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Chapter 1

Intr oduction

Worldwide, the cost of distribution logisticsis enormous. It is estimatedthat
transportatioraccountgor 15 % of the US grossnationalproduct[32] anddis-

tribution alonefor morethan45 % of the total costof logistics[15]. On top of

that, societyis beginningto feel thetoll incurredby modernproductionandser

vice logistics. Justasthe ecologicalrepercussionsf mobility arebeginningto be
recognizedyising fuel pricesmake investmentsnto logisticsmanagemenseem
moreworthwhilethanever before.

As moreandmorecompaniesely on IT-basedoroductionandinventorycontrol,
the datato baseoptimizationon hasbecomeesasyto accessaswell. Ontheother
handcomputerprocessingime hasbecomecheaperand cheaper Therefore,in

logisticsthe demandfor improved optimizationmodelsandalgorithmshasbeen
increasingor yearsnow andis likely to becomeevengreater

Routing applicationshave beenattractve to researchersincethe beginning of
moderncombinatorics.Sincemary of theseproblemsare computationallyhard,
in the majority of casesapplicablealgorithmscan be achieved only by careful
comprehensiownf the peculiaritiesof the particularapplication. This hasleadto
the developmentof a rich assortmenof modelsandalgorithmicalapproachem
thefield of vehiclerouting.

Among the mary stratgies proposedto managetransportatiorresourcesnore
efficiently arethe so calledintermodaltransportationstrategies They arebased
ontheideaof integratingdifferentmodesof transportationsothateachcarriercan
exertits particularadvantagesAs anexample trucksarebettersuitedfor flexible
pick upsanddelivery to customerswhile trainsprovide cost-efective meansof
transportatiorover long distancesBY reloadinggoodsat so calledconsolidation
centersasingletransporjob cantake advantageof bothmeansof transportation.
However, reloadingis a big managementhallengesinceefficiency andviability
of this operationis crucialfor theeconomicapay-of.
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2 INTRODUCTION

From an operationsresearch(OR) perspectie, large shippingcompaniesge.g.
postalservicesfacesimilar problems.For themit is customaryto reloadgoods
alongtheway, i.e. goodscanbe droppedoff at socalledhubsandthenhauledon
by anothemeansof transportation.

Modelingsuchproblemsfor OR purposess oftendoneby anextremesimplifica-

tion of the allowed strateyies. For example,in the Hub LocationProblem(HLP)

eachcustomeris assignedo a hubandthenall traffic to andfrom that customer
is routedthroughthat huh Furthermore shippingcostsare usually assumedo

dependinearly on the amountof the transportedjoods[40, 48]. Dueto these
roughapproximationsthesemodelshave mostlybeenrestrictedto supportstrate-
gicaldecisionmakingonly. As companiesreconstantlyseekingo improvetheir

planningmethodsandtransportatiorstrategyies,moredetailedmodels whereeach
requestanberoutedindividually, needto be studied[25, 39].

Suchapproachesalsohold new challengedor operationgesearchMost corven-
tional routing problemsassigneachtransportatiormequesto a certainmeansof
transportationat the sametime providing anoptimal scheduldor eachresource.
They canbeinterpretedasresouceallocationproblemsbecausdor afixedallo-
cationof therequeststheroutingof eachresourceas independenof the others.

This propertydoesnot apply to reloadproblems.Sincea requestcanswitch car
riers,toursmustinteract. This facthasto bereflectedn themodels.

In this thesis,we examinehow routing problemswith reloadscanbe modeledin
orderto make themaccessiblé¢o algorithmicsolutionstratejies. We preseniur
own models,discusstheir combinatorialpropertiesand shov how thesecan be
exploitedin solutionalgorithms.

In thefirst partof this thesis,theoreticalaspectf reloadingwill be studied.To
putreloadproblemsnto perspectie, existing transportatiormproblemswill besur
veyedfirst. Thenabasicmodelfor reloadproblemss introduced.Sincethemodel
is of averygenerahaturejt canbeassumedhatit hasawide rangeof applicabil-
ity. This modelwill beanalyzedn termsof combinatorialcompleity. This will
shaw thatreloadproblemspresentsomealgorithmicchallengesiot encountered
in cornventionalrouting problems.

The secondpartis devotedto algorithmsfor practicalapplications.We startby
shaving how additionalconstraintslik e vehicle capacityandtime windows, can
beincorporatednto thebasicmodelto makeit applicablefor realworld problems.
The mostsuccessfutouting heuristicsnowadaysapply local searchand column
generation.We presenta local searchheuristicthat we have implemented.The
heuristicwastestedon variousatrtificial problemsaswell asarealworld applica-
tion. In theappendixa heuristichasedn columngeneratiorwill bediscussedas
well.



Chapter 2

Definitions

Andif youcan't saywhatyoumean,

youcannever meanwhatyousay—

anda gentlemarshouldalwaysmeanwhathe says.
PeterO'Toolein The LastEmperor

Our notationis fairly standardasin [3] and[17].

2.1 Sets

Let S beary set.

We will denotethe powersetof S by P(S) or 25. The setof all subsetof S of
cardinalityn, we denoteby P, (S) or (i) S" C SmeansS’ C SandS’ # S.

A setsystemS C P(S) over S is calleddownwad, if wheneerS' C S € S, also
S'eS.
Forany setM UM = Ugzeyz @andNM := Nyepx.

2.2 Graphs

2.2.1 Basics

Therearetwo typesof graphs:directedandundirectedones. In this thesisonly
simple(un)directedgraphq1-graphs)will bedealtwith, i.e. betweertwo vertices
thereis at mostoneedgeresp.arc.



4 DEFINITIONS

UndirectedGraphs An (undirected)graphG is anorderedpair (V, E), with V
anarbitrarysetcalledthenodesetand £ C P, (V) calledthe edge set Conform-
ing to corvention,we will denoteanedge{u, v} € E by (u,v).

If E =Py(V), G is alsocalleda completegraph. We will sayv € V is incident
toec EifveEe.

Let F C E. V(F) := {u,v € V|(u,v) € F} = |JF bethesetof nodesincident
to someedgeof F. Forary v € V we denoteby 6(v) C FE thesetof arcsv is
incidentto.

G = (V', E') iscalledasubgaphof G if V! C V andE’' C ENPy(V'). A graph
is calledk-regularif foralln € N |[6(n)| = k.

Digraphs A directedgraphor digraphG is anorderedpair (V, A), with V' an
arbitraryset,thevertex setandA C V x V,thearcset If A =V x V, thenG is
calleda completedigraph.

Arcs of the form (v,v) arecalledloops Note thatloopsare often forbiddenin
simple graphs. However, in this thesis,we dealmostly with agyclic arc setsso
loopsareautomaticallyforbiddenin thesesets.Our resultshold for graphswith-
outloops,aswell, andwe do not remove themfrom our graphsout of notational
corvenience.

For anarc (u,v) € A, we will call v its headandw its tail. This is denoted
v = head(u,v) andu = tail(u, v).

Let G = (V, A) beadigraphandB C A. V(B) := {u,v € V|(u,v) € B}.
We will saythat B is transitivelyclosedif (u,v) € B and(v,w) € B imply
(u,w) € B. If Aistransitvely closedwe definethetransitivehull of B:

trans(B) := ({7 C V* | T istransitvely closedandB C T'}.

Thus, trans(B) is the minimum transitvely closedset containingB. For ary

v € V wedenoteby 63 (v) (resp.dz(v)) thesetof arcsin B with head(resp.tail)

v. 6T (v) := 0} (v) andd~(v) := 6, (v). 67 (v) arethearcsenteringv, 4~ (v) the

arcsleavingv. 6(v) := 6" (v) Ud~ (v). Wewill saythatv is incidentto thearcs
in 6(v) andthatw is incidentwith respecto B to thearcsin 65 (v) U d5(v). For

asetof verticesW C V, wedefined™ (W) := U, ew 67 (v) N U,er\w 6~ (v) the

setof all arcswith headin W andtail in its complement.Similarly, 6= (W) :=

Uwew 67 () N Uyerw 67 (v) the setof all arcswith tail in W and headin its

complementWe call 6(W) := 6H(W)Ud~ (W) thecutdefinedby W. A digraph
G is connectedf no cut of G is empty A digraph(V, A) is strongly connected
if forany W C V67 (W) # 0 andd (W) # 0. A componenbf a graphis a

maximumconnectedsubgraph.A stronglyconnecteccomponenis a maximum
stronglyconnectedgubgraph.
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G = (V', A") is calledasubgaphof G if V! C V andA’ C A.

A digraph (V, A) with functionc : A — Z™ on the arcsis also denotedby
(V,A,c). For transitvely closeddigraphs,a functionc : A — Z* satisfies
the triangle inequality if for ary (u,v,w) € V ((u,w) € A = c(u,w) <
c(u,v) + c(v, w)).

2.2.2 Paths

Paths can be definedfor graphsand digraphs. We will needpathsmostly for
digraphsthereforewe startwith them.

Let (V, A) be a digraph. A path P of lengthn is a sequenceof arcs P =
(a1,...,a,), suchthatfor ary 1 < i < n head(a;) = tail(a;41). We say P
visitsa vertex v € V if thereis ¢ with head(a;) = v or tail(a;) = v. In our
simplegraphsapathis completelydeterminedy the sequencef verticesit visits
(vi)1<i<n+1 (v = tail(a;), vp41 = head(ay,)). V(P) == {v1,...,vp41}.

A simplepathis a pathsuchthatno vertex — exceptpossiblyfor thefirst andlast
one- is visited twice. If notindicatedotherwise we alwaysmeansimple paths
whentalking aboutpaths.

A simplepathis completelydeterminedy its arcsetA(P) = {a4,...,a,}. We
saythatP containsa € A if a € A(P).

We will usethedifferentrepresentationsf pathsinterchangeably
head(P) := head(a,) (tail(P) := tail(a;)) is calledthe head(tail) of P. If for a

simplepath P head(P) = tail(P) P is calleda (directed)circuit. We will say P
is a (u, v)-pathif head(P) = v andtail(P) = u.

In undirectedgraphs,a pathis a sequencef edgesP = (e, ..., ex), suchthat
eachedgein the sequencéasoneendpointin commonwith its predecessoand
the otherendpointin commonwith its successolV/ (P) := V ({e1, ..., ex}) is set

of verticesvisitedby P. A simplepathis a path,suchthateachvisited vertex is
incidentto at mosttwo edgesof the path.

A Hamiltonianpathis asimplepath P with V(P) = V. A circuitis aconnected
2-regularsubgraph A cycleis anedge-disjoinunionof circuits. A Hamiltonian
circuit or—by abuseof language-aHamiltoniancycleis acircuit C with V(C) =
V.

To determinevhetheragivengraphcontainsaHamiltonianpathor a Hamiltonian
circuitis an NP-completeproblem[17].

Let P = (v;)1<i<n @aNdQ = (uj)1<j<m (m < n) bepaths.Q) is calledasegmentof
P, if thereis [ suchthatfor all & € {0,...,n—m} ¢ = pru- Q isasubsequence
if P,if thereisk : {1,...,m} — {1,...n} with: < j = k(i) < k(j), suchthat
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foralli e {1,,m} qi = Dk(4)-

2.2.3 Posets

A posetis anirreflexive, transitive binaryrelationon aset. Sinceall of ourgraphs
are simple, thereis a naturalisomorphismbetweenour digraphsand setswith
binary (irreflexiveif loopsareforbidden)relations.

Thereforethefollowing definitionsagreewith the standardnes.A setof arcsis
calledacyclicif it containsno circuit. An agyclic, transitively closedsetof arcs
is calleda poset An arcsetA’ containsa transitivearc if thereareu, v, w € A',
suchthat (u, v), (v, w), (v, w) € A’. An agyclic arcsetwithouttransitive arcsis a
Hassediagram
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This thesiswill focuson routing problemswith reloads.In thefirst partwe will

shov how theseproblemscanbe modeledand examinethe computationatom-
plexity of suchmodels.Thus,we will stressvhatsetsreloadproblemsapartfrom
themore*“classical”’routing problemsin theliterature.

Routing problemshave found a broadrangeof applicationsand thereforecan
take mary vastly differing forms. Thereforewe will give a brief introductionby
presentinga few of the mostimportantrouting problemsin Chapter3. Thenwe
proceedo discusshow problemswith reloadsdiffer from theseclassicproblems
andgive afirst formal model. This modelwill be of a very simplenature,since
it containsonly the most basic constraintsneededto formalize the processof
reloading. This restraintseemsadvantageou®oth to emphasizehe newv aspects
introducedby reloadsandto make themodelaccessibléo combinatoriabnalysis.
Wewill extendthemodelin Chapte6, whenwe shav how realworld applications
canbehandledwith our model. Thefinal Chapter5 of thefirst partthenpresents
our resultsonthe compleity of themodel.






Chapter 3

Classic Routing Problems

As a brief introductionto routing problemsandthe constraintamostcommonly
facedin theseproblemswe presenthreeof themostwidely known transportation
problems: the Traveling SalesmarProblem,the Vehicle Routing Problemand

the Pickup and Delivery Problem. This discussionalso seres as a motivation

for our modelsfor reloadproblemsandto highlight the connectiondetweernthe

problems.

3.1 Traveling Salesman Problem (TSP)

The term “routing problem” is usedfor optimization problemswhere a set of
clientshasto be visited in the cheapespossibleway. The TSPis certainlythe
bestknown routing problem.Eventhoughthe TSPlacksalot of detail, barringit
from immediatelybeingusedin realworld applicationsit occursasasubproblem
in numerousmoreelaboratenodels. This is probablyone of the reasondor the
vastamountof literatureit hasspavned[33].

The nameTSP hasbeenderived from the following question:A salesmammust
visit asetof citiesandthenreturnto the startingpoint. In which ordershouldthe
citiesbevisitedto minimizethe lengthof theroundtrip?

Problem3.1(TSP[17]).
Instance  Givenis acompletegraphG = (N, E) with non-n@ative costfunc-
tionc: E — Z* ontheedges.

Question  Find aHamiltoniancyclet C E for G, suchthat) _, _, c(e) is mini-
mized.

The TSP can be interpretedas the weightedversion of the decision problem
whethera graphhasa Hamiltoniancycle. This immediatelyimplies its NP-

11



12 CLASSIC ROUTING PROBLEMS

completenesgl7]. In mosttransportatiorproblemsone centralgoaliis to mini-
mizetour length,eventhoughthe constraintsaanddefinition of feasibletourswill
vary andadditionalgoalsmaybe moreprominent.

Modelsfor realworld applicationoftenareextensionof the TSP Wewill present
two of themostimportantonesin thefollowing. Thefirstone,theVRP, introduces
additionalconstraintson the tours, while the secondone, the PDR broadenghe

notionof “customer”.

Remarl3.2 [Graphsfor RoutingProblems}An integral partof any transportation
problemis the underlyingnetwork andits distancematrix. Throughouthis thesis
we make afew assumptionsiboutthesenetworks:

1. Themodesof transportatiortanalwaystravel betweersitesalongtheshort-
estpathsthusfrom now on we will assumehatthe networksarecomplete
andthe triangleinequality holds. The costof transportatiorbetweentwo
sitesis never negative, sothe edgeresp.arcweightsarenon-ngatve.

2. Therelativedistanceébetweersitescannotbemeasuredvith arbitraryexact-
ness.Whendeterminingthe computationatompleity we would alsolike
to avoid thedifficultiesinducedby computingirrationalson finite precision
machinesandrational costscan always be multiplied by a suitablefactor
to obtaininteger costs. Therefore the costof transportatiorbetweentwo
verticesis givenby acostfunctiononthearcsetc: A — Z™.

Notethatthe TSPremainshardevenif the underlyingnetwork satisfiesall of the
above restrictions.Althoughit is not mentionedexplicitly, this canbe seenfrom
thereductionto the HamiltonianCircuit Problemfoundin [17].

3.2 Vehicle Routing Problem (VRP)

In mary applicationanorethanonevehicleis requiredto visit all clients. Thisis
oftendueto additionalconstraintghatrestrictthe numberof customerwisited by
asingletour. Adding theseconstraintsextendsthe TSP Suchgeneralizationare
summarizedindertheterm“VehicleRoutingProblems”(VRP).

It is certainlynot possibleto surwey the whole rangeof VRPsin this shortintro-
duction(seee. g. [22,32)). Insteadwe will concentratentwo problemghatcon-
stitutethe basisof mary problemsnamelythe Capacitated/ehicleRoutingProb-
lem (CVRP)andthe VehicleRoutingProblemwith Time Windows (VRPTW).
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Capacitated Vehicle Routing Problem (CVRP) In the CVRR eachcustomer
hasan associatedload”. To serviceall customersve canemploy not only one
but several vehicles,eachequippedwith a certain“capacity”. The additionalre-

strictionsstate,that eachvehicle canvisit a subsetof the customersonly if its

total customeitoad doesnot exceedthe vehiclecapacity Sincethe costof getting

to thefirst customerof atour andreturninghomeatfter the last customerusually
cannotbe ngglected,VRPsintroducea “depot”, whereeachtour hasto startand

to end.In the TSR thestartingpoint of theroundtrip hasno impacton theoverall

tour length. For the CVRP, we mustspecifya special‘depot’-nodeanddemand
thateachtour visits this node.

Problem 3.3(CVRP).

Instance  GivenC € Z*, thecapacityanda completegraphG = (V, E) with
non-ngative weightfunctionw : V- — Z* onthenodes(vv € V :
w(v) < C) andnon-ngative costfunctionc : F — Z* ontheedges,
anoded, € V isdesignatedsthedepot V' \ {d,} will becalledthe
setof customes.

Question Findasetof circuitsT, suchthat

Z Z c(e) is minimized
)

teT ecE(t
Uve=v (3.1)
teT
VieT: do € V(1) (3.2)
VteT: d w)<C (3.3)
vEV (t)

(3.1)guaranteethatall customersrevisitedby sometour, theloadof thevertices
in atour may not exceedthe capacity(3.3) andall toursmuststartandendat the
depot(3.2).

Obviously, the problemto determinethe numberof toursnecessaryo solve the
CVRPR is N'P-completein itself. It is a Bin PackingProblem(BPP)[17]. Even
thoughthe BPPis N'P-completein the strongsensejn practiceeven large in-

stancesanoftenbesolvedby enumeratiorstrateyies. Still, theadditionof capac-
ity constraintgnakesthe searchfor anoptimalsolutionof the VRP muchharder
Today TSP-instancesontainingseveral thousandverticescanbe solved in ac-
ceptableime by brandh & boundmethodsFor the CVRPthis numbereducedo

about70to 100[4].
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Remark3.4. [Costfunctions]To keepour discussiorasfocusedaspossiblewe
will pursuethe goal of minimizing thetotal tour lengthin all of our problemsfor
therestof this thesis. In applicationsthereareoften mary alternatve measure-
mentsof cost,we will briefly discussadditionalcostfactorsfor reloadproblems
in Chapter6.

Vehicle Routing Problem with Time Windows (VRPTW) Another reason
that often enforcesthe useof morethanonetour aretime windows. Eachver-

tex is equippedwith aninterval statingwhenit canbe visited. For thetours,we

now needto determineaservicetime for eachvertex, sothattravel timesaretaken
into accountandthe customersisited within their time window. Sincethetours
arenode-disjoiniexceptfor thedepot),we canassociat¢he servicetime with the
verticesdirectly. For the sale of simplicity, we assumdor now thattravel time

andcostareidentical.

Time windows introducea senseof directednessto our problem,sincewe need
to be carefulin which orderthe customersarevisited. Thus,we switchto a di-
graphfor the network.

Problem 3.5 (VRPTW).

Instance  Givenis acompletedigraphG = (V, A) with time window functions
l,u: V — Zonthevertices(VYv € V : I(v) < u(v)) andnon-
negative arccostsc : A — Z*, avertex dy € V is designatedsthe
depot

Question Find asetof directedcircuits7 andr : V — Z suchthat

Z Z ¢(a) is minimized
]

teT acAlt
Uve=v (3.4)
VteT: do € V(t) (3.5)
VieT: Y(u,v) €t\d(do): 7(u)+c(u,v) <7(v) (3.6)
YveV: l(v) <7(v) <ulv) (3.7)

(3.4) and(3.5) againguaranteghatall customersaresened andeachtour starts
andendsatthedepot.(3.6) makesthetime stampsobey thetravel timesand(3.7)
checkshatthedelivery timesarewithin the allowedinterval.
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Timewindow constraintsnake theroutingproblemalot harder To merelydecide
whethera feasiblesolution exists for a given instanceof the VRPTW is N P-

completeif a boundon the numberof vehiclesis given [45]. Thereare mary

differentforms of the VRPTW. For examplethe time windows can consistof

not only onebut severaladmissiblentervals. We will presentmoregeneralime
window constraintsn Chapter6.

Notethatin boththe CVRP andthe VRPTW, we could dropthe depotandallow
toursto bearbitrarypathsinsteadof circuitswith noimpactonthecompleity. We
have usedthe above formulations sincethey aretheonesmostcommonlyusedin
theliteratureandalsoto make theproblemsmoreplausible.In theformulationof
thefinal problemof this chapteywe will droptheseconstraints.

3.3 Pickup And Delivery Problem (PDP)

Ourlastclassicrouting problembroadenghe notionof “customer”’from the TSP
Insteadof simply by vertices,eachcustomeris now representedby a transporta-
tion requestvith a startandanendvertex. Eachtour mustserviceoneor several
of theserequests.

Givenaretwo disjoint setsof customerocations,thosewheregoodsare picked
up P andthosewherethey are deliveredto D. Eachtransportatiorrequestis
apairr = (p,d) € P x D. For the sale of simplicity, we will assumethat
for eachrequestherearetwo verticespresentj. e. for ary (p,d), (p’,d') € R
(p,d) # (v, d) = (p # p' Ad # d'). Thisis merelya notationalcorvenience,
sincewe canmultiply the verticesof the network if necessaryThe vertex setof
the basenetwork is composedf the pickupanddelivery vertices.

Problem 3.6 (PDP).

Instance  GivenacompletedirectedgraphG = (P U D, A), astrictly positive
costfunctionc : A — Z* onthearcsof G anda setof node-disjoint
transportatiomequests? C P x D.

Question Find asetof pathsT’, suchthat

> > c(a)is minimized
)

teT acA(t

RC U trans(t) (3.8)

teT
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(3.8) saysthat for eachrequestr = (p,d) thereis a tour that visits both end
verticesp andd in thatorder Thisformulationof thePDPcontaindessconstraints
thanmostproblemsdiscussedn the literature,wherecapacityandtime window

constraintasuallyare presentsimilar to the VRP (e. g. [47]). Suchconstraints
can easily be addedto our basicproblem, but they are omitted here,sincethe

focusshallremainon the basicdifferenceof routingproblems.

Above, it hasbeenassumedhat eachvertex is incidentto at mostonerequest.
Thus,in a solutioneachvertex needso be visited at mostonceandit is easyto

malke thetoursin a solutionnode-disjointoy removing multiple visits to the same
vertex. By thetriangleinequalitythis will notincreasecosts.

Sincewe do not usethe standardormulationof the PDR, we give a quick proof
that the PDP is A'P-completeas a generalizatiorof the Directed Hamiltonian
PathProblem:

Theorem 3.7. Problem3.6is N/P-complete

Proof. Let (V, A) aninstanceof DirectedHamiltonianPath [17]. Putn = |V/|
and K = max{c(a) +1 | a € A}. We constructan instanceof the PDR let
P ={py,...,pn} andD = {d;,...,d,} bedisjointwith |[P| = |D| = n. We
take therequessetto be{(p;, d;) | 1 < i < n}. Putthecostfunction

1 if v, V5 € P and(vi,vj) €A
d(Ui, Uj) =<0 if v;, v; € D
K else.

It is easyto seethatthis PDPhassolutionof cost|V| — 1 + K if andonly if a
HamiltonianPathexistsin E. O



Chapter 4

Introducing Reloads

Classicakroutingproblemdik e the VRP or the PDPassuméhatgoodsaretrans-

portedfrom supplierto customemby a singletruck. In large shippingcompanies,
e.g.postalservicesor air lines,howeverit is customaryto reloadgoodsalongthe

way, i.e. goodscanbedroppedoff atsocalledhubsandthenhauledon by another
meanf transportation.

In the precedingchaptemwe have introduced amongotherthings,the Pickupand
Delivery Problem. Now, the possibility to reloadgoodsat specifiedhubsto the
modelwill beadded.To accommodatthisfeature gventhebasicmodelwill have
to be muchmore complex<. We will first review somenetwork designproblems
foundin theliterature. Then,the difficultiesfacedwhenintroducingreloadsinto
themodelwill bediscussedin thelastsectionthemodelwill beformally defined.

4.1 Available Models

Transportatiomproblemsfeaturinghubsto consolidategoodsuntil recentlyhave
mostly beenconsideredor strategic planning.

Most notablyin this areaare the so called Facility Location Problems[38, 16].
Instancef theseproblemsconsistof a network containinga setof customers
andpossiblelocationsfor the hubs. The goalis to selecta setof hubsandassign
eachcustomerto a hub, sothat capacityconstraintson eachhub canbe satisfied
and somegiven costfunction is minimized. Among theseproblemsare the n-
medianand n-centerproblems,wheren locationswith minimum averageresp.
maximumdistanceo their assignedustomersnustbe found.

The Hub Location Problem(HLP) [40, 48] is an extensionto the above. Here,
the demandconsistsof transportatiorrequestsetweenthe customerocations.
Again, a suitablesetof hubsandassignmentsf customeidocationsto hubsis to

17
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be selected.While in the Facility Location Problemscostis mainly determined
by the distanceof the customeltto its associatedhub, herethe transportatiorcost
of therequestss consideredn thecostfunction. This costis assumedo belinear
in theamountof transportedjoods.

Guelatetal. [26] considera network designproblem,whereanorigin-destination
matrix statesthe supply resp. demandat eachcustomerocation for a number
of differentgoods. In the (not necessarilysimple) network eacharc represents
transportatioy differentavailablecarriers.Theaimis to find amulti-commodity
flow thatminimizestotal transportatiortost. The problemis mademorecomple
by constrainton the pathdecompositiorof the solution. Theseconstraintsstate
thatreloadsareallowed only at hubsandmay forbid usageof certaincarriersby
certaingoodson agivenlink.

While they have applicationsin strategjic planning,all of thesemodelsmake the
assumptiorthattransportatiorcostis linearin the size of transportedyoodsand
do not considerthetiming aspecintroducedby reloadingin tacticalplanning.

Gruenertetal. [25] presenthe Vehicleand RequesElow NetworkDesignProb-
lem(VRFNDP),amuchmoredetailedmodelintendedfor tacticalplanningtasks
in letter mail transportation Similar to our model,the routing of requestss rep-
resentedy a multi-commoditynetwork flow thatmustbe coveredby thetoursof
the vehicles. Sincethis modelhasbeendevelopedwith a particularapplication
in mind, all relevantconstraintdor operationaplanninghave beentakeninto ac-
count,i.e. lettershaveto arriveatahubin goodtime, sosortingandreloadingcan
take placebeforethey areforwardedto the next hubor the customer

The modelthatwe will presentshortly canbe considereda simplificationof the
VRFNDPwith oneexception:Wetreattime asacontinuougunctionandaddtime

labelsto keeptrack of arrival timesof vehiclesandgoodsat a site. In contrast,
Gruenertet al. usea discretemodelbasedon time periodsby addinga copy of

eachvertex for eachtime period.

4.2 Problem Description

We assuma settingsimilar to theoneof the PDP Again, we aregivena network
anda setof requestsk, thathave to betransportedicrosghe network.

But insteadof beingtransportedy only onevehicle,a requesttannow alsobe
droppedoff at specialverticescalledreload hubsor consolidationcentes and
pickedup againby anothertour. This processnayberepeatedintil thegoodsare
finally deliveredto their destination.
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The possibility of reloadoperationamakesformulatinga modeldifficult. There
areseveralreasonsor this:

Decoupling of tours and requests In all problemsmentionedn the previous
chaptey we only needto know the vehicleroutes. From the routing we cande-
terminethe assignmenbf requestgo tours. If goodsmay be reloadedmorethan
once,thereis, in generalno uniqueway to transporthe goods.

Figure 4.1 showvs an example. Here, threetours are given, eachsketchedwith
differentlyshadedarcs. Therequestp, d) canberoutedin two differentways. It
couldeitherbetransportedia thehubsh,, ho, h; beingreloadedwice or via A,
hs, beingreloadedonly once. It is not possibleto make a decisionon it without
additionalinformation.

Therefore,we will adda pathfor eachrequestthat detailsthe way the request
travels.

.

®

\

Figure4.1: Theroutesfor therequestsarenotfixed.
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Multiple visits at hubs Hub verticescanbevisited morethanonceby different
tours. Moreover, it may be advantageoudor a single tour to returnto a hub
vertex, that hasbeenvisited before. Thus, we cannotassumethat a tour is a
simplepathasin our previous models.We might constructa model,whereeach
touris representetdy a functionof somen € N (the numberof stopsof thetour)
into V. However, this would make formulatingthe constrainton the tour overly
difficult.
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Instead py addinga sufficientnumberof copiesof the hubverticeswe canmalke
ary tour visit eachvertex at mostonce. To determinethe maximumnumberof
necessargopies thefollowing obsenationis useful:

In a feasiblesolution,ead requesmustbereloadedat mostonceat
anysinglehuh

For a proof, assumehatwe have a solutionwith the minimum numberof reload
actionsthatreloadsarequestnorethanonceatahuh Thus,thereis arequesthat
arrivesatahub,thenis pickedup by anothettour. Later, therequesteturnsto the
hubandis pickedup by alasttour. Butin this casewe would nothave neededo
transporthegoodsin acircle,only to arrive atthesamehubagain.Thereforewe
canfind a solutionof equalcost,with onelessreloadaction.

Thus,we know thatby replacingeachhubby |R| vertices,eachrequesineedso
visit eachvertex at mostonce. We caninterpretthe new verticesasa dedicated
hub,whereonly a certainrequesimay bereloaded.

By addingcopiesof the hub vertices,we know that eachvertex is visited by at
most two tours. We can reducethis numberto one by splitting thesevertices
again. Oneis usedby the tour droppingthe goods,the otherby the tour picking
themup. Thesplit verticesareconnectedy specialarcsthatarenot permittedto
beusedin atour.

Remarkd.1 We intendto multiply hubverticesin our model,soa solutionneeds
to visit eachvertex of thenetwork atmostonce. This castsourmodelin theneigh-
borhoodof disjoint pathsproblemg37]. An instanceof the Disjoint Connecting
Paths-Problenjl17] consistsof a graphand disjoint vertex pairs. The question
asled is whetherthereare edge-/ertex-disjoint pathsconnectingeachof these
pairs. Therealsoexist directedandweightedversionsof this problem,all of them
are N’P-completein generalgraphs.

Sincewe dealwith completegraphswherethe triangle inequality holds, a (not
necessarilyjunique)shortespathbetweenwo verticesis alwaysthe arc connect-
ing them. Thereforethe above problemis simplein our case.

Additionally, from the point of view of applicationsthe verticesof the network

representhe locationswhere goodscan be picked up, deliveredand reloaded.
By multiplying vertices,an additionallayer of abstractions introduced.In this

inflated network, eachvertex doesnot represent location but ratheran action.
In the caseof requeststhis is the action of picking up or delivering a request.
In the caseof hubs,eachvertex representsiroppingor loadingup of a particular
request.Becausesachactionneeddo be performedat mostonce,multiple visits

to a singlevertex canalwaysbe deletedfrom a solutionwithout increasingcost
(by thetriangleinequality).
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In this sensedemandinghode-disjointednesemovesdegeneratesolutionsfrom
solution space. While this makes sensefor the structuralanalysisin the next
chaptertheremaystill be optimizationstratgiesthatcould benefitif suchdegen-
eraciesvereallowed.
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Figure4.2: A deadlocksituation.

Avoiding deadlocks Knowing a pathfrom the tail to the headof the request
arcis still not sufficient. It mustalsobe guaranteedhat goodshave arrived at a

hub beforethey arepicked up by anothertour. Otherwise,a deadlocksituation
might occur In Figure4.2 sucha situationis shavn. Again, the dottedandthe
plain arrons denotedifferentvehicles. The only way to transportrequest(p, d;)

throughthe network, is to routeit via h; andhs, ontheotherhand(p,, d2) hasto

gothroughh, andh, in thatorder

To avoid this, a time stampis associateavith eachvertex. The time stampsra-
versedby arequesmustbeincreasingor asolutionto befeasible.

4.3 The First Model

Now, afirst definitionof atransportatioproblemwith reloadswill begiven. The
correspondingnodelis very simple,sinceit only ensureshattherequestanbe
transportedhroughthenetwork. In Chapter6 moreconstraintwill beadded put
for now we focuson theaspecof reloading.
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Figure4.3: Theverticesandarcscreatedoy multiplying a huh

Our input is the underlyingnetwork N = (P U D U H, (P U D U H)?%), anon-

negative costfunctiononthearcsc : (P U DU H)? — ZT anda setof requests
R C P x D. Again, we assumehat for eachrequestthereare two dedicated
vertices.

Beforestatingthe problem,the hubverticeshave to be multiplied:

Definition 4.2. Let N = (P U D U H, (P U D U H)?) bea networkwith a non-
negativecostfunctione : (P U DU H)? — Z* onthearcsanda setof requests
R C P x D with thefollowing property: For any (p,d), (¢',d’) € R, wheneer
(p,d) # (p',d'), thenalsop # p' andd # d'.

Foreathr € Randh € H leth andh,; benew vertices,calledhubvertices

Hf :={hf|reR}

Hy :={h; |r€R}

H:=|]JH
heEH

H :=|]JH,

heEH
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A weightedgraph N® = (V£ AR) with costfunctionc® is called the routing
graphcorrespondingo N if

VEB:=PUDUHTUH"

AR :=(PUDUHTUH)?

c(u,v) ifu,ve PUD

c(u,h) fue PuDandve HUH,
c(h,v) ifue HfUH, andve PUD

0 else

cu,v) : =

For later use definethefollowing setsof reloadarcs

Al :={(h},h;) |he HY C A
Al :={(ht,h ) |r€R}C A

AT = Jaf = AF

r€ER heH

VE containsP and D from the original network andadditionallyfor eachtrans-
portationrequest € R andeachhubhi € H therearetwonodes:,” andh,. . They
will beusedin asolutionif ar is droppedoff atconsolidatiorcenterh andpicked
up by anothewehicle. Figure4.3 shavs the verticescreatedor a hubvertex A in
aninstancewith threerequestd, 2, 3. Thearcsin A aredashedTourswill not
beallowedto usethesearcs.

Now, a first definition of a transportatiorproblemwith reloadsis given. As dis-

cussedbove, we will needto determinenot only tours,but alsofor eachrequest
r a pathdetailinghow the requestshouldbe routed. To avoid deadlocksgeach
vertex is associateavith atime stampthatdeterminests servicetime:

Problem 4.3 (PDP with Reloads(first version)).
Instance  Givenarouting graph(V, A, ¢) anda setof transportatiorrequests
RCPxD.
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Question Find asetof pathsT" in N, calledtours, time labelsr : V — N and
for eachrequest- € R apathl, in N, calledtherequespathfor r,

suchthat
> ) c*(a) is minimized
teT acA(t)

ATl A =0 (41

teT
YoeV: 6ir(v) <1 4.2)
YoeV: dor(v) <1 (4.3)
V(p,d) € R: tail(l,) = p Ahead(l,) =d (4.4)
VreR: Al <A@y u A (4.5)
V(v,v') € | JA(t) U A" : 7(v) + B (v, v') < 7(v") (4.6)

teT

Contraryto the PDR for the RPDPwe demandexplicitly thattoursare simple
pathsand pairwisedisjoint by (4.2) and (4.3). Theseconstraintsare appliedto
restrictreloadingto thehubs.(4.1) saysthatreloadarcsmay not be usedin tours.
Eachdemandmustbe sened (4.4)i.e. for eachr = (p,d) € R theremustbea
requespathfrom p to d. Becausef (4.5)this pathmustconsistof arcsfrom tours
plus possiblythe dedicatedreloadarcs”in AZ. To avoid deadlocksgoodsmust
arrive ata vertex beforethey canbetransportedo thenext one(4.6).

Thefollowing theoremis trivial asthe RPDPis a generalizatiorof the PDP:

Theorem 4.4. TheRPDPis N'P-complete

Proof. Notethataninstanceof the PDP canbe interpretedasaninstanceof the
RPDPwithout hubvertices.

Given a solutionto the PDR we canremove multiple visits to the samevertex
without increasingsolutioncost. So (4.2) and(4.3) aresatisfied.Sincethereare
no hubsin the instance(4.1) holdsaswell. We candeterminerequesipathsby
(3.8)andary solutionof aPDPcanbeequippedvith time stampsso(4.6) holds.
Ontheotherhand,givena solutionof the RPDR (3.8) saysthatfor eachrequest
r theremustbe anr-pathwithin onetour. In the absencef hubs,toursmustbe
node-disjointby (4.2) and (4.3). Thus, (4.4) and (4.5) suffice to guarantedhe
existenceof suchpathsin a solutionof the RPDP

Thus,thePDPhasasolutionof agivencostif andonly if thecorrespondingRPDP
hasa solutionof equalcost. O



Chapter 5

Properties of Reload Problems

Logic is a systematianethodof comingto the wrong conclu-
sionswith confidence
CathrynM. Drennan- To Dreamin the City of Sorravs

In the precedingchaptemwe have developeda modelfor reloadproblems.Now,
its compleity andsomeof its specialcaseswill beexamined.

The first stepwill be to simplify our modelin orderto make it moreaccessible
to combinatorialanalysis.Then,a new classof combinatorialproblemsis intro-
ducedtheS-DiagramProblemspf which our problemis a specialcase.

We show thatS-DiagramProblemscanbe solvedin polynomialtime undersome
additionalconditionson the underlyingnetwork andS if the numberof requests
is bounded.This implies thatthe sameholdsfor our reloadproblems.To prove
this,we will needseverallemmaghatdisclosepropertief optimumsolutionsof
S-DPsthatareof interestin their own right.

In mary applicationsa requestis reloadedonly once. For thesecaseswe have
developedthe k-StarHub Problem(k-SHP). This is a specialcaseof the RPDP
with additionalrestrictionson thetours,namelyatour cansene only onerequest
or visit only one customerandonehuh The £-SHP canbe solved efficiently if
at mosttwo hubverticesarepresentWe will usethis factto determineaninitial
transportatiorplanfor thelocal searchalgorithmpresentedn Chapter7.

25
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5.1 A Simplified Model

In contrasto theclassiaoutingproblemsntroducedn Chapte3in theRPDPnot
only toursneedto be determinedput alsotransportatiorroutesfor the requests
and a servicetime for eachstop. The purposeof this sectionis to presentan
equivalentmodel, whosesolutionsconsistonly of a setof arcsdeterminingthe
tours.

It will be muchharderto addnew constraintgo the new model. Thereforeit is
not adequatdor applications.However, it hasthe benefitof beingmore elegant
andmuchmoreaccessibléo combinatorialanalysis.

Problem5.1.
Instance  GivenaroutinggraphN = (P U D U H, A, c) anda setof node-
disjointtransportatiomequests? C P x D.

Question Find asetof arcsS, suchthat

Z Z ¢(a)is minimized
)

teT acA(t
Yo eV : |0 an (V)] <1 (5.1)
YveV: |5§\AH (w)| <1 (5.2)
R C trans(S) (5.3)
S containsno cycle. (5.4)

Notethat both problemstake the sameinput, a routing graphtogethermwith a set
of requestarcs. They are equivalentin the following sense:From ary feasible
solutionof oneof thetwo problemsa solutionfor the RPDPcanbe built, whose
arcset,togethemwith thereloadarcsA? , is asolutionof Problem5.1.

In Problem5.1we only needto find a setof arcs,sothateachcustomewertex is

incidentto at mostone enteringandoneleaving arc (5.1), (5.2). Thus, S \ A”

canbe partitionedinto a setof node-disjoinpaths.Thesepathsarethe “tours” of

asolutionof thecorrespondindRPDP

Theagyclicity condition(5.4) guaranteethatthe stopscanbeequippedwith time
labels.By (5.3)thereis a pathfor eachrequesin the setof solutionarcs.

The equialenceof the two problemsis statedmore formally in the following
theorem:

Theorem5.2. Let(V, A, ¢) and R C A beaninstanceof Problem4.3and5.1.
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If there is a solutionof either Problem4.3 or Problem5.1 of cost K, thenthere
is a solution (7', (I,).cr, 7) Of Problem4.3 of costno more than K, sud that
A" UU,er A(t) is asolutionof Problem5.1

The proof of this theoremis quite technicaland consistsof mary smallchanges
to thegivensolutionin orderto satisfytheadditionalconstraintsmposedoy both
problemstogether It canbefoundin AppendixB.

5.2 S-Diagram Problems

In this sectionwe will notwork with Problem5.1, but with a generalizationthe
S-DiagramProblem(S-DP). Let S beadownwardsystemof arcsetson directed
graphssuchthatmembershipf S canbechecled efficiently.

Problem 5.3 (S-DP).

Instance Let(V, A, ¢) beadigraphwith non-ngatvearcweightsc : A — Z™,
B asetof directednodepairs. We saythatasetS € S is spanning
for B, if B C trans(S). If S is spanningandagyclic, we call it
feasible

Question FindafeasiblesetS suchthatc(S) := > .5 ¢(a) is minimized.

A solution S of a S-DiagramProblem,we call an S-diagram As we consider
only non-n@ative arc weights,we may assumehat .S is a Hassediagram.Thus,
S containsadirected(u, v)-pathfor eachrequestrc (u,v) € B.

NotethatProblem5.1is aspecialcaseof theabove problem.This canbeseerby
putting:

S={ACA|YWweV: |5+,\AH(U)| <1A |5_,\AH(U)| <1} (5.5)

Obviously, S is adownwardsetsystemandary solutionof Problem5.1will bein
S.

5.2.1 Excursion: The Steiner Diagram Problem

If S = 24, this problemwill be called“Steiner DiagramProblem”(SDP). We
have chosenthis namebecausehe problemcanbe seenasa link betweentwo
problemsof thewell known Steinertype.

It is ageneralizatiorof the socalledSteinerArborescenc@®roblem(SAP).



28 PROPERTIES OF RELOAD PROBLEMS

Problem5.4(SAP [27]).

Instance  Let (V] A, ¢) be a completedigraphwith non-nejative arc weights
c: A— Zt t, € V adesignatedoot nodeand7 C V asetof
terminals

Question FindasubsetS C A thatcontainsapathfrom ¢, to eacht € T', such
thatc(S) := > .5 c¢(a) is minimized.

Notethatagyclicity, whichis automaticallyguaranteeth thelatterproblem,must
berequiredexplicitly for a SteinerDiagramProblem.As a generalizatiorof the
SAR the SDPis N P-complete,aswell [27]. Yet, whenthereare no Steiner
nodes i.e. verticesthat are neitherroot nor terminalnodes the SteinerArbores-
cenceProblemreducego a Minimum SpanningArborescencé@roblem,andthus
is polynomiallysolvable.

Without the agyclicity condition,the SteinerDiagramProblemis known asGen-
eralizedDirectedSteineNetwork Problem(GDSNP):

Problem5.5(GDSNP[7]).
Instance  Let(V, A, ¢) beadigraphwith non-ngjativearcweightsc : A — Z™,
B asetof directednodepairs.

Question  Find aspanningsetS C A suchthatw(S) := " s w(a) is mini-
mized.

A specialversionof the GDSNR for which we have found anolderreferencejs
the DirectedSteinerNetwork Problem(DSNP).In the DSNP onehasto find an
“equivalent” subgraphfor a givenvertex set7 C V. So,if in (V, A) thereis a
pathfrom onevertex in 1" to anotheysucha pathwill bein thesubgrapraswell.
Note thattwo verticesare not connectedoy a pathin the original graphwill be
disconnectedh the subgraptaswell.

In the GDSNR not all the connectiondor a givenvertex sethave to beretained,
but only thosethatareprescribedy B.

Problem 5.6 (DSNP[52]).

Instance LetG = (V, A) beadigraphwith non-ngatvearcweightsw : A —
7+, T C V asetof terminals.

Question  Find asubgraphG’ = (V’, A") of G’ suchthatT C V' andfor ary
two nodesu, v € T wheneerthereis a (u, v)-pathin G thereis also
onein G" and)_ . ,, w(a) is minimized.

Sunweys of mary differentkinds of SteinerProblemson both directedandundi-
rectedgraphscanbefoundin [27, 52].

In contrasto the SAR, theDSNPremainshardevenif T'= V [52]. Fromthisfact
it follows easilythatthe GDSNPis N P-completeevenif V = V[B]. Thesame
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edge weights:
...... =0
—

—m

Figure5.1: Relevantedgesn theconstructiorfor (v1 Vo Vus) A (—wy Vg V —uy).

holdsfor the SDR aswill be provedbelown. Sincethe graphusedin the proofis
agyclic, this provesthefactfor the GDSNPaswell.

Theorem 5.7. The SteinerDiagram Problem(i.e. S-DP with S = 24) is N'P-
completeevenif V = V[B], A is transitivelyclosedand the triangle inequality
holdsin G.

Proof. We give a reductionfrom SAT [28]. Let¢y,...,c, be the clausesand
v, ..., U, thevariablesn aninstanceof SAT.

We constructaninstanceof the SDPthathasa solutionof costat most2m? + m
if andonly if the SAT instancas satisfiable.

Foreachclause; defineC; := {7, ¢}, for eachvariablev; V; := {vf, v, v}, v}'},
let thevertex setbe

v=JcaulJv

i<n j<m

For eachvariablev;, we definethearcs:
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AY = {0 0)), ) o), 0F o)), (0 o))

constitutingthetruth settingcomponentgseeFigure5.1). For satishctiontesting
we putfor eachclauseC;
AY ={(¢],v7) |v; e} U {(v),¢]) | v;is positivein ¢;}
U {(@),c) | v;is negativein ¢;}.
Now, we definethearcsetA := trans(U,,, A7 U U, <, 4} )- Notethat(c7, )
and(vf, v{’) arearcsof thegraphfor eachi and;.
Theweightfunctionw on A is definedasfollows:

0 ifa=(c,v7) andy; occursin ¢;,

0 ifa=(v],c)andv; is positvein c;,
w(a) =< 0 ifa=(v,c) and; is negativein c;,

1 Ifa:(vé,v}/) ora = (vj,v)),

m ifa=(v),vf)ora= (v, 0f),

All otherarcshave inducedcost,i.e. the costof the shortestpath from tail to
head,thusthe triangleinequality holds. Note thateach(c?, ¢”) hasa costof 1,

1771
each(v;,v)’) oneof m + 1.

Finally, let
BY == ({0, 0F), (0} ,0F), (), uF)}

for thetruth settingcomponenand

B = | J{(c, )}

<n

for the satishctiontestingandlet B := BY U B¢ betherequesset.

Obsere that for each; ary solutionmustcontainboth (v}, v%) and (v}, v,
giving riseto a costof 2m?. Therefore a solutionof costnot exceeding2m? + m
mustalsocontainexactly oneof (vy, v}") or (v, v¥). Thelatterchoicedetermines
atruth assignmentor the variablesof the SAT instance No otherarcswith non-

zero cost can be containedin sucha solution. Thus, ary path for the request
(¢f, cF) mustpassthroughthe truth settingcomponentfor a variablev; € ¢;,

17
using(v7,v}’) or (v7,v;). Similarly, we geta Steinerdiagramof cost2m? + m
from ary satisfyingtruth assignment. O
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5.2.2 Structural Properties of S-diagrams

Everyroadintersectsthe path of sorrows— sooneror later.
PetelWoodwardin CrusadeThe Pathof Sorrovs

Thepurposeof thissectionis to describeandprove somepropertieof S-diagrams
thatimply theexistenceof apolynomialtime algorithmif thesizeof B is bounded,
A is transitvely closed andthetriangleinequalityholds.

As wework with amoregenerakettingthanthe RPDR in generathe pathsalong
which the requestsaretransportednay unite not only at hub vertices,but at any
vertex of the network. We will call suchvertices,with atleasttwo enteringarcs,
junctions We show thatthe numberof junctionsis boundedby the squareof the
sizeof B. If thetriangleinequalityholdsand A is transitively closed,any vertex
in anoptimumsolution.S musteitherbeincidentto arequestarcor beajunction
or have atleasttwo leaving arcs.Thus,by symmetryif | B| is a constantanopti-
mum solutionvisits only a constanihumberof vertices.This givesa polynomial
boundon the numberof possiblevertex setsin a solution. By enumeratinghe
Hassediagramson thesesetswe getthe desiredresult. Note thatwe cannotomit
transitve closednesef A andcomputeshortespathsbetweerthejunctions,since
we mightloseagyclicity thisway.

We will first sketchthe ideasof our proof: We saythat a directedpath P in a
solution S satisfiesthe request(u,v) € B, if P is a u-v-path. Althoughin an
optimumsolutionthe pathsatisfyinga givenrequesheednot beunique,for each
arca € S thereis somerequesth € B suchthata is on every pathsatisfyingb
(Proposition5.10). Thus,we know thatfor every junctiontherearetwo requests,
suchthatany two pathssatisfyingthesetwo request&nterthevertex throughtwo
differentarcs. Dueto the agyclicity of the solutionthis happensat mostoncefor
ary pair of requests.Thereforeeachjunction canbe uniquelyidentified by arny
onesuchpair (Lemmab.12). This boundsthe numberof junctionsfrom above by
the numberof possiblepairings(‘?'). We tightenthis boundby proving that for
threerequestat mosttwo of thethreepossiblepairingscanbejoinedby different
hubs.Thisis essentiallydueto thefactthatthe pathscanbechoserin suchaway
thatthe third pairing happensn one of the othertwo junctionsaswell (Lemma
5.13).

Definition 5.8. LetG = (V, A, ¢), B beaninstanceof theS-DP and S C A bea
feasiblesolution.
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Thesetof junctions 7§ of S is definedas
Js ={veVisg(v) > 2}.
Similarly, let

Js ={veVlig(v) > 2}.

We will saythata setS is minimally feasible if remwing anyarc from.S causes
it to beinfeasible

As mentionedabore, the following obsenation is the crucial one for our algo-
rithm:

Theoremb5.9. LetS beaminimallyfeasiblesolutionfor aninstanceG = (V, A, ¢),
B of the S-DiagramProblem.

Then,thenumberof junctionsof S is boundedromaboveby ;| B|%.

To prove this theoremwe needsomepreparation.Any arc usedin the solution
mustsene a purposej.e. theremustbe arequesthatcanonly beroutedvia this
arc:

Proposition5.10.LetS C A beminimallyfeasiblefor a S-DiagramProblemand
a € S. Thenthere existsb € B, sut thata is containedn any pathsatisfyingb.

Proof. Assumefor a contradictionthat thereis somea € S suchthatfor all b
thereis somepathavoiding . ThenS \ {a} is still feasible,contradictingthe
minimality of S. 0J

Thus,we canlabeltheverticesby their enteringrequests:

Definition 5.11. Let S be a minimally feasiblesetfor an S-Diagram Problem.
Foranyarca € S, let u(a) C B denotethesetof requesarcsb, sud thata is on
anypathin S satisfyingb. For v € V wedefineits labelas A(v) = ¢4+, 1(@)-

By the precedingPropositions.10alabel \(v) is emptyif andonly if 6& (v) = 0.
Thenext two lemmasestablishithe propertieshat give our boundon the number

of junctions. Thefirst one stateshat two pathssatisfyingdifferentrequestsan
enterat mostonecommonvertex throughdifferentarcs.

Lemmab5.12.If v # w € V, by # by € Band{b, b2} C A(v) N A(w), thenthere
existsanarc a = (r,u) sudhthatu € {v,w} and{by,b,} C u(a).
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Proof. Any two pathsP;, P, satisfyingb; resp.b, bothvisit v andw. As S is
agyclic, they mustvisit themexactly onceandin the sameorder sayv precedes
w. Assume,P; and P, enterw throughdifferentarcsa;, a,. Butthen,thereexists
apathsatisfyingb, thatdoesnotusea,, a contradiction. O

This meanghateachjunctioncanbeidentifiedby ary two requestshatenterthe
vertex throughdifferentarcs.In otherwords,choosingfor eachjunctionary two
requestshatenterthejunctionthroughdifferentarcsdefinesaninjective function
from the setof junctionsinto (%). Sincethe sizeof (%) is 1|BJ?, this already
impliesaboundof ;| B|? on thenumberof junctions.

Thestrongeiboundin Theorenb.9is achiered,becauséor ary triple {b;, by, b3} C

B theimageof suchaninjection containsat mosttwo of the threepossiblepair-
ings. Thisis implied by

Lemma5.13. For anythreenodesuv, v, v3 € V wehave

(V1 <i<j<3: AMu) NA(v) # 0) = () Awe) # 0.

k=1
Proof. Supposdo thecontrarythattherearewv,, vy, v3 € V/, suchthat

b1 € )\(Ul) N )\(Ug), b2 € )\(Ug) N )\(1)3), bg € )\(’Ul) N )\(’Ug)

while ﬂ2:1 A(vx) containsneitherb; b, nor bs. Let P;, P, and P; be pathssatis-
fying by, b resp.bs. Thesepathsdefineatotal orderon vy, vy, v3, Wwe mayassume
v; < vy < w3 andthatvs hasbeenchoseratthe shortespossibledistancerom v
wrt. P3, so P, and P; entervs throughdifferentarcsas, az andbs € p(as). Thus,
we canreplacethe v, v3 sggmentof P; by thew,, v, segmentof P; andthewv,, v3
segmentof P, yielding a pathsatisfyingbs notusingas, a contradiction. O

Proof of Theoem5.9. For eachv € J4 leti(v) beary pair of of requestenter
ing v throughdifferentarcs. By Lemma5.12this definesaninjectionfrom Jg
into (7).

Now, considerthegraphH = (B,i(J4)) definedonthevertex set B by adding
anedge{b;, by} if thereisv € JJ with i(v) = {by, bs}.

Now, assumehat H containsa K3 (a completegraphwith threenodes). Then,
by Lemma5.13: couldhave beendefined sothatit is notinjective, contradicting
Lemmab.12.Thus,H containsno K.

It is well known thata graphwith n verticesandno K3 hasatmos.tin2 edgesf
n is even,andatmost;n? — 1) edgesf n is odd. (seefor example[6]) Sinces is
injective, thisyields

1
T51< 5B
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O

Remarks.14 By symmetrywe have aswell

_ 1
sl < 5IBP.

We cannow shaw thatunderadditionalconstraint®ntheunderlyinggraphsandS
thereis apolynomialalgorithmfor theS-DP if thenumberof requestss bounded
by aconstant.

Definition 5.15. Let (V, A) be a directedgraphand S C 24. We saythat S
shortcutssubdvisionsif for any S € S andu,v,w € V

(u,v), (v,w) € Sandds(v) = d5(v) =1) =
[(S\ {(u,v), (v,w)}) U{(u,w)}] € S.

Thismeanghatwe canreplaceary pathpin asetS € S bythearc(tail(p), head(p))
andgetanothersetin S. Obviously, the S for Problem5.1 (see(5.5)) andalso24
shortcutsubdvisions.

Corollary 5.16. Let N beaninteger. LetS-DP(N) denotetheclassof S-Diagram
ProblemsG = (V, A, c), B whee |B| < N, with A transitivelyclosedand G
satisfyingthetriangle inequality If S shortcutssubdivisionsthenS-DP(N) € P.

Proof. Let S beasolutionfor aS-DiagramProblemG = (V, A, ¢), B.

Letv € V(S) \ V(B).

If 6&(v) = 0 ordg(v) = 0, thenthe arcsin S incidentto v canbe removed,
yielding a solution S’ of the S-DP. If §¢(v) = 1 anddg (v) = 1, thenthereare
u,w € V suchthat (u,v), (v,w) € S. SinceS shortcutssubdvisionsandG is
transitively closedS’ := (S\ {(u, v), (v, w)})U{(u, w)} is asolutionof theS-DP.
By repeatedlyapplyingthesetwo stepswe geta solution Sy, suchthatno vertex
v € V(Sy) \ V(B) hashothdl, (v) < 1anddg (v) < 1. By thetriangleinequality
thecostof S, doesnotexceedthecostof S.

By Theorem5.9 and Remark5.14 the numberof verticesin V(Sp) \ V(B) is
boundedby 3|B|?. Obviously, the numberof posetson a given setof at most
:|B|? + 2| B| verticesis aconstant.

Thereforewe canfind a solutionusingthefollowing “algorithm™:

for all candidatesetsV’ (|[V'| < £|B|):
for all Hassediagramson V' U V[B] in S:
if A" C A:
computethe costof A’;
choosehe solutionwith minimum cost;
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n=2
S Sy
+
Vig|
V12
ty 1

Figure5.2: Graphfor upto 6 requestarcs.

Sincethe numberof candidatesetsis boundedby Zi?mw‘ (“;'), whichis a

polynomialin [V'| if | B| is aconstantthis algorithmrunsin polynomialtime. [

Whenerer oneof our additionalconditionson G is dropped thereareinstances
wherethis algorithmfails. By thetransitve closednesandthetriangleinequality

the arc connectingary two verticesis a shortestpathaswell. Similar to what

we saidin Remark4.1, in graphswithout thesepropertiesfinding node-disjoint
shortespathsto avoid circuitsmaybecomeanissue.

Remarks.17. NotethatLemmab.12fails for the GDSNR sinceit usesagyclicity
of the solution. It is easyto constructan instanceof GDSNPwhoseoptimum
solutioncontainsa directedcycle.

Finally, we notethatour boundon the numberof junctionsis tight:

Theorem 5.18. Thee is a classof SteinerDiagram Problems,whosegraph is
transitively closedand whete the triangle inequality holds, whee an optimum
solutioncontains|B|? (3(|B|* — 1)) junctionsif | B| is even(odd).

Proof. Themainideaisto construcesolutions for asetof n independentequest
arcsB = {(s1,t1),---, (sn,tn)}, suchthattwo pathssatisfying(s;, t;), (s;, t;)
meetin nodev;; if andonly if 7 andj have differentparity.
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Let n beeven. Our vertex setconsistof

Vim (o1} Ut st
{v; | i odd j eventu
{v;; | i odd, j even}.

In the following we presentthe arc set.S supposedo form the solution. The
optimality of this arc setis guaranteedy defining their arc weightsas 1 and
assigningall thetransitve arcstheinducedweight.

We have threedifferenttypesof arcs:

R = {(sivf;) | ievent U{(s;v3) | i odd},

T = {(vj,t:) | ioddt U{(v, 1) |ievent,

I = {(vj},v;)|i0ddjevent U{(v;,v;;,,) | i0dd jeven} U
(

237

{ ’U”, z+2]) ‘ i Oddﬁj a/en}

Now S := RUT U I. Thesituationis depictedn Figure5.2for smalln.

To seethat S is indeeda Steinerdiagramwe sets; =: v_, ; for s even,s; =: v,
for i odd,t; =: v, for i evenandt; =: v}, ,, for i odd. Now, it is immediate
thatno index ever decreasealonga directedarc andthatthe unique(s;, ¢;) path
in S is givenasthe graphinducedby all verticeswith index i. Furthermore,

_ 1
TH =751 = 4

With ananalogousonstructiorfor oddn, we geta boundof in2 —1. O

5.3 Approximation of the SDP

Charikar Chekuri, Cheung,Dai, Goel, Guhaand Li presentan approximation
resultfor the GDSNP(Problem5.5)in [7]. This algorithmis basedon the notion
of bunchegqseeFigure5.3):

Definition 5.19. LetY = {(p1, d1), (p2,d2), - . ., (pn, dn)} C B beasetof n node
pairsfromB. For verticesu,v € V,abunch@Q = (u,v,Y) isdefinedasadigraph
with thevertex set{u, v, p1, ..., pn, d1, - . ., d, }. @ hasarcs(u, v) calledits back
bone (p;, u) and (v, d;) of costidenticalto thosein (V, A, w).

The algorithmfor the GDSNPis basedon repeatedlyfinding minimum density
buncheswherethe densityof a bunchis definedasthe costof the bunchdivided
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by n. Charikaretal. shawv thattherearebunchesvhosedensityis boundedwith
the densityof partial solutionsof the GDSNP Sincea minimum densitybunch
canbe found in polynomialtime, this processcanbe iterated,in eachiteration
removing the node pairsthat are satisfiedby the minimum densitybunch. The
unionof thesebuncheghengivesa solutionof the GDSNP This sufficesto prove
thatthereis a polynomialapproximationalgorithmwith an approximationratio
of O(|B|?/*log'/?| B|) for the GDSNP

Notethatthe solutionprovidedby this algorithmmay containcycleswhenseveral

bunchescontaincommonvertices. However, in view of our applicationswve can

multiply thesevertices sothebunchesaredisjointcomponentsf thesolution,this

givesanagyclic solutionof equalcost. This providesanalgorithmto approximate
the SDPwith the sameratio asthe GDSNP

It shouldbe notedthat the techniqueof multiplying verticescannotbe applied
to arbitrary approximationalgorithmsfor the GDSNP In the examplegiven(see
Figure5.4), therearethreerequestsl to 1, 2 to 2’ and3 to 3'. A circle in the
solutioncanonly be avoidedby multiplying anarc of the circle, thusincreasing
the costof the solution.

5.4 Star Hub Problem

The S-DP is a combinatorialformulationof reloadproblems.It modelsgeneral
routing andreloadingstratgies. Thus,it mustbe A'P-completebecausef the

routing aspecialone. Therefore we have derived a problemthatdoesnot have a

routingaspectindconcentratesn thedecisionwhetherto reloada givenrequest.
In addition, it is often not viable to reloada requestarbitrarily, e.g. a compary

mightallow arequesto bereloadednly once.

The modelderived for this settingis called £-Star Hub Problem. Here, a very
simplesettingis assumedseeFigure5.5). A setof requestds given, that now

Figure5.3: A bunch.
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Figure5.4: A solutionfor a GDSNPwith a circle thatcannotbe avoidedby mul-
tiplying nodes.

© O 0 @
/ O (X ‘ Suppliers
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Figure5.5: Thesettingof the k-SHP

canhave commonstopsfor pickup or delivery, andk hubs,wherereloadactions
cantake place. Eachrequestcan either be delivereddirectly, incurring a given
fee, or it canbe takento a hub andthencarriedon to the delivery stop. In the
latter case,a link betweenthe pickup stopandthe hub andalsoa link between
the hub andthe delivery stop hasto be paid for. If alink hasbeenestablished
betweera stopanda hub,all requestshathave this stopin commoncanuseit as
well withoutadditionalcost. This canalsobeinterpretedasanspecialcaseof the
RPDR wheretourscanconsistof at mosttwo arcs.Eitherthey transportonly one
requestirectly or they conneconeof thehubsto onepickupand/oronedelivery
stop.

Problem 5.20(k-Star Hub Problem).
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Instance  GivenagraphG = (V, E), anon-n@ative integer weight function
wo : E — Z* ontheedgesandk non-neative integerweightfunc-

tionson the verticesw, ..., w, : V. — Z*. Wewill sayV’' C V
satisfiesanedgee = (u, v) if {u,v} C V',
Question Findasetof edgesF’ C E andk subset®f theverticesVy, ...,V C
V suchthatfor all e = (u,v) € E eithere € F or someV; satisfies
e, and
k

> wo(e) + 3> wi(v)

ecF i=1 veV;
IS minimized.

In this problem, eachedgecorresponddo a requestwith an associatedrans-
portationcost. The weightson the nodesin the graphcanbe seenasthe cost
of edgesconnectingthe nodeto oneof £ hubs. A solutiondeterminedor each
edgee = (u, v) whetherits associatedequesis transportedlirectly (e € F) or
viaahub({u,v} C V).

5.4.1 Hardness of the 3-SHP

It will bedemonstratethatthe £-SHPis solvablein polynomialtime if thereare
atmosttwo costfunctions,but NP-completefor & > 3.

The latter statemenfollows from a resultdue to Dahlhaus,JohnsonPapadim-
itriou, Seymour and Yannakakig10]. This was pointedout by GerhardWoeg-
inger. Dahlhauset al. shaved the following problem, a generalizatiorof the
Min-Cut Problem to be NP-completefor fixed k& > 3:

Problem5.21 (Multiterminal Cut Problem—MCP).
Instance  Givenagraph(V, E), asetS = {si,...,s;} C V of terminalsand
apositive weightfunctionw : F — N ontheedges.

Question  Find aminimumweightsetof edgesE’ C E, suchthat(V, E \ E’)
hask componentsgeachcontainingexactly oneterminal.

The hardnesgrooffor the MCP is quite elaboratewhile giving a reductionfrom
MCP for the k-SHPIis straightforvard.

Theorem 5.22. The3-StarHub Problemis A'P-complete[53]

Proof. Let (X, F), S = {s1,52,s3} C X, w : F — N beaninstanceof MCP
with threeterminals. X = {z1,...,z,}

Theideais the following: Eachvertex setof a solutionof the 3-SHP translates
into onecomponenbf a solutionof MCP. Eachvertex is assignedo exactly one
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vertex setandeachvertex setcontainsexactly oneterminal. This is ensuredby
addingaleafto eachvertex of (X, F') andappropriatecostfunctions.

LetU := {u;|z; € X} beacopy of X andputV := X UU. Also, letD :=
{(zs,u;)|z; € X} theleaves,thenE := F U D. Togetherthis definesthe graph
of theinstanceg(V, E).

Let K := ) . pw(e) +1andL := |[V|K. Theweightfunctionon the edges

e € FE thenis:
wole) = w(e) ifeeF
N7V L+K+1 ifeeD

Theweightfunctionswy, wo, w3 ontheverticesv € V' aregivenasfollows:

K if ve (X\S)U{s}
w;(v) = L+K+1 ifveS\{s}
0 ifvelU

We claim that the MCP instancehasa solutionof costnot exceedingC, if and
only if our3-SHPinstancehasa solutionof costnot exceedingL + C.

Supposethereis a solutionof MCP. This solutiondefinesa partition of X into
threecomponentsEachof thesecomponentsalongwith their adjointleafnodes,
definesoneof V7, Vs, V3. Obviously, this givesa solutionof desiredcost.

On the otherhand, let V3, V5, V3 be the vertex setsof a solution of the 3-SHP
We assumewlog. C' < K. Sinceall edgesin D mustbe covered,we have
X C Vi UV, U V3. No nodein X canbein morethanonenodesetands; € V;
(s = 1,2, 3). Thus,we have apartitionof X andthecostof V1, V5, V3 combineds
L. Theedgesot satisfiedby oneof V7, V5, V3 definea multi-terminalcut of cost
nomorethanC. O

Trivially, the above theoremimplies hardnes®f the k-SHPwith £ > 3, but the
reductionis from alittle known problemwith acomplicatedNPC-proof.Unfortu-
nately we have notbeenableto find a directreductionfor the 3-SHPfrom awell
known problem.Our bestproof of this kind shovs the 5-SHPto be hard:

Theorem 5.23. The5-StarHub Problemis A/P-complete

Proof. The proofis by reductionfrom 3-SAT [17]. LetC = {cy,...,c,} bethe
setof clausesndu, . . ., v, thevariablesof aninstanceof 3-SAT. Fix anarbitrary
numberingof theliteralsin eachclause.

We constructan instanceof 5-SHP that hasa solution of coststrictly lessthan
K := 14mn + 14n? + 14n + 1 if andonly if the 3-SAT instancds satisfiable.

Thegraphhasthefollowing vertices:For eachvariablev; define

Vi ={hj} U{si, t7, f; | vj € ¢;or —w; € ¢, ¢; € C},
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for eachclauseadda vertex ¢;. Thus,the setof verticesis

V=CU U V.

1<j<m

To simplify notationlateron, put
VCq; = {t;z | v; € Ci} U {f]& ‘ ;€ Ci}-

For the variableswitch, a starwith an additionalsplit at eachpoint is used(see
Figure5.6):

By, = {(hj, s7), (s7,t5), (s5', fi*) | vj € ¢ Or w5 € ¢;,¢; € C}

andfor satisactiontesting,for any clausec; a starwith threepoints

ECi - {(U,Ci) | CS ch}

Theedgesetof thegraphE thenis

E= |J Bqu | By,

1<i<n 1<j<m
For thecostfunctionontheedgeslete = (u, v) € E andput

K ifU:hjorU:hj
wo(e) =< K ifu=c¢orv=g
2  otherwise.

Now, thefive costfunctionson the nodesaredefined.Thefirst two costfunctions
areusedto decidethetruth settingof thevariablesLetv € V.

14n |f v = hj
wi(v)=4¢ 1 if v=siorv=f7
K otherwise.

l4n if v =hy
wo(v) =¢ 1 if v =353 orv=ty
K otherwise.

The otherthreecostfunctionsareusedfor satistctiontesting. For I € {1, 2, 3}
put
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Figure5.6: Thestarfor variablel andits connectiorto the clausevertex cs.

1dn ifv=g¢
sy =4 1 Tves
R Y 1 if o = 5§ andv; isthelth literalin ¢;

K otherwise.

Now, assumehatthereis atruth setting7” thatsatisfiegsheinstanceof 3-SAT. Let

Vi =A{hj, s, f; | vjistruein T},

713
C; C; H H
Vo = {hj,si, 15 | v;isfalsein T'}.

Then,let
f : {617"'7671} - {1’273}
chosethe positionof a satisfiediteral in eachclauseandputfor / € {1,2,3}

Vie= |J Ve, U{c} U{s§ | v;isthelthliteralin c;}).
fles)=l
Edgesthatarenot coveredby V1, ..., V5 arecollectedin F'. Note thatthe total

costof thevertex setsV; andV; is 14nm + 6n. Thecostof thesetsVs, V; andVs
amountsto n(14n + 3 + 1). Now, eachedgewith cost K andhalf of the edges
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with cost2 arecoveredby eitherV; or V5. Additionally, for eachclausethereis
exactly onewedge(t}, s, f;*), suchthatoneedgeof cost2, thatis not covered
by Vi or V4, is coveredby Vi ;.. Thisleaves2n edgesof cost2 in F, giving the

desiredcost.

Now, let F, V1, ..., V5 beasolutionof costlessthan K. Clearly, all edgesof cost
K mustbe covered,but noneof the verticesh; or ¢; canbein morethanoneof
Vi,..., V5. Thus,for eachy;,

{hi} U{si |v; €V -wj€cy CVior
{hi}U{si v €c;Vw; €} CVa

andfor eache;, thereis exactlyonel € {1, 2, 3} suchthat
Ve, U{ei} C Vigo.
This latter conditiondefinesamap
g:{c1,...,cn} = {1,2,3}.

This leaves3n wedges(t;, s7', f;*) to be covered. Note thatfor eachwedges?’
isin oneof V; or V, andeithert;?i or qu arein oneof V3, V, or V. Thus,if v; is
notthe g(c;)th variablein ¢;, thewedgeis clearlysened cheapesat anextra cost
of three.Then wedges(t;’, 7', f;*) wherev; is the g(c;)th variablein ¢; incur an
extra costof atleast2 each.We alreadyhave afixedcostof 14mn + 3n + 14n? +
3n + 3(2n), thuseachof thesewedgeanustbe settledfor a costof exactly two.
Thisis only possibleif h; € V; andv; istruein ¢; or h; € V, andv; is falsein

C;. ]

Note that this even proves a slightly strongerresult, namelythat the 5-SHP is
NP-completeevenif thegivengraphis bipartite.

O ©

Figure5.7: Subdviding theedgesan the 1-SHPyieldsa vertex cover problem.
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Figure5.8: Thenetwork for a 2-SHPwith underlyinggraphasin Figure5.8 with
two costfunctions.

A

>@
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5.4.2 Tractability of the 2-SHP

Now, it shallbe shavn thatthe problemis polynomially solvableif £ < 2. The

1-SHP is seento be a bipartite vertex cover problemby subdviding all edges
(seeFigure 5.7). While the vertex cover problemis A/P-completeon general
graphs[17], the dual of a bipartite weightedvertex cover problemis a bipartite
B-matchingproblem(e.g.[1]). To solve this kind of problem,it canbe modeled
it asa network flow problem. By maxflow — min cut duality a weightedvertex

coverthencorresponds$o aminimumecutin this network.

Following this idea, a network is constructedwhich can be usedto solve the
problemin the casen = 2. Let V' and V" be two isomorphiccopiesof V'
and E’ and E” two copiesof E. Let the nodesetof our network be N =
V'uV"U E"UE"U{s,t}, wheres andt arethe sourceandsink noderesp.

PutAv' = {(s,v") | v' € V'}, AV = {(v",t) | v" € V"}, AF = Ueer(€), €]).
Foreache = {u,v} € E putA, = {(v',€), (v, ')} andA? = {(e",u"), (¢",v")}.
Thenlet thearcsetof the network be (seeFigure5.8)

A=A"ulJAlua”ulJAarua”

eckE eckE
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The capacityc of thesearcsis definedby thefollowing function:

wi(v) ifa=(s,0) €A

. ) ifa=(e,e") e AP

c(a) = wy(v) ifa= (v"t) € AV
00 else

For this network a minimum cut correspondso an optimumsolutionfor the 2-
SHR asdescribedn thefollowing:

Clearlyaminimumecut cannotcontainanarcof unlimitedcapacity Thenfor each
arca = (e}, €j) with e; = (u,v) eithera or (u",t) aswell as(v”,t) or (s, u’) as
well as (s, v') mustbe cut. Thusa min-cutcorrespondso a feasiblesolutionof

the2-SHPR
OntheotherhandasolutionF, Vi, V; of the2-SHPdefinesanarcset

c=JeE,eHu sl

ecF veW veEVL

For ary edgee; = (u, v) wemusthaveeithere; € F, {u,v} C V; or {u,v} C Va.
Any directedpathfrom s to ¢ passexactly onearc (e}, ej) with e = (u,v) and
oneof {u/,v'} andoneof {u",v"}, thusis cutby C.

Remarks.24 Notethatthismethodcanbegeneralizedo any pairof hypergraphs
with abijectionontheir edgesets.
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In Chapter3, it hasbeendemonstratedhat addingor subtractingeven a single
constraintcan make a greatdifferencein the practical solvability of a routing
problem. Furthermoregvenrealworld sizedinstancef relatively simpleprob-
lemslike the CVRP can not be solved to optimality within acceptableunning
times. In addition,in mostapplicationsspecialcircumstancemustbe takeninto
accountthathave animpacton problemformulationandalgorithms. Therefore,
it hasbeenproposedo useexpertsystemso decideon the appropriatealgorithm
for agivenproblem[11, 41], but thesesystemsarenot yet usable.Thus,solving
routing problemsshouldmaybeconsidered craftsmanshipatherthanascience.

In this part,wewill shov how to developthebasicmodelfor reloadproblemsnto
onethatis suitablefor applications We will adda depot,capacityconstraintsand
time windows, the constraintsve have alreadydescribedn Chapter3 for classic
routing problems.For the nev model,a local searchalgorithmwill be proposed.
This algorithmhasbeenimplementedandtestedon realworld data.






Chapter 6

A Model for Applications

Thefirst partof thisthesisfocusesonthedifferencedbetweerclassicroutingprob-
lemsandreloadproblems.In the remainingchaptersa heuristicto solve reload
problemswill be presented Sincewe intendto build on existing algorithmsfor
routing problems,our modelwill now be modifiedto emphasizehe similarities
betweernreloadproblemsandclassicroutingproblems.

Besidesadditionalconstraintshave to be taken into accountto make the RPDP
applicablefor realworld problems. Usually, eachapplicationhasits own setof
constraints.Thesecanbe very easyto state,e.g. tour lengthrestrictions,or very
complicated)ik e the Germarregulationson driver breaks.Thus,to make it plau-
siblethatour modelcanindeedbe adaptedor applicationsthe mostcommonly
encounteredonstraintwill beadded.

6.1 Planning the Reloads

In theRPDR we useda pathfor eachrequesto determinehow it shouldberouted.

Now, thesepathswill beincorporatedn the modelin a differentway. Assume
thatthereis a feasiblesolutionfor an RPDPconsistingof toursT’, time stamps
7 andpathsfor the requestdl,),cg. Letr € R bearequest/, its associated
pathand (;)1<i<, the correspondingequencef arcs. Sincethetoursin 1" are
node-disjointeacharcin U, A(t) canbeassociateavith exactly onetour, while
thearcsin A¥ donotbelongto ary tour. Thus,thefollowing situationarises:

€Al €Al cAH

l — / \ / \
T_(ala"' s Aig—1y Qiy 3 Qi 415777 3 Qip—1, Qjy 57775 Qi 7aik+17"'aq)
%/_/ ~ ~~ 7 %/_J

gtjl gt]Q gtjk+1

51
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Sincethearcsin AX areof theform (k" h,), thesequencef verticesvisited by
I, lookslike this:

L= (p,-- h;,hl_ﬂ... ,h;ﬂh;m... ’h:ﬂh;w... ,d)

Thereforethefollowing is true:

(p’ hii_r) (hlr’h+) (hZ_ra)( hl—:r hkrad Utrans

teT

Thus,therequest(p, d) canbeinterpretecashaving beensubdvidedinto smaller
request®achsenedby a singletour. This motivatesthe following definition:

Definition 6.1. Let(V, A) bearoutinggraphandR C P x D asetof transporta-
tion requests.

Thesetof admissiblerequests?*?™ is definedasfollows
RY“™ .= RU(Px HY)U(H™ x HY)U (H™ x D).
R C Rwm is calleda transportatiomplanfor R if
VreR: r € trans(RU AHX).

Now, the RPDPcanbereformulatedasthe problemto determineatransportation
plan andthento solve a PDPfor this transportatiorplan, observingprecedence
constraintsatthe hubs:

Problem6.2.

Instance  GivenaroutinggraphN = (P U D U H, A), a nonngative cost
functionc® : A — Z* onthearcsof G anda setof transportation
requestsR C P x D.

Question  Find a transportatiorplan 2 for R anda setof pathsT in N, such

that
Z Z ) is minimized.
teT ac At

ATnlJAm =0  (6.2)

teT
Vo eV: Sbp(v) <1 (6.2)
YoeV: dr(v) <1 (6.3)
R - U trans(t (6.4)

teT

|J A() u A" containsnocycle. (6.5)

teT
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(6.1)is atechnicalconstrainto assurghattoursmustadherdo thetransportation
plan. (6.2) and(6.3) enforcenode-disjointnesef thetours. (6.4) is similar to the
definition of the PDP, (6.5) avoids deadlocks.As discussedn Section5.1, this
constrainis equialentto theintroductionof time stamps.

To this model,we now adda depot,capacityand(slightly generalizedjime win-
dow constraintssimilar to thosefor the problemsn Chapter3.

6.2 Tour Constraints

In orderto make the changesnducedby reloadsstandout moreclearly, our basic
formulationis far too liberal in the definition of feasibletours. The mostim-

portantrestrictionshave alreadybeenpresentedn the CVRP andthe VRPTW:

restrictionsonwheretoursmuststartor end(depots) on how muchcanbecarried
by avehicle(capacity) andonwhencustomersieedto besened(timewindows).
Theserestrictionswill now beaddedio themodel.

6.2.1 Vehicle Depots

For the basicmodelit wasassumedhattourscanstartandendat arbitraryver-
tices. In applications the meansof transportatiorare usually basedat a certain
point of the network, the depot If ferrying costsbetweerthefirst resp.lastcus-
tomerandthe depotcannotbe neglected this mustbereflectedn themodel.

We will only includethe simplestconstraintsof this kind, whereall tourshave to
startandendatonespecifieddepotvertex dy. In orderto dothis, toursarechanged
into circuitsinsteadof pathsavertex d, is addedo thenetwork andeachtour has
to visit this vertex:

VieT: dy € V(). (6.6)

This constraintcanbe extendedif thereis morethanonedepotavailable. These
problemsare called Multi-DepotProblems In this casethe network mustbe ex-

tendedby several depotvertices. Many variationsof this constrainthave been
consideredn theliterature,e.g. all toursmay have to returnto their startingver-

tex or canstartandendatany depot,theremaybevehiclecapacitie®nthedepots
etc.[14, 43).

Obviously, if tours are circuits, a solution cannotbe agyclic ary more. In our
modelthis couldremediedoy replacing(6.5) by

|J A() u A"\ 6(do) containsnocycle.

teT
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Instead,(6.5) will becomeobsolete pecausdime windows areintroducedin the
next section.

6.2.2 Time Window Constraints

As in the VRPTW, we intendto allow visits to customersonly at certaintimes.
This maybe dueto businessours,personnebvailableatthe customertime crit-
ical goodsor — on the provider side— servicelevelsthat mustbe obsened, e.g.
whencustomerareusedto beingsenedata certaintime.

Here,aslightly moregeneraldescriptionof time windows is giventhanin Chap-
ter 3. There,travel timeswere equalto travel distancesandeachcustomerwas
equippedwith asingleinterval.

Insteadwe assumehatthe probleminstanceprovidesfor eacharca € A atravel
time ¢’ (a) € Z™. It representshe amountof time to getfrom onelocationto
anotherandalsofor eachclient (andpossiblyhubvertex v € V') atime window
tw(v) C N. In thenew formulationthis canbeanarbitraryset.

As describedbefore,a solutionmustequipeachvertex v € V with atime label
7(v) € T, suchthat

V(v,v') € | At) U A"\ 6(do) - T(0) + Clyuy < T(V) (6.7)
YoveV: 7(v) € tw(v) (6.8)

(6.7) is the re-introductionof feasibility constraintsfor the time stampsin the
RPDP They now have two meaningsOntheonehand they ensurghatthetravel
timesaretakeninto accountpntheotherhand they ensurghatgoodshavearrived
at a hub beforethey arecarriedon. (6.8) demandghat eachcustomers sened
duringhis time window.

Oftena certainamountof servicetime is requiredat eachcustomer This canbe
incorporatednto the time costmatrix ¢, soit doesnot alter the model. Time
windows mayalsobe presenttthevehicledepot.Thisis essentiallyarestriction
onthemaximumtour length.

6.2.3 Capacity Constraints

Justasin the CVRP therecanbelimitationson thesizeof goodsatour cancarry.
Often, thereis morethanonly onemeasuref capacitypresenfe.g. bothweight
andvolume).Thereforefo keepthediscussiorasgenerahspossiblewewill only
assumehatsizesof goodsandtruck capacitiesaregivenaspositive elementsof
7"
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For eachtransportatiorrequest a weight0 < w(r) € Z" is givenandalsoa
maximumcapacity0 < C' € Z" for thetrucks. (< for avectormeanghat < in
eachcomponent.) This capacitydenoteghe maximumload that canbe carried
on ary tour. Capacityconstraintwill beincorporatednto the modelby addinga
network flow.

Let 2 beatransportatiomplanfor the RPDP Thendefinethe supplyanddemand
of theflow

Wp V(R) — 7
w(p,d) fo=p
—w(p,d) ifv=d
v— wi(v) = ¢ w(r) if v=nh'
—w(r) ifv=h;
0 else.

A flow function f : A — Z™ is now addedto the solutionthatmustadhereto the
following constraints:

a€d— (v)
YoeV: (6.9)
+ Z fla)=0
a€d~ (v)
i H
VYa € A: 0< fla) < C ifa€UerAlt) YA\ d(do)
0 else.

(6.10)

(6.9) arethe flow constraints(6.10)boundthe capacityonthe arcs.In this prob-
lem formulationit is assumedhatthe vehicleroutesaredeterminedafteratrans-
portationplanhasbeenfixed.

6.3 Excursion: An Alternative Problem

Greenvald and Dean[24] examine a transportatiorproblemwith reloadsof a
bus compaly. This compaly hasrealizedthat althoughtheir main businessis
passengetransportationthe caigo areaof their bussess unusedand wantsto
starta packageadelivery businesontheside.

Thisresultsin aproblemwith fixedtoursandrequestsvith fixedtime windows, as
to their pickupanddelivery. Wheneer bussesneetin the network, packagegsan
bereloaded.In ourterms,thisis a problemwherethetoursarefixed beforehand



56 A MODEL FOR APPLICATIONS

and a feasibletransportatiorplan for the requestdhasto be determinedaking
into accountcapacityandtime window constraints.

GreenvaldandDeanshow thattheproblemto decidewhetherthetime constraints
canbe metis N'P-completeandapply randomizedoundingto find an approxi-
mationalgorithm.

6.4 Further Constraints

In mostlogistic systemghe sizeandcompositionof the vehiclefleet (alongwith
its operators)s the centralcostfactor It often exceedsthe variableoperational
costby severalordersof magnitude In thisrespecour basicmodelis too simple,
sinceit assume®nly onekind of vehiclethatis availableto a sufficient number
Unfortunately a vehiclefleetusuallyis not homogeneoudjut insteadcomposed
of differentkinds of vehicleswith differing capacityandspeed.

While the threeconstrainttypesintroducedare very common,fleet composition
constraintsanhave mary differentformsanda greatimpacton the applicability
andbehaior of differentalgorithms[19, 23]. Therefore suchconstraintswill not
beconsideredn ouralgorithms.

6.5 Cost Functions

We treatthe RPDPasa minimizationproblem.In the basicproblemformulation,
only travel coston the network hasbeenconsidered.n arealworld application
this will not be sufficient. Eventhoughwe will not alter our modelto include
additionalcostfactorswe will quickly discussseveralof themoreimportantcost
factorsandhow they canbeaddedo themodel.

6.5.1 Fixed Cost

In general,vehicle costscausethe major part of the fixed costs. Possiblydriver
costsaddto this if driversareemployedby the transportatiorcompaly. Vehicle
costsrestrictthe numberof availabletours. Sincefleetsizeis a dominatingcost
factor theconsideratiorof computeraidedlogistic planningis oftendrivenby the
wish to make vehiclesdispensable.

This could be addedto our modelby chaging for the numberof vehiclesused.
Especiallyin conjunctionwith fleetmix constraintstheseconstraintcangetex-
tremelycomple.
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6.5.2 Operational Cost

Operationalcostsare associatedvith the actionsscheduledn a tour plan. We
considertwo kindsin our model:

Travel Cost consistsof the costof the vehicle (usually cost per distance)and
(possibly)the costof the driver who is paid per working time. The cost
for the distancetraveledis alreadyincorporatednto the model. The time
neededor atour candiffer significantlyfrom the distancef time windows
have to be taken into account,sincethey cancausewaiting timesuntil a
time window at a destinatiorstarts.Thetime basedcostcanbe determined
beinspectinghefirst andlasttime labelfor eachtour.

Handling Cost Anotherkind of operationalkostsis handlingcost. In the PDR
this costhasno influenceon the optimizationproblem,sinceall the trans-
portationrequestsnustbe satisfiedandthereforethe handlingcostsarethe
samein ary feasiblesolution. For the RPDR however, this changessince
handlingcostsareincurredby eachreloadingactiity atahuh In this case,
the handlingcostscanbe addedto the edgesof theroutinggraphendingin
areloadhub, thusinducingno changein the structureof the optimization
problem.

Dependingon the application the costsandtheir structurecanvary considerably
e.g.travel costcouldbeinfluencedby additionallabor costduringthe night shift.
Moreover, additionalfeaturesof the problemoften have to betakeninto account.
For example,constraintsaare sometimessoft” in the sensehatthey canbe vio-
latedto a certaindegree.This canalsobe modeledn the costfunction[22, 47].

6.6 The New Model

Beforediscussingour searchstratgiesin detail, it shouldbe madeclearexactly
what problemwe will bereferringto. Thus,the RPDPwith time windows and
capacityconstraintss statedhere:

Problem 6.3 (“"CRPDPTW”).

Instance  GivenaroutinggraphN = (PU DU H, A), anon-ngative distance
costfunctionc? : A — Z* onthearcsof G, atime costfunction
¢’ : A — Z* andatime window functiontw : V' — P(N), asetof
transportatiomequests? C P x D andaloadfunctionw : R — Z*
ontherequestsC € Z* thecapacity(vr € R : w(v) < C), anode
dy € V is designatedsthedepot
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QuestionFind a transportatiorplan R for R, a setof circuits 7 in N, time
labels : V' — N andaflow function f : A — Z, suchthat

Z Z a)is minimized

teT acA(t)
ATnlJAw =0 (6.11)
teT
Voev: Sip(v) <1 (6.12)
VweV: Sor(v) <1 (6.13)
RC U trans(?) (6.14)
teT
vieT: do € V(1) (6.15)
e | JA)UAT\5(do) :
teT
T(0) + fpry < T(V) (6.16)
YveV: 7(v) € tw(v) (6.17)
wa(v) = Y fla)
Yoev: v (6.18)
+ Z fla)=0
a€d—(v)
Va € A: 0< f(a) < {OC :|Zee User A(t) U AT\ 6(do)

(6.19)



Chapter 7

Local Search for Reload
Problems

Evertry, everfail —nomatter
Try again, fail again—fail better
S.Beclett

The importantquestionfor applicationsis: How do we find a good solutionto

our reloadproblems?In the last decadesnary algorithmshave beendeveloped
to solve routing problems. In this chapter it will be discussedow local search
approachesanbeadaptedo solve reloadproblems.AppendixA presentanap-
proachbaseddn columngenerationThis approactasbeenespeciallydeveloped
for a particularreal world application. We will comparethoseresultswith the
local searchheuristicin the next chapter

First, anoverview of local searchalgorithmsfor routing problemswill be given.
Then,wediscussseveralissuesrisingwhenadaptingocal searcHor reloadprob-
lems.In thelastsectionof this chapteratalu searchheuristicfor reloadproblems
will bepresented.

7.1 Introduction to Local Search

Local searchalgorithmsfor routing problemshave beenintroducedas early as
1958by Croes[9] andin 1965by Lin [34]. Lin andKernighan[35] later gen-
eralizedthe approachand mary authorsreportedon its applicationto related
problems. Christofidesand Eilon [8] and Russell[44] usedlocal searchfor ba-

59
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sic VRPs, Psaraftis[42] adaptedt for a routing problemwith precedence&on-
straints,the Single-\&hicle Dial-A-Ride Problem. Applicationsof local search
for PDPscanbefounde.g.in [5] and[51]. Suchalgorithmsarealsopopularfor

applicationspecausehealgorithmsaresimpleto understanéndprogram easily
adaptableéo varyingproblemconstraintandproducegoodresults whenproperly
maintained.

Local searchheuristicsareimprovementlgorithms i.e. they take a feasibletour
planasinput andtry to improve it iteratively. For this processthey rely on the
notionof neighborhoodsa relationdefinedon the setof tour plans,thatconnects
tour plansthatarein somesensé'similar’ to eachother Thealgorithmproceeds
by inspectingall neighborsof a given tour plan, the so called active solution,
thenchoose®neof themto bethe next active solution. This is repeateduntil a
predefinedstopcriterionis satisfied.

Thus, suchan algorithm can be fully describedby three aspects:definition of
the neighborhoodelation, the selectionrule choosingthe next solutionandthe
stoppingcriteria. We will now examineeachof thesepartsmoreclosely:

Neighborhood Theneighborhoodelationhaslargeimpactontherunningtime
of thelocal search A goodneighborhoodhouldexhibit severalconcurringprop-
erties: As animplementationn eachstepmustinspectall neighborsof a given
solution,the constructionof a neighborhoodnustbe computationallycheap.In
addition,the nodedegreesin the graphdefinedby the relationshouldbe aslow
aspossible sonottoo mary neighborshave to be inspectedn eachstep.On the
other hand,the graphdefinedby the relation mustbe connectedo ensurethat
the algorithmhasa chanceof finding an optimum solution. Moreover, the path
connectingwo solutionsshouldbe asshortaspossible.

The mostcommonlyutilized neighborhoodsire k-exchanges They wereintro-
ducedby Lin andKernighan35] for the TSR The approachthasbeenrefinedfor
mary otherproblemswith additionalconstraintse.g. [30, 45, 46]. k-exchanges
are basedon the representatiof the toursasdirectedpaths. Informally, from
thesepaths k-arcsareremoved,giving k£ + 1 piecesthatcanbecombinedn new
ways. Sincethe numberof exchangedo examineis a polynomialto the power of
k, usuallyk is restricted.

SelectionRule and Stopping Criteria  The selectionrule determineswhich

neighboringsolutionis actuallychosen.The simplestrulesarefirstimprovement
andbestimprovementAn algorithmfollowsthefirstimprovementuleif it selects
thefirst solutionin theneighborhoodvith lowercostthantheactive solution.Best
improvementontheotherhand,will selectthebestsolutionin theneighborhood.
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The critical disadwantageof bothrulesis thatthe algorithmwill terminatewhen
encounteringa local minimum i.e. a solution S suchthat all neighborsof S
have greatercostthans itself. Obviously, alocal minimumwill, in generalnot
be a global optimum. After arrival at a local minimum, first improvementwill

simply notfind anacceptableeighborwhile bestimprovementwill quickly start
to circle, i.e. after choosingthe bestneighboringsolutionit will mostprobably
returnto thelocal minimum. Thus,arrival atthefirst encounteredbcal minimum
is the mostsuitablestoppingcriterionfor thoserules.

To remedytheseproblems a greatnumberof selectiorrulesandstoppingcriteria

have beenproposedThemostsuccessfubnesamongthemarethesocalledmeta-

heuristics They usuallyemploy a certaindegreeof randomnessndsometimes
choseneighboringsolutionswith highercostthanthecurrentone ,hencethey need

to make provisionsto avoid circling by repeatedlychoosingthe samesolutions.

A few of themshallbementionechere:

Simulated Annealing [31] is basedon a physicalprocessn metallugy. In each
stepa neighborof the active solutionis choserrandomly Whetherthis so-
lution is acceptedo be the new active solutiondependson the costof the
two solutionsand a Boltzmanndistribution that changeswith sometem-
peraturgparametet. Onehopesto find a solutionof minimum costwhile
slowly decreasing to zero.

Simulated Trading [2] is inspiredby a bidding process. Eachtour actsasan
agentthatoffersto payif anothertouris willing to take anorder Fromthe
offersto buy andsellcustomersabipartitegraphis generatedAn optimum
matchingin this graphthencorrespondso the transactionghat are being
made.

Tabu Search [20] is generallyunderstoodas a methodthat choosesalwaysthe
bestsolutionneighboringheactive one,but avoidscircling by employing a
tabu list of solutionsthathave recentlybeenchoserandshouldnot be used
again.

Eachof thesebasicalgorithmsis usually combinedwith additionalconcepts-
partly stemmingrom artificial intelligence- lik e systematiwiolation andrestora-
tion of feasibility, restructuringof theneighborhoodandflexible memory[21].

Sometheoreticalresultshave beenachiezed concerningthe limit distribution of
simulatedannealingalgorithms. It can be shovn that simulatedannealingwill
producesuboptimalsolutionswith probability zeroif the neighborhoodsatisfies
somespecialconditionsandthetemperaturés loweredslowly enough(e.g.[13]).
Still, it seemdifficult to adoptsuchresultsin practicalapplicationg29].
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7.2 Adapting Local Search to Reload
Problems

We will now discusshow local searchalgorithmscan be usedto solve reload
problems.Sincethe selectionrule andstoppingcriteria primarily dependon the
algorithmratherthanonthetypeof problem themainfocusmustbeontheneigh-
borhoods. When presentinghe algorithmin detail in the next section,we will
alsoproposesomeselectionrulesandstoppingcriteria, but theseareusuallybest
finalizedby testingthe algorithmson actualapplicationdata.

In the precedingchapteramodelhasbeendevelopedwith theadvantageougrop-
erty thatoncewe have determineda transportatiorplan we cantreattheresulting
problemasa PDPwith additionalprecedenceonstraints.Theseadditionalcon-
straintscanbeeasilyincorporatednto thelocal searchasit only hasto bechecled
whethera neighboringsolutionsatisfiegheseconstraints.

Therefore the remainingproblemis to fix aninitial transportatiorplan andfind
a mechanismo adjustthis transportatiorplan during the courseof the search.
Obviously, a decisionon the transportatiorplan hasto be madebeforean ini-
tial solutionis constructede.g. with one of the simplified modelspresentedn
Chapters.

During the courseof theimprovementalgorithmtherearethreealternatve strate-
giesto changethe transportatiorplan. It shouldbe emphasizedhat adaptinga
heuristicfor an applicationis a craftsmanshipnuch morethanit is a science.
Thus, only somegeneralhints will be given. The choiceof the properstrategy
shouldalwaysbe guidedby the actualapplication:

e Leavethetransportatiorplanasit is. This meanghatthe planusedin the
initial solutionwill alsobeusedin thefinal solution. In this setting,almost
the sameheuristicscanbe usedthathave beendevelopedfor PDPs.It only
hasto be ensuredhatgoodshave arrived at a hub, beforethey are picked
up. This canberealizedby properupdaterulesanduseof time windows.

Still, this seemsto be the leastadvantageoustrategy. Especially when
usingthe simplemodelsfrom Chapters it is likely thatthe additionalcon-
straintsthatwererelaxedto getan efficiently solvable problem,will make
achangeof theplan profitable.

e Reconsiderthe transportationplan occasionallyand keepit fixed in the
meantime.In the termsof local searchthis meansswitching betweendif-
ferentneighborhoods.This approachallows to useclassicneighborhoods
most of the time, whenthe reloadstrat@y is not changed. If this is the
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case,a little moretime canbe investedto make a thoroughcalculationto
determinea new reloadstratey. Again, the simplemodelsfrom the earlier
chaptersnight be appliedhere.Whenno suchreconsideratiomsakesplace,
local searclstratgiesdevelopedfor classicaPDPscanbeapplied.

Unfortunately a changein the transportatiorplan may rendera large part
of the active solutionobsolete sincethe senedrequestsarenot partof the
new plananymore. Theactive solutioncouldbeadjustedy remaoving those
requestdrom the solutionandaddingthe newly generatedequestdo the
tour plan.

This seemedo beanappealingstratey andit wastestedwith theinstances
describedn the following chapter Unfortunately the solutionsgenerated
after sucha reconsideratiorstepwere muchworsethanthosealreadyes-

tablishedduring the courseof the algorithm. The algorithmwas not able

to improve on previously found solutionsthis way. Still, this could be a

very promisingstratey for parallelheuristicsthatwork with severalactive

solutionsatthe sametime. Further thereareheuristicghatmaintaina pop-

ulationof favorableknown solutionsandtry to combinetheminto new ones.

A reconsideratiostepcouldverywell beadvantageousor suchalgorithms
or implicit in sucharecombinatiorattempt.

e Reconsidethe transportatiormodesin eachstep. This demandshe de-
velopmentof a neighborhoodstructurethatis specificallydesignedor the
intendedpurpose.

In this case the neighborhoodor eachsolutionneedsto containnot only
solutionswith thesameransportatiomplan,but alsosolutionswith differing
plan. The bestresultswereachieved with this stratgy anda heuristicthat
usest will bepresentedn thenext section.

Still, introducingmorereloadsinto a transportatiorplan usuallyis disad-
vantageous$or this solution,sinceit addsbothfixedcostaswell astheneed
to visit yetanothervertex. Thesearclstrategy workswell togethemwith re-
laxed capacityconstraintanddiversificationstepsthatwill be explainedin
the next section. However, without theseadditions,it hasonly rarely been
possibleto producesolutionsthatcontainalot of reloadingactions.

7.3 An Algorithm

In this sectiona local searchheuristicfor the RPDPwill be described.t hasthe
advantageof versatility andflexibility, becauseat canbe adaptedo mary such
problems.
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Now, thethreepartsof thealgorithmwill bedescribedFirst, aninitial transporta-
tion planis chosenthena feasiblesolutionfor this planis constructed.Finally,
this solutionis improved by local exchangesteps. Pseudacodecanbe foundin
Table7.1.

Solve anappropriatg;-SHP
L <+ createnitial solution
while (improvementwithin thelastr steps):
N «+ find bestadmissibleneighborof L
if (N feasibleandof lower costthanL):
L+ N
insertV into taku list
adjustdiversification(if necessary)
adjustpenaltyfor overloading(if necessary
return L

Table7.1: Applicationflow of thetalu searchheuristic

7.3.1 Finding an Initial Load Plan

The first stepof the heuristicis to establishaninitial transportatiorplanfor the
problem. The simplestway to do this, is to transportall the goodsdirectly. Still,
it is desirablego startwith amoresophisticatectrateyy.

In the testinstanceghereare at mosttwo hubsand eachgood canbe reloaded
only once.Therefore the k-StarHub Problem(for £ = 1, 2) canbe usedto make
adecisionin thehopethatit choosesomesensiblesetsof request$o bereloaded.
In generalthetransportatiorplancanbe morecomple, thenanothemethodhas
to befound. For example,anapproximatioralgorithmfor the SDPcouldbeused
or only simpleplansbeallowedin theinitial solution.

In this k-SHR eachpickup and delivery stopis a vertex, and edgeweightsare
given by the distancebetweenvertices. The vertex weightsare determinedoy
eachvertice’s distanceto eachhuh Sincethe capacityrestrictionsare omitted
in the modelto guaranteeefficient runningtimes, this is anextremelyinaccurate
model. Theinaccurag canberemediedy two approaches:

¢ In constructingthe k-SHR the vertex weightsare multiplied by a certain
factor Thisfactoris variableandallows to controltheamountof reloading
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performed.In this way, differenttransportatiorplansfor theinitial solution
canbeobtained.

e Thetransportatiomplanwill bechangedocally in theimprovementstep.At
this stagetheconstraintshatwererelaxedfor the k-SHFR lik e capacityand
time constraintscanalsobetakeninto consideration.

7.3.2 Construction of an Initial Solution

The result of the k-SHP fixes the first transportatiorplan. A simple insertion
heuristicwill now beapplied,to createaninitial solution.

This meanstherequeswill beaddedo the solutionsequentiallyAn emptytour

plan(only emptytours)is choserto begin with. Now, in eachstep,eachrequests

insertedinto eachtour andthenthe cheapesteasibleinsertionamongtheseshall

be chosen.This stepis repeatedintil all requesthiave beeninsertednto thetour

plan.

To accommodatehe precedence&onstraintsamongthe requestsa requesthas
only beeninsertedafterits predecessornsave beeninsertedin our computational
tests.

Remark7.1 Notethatin generathis stratgy maynotleadto afeasiblesolution.
In fact,whenaninstancefeaturegight time windows, thetransportatiorplande-
terminedby the £-SHPmay make constructiorof a feasiblesolutionimpossible.

In thiscasepnecouldtry toreflectthisin thecostfunctionsof thek-SHR If every-
thing elsefails, theimprovementheuristiccould alsobe startedwith aninfeasible
solutionandtheinfeasibility be penalizedoy the costfunction.

7.3.3 Improvement-Heuristic

For VRP-andPDP-Problemspode-andarc-exchangeneighborhoodsiave been
extensiely studied. Extendingthemto test precedenceonstraintasmposedby
thetransportatiorplanwill make themapplicableto reloadproblemsaswell.

Figures7.1 and7.2 illustratetwo very simple andwidely usedforms of arc ex-
changesA numberof arcsis removedfrom thesolutionandthenthesamenumber
of arcsis addedo geta new tour plan. Sincefor agivenk thenumberof possible
exchangesds a polynomial of degreek, oneusuallyrestrictsto a small number
of k£ or only performscertainkinds of exchangesl|ik e the 2- and Or-exchanges
depicted. Note that the direction of the arcsmay changein an exchange. Or-
exchangesare those3-exchangesvhereall arcsremainingin the solution keep
their original direction.
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Figure7.2: An Or-exchange

Unfortunately notall of the possibleexchangegroducefeasiblesolutions.Thus,
for eachexchangat mustbetestedvhetherit renderghetour planinfeasibleand
thetime labelsattheverticeshave to beupdated By applyingpreprocessingb0],
specialupdatingmechanism¢$50] and searchstratgies[46] several researchers
have beenableto incorporatevarioussideconstraintgor agivenkind of exchange
with anacceptabl®er evenwithoutanincreasen computationatomplexity. Still,
in the testswith more complex exchangeneighborhoodsnost exchangesvere
infeasibledueto someconstraint.Besidesa linear searchseemdo be the most
efficienttestfor the precedenceonstraintsnducedby thetransportatiorplan.

In preliminary tests, general2- and 3-edge-&changeswere implementedand
testedtogetherwith the taboosearchapproach. However, dueto the high per
centageof infeasiblesolutionsandthe computationatostassociatedvith larger
neighborhoodsa very smallneighborhoodieldedbestresults.

Thus,to decreaseomputationtime in eachstep,a very simple neighborhoods
used,which provedto be extremely powerful whencombinedwith talu search.
Thisneighborhoodvasextendedo make smallchangeso thetransportatiomlan.

In eachstep,onerequesis removedfrom the solution. Sincein thetestinstances
thereare at mostthreealternatves for eachrequest(reloadat one of the hubs

or direct haul), all possiblereinsertionsfor a requestare testedfor eachof the

stratgyies. This cangraduallychangehetransportatiorplan.

This stratg)y is combinedwith atalu searchapproacho avoid local optima. The
appliedcombinationof featureshasalreadyproved very successfufor vehicle
routingproblemswith capacityandtime window constraint§18]. Thetalu search
elementof the heuristicarethe following:
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Tabu list Eachsolutionacceptedn a stepis savedin a so calledtabu list for
several steps(between20 to 100). As long asthe solutionis remembered
thealgorithmwill notaccepthis solutionagain.This featureis intendedo
avoid “circling” of thealgorithm.

Sincesaving andcomparingcompletesolutionswould take too muchtime,
we only save the costof the solutionasa hashvalueandrejectary solution
of equalcost.

Overloading As anothemeanto escapdrom localminima,infeasibletour plans
arealsoacceptedemporarily In our case the algorithmis allowedto vio-
late capacityconstraints.

If atour planneighboringthe currentsolutiondoesnot meetthe capacity
constraints,the heuristiccomputesthe exceedingload of the most over-
loadedtour. In addition,the heuristickeepstrack of a factora thatdeter
minesthe penaltyfor overloading. The exceedingload is multiplied by «
andthenaddedo the solutioncost.

Thus,infeasibletour planscanbeacceptedf they arebetterthanall feasible
neighborsandthe penaltyis nottoo high. Now, to geta mix of feasibleand
infeasiblesolutions,«a is adjustedduring the courseof the algorithm. If no
feasiblesolutionhasbeenfoundfor five stepsq is doubled.If all solutions
have beenfeasiblefor five stepsy is divided by two.

Intensification and Diversification In this casethis meanghatif animproving
solutioncouldnotbefoundfor 20 stepsarandomlychosersetof verticess
fixed(70 percentof thevertices),.e. they maynotbemovedin succeeding
stepsof the heuristics.

By this, only a few allowed exchangesare left, and thereforethe active
solutionwill in mostcaseschangethe arrangementf theserequestsn the
solution. After anothertwenty stepswithout improvement,anotherset of
verticesis fixedandsoon. Finally, afterfive intensificationrounds,all the
verticesare allowed to be moved again. In the tests,the algorithm often
suddenlyfound new solutionsthat greatlyimprove on the previously best
known solutionafteranintensificationphase

Intensificationis generallydescribedasa featureto force a morethorough
explorationof acertainregion of thesearctspacewhile diversificatiortries
to getthealgorithmto investigatea differentregion of thesearctspacg21].

Further a slightly differentexplanationfor the succes®f this featurecan
begiven. Sincethe neighborhooaf ouralgorithmis sosimpleandthebest
neighboringsolutionis alwaysacceptedit canoftenfind afew changeshat
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independentlpnly leadto aslightdecreas@én solutionquality. In theinten-
sificationphasepnly afew movablerequestsreleft, sothesewill beforced
into a completelydifferentarrangementWhenall possibleexchangesare
availableagain,thealgorithmwill oftenfind anew local minimum.

The algorithmterminatesvhenthe solutioncould not be improvedfor a certain
numberof stepg500to 1,000in our tests).

Remark7.2 1. In theintroductionof this chapterit was notedthat an algo-

rithm should, at leastin principle, be ableto find a pathfrom ary initial
solutionto the optimalsolution.

Theneighbourhoodisedn ouralgorithmhasthisfeature sincein eachstep
eachordercanberemovedfrom the tourplanandreinsertedarbitrarily and
thenumberof toursis adjusteddynamically

However, the diversificationstepdrasticallyrestrictsthe neighbourhoodby

fixing a large numberof orders. Also, the taboosearchimplementation
alwayschoseghe cheapesheighboringsolutionthatis not forbidden,thus
it will alwaysbe dravn towardslocal minima. The diversificationstratey

employedin our algorithmincreaseshe chancesf moving beyond sucha

local optimum.

2. Amongthe meta-heuristicenentionedn Section7.1 only talu searchwas

implementedor our algorithmictests. Also, tabu searchseemdo be the
meta-heuristicnostcommonlyappliedin vehicleroutingapplicationsTest-
ing simulatedannealingor simulatedtradingalgorithmsseemsdo be a in-
terestingtopic for furtherresearch.




Chapter 8

Computational Tests

Whenyou havereahedthe endof theroad, thenyou cande-
cidewhetherto goto theleft or to theright, to fire or to water
But if you male that decisionbefole you have even setfoot
upontheroad, it will take younowhee — exceptto a badend.

PetelWoodwardin CrusadeRacingthe Night

The local searchalgorithmwastestedon a numberof instances.Unfortunately
currentlytherearenobenchmarkingnstancesvith known optimalsolutionsavail-
ablefor PickupandDelivery Problems.

Therefore threesetsof instancesvereused. Onesetconsistsof so called“geo-
metricalproblems”wherethe customer$ave a speciallayout,sowe canassume
whatthe optimalsolutionprobablylookslik e. With theseinstancest canbe esti-
mated,how well theimprovementheuristicperforms.Then,datafrom a German
carmanufcturerwereused. Currently reloadingis usedin this applicationpro-
viding the opportunityto testthe algorithmon realworld data. The resultswere
comparedvith thoseobtainedby ourselesandby acommerciavendorwith col-
umn generation.Finally, somerandominstanceswith two consolidationcenters
weregenerated.

8.1 Implementation

Startingfrom a given active solution, a local searchheuristic must be able to
quickly evaluatea large numberof neighboringcandidatesolutions. This is the
partof the heuristicthatinvolvesthelargestcomputationaéffort.

69



70 COMPUTATIONAL TESTS

Sinceit would be too time-consumingo copy and modify the given solutionto

generateanew candidatea setof C++-classesvasimplementedo speedup the

process.The classesupportthe notion of toursandcorrectionson tours. A tour

plancanberepresenteth this systemasone(relatively large) classthatcontains
a completetour plan plus several (small) classesrepresentinghangesnadeto

the plan. If a setof changesseemsadvantageousthey canbe includedin the
basicplanto form a new basictour plan. In this way, the allocationof storageon

the heapandcopying is minimized. Additionally, basedon this system different
searchstratgiescould easilybeimplementecandtested.

Theimplementatiorwaswrittenin C++andcompiledusingthe GNU-g++-compiler
version2.8.0. Therunningtime wasdeterminedn anUltraSFARC2 processoat
300MHz. Theprocessesnly usedaboutl.5MByte of memory sol/O-time was
negligible.

8.2 Test Instances and Results

In thefollowing sectionsthetestinstancesndresultsof thetalu searcheuristic
are presented. Since the initialization of the SHP seemsto have greatimpact
on the quality of the results,several runswith differently initialized SHPswere
performed.

Thecostfunctionsfor the SHPweredeterminedn thefollowing way: The costof

anedgeis the distancebetweerpickup anddelivery of the request.This number
wasmultiplied by the percentagef thetruck capacityneededy therequestThe
costfunctionsof the verticesare determinedoy the distanceof the vertex to the
CC,multiplied by afactorbetweer0.1and0.4. Thus,the higherthefactorfor the
vertex cost,themorelikely its incidentedgeswill bein thesolutionandultimately
thelessreloadswill take place.Theresultswerecomparedvith initial solutions,
whereall requestsverereloadedall) andno requesivasreloadednong. Addi-

tionally, to betterjudgethe quality of theinitial transportatiorplansgeneratedby

the1-SHR it wasdeterminedandomly(with a probability of onehalf) whethera
requesshouldbereloadedn theinitial solution(randon).

We did five runsof theimprovementheuristicon eachof theseinitial solutions.
For therandomlyinitialized transportatiorplans, five differentplansweregener
ated.

Theresultsare shovn in two tables,the left onerepresentinghe bestsolutions
foundin five runs,theright onethe averages.

Typerefersto the determinatiorof the initial plan. Costis the costof the final
solution, Start the cost of the initial solution. Reloadsdenotesthe numberof
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reloadedrequestdn the final solution. Iterationsis the numberof stepsof the
tabu searchprocedureTimetheapproximateunningtime.

8.2.1 Geometrical Instances

Totestthequality of theimprovementheuristic,it wasrunonasetof testinstances
of avery simplestructure.

Onehalf of the stopsarepickup, the otherhalf delivery stops. Thus,for a given
n,wehave P = {py,...,p,} andD = {ds, ..., d,}. In theseinstancesthe stops
areplacedonacircle aroundthe centralhubanddepot. Thereis onerequesfrom
eachpickup stopto eachdelivery stopor R = P x D. All requestsare of the
samesizeandthe sizewaschosensothatall requestdrom or to onestoputilize
the completecapacityof onevehicle,i.e. for vehiclecapacityl, eachrequeshas
aweightof 1/n. Therearenotime windowsin theseinstances.

Figure8.1: Geometricalnstancewith 9 requestgdashedarrovs) andconjectured
optimalsolution(straightarrons)

We conjecturdghatthe bestsolutionof this problemwould beto bring all requests
to thecentralhubfirst andthendeliverthemto their destinationslf r is theradius
of thecircleandn thenumberof pickupor delivery stopsresp. thiswouldimpose
a total tour lengthof 4rn. Unfortunately we wereunableto find a proof of this

conjecture.

The distancefrom the hub to eachcustomemwassetto 100. Instance‘circle n”
containsn pickup or delivery locationsrespectiely, yielding n? requests. So,
for “circle n” anoptimalcostof 400n is expected.Thebestresultsaresometimes
below thisvalue. Thisis dueto roundingerrorsincurredby theintegercoordinates
of the customerlocations. Theseerrorswere not removed from the instances,
sincetheslightly varyingdistancesemove degenerag from theinstances.
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Type Cost Start Reloads Iterations  Time Type Cost  Start Reloads Iterations  Time
circle4 circle4

all 1600 1600 16 1000 9 all 1600 1600 16 1000 9
none 1600 2137 16 1641 16 random 1600 2487 16 1608 15
random 1600 2408 16 1361 13 none 1630 2137 16 1297 12
circle5 circle3

all 2001 2001 25 1000 20 all 2001 2001 25 1000 20
none 2001 2666 25 2642 59 random 2025 3144 25 2120 46
random 2001 3108 25 3009 65 none 2072 2666 25 2276 50
circle6 circle5

all 2376 2376 36 1000 50 all 2376 2376 36 1000 48
random 2876 4264 35 2084 116 random 3170 4104 28 1556 88
none 3208 3305 12 1046 62 none 3245 3305 2 1010 59
circle7 circle7

all 2776 2776 49 1000 87 all 2776 2776 49 1000 84
random 3711 4892 47 1980 191 none 3909 3999 6 1010 114
none 3909 3999 6 1010 109 random 3969 4617 35 1213 123

Bestresults. .. ...andaverageoverfiveruns

Table8.1: Resultsof talu searchon geometrianstances

Results The resultsare shavn in Table 8.1. The heuristicwas terminatedif
the bestknown solutionwas not improved for 1,000iterations. We did not test
initialization with the SHPfor theseinstances.

Whenall requestsvere reloadedin the initial transportatiorplan, the insertion
heuristicalreadyfoundthe conjecturedptimumsolution. It canalsobe seerthat
both randomand nonefound the optimum solutionfor instanceswith up to 25
request®r 5 percustometocation.

This is a relatively goodresult,sincea simpleimprovementstratgy — thatonly
acceptsa new solutionif it is betterthanall previous ones— could not improve
theinitial solutionat all, whenstartedwith a transportatiorplanthatcontainsno
reloads. In orderto achieve bestresults,eitherall requestdrom or to one stop
have to follow the samestratayy, i.e. all have to be reloadedor all have to be
transportedlirectly. This meansthe largertheinstancethe harderit getsto find
thebestreloadplan.

For thelargerinstanceswhereneithernonenor randomfind the optimumwe see
that, while the bestrandomsolutionis betterthanthe nonesolution,on average
none performsbetterthanrandom This may indicate that a randomdecision
aboutthetransportatiomplanwill in generabe disadwantageous.

8.2.2 Real World Instances

In our realworld application,car partshave to be transportedrom several sup-
pliersto the plantswherethe carsare assembledThe datawastaken from four
consecutre days. Theresultsshav thatevenin thatshorttime frame, thereis a
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Figure8.2: Locationsof therealworld application

large variation, making the use of heuristicsthat decideaboutreloadingworth-
while.

In the instancestherearethreeplantsandabout40 suppliers. All suppliersare
within two driving hoursfrom the (single) depot,wheretruck routesmustbegin

andend,while the plantsare situatedbetweerfour andseven hoursaway. Each
instancecontainsabout70 orders. This meanghat supplierswill producegoods
notonly for onebut severalplants.Thelayoutof the locationsis shavn in Figure
8.2. Suppliersaredepictedaswhite circles,plantsasgray onesandthe hubis a
blackcircle.

Goodscanbedeliveredeitherdirectly (calledmilk-run) or via a hub,which coin-
cideswith thedepot.This meanghatgoodsneedto bereloadedat mostonce.

Thetime framefor delivery of thegoodsis two days.Eachlocationandalsoeach
orderis equippedwith time windows. Most locationsareopenfrom 7:00a.m. to

6:00 p.m.,somefor a few hourslonger The pickuptime windows of the orders
statewhenthey arereadyfor pickup, whichis between8:00a.m. and3:00 p.m.

onthefirstday Thetimewindowsfor thedelivery of goodsusuallyareopenonly

on thesecondday. If delivery shall be effectedvia the hub, the goodsaretaken
to thehubon thefirst day (pre-rung andthe mainrun (to the plant) is startedon

thesecondday In thisapplicationcurrentlyeachtourtransportsonly onekind of

requestAll requestscheduledor onetour musteitherbe milk runs,pre-runsor

mainruns.

Threecostfactorshave beentakeninto account:thetravel distancethetotal tour
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Type Cost Start Tours Reloads Time Type Cost Start  Tours Reloads Time
Monday Monday
random 15619 21408 13 28 1141 all 16224 18849 15 62 503
SHP(0.3) 15865 19850 13 29 1481 SHP(0.2) 16226 22524 14 41 983
SHP(0.2) 15932 22524 14 39 1615 SHP(0.3) 16250 19850 13 28 1052
SHP(0.1) 16093 21837 14 43 964 none 16417 17705 11 4 190
none 16150 17705 11 7 247 SHP(0.4) 16496 20075 13 18 513
all 16224 18849 15 62 538 SHP(0.1) 16643 21837 15 44 1061
SHP(0.4) 16352 20075 13 21 475 random 16716 21639 13 25 621
Tuesday Tuesday
SHP(0.4) 13945 18977 9 0 305 none 14578 15406 9 0 205
SHP(0.1) 14016 20016 12 25 836 SHP(0.4) 14875 18977 10 2 262
none 14291 15406 9 0 269 SHP(0.1) 15286 20981 12 20 626
SHP(0.3) 15348 18863 12 22 838 SHP(0.3) 15631 18863 12 21 640
SHP(0.2) 15822 21638 14 24 1293 all 16833 17673 16 70 320
random 16457 19491 16 42 1389 SHP(0.2) 17022 21638 15 38 608
all 16833 17673 16 70 373 random 17069 19491 15 47 667
Wednesday Wednesday
SHP(0.2) 16561 24816 13 19 487 none 16828 18122 11 3 168
none 16828 18122 11 3 169 SHP(0.3) 17567 22869 15 24 498
random 17412 21915 13 30 883 SHP(0.2) 17774 24816 14 25 502
SHP(0.3) 17433 22869 15 27 765 SHP(0.4) 18343 22041 12 0 212
SHP(0.4) 17674 22041 11 0 192 random 18489 23378 14 26 684
SHP(0.1) 18106 27320 16 26 1065 all 18790 21064 18 63 465
all 18757 21064 18 63 494 SHP(0.1) 19364 27320 18 45 669
Thursday Thursday
SHP(0.2) 13865 19338 12 27 670 SHP(0.2) 14412 19338 12 29 703
all 14120 16264 14 36 1261 all 14588 16264 14 55 644
random 14253 17266 12 24 686 SHP(0.4) 14606 18557 11 11 446
SHP(0.1) 14276 20592 13 44 1603 random 14741 17811 12 24 689
SHP(0.4) 14325 18557 11 13 412 none 15050 15706 9 0 180
none 14842 15706 9 0 226 SHP(0.1) 15511 20592 13 41 1026
SHP(0.3) 16028 19798 14 18 433 SHP(0.3) 16232 19798 14 17 424
Bestresults. .. ...andaverageoverfiveruns

Table8.2: Resultson real-world instancesvith “pure” tours

lengthandhandlingcostat the consolidatiorcenterwith distanceandtour length
having aboutequalweight and handlingcostup to 15 % of the total costif all
requestsarereloaded.

Results Table8.3shovstheresultsachievedby acommerciadeveloperandthe
columngeneratiorapproactdescribedn AppendixA. Thecommerciakolutions
wereobtainedby usinga columngeneratiorapproachsimilar to ours. It should
benotedthough,thatall commerciakolutionsexceptfor the“Tuesday’instances

commercial columngeneration
Instance Orders Cost  Tours Reloads Cost Tours Reloads
Monday 72 14777 15 69 17226 17 71
Tuesday 70 15546 16 64 16003 15 70
Wednesday 73 17826 15 48 19749 20 73
Thursday 72 14651 14 52 15848 15 72

Table8.3: Resultswith columngeneration
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Type Cost Start Tours Reloads Time Type Cost Start  Tours  Reloads Time
Monday Monday
SHP(0.4) 13987 18003 11 19 384 SHP(0.1) 14628 18973 14 38 832
SHP(0.1) 14517 18973 14 43 979 SHP(0.4) 14704 18003 11 17 490
SHP(0.3) 14569 21188 12 32 581 SHP(0.3) 14773 21188 12 32 499
random 14857 21729 11 16 777 random 15401 20844 11 17 659
SHP(0.2) 14865 21237 13 25 1255 all 15510 18849 14 41 908
all 15078 18849 14 36 1220 SHP(0.2) 15883 21237 13 31 1057
none 15930 17705 11 11 326 none 15957 17705 11 8 274
Tuesday Tuesday
SHP(0.1) 13652 20570 10 7 544 SHP(0.3) 13873 19223 10 12 959
SHP(0.3) 13796 19223 10 8 694 SHP(0.1) 13977 19053 11 11 547
all 13902 17673 12 30 1698 SHP(0.4) 14026 18808 10 11 693
SHP(0.4) 13975 18808 10 10 866 all 14138 17673 13 30 1608
none 14056 15406 10 6 958 none 14185 15406 10 4 677
random 14480 19867 15 42 1505 random 14887 19867 14 35 980
SHP(0.2) 14723 19693 12 26 654 SHP(0.2) 15100 19693 14 34 718
Wednesday Wednesday
none 16005 18122 11 10 898 none 16362 18122 11 6 577
random 16054 22043 11 13 317 random 16495 21654 12 21 584
SHP(0.4) 16135 21508 13 18 1087 SHP(0.1) 16555 22932 13 29 773
SHP(0.2) 16231 23135 13 26 1292 SHP(0.2) 16817 23135 14 31 1007
SHP(0.1) 16357 22932 14 25 818 SHP(0.4) 17208 21508 12 11 759
all 16670 21064 15 37 814 all 17380 21064 16 45 622
SHP(0.3) 17097 23466 14 35 1717 SHP(0.3) 18038 23466 16 39 871
Thursday Thursday
SHP(0.2) 12621 17569 12 26 1405 SHP(0.2) 12687 17569 11 25 1174
SHP(0.3) 12735 18489 10 9 1575 SHP(0.3) 13001 18489 10 15 904
all 13003 16264 12 26 767 SHP(0.1) 13274 18063 13 35 1243
SHP(0.1) 13251 18063 13 40 1285 all 13339 16264 12 36 767
none 13544 15706 10 14 1207 SHP(0.4) 13942 17145 10 6 614
SHP(0.4) 13722 17145 11 9 658 none 14501 15706 9 4 607
random 13963 19049 10 10 1128 random 14545 19330 11 11 564
Bestresults. .. ...andaverageoverfiveruns

Table8.4: Resultson real-world instancesvith “mixed” tours

areinfeasibledueto time window violations.Both columngeneratiorapproaches
needto work with dedicatedpre-, milk- and main runs, while the tabu search
heuristicis ableto generatéoursthatcombineordersof differentkinds.

Therefore two differentrunswere performed.In onerun, only “pure” toursthat
handleonly onesortof requesivereallowed. In the secondun, tourscouldalso
combinedifferentkinds of requestsin the latter case a tour often picksup some
goodsthatwerealreadydeliveredto the CC andthenpicksup afew othersonthe
way to the plant. The correspondingesultsareshavn in Tables8.2and8.4.

As to beseenin thetables runningtimeslie betweerb and20 minutes.

Talu searchwas ableto improve uponthe column generationsolutionsin both
settingswith puretour andwith mixed ones. The only exceptionrepresentshe
first instance whereit was not possibleto beatthe commercialsolution. This
solution,however, containssomeseveretime window violations. To supportthe
claimthatthiswasthereasorfor theinferior performancef talu searchthetime
windows in this instancewere relaxed and a testrun of the tabu searchon this
instancewasperformed.With this approachmuchbetterresultswereobtained.
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Note thatboth columngeneratiorapproacheproducesolutionsthat containfew
milk runs,while the besttalu searchsolutionsrarelyreloadmorethanhalf of the
requests.This canbe attributedto the approximationof the costsof a mainrun
by the column generatioralgorithms,which is difficult if the main runsdo not
containfull truck loads(seeAppendixA).

8.2.3 Problems with two Hubs

Type Cost Start  Rel. lter.  Time Type Cost Start  Rel. Iter.  Time
randoml random1

SHP(0.2) 13822 15364 12 1309 321 oneHub (none) 14009 14961 6 674 81
oneHub (none) 13869 14961 8 760 95 SHP(0.2) 14113 15364 5 720 164
none 14016 14961 13 958 244 none 14146 14961 6 678 158
random 14142 20924 16 765 176 noHub 14330 14961 0 505 8
noHub 14330 14961 0 505 9 random 14507 21679 13 668 141
random2 random2

none 13686 15568 3 644 122 none 13751 15568 1 568 105
random 13690 20904 5 900 155 SHP(0.3) 13756 15568 1 613 115
SHP(0.3) 13712 15568 3 666 131 random 14168 22089 6 743 132
oneHub (all) 15407 23981 0 843 108 oneHub (none) 15963 17337 3 653 72
noHub 16086 17337 0 622 17 noHub 16169 17337 0 552 14
random3 random3

SHP(0.2) 10902 13315 5 1823 349 none 11666 12892 6 621 118
oneHub (none) 10960 12892 3 1316 131 noHub 11762 12892 0 58 11
none 11583 12892 6 642 125 SHP(0.2) 11248 13315 4 984 192
random 11559 18880 8 641 124 oneHub (none) 11504 12892 6 812 86
nonenoHub 11681 12892 0 620 12 random 11936 19908 10 597 113

Bestresults. .. ...andaverageoverfiveruns

Table8.5: Resultson randomproblems

Finally, afew testswereperformedon instanceswith two hubs. Sincerealworld
testinstancedor suchproblemshave not beenavailable,a setof testinstances
wascreated.Theseconsistof tenpickupandtendelivery stops,randomlyplaced
arounda centraldepot. Then,40 requestsvererandomlychosenbetweenthose
twentyverticeswith demandwyaryingbetweerl0% and80 % of thetruck capac-
ity. Finally, two hubswererandomlyplaced.

Results The computationakesultscan be seenin Table 8.5. To comparethe
performancegachhub wasremovedin turn from the instancesas well asboth
hubswereremoved. Fromthe two instancesvith only onehub, the betteroneis
statedn thetable.Of therunsinitialized by differentlyparameterize@HPs only
the parameterizationgielding the bestresultareshavn in thetable.

Again, the performanceof the differently initialized heuristicslargely depends
on the instance but the more hubsthereare, the betterthe result. In addition,
theseinstancesupportthe obsenation that reloadingseemswvorthwhile only in
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specialcircumstancesOnly arelatively smallpercentagef therequestss being
reloadedn the solutions.



78

COMPUTATIONAL TESTS




Chapter 9

Conclusion

We have examinedthe differencesntroducedoy reloadingof goodsin transporta-
tion problemsandproposed local searchheuristicto solve suchproblems.

The possibilityto reloadandthusconsolidategoodsin anintermediatestop,a so
called hub, introducesseveral new aspects.Sincea requestis no longerbound
to a singletour, onehasto be carefulto identify the exactpatha requestakesto
avoid deadlocks.While thereis a lot of literatureon network designmodelsfor
stratgjic planningtasksthesemodelsdo not capturethesenewn aspect®ccurring
in operationaplanning.

Thereforewe proposeafairly simplemodelfocusingonthenew aspectsve have
identified. Thismodelseemso berelatedrathermorestronglyto network design
problemsthanto classicalrouting problems. Our model can be viewed as an
intermediateproblembetweentwo Steinerproblems,the SteinerArborescence
Problemandthe GeneralizedirectedSteinerNetwork Problem.

While the problemis N"P-complete,it is solvablein polynomialtime underad-

ditional restrictionson the underlyinggraphif the numberof requestss bounded
by aconstantSincetheadditionalrestrictionsarenaturalfor routingapplications,
this seemgo imply thatthe numberof availablereloadhubshasno impactonthe

compleity of the problem. A relatedproblem,the SteinerDiagramProblem,is

approximableaf we allow the additionof verticesin theunderlyingnetwork.

In applicationsit is difficult to make adecisionwhichrequestshouldbereloaded
andchoseadequatdubsfor eachrequest.Fromthe above, it is clearthatsucha
decisionis hardin thegeneralkaseof arbitraryreloads.

Focusingon situationswhereonly very simple reloadactionsare possible,the
k-StarHub Problem(k-SHP)wasdeveloped.In this problem.,it is assumedhat
a tour canvisit only one customerlocation and the hub or deliver exactly one
request. Also, eachrequestcan only be reloadedonce. This problemcan be
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transformednto a min-cutproblemif atmosttwo hubsareavailable. Otherwise,
it is N"P-complete.

If the sequencef hubsvisited by a requestis known, reloadproblemsarevery
similar to classicakouting problems.In this case only precedenceonstraintsat
the hubshave to be obsenedto ensurethatgoodshave arrived at the hub before
they arecarriedon. To make the new modelresembleclassicalrouting problems
moreclosely socalledtransportatiorplansareintroduced.In this model,atrans-
portationplan hasto be fixed andthena PDPto be solved, while observingthe
additionalprecedenceonstraintsTo solvethis problemonly slight modifications
to existing heuristicsfor routing problemsare necessaryAdditionally, the orig-

inal problemis extendedto include capacityandtime window constraintssince
thesearethe mostimportantrestrictionsn mostrouting applications.

To solve reload problems,a takbu searchheuristicwas developedthat delivers
promisingresultsbothfor someartificial instancesswell asrealworld instances
from a Germancar manufcturer Sincethetestinstancesadmitonly very simple
reloadpatternsthe k-Star Hub Problemis a valuabletool to producean initial
transportatiorplanfor thesesnstances.



Appendix

81






Appendix A

Column Generation for the RPDP

For the last 40 years,approaches$o optimizationproblemsbasedon linear pro-

gramminghave beensuccessfulThis is dueto a strongunderstandingf the un-

derlying theoryandalgorithms,lik e the simplex method,which is very efficient

in applications.For vehicleroutingandpickupanddelivery problems especially
columngeneratiormethodshave becomesuccessfuin the recentyears. On the

onehand,instance®f realworld sizehave becomeaccessibléo linear program-
ming basedeuristicdoy thistechniquepntheotherhand,its linearprogramming
rootsprovide the ability to computea boundon solutionquality.

Someissuesarisingwhenapplyingcolumngeneratiortechniqueso reloadprob-
lemswill bedescribedFirst,themainideasof columngeneratiowill beoutlined
andit will bedemonstratetiow they areusuallyappliedto vehiclerouting. Then,
it will bediscussedhow this approacttanbe adaptedo reloadproblems.

A.1 Basic Idea of Column Generation

ColumnGenerations a techniquebasedon the Dantzig-Wblfe decompositiorof
linear programs.A shortoverview asfoundin [36] will be given. Considerthe
following linearprogram:

min ¢’z
st.Ax > b (A.1)
Bz >d (A.2)
x>0

¢, b,d andx arevectorsand A, B matricesof suitabledimension.Let usassume
for simplicity that P := {z|Bx > d,z > 0} is a polytope. Thenary point of

83



84 CoLUMN GENERATION FOR THE RPDP

P canbewritten asa corvex combinationof P’s vertices{uvi, ..., v,}. Thus,an
equivalentprogramcanbederived:

q
min CT(Z Zi’l)i)
=1
q
StAQ zw) > b (A.3)
=1
q
Y zm=1 (A.4)
=1
z>0

In this program,calledthe masterproblem constraintgA.2) areimplicit in the
generatiorof thevertices.To solve this new programwe do not needto generate
all verticesof P atonce,but only asmallsubsetA thatcontainsabasisfor A. The
dual variablesassociatedvith the constraintsof the mastercanthenbe usedto
generateadditionalverticesof P that price out negatively andthuscanbe added
to A. Thegeneratiorof verticesof B is referredto asthe subpoblem

If theoriginal programis an0-1-integerprogramthenthe mastemprogramwill be
q
min CT(Z Z’ivi)
=1

q
=1
zi € {07 ]-}a

sinceary integersolutionof the original programis a vertex of therelaxed poly-
gon.

A.2 Column Generation for Routing Problems

Commonformulationsof the PDP asa 0-1-IntegerProgramasin [49] usevari-
ablesto assignrequestgo toursandthenfor eachtour setsof variablesthatindi-
catewhich arcis usedby a giventour. Thenvariablescanbeaddedthatestablish
additionalconstraintdik e time windows, capacitiesetc. Suchformulationsim-
posea block angularstructureon the matrix of the problem:
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minc{ 21 + c3 Ty + . . . ¢} T

A Ay ... A . b
B, 0 ... 0 xl dy
0 B, ... 0 2> | de
0 0 ... By \™ dy

Z1

X2

>0
Tk

Here each B; expressesonstraintsconcerningonly a single tour, while the A;
connectthetoursby guaranteeinghateachrequesis assignedo atour.

By applying the abore Dantzig-Wolfe decompositiorto the B;, we now get k
polyhedraP; := {z;|B;x; > d;,x; > 0}. Thus,verticescanbe generatedn-
dividually for eachof these- relatively — small polytopes. If for the particular
problemthe constrainton eachtour areequal(identicalvehicles) thenthe P; are
isomorphicandit is sufficientto work with oneof them.

Thus, the PDP hasbeencharacterizeésan assignmenproblem[49]. This as-
signmentproblemcanbe statedasfollows: Let T be the setof admissibletours
for agiveninstanceof the PDP(or VRP) with m requestqr4, ..., r,}. Foreach
tourt € T let s; bethesetof demandsenedby ¢ andlet ¢(¢) denotethe costof
tourt.

Theproblemcannow be statedasa setcoveringproblem:

ProblemA.1.
ChooseasubsetS C T, suchthat( J, . s; = Rand)_, . c(t) is minimized.

This is a very favorablesituationfor a column generationalgorithm, sincethe
lower boundsprovided by the linear programmingelaxationof the setcovering
problemtendto berelatively good,soa solutionof theintegerprogramoftencan
be generatedjuickly by branchandboundtechniquesAlso, the subproblentan
be interpretedas the generationof feasibletours. For heuristics,intuition and
additionalknowledgeaboutthe applicationcanbeusedto generatenly toursthat
seemto befavorablefor the problemat hand.

Thus, the succesf column generationtechniquedor routing problemsrelies
heavily onthis decompositionnto a setcoveringandatour building component.
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A.3 An Application with Reloads

In thetermsof Problem6.2 two new featureshave to be accommodateah order
to make columngeneratiorapplicablefor reloadproblems:A decisiononatrans-
portationplan hasto be madeand suitablearrival and pickup times at the hubs
needto beguaranteed.

This makesdesigninga columngeneratioralgorithmfor reloadproblemsinher

ently moredifficult. To supportthatclaim we presentriefly anapproachdevel-

opedwith Ch. Muesfor the real world instancesdescribedn Chapter8. It is

explainedmorethoroughlyin [39].

The MIP-formulation takes advantageof the obsenation thatin the real world

applicationthereareonly two waysto transporta requestr = (p, d). Eitherit is

transportedirectly ((p, d) € R in theterminologyof Chapters) or it is reloaded
atthehub((p, k'), (h;,d) € R).

The subproblems handledasin othercolumngeneratiorapproache§l?] by a

tour building heuristic. This heuristicworks on the set of admissiblerequests
R¥™ For eachoriginal requesip, d) atour generatedby this heuristicwill sene

atmostoneof (p, h1), (h, ,d) or (p,d) . Theheuristiccreategoursby iteratively

addingstopsto the endof the toursandtries to identify partial toursthatarenot

adwantageoustanearlystage.

Letn = |R| andR = {ry,...,r,}. Lett beatour constructedn the subproblem
with 7 its earliestarrival time at the depot(which doublesashub)andr its latest
departurgime. The mastemproblemcontains3n constraintsLet (v', . .., v*") be

thecolumnconstructedor tourt. andfor 1 < i < n put

; _J1 if (p,ht)or(p,d)ishandledby ¢
" |0 otherwise.

Similarly,
i _ {1 if (hr-,d) or (p, d) is handlecby ¢
0 otherwise.
Finally, put
—7 if (p, h}) ishandledoy ¢

v =dr if (h,d) is handledby ¢
0  otherwise.
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Let v, ...v, denotethe generateccolumnsandc; ... ¢, the costof their corre-
spondingtours. Then,a solution of the following masterproblemdeterminesa
feasiblesolutionof therouting problem:

q
min E C;T;
=1

q
Vi<j<2n: ZUZ:EZ =1 (A.5)
=1
q .
Von+1<j<3n: D vz >0 (A.6)
=1
ze€{0,1} (A.7)

Due to the way the columnsare constructed(A.5) statesthateachrequestimust
besened. (A.6) guaranteethatary requesthatis reloadechasarrivedatthehub
beforeit is carriedon. However, themastemproblemis no setpartitioningproblem
anymoredueto thelatter constraintandbecomesxtremelydifficult to solve.

Anotherproblemis thenumberof possiblenainruns.Currently in theapplication
eachtour cancontainonly onesortof transportonly pre-,mainor milk runs. So,
mainrunshave avery simplestructure startingfrom the consolidatiorcenterthey
usuallyvisit only oneof theplantsandreturnto thedepot.Sincethetime windows
for the delivery arethe samefor all requeststhe only binding constraintdor the
mainrunsarethe capacityconstraints.This leadsto a greathumberof mainruns
of identicalcost. In the testsperformed CPLEX wasunableto obtainaninteger
solutionfor this modelwithin areasonablamountof time (30 minutes).

For this reason,a formulation that resembleghe one for corventionalrouting
problemsmore closely was chosen. We decidednot to generatehe main runs
within the columngeneratiorframework. Insteadjt is only usedto fix milk runs
andpre-runswith eachtour containingonly onekind of requesteitheronly milk
runsor only pre-runs. For pre-runs,the costof a main run is estimatedand a
suitablepercentages addedto the costof the tour. Additionally, a latestarrival
time atthe hubis fixedfor pre-runs.This eliminateshe precedenceonstraintsn
themastemproblemandreducegshe numberof constraintgo n.

The columngeneratioralgorithmyields a solutionwhereeachrequests either
fully handledor transportedo the huh In a subsequengtep,suitablemainruns
areaddedo take thelatterrequestdo their destinations.

This approacHeavesthe compleity of thereloadproblemcompletelyoutsideof
the columngeneratiorandrelieson the structureof theapplicationdatato alarge
extent. Additionally, it cannotcopewith tourscontainingboth directly delivered
request@andreloadednes.
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Up to now, only thefirst stepof this approachs implemented.An initial setof
toursis generatedndthenthe MIP is usedto solve the setpartitioningproblem.
This partialimplementatioralreadygivessurprisinglygoodresultsascompared
to the solutionsprovided by a commercialvendor Computationatesultscanbe
foundin Chapter8 in Table8.3. This researchs carriedon by Ch. Mues.



Appendix B

Equiv alence of RPDP and SDP

We will prove two propositionswvhichtogetheryield Theoremb.2.

In PropositiorB.1, it is shavn thatfrom asolutionof Problem5.1asolutionof the
correspondingRPDPcanbeconstructedThissolutionhastheadditionalproperty
thatthe arcsusedby its tours,togethewith thereloadarcs A, area solutionof
Problem5.1,aswell.

The basicidea of the proof is to partition the arc setS given by a solution of

Problem5.linto paths.eachrepresentingtour. For anarbitrarysolutionthis may
yield tourssharingverticesinside of hubs. Outsideof hubs,this is not possible,
sincea vertex canhave only oneenteringandoneleaving arcin S. Therefore,S

is modifiedto make this decompositiorieasible.

For eachrequest- € R we fix a pathalongwhichit is transportedn S. For each
hub A, if arequests routedthroughh, the lastvertex pj visited beforeentering
the hub andthefirst vertex dj visited afterleaving the hubis determined.These

FigureB.1: Examplefor the Constructiorappliedto thehubvertices
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verticesarecollectedin setsP, andD,. We will saythatavertex v € P, provides
therequests € R for whichv = pj andavertex w € D, disposesherequests
r € R for whichv = dj.

Now, thearcsof S within, into andout of thehubarereplacedy nex ones sothe
partitioninto pathsis feasiblefor theRPDP First,arcswithin thehubandentering
or leaving the hubaredeletedfrom S. Notethatto obtainafeasiblesolution,we
mustaddarcs,sothatfor eachrequest- € R thereis a pathconnectingpj to dj,.
Fromeachvertex in v € P, a pathis constructedrom v to the hub verticesh;
whoserequest is providedby F,. For eachvertex w € D, a pathis constructed
thatendsin w aftervisiting thoseh,” whoserequest- is disposedy w. Together
with thereloadarc (h.", h,) this providesa (p}, dj)-pathfor eachrequest whose
pathusesh.

FigureB.1 shovs anexamplewhere P, (D,) provides(disposesyequests, r,
andr;. Reloadarcsareshavn asdashechrrows.
PropositionB.1. Let(V, A, ¢) and R C A beaninstanceof Problem4.3and5.1.

If S C A is afeasiblesolutionof Problem5.1 of cost K, thenthere is a solution
(T, (I;)rer, T) of Problem4.3 of costnot exceedingk’, suc that A7 U, A(t)
is a solutionof Problem5.1.

Proof Let S C A beasolutionof Problem5.1 whosecostdoesnot exceedK .
SinceR C trans(S), for eachrequest- thereis anr-pathp, in S.

Lethe H

Py :=tail(63 (Hy U Hy))

Dy := head (05 (H; U H;))

Vo := H; UH, UP,U Dy

Ao =[Py x (Hf UH,;)]U (H; UH,;)?U[(H,f UH,;) x Dy
Ry := {r € R|p, containsanarcfrom A,}.

Foreachr € R, let pj bethefirst vertex of 1} visited by p, anddj thelastvertex
of V, visitedby p,. Notethattheseverticesmustbefrom P, and D, respectiely.

For eachv € P, let S§ be a pathstartingin v andthenvisiting the verticesin
{hf|3r € Ry : v = pj}. Foreachv € D, let S¢ be a pathendingin v after
visiting theverticesin {h, |3r € Ry : v = d}. Let Sy := Uyep,up, S0 U A
We claim that (S \ Ag) U Sy is a solutionof Problem5.1. To prove this claim,
we have to show thatthe new arc setis agyclic, hascostnot exceedingK and
R C trans((S'\ Ag) U Sp). Obviously, (5.1)and(5.2) hold.

Acyclicity Assumefor a contradictionthat (S \ Ag) U Sy containsa circuit C.
SinceS is agyclic, C mustusearcsin Sy andby the constructiorof S, must
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visit verticesin both P, and D,. Thus,therearev € Py, andw € D, such
thatthereis a (v, w)-pathin S, anda (w, v)-pathin S\ A,.

v # w, sincePy N Dy = @. (Proof: Assumev € Py N Dy. Thus,v must
beincidentto bothanenteringandaleaving arcfrom S N A,. With respect
to S, v is incidentonly to arcsin A, by (5.1) and(5.2). Thus,v = pj or

v = dj, resp.for arequestr = (p,d) only if v = p orv = d respectiely.

Sincew is incidentto at mostonerequesty cannotbein both P, and Dy, a
contradiction.)

Thereis a (v, w)-pathin S, if andonly if thereis » € R, suchthatv = pj
andw = dj. Sincev # w, a (v, w)-pathmustexistin S yieldingacircuitin
S togethemwith the (w, v)-pathin S\ Ay.

Cost

S\ A) U So) =c*((S\Ao)uAu ] sp)
=S\ Ao) + AN + D (S

=S\ () + D F(SD)

veEPyUDg

Sincect(S) = (S \ Ao) + (S N Ap) we have to shav

FSNA) < > (S

vEPyUDg

Arcsin S N Ay with non-zerocostmustbe incidentto P, or D,. By (5.2)
eachvertex in P, is incidentto exactly oneleaving arcin S. By (5.1) each
vertex in Dy is incidentto exactly one enteringarcin S. Similarly, each
Sy containsat mostonearcwith non-zerocost,namelythefirst or lastone
of the path. Thesearcshave exactly the samecostasthe non-zeroones
in S N Ay by the definition of the routing graph. Therefore,the cost of
(S'\ Ag) U Sy doesnotexceedK .

All requestsare served. For eachrequest = (p, d) thereis anr-pathp, in S. If
this pathusesanarcin Ay, theremustbe botha (p, p})- anda (dj, d)-path
in S\ Ap. By constructiorof S, thereis a (pj, dj)-pathin Sy. Thus,(5.3)
holdsfor (S \ Ag) U S.

Thus, applying the above procedureto eachhubin turn yields a solution S’ of
Problem5.1 of costnot exceedingk .
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Also by (5.1),(5.2) andthe constructiorof Sy

Yo eV: Odn arr(v) <1
YveV: 5;,\AH(U) <1.

ThereforeS’ \ A" is anode-disjointsetof simplepaths.Let thesebethetoursT
in asolutionof the RPDP We canfind requespathsby (5.3).

It only remainsto be shavn thatwe canfind time labelsto satisfy(4.6). Dueto
its agyclicity trans(S’) is a posetandthuscanbe embeddednto a total ordering
< of V(S"). Thus,thereis aninjective embedding : (V,<) — (N, <), i.e. a
homomorphisnirom theverticesorderedoy < into thenaturalorderingof N. Let
6 := (max,ec 4 c(a)) + 1. Puttingr(v) = p(v) - 0 will thensatisfy(4.6). O

To provetheremainingpartof Theoremb.2we needto shawv thata solutionof the
RPDPyieldsa solutionof Problem5.1. Thenthe Theoremfollows from Proposi-
tion B.1.

PropositionB.2 shaws that the arc set given by the tours of a solution of the
RPDPtogethewith thereloadarcscanbe modified,soit constitutesa solutionof
Problem5.1.

Thetransitve closureof thelatterarcsetcontainsk. Additionally, becausef the
time labelsary circuit in this setmustconsistsolely of arcsof zerocost. If this
circuit consistf atour beginningandendingin the sameverte, thistour canbe
replacedby the requestdandledby the tour. Otherwise Jooking at the strongly
connectedcomponent®f (V, A) consistingonly of zerocostarcstheremustbea
hubin the samecomponengasthecircuit. In this casea similar constructiorasin
the precedingpropositioncanbe applied. We deleteall arcsinto, within andout
of the componentdeterminethe verticesproviding anddisposingrequestgo the
componenandhandlethemvia thehuh

PropositionB.2. Let(V, A, c¢) and R C A beaninstanceof Problem4.3and5.1.

If (T, (I;),er, 7) is a feasiblesolutionof Problem4.3 of cost K, thenthere is a
solutionS’ of Problem5.1 of costnot exceedingk .

Proof. Let (W, B) bethesubgraphof (V, A) consistingof all arcswith zerocost.
We usethefollowing lemmathatis provedbelow:

LemmaB.3. Let(V, A, c) and R C A beaninstanceof Problem5.1.
If thereis anarc setS, su that

1. R C trans(S).
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2. Foranyv € V [0g, 4u (v)| < 1 and|dg, 4u(v)] < 1.

3. Anycircuit of S lies completelywithin one strongly connecteccomponent
of (W, B).

4. n > 0 stronglyconnectedomponentsf (1, B) containa circuit of S.

Thentheris anarc setS’, sud that

1. R C trans(5').

2. Foranyv € V |65, ,u(v)] < 1land|d

S () < 1.

;I\AH
3. Anycircuit of S’ lies completelywithin one strongly connecteccomponent
of (W, B).

4. n — 1 stronglyconnecteccomponentsf (17, B) containa circuit of S’.

LetS := AT U, A(t).

Note thatdueto thetime labelsa circuit in S canonly consistof arcsof cost0.
Sinceacircuitis astronglyconnectedgubgraphit mustlie completelywithin one
of the stronglyconnectedcomponentsf (W, B).

Thus, S satisfiesthe conditionsof LemmaB.3 and the propositionfollows by
induction. O

Proofof LemmaB.3. Let C beacircuitin S and(W,, B,) the stronglyconnected
componendf (W, B) thatcontainsC'.

Now, if (W, Bo) NUpenl(Hy x Hy, )U(H, x H;)] = 0, thenC mustbeasingle
tourof S by condition2 of thelemma.Thereforejf onevertex of arequest € R
is visited by this tour, the requesimustbe fully handledby thetour. ¢(r) = 0 by
the triangleinequality In this casewe eliminateC from S andaddthe handled
requestrcsinsteadS’ := [S\ C]U[RNtrans(C)]). Repeatinghisprocesdor all
circuits within (s, By), reduceghe numberof strongly connecteccomponents
of (W, B) containinga circuit by oneandthusyieldsanarcsetasclaimed.

Otherwisetheremustbeahubh suchthat(H," x H, )U(H,, x H; ) C By, since
thesearcshave zerocost.

Vo := tail(5& (Wo)) U head (65 (Wo)) U Wy
Ay = [tail(5& (Wo)) x Wo] U (Wy x Wo) U [Wy x head(dg (Wy))]

SinceR C trans(S), for eachrequest- € R thereis anr-pathp, in S.
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Let Ry C R bethesetof requestssuchthatp, containsanarcfrom Ay, i.e. r is
routedthrough (W, By). For eachr € R, let pf, bethefirst vertex of 1} visited
by p, anddj, thelastvertex of V; visited by p,..

Py = {py|r € Ro}
DO = {d6|7' € R()}

For eachv € P let S§ be a pathstartingin v andthenvisiting the verticesin
{h}|3r € R: v =p}}. Foreachv € D, let S{ beapathendingin v aftervisiting
theverticesin {h|3r € R : v = d}. Now put

So=|J sSyuaf
veEPyUDg

S, = (S\A()) US()

This eliminatesthecircuitsin (W;, By).

Finally, we haveto showv that R C trans(S’). Letr = (p,d) € R. Remembethat
thereis anr-pathp, C S. If this pathdoesnot usearcsfrom Ay, p, C S’ aswell.
Otherwisethereis a (pj, dj)-pathin Sy. If p # pf, thenthereis a (p, pj)-pathin
S\ Ayp. If d # dfj, thenthereis a (dj, d)-pathin S\ A,. O
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Deutsc he Zusammenfassung

Das wachsendékologischeBewusstseingebensaowie die Uberlastungder Ver-
kehrsinfrastrukturhabendasinteressenintermodalerStratgienim Gltertrans-
port bestindig wachsenassen Allerdings stellt die taktischeund operationelle
PlanungdieserTransportlettenganzneueAnforderungenlm kommerziellerBe-
reichwerdenPlanungstools$ur die rechnegestitzte OptimierungsolcherAufga-
bennochnichtangeboten.

In dieserArbeit werdenPickup and Delivery Problememit Umladendglichkeit
modelliert,die EigenschaftedieseModelleuntersuchtind Algorithmenzur Lo-
sungderProblemevorgestelltundgetestet.

Zunachstwerdenhierzuklassischdroutingproblemeorgestellt. Dabeihandeltes
sichum dasTravelling SalesmarProblem,dasVehicle Routing Problem(kapa-
zitiert und mit Zeitfensternund dasPickupandDelivery Problem(PDP).Dabei
wird auchjeweils kurz auf die komplexitatstheoretischei&igenschafterdieser
Problemeeingagangen.

NacheinemUberblickiberTransportproblemalie Hubszur Konsolidierung/on
Guternvorsehenentwickeln wir ein sehreinfachesModell fur Routingprobleme,
bei denendie Guter wahrenddes Transportsan speziellenHubs umgeschlagen
werdenkdnnen.Bei solchenProblementretenmehrereSchwierigleitenauf, die
beiklassischerRoutingproblememicht vorkommen:

e Eskannsinnvoll sein,einenHub mehrmalsanzughren.

e Wie ein Auftrag transportiertvird, ist aufgrundder Tourennicht eindeutig
festgel@t.

e Esmussgarantiertwerden,dasskeine deadlo&-Situationenauftreten bei
denendie TourenandenUmschlagpunkteaufeinandewarten.

Zur FormulierungdesProblemswird zunachstein sog. Routinggraph definiert,
der fir jedenUmschlagpunkimehrereKopien entralt. Das Pickup and Delive-
ry Problemwith Reloads(RPDP)wird dannauf diesemGraphendefiniert. Die
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LosungdiesesProblemsbestehtausden Touren,die gefahrenwerdenmiissen,
und denWegen, auf denendie einzelnenAuftragetransportierwerden.Zudem
muss die Losungfur jedenStopangebenwanner angefhrenwird. Bereitsdiese
einfacheProblementhalt dasPDPals Teilproblemundist daher\/ P-vollstandig.

Um dasModell bessemntersucherzu kbnnen,vereinfachenwir es,indemwir
zeigen,dasssich ausden Tourenallein, die beidenanderenKomponenterder
LosungeinesRPDPberechnerassenWir fuhrendanndasS-Diagram Problem
(S-DP) ein, daseine VerallgemeinerunglesRPDPdarstellt.Ein Spezialall des
S-DP ist dassog. SteinerDiagram Problem (SDP), dasals Zwischenformvon
anderenSteinerproblemeinterpretiertwerdenkann. Das SDP ist N'P-schwer
selbstwennkeineHubknoternvorhandersind. Wir zeigen,dasssichdasS-DP in
polynomiellerZeit I6senlasst,soferndie Anzahl der Auftragedurch eine Kon-
stantebeschéanktist. Zudemlasstsich dasSDP approximierenwennmaneine
Vervielfaltigungder Hubknotenerlaubt.Danachfiihrenwir dask-StarHub Pro-
blem(k-SHP)ein.Diesedasstsichalsein Umladeprobleninterpretierenbeidem
die ToureneinesehreinfacheForm habenundfirr jedenAuftrag nur entschieden
werdenmuss,ob und an welchemvon k& Hubs er umgeladenverdensoll. Wir
zeigen,dasssich diesesProblemeffizient [6senlasst,sofernnicht mehrals zwei
Umladepunktevorhandersind. Fir drei und mehrUmschlagpunkteist es N P-
schwer

Im zweitenTeil der Arbeit wird die Brauchbarkit desRPDPfir Anwendungs-
problemeuntersuchtWir entwickeln hierzueine Formulierung,die sich starker

an ublichen PDPsorientiert. Hierbei wird zurachstfir jedenAuftrag ein sog.

Transportplarerstellt,der festlegt an welchenHubsundin welcherReihenfolge
der Auftrag umgeladernwerdensoll. Dasresultierendd’roblemist ein PDP mit

Nachfolgebedingungean den Hubs, die garantierendassein Auftrag am Hub

angelommenist, bevor er weitertransportierwird. DiesesModell wird dannum

Kapaziaits-und Zeitfensterbedingungamdein Depoterweitert,um einegrol3ere
Anwendungsahezu erreichen.

Wir gebendanneinekurze Einfuhrungin lokale Suchalgorithmemnd diskutie-
renverschiedendoglichkeiteneine solcheHeuristik fur Umladeproblemeuf-
zubauenSchliel3lichstellenwir eineTakbusucheheuristikiir die Umladeprobleme
vor. Zur FestlgungeineserstenTourenplansverwenderwir dask-SHP. Mit die-
semerstellenwir eine StartbsungdurchiterativesEinsetzernvon Auftragen.Die
verwendetéNachbarschaftsbeziehuisj sehreinfach,einzelneAuftragewerden
ausdenTourenentferntund neueingesetztDabeikanndie Umladestratgie des
Auftragsgeandertwerden AulRerdenwird derHeuristikermdglicht, Tourenzeit-
weisezu iiberladenDie Straflostenfiir dasUberladenwerdendabeidynamisch
angepasstjm eineguteMischungvon zulassigerundunzuBssigernrourenpénen
zu erreichen.Zudemwerdenin einem Diversifizierungsschritgrol3e Teile der



Ldsungzeitweisefestgehaltenym grundlggendeAnderungerderrestlichenAuf-
trags\erteilungzu erreichen.

DieseHeuristikwurdeimplementiertund anverschiedene®atensitzengetestet.
Dabeihandeltessichum zwei Gruppenvon kiinstlichenProblemensolchenmit
sehreinfacherStruktur und zufallig erstellte,und um einige Instanzenausder
Automobilindustrie Wir stellendie Ergebnissevor und diskutierensie. Fur die
realworld-Instanzerexistiert ebenélls einemit Ch. Muesentwickelte Spaltenge-
nerierungsheuristikovie LosungereineskommerziellenAnbieters Dieserlaubt
einenVemleichauchmit durchandereverfahrenerzieltenErgebnissen.






Kurzzusammenfassung

DieseArbeit untersuchiRoutingproblemepei denendie Guter an sog. Conso-
lidation Centernumgeladerwerdendurfen. Hierzu wird ein einfachesModell
entwickelt, dasPickup and Delivery Problemwith Reloads(RPDP),dassolche
Vorgangeabbildenkannundsichfir verschiedendnwendungererweiternlasst.

KombinatorischdJntersuchungezeigen,dassdasRPDPin polynomiellerZeit
|losbarist, wenndie Anzahlder AuftragedurcheineKonstantdoeschénktist. Zu-
dembetrachtemwir einebesonderginfacheForm desRPDR dask-StarHub Pro-
blem Dieseslasstsich effizient mit Netzwerkflussmethodeldsen,sofernnicht
mehralszwei Hubsvorhandersind,andernélls ist esNP-vollstandig.

Im zweitenTeil der Arbeit wird gezeigt,wie sich weitereBedingungerin unser
einfachedVlodell integrierenlasserundeineTalusucheheuristikir daserweiter
te Modell vorgestellt.DieseHeuristikwurdeimplementiertundanverschiedenen
Beispielinstanzegetestetim Anhangdiskutierenwir eineAnwendungvon Spal-
tengenerierungsmethodéir dasRPDP

Abstract

We examinerouting problemswith reloadshow they canbe modeledtheir prop-
ertiesandhow they canbe solved. We proposea simple model, the Pickup and
Delivery Problemwith Reloads(RPDP),that capturesthe processof reloading
andcanbeextendedfor realworld applications.

We presentesultsthatshowv thatthe RPDPIs solvablein polynomialtime if the
numberof requestss boundedoy a constant Additionally, we examinea special
caseof the RPDR the k-Star Hub Problem This problemis solvableefficiently
by network flow approached no morethantwo hubsareavailable. Otherwisejt

is N'P-complete.

In the secondpart of this thesis,additionalconstraintsare incorporatednto the
model and a taku searchheuristicfor this problemis presented.The heuristic
hasbeenimplementecandtestedon severalbenchmarkingnstancesboth artifi-
cial andareal-world application. In the appendix,we discussthe applicationof
columngeneratiorfor areloadproblem.
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