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;BPGI^rGPNVcdOX@A\�OXc
T
GPN�GIH�^rO?8yk?K68>GPK68yNZNLO&@JKM=?:*@AT�NJ[>K H 
 :�^rK�O?8�b�[>GI^A[

T
:�^rNJH

HN =

N∏

n=1

⊗ hn , hn ≈ C
2.

+ � � ��3

�{GPNJ[�NJ[>K �!:�<>BPG \]:*NL@JGI^rK6H��ZNJ:�WyK685:�Ha: � :�HLGIH�� NJ[>K �3OXBPN Q \]:�8;8�b�KMGP=?[yNZ^M:�8 � K�ba@JGPNLNLK685:�H

Rα′
α (γ, γ′) =

4∑

i,j=1

wijσ
i
γ′γσ

j
αα′ .

+ � � � 3

E�K��}8>K�NJ[>K � � 	���� L � �
	
��� � � � �

Ln =

4∑

i,j=1

wijσ
iσj

n

+ � � �73

�
σ4

WF%�2&83,�%�.K,�#&%(* WF%�2-,�* , HJ9S1A,�C�* =6L
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baGPNJ[
σj

n
� KMGI8>=]\]:*NL@JGI^rK6HaGI8

HN

σj
n = 1⊗ 1⊗ · · · ⊗ 1⊗σj⊗

︸ ︷︷ ︸HLGPNLK
n

1⊗ · · · ⊗ 1
+ � � ��8 3

NJ[;:*N�O?8>B96):�^rNa8>O?8_C9NL@JGPk_GI:*BPB96�O?8)HLGPNLK
n
� � [ <;H��>NJ[>K

L
C9O 
 KM@A:*NLOX@�[;:�H NJ[>K�cdOX@A\�OXc�:

2× 2
C \]:*NL@JG	�

baGPNJ[�O 
 KM@A:*NLOX@AHaGI8
HN

:�H�KMBPK6\&K68yNJH

Ln =

(

α̂n β̂n

γ̂n δ̂n

)

.
+ � � ��� 3

g_OX@aNJ[>K \&O?8>O_T>@JO?\/6)\]:*NL@JG	�
T
NJ[>GIHa@JK6HJ<>BPNJHaGI8yNLO

T = L1 · · ·LN .
+ � � �� 3

7wN�cdOXBPBPO�b�H

T =

(
A B

C D

)

, T = A+B.
+ � � � �73

A,B . . .
:*@JK�OXc�NJ[>K HJ:�\&KZO 
 KM@A:*NLOX@LC9N 6�
 K :�H

α̂n, β̂n . . .
� � K�b :�8yN�NLO]T>KM@JGPk?K�NJ[>K�^rO?\]\m<>NJ:*NLGPO?8

OXc!:�8%6UN b�O&NL@A:�8;HLcdKM@�\]:*NL@JGI^rK6H�cd@JO?\�: � � 	���� ^rO?8;T>GPNLGPO?8�W;8>O�b�8):�H NJ[>K���� ���
�
� � � ����� ����� � ��� � ��	

+	�"!�) � � � ��
 3 � ��HJHJ<;\&K�GPNaK��>GIHLNJH�:18>O?8_C HLGI8>=?<>BI:*@�\]:*NL@JG	��

R
� � K�@JK�_<>GP@JK

R
[
Ln ⊗ L

′
n

]
=
[
L′

n ⊗ Ln

]
R

+ � � ��
 3

:�8;T�8>KMK6T�NJ[>K�K���
;@JK6HJHLGPO?8�cdOX@aNJ[>K�NLK68;HLOX@ 
;@JO_T;<;^rNaOXc�N b�O"\&O?8>O_T>@JO?\/6"\]:*NL@JGI^rK6H
T
:�8;T
T ′

T ⊗ T ′ =

(
AT ′ BT ′

CT ′ DT ′

)

.
+ � � � �73

� [>K�KMBPK6\&K68yNJHZOXc
T ′ :*@JK :�^M^rOX@AT>GI8>=XB96 A′, B′ . . .

� � O
T ⊗ T ′ [;:�H 2× 2

C \]:*NL@JGI^rK6HZ:�H�KMBPK6\&K68yNJH �
� K [;:Mk?K

R
(
T ⊗ T ′

)
R−1

= R
{(
L1 ⊗ L

′
1

)
· · ·
(
LN ⊗ L

′
N

)}
R−1

= R
(
L1 ⊗ L

′
1

)
R−1R

(
L2 ⊗ L

′
2

)
R−1 · · ·R

(
LN ⊗ L

′
N

)
R−1

=
︸︷︷︸

2.14

(
L′

1 ⊗ L1

)
· · ·
(
L′

N ⊗ LN

)
= T ′ ⊗ T .

+ � � �� 3

g_@JO?\ + � � �� 3 cdOXBPBPO�b�H

T ⊗ T ′ = R−1T ′ ⊗ T R
+ � � � ��3

:�8;T�baGPNJ[�^�6>^rBPGI^ K��;^A[;:�8>=XK <;8;T>KM@aNJ[>K�NL@A:�^rK

NL@A:�^rK
T ⊗ T ′ =

NL@A:�^rK
R−1T ′ ⊗ T R =

NL@A:�^rK
T ′ ⊗ T .

+ � � �� 3

� [>GIH GIH3:*BP@JK6:�T 6&NJ[>Ka@JK6HJ<>BPN1� K6^M:�<;HLK�NL@A:�^rK
T ⊗T ′ = AA′+AD′+DA′+DD′ = (A+D)(A′ +

D′) = T · T ′ �a798�NJ[>GIHVb :�6�NJ[>K��:�8>=�C���: �>NLKM@�K�_<;:*NLGPO?8;H/+ � � ��
 3�:*@JK :�	���� 	 � � � �S^rO?8;T>GPNLGPO?8 cdOX@

[T, T ′] = 0
�

7wcZb�K :*BPBPO�b.cdOX@
q = 2

:*NUNJ[>K5k?KM@JNLK��{b�K5=XKMN
16

T>G� KM@JK68yN)^rO?8�� =?<>@A:*NLGPO?8;H � � [>GIHUHLO�C ^M:*BPBPK6T
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a a cb b c d d

g!GP=?<>@JK � � 
 � � RSGP=?[yN C9k?KM@JNLK�� \&O_T>KMB

HLG	�>NLKMK68_C9k?KM@JNLK���\&O_T>KMB}GIH�8>OXN K��;:�^rNLB96)HLOXBPkX:@�;BPK�� K6^M:�<;HLKZGPNa[;:�H 8>O
R
C \]:*NL@JG	� � #�O�b�KMk?KM@��;GI8)^M:�HLK

OXc NJ[>K�KMGP=?[yN C9k?KM@JNLK��)\&O_T>KMB baGPNJ[>O?<>N�K��>NLKM@A8;:*B \]:*=?8>KMNLGI^4� KMBITUHJ<;^A[U:�\]:*NL@JG	�&K��>GIHLNJH � �3K6^M:�<;HLKVOXc
NJ[>K1H 6>HLNLK6\ � KMGI8>=)GI8ykX:*@JGI:�8yN <;8;T>KM@�@JKMk?KM@AHLGPO?8 OXc�:*@J@JO�b�H�K6:�^A[2N b�O�^rO?\/�;GI8;:*NLGPO?8;H BPK6:�T NLO)O?8>K
�3OXBPN Q \]:�8;8�b�KMGP=?[yN/+9HLKMK�� =�� � � 
 3 � `�O�b ba@JGPNLK T>O�b�8

Ln =
4∑

j=1

wjσ
iσj

n, L′
n =

4∑

j=1

w′
jσ

iσj
n,

+ � � � �73

b�[>KM@JK

w1 =
c+ d

2
, w2 =

c− d

2
, w3 =

a− b

2
, w4 =

a+ b

2
.

+ � � � 8 3

� [>K�b�KMGP=?[yNJH"OXc�NJ[>K 
;@JGI\&K6T \&O_T>KMBZ:*@JK�@JK6H 
 K6^rNLGPk?KMB96
a′, b′, c′

:�8;T
d′
� � K NL@56 NLO �}8;T(NJ[>K

R
C \]:*NL@JG	�)GI8�NJ[>K�cdOX@A\

R = P

4∑

j=1

w′′
j σ

j ⊗ σj .
+ � � ��� 3

P
GIH�NJ[>K 
 KM@A\m<>NJ:*NLGPO?85\]:*NL@JG	�)GI8

C
4

P (e⊗ f) = f ⊗ e.
+ � � ��� 3

798;HLKM@JNLGI8>= + � � ��� 3 :�8;T + � � ��� 3 GI8hNJ[>K ��:�8>=�C���: �>NLKM@1K�_<;:*NLGPO?8;H + � � ��
 3 b�K"=XKMNmHLG	�hGI8;T>K 
 K68;T>K68yN
K�_<;:*NLGPO?8;H � ��O?8;HLGIT>KM@JGI8>= NJ[>K2^rO K 
U^rGPK68yNJH

w′′
j

<;8_W;8>O�b�8 b�K2[;:Mk?K NJ[>K cdOXBPBPO�baGI8>= HLOXBPkX:@�;GPBPGPN 6
^rO?8;T>GPNLGPO?8

∆ :=
w2

j − w
2
k

w2
l −w

2
n

GI8ykX:*@JGI:�8yNZ<;8;T>KM@aNJ[>K�K��;^A[;:�8>=XK
w → w′

+
i, j, k, n

:*@JK�^�6>^rBPGI^ 
 KM@A\m<>NJ:*NLGPO?8;H�OXc
{1, 2, 3, 4}

3 �+OX@

∆ :=
a2 + b2 − c2 − d2

2(ab+ cd)

GI8ykX:*@JGI:�8yNZ<;8;T>KM@aNJ[>K�K��;^A[;:�8>=XK
a→ a′ . . .

Γ :=
ab− cd

ab+ cd
.

+ � � � �73

� 
 :*@A:�\&KMNLKM@JG Q :*NLGPO?85NJ[;:*N�ct<>B	� BPBIHVHJ<;^A[�:m^rO?8;T>GPNLGPO?8 GIH

a = −iρΘ(iλ)H

[
1

2
i(λ− v)

]

Θ

[
1

2
i(λ+ v)

]

b = −iρΘ(iλ)Θ

[
1

2
i(λ− v)

]

H

[
1

2
i(λ+ v)

]

c = −iρH(iλ)Θ

[
1

2
i(λ− v)

]

Θ

[
1

2
i(λ+ v)

]

d = iρH(iλ)H

[
1

2
i(λ− v)

]

H

[
1

2
i(λ+ v)

]
+ � � �@
 3

�
R
* .),�#&%��-DG132-,�D&9��

R
��9S1A,�C�* =6L
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b�[>KM@JK�NJ[>K T>K��}8>GPNLGPO?8;H�OXcSNJ[>K�KMBPBPG 
;NLGI^mct<;8;^rNLGPO?8;H�:*@JK�=XGPk?K68�GI8�: 
�
 K68;T>G	� �	�
� [>K��A:�8yNLGDC9cdKM@J@JO KMBPK6^rNL@JGI^��)@JKM=XGI\&K�OXcSNJ[>K�KMGP=?[yN C9k?KM@JNLK�� \&O_T>KMB�GIHa=XGPk?K68=� 6"NJ[>K�@JK6HLNL@JGI^rNLGPO?8;H

0 < k < 1, 0 <
γ

2
< K ′, −

γ

2
< v <

γ

2
.

+ � � � �73

� [>K1K���
;BI:�8;:*NLGPO?8 [>O�b NLO�T>KM@JGPk?K]HJ<;^A[ : 
 :*@A:�\&KMNLKM@JG Q :*NLGPO?8hcd@JO?\ + � � � �73�baGPBPB � K1=XGPk?K68 GI8 : 
>C

 K68;T>G	� � �
� [>K \&O_T>KMB�:@� O�k?K GIHV8>O?8_C ^r@JGPNLGI^M:*B�cdOX@

0 < k < 1
�a7wNaGIH�O�� k_GPO?<;HVcd@JO?\�NJ[>K T>K��}8>GPNLGPO?8 OXc

d
NJ[;:*N

cdOX@
k → 0 d

GIH Q KM@JO&:�8;T�GI8�NJ[;:*N�b :�6�:1HLG	�_C9k?KM@JNLK���\&O_T>KMB�GIH�:�^A[>GPKMk?K6T � � [>K�BPGI\&GPN k → 1
:*BIHLO

BPK6:�T;HaNLO1O?8>B96)HLG	�"k?KM@JNLGI^rK6Hab�[>GI^A[�GIHa8>OXN�O�� k_GPO?<;HaGI8)NJ[>GIH 
 :*@A:�\&KMNLKM@JG Q :*NLGPO?8 �a7wN�HJ[>O?<>BIT)O?8>B96 � K
@JK6\]:*@LWyK6T�[>KM@JK�NJ[;:*N�NJ[>GIHaBPGI\&GPN�GIHaNJ[>K�@JKMBPKMkX:�8yN�O?8>K�cdOX@�NJ[>K ^r@JGPNLGI^M:*B

XXZ
C ^A[;:*GI8 O?8)b�[>GI^A[�b�K

:*@JK�cdO_^M<;HJHLK6T)GI8�NJ[>GIHab�OX@LW � �

��!$#&%�C�% 1AC�%(/�%�C�,"1A* 2J.�* 9;* < 1AC�* , HJ,�C"132&. ?�83C�9S1A,�* 8�2&.K,�#G1A,$'K* < <I,�C"132&. ?�83C�9 ,�#&%E: 1AC"139 %�,�%�C�* ��1A,�* 8�2T1A468�P-%(* 2-,�8 1 /�8�2 �
P-%�2F* %�2-,08�2&%(?�83CK,�#&%(< * 9;* ,

k → 1 � �
	 L
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2.2. Correlation lengths in the transfer matrix approach

� [>KUO?8>KrC T>GI\&K68;HLGPO?8;:*B�79HLGI8>=2\&O_T>KMB � � ��GIHmO?8>K)OXc�NJ[>K�HLGI\�
;BPK6HLN&\&O_T>KMBIHmNJ[;:*N&^M:�8 � K"NL@JK6:*NLK6T
� 6 NJ[>KUNL@A:�8;HLcdKM@&\]:*NL@JG	� : 
�
;@JO?:�^A[ �?� O5GPNmGIHmHJ<>GPNJ:@�;BPK�GI8 OX@AT>KM@mNLO K���
;BI:*GI8([>O�b�NLO ^M:*BI^M<>BI:*NLK
^rOX@J@JKMBI:*NLGPO?8{BPK68>=XNJ[;HU<;HLGI8>= NJ[>GIH]\&KMNJ[>O_T � < KM=?:*@AT{: ^A[;:*GI8(OXcVBPK68>=XNJ[

L
� BPBPK6T(baGPNJ[(^rBI:�HJHLGI^M:*B

H 
;GI8;H
σi = ±1

O?8�KMk?KM@56)HLGPNLK
i
� � [>K 
 :*@JNLGPNLGPO?85ct<;8;^rNLGPO?8�GIHa=XGPk?K68=� 6

ZL =
∑

σ1,σ2,... ,σL

e
K �

〈i,j〉

σiσj+h �
i

σi + � � ��� 3

baGPNJ[ 
 KM@JGPO_T>GI^�� O?<;8;T;:*@56�^rO?8;T>GPNLGPO?8;H
σL+1 = σ1

�
〈i, j〉

T>K68>OXNLK6HVNJ[>K HJ<;\]\]:*NLGPO?8�O�k?KM@Z8>K6:*@JK6HLN
8>KMGP=?[%� O?<>@AH �

Z =
NL@A:�^rK

TL [>OXBIT;HabaGPNJ[�NJ[>K 2× 2
NL@A:�8;HLcdKM@V\]:*NL@JG	�

T =

(
eK+h e−K

e−K eK−h

)

.
+ � � � ��3

��O?8;HLGIT>KM@ :�BPO_^M:*B O 
 KM@A:*NLOX@
Θi
O?8UNJ[>KVBI:*NLNLGI^rK HLGPNLK

i
O?8>B96UT>K 
 K68;T>GI8>=mO?8

σi
:�8;T]GPNJH K���
 K6^rNJ:*NLGPO?8

kX:*BI<>K

〈Θ1Θr+1〉 =

∑

σ1,σ2,... ,σL

Θ(σ1)Θ(σr+1)e
K �

〈i,j〉

σiσj+h �
i

σi

∑
e
K �

〈i,j〉

σiσj+h �
i

σi
.

+ � � ��� 3

� [;:*Na^M:�8 � K�K���
;@JK6HJHLK6T)GI8�NLKM@A\]H�OXc�NJ[>K NL@A:�8;HLcdKM@�\]:*NL@JG	��:�H

〈Θ1Θr+1〉

=

∑

σ1,σ2,... ,σL

[
Θ(σ1)Tσ1σ2Tσ2σ3 · . . . · Tσrσr+1Θ(σr+1)Tσr+1σr+2 · . . .

]

NL@A:�^rK
T

L

=

NL@A:�^rK (
σT

r
σT

N−r
)

NL@A:�^rK
T

L
.

+ � � � �73

σ
GIH :�T>GI:*=XO?8;:*B�\]:*NL@JG	�2baGPNJ[ NJ[>K]KMBPK6\&K68yNJH

σσσ′ = Θ(σ) · δ(σσ′)
��798;HLKM@JNLGI8>=�N b�O ^rO?\�
;BPKMNLK

HLKMNJH�OXcSKMGP=XK68yk?K6^rNLOX@AH � B
=
∑

i |ψi〉 〈ψi|
OXcSNJ[>K�NL@A:�8;HLcdKM@�\]:*NL@JG	�)BPK6:�T;H�NLO

〈Θ1Θr+1〉 =

∑

ij
〈ψi|σT

r|ψj〉
〈
ψj|σT

L−r|ψi

〉

∑

i

〈
ψi|T

L|ψi

〉

=

∑

ij
|〈ψi|σ|ψj〉|

2 Λr
jΛ

L−r
i

∑

i
ΛL

i

=
∑

j

|〈ψ1|σ|ψj〉|
2 ·

(
Λj

Λ0

)r

= |〈ψ1|σ|ψ1〉|
2 + |〈ψ1|σ|ψ2〉|

2 ·

(
Λ1

Λ0

)r

+ . . . .

+ � � � 8 3

{Λi}
:*@JK]NJ[>KUKMGP=XK68ykX:*BI<>K6H1OXcaNJ[>K]NL@A:�8;HLcdKM@1\]:*NL@JG	���

Λ0
NJ[>KUBI:*@J=XK6HLNmO?8>K � � :�W>GI8>= cdOX@ =X@A:�8yNLK6T

NJ[;:*NaK��>GIHLNJHa:m=?: 
 � KMN b�KMK685NJ[>K�BI:*@J=XK6HLNV:�8;T�HLK6^rO?8;T_C9BI:*@J=XK6HLNZKMGP=XK68ykX:*BI<>K NJ[>K�BI:*@J=XK6HLN�KMGP=XK68ykX:*BI<>K
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T>O?\&GI8;:*NLK6H�GI8�NJ[>K�BPGI\&GPN
L→∞

OXc + � � � 8 3 �4�_<�
�
 O?HLGI8>=&N 6�
;GI^M:*B1�V@A8;HLNLKMGI8_C �}KM@A8>GDWyK�� K6[;:Mk_GPO?<>@

g(x) ∼ x−τe−x/ξ, x→∞
+ � � � � 3

^rO?8;^rKM@A8>GI8>=2NJ[>K�T>K6^M:�6 OXcV^rOX@J@JKMBI:*NLGPO?8;HU:�8;T(^rO?\�
 :*@JGI8>= baGPNJ[ + � � � 8 3 NJ[>K)BPK6:�T>GI8>=h^rOX@J@JKMBI:*NLGPO?8
BPK68>=XNJ[�GIHaNLO"� K�GIT>K68yNLG	� K6T baGPNJ[

ξ−1 = − ln (Λ1/Λ0) .
+ � � � � 3
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2.3. The six-vertex model

798 NJ[>GIH HLK6^rNLGPO?81b�K�b :�8yN NLO�[;:Mk?Ka:�^rBPO?HLKM@�BPO O�W1:*NSNJ[>K�^rBI:�HJHLGI^M:*B}HLG	�_C9k?KM@JNLK��1\&O_T>KMB�� K6^M:�<;HLK GPN ^M:�8
� K�\]: 
�
 K6T�O?8yNLO]NJ[>K

XXZ
C$#�KMGIHLK68%� KM@J=)^A[;:*GI8 :*N Q KM@JO&NLK6\�
 KM@A:*NJ<>@JK � �{GPNJ[>GI85NJ[>K�cd@A:�\&KMb�OX@LW

OXc NJ[>K/�_<;:�8yNJ<;\ NL@A:�8;HLcdKM@Z\]:*NL@JG	��O?8>K 8>KMK6T;HZ:&\&O_T>G	� K6T5HLG	�_C9k?KM@JNLK�� \&O_T>KMB!GI8�OX@AT>KM@VNLO"T>KM@JGPk?K
NJ[>K�NJ[>KM@A\&O_T 6>8;:�\&GI^MH�OXc�NJ[>K

XXZ
C ^A[;:*GI8 �

2.3.1. Origin of the six-vertex model

��N � @AHLN�^rO?8;HLGIT>KM@1\&O_T>KMBIH�NJ[;:*N T>K6HJ^r@JG9� K]GI^rK ��� � 6_=XK682:*NLO?\]H cdOX@A\.:"NJ[>@JKMKrC T>GI\&K68;HLGPO?8;:*B�BI:*N C
NLGI^rK1baGPNJ[ ^rO OX@AT>GI8;:*NLGPO?8h8 <;\/� KM@

4
:�8;T � KMN b�KMK68 K6:�^A[2:�T��L:�^rK68yN	
 :*GP@�OXc�:*NLO?\]HZGIH�:][%6>T>@JOX=XK68

:*NLO?\ ��R :�^A[ GPO?8 GIHVBPO_^M:*NLK6T28>K6:*@ZO?8>K OX@ZNJ[>K OXNJ[>KM@�K68;T5OXc�NJ[>K/� O?8;T5O?85b�[>GI^A[ GPNZBPGPK6H ��� BI:*NLKM@
+ � � 
 � 3 
;@JO 
 O?HLK6T&+wO?8�NJ[>K � :�HLGIHaOXcSBPO_^M:*B�KMBPK6^rNL@JGI^m8>K6<>NL@A:*BPGPN 6 3�NJ[;:*N�NJ[>K�GPO?8;HVHJ[>O?<>BIT�HJ:*NLGIHLc 6)NJ[>K
� 	 � � ��� � ���(� ��� � � � �O� � � ��	 	��O��� � � � � � ��� � �
	 � � � � ��� ��� � �R��� 	 � � 	 � � � ����� � � � ��� � �R���
����� ��� � � �	� � � ����� � � ��� � ��� ����	 	 � 	���� � ��� � � � 	
	 ��H�b�K ^M:�8)O?8>B96�:�^A[>GPKMk?K K��;:�^rN�HLOXBPkX:@�;GPBPGPN 6�GI8
N b�OUT>GI\&K68;HLGPO?8;Hab�K @JKM=?:*@AT�NJ[>K�cdOXBPBPO�baGI8>=):�<��>GPBPGI:*@56�\&O_T>KMB �

� |�|����qt~
�

�wpM~�~

g!GP=?<>@JK � � � � � � b�O�C T>GI\&K68;HLGPO?8;:*B \&O_T>KMB�cdOX@aGI^rK

� [ <;H��?BPO_^M:*B 8>K6<>NL@A:*BPGPN 6]@JK�_<>GP@JK6H�K6^M:�^rNLB96]N b�O
H
C :*NLO?\]H 
 KM@�k?KM@JNLK��&b�[;:*N�@JK6HJ<>BPNJH3GI8]HLG	��
 O?HJHLG9�;BPK

k?KM@JNLK�� ^rO?8�� =?<>@A:*NLGPO?8;H �"`�O�b @JK 
;BI:�^rK]NJ[>K&^rO?\/�;GI8;:*NLGPO?8hcd@JKMK��O_^M^M<�
;GPK6T O?8 : � O?8;T � 6
→
:�8;T

O_^M^M<�
;GPK6T���cd@JKMK�� 6
←
� � [>K68 NJ[>K 
 O?HJHLG9�;BPK]^rO?8�� =?<>@A:*NLGPO?8;H ^M:�8 � Km@JK 
;@JK6HLK68yNLK6Th:�H�GI8 � =�� � � � �

�3K6^M:�<;HLKZNJ[>KM@JKZGIH 8>OmK��>NLKM@A8;:*B KMBPK6^rNL@JGI^ � KMBIT"NJ[;:*N �;@JK6:�W;H�NJ[>K�:*@J@JO�b�� G 
"GI8ykX:*@JGI:�8;^rK�N b�O&^rO?8�� =�C

+
+

−
−

+
+

−
−

+

−
−

+

+

−+

−+

+

−

−

−

−

+

+

a = exp(− ε1
kT

) c = exp(− ε3
kT

)b = exp(− ε2
kT

)

g!GP=?<>@JK � � � � �>� 6>\]\&KMNL@JGI^�HLG	�_C9k?KM@JNLK���\&O_T>KMB

<>@A:*NLGPO?8;Ha:*Na: NLGI\&K�BPK6:�T�NLO1O?8>K �3OXBPN Q \]:�8;8"b�KMGP=?[yN � � [>K ��:�8>=�C���: �>NLKM@�K�_<;:*NLGPO?8;HaGI8"NLKM@A\]H OXc
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NJ[>O?HLK�b�KMGP=?[yNJHV@JK6:�T
∑

µ1µ2µ3

Rµ3
σ3

(σ2, µ2)R
′σ4
µ3

(σ1, µ1)R
′′σ5
µ2

(µ1, σ6) =
∑

µ1µ2µ3

R′′µ2
σ2

(σ1, µ1)R
′µ3
σ3

(µ1, σ6)R
σ4
µ3

(µ2, σ5)

+ � � ���73

baGPNJ[�NJ[>K�=X@A: 
 [>GI^M:*BS@JK 
;@JK6HLK68yNJ:*NLGPO?8 GI8 � =�� � � � � � [>K�@A<>BPK6HaOXcSNL@A:�8;HLBI:*NLGI8>="NJ[>K =X@A: 
 [;HaGI8yNLOUNJ[>K

σ1

σ4 σ5

σ6

σ2 σ3

µ3 µ2

R′′
R′

σ1

σ2 σ3

σ6

σ5σ4

µ1

=

µ1

R
R′′

R

R′

µ2 µ3

g!GP=?<>@JK � � � � �>� 6>\]\&KMNL@JGI^�HLG	�)k?KM@JNLK���\&O_T>KMB

K�_<;:*NLGPO?8;HV:*@JK

� � � [>K�� O?<;8;T;:*@56)H 
;GI8;H
{σi}

:*@JK�� �>K6T �

� � �_<;\]\]:*NLGPO?8 O�k?KM@&GI8yNLKM@A8;:*B�T>KM=X@JKMK6H1OXcVcd@JKMK6T>O?\
{µi}

OXc 
;@JO_T;<;^rNJHmOXc�BPO_^M:*B �3OXBPN Q \]:�8;8
b�KMGP=?[yNJH �

798 OX@AT>KM@&NLO HLOXBPk?K�NJ[>K6HLK�K�_<;:*NLGPO?8;HU^rO?8;HLGIT>KM@
R
:�8;T

R′ baGPNJ[(NJ[>K�b�KMGP=?[yNJH a, b, c, a′, b′, c′ :�H=XGPk?K68h:�8;ThHLK6:*@A^A[ cdOX@
R′′, a′′, b′′

:�8;T
c′′
�)7wN [;:�H NLO=� K&@JK6\]:*@LWyK6T NJ[;:*N O?8>B96 :)HLKMN

{σi}
baGPNJ[

σ1 + σ2 + σ3 = σ4 + σ5 + σ6
BPK6:�T;H�NLO]8>O?8_C9NL@JGPk_GI:*B�K�_<;:*NLGPO?8;H �

R �;:�\�
;BPK ��`�OXNLK NJ[;:*NaKMk?KM@56)HLGI8>=XBPK �3OXBPN Q \]:�8;8�b�KMGP=?[yNVGI8�HJ<;^A[5: 
;@JO_T;<;^rN�\m<;HLN � K�8>O?8_C Q KM@JO��

+ −

−

− −

µ3 µ2

R′′
R′

µ1

R

+ −

−

− −

µ3 µ2

R′′
R′

µ1

R

6= 0 = 0

σ1 = + σ1 = −

� �Vg!GP@AHLNa=X@A: 
 [ �
� �
µ3 = µ2 = +⇒ µ1 = +

:�8;T�:*BPB!b�KMGP=?[yNJHZ:*@JK <;8>K�_<;:*B!NLO Q KM@JO
� �
µ3 = µ2 = − ⇒ µ1 = −

:�8;T�:*BPB!b�KMGP=?[yNJHZ:*@JK <;8>K�_<;:*B!NLO Q KM@JO��

� � � K6^rO?8;T�=X@A: 
 [ �
� �
µ1 = µ2 = +⇒ µ3 = − ⇒ R = 0

� �
µ1 = µ2 = − ⇒ µ3 = +⇒ R = 0
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� [>K"^rO?8;T>GPNLGPO?8{:@� O�k?K"@JK6T;<;^rK6HmNJ[>K)8 <;\/� KM@ OXcV8>O?8_C9NL@JGPk_GI:*BaK�_<;:*NLGPO?8;H1NLO
20
� �a@J@JO�b � G 
 GI8_C

kX:*@JGI:�8;^rKm[;:*BPk?K6HVNJ[>GIHZ8 <;\/� KM@���R �;^A[;:�8>=XGI8>=
σ1 ↔ σ6

�
σ2 ↔ σ5

:�8;T
σ3 ↔ σ4

NL@A:�8;HLcdOX@A\]HaNJ[>K
@JGP=?[yN C [;:�8;T HLGIT>K"OXcaK�_<;:*NLGPO?8 + � � ���73 GI8yNLO GPNJHmBPKMcdN C [;:�8;T(HLGIT>K � � [ <;H NJ[>KM@JK):*@JKUNJ[>@JKMK 
 :*GP@AH OXc
K�_<>GPkX:*BPK68yN�K�_<;:*NLGPO?8;H�BPKMcdN �

� @A: 
 [>GI^M:*BPB96

−

− +

+

+ +

+ +

R′′
R′

=

+

R

ac′a′′

−

+ +

+

+−

+(−)R′′

R

R′

−(+) +(−)

ca′c′′ + bc′b′′

ab′c′′ = ba′c′′ + cc′b′′
+ � � � 
 3

cb′a′′ = ca′b′′ + bc′c′′.
+ � � ���73

� [>K6HLK�K�_<;:*NLGPO?8;HV:*@JK�BPGI8>K6:*@VGI8
a′′, c′′

:�8;T
c′′
�>GPc :�8;T�O?8>B96)GPc

a2 + b2 − c2

2ab
=
a′2 + b′2 − c′2

2a′b′
=: ∆

+ � � � � 3

NJ[>KM@JK�K��>GIHLNJH�:m8>O?8_C9NL@JGPk_GI:*B HLOXBI<>NLGPO?8 �
7wN!GIHSHJ<>GPNJ:@�;BPK�NLO(�}8;T : 
 :*@A:�\&KMNLKM@JG Q :*NLGPO?81OXc;NJ[>K�b�KMGP=?[yNJH a, b :�8;T c GI8 NLKM@A\]H!OXc 8>KMb 
 :*@A:�\&KMNLKM@AH

%, λ
:�8;T

u
GI8"OX@AT>KM@�NLO1=?<;:*@A:�8yNLKMK

∆ = ∆(λ)
� � [>K�T>KM@JGPkX:*NLGPO?8�OXc�HJ<;^A[�: 
 :*@A\&KMNLKM@JG Q :*NLGPO?8�baGPBPB

� Ka=XGPk?K68]GI8U: 
�
 K68;T>G	� � � � [>KM@JK�:*@JK�NJ[>@JKMKVT>G� KM@JK68yN ^M:�HLK6H3cdOX@3NJ[>K 
 :*@A:�\&KMNLKM@JG Q :*NLGPO?8"NJ[;:*N�[;:Mk?K
NLO"� K�T>GIHLNLGI8>=?<>GIHJ[>K6T�� KMGI8>=]K���
;BI:*GI8>K6T5GI8�NJ[>K 8>K��>NaHLK6^rNLGPO?8 �

2.4. Classification of phases

��HS:Z\]:*NLNLKM@ OXc ct:�^rN NJ[>K cd@JKMK K68>KM@J=�6 OXc}NJ[>K�HLG	�_C9k?KM@JNLK��&\&O_T>KMB_NJ:�WyK6H�:VT>G� KM@JK68yN�cdOX@A\ T>K 
 K68;T>GI8>=
O?8]b�[>KMNJ[>KM@

∆ > 1
�
1 > ∆ > −1

� OX@
−1 > ∆

��798]NLKM@A\]H�OXc+NJ[>K �3OXBPN Q \]:�8;8Ub�KMGP=?[yNJH a, b :�8;T cGPN3cdOXBPBPO�b�H cd@JO?\ + � � � � 3 NJ[;:*N�NJ[>KM@JKV:*@JK�cdO?<>@�^M:�HLK6H3NLOm^rO?8;HLGIT>KM@��_NJ[>K�cdO?<>@3@JKM=XGPO?8;H�NJ[;:*N�:*@JKVHJ[>O�b�8
GI8 � =�� � � � � � � �

� �Vg_KM@J@JO KMBPK6^rNL@JGI^ 
 [;:�HLK �
a > b+ c

+w@JKM=XGPO?8 7$3
798)NJ[>GIHV^M:�HLK

∆ > 1
:�8;T

ε1 < ε3, ε5
� � [ <;H��;NJ[>K�BPO�b�K6HLNZK68>KM@J=�6�HLNJ:*NLK GIHaO?8>K�GI8�b�[>GI^A[5:*BPB

k?KM@JNLGI^rK6HV:*@JK�OXcSN 6�
 K
1
�;OX@�:*BPB!OXcSN 6�
 K

2
��RSGPNJ[>KM@Z:*BPB�:*@J@JO�b�H 
 OXGI8yNV<�
�OX@aNLO&NJ[>K�@JGP=?[yN�� OX@

:*BPB 
 OXGI8yN T>O�b�82OX@�NLO�NJ[>K&BPKMcdN � #�K68;^rK��S:*N�k?KM@565BPO�b NLK6\�
 KM@A:*NJ<>@JK&NJ[>K]H 6>HLNLK6\ GIH�cdKM@J@JO�C
KMBPK6^rNL@JGI^M:*BPB962OX@AT>KM@JK6T?+9:*BPB 
 :*@A:*BPBPKMB3:*@J@JO�b�H 
 OXGI8yN�NJ[>K1HJ:�\&K b :�6 3 �!:�8;T5NJ[>Kmcd@JKMK K68>KM@J=�6

fGIHZK�_<;:*B NLO
ε1
� � [>GIH�\&K6:�8;HVNJ[;:*N�K��;^rGPNLK6T HLNJ:*NLK6H�=XGPk?K&:U8>KM=XBPGP=XG9�;BPK)^rO?8yNL@JG9� <>NLGPO?8 NLO"NJ[>K


 :*@JNLGPNLGPO?85ct<;8;^rNLGPO?85:�8;T�NJ[>@JO?<>=?[>O?<>N�NJ[>K�@JKM=XGPO?8 7 NJ[>K H 6>HLNLK6\�GIHacd@JO Q K68)O?8�O?8>K�OX@aOXNJ[>KM@
OXc�NJ[>K�=X@JO?<;8;T�HLNJ:*NLK6H � �V@aGI8�OXNJ[>KM@�b�OX@AT;H��;b�K [;:Mk?K ^rO?\�
;BPKMNLK cdKM@J@JO KMBPK6^rNL@JGI^ OX@AT>KM@��

� �Vg_KM@J@JO KMBPK6^rNL@JGI^ � [;:�HLK �
b > a+ c

+w@JKM=XGPO?8 7L7$3
� [>GIHUGIH"NJ[>K HJ:�\&K :�H"^M:�HLK27 � K��;^rK 
;N"NJ[;:*N)8>O�b GPN"GIHUk?KM@JNLK�� N 6�
 K6H

3
:�8;T

4
NJ[;:*N):*@JK

T>O?\&GI8;:�8yN � � [>KM@JK GIHZ^rO?\�
;BPKMNLK1cdKM@J@JO KMBPK6^rNL@JGI^mOX@AT>KM@���R � K6^rNLGPk?KMB962:*BPB :*@J@JO�b�HVKMGPNJ[>KM@	
 OXGI8yN
<�
�:�8;T�NLO&NJ[>K�BPKMcdN�� OX@aNJ[>K�6�:*BPB 
 OXGI8yNVT>O�b�8�:�8;T�NLO&NJ[>K�@JGP=?[yN �
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�����

���

�
���

b
c

a
c

1

1
g!GP=?<>@JK � � � � � � [>K 
 [;:�HLKVT>GI:*=X@A:�\ OXc+NJ[>K Q KM@JO � KMBIT]GI^rKrC9N 6�
 K�\&O_T>KMB GI8]NLKM@A\]H�OXc NJ[>K �3OXBPN Q \]:�8;8

b�KMGP=?[yNJH
a, b, c

� � [>K T;:�HJ[>K6T5^rGP@A^M<>BI:*@��_<;:�T>@A:�8yNV^rOX@J@JK6H 
 O?8;T;HaNLOUNJ[>K cd@JKMKrC9cdKM@A\&GPO?8
^M:�HLK b�[>KM@JK

∆ = 0
:�8;T�NJ[>K \&O_T>KMB!^M:�8 � K�HLOXBPk?K6T=� 6 �Sct: 
U:�8;H � � � �

� �VE�GIHLOX@AT>KM@JK6T 
 [;:�HLK �
a, b, c > 1

2(a+ b+ c)
+w@JKM=XGPO?8 7L7L7$3

� [>GIH)GIH�NJ[>K ^M:�HLK2b�[>K68
−1 < ∆ < 1

� 7wN)GI8;^rBI<;T>K6H5NJ[>K2GI8��}8>GPNLK NLK6\�
 KM@A:*NJ<>@JK2^M:�HLK

a = b = c = 1
� HLO1O?8>K \&GP=?[yNaK���
 K6^rNaNJ[>K H 6>HLNLK6\�NLO"� K�T>GIHLOX@AT>KM@JK6T � � [>GIHaGIHaNL@A<>K�GI8�NJ[>K

HLK68;HLK�NJ[;:*N�:*BPBS^rOX@J@JKMBI:*NLGPO?8;HZT>K6^M:�6�NLO Q KM@JO1baGPNJ[�GI8;^r@JK6:�HLGI8>="T>GIHLNJ:�8;^rK r �
#�O�b�KMk?KM@��;GPc

a2 = b2 = c2
+wb�[>K68)NJ[>KZb�KMGP=?[yNV\m<;HLN�BPGPK�GI8"NJ[>GIH�@JKM=XGPO?8�7L7L7$3SGPN�cdOXBPBPO�b�HaNJ[;:*N

∆ = 0
� � [>K68"NJ[>K�\&O_T>KMB+^M:�8 � K�HLOXBPk?K6T � 6 �Sct: 
U:�8;H � � � � � [>K�^rOX@J@JKMBI:*NLGPO?8;HVT>K6^M:�6�:�H�:�8

GI8yk?KM@AHLK 
 O�b�KM@VBI:Mb GI8
r
�;@A:*NJ[>KM@�NJ[;:�8�K���
 O?8>K68yNLGI:*B � � [>K�^rOX@J@JKMBI:*NLGPO?8 BPK68>=XNJ[5GIHaNJ[>KM@JKMcdOX@JK

GI8��}8>GPNLK�� HLO1NJ[>K H 6>HLNLK6\�GIH�8>OXN�T>GIHLOX@AT>KM@JK6T�GI8�NJ[>K <;HJ<;:*B�HLK68;HLK �
� [>KZGI^rKrC9N 6�
 K \&O_T>KMB GIH�:mH 
 K6^rGI:*B�^M:�HLK�OXc!NJ[>K�KMGP=?[yN C9k?KM@JNLK��5\&O_T>KMB � � � ��798UNJ[>GIH�@JKM=XGPO?857L7L7 �
NJ[>K"GI^rKrC9N 6�
 K�\&O_T>KMB ^rOX@J@JK6H 
 O?8;T;H NLO5NJ[>K"KMGP=?[yN C9k?KM@JNLK��{\&O_T>KMB � KMGI8>= :*N1:�^r@JGPNLGI^M:*BaNLK6\1C

 KM@A:*NJ<>@JK � � [>KM@JK�:*@JK)GI8��}8>GPNLKMB96 \]:�8%6hKMGP=XK68ykX:*BI<>K6H"OXcVNJ[>K)NL@A:�8;HLcdKM@]\]:*NL@JG	� b�[>GI^A[ :*@JK
T>KM=XK68>KM@A:*NLK baGPNJ[)NJ[>K�\]: �>GI\m<;\/O?8>K � � [>KM@JKZGIHa8>O1H 
 O?8yNJ:�8>KMO?<;HaOX@AT>KM@�� � <>N�NJ[>K�^rOX@J@JKMBI:�C
NLGPO?8)BPK68>=XNJ[�GIH�GI8��}8>GPNLK � � [>KZGI^rKrC9N 6�
 K \&O_T>KMB NJ[>KM@JKMcdOX@JK�[;:�Ha: k?KM@56U<;8 <;HJ<;:*B 
;@JO 
 KM@JN 6��37wN
GIH�^r@JGPNLGI^M:*BScdOX@�:*BPB

a, b, c
GI8�NJ[>K�@JKM=XGPO?8 7L7L7 �


 � ��8yNLGDC9cdKM@J@JO KMBPK6^rNL@JGI^ 
 [;:�HLK �
c > a+ b

+w@JKM=XGPO?8 7���3
7985NJ[>GIH�^M:�HLK

∆ < −1
:�8;T

ε5 < ε1, ε3
� � [>K BPO�b�K6HLN�K68>KM@J=�6�GIHZNJ[>K O?8>Kmb�[>KM@JK1:*BPB 8>KMGP=?[_C

� O?<>@JGI8>= :*@J@JO�b�H O?8h:�HLNL@A:*GP=?[yN1BPGI8>K"OXc�NJ[>KUBI:*NLNLGI^rK 
 OXGI8yN GI8hO 
�
 O?HLGPNLK)T>GP@JK6^rNLGPO?8;H � � [>GIH
=XGPk?K6H�N b�O 
 O?HJHLG9�;BPKZBPO�b�K6HLN K68>KM@J=�6UHLNJ:*NLK6H � ��N HJ<�
U^rGPK68yNLB96"BPO�b NLK6\�
 KM@A:*NJ<>@JK�b�KVNJ[>KM@JKMcdOX@JK
K���
 K6^rNaNJ[>K H 6>HLNLK6\�NLO"� K�GI8�:�8�OX@AT>KM@JK6T�HLNJ:*NLK�baGPNJ[�NJ[>GIH�:�8yNLGDC9cdKM@J@JO KMBPK6^rNL@JGI^mOX@AT>KM@��

��H�NJ[>KVb�KMGP=?[yNJHaGI8"@JKM=XGPO?8�7S:�8;T)7L7�^M:�8 � K 
 :*@A:�\&KMNL@JG Q K6T"GI8"NJ[>KZHJ:�\&KVb :�6Ub�K�:*@JKVBPK6T"NLOmNJ[>@JKMK
T>G� KM@JK68yN 
 :*@A:�\&KMNLKM@JG Q :*NLGPO?8;H/+9T>KM@JGPkX:*NLGPO?85GI8�: 
�
 K68;T>G	� � 3

� �(< KM=XGPO?8 7
+
7L7 +wcdKM@J@JO KMBPK6^rNL@JGI^ �+8>O?8_C ^r@JGPNLGI^M:*B 3

a, b, c = % sinh(λ+ u), % sinh(u), % sinh(λ)

u, λ > 0
+wcdOX@ 
 O?HLGPNLGPk?K b�KMGP=?[yNJH 3

∆ = cosh(λ)
�

� �(< KM=XGPO?8 7�� +9:�8yNLGDC9cdKM@J@JO KMBPK6^rNL@JGI^ �!8>O?8_C ^r@JGPNLGI^M:*B 3
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a, b, c = % sinh(λ− u), % sinh(u), % sinh(λ)

0 < u < λ
+wcdOX@ 
 O?HLGPNLGPk?K b�KMGP=?[yNJH 3

∆ = − cosh(λ)
�
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a, b, c = % sin(λ− u), % sin(u), % sin(λ)

0 < u < λ
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2.5. The relation between quantum chains and
two-dimensional classical models
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2.6. The algebraic Bethe ansatz
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3.1. Spin models
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3.3. The non-linear integral equations ( ������� ) for the
XXZ-model at arbitrary temperature
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ln ā(x) = −
πβ

γ

1

cosh π
γ x
− πi

−
π

π − γ

βh

2
+K

(

x− (Θ1 − i
γ

2
)
)

+K
(

x− (Θ2 − i
γ

2
)
)

+

∞∫

−∞

k (x− y) ln Ā(y) dy −
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3.3.2. Description of the string motion
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3.3.3. Analytic continuation
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〉

− eiE0(t−t1)
〈

φ0|Ôe
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4.1.2. Curvature of energy levels and Drude weight
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φ0|ĵx(q = 0)|φn

〉∣
∣
∣

2

En −E0







= lim
ω→0

1

2
ω
79\
σxx

=
1

2L

∂2E0

∂φ2
.

+ 
 � � �73

798 NJ[>GIH�b :�6 NJ[>K E�@A<;T>K b�KMGP=?[yN5GIH�@JKMBI:*NLK6T NLO(NJ[>K ^M<>@JkX:*NJ<>@JK2OXc NJ[>K =X@JO?<;8;T HLNJ:*NLK K68>KM@J=�6
T>K 
 K68;T>GI8>=]O?8)NJ[>K N baGIHLN �

4.1.3. Drude weight at arbitrary temperature
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4.2. The Drude weight with magnons
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4.4. Alternative derivation of the Drude weight
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α ġ(1)2

α ρα + ε(0)
′

α g̈(2)
α ρα

)

dλ.
+ 
 � � � 3

798 
;@JGI8;^rG 
;BPK)NJ[>GIH GIH NJ[>K"T>KM@JGPk?K6T @JK6HJ<>BPN � ��<>N NJ[>GIH K���
;@JK6HJHLGPO?8 GIH 8>OXNmHJ<>GPNJ:@�;BPK"cdOX@ 8 <;\&KM@JGI^M:*B
HLNJ<;T>GPK6HZ:�HVKMk?K685GI85NJ[>K cd@JKMKrC9cdKM@A\&GPO?8 ^M:�HLKmNJ[>K GI8;T>GPk_GIT;<;:*B GI8yNLKM=X@A:*B�K���
;@JK6HJHLGPO?8;HZ:*@JKmT>GPk?KM@J=XGI8>= �
[>O�b�KMk?KM@3NJ[>K�^rO?\�
;BPKMNLKVHJ<;\ OXc GI8yNLKM=X@A:*BIH�GIH �}8>GPNLK �3798mOX@AT>KM@�NLO T>KM@JGPk?Ka:�\&OX@JK�^rO?8yk?K68>GPK68yN�@JK6HJ<>BPN
cdOX@�8 <;\&KM@JGI^M:*B�^M:*BI^M<>BI:*NLGPO?8;H�b�K�� KM=XGI8�baGPNJ[�NJ[>K�cdOXBPBPO�baGI8>="GIT>K68yNLGPNLGPK6H

aα =
∑

β

Tαβ ∗ Aβ,

bα =
∑

β

Tαβ ∗ Bβ,

⇒
∑

α

∫

Bαaαdλ =
∑

α

∫

Aαbαdλ.

+ 
 � � �73

798�NJ[>K cdOXBPBPO�baGI8>=)b�K BPK6:Mk?K O?<>N ∑
α

cdOX@�NJ[>K HJ:�WyK OXc �;@JKMk_GPN 6�:�8;T�@JKMba@JGPNLK�+ 
 � � 8 3�:�8;T + 
 � �7��3�:�H
cdOXBPBPO�b�H

ϕαg̈
(2)
α ρα − f

′
α =

1

2π

∑

β

Θ′
αβ ∗ (g̈

(2)
β ρβ),

ε(0)
′

α − ε′α =
1

2π

∑

β

Θ′
αβ ∗ (

1

β
lnAβ)′,

ϕα = 1 + eβεα , Aα = 1 + e−βεα .
+ 
 � � 
 3

� K :*@JK 8>O�b :@�;BPK NLO]ba@JGPNLK T>O�b�8�NJ[>K�cdOXBPBPO�baGI8>="GIT>K68yNLGPN 6

∫ ∞

−∞

1

β

(

ϕαg̈
(2)
α ρα(lnAα)′ − f ′α(lnAα)′

)

dλ

=

∫ ∞

−∞

(

(ε(0)
′

α − ε′α)g̈(2)
α ρα

)

dλ.

+ 
 � � �73

jaHLGI8>=&NJ[;:*N
(lnAα)′ = −βε′α

ϕα

NJ[>GIH�@JK6:�T;H

∫ ∞

−∞
ε(0)

′

α g̈(2)
α ραdλ = −

∫ ∞

−∞

1

β
f ′α(lnAα)′dλ

= −

∫ ∞

−∞
(ϕαġ
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(1)2
α ρα)(

1

β
lnAα)′′dλ+

∫ ∞

−∞
(−ε(0)

′′

α + ε′′α)(ġ(1)2
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α (ġ(1)2

α ρα)dλ

)

=
1

2

∑

α

β

∫ ∞

−∞

ġ
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4.4.1. The Drude weight for T = 0
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A. Jacobian elliptic functions and related
quantities
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∞∏

n=1

(
1 + q2n−1

1− q2n−1

1− q2n

1 + q2n

)2

K ′ =
1

π
K ln(

1

q
)

k = 4q
1
2
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∞∏
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B. Parameterization of the eight- and
six-vertex model
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C. The connection between spinon and
magnon approach
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D. Derivation of the non-linear integral
equations for the XXZ-Heisenberg model
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D.1. Integral equations for the leading eigenvalue Λ0
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]′
− e−

γ
2
kFk [lnA]

′

+ E � �73

baGPNJ[
h(k) := 4e

π
2 cosh γ

2k sinh π−γ
2 k

�3`�O�b BPKMN�<;H�@JK6^M:*BPB!NJ[>K�T>K��}8>GPNLGPO?8�OXc
a(x)

� 6
p(x)

=XGPk?K68
GI8 + � � � 3

a(x) =
1

p(x− iγ2 )
=

1

ω2

Φ(x)q(x− i 32γ)

Φ(x− iγ + iπ)q(x+ i γ2 − iπ)
.

+ E � � 3

ln a(x)
^M:�8 � K&g_O?<>@JGPKM@ NL@A:�8;HLcdOX@A\&K6T GI82NJ[>K&<;HJ<;:*B3\]:�8;8>KM@ :�8;T

Fk [ln q]
′ cd@JO?\ + E � �73�^M:�8&� K

GI8;HLKM@JNLK6T�BPK6:�T>GI8>="NLO

Fk [ln a]
′

= (1− e(γ−π)k)(1− g(k))Fk [lnΦ]
′

+ g(k)Fk [lnA]
′

− g(k)eγkFk

[
ln Ā
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(

tanh(
π

2γ
(x+ i

β

M
− i

γ

2
)) tanh(
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−∞

k (x− y) ln Ā(y) dy −
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D.2. Excitations I: pure two hole case
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∞∫

−∞

k (x− y + iγ − iε) lnA(y) dy.

+ E � � �73

� [>KU^rO?8;HLNJ:�8yNJH1GI8hNJ[>K"K�_<;:*NLGPO?8;H1[;:Mk?K)^A[;:�8>=XK6T?� K6^M:�<;HLK"NJ[>K
q
C9ct<;8;^rNLGPO?8([;:�H O?8>B96

M/2 − 1ct:�^rNLOX@AH�:�8;T�NJ[>K�ct<;8;^rNLGPO?8
K(x)

[;:�H�8>O?8_C9kX:�8>GIHJ[>GI8>=":�8yNLGDC H 6>\]\&KMNL@JGI^ :�H 6>\�
;NLOXNLGI^MH �

D.3. Excitations II: 1-string case

`�O�b b�K b :�8yN NLO�^rO?8;HLGIT>KM@�NJ[>K ^M:�HLK�OXc : � C HLNL@JGI8>= �yNJ[;:*NSGIH :a@JO OXNSbaGPNJ[18>O?8_C9kX:�8>GIHJ[>GI8>=�GI\]:*=XGI8;:*@56

 :*@JN � g!GP@AHLNab�K 8>OXNLK NJ[;:*N�KMk?KM@56 � C�OX@ � C HLNL@JGI8>="^M:�<;HLK6H�NJ[>K : 
�
 K6:*@A:�8;^rK OXcSN b�OU@JK6:*B�[>OXBPK6H�NJ[;:*N
^M:�8�� K NL@JK6:*NLK6T :�HVGI85NJ[>K NJ[>K 
 <>@JK � C [>OXBPK1^M:�HLK �Z7985:�T;T>GPNLGPO?82:]^rO?\�
;BPK��5@JO OXN

y0
O_^M^M<>@AHVbaGPNJ[

γ <
GI\

y0 < π− γ
� ��H�: ^rO?8;HLK�_<>K68;^rK��;NJ[>K Q KM@JO y0

: 
�
 K6:*@AH GI8"NJ[>KZcdOX@A\&KM@4'*,���C HLNL@JG 
)OXc�NJ[>K

q
C9ct<;8;^rNLGPO?8 �

a(x)
GIH�T>K��}8>K6T�:�H

a(x) = ω2 Φ(x)q(x− i 32γ)

Φ(x− iγ)q(x+ i γ2 − iπ)
.

+ E � � 8 3

� [ <;H��
a
GIH]kX:�8>GIHJ[>GI8>=h:*N

y0 + i(3
2γ − π)

:�8;T{T>GPk?KM@J=XGI8>= :*N
y0 −

1
2γ

:�8;T{HLO T>O K6H
A
� � [>K

HJ^rK68;:*@JGPO5OXc 
 OXBPK6Hm:�8;T Q KM@JO?H ^rO?8;^rKM@A8>GI8>= NJ[>K]GI8yk?OXBPk?K6T ct<;8;^rNLGPO?8;H GIH =XGPk?K68hGI8 � =���E � � � � [>GIH



D.3 Excitations II: 1-string case 81

■ ■

✕ ✕

✛

●

✛

❍ ❍

✛

■

✕

●

❍

α

α− π

α− γ

2

γ

2

−γ

2

� � �������
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Ā

� � ������� Λ

� � ������� q α :=
��

y0

g!GP=?<>@JKmE � � � �;GI8yNLKM=X@A:*NLGPO?8 ^rO?8yNLO?<>@ZcdOX@aNJ[>K
1
C HLNL@JGI8>=U^M:�HLK


 :*NLNLKM@A8 OXc Q KM@JO?H":�8;T 
 OXBPK6H"OXc NJ[>K :�<��>GPBPGI:*@56 ct<;8;^rNLGPO?8;H)cdOX@A^rK6H)<;HUNLO 
 KM@JcdOX@A\ NJ[>K2g_O?<>@JGPKM@
NL@A:�8;HLcdOX@A\]H :*BPO?8>= T>KMcdOX@A\&K6ThGI8yNLKM=X@A:*NLGPO?8 
 :*NJ[;HmGI8 OX@AT>KM@mNLO \&KMKMNmNJ[>K"@JK�_<>GP@JK6\&K68yNJHmcdOX@1NJ[>K
:@� O�k?KrC \&K68yNLGPO?8>K6T(: 
�
;BPGI^M:*NLGPO?8{OXc(� :�<;^A[%6 � H NJ[>KMOX@JK6\ � � [>KM@JKMcdOX@JK��SNJ[>K 
 :*NJ[

Γ̃
GIH GI8yNL@JO_T;<;^rK6T

NJ[;:*N�� :�HLGI^M:*BPB96 cdOXBPBPO�b�H NJ[>K1@JK6:*B3: �>GIH�cd@JO?\
−∞

NLO
∞

� � <>N�GIH�T>KMcdOX@A\&K6T GI82HJ<;^A[ :]b :�62:�H�NLO
K68;^rGP@A^rBPK�NJ[>K 
 OXGI8yNJH

θi+i
γ
2

:�8;T
y0−i

γ
2

^rBPO_^LW>baGIHLK � � [>K 
 :*NJ[;H
Γ̃−i32γ

:�8;T
Γ̃+i(γ

2 −π)
T>O 8>OXN

K68;^rBPO?HLKm:�8%6�HLGI8>=?<>BI:*@JGPNLGPK6HZOXc
q(x)

�}HLO&NJ[;:*NaGI8�NJ[>K g_O?<>@JGPKM@VNL@A:�8;HLcdOX@A\�OXc
[ln a]′

b�K :*@JK :*BPBPO�b�K6T
NLO&@JK6T>KMcdOX@A\�NJ[>K6\�NLO]HLNL@A:*GP=?[yNVBPGI8>K6HV:�8;T�\&O�k?K�NJ[>K6\ ^rBPO?HLK NLO&NJ[>K�@JK6:*B�: �>GIHacd@JO?\ � KMBPO�b

Fk [ln a]
′

= (1− e(γ−π)k)Fk [lnΦ]
′

+ (e
3
2
γk − e(π−

γ
2
)k)F−

k [ln q]
′

.
+ E � ��� 3

798;HLNLK6:�T OXc�=XGPk_GI8>= NJ[>KUb�[>OXBPK"T>KM@JGPkX:*NLGPO?8 OXc�NJ[>K"8>O?8_C9BPGI8>K6:*@1GI8yNLKM=X@A:*B�K�_<;:*NLGPO?8 :*=?:*GI8 cdOX@ NJ[>GIH
^M:�HLK��SGPN GIH \&OX@JK]^rO?8yk?K68>GPK68yN1NLO�K���
;BI:*GI8 :)cdKMb � :�HLGI^�
;@JGI8;^rG 
;BPK6H � � [>K68 ^rO?\�
 :*@JGI8>= � =���E � �
baGPNJ[?� =��hE � � O?8>K�^rO?\&K6HmNLO NJ[>K�^rO?8;^rBI<;HLGPO?8(NJ[;:*N1KMk?KM@56 :�T;T>GPNLGPO?8;:*B�NLKM@A\ GI8 NJ[>K)K�_<;:*NLGPO?8;H
@JK6HJ<>BPNJHacd@JO?\�NJ[>K�K68;^rGP@A^rBPGI8>="OXcSNJ[>K�O_^M^M<>@J@JGI8>=]HLGI8>=?<>BI:*@JGPNLGPK6H � : KMN�<;H 
 <>N�NJ[>GIH�GI8�NJ[>K�@A<>BPK �

� � [>O O?HLK NJ[>K 
 :*NJ[;HZGI8 HJ<;^A[ :&b :�6�NJ[;:*N�:*BPB�HLGI8>=?<>BI:*@JGPNLK6H�OXc
[lnΛ]′

:*@JKm:Mk?OXGIT>K6T2:�8;T5NJ[;:*N
:*BPB!@JO OXNJH�:*@JK�K68;^rBPO?HLK6T �



82 Derivation of the non-linear integral equations for the XXZ-Heisenberg model

��HJHJ<;\&GI8>=]NJ[;:*NVNJ[>GIHZ[>OXBIT;H�� NJ[>K b�[>OXBPK1T>KM@JGPkX:*NLGPO?8 ^M:�8�� K T>O?8>Km:�H�GI85NJ[>K ^M:�HLK OXc�NJ[>K BPK6:�T>GI8>=
KMGP=XK68ykX:*BI<>Km:�8;T�O?8>K��}8;:*BPB96�=XKMNJHaNJ[>K�K�_<;:*NLGPO?8;H

ln a(x) =
π

π − γ

βh

2
+ πi+

M

2
ln

(

tanh(
π

2γ
(x+ i

β

M
− i

γ

2
)) tanh(

π

2γ
(x− i

β

M
+ i

γ

2
))

)

+

∫

Γ̃

k (x− y) lnA(y) dy −

∫

Γ̃

k (x− y − iγ + iε) lnA(y) dy
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