t € R, it must be
Per(E;) — M(Q)V(E) =0
that is

Per(Ey)
V(E)

= (9).

It follows
() = h(2) = A () = h(Q)

as well as the existence of a minimizing set for (B.3). O



Appendix C

I'-convergence

We will give in the following the basic definitions and results of I'-convergence
of functionals; our reference text for this purpose will be [12].

Definition C.1. Let X be a metric space. We say that a sequence of functions
fi+ X — [—o00,400] ['-converges to foo : X — [—00,+00] if for every z € X
we have:

(i) (liminf inequality) for every sequence {z;}52, converging to x we have

z&@ﬁﬁﬁggﬂ@ﬂ

1 limsup ine uahty there exists a sequence {z,}°, converging to z such
p q q JJ5=1 g g
that

foo(z) > limsup f;(x;).
j—+oo

The function fu is called the I'-limit of {f;}, and we write

o -
The sequence {a:j}j:1 is called a recovery sequence for x.

Remark C.2. Consider the case of a constant sequence f; = f for every j € N;
if these sequence has a I'-limit, but f is not lower semicontinuous, it can not
be true that f = I' — lim; ., f; ; in fact, by (i) in Definition C.1 we would
have, for every x € X and for every z; — z,
F(z) < liminf f(z;)
J—+00

which contradicts the fact that f is not lower semicontinuous. So even for a
constant sequence the I'-limit may differ from the pointwise limit.
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Remark C.3. If we have a continuous family of functions f, : X — [—o0, +00],
p € R, we can still define I'-convergence by asking that, for every sequence of
indices {p;}32,, p; — 0o, Definition C.1 holds for the sequence of functions

fpj'

Definition C.4. A function f : X — [—o0, +00] is coercive if for all ¢t € R the
set {f <t} is precompact. A function f : X — [—o0,+0o0] is mildly coercive
if there exists a non-empty compact set K such that i&f f= i%f f. A sequence

of functions f; : X — [—o00,+00] (j € N) is equi-mildly coercive if there exists
a non-empty compact set K such that i%f fi= i%f f; for all j.

We are now ready to state one of the main results about I'-convergence.

Lemma C.5. Let f;,fo : X — [—00,400] be functions. Then we have:
(i) if Definition C.1 (i) is satisfied for all x € X, and K C X is a compact
set, then we have

mf foo < liminf 1nf fj-

J—too
(1) if Definition C.1 (ii) is satisfied for allx € X, and U C X is an open set,
then we have
1nf foo = limsup 1nf fi-

oo

Proof. (i) Let {Z;}52, be a sequence such that liminf mf fi = hm 1nf fi(z;).

j—+oo

For the compactness of K we can extract a subsequence {z;, }k:1 such that

zj, — T and
hm fin (@) = hr_r}l?of 1%f fj-
If we set o
p,= 4 T it j = J
J T if j # ji for every k
then

inf foo < foo(Z) < liminf f;(z;) < liminf f;, (z;,)
K j—-+oo k

= lim f;, (%) = Uim infinf f; (C.1)
as required.

(ii) Let 6 > 0 be fixed, and let x € U be such that fo(z) < iI[}f foo + 6. Then,

: o
if {z;}52, is a recovery sequence for z, we have

iII}f foo +0 > foolx) > limsup f;(x;) > hmsuplnf fj- (C.2)

]—>+oo ]—>+oo

The claim follows from the arbitrariness of 4. O
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Theorem C.6. Let X be a metric space, let {fj};’il a sequence of equi-mildly
coercive functions on X, and let foo = ' = lim;_, o f;. Then m)}n foo exists,
and
i = lim inf f;.
o foo = lim igf
Moreover, if {x;}32, is a precompact subsequence such that Aliin filx;) =
j—+oo

jlljrnoo 1§f fi, then every limit of a subsequence of {x;}52, s a minimum point

for feo.

Proof. The proof follows from Lemma C.5. Let T be as in the proof of Lemma
C.5 (i); then by (C.1) and (C.2) with U = X, and by the equi-mild coerciveness
condition we get

i&f foo < ir&f foo < foo(Z) < liminfinf f;

j—+oco K
- l;gﬁ&f inf f; < hjrgigop inf f; <inf fe. (C.3)

As the first and the last terms coincide, we obtain the claim. O






Appendix D

Nonlinear eigenvalues

Let X be a Banach space, A C X a closed, symmetric subset. The Krasnosel-
skii genus y(A) is defined as

v(A) :=min{m € N|J p: A — R™\ {0}, ¢ is continuous and odd}.

Let us denote by I'j the set

Iy = {A c WyP(Q)\{0} ‘ AN{||lu||, = 1} is compact, A symmetric, y(A) > k;}
and by T the set

Ty = {A C WyP(Q) N {||ull, = 1} ’ A is compact and symmetric, y(A) > k}
We define for every k£ € N the numbers

VulP
Ai(p; Q) := inf max Jo IV

AeTy, ueA fQ |ul|P

and
Me(p; Q) := inf max [ |Vul.

Proposition D.1. For every k € N,
Me(p5 ) = Mi(p; Q).

Proof. It is clear that [y C Ty, so that A(p; Q) < Xk(p; Q). Let A € T'. Define
o WP () \ {0} — Wy () \ {0} as

u

p(u) = m~

(0]
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Then A := ¢(A) belongs to I'y, and

VulP
max ———— fQ [Vl = max/ |VulP.
u€A fQ ‘u|p ueg

It follows M(p; Q) < Ai(p; Q) and hence the claim. O

We now define
T} = {A CcW,P(Q)\ {0} | A is compact , A symmetric ,y(A) > k}

and

~ VulP
Ae(p; Q) == inf max = —— Jo [Vul
Aely, ueA fQ ’u‘p

Proposition D.2. For every k € N,
Me(p: Q) = NP Q) = Ail(p; ).

Proof The claim follows from the Proposition D.1 and from the fact that
I, C Ty C Ty which implies Ay (p; Q) < Aie(p: Q) < M(p; Q). O

Now our aim will be to find critical points of the functional

~ [ vl
Q

subject to the constraint G(u) = 1, where

~ [ luP
Q

By Lagrange’s multiplier rule it is clear that constrained critical points of F
are weak eigenfunctions of —A,,.

Definition D.3. Let X be a Banach space, M C X a C! manifold, and let
c € R. A functional F' € C*(M;R) satisfies the Palais-Smale condition at level
¢ if every sequence {u,} in M such that

e F(u,) — ¢, and
o [|dF (uy)]| — 0,

where dF' is the differential of F', admits a converging subsequence (see [50]
for more details).

Remark D.4. The functional F' defined above satisfies the Palais-Smale condi-
tion for every ¢ € R (see for instance [41]).



7

The following proposition is a version of the deformation lemma useful in
the setting we are considering, and can be found in [11, Theorem 2.5].

Proposition D.5. Let X be a Banach space, G € C1(X;R). Let M := G~*(1)
be a C' manifold, F a C' functional defined on a neighbourhood of M which
satisfies the Palais-Smale condition, and let ¢ be a noncritical value of F'. Then

there exists € > 0 such that for every e < €, there exists a homeomorphism
h: M — M such that:

o h(u)=wuif F(u) € lc—¢& c+E];
o F(h(u)) < F(u) for every u € M;
o F(h(u)) <c—ceif F(u) <c+e;

o if M = —M and F(u) = F(—u) for every u € M, then h(—u) = —h(u)
for every u € M.

Theorem D.6. For every k € N, the numbers \i(p; <)) are eigenvalues of the
p-Laplacian.

Proof. Fix ¢ > 0, and set
F(u) := / |Vul?,
Q

Ak = M(p; ), X = W,yP(Q)\ {0} and

M::{UGX‘/QMP:l}.

By definition, there exists a set C}y € ', such that F(u) < M\ + ¢ for every
u € Cy. Suppose that A\, is not a critical value of F'; then by Proposition D.5
there exists a homeomorphism h : M — M such that

e h(—u) = —h(u) for every u € M;

In particular, the set Cj, := h(C},) belongs to I'y, and is such that F(u) < A, —¢
for every u € (Y%, a contradiction. Hence A, is a critical point for F.

]
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