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vorgelegt von

PeterOertel
ausNeuburg anderDonau
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Chapter 1

Intr oduction

Worldwide, the cost of distribution logistics is enormous. It is estimatedthat
transportationaccountsfor 15 % of theUS grossnationalproduct[32] anddis-
tribution alonefor morethan45 % of the total costof logistics[15]. On top of
that,societyis beginningto feel thetoll incurredby modernproductionandser-
vice logistics.Justastheecologicalrepercussionsof mobility arebeginningto be
recognized,rising fuel pricesmake investmentsinto logisticsmanagementseem
moreworthwhilethaneverbefore.

As moreandmorecompaniesrely on IT-basedproductionandinventorycontrol,
thedatato baseoptimizationon hasbecomeeasyto access,aswell. On theother
handcomputerprocessingtime hasbecomecheaperandcheaper. Therefore,in
logisticsthedemandfor improvedoptimizationmodelsandalgorithmshasbeen
increasingfor yearsnow andis likely to becomeevengreater.

Routing applicationshave beenattractive to researcherssincethe beginning of
moderncombinatorics.Sincemany of theseproblemsarecomputationallyhard,
in the majority of casesapplicablealgorithmscan be achieved only by careful
comprehensionof thepeculiaritiesof theparticularapplication.This hasleadto
thedevelopmentof a rich assortmentof modelsandalgorithmicalapproachesin
thefield of vehiclerouting.

Among the many strategies proposedto managetransportationresourcesmore
efficiently arethesocalledintermodaltransportationstrategies. They arebased
ontheideaof integratingdifferentmodesof transportation,sothateachcarriercan
exert its particularadvantages.As anexample,trucksarebettersuitedfor flexible
pick upsanddelivery to customers,while trainsprovide cost-effective meansof
transportationover long distances.By reloadinggoodsat socalledconsolidation
centers,asingletransportjob cantakeadvantageof bothmeansof transportation.
However, reloadingis a big managementchallengesinceefficiency andviability
of this operationis crucialfor theeconomicalpay-off.
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2 INTRODUCTION

From an operationsresearch(OR) perspective, large shippingcompanies,e.g.
postalservices,facesimilar problems.For themit is customaryto reloadgoods
alongtheway, i.e. goodscanbedroppedoff at socalledhubsandthenhauledon
by anothermeansof transportation.

Modelingsuchproblemsfor ORpurposesis oftendoneby anextremesimplifica-
tion of theallowedstrategies. For example,in theHub LocationProblem(HLP)
eachcustomeris assignedto a hubandthenall traffic to andfrom thatcustomer
is routedthroughthat hub. Furthermore,shippingcostsareusuallyassumedto
dependlinearly on the amountof the transportedgoods[40, 48]. Due to these
roughapproximations,thesemodelshavemostlybeenrestrictedto supportstrate-
gicaldecisionmakingonly. As companiesareconstantlyseekingto improvetheir
planningmethodsandtransportationstrategies,moredetailedmodels,whereeach
requestcanberoutedindividually, needto bestudied[25, 39].

Suchapproachesalsoholdnew challengesfor operationsresearch.Most conven-
tional routing problemsassigneachtransportationrequestto a certainmeansof
transportation,at thesametime providing anoptimalschedulefor eachresource.
They canbeinterpretedasresourceallocationproblems, becausefor afixedallo-
cationof therequests,theroutingof eachresourceis independentof theothers.

This propertydoesnot apply to reloadproblems.Sincea requestcanswitchcar-
riers,toursmustinteract.This facthasto bereflectedin themodels.

In this thesis,we examinehow routingproblemswith reloadscanbemodeledin
orderto make themaccessibleto algorithmicsolutionstrategies. We presentour
own models,discusstheir combinatorialpropertiesandshow how thesecanbe
exploitedin solutionalgorithms.

In thefirst partof this thesis,theoreticalaspectsof reloadingwill bestudied.To
putreloadproblemsinto perspective,existingtransportationproblemswill besur-
veyedfirst. Thenabasicmodelfor reloadproblemsis introduced.Sincethemodel
is of averygeneralnature,it canbeassumedthatit hasawiderangeof applicabil-
ity. This modelwill beanalyzedin termsof combinatorialcomplexity. This will
show that reloadproblemspresentsomealgorithmicchallengesnot encountered
in conventionalroutingproblems.

The secondpart is devotedto algorithmsfor practicalapplications.We startby
showing how additionalconstraints,like vehiclecapacityandtime windows,can
beincorporatedinto thebasicmodelto makeit applicablefor realworld problems.
Themostsuccessfulroutingheuristicsnowadaysapply local searchandcolumn
generation.We presenta local searchheuristicthat we have implemented.The
heuristicwastestedon variousartificial problemsaswell asa realworld applica-
tion. In theappendixaheuristicbasedoncolumngenerationwill bediscussed,as
well.



Chapter 2

Definitions

Andif youcan’t saywhatyoumean,
youcannevermeanwhatyousay—
anda gentlemanshouldalwaysmeanwhathesays.
PeterO’Toolein TheLastEmperor

Our notationis fairly standardasin [3] and[17].

2.1 Sets

Let � beany set.

We will denotethepowersetof � by �����
	 or ��� . Thesetof all subsetsof � of
cardinality 
 , wedenoteby �������
	 or � � ��� . ������� means������� and ������ � .

A setsystem
� ���
���
	 over � is calleddownward, if whenever ��������� � , also����� � .

For any set  !� " � !$#&%&')( and *
 " � *�#&%&')( .

2.2 Graphs

2.2.1 Basics

Therearetwo typesof graphs:directedandundirectedones. In this thesisonly
simple(un)directedgraphs( + -graphs)will bedealtwith, i.e. betweentwo vertices
thereis at mostoneedgeresp.arc.
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4 DEFINITIONS

Undir ectedGraphs An (undirected)graph , is anorderedpair ��-/.102	 , with -
anarbitrarysetcalledthenodesetand 03�4�657��-8	 calledtheedgeset. Conform-
ing to convention,wewill denoteanedge9;:�.=<?>@�A0 by �B:C.D<E	 .
If 0 � �657��-2	 , , is alsocalleda completegraph.We will say <A�F- is incident
to G@�A0 if <H�IG .
Let JK�L0 . -H�BJ8	M" � 9;:�.=<N�O-QPR�S:�.=<T	U�VJW> �YX J bethesetof nodesincident
to someedgeof J . For any <Z�[- we denoteby \E�B<E	W�]0 the setof arcs < is
incidentto., � ��- � .10 � 	 is calledasubgraphof , if - � �[- and 0 � �40F*^�657�_- � 	 . A graph
is called ` -regular if for all 
V�AabP \T�S
6	;P � ` .
Digraphs A directedgraphor digraph , is anorderedpair �_-
.Dcd	 , with - an
arbitraryset,thevertex setand cY��-KeA- , thearc set. If c � -KeA- , then , is
calledacompletedigraph.

Arcs of the form �S<�.=<T	 arecalled loops. Note that loopsareoften forbiddenin
simplegraphs.However, in this thesis,we dealmostly with acyclic arc setsso
loopsareautomaticallyforbiddenin thesesets.Our resultshold for graphswith-
out loops,aswell, andwe do not remove themfrom our graphsout of notational
convenience.

For an arc �B:C.D<E	A�]c , we will call < its headand : its tail. This is denoted< �[fhgji�k �S:�.=<T	 and : �4l1i7mon �B:C.D<E	 .
Let , � �_-
.Dcd	 be a digraphand p �qc . -r�BpW	s" � 9;:C.D<��t-QPu�B:C.D<E	H�tpv> .
We will say that p is transitivelyclosedif �B:C.D<E	w�3p and �B<?.Dxd	w�3p imply�B:C.Dxy	��Ap . If c is transitively closed,wedefinethetransitivehull of p :lDz=i�{h| �BpW	U" �[} 9�~���- 5 P�~ is transitively closedand p���~�>��
Thus, lDzDi7{h| �BpW	 is the minimum transitively closedset containing p . For any<H�O- wedenoteby \��� �B<E	 (resp.\��� �B<E	 ) thesetof arcsin p with head(resp.tail)< . \ � �B<E	d" � \ �� �S<T	 and \ � �B<E	d" � \ �� �B<E	 . \ � �S<E	 arethearcsentering < , \ � �S<T	 the
arcsleaving < . \E�B<E	d" � \ � �S<T	�!A\ � �B<E	 . We will saythat < is incidentto thearcs
in \T�S<T	 andthat < is incidentwith respectto p to thearcsin \7�� �B<E	�!I\��� �B<E	 . For
a setof vertices� �[- , wedefine \ � ���Y	�" ��X�� %�� \ � �B<E	C* XW� %&����� \ � �B<E	 the
setof all arcswith headin � andtail in its complement.Similarly, \ � ���Y	W" �X � %&� \ � �B<E	�* X � %&����� \ � �B<E	 the setof all arcswith tail in � andheadin its
complement.Wecall \E���Y	�" � \ � ���Y	T!W\ � ���Y	 thecutdefinedby � . A digraph, is connectedif no cut of , is empty. A digraph �_-
.=cy	 is stronglyconnected
if for any � ��-3\ � �_�t	Q���� and \ � ���Y	���q� . A componentof a graphis a
maximumconnectedsubgraph.A stronglyconnectedcomponentis a maximum
stronglyconnectedsubgraph.



Graphs 5

, � ��-@�o.Dc��u	 is calledasubgraphof , if -y����- and c�����c .

A digraph ��-/.Dcd	 with function ��"2c �   � on the arcs is also denotedby�_-
.=c8.1�¡	 . For transitively closeddigraphs,a function ��"�c �   � satisfies
the triangle inequality if for any �S:�.=<�.=xy	��¢-£�=�S:C.Dxy	¤�¥c ¦ �7�B:C.Dxy	¤§�7�B:C.D<E	©¨F���S<?.Dxy	ª	 .
2.2.2 Paths

Pathscan be definedfor graphsand digraphs. We will needpathsmostly for
digraphs,thereforewestartwith them.

Let �_-
.Dcd	 be a digraph. A path « of length 
 is a sequenceof arcs « ��B¬T­®.&�&�&�®.1¬���	 , suchthat for any +�§°¯w±²
 fhgji�k �B¬�³´	 �°l1i7mon �_¬�³ � ­ª	 . We say «
visits a vertex <L��- if thereis ¯ with fhgji�k �_¬�³´	 � < or l1i�mµn �B¬�³S	 � < . In our
simplegraphsapathis completelydeterminedby thesequenceof verticesit visits�S<�³´	1­�¶�³o¶�� � ­ ( <;³ �4l1i7mon �_¬�³S	·.D<;� � ­ ��fhgji�k �_¬���	 ). -r�B«8	�" � 9;<�­®.&�&�j�¡.D<;� � ­D> .
A simplepath is a pathsuchthatno vertex – exceptpossiblyfor thefirst andlast
one– is visited twice. If not indicatedotherwise,we alwaysmeansimplepaths
whentalkingaboutpaths.

A simplepathis completelydeterminedby its arcset c2�_«)	 � 9�¬T­®.&�&�j�j.1¬��¸> . We
saythat « contains¬H�wc if ¬H�Ic2�_«)	 .
Wewill usethedifferentrepresentationsof pathsinterchangeably.fTg&i�k �B«8	U" �Lfhg&i�k �B¬���	 ( l1i�mµn �_«)	M" �[l1i7mon �_¬T­=	 ) is calledthehead(tail) of « . If for a
simplepath « fhg&i7k �_«)	 �Ll1i7mon �_«)	�« is calleda (directed)circuit. We will say «
is a �S:�.=<T	 -path if fhgji�k �_«)	 � < and lDi�mon �_«)	 � : .

In undirectedgraphs,a pathis a sequenceof edges« � �_G7­·.&�j�&�j.1G&¹&	 , suchthat
eachedgein thesequencehasoneendpointin commonwith its predecessorand
theotherendpointin commonwith its successor. -r�B«8	�" � -r��9�G7­·.&�&�j�j.1G&¹�>7	 is set
of verticesvisitedby « . A simplepath is a path,suchthateachvisitedvertex is
incidentto at mosttwo edgesof thepath.

A Hamiltonianpath is a simplepath « with -H�B«8	 � - . A circuit is a connected� -regularsubgraph.A cycleis anedge-disjointunionof circuits. A Hamiltonian
circuit or – by abuseof language– aHamiltoniancycleis acircuit º with -r�_º)	 �- .

To determinewhetheragivengraphcontainsaHamiltonianpathor aHamiltonian
circuit is an »�¼ -completeproblem[17].

Let « � �B<;³S	D­�¶�³o¶�� and ½ � �B:¸¾®	1­�¶7¾·¶�¿ ( ÀÁ§�
 ) bepaths.½ is calledasegmentof« , if thereis Â suchthatfor all `r�Z9�ÃT.&�&�j�¡.D
8ÄwÀI>MÅ¡¹ �FÆ ¹ �hÇ . ½ is asubsequence
if « , if thereis `Q"?9�+�.&�&�&�®.DÀI>)� 9�+�.&�&�&�È
É> with ¯�§¤Ê^¦ `��B¯�	M±[`©�µÊ¸	 , suchthat



6 DEFINITIONS

for all ¯��Ë9�+�.&�&�&�¡.DÀI>�Å¡³ �ÌÆ ¹¡ÍÎ³RÏ .
2.2.3 Posets

A posetis anirreflexive,transitivebinaryrelationonaset.Sinceall of ourgraphs
are simple, thereis a naturalisomorphismbetweenour digraphsand setswith
binary(irreflexive if loopsareforbidden)relations.

Therefore,thefollowing definitionsagreewith thestandardones.A setof arcsis
calledacyclic if it containsno circuit. An acyclic, transitively closedsetof arcs
is calleda poset. An arcset c � containsa transitivearc if thereare :C.D<?.Dxt�Ðc � ,
suchthat �S:�.=<T	·.;�B<?.Dxd	®.;�S:C.Dxy	$�Ac � . An acyclic arcsetwithout transitivearcsis a
Hassediagram.



Part I

Theory
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This thesiswill focuson routingproblemswith reloads.In thefirst partwe will
show how theseproblemscanbe modeledandexaminethecomputationalcom-
plexity of suchmodels.Thus,wewill stresswhatsetsreloadproblemsapartfrom
themore“classical”routingproblemsin theliterature.

Routing problemshave found a broadrangeof applicationsand thereforecan
take many vastlydiffering forms. Therefore,we will give a brief introductionby
presentinga few of themostimportantroutingproblemsin Chapter3. Thenwe
proceedto discusshow problemswith reloadsdiffer from theseclassicproblems
andgive a first formal model. This modelwill beof a very simplenature,since
it containsonly the most basicconstraintsneededto formalize the processof
reloading.This restraintseemsadvantageousboth to emphasizethenew aspects
introducedby reloadsandto makethemodelaccessibleto combinatorialanalysis.
Wewill extendthemodelin Chapter6,whenweshow how realworld applications
canbehandledwith our model.Thefinal Chapter5 of thefirst partthenpresents
our resultson thecomplexity of themodel.





Chapter 3

Classic Routing Problems

As a brief introductionto routing problemsandthe constraintsmostcommonly
facedin theseproblems,wepresentthreeof themostwidely known transportation
problems: the Traveling SalesmanProblem,the Vehicle Routing Problemand
the Pickup and Delivery Problem. This discussionalso servesas a motivation
for our modelsfor reloadproblemsandto highlight theconnectionsbetweenthe
problems.

3.1 Traveling Salesman Problem (TSP)

The term “routing problem” is usedfor optimizationproblemswherea set of
clientshasto be visited in the cheapestpossibleway. The TSPis certainly the
bestknown routingproblem.EventhoughtheTSPlacksa lot of detail,barringit
from immediatelybeingusedin realworld applications,it occursasasubproblem
in numerousmoreelaboratemodels.This is probablyoneof the reasonsfor the
vastamountof literatureit hasspawned[33].

The nameTSPhasbeenderived from the following question:A salesmanmust
visit a setof citiesandthenreturnto thestartingpoint. In which ordershouldthe
citiesbevisitedto minimizethelengthof theroundtrip?

Problem3.1(TSP [17]).
Instance Givenis acompletegraph , � �Ba�.108	 with non-negativecostfunc-

tion �d"�0Y�   � on theedges.

Question Find a Hamiltoniancycle Ñd��0 for , , suchthat ÒLÓ %¡Ô ���BG;	 is mini-
mized.

The TSP can be interpretedas the weightedversion of the decisionproblem
whethera graphhasa Hamiltoniancycle. This immediatelyimplies its »�¼ -

11



12 CLASSIC ROUTING PROBLEMS

completeness[17]. In mosttransportationproblemsonecentralgoal is to mini-
mizetour length,eventhoughtheconstraintsanddefinitionof feasibletourswill
varyandadditionalgoalsmaybemoreprominent.

Modelsfor realworld applicationsoftenareextensionsof theTSP. Wewill present
twoof themostimportantonesin thefollowing. Thefirst one,theVRP, introduces
additionalconstraintson the tours,while thesecondone,the PDP, broadensthe
notionof “customer”.

Remark3.2. [Graphsfor RoutingProblems]An integralpartof any transportation
problemis theunderlyingnetwork andits distancematrix. Throughoutthis thesis
wemakea few assumptionsaboutthesenetworks:

1. Themodesof transportationcanalwaystravelbetweensitesalongtheshort-
estpaths,thusfrom now on wewill assumethatthenetworksarecomplete
andthe triangle inequalityholds. The costof transportationbetweentwo
sitesis nevernegative,sotheedgeresp.arcweightsarenon-negative.

2. Therelativedistancebetweensitescannotbemeasuredwith arbitraryexact-
ness.Whendeterminingthecomputationalcomplexity we would alsolike
to avoid thedifficultiesinducedby computingirrationalsonfinite precision
machinesandrationalcostscanalwaysbe multiplied by a suitablefactor
to obtain integer costs. Therefore,the costof transportationbetweentwo
verticesis givenby acostfunctionon thearcset �Õ"�c[�   � .

NotethattheTSPremainshardevenif theunderlyingnetwork satisfiesall of the
above restrictions.Although it is not mentionedexplicitly, this canbeseenfrom
thereductionto theHamiltonianCircuit Problemfoundin [17].

3.2 Vehic le Routing Problem (VRP)

In many applicationsmorethanonevehicleis requiredto visit all clients.This is
oftendueto additionalconstraintsthatrestrictthenumberof customersvisitedby
a singletour. Adding theseconstraintsextendstheTSP. Suchgeneralizationsare
summarizedundertheterm“VehicleRoutingProblems”(VRP).

It is certainlynot possibleto survey thewholerangeof VRPsin this shortintro-
duction(seee. g. [22,32]). Instead,wewill concentrateontwoproblemsthatcon-
stitutethebasisof many problems,namelytheCapacitatedVehicleRoutingProb-
lem(CVRP)andtheVehicleRoutingProblemwith TimeWindows(VRPTW).
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CapacitatedVehicleRouting Problem (CVRP) In theCVRP, eachcustomer
hasan associated“load”. To serviceall customerswe canemploy not only one
but severalvehicles,eachequippedwith a certain“capacity”. Theadditionalre-
strictionsstate,that eachvehiclecanvisit a subsetof the customersonly if its
total customerloaddoesnotexceedthevehiclecapacity. Sincethecostof getting
to thefirst customerof a tour andreturninghomeafter the lastcustomerusually
cannotbeneglected,VRPsintroducea “depot”, whereeachtour hasto startand
to end.In theTSP, thestartingpointof theroundtrip hasno impacton theoverall
tour length. For theCVRP, we mustspecifya special“depot”-nodeanddemand
thateachtourvisits thisnode.

Problem3.3(CVRP).
Instance Given º3�O  � , thecapacityanda completegraph , � �_-
.D02	 with

non-negative weight function x3"�-]�   � on thenodes(Ö�<A�F-q"x2�B<E	�§4º ) andnon-negativecostfunction �d"�0t�   � ontheedges,
anode×�Ø��V- is designatedasthedepot. -ÌÙ�9�×�Ø¡> will becalledthe
setof customers.

Question Find asetof circuits ~ , suchthatÚ
ÔÛ%¡Ü

Ú
Ó %jÝ6ÍÎÔÞÏ �7�_G;	 is minimized

ß
ÔÛ%®Ü -v�SÑª	 � - (3.1)

Ö�ÑU�w~L" ×�Ø��V-r�´Ñª	 (3.2)

Ö�ÑU�w~L" Ú� %&�©ÍàÔÞÏ x2�B<E	�§4º (3.3)

(3.1)guaranteesthatall customersarevisitedby sometour, theloadof thevertices
in a tour maynot exceedthecapacity(3.3)andall toursmuststartandendat the
depot(3.2).

Obviously, theproblemto determinethe numberof toursnecessaryto solve the
CVRP, is »[¼ -completein itself. It is a Bin PackingProblem(BPP)[17]. Even
thoughthe BPPis »�¼ -completein the strongsense,in practiceeven large in-
stancescanoftenbesolvedby enumerationstrategies.Still, theadditionof capac-
ity constraintsmakesthesearchfor anoptimalsolutionof theVRP muchharder.
Today, TSP-instancescontainingseveral thousandverticescanbe solved in ac-
ceptabletimeby branch & bound-methods.For theCVRPthisnumberreducesto
about70 to 100[4].
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Remark3.4. [Cost functions]To keepour discussionasfocusedaspossible,we
will pursuethegoalof minimizing thetotal tour lengthin all of our problemsfor
the restof this thesis. In applications,thereareoftenmany alternative measure-
mentsof cost,we will briefly discussadditionalcostfactorsfor reloadproblems
in Chapter6.

Vehicle Routing Problem with Time Windows (VRPTW) Another reason
that often enforcesthe useof more thanonetour aretime windows. Eachver-
tex is equippedwith an interval statingwhenit canbevisited. For the tours,we
now needto determineaservicetimefor eachvertex, sothattravel timesaretaken
into accountandthecustomersvisitedwithin their time window. Sincethetours
arenode-disjoint(exceptfor thedepot),wecanassociatetheservicetimewith the
verticesdirectly. For the sake of simplicity, we assumefor now that travel time
andcostareidentical.

Timewindows introducea senseof directednessinto our problem,sinceweneed
to be carefulin which orderthe customersarevisited. Thus,we switch to a di-
graphfor thenetwork.

Problem3.5(VRPTW).
Instance Givenis acompletedigraph, � ��-/.Dcy	 with timewindow functionsÂ�.D:L"�-¢�   on the vertices( Ö�<��t-£"ÌÂÈ�B<E	r§q:É�B<E	 ) andnon-

negativearccosts�)"¸cY�   � , a vertex ×�Øy�Z- is designatedasthe
depot.

Question Find asetof directedcircuits ~ and á�"¸-Y�£  suchthatÚ
ÔÛ%®Ü

Ú
â % ��ã Ôåä �7�_¬¸	 is minimized

ß
ÔÛ%¡Ü -r�SÑª	 � - (3.4)

Ö�ÑU�w~L" ×�Ø��V-v�SÑª	 (3.5)Ö�ÑU�w~L"MÖ$�S:C.D<E	��wÑCÙ�\T�B×�Ø·	�" á6�B:�	6¨��7�B:C.D<E	�§�á6�B<E	 (3.6)Ö�<H�O-æ" ÂÈ�B<E	U§�áC�S<T	U§�:É�B<E	 (3.7)

(3.4) and(3.5) againguaranteethatall customersareservedandeachtour starts
andendsat thedepot.(3.6)makesthetimestampsobey thetravel timesand(3.7)
checksthatthedelivery timesarewithin theallowedinterval.
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Timewindow constraintsmaketheroutingproblemalot harder. To merelydecide
whethera feasiblesolution exists for a given instanceof the VRPTW is »�¼ -
completeif a boundon the numberof vehiclesis given [45]. Thereare many
different forms of the VRPTW. For examplethe time windows can consistof
not only onebut severaladmissibleintervals. We will presentmoregeneraltime
window constraintsin Chapter6.

Notethat in boththeCVRPandtheVRPTW, we coulddropthedepotandallow
toursto bearbitrarypathsinsteadof circuitswith noimpactonthecomplexity. We
haveusedtheaboveformulations,sincethey aretheonesmostcommonlyusedin
theliteratureandalsoto make theproblemsmoreplausible.In theformulationof
thefinal problemof thischapter, we will droptheseconstraints.

3.3 Pickup And Deliver y Problem (PDP)

Our lastclassicroutingproblembroadensthenotionof “customer”from theTSP.
Insteadof simply by vertices,eachcustomeris now representedby a transporta-
tion requestwith a startandanendvertex. Eachtour mustserviceoneor several
of theserequests.

Givenaretwo disjoint setsof customerlocations,thosewheregoodsarepicked
up « and thosewherethey are deliveredto ç . Eachtransportationrequestis
a pair è � � Æ .1×¸	Ë�é«êe�ç . For the sake of simplicity, we will assumethat
for eachrequesttherearetwo verticespresent,i. e. for any � Æ .1×¸	®.�� Æ �o.1×��u	v�Lë� Æ .1×¸	v�� � Æ �´.1×��u	Õ¦ � Æ ���Æ �¸ìO×F�� ×��u	 . This is merelya notationalconvenience,
sincewe canmultiply theverticesof thenetwork if necessary. Thevertex setof
thebasenetwork is composedof thepickupanddeliveryvertices.

Problem3.6(PDP).
Instance Givenacompletedirectedgraph, � �_«F!sçw.Dcy	 , astrictly positive

costfunction �d"�c[�   � on thearcsof , andasetof node-disjoint
transportationrequestsët�4«æeIç .

Question Find asetof paths~ , suchthatÚ
ÔÛ%¡Ü

Ú
â % � ÍÎÔÞÏ ���B¬E	 is minimized

ët� ß
ÔÛ%¡Ü lDzDi7{h| �SÑª	 (3.8)
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(3.8) saysthat for eachrequestè � � Æ .1×¸	 there is a tour that visits both end
verticesÆ and× in thatorder. Thisformulationof thePDPcontainslessconstraints
thanmostproblemsdiscussedin the literature,wherecapacityandtime window
constraintsusuallyarepresent,similar to theVRP (e. g. [47]). Suchconstraints
can easily be addedto our basicproblem,but they are omitted here,sincethe
focusshallremainon thebasicdifferencesof routingproblems.

Above, it hasbeenassumedthat eachvertex is incident to at mostonerequest.
Thus,in a solutioneachvertex needsto bevisitedat mostonceandit is easyto
makethetoursin asolutionnode-disjointby removing multiplevisits to thesame
vertex. By thetriangleinequalitythis will not increasecosts.

Sincewe do not usethestandardformulationof thePDP, we give a quick proof
that the PDP is »�¼ -completeas a generalizationof the DirectedHamiltonian
PathProblem:

Theorem 3.7. Problem3.6is »[¼ -complete.

Proof. Let �_-
.=cy	 an instanceof DirectedHamiltonianPath [17]. Put 
 � Pí-NP
and î �¥ïHi�ð 9��7�_¬¸	�¨æ+�P�¬L�æc@> . We constructan instanceof the PDP, let« � 9 Æ ­·.j�&�&�j. Æ �E> and ç � 9�×T­·.&�&�&�¡.1×���> be disjoint with P «sP � P çËP � 
 . We
take therequestsetto be 9E� Æ ³ñ.D×�³Û	ÕP�+)§�¯
§�
�> . Putthecostfunction

×��B<;³ñ.=<j¾¡	 �
òóô óõ + if <;³ñ.D<¡¾Õ�A« and �S<�³�.D<j¾®	U�IcÃ if <;³ñ.D<¡¾Õ�Açî else.

It is easyto seethat this PDPhassolutionof cost Pí-QP�Ä�+�¨[î if andonly if a
HamiltonianPathexistsin 0 .



Chapter 4

Intr oducing Reloads

Classicalroutingproblemslike theVRP or thePDPassumethatgoodsaretrans-
portedfrom supplierto customerby a singletruck. In largeshippingcompanies,
e.g.postalservicesor air lines,however it is customaryto reloadgoodsalongthe
way, i.e.goodscanbedroppedoff atsocalledhubsandthenhauledonby another
meansof transportation.

In theprecedingchapterwe have introduced,amongotherthings,thePickupand
Delivery Problem. Now, the possibility to reloadgoodsat specifiedhubsto the
modelwill beadded.To accommodatethisfeature,eventhebasicmodelwill have
to be muchmorecomplex. We will first review somenetwork designproblems
foundin theliterature.Then,thedifficultiesfacedwhenintroducingreloadsinto
themodelwill bediscussed.In thelastsectionthemodelwill beformally defined.

4.1 Availab le Models

Transportationproblemsfeaturinghubsto consolidategoodsuntil recentlyhave
mostlybeenconsideredfor strategic planning.

Most notablyin this areaarethe so calledFacility LocationProblems[38, 16].
Instancesof theseproblemsconsistof a network containinga setof customers
andpossiblelocationsfor thehubs.Thegoal is to selecta setof hubsandassign
eachcustomerto a hub,so thatcapacityconstraintson eachhubcanbesatisfied
andsomegiven cost function is minimized. Among theseproblemsare the 
 -
medianand 
 -centerproblems,where 
 locationswith minimum averageresp.
maximumdistanceto theirassignedcustomersmustbefound.

The Hub LocationProblem(HLP) [40, 48] is an extensionto the above. Here,
the demandconsistsof transportationrequestsbetweenthe customerlocations.
Again,a suitablesetof hubsandassignmentsof customerlocationsto hubsis to

17
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be selected.While in the Facility LocationProblemscost is mainly determined
by thedistanceof thecustomerto its associatedhub,herethetransportationcost
of therequestsis consideredin thecostfunction.Thiscostis assumedto belinear
in theamountof transportedgoods.

Guelatetal. [26] consideranetwork designproblem,whereanorigin-destination
matrix statesthe supply resp. demandat eachcustomerlocation for a number
of differentgoods. In the (not necessarilysimple)network eacharc represents
transportationbydifferentavailablecarriers.Theaimis to findamulti-commodity
flow thatminimizestotal transportationcost.Theproblemis mademorecomplex
by constraintson thepathdecompositionof thesolution. Theseconstraintsstate
thatreloadsareallowedonly at hubsandmayforbid usageof certaincarriersby
certaingoodsonagivenlink.

While they have applicationsin strategic planning,all of thesemodelsmake the
assumptionthat transportationcostis linear in thesizeof transportedgoodsand
donotconsiderthetiming aspectintroducedby reloadingin tacticalplanning.

Gruenertet al. [25] presenttheVehicleandRequestFlow NetworkDesignProb-
lem(VRFNDP),amuchmoredetailedmodelintendedfor tacticalplanningtasks
in lettermail transportation.Similar to our model,theroutingof requestsis rep-
resentedby amulti-commoditynetwork flow thatmustbecoveredby thetoursof
the vehicles. Sincethis modelhasbeendevelopedwith a particularapplication
in mind,all relevantconstraintsfor operationalplanninghave beentakeninto ac-
count,i.e. lettershaveto arriveatahubin goodtime,sosortingandreloadingcan
takeplacebeforethey areforwardedto thenext hubor thecustomer.

Themodelthatwe will presentshortly canbeconsidereda simplificationof the
VRFNDPwith oneexception:Wetreattimeasacontinuousfunctionandaddtime
labelsto keeptrack of arrival timesof vehiclesandgoodsat a site. In contrast,
Gruenertet al. usea discretemodelbasedon time periodsby addinga copy of
eachvertex for eachtimeperiod.

4.2 Problem Description

Weassumeasettingsimilar to theoneof thePDP. Again,wearegivenanetwork
anda setof requestsë , thathave to betransportedacrossthenetwork.

But insteadof beingtransportedby only onevehicle,a requestcannow alsobe
droppedoff at specialverticescalled reload hubsor consolidationcenters and
pickedupagainby anothertour. Thisprocessmayberepeateduntil thegoodsare
finally deliveredto their destination.
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The possibility of reloadoperationsmakesformulatinga modeldifficult. There
areseveralreasonsfor this:

Decoupling of tours and requests In all problemsmentionedin the previous
chapter, we only needto know the vehicleroutes. From the routing we cande-
terminetheassignmentof requeststo tours. If goodsmaybereloadedmorethan
once,thereis, in general,nouniqueway to transportthegoods.

Figure4.1 shows an example. Here, threetours aregiven, eachsketchedwith
differentlyshadedarcs.Therequest� Æ .1×¸	 canberoutedin two differentways.It
couldeitherbetransportedvia thehubs ö�­ , öh5 , öh÷ beingreloadedtwice or via ö�­ ,öh÷ , beingreloadedonly once. It is not possibleto make a decisionon it without
additionalinformation.

Therefore,we will adda path for eachrequestthat detailsthe way the request
travels.

h2

h1

h3

p

d

Figure4.1: Theroutesfor therequestsarenotfixed.

Multiple visits at hubs Hubverticescanbevisitedmorethanonceby different
tours. Moreover, it may be advantageousfor a single tour to return to a hub
vertex, that hasbeenvisited before. Thus, we cannotassumethat a tour is a
simplepathasin our previousmodels.We might constructa model,whereeach
tour is representedby a functionof some
O�Aø (thenumberof stopsof thetour)
into - . However, this would make formulatingtheconstraintson thetour overly
difficult.
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Instead,by addingasufficientnumberof copiesof thehubvertices,wecanmake
any tour visit eachvertex at mostonce. To determinethe maximumnumberof
necessarycopies,thefollowing observationis useful:

In a feasiblesolution,each requestmustbereloadedat mostonceat
anysinglehub.

For a proof,assumethatwe have a solutionwith theminimumnumberof reload
actionsthatreloadsarequestmorethanonceatahub. Thus,thereis arequestthat
arrivesatahub,thenis pickedupby anothertour. Later, therequestreturnsto the
hubandis pickedupby a lasttour. But in this case,wewouldnot haveneededto
transportthegoodsin acircle,only to arriveat thesamehubagain.Therefore,we
canfind asolutionof equalcost,with onelessreloadaction.

Thus,we know thatby replacingeachhubby PùëHP vertices,eachrequestneedsto
visit eachvertex at mostonce. We caninterpretthenew verticesasa dedicated
hub,whereonly acertainrequestmaybereloaded.

By addingcopiesof the hub vertices,we know that eachvertex is visited by at
most two tours. We can reducethis numberto one by splitting thesevertices
again.Oneis usedby the tour droppingthegoods,theotherby thetour picking
themup. Thesplit verticesareconnectedby specialarcsthatarenotpermittedto
beusedin a tour.

Remark4.1. Weintendto multiply hubverticesin our model,soasolutionneeds
to visit eachvertex of thenetwork atmostonce.Thiscastsourmodelin theneigh-
borhoodof disjoint pathsproblems[37]. An instanceof theDisjoint Connecting
Paths-Problem[17] consistsof a graphanddisjoint vertex pairs. The question
asked is whetherthereareedge-/vertex-disjoint pathsconnectingeachof these
pairs.Therealsoexist directedandweightedversionsof thisproblem,all of them
are»�¼ -completein generalgraphs.

Sincewe dealwith completegraphswherethe triangle inequalityholds,a (not
necessarilyunique)shortestpathbetweentwo verticesis alwaysthearcconnect-
ing them.Thereforetheaboveproblemis simplein our case.

Additionally, from the point of view of applications,the verticesof thenetwork
representthe locationswheregoodscan be picked up, deliveredand reloaded.
By multiplying vertices,an additionallayer of abstractionis introduced.In this
inflatednetwork, eachvertex doesnot representa locationbut ratheran action.
In the caseof requests,this is the actionof picking up or delivering a request.
In thecaseof hubs,eachvertex representsdroppingor loadingup of a particular
request.Becauseeachactionneedsto beperformedat mostonce,multiple visits
to a singlevertex canalwaysbe deletedfrom a solutionwithout increasingcost
(by thetriangleinequality).
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In this sense,demandingnode-disjointednessremovesdegeneratesolutionsfrom
solution space. While this makes sensefor the structuralanalysisin the next
chapter, theremaystill beoptimizationstrategiesthatcouldbenefitif suchdegen-
eracieswereallowed.

h2

p
1

h1

p
2

d1

d2

Figure4.2: A deadlocksituation.

Avoiding deadlocks Knowing a path from the tail to the headof the request
arc is still not sufficient. It mustalsobeguaranteedthatgoodshave arrivedat a
hub beforethey arepicked up by anothertour. Otherwise,a deadlocksituation
might occur. In Figure4.2 sucha situationis shown. Again, the dottedandthe
plain arrows denotedifferentvehicles.Theonly way to transportrequest� Æ ­·.1×T­ª	
throughthenetwork, is to routeit via ö�­ and öh5 , on theotherhand � Æ 5j.1×�5·	 hasto
go throughöú5 and ö�­ in thatorder.

To avoid this, a time stampis associatedwith eachvertex. The time stampstra-
versedby a requestmustbeincreasingfor asolutionto befeasible.

4.3 The First Model

Now, afirst definitionof a transportationproblemwith reloadswill begiven.The
correspondingmodelis verysimple,sinceit only ensuresthattherequestscanbe
transportedthroughthenetwork. In Chapter6 moreconstraintswill beadded,but
for now we focuson theaspectof reloading.
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h2
+

h3
+

h1
+ h1

-

h3
-

h2
-

h

Figure4.3: Theverticesandarcscreatedby multiplying ahub.

Our input is theunderlyingnetwork a � �_«L!Oç3!Vû�.;�B«L!Vç3!ËûI	 5 	 , a non-
negativecostfunctionon thearcs �2"C�B«�!Vçü!IûA	 5 �   � anda setof requestsëý�²«þe�ç . Again, we assumethat for eachrequestthereare two dedicated
vertices.

Beforestatingtheproblem,thehubverticeshave to bemultiplied:

Definition 4.2. Let a � �_«4!Içÿ!Aû�.;�B«4!Içü!AûA	 5 	 bea networkwith a non-
negativecostfunction �8"6�_«4!Içÿ!VûI	 5 �   � on thearcsanda setof requestsëq�æ«éeÐç with the following property: For any � Æ .1×¸	®.;� Æ �o.D×��u	)��ë , whenever� Æ .1×¸	d�� � Æ �o.1×��R	 , thenalso Æ �� Æ � and ×w�� ×�� .
For each è2�Vë and ö��Aû let ö �� and ö �� benew vertices,calledhubvertices:

û �� " � 97öú�� P�è2�Aë8>ûO�� " � 97ö��� P�è2�Aë8>
û � " � ß� %�� û ��ûO��" � ß� %�� ûO��
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A weightedgraph a � � ��- � .Dc � 	 with cost function � � is called the routing
graphcorrespondingto a if

- � " � «�!Qçt!wû � !wû �c � " � �B«�!�çt!�ûw�v!�ûO��	 5

� � �B:C.D<E	�" � òóóóô óóóõ
�7�B:C.D<E	 if :C.D<v�I«�!wç�7�B:C.·ö?	 if :w�A«�!�ç and <H�AûI�� !wûO���7��ö©.D<E	 if :w�Aûw�� !QûO�� and <H�A«�!wçÃ G�Â���G

For later use, definethefollowingsetsof reloadarcs:

c �� " � 9E�_ö?�� .·ö��� 	�P�ö��AûË>)��cc �� " � 9E�_ö �� .·ö �� 	�P�è2�Aë8>2��c
c � " � ß� % � c �� � ß� %�� c ��

- � contains« and ç from theoriginal network andadditionallyfor eachtrans-
portationrequestèW�Aë andeachhub ö��Aû therearetwo nodesö �� and ö �� . They
will beusedin asolutionif a è is droppedoff atconsolidationcenterö andpicked
up by anothervehicle.Figure4.3shows theverticescreatedfor a hubvertex ö in
aninstancewith threerequests+�.·�¸.1� . Thearcsin c � aredashed.Tourswill not
beallowedto usethesearcs.

Now, a first definitionof a transportationproblemwith reloadsis given. As dis-
cussedabove,we will needto determinenot only tours,but alsofor eachrequestè a pathdetailinghow the requestshouldbe routed. To avoid deadlocks,each
vertex is associatedwith a timestampthatdeterminesits servicetime:

Problem4.3(PDP with Reloads(first version)).
Instance Givena routing graph �_-
.Dc).1�¡	 anda setof transportationrequestsët�4«æeIç .
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Question Find a setof paths~ in a , calledtours, time labels áA"ú-æ� ø and
for eachrequestèH�Ìë a path Â � in a , calledthe requestpath for è ,
suchthat Ú

ÔÛ%®Ü
Ú
â % � ÍàÔÞÏ �

� �B¬E	 is minimized

c � * ßÔÛ%®Ü c2�SÑª	 �[� (4.1)

Ö�<H�V-æ" \ �� Ü �S<T	�§�+ (4.2)Ö�<H�V-æ" \ �� Ü �S<T	�§�+ (4.3)Ö$� Æ .1×¸	U�AëY" lDi�mon �_Â � 	 �FÆ ì fhgji�k �BÂ � 	 � × (4.4)

Ö�èW�Iëÿ" c2�_Â � 	U� ßÔÛ%¡Ü cW�SÑª	6!Qc �� (4.5)

Ö$�S<?.D< � 	U� ßÔÛ%®Ü cW�´Ñª	6!�c � " á6�B<E	6¨�� � �S<?.D< � 	U§�áC�S< � 	 (4.6)

Contraryto the PDP, for the RPDPwe demandexplicitly that toursaresimple
pathsandpairwisedisjoint by (4.2) and(4.3). Theseconstraintsareappliedto
restrictreloadingto thehubs.(4.1)saysthatreloadarcsmaynotbeusedin tours.
Eachdemandmustbeserved (4.4) i.e. for eachè � � Æ .1×¸	)��ë theremustbea
requestpathfrom Æ to × . Becauseof (4.5)thispathmustconsistof arcsfrom tours
pluspossiblythededicated“reloadarcs”in c �� . To avoid deadlocks,goodsmust
arriveat avertex beforethey canbetransportedto thenext one(4.6).

Thefollowing theoremis trivial astheRPDPis ageneralizationof thePDP:

Theorem 4.4. TheRPDPis »�¼ -complete.

Proof. Note thatan instanceof thePDPcanbe interpretedasan instanceof the
RPDPwithouthubvertices.

Given a solution to the PDP, we canremove multiple visits to the samevertex
without increasingsolutioncost. So(4.2) and(4.3) aresatisfied.Sincethereare
no hubsin the instance,(4.1) holdsaswell. We candeterminerequestpathsby
(3.8)andany solutionof aPDPcanbeequippedwith timestamps,so(4.6)holds.

On theotherhand,givena solutionof theRPDP, (3.8) saysthat for eachrequestè theremustbean è -pathwithin onetour. In theabsenceof hubs,toursmustbe
node-disjointby (4.2) and (4.3). Thus, (4.4) and (4.5) suffice to guaranteethe
existenceof suchpathsin asolutionof theRPDP.

Thus,thePDPhasasolutionof agivencostif andonly if thecorrespondingRPDP
hasa solutionof equalcost.



Chapter 5

Proper ties of Reload Problems

Logic is a systematicmethodof comingto the wrong conclu-
sionswith confidence.
CathrynM. Drennan– To Dreamin theCity of Sorrows

In theprecedingchapterwe have developeda modelfor reloadproblems.Now,
its complexity andsomeof its specialcaseswill beexamined.

The first stepwill be to simplify our model in orderto make it moreaccessible
to combinatorialanalysis.Then,a new classof combinatorialproblemsis intro-
duced,the

�
-DiagramProblems,of whichour problemis a specialcase.

Weshow that
�

-DiagramProblemscanbesolvedin polynomialtimeundersome
additionalconditionson theunderlyingnetwork and

�
if thenumberof requests

is bounded.This implies that thesameholdsfor our reloadproblems.To prove
this,wewill needseverallemmasthatdisclosepropertiesof optimumsolutionsof�

-DPsthatareof interestin their own right.

In many applications,a requestis reloadedonly once. For thesecaseswe have
developedthe ` -StarHub Problem( ` -SHP).This is a specialcaseof the RPDP
with additionalrestrictionson thetours,namelya tourcanserveonly onerequest
or visit only onecustomerandonehub. The ` -SHPcanbe solvedefficiently if
at mosttwo hubverticesarepresent.We will usethis fact to determineaninitial
transportationplanfor thelocal searchalgorithmpresentedin Chapter7.

25
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5.1 A Simplified Model

In contrastto theclassicroutingproblemsintroducedin Chapter3 in theRPDPnot
only toursneedto be determined,but alsotransportationroutesfor the requests
and a servicetime for eachstop. The purposeof this sectionis to presentan
equivalentmodel,whosesolutionsconsistonly of a setof arcsdeterminingthe
tours.

It will be muchharderto addnew constraintsto the new model. Thereforeit is
not adequatefor applications.However, it hasthebenefitof beingmoreelegant
andmuchmoreaccessibleto combinatorialanalysis.

Problem5.1.
Instance Given a routing graph a � �_«�!Zç�!ZûQ.Dc8.1�¡	 anda setof node-

disjoint transportationrequestsët��«üeAç .

Question Find asetof arcs � , suchthatÚ
ÔÛ%¡Ü

Ú
â % � ÍÎÔÞÏ �7�_¬¸	 is minimized

Ö�<r�V-æ" Pù\ �� � �
	 �S<T	�P�§�+ (5.1)Ö�<r�V-æ" Pù\��� � � 	 �S<T	�P�§�+ (5.2)ët� lDz=i�{h| �_�
	 (5.3)� containsnocycle. (5.4)

Note thatbothproblemstake thesameinput, a routinggraphtogetherwith a set
of requestarcs. They areequivalent in the following sense:From any feasible
solutionof oneof thetwo problemsa solutionfor theRPDPcanbebuilt, whose
arcset,togetherwith thereloadarcsc � , is asolutionof Problem5.1.

In Problem5.1we only needto find a setof arcs,sothateachcustomervertex is
incidentto at mostoneenteringandoneleaving arc (5.1), (5.2). Thus, �ËÙ�c �
canbepartitionedinto asetof node-disjointpaths.Thesepathsarethe“tours” of
asolutionof thecorrespondingRPDP.

Theacyclicity condition(5.4)guaranteesthatthestopscanbeequippedwith time
labels.By (5.3) thereis apathfor eachrequestin thesetof solutionarcs.

The equivalenceof the two problemsis statedmore formally in the following
theorem:

Theorem 5.2. Let ��-/.Dc).1�j	 and ëÿ��c bean instanceof Problem4.3and5.1.
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If there is a solutionof eitherProblem4.3 or Problem5.1 of cost î , thenthere
is a solution �´~�.;�_Â � 	 � % � .=á?	 of Problem4.3 of cost no more than î , such thatc � ! X ÔÛ%¡Ü cW�´Ñª	 is a solutionof Problem5.1

Theproof of this theoremis quite technicalandconsistsof many small changes
to thegivensolutionin orderto satisfytheadditionalconstraintsimposedby both
problemstogether. It canbefoundin AppendixB.

5.2
�

-Diagram Problems

In this sectionwe will not work with Problem5.1,but with a generalization,the�
-DiagramProblem(

�
-DP).Let

�
beadownwardsystemof arcsetson directed

graphs,suchthatmembershipof
�

canbecheckedefficiently.

Problem5.3(
�

-DP).
Instance Let ��-/.Dc8.1�¡	 beadigraphwith non-negativearcweights�d"�cL�   � ,p a setof directednodepairs. We saythata set �[� � is spanning

for p , if p � l=zDi�{T| ���
	 . If � is spanningandacyclic, we call it
feasible.

Question Find a feasibleset � suchthat �7���
	�" � Ò â % � �7�_¬¸	 is minimized.

A solution � of a
�

-DiagramProblem,we call an
�

-diagram. As we consider
only non-negativearcweights,we mayassumethat � is a Hassediagram.Thus,� containsadirected �B:C.D<E	 -pathfor eachrequestarc �S:�.=<T	��Ap .

NotethatProblem5.1is aspecialcaseof theaboveproblem.Thiscanbeseenby
putting:� " � 9;c � ��cKPjÖ�<r�A-3"WPù\���
� � � 	 �B<E	;P�§Y+�ì P \����� � � 	 �S<T	�P�§�+�> (5.5)

Obviously,
�

is adownwardsetsystemandany solutionof Problem5.1will bein�
.

5.2.1 Excur sion: The Steiner Diagram Problem

If
� � � � , this problemwill be called “SteinerDiagramProblem”(SDP).We

have chosenthis namebecausethe problemcanbe seenasa link betweentwo
problemsof thewell known Steiner-type.

It is ageneralizationof thesocalledSteinerArborescenceProblem(SAP).
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Problem5.4(SAP [27] ).
Instance Let ��-/.Dc8.D�j	 be a completedigraphwith non-negative arc weights��"/cê�   � , Ñ ØQ�Y- a designatedroot nodeand ~ ��- a setof

terminals.
Question Findasubset����c thatcontainsapathfrom Ñ Ø to eachÑU��~ , such

that ���_��	U" � Ò â % � ���B¬¸	 is minimized.

Notethatacyclicity, whichis automaticallyguaranteedin thelatterproblem,must
berequiredexplicitly for a SteinerDiagramProblem.As a generalizationof the
SAP, the SDP is »�« -complete,as well [27]. Yet, when thereare no Steiner
nodes, i.e. verticesthatareneitherroot nor terminalnodes,theSteinerArbores-
cenceProblemreducesto aMinimum SpanningArborescenceProblem,andthus
is polynomiallysolvable.

Without theacyclicity condition,theSteinerDiagramProblemis known asGen-
eralizedDirectedSteinerNetwork Problem(GDSNP):

Problem5.5(GDSNP[7]).
Instance Let ��-/.Dc).1�j	 beadigraphwith non-negativearcweights�Õ"�c[�   � ,p asetof directednodepairs.

Question Find a spanningset ���æc suchthat xW�_��	�" � Ò â % � x2�_¬¸	 is mini-
mized.

A specialversionof theGDSNP, for which we have foundanolder reference,is
theDirectedSteinerNetwork Problem(DSNP).In theDSNPonehasto find an
“equivalent” subgraphfor a given vertex set ~Á�þ- . So, if in �_-
.=cy	 thereis a
pathfrom onevertex in ~ to another, sucha pathwill bein thesubgraphaswell.
Note that two verticesarenot connectedby a pathin the original graphwill be
disconnectedin thesubgraphaswell.

In theGDSNP, not all theconnectionsfor a givenvertex sethave to beretained,
but only thosethatareprescribedby p .

Problem5.6(DSNP[52]).
Instance Let , � ��-/.Dcy	 beadigraphwith non-negativearcweightsx�"�c[�  � , ~���- asetof terminals.

Question Find a subgraph,y� � ��-y�´.Dc��R	 of ,y� suchthat ~��K-y� andfor any
two nodes:�.=<H�w~ whenever thereis a �S:C.D<E	 -pathin , thereis also
onein , � and Ò â % �
� x2�_¬¸	 is minimized.

Surveys of many differentkinds of SteinerProblemson bothdirectedandundi-
rectedgraphscanbefoundin [27, 52].

In contrastto theSAP, theDSNPremainshardevenif ~ � - [52]. Fromthis fact
it follows easilythat theGDSNPis »L« -completeevenif - � -�� p�� . Thesame
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Figure5.1: Relevantedgesin theconstructionfor �B<�­��d<�5��y<�÷®	�ì����/<�­��d<75����$<��¡	 .
holdsfor theSDP, aswill beprovedbelow. Sincethegraphusedin theproof is
acyclic, this provesthefactfor theGDSNPaswell.

Theorem 5.7. TheSteinerDiagramProblem(i.e.
�

-DP with
� � � � ) is »L« -

completeevenif - � -��íp�� , c is transitivelyclosedand the triangle inequality
holdsin , .

Proof. We give a reductionfrom SAT [28]. Let ��­1.&�&�&�¡.1�·� be the clausesand<�­®.&�&�j�¡.D<;¿ thevariablesin aninstanceof SAT.

We constructaninstanceof theSDPthathasa solutionof costat most �7À 5 ¨¤À
if andonly if theSAT instanceis satisfiable.

Foreachclause�1³ defineº�³C" � 9�� �³ .1� Ý³ > , for eachvariable<¡¾C-�¾Õ" � 9;< �¾ .=< Ý¾ .D<��¾ .D<��¾ > ,
let thevertex setbe - � ß

³o¶�� º�³E!
ß
¾·¶�¿ -�¾;�

For eachvariable<j¾ , wedefinethearcs:
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c �¾ � 9E�B< �¾ .D< �¾ 	®.;�S< �¾ .=< Ý¾ 	®.;�S< �¾ .=< �¾ 	®.��B< �¾ .D< Ý¾ 	·>
constitutingthetruthsettingcomponents(seeFigure5.1).For satisfactiontesting
weput for eachclauseº�³

c �³ � 9E�_� �³ .D< �¾ 	dP;<¡¾Õ�A�1³�> ! 9E�B< �¾ .1� Ý³ 	ÕP;<j¾ is positive in �1³�>! 9E�B< �¾ .1� Ý³ 	�P7<¡¾ is negative in �·³_>��
Now, we definethearcset cæ" ��l=zDi�{h| � X ³o¶�� c �³ ! X ¾1¶�¿ c �¾ 	®� Notethat �_�®�³ .1� Ý³ 	
and �B< �¾ .D< Ý¾ 	 arearcsof thegraphfor each̄ and Ê .
Theweightfunction x on c is definedasfollows:

xW�_¬¸	 �
òóóóóô óóóóõ
Ã if ¬ � �B�¡�³ .D<¸�¾ 	 and <j¾ occursin �1³ñ.Ã if ¬ � �S< �¾ .1� Ý³ 	 and <¡¾ is positive in �1³ñ.Ã if ¬ � �S<
�¾ .1� Ý³ 	 and <j¾ is negative in �·³�.+ if ¬ � �S<E�¾ .D< �¾ 	 or ¬ � �B<¸�¾ .D< �¾ 	·.À if ¬ � �S<��¾ .D< Ý¾ 	 or ¬ � �B<��¾ .D< Ý¾ 	®.

All other arcshave inducedcost, i.e. the cost of the shortestpath from tail to
head,thusthe triangleinequalityholds. Note that each �_� �³ .1� Ý³ 	 hasa costof + ,
each �S< �¾ .D< Ý¾ 	 oneof ÀK¨�+ .
Finally, let p � " � ß

¾·¶�¿ 9E�B< �¾ .D< Ý¾ 	·.;�B< �¾ .D< Ý¾ 	·.;�B< �¾ .D< Ý¾ 	·>
for thetruth settingcomponentand

p � " � ß³o¶�� 9E�B� �³ .1� Ý³ 	1>
for thesatisfactiontestingandlet p�" � p � !�p � betherequestset.

Observe that for each Ê any solutionmust containboth �B< �¾ .D< Ý¾ 	 and �B< �¾ .=< Ý¾ 	 ,
giving riseto acostof �7À 5 . Therefore,asolutionof costnotexceeding�7À 5 ¨ZÀ
mustalsocontainexactlyoneof �S< �¾ .D<��¾ 	 or �B< �¾ .D<��¾ 	 . Thelatterchoicedetermines
a truth assignmentfor thevariablesof theSAT instance.No otherarcswith non-
zero cost can be containedin sucha solution. Thus, any path for the request�_�®�³ .1� Ý³ 	 must passthroughthe truth settingcomponentfor a variable <¡¾F�]�1³ ,
using �B<¸�¾ .D< �¾ 	 or �B<¸�¾ .D< �¾ 	 . Similarly, we geta Steinerdiagramof cost �7À 5 ¨�À
from any satisfyingtruthassignment.
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5.2.2 Structural Proper ties of ! -diagrams

Everyroadintersectsthepathof sorrows– sooneror later.
PeterWoodwardin Crusade:ThePathof Sorrows

Thepurposeof thissectionis to describeandprovesomepropertiesof
�

-diagrams
thatimply theexistenceof apolynomialtimealgorithmif thesizeof p is bounded,c is transitively closed,andthetriangleinequalityholds.

As wework with amoregeneralsettingthantheRPDP, in generalthepathsalong
which therequestsaretransportedmayunitenot only at hubvertices,but at any
vertex of thenetwork. We will call suchvertices,with at leasttwo enteringarcs,
junctions. We show that thenumberof junctionsis boundedby thesquareof the
sizeof p . If thetriangleinequalityholdsand c is transitively closed,any vertex
in anoptimumsolution � musteitherbeincidentto a requestarcor bea junction
or haveat leasttwo leaving arcs.Thus,by symmetry, if Pùp�P is aconstant,anopti-
mumsolutionvisits only a constantnumberof vertices.This givesa polynomial
boundon the numberof possiblevertex setsin a solution. By enumeratingthe
Hassediagramson thesesetswe getthedesiredresult.Notethatwe cannotomit
transitiveclosednessof c andcomputeshortestpathsbetweenthejunctions,since
wemight loseacyclicity this way.

We will first sketch the ideasof our proof: We say that a directedpath « in a
solution � satisfiesthe request�B:C.D<E	s�tp , if « is a : - < -path. Although in an
optimumsolutionthepathsatisfyingagivenrequestneednot beunique,for each
arc ¬Z��� thereis somerequest"r�4p suchthat ¬ is on every pathsatisfying "
(Proposition5.10).Thus,we know thatfor every junctiontherearetwo requests,
suchthatany two pathssatisfyingthesetwo requestsenterthevertex throughtwo
differentarcs.Dueto theacyclicity of thesolutionthis happensat mostoncefor
any pair of requests.Thereforeeachjunction canbe uniquelyidentifiedby any
onesuchpair (Lemma5.12).Thisboundsthenumberof junctionsfrom aboveby
thenumberof possiblepairings �$# � #5 � . We tightenthis boundby proving that for
threerequestsatmosttwo of thethreepossiblepairingscanbejoinedby different
hubs.This is essentiallydueto thefactthatthepathscanbechosenin suchaway
that the third pairing happensin oneof the othertwo junctionsaswell (Lemma
5.13).

Definition 5.8. Let , � ��-/.Dc8.D�j	·.1p bean instanceof the
�

-DP and ���4c bea
feasiblesolution.
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Thesetof junctions %N�� of � is definedas%N�� � 9;<v�V-QPù\��� �S<E	'&���>��
Similarly, let %��� � 9;<v�V-QPù\��� �S<E	'&���>��
We will saythat a set � is minimally feasible, if removing anyarc from � causes
it to beinfeasible.

As mentionedabove, the following observation is the crucial one for our algo-
rithm:

Theorem5.9. Let � beaminimallyfeasiblesolutionfor aninstance, � ��-/.Dc8.D�j	 ,p of the
�

-DiagramProblem.

Then,thenumberof junctionsof � is boundedfromaboveby ­� Pùp�P 5 .
To prove this theoremwe needsomepreparation.Any arc usedin the solution
mustserve a purpose,i.e. theremustbea requestthatcanonly beroutedvia this
arc:

Proposition5.10.Let � ��c beminimallyfeasiblefor a
�

-DiagramProblemand¬H�V� . Thenthereexists "Õ�Ap , such that ¬ is containedin anypathsatisfying" .
Proof. Assumefor a contradictionthat thereis some ¬4�ÿ� suchthat for all "
thereis somepathavoiding ¬ . Then � Ù^9�¬h> is still feasible,contradictingthe
minimality of � .

Thus,wecanlabeltheverticesby their enteringrequests:

Definition 5.11. Let � be a minimally feasibleset for an
�

-Diagram Problem.
For anyarc ¬H�V� , let (/�_¬¸	U�4p denotethesetof requestarcs " , such that ¬ is on
anypathin � satisfying" . For <v�V- wedefineits labelas )��B<E	 ��X â %+*-,hÍ � Ï (
�B¬¸	 .
By theprecedingProposition5.10a label )��B<E	 is emptyif andonly if \��� �B<E	 �L� .
Thenext two lemmasestablishthepropertiesthatgive our boundon thenumber
of junctions. Thefirst onestatesthat two pathssatisfyingdifferentrequestscan
enterat mostonecommonvertex throughdifferentarcs.

Lemma 5.12. If <I�� x��V- , "j­y�� "15Õ�Ap and 9�"j­®.."15&>)�/)É�S<E	ú*�)��Bxy	 , thenthere
existsan arc ¬ � �Bè;.D:�	 such that :��Ð9;<?.Dx)> and 9�"&­®.$"·5&>)�0(
�B¬E	 .
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Proof. Any two paths «
­1.1«É5 satisfying "j­ resp. "15 both visit < and x . As � is
acyclic, they mustvisit themexactly onceandin thesameorder, say < precedesx . Assume,«
­ and «É5 enterx throughdifferentarcs¬T­®.1¬�5 . But then,thereexists
apathsatisfying"j­ thatdoesnotuse ¬T­ , acontradiction.

Thismeansthateachjunctioncanbeidentifiedby any two requeststhatenterthe
vertex throughdifferentarcs.In otherwords,choosingfor eachjunctionany two
requeststhatenterthejunctionthroughdifferentarcsdefinesaninjectivefunction
from the setof junctionsinto � � 5 � . Sincethe sizeof � � 5 � is ­5 P p�P 5 , this already
impliesaboundof ­5 P p�P 5 on thenumberof junctions.

Thestrongerboundin Theorem5.9isachieved,becausefor any triple 9�"j­®.."15&.."1÷&>8�p the imageof suchaninjectioncontainsat mosttwo of thethreepossiblepair-
ings.This is implied by

Lemma 5.13. For anythreenodes<�­®.=<75&.=<7÷��V- wehave

�oÖÉ+@§�¯
±ÌÊv§4��" )��B<;³S	6*1)��B<¡¾®	���[� 	/¦ ÷}¹.2�­ )��B<�¹&	y��[� �
Proof. Supposeto thecontrarythatthereare <�­®.=<75&.=<7÷��V- , suchthat"j­U�3)É�S<�­=	6*4)É�S<75®	·.5"15��6)��B<�5·	6*1)��B<�÷·	®.5"1÷��3)É�S<�­È	�*4)É�S<7÷1	
while 7 ÷¹.2�­ )��B<�¹�	 containsneither "j­ , "15 nor "1÷ . Let «/­·.1«É5 and «�÷ bepathssatis-
fying "j­®.."15 resp."1÷ . Thesepathsdefinea totalorderon <�­®.D<�5&.D<�÷ , wemayassume<�­�±�<75�±�<�÷ andthat <�÷ hasbeenchosenat theshortestpossibledistancefrom <�­
wrt. «�÷ , so «É5 and «É÷ enter <�÷ throughdifferentarcs ¬�5�.1¬�÷ and "1÷d�8(
�B¬�÷·	 . Thus,
wecanreplacethe <�­®.D<�÷ segmentof «�÷ by the <�­·.D<�5 segmentof «
­ andthe <�5�.D<�÷
segmentof «É5 yieldingapathsatisfying "1÷ notusing ¬�÷ , acontradiction.

Proofof Theorem5.9. For each<Q�9% �� let ¯D�B<E	 beany pair of of requestsenter-
ing < throughdifferentarcs. By Lemma5.12this definesan injection from %N��
into � � 5 � .
Now, considerthegraph û � �BpH.D¯D�:% �� 	=	 definedon thevertex set p by adding
anedge9�"j­®.."15j> if thereis <r�3%N�� with ¯1�S<T	 � 9�"&­1.."15&> .
Now, assumethat û containsa îv÷ (a completegraphwith threenodes).Then,
by Lemma5.13 ¯ couldhavebeendefined,sothatit is not injective,contradicting
Lemma5.12.Thus, û containsno îv÷ .
It is well known thata graphwith 
 verticesandno îv÷ hasat most ­� 
 5 edgesif
 is even,andat most ­� 
 5 Ä�+;	 edgesif 
 is odd. (seefor example[6]) Since ¯ is
injective,this yields P;% �� P¸§ +< Pùp�P 5 �
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Remark5.14. By symmetrywe haveaswell

P=%w�� P�§ +< Pùp�P 5 �
Wecannow show thatunderadditionalconstraintsontheunderlyinggraphsand

�
thereis apolynomialalgorithmfor the

�
-DP if thenumberof requestsis bounded

by aconstant.

Definition 5.15. Let �_-
.=cy	 be a directedgraph and
� �£� � . We say that

�
shortcutssubdivisionsif for any ��� � and :�.=<�.=x��V-

�ª�B:C.D<E	®.;�S<?.Dxy	/�O� and \ �� �B<E	 � \ �� �B<E	 � +�	�¦�µ�_�wÙd9E�B:C.D<E	®.��B<?.Dxy	1>7	�!V9E�B:C.Dxy	1>>�©� � �
Thismeansthatwecanreplaceany pathÆ in aset��� � by thearc � lDi�mon � Æ 	®. fhgji�k � Æ 	=	
andgetanothersetin

�
. Obviously, the

�
for Problem5.1(see(5.5))andalso � �

shortcutsubdivisions.

Corollary 5.16. Let a beaninteger. Let
�

-DP(N)denotetheclassof
�

-Diagram
Problems, � ��-/.Dc8.D�j	·.1p where P p�P�§²a , with c transitivelyclosedand ,
satisfyingthetriangle inequality. If

�
shortcutssubdivisions,then

�
-DP(N) ��¼ .

Proof. Let � beasolutionfor a
�

-DiagramProblem, � �_-
.Dc).1�¡	®.1p .

Let <r�A-H���
	6Ù�-r�_p2	 .
If \��� �B<E	 � Ã or \��� �S<T	 � Ã , then the arcsin � incident to < canbe removed,
yielding a solution ��� of the

�
-DP. If \7�� �S<E	 � + and \��� �B<E	 � + , thenthereare:�.=x���- suchthat �S:C.D<E	®.;�S<�.=xy	)�[� . Since

�
shortcutssubdivisionsand , is

transitivelyclosed�$��" � ����Ù69E�S:C.D<E	®.;�S<�.=xy	·>7	�!y9E�B:C.Dxd	·> is asolutionof the
�

-DP.

By repeatedlyapplyingthesetwo steps,we geta solution ��Ø , suchthatno vertex<H�V-r�_��Ø·	TÙ/-v�_pW	 hasboth \ ��@? �S<T	�§Y+ and \ ��@? �B<E	�§�+ . By thetriangleinequality
thecostof ��Ø doesnotexceedthecostof � .

By Theorem5.9 and Remark5.14 the numberof verticesin -H����Ø®	�Ù^-v�_pW	 is
boundedby ­5 Pùp�P 5 . Obviously, the numberof posetson a given setof at most­5 Pùp�P 5 ¨���PùpQP verticesis aconstant.

Therefore,wecanfind a solutionusingthefollowing “algorithm”:

for all candidatesets-�� ( Pí-@�_P�§ ­5 Pùp�P 5 ):
for all Hassediagramson - � !w-��íp�� in � :

if c�����c :
computethecostof c�� ;

choosethesolutionwith minimumcost;
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Figure5.2: Graphfor up to A requestarcs.

Sincethe numberof candidatesetsis boundedby ÒCBD # � # D � 5 # � #³E2�­ � # � #³ � , which is a
polynomialin Pí-NP if PùpQP is aconstant,thisalgorithmrunsin polynomialtime.

Whenever oneof our additionalconditionson , is dropped,thereareinstances
wherethisalgorithmfails. By thetransitiveclosednessandthetriangleinequality
the arc connectingany two verticesis a shortestpathaswell. Similar to what
we saidin Remark4.1, in graphswithout thesepropertiesfinding node-disjoint
shortestpathsto avoid circuitsmaybecomeanissue.

Remark5.17. NotethatLemma5.12fails for theGDSNP, sinceit usesacyclicity
of the solution. It is easyto constructan instanceof GDSNPwhoseoptimum
solutioncontainsadirectedcycle.

Finally, wenotethatourboundon thenumberof junctionsis tight:

Theorem 5.18. There is a classof SteinerDiagram Problems,whosegraph is
transitivelyclosedand where the triangle inequality holds, where an optimum
solutioncontains ­� Pùp�P 5 ( ­� �1Pùp�P 5 Ä�+�	 ) junctionsif P p�P is even(odd).

Proof. Themainideais to constructasolution � for asetof 
 independentrequest
arcs p � 9E�:�7­·.=ÑD­=	·.&�&�&�¡.;�:�j�¸.=Ñ���	·> , suchthat two pathssatisfying �:�j³ñ.ªÑ�³S	®.��:�1¾�.=ÑB¾j	
meetin node <¸�³í¾ if andonly if ¯ and Ê havedifferentparity.
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Let 
 beeven.Our vertex setconsistsof

-æ" � 9��7­·.&�&�j�j.F�j��>M!V9�ÑD­·.&�&�&�¡.=Ñ��¸>7!9;<¸�³ù¾ P;¯ odd.�Ê even>7!9;<h�³ù¾ P;¯ odd.�Ê even>��
In the following we presentthe arc set � supposedto form the solution. The
optimality of this arc set is guaranteedby defining their arc weightsas 1 and
assigningall thetransitivearcstheinducedweight.

Wehave threedifferenttypesof arcs:

ë " � 9E�:�j³�.D<¸�­S³ 	ÕP;¯ even>�!O9E�:�j³�.D<¸�³å5 	ÕP;¯ odd>�.~ " � 9E�B<h�³å� .=Ñ�³S	ÕP;¯ odd>M!A9E�B<h�� � ­HG ³ .ªÑ�³S	ÕP;¯ even>�.I " � 9E�B< �³í¾ .=< �³í¾ 	ÕP;¯ odd.�Ê even>U!O9E�S< �³í¾ .D< �³JG ¾ � 5 	�P;¯ odd.�Ê even>U!9E�B<h�³í¾ .=<E�³ � 5KG ¾ 	�P�¯ odd.�Ê even>��
Now � " � ë¤!Q~Ì! I . Thesituationis depictedin Figure5.2for small 
 .

To seethat � is indeeda Steinerdiagramwe set �j³ � "?<h�� ­HG ³ for ¯ even, �j³ � "ú<h�³JG Ø
for ¯ odd, Ñ�³ � "?< �� � ­HG ³ for ¯ evenand Ñ�³ � "?< �³JG � � 5 for ¯ odd. Now, it is immediate
thatno index ever decreasesalonga directedarcandthat theunique ���j³ñ.=Ñ�³´	 path
in � is givenasthegraphinducedby all verticeswith index ¯ . Furthermore,

P;%N�� P � P=%w�� P � +< 
 5 �
With ananalogousconstructionfor odd 
 , wegeta boundof ­� 
 5 Ä�+ .
5.3 Appr oximation of the SDP

Charikar, Chekuri, Cheung,Dai, Goel, Guhaand Li presentan approximation
resultfor theGDSNP(Problem5.5) in [7]. This algorithmis basedon thenotion
of bunches(seeFigure5.3):

Definition 5.19. Let L � 9E� Æ ­·.1×T­ª	®.�� Æ 5&.D×�51	®.&�&�j�j.;� Æ �¸.1×���	1>8�4p bea setof 
 node
pairsfrom p . For vertices:C.D<H�V- , a bunch ½ � �B:C.D<?..L)	 is definedasa digraph
with thevertex set 9;:C.D<?. Æ ­D.&�&�&�®. Æ �E.1×T­·.&�j�&�j.1×���> . ½ hasarcs �B:C.D<E	 calledits back
bone, � Æ ³ñ.D:�	 and �B<?.1×�³´	 of costidenticalto thosein ��-/.Dc8.Dxd	 .
The algorithmfor the GDSNPis basedon repeatedlyfinding minimum density
bunches,wherethedensityof a bunchis definedasthecostof thebunchdivided
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by 
 . Charikaret al. show that therearebuncheswhosedensityis boundedwith
the densityof partial solutionsof the GDSNP. Sincea minimum densitybunch
canbe found in polynomial time, this processcanbe iterated,in eachiteration
removing the nodepairs that aresatisfiedby the minimum densitybunch. The
unionof thesebunchesthengivesasolutionof theGDSNP. Thissufficesto prove
that thereis a polynomialapproximationalgorithmwith an approximationratio
of Mr�1Pùp�P 5ONñ÷ ÂQPSR ­�Nñ÷ P p�Pí	 for theGDSNP.

Notethatthesolutionprovidedby thisalgorithmmaycontaincycleswhenseveral
bunchescontaincommonvertices.However, in view of our applicationswe can
multiply thesevertices,sothebunchesaredisjointcomponentsof thesolution,this
givesanacyclic solutionof equalcost.Thisprovidesanalgorithmto approximate
theSDPwith thesameratioastheGDSNP.

It shouldbe notedthat the techniqueof multiplying verticescannotbe applied
to arbitraryapproximationalgorithmsfor the GDSNP. In the examplegiven(see
Figure5.4), therearethreerequests+ to +j� , � to ��� and � to ��� . A circle in the
solutioncanonly beavoidedby multiplying anarcof thecircle, thusincreasing
thecostof thesolution.

5.4 Star Hub Problem

The
�

-DP is a combinatorialformulationof reloadproblems.It modelsgeneral
routing andreloadingstrategies. Thus,it mustbe »�¼ -completebecauseof the
routingaspectalone.Therefore,we have deriveda problemthatdoesnot have a
routingaspectandconcentrateson thedecisionwhetherto reloadagivenrequest.
In addition, it is often not viable to reloada requestarbitrarily, e.g. a company
mightallow a requestto bereloadedonly once.

The modelderived for this settingis called ` -StarHub Problem. Here,a very
simplesettingis assumed(seeFigure5.5). A setof requestsis given, that now

p
n

dn

d2
p

2

p
1

d1

u v

Figure5.3: A bunch.
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1
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31’

2’

3’

Figure5.4: A solutionfor a GDSNPwith a circle thatcannotbeavoidedby mul-
tiplying nodes.

Suppliers 

Factories

Consolidation Centers

Figure5.5: Thesettingof the ` -SHP.

canhave commonstopsfor pickupor delivery, and ` hubs,wherereloadactions
cantake place. Eachrequestcaneitherbe delivereddirectly, incurring a given
fee, or it canbe taken to a hub andthencarriedon to the delivery stop. In the
latter case,a link betweenthe pickup stopandthe hub andalsoa link between
the hub andthe delivery stophasto be paid for. If a link hasbeenestablished
betweenastopanda hub,all requeststhathave this stopin commoncanuseit as
well withoutadditionalcost.Thiscanalsobeinterpretedasanspecialcaseof the
RPDP, wheretourscanconsistof atmosttwo arcs.Eitherthey transportonly one
requestdirectlyor they connectoneof thehubsto onepickupand/oronedelivery
stop.

Problem5.20( ` -Star Hub Problem).
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Instance Givena graph , � ��-/.102	 , a non-negative integerweight functionxMØy"T0æ�   � on theedgesand ` non-negative integerweightfunc-
tions on the verticesxÕ­·.&�&�j�j.DxM¹�"/- �   � . We will say - � ��-
satisfiesanedgeG � �S:C.D<E	 if 9;:C.D<ú>@��-@� .

Question Findasetof edgesJæ�40 and ` subsetsof thevertices-©­®.j�&�&�®.·-?¹y�- suchthatfor all G � �B:C.D<E	��Ð0 either G^�ZJ or some-h³ satisfiesG , and Ú
Ó %+T xMØ;�_G;	C¨ ¹Ú

³U2�­ Ú� %&�.V xU³ �S<E	
is minimized.

In this problem,eachedgecorrespondsto a requestwith an associatedtrans-
portationcost. The weightson the nodesin the graphcanbe seenas the cost
of edgesconnectingthe nodeto oneof ` hubs. A solutiondeterminesfor each
edgeG � �S:C.D<E	 whetherits associatedrequestis transporteddirectly ( GN�¤J ) or
via ahub( 9;:C.D<ú>8��-h³ ).
5.4.1 Hardness of the W -SHP

It will bedemonstratedthatthe ` -SHPis solvablein polynomialtime if thereare
at mosttwo costfunctions,but »�¼ -completefor `X&4� .
The latter statementfollows from a resultdueto Dahlhaus,Johnson,Papadim-
itriou, Seymour andYannakakis[10]. This waspointedout by GerhardWoeg-
inger. Dahlhauset al. showed the following problem,a generalizationof the
Min-Cut Problem,to be »�¼ -completefor fixed `X&4� :
Problem5.21(Multiterminal Cut Problem – MCP).
Instance Givena graph ��-/.102	 , a set � � 9��7­·.&�j�&�j.F�&¹;>H��- of terminalsand

apositiveweightfunction x�"�0t�£ø on theedges.

Question Find a minimumweightsetof edges0@�C�Y0 , suchthat ��-/.10LÙ�0@�R	
has ` components,eachcontainingexactlyoneterminal.

Thehardnessproof for theMCP is quiteelaborate,while giving a reductionfrom
MCPfor the ` -SHPis straightforward.

Theorem 5.22. The � -StarHubProblemis »�¼ -complete. [53]

Proof. Let �QYI.DJ8	 , � � 9��7­·.F�&5&.F�&÷j>V�ZY , xÁ"�Jê� ø be an instanceof MCP
with threeterminals.Y � 9�(©­·.&�&�j�j.=(ú�¸>
The ideais the following: Eachvertex setof a solutionof the � -SHPtranslates
into onecomponentof a solutionof MCP. Eachvertex is assignedto exactly one
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vertex setandeachvertex setcontainsexactly oneterminal. This is ensuredby
addinga leaf to eachvertex of �QYw.1J)	 andappropriatecostfunctions.

Let [¥" � 9;:ú³ªP (ú³��\YZ> be a copy of Y andput -ý" � Yê!][ . Also, let ç " �9E�S(ú³ñ.=:?³Û	;P (ú³��^YZ> theleaves,then 0þ" � J[!Iç . Together, this definesthegraph
of theinstance�_-
.D02	 .
Let î " � ÒLÓ %jÝ xW�BG;	�¨ÿ+ and _þ" � Pí-sP î . The weight function on the edgesG)�A0 thenis: xMØ;�BG;	 �a` xW�BG;	 if G@�VJ_A¨�î]¨�+ if G@�Vç
TheweightfunctionsxÕ­®.=xM5j.DxM÷ on thevertices<v�V- aregivenasfollows:

xU³��B<E	 �
òô õ î if <r�Ì�QYéÙ��
	©!V9��&³_>_I¨Fî�¨4+ if <r�A�wÙd9��&³_>Ã if <r�6[

We claim that the MCP instancehasa solutionof costnot exceedingº , if and
only if our � -SHPinstancehasasolutionof costnot exceeding_w¨�º .

Suppose,thereis a solutionof MCP. This solutiondefinesa partition of Y into
threecomponents.Eachof thesecomponents,alongwith theiradjointleafnodes,
definesoneof -©­1.·-?5j.·-?÷ . Obviously, thisgivesasolutionof desiredcost.

On the other hand,let -�­·.·-ú5&.·-ú÷ be the vertex setsof a solutionof the 3-SHP.
We assumewlog. º ±£î . Sinceall edgesin ç must be covered,we haveY �ÿ-�­É!V-?5
!V-ú÷ . No nodein Y canbein morethanonenodesetand �&³���-h³
( ¯ � +�.1�E.1� ). Thus,wehaveapartitionof Y andthecostof -�­·.·-ú5&.·-ú÷ combinedis_ . Theedgesnot satisfiedby oneof -©­1.·-?5j.·-?÷ definea multi-terminalcut of cost
nomorethan º .

Trivially, theabove theoremimplies hardnessof the ` -SHPwith `9&�� , but the
reductionis from alittle known problemwith acomplicatedNPC-proof.Unfortu-
nately, wehavenotbeenableto find a directreductionfor the � -SHPfrom awell
known problem.Our bestproof of this kind showsthe b -SHPto behard:

Theorem 5.23. The b -StarHub Problemis »[¼ -complete.

Proof. Theproof is by reductionfrom 3-SAT [17]. Let º � 9��&­·.&�j�&�j.1�1�¸> bethe
setof clausesand<�­®.&�j�&�j.D<;¿ thevariablesof aninstanceof 3-SAT. Fix anarbitrary
numberingof theliteralsin eachclause.

We constructan instanceof b -SHPthat hasa solutionof coststrictly lessthanî¢" � + < ÀN
^¨4+ < 
 5 ¨4+ < 
^¨�+ if andonly if the3-SAT instanceis satisfiable.

Thegraphhasthefollowing vertices:For eachvariable<j¾ define

-�¾ � 97ö�¾&>M!O9���c V¾ .=ÑOc V¾ .Fdec V¾ P;<j¾d�I�·³ or �$<j¾��A�·³ñ.1�·³C�Iº�>�.
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for eachclauseaddavertex �1³ . Thus,thesetof verticesis

- � º�! ß
­�¶7¾·¶�¿ -�¾��

To simplify notationlateron,put

- � V � 9�Ñ c V¾ P;<j¾Õ�V�1³�>U!V9�d c V¾ P��$<j¾d�A�1³�>��
For the variableswitch, a starwith an additionalsplit at eachpoint is used(see
Figure5.6):

0��Of � 9E��ö�¾�.F� c V¾ 	·.;�:� c V¾ .=Ñ c V¾ 	·.;�:� c V¾ .Fd c V¾ 	�P�<j¾��A�·³ or �$<¡¾d�A�·³�.1�1³C�Vº�>
andfor satisfactiontesting,for any clause�1³ astarwith threepoints

0 � V � 9E�S<�.D�·³Û	ÕP;<r�V- � Vñ>��
Theedgesetof thegraph 0 thenis

0 � ß
­�¶�³o¶�� 0 � Vh! ß

­�¶7¾·¶�¿ 0��Of;�
For thecostfunctionon theedges,let G � �S:C.D<E	��A0 andput

xMØ��_G;	 �
òô õ î if : � ö�¾ or < � ö�¾î if : � �1³ or < � �1³� otherwise.

Now, thefivecostfunctionson thenodesaredefined.Thefirst two costfunctions
areusedto decidethetruthsettingof thevariables.Let <H�A- .

xÕ­¡�S<E	 �
òô õ + < 
 if < � ö�¾+ if < � �>c V¾ or < � dec V¾î otherwise.

xM5��B<E	 �
òô õ + < 
 if < � ö�¾+ if < � ��c V¾ or < � ÑOc V¾î otherwise.

Theotherthreecostfunctionsareusedfor satisfactiontesting. For Â��L9�+�.·�E.1�E>
put
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Figure5.6: Thestarfor variable + andits connectionto theclausevertex �®÷ .

x ÇÎ� 5;�B<E	 �
òóóô óóõ
+ < 
 if < � �1³+ if <v�V- c V¾+ if < � ��c V¾ and <¡¾ is the Â th literal in �1³î otherwise.

Now, assumethatthereis a truthsetting~ thatsatisfiestheinstanceof 3-SAT. Let

-�­ � 97ö�¾�.F��c V¾ .Fdec V¾ P;<j¾ is truein ~�>�.-ú5 � 97ö�¾�.F��c V¾ .=ÑOc V¾ P7<¡¾ is falsein ~@>��
Then,let dA"h9��&­·.&�j�&�j.1�1�¸>y� 9�+�.·�E.D�E>
chosethepositionof asatisfiedliteral in eachclauseandput for ÂÉ�Ð9�+�.·�E.D�E>

- ÇÎ� 5 � ßg Í c VoÏh2 Ç ��- � Vú!V9��1³�>U!O9���c V¾ P;<¡¾ is the Â th literal in �1³ñ>7	·�
Edgesthat arenot coveredby -�­®.&�&�j�j.·-ji arecollectedin J . Note that the total
costof thevertex sets-©­ and -?5 is + < 
�Àü¨kA�
 . Thecostof thesets-?÷ , -l� and -ji
amountsto 
$�È+ < 
s¨���¨�+;	 . Now, eachedgewith cost î andhalf of the edges
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with cost � arecoveredby either -�­ or -ú5 . Additionally, for eachclausethereis
exactly onewedge �´ÑOc V¾ ..�>c V¾ ..dec V¾ 	 , suchthatoneedgeof cost � , that is not covered
by -�­ or -ú5 , is coveredby - g Íà³uÏ � 5 . This leaves �7
 edgesof cost � in J , giving the
desiredcost.

Now, let JM.·-�­·.&�j�&�j.·-ji beasolutionof costlessthan î . Clearly, all edgesof costî mustbecovered,but noneof theverticesö�¾ or �·³ canbe in morethanoneof-�­·.&�j�&�j.·-ji . Thus,for each<j¾ ,
97ö�¾;>U!V9���c V¾ P;<¡¾d�A�1³
�m�$<j¾d�I�·³_> ��-�­ or97ö�¾;>U!V9���c V¾ P;<¡¾d�A�1³
�m�$<j¾d�I�·³_> ��-ú5��

andfor each�1³ , thereis exactlyone ÂÉ�Z9�+�.1�E.1�E> suchthat

- c VT!O9��1³�>)�L- ÇÎ� 5&�
This latterconditiondefinesamapRH"T9���­®.j�&�&�®.1�·�¸>�� 9�+�.·�¸.1�E>��
This leaves ��
 wedges�SÑ c V¾ .F� c V¾ .Fd c V¾ 	 to becovered. Note that for eachwedge � c V¾
is in oneof -�­ or -?5 andeither Ñ c V¾ or d c V¾ arein oneof -?÷ , -l� or -ji . Thus,if <¡¾ is
not the R��B�·³Û	 th variablein �1³ , thewedgeis clearlyservedcheapestat anextra cost
of three.The 
 wedges�SÑ c V¾ .F� c V¾ .Fd c V¾ 	 where<j¾ is the R��B�·³Û	 th variablein �·³ incur an
extracostof at least� each.Wealreadyhaveafixedcostof + < ÀN
@¨O��
@¨F+ < 
 5 ¨�7
N¨��ú����
6	 , thuseachof thesewedgesmustbesettledfor a costof exactly two.
This is only possibleif ö�¾v��-©­ and <j¾ is true in �1³ or ö�¾H�¤-?5 and <j¾ is falsein�1³ .
Note that this even provesa slightly strongerresult, namelythat the b -SHP is»�¼ -completeevenif thegivengraphis bipartite.
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Figure5.7: Subdividing theedgesin the + -SHPyieldsavertex coverproblem.
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Figure5.8: Thenetwork for a � -SHPwith underlyinggraphasin Figure5.8with
two costfunctions.

5.4.2 Tractability of the n -SHP

Now, it shall beshown that theproblemis polynomially solvableif `Z§�� . The+ -SHP is seento be a bipartite vertex cover problemby subdividing all edges
(seeFigure 5.7). While the vertex cover problemis »�¼ -completeon general
graphs[17], the dual of a bipartiteweightedvertex cover problemis a bipartitep -matchingproblem(e.g. [1]). To solve this kind of problem,it canbemodeled
it asa network flow problem. By maxflow – min cut duality a weightedvertex
cover thencorrespondsto aminimumcut in this network.

Following this idea, a network is constructedwhich can be usedto solve the
problemin the case 
 � � . Let -�� and -y� � be two isomorphiccopiesof -
and 0�� and 0�� � two copiesof 0 . Let the node set of our network be a �-���!w-@� �7!w0@�7!w0�� ��!V9���.=Ñ1> , where � and Ñ arethesourceandsinknoderesp.

Put c � � � 9E�:��.D< � 	2P¸< � � - � > , c � � � � 9E�B< � � .ªÑª	)PE< � � �F- � � > , c Ý � ! Ó f·%jÝ��_G �¾ .1G � �¾ 	 .
ForeachG � 9;:C.D<ú>8�I0 put c��Ó � 9E�B:ú�Û.DGj�R	®.��B<��Û.1Gj�u	·> andc�� �Ó � 9E�_Gj� �o.D:ú� �R	·.;�_Gj� �o.D<�� �R	1> .
Thenlet thearcsetof thenetwork be(seeFigure5.8)

c � c � � ! ßÓ %jÝ c � Ó !�c Ý � ! ßÓ %jÝ c � �Ó !�c � � � �
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Thecapacity� of thesearcsis definedby thefollowing function:

�7�_¬¸	 �
òóóô óóõ
xÕ­¡�B<E	 if ¬ � ����.D< � 	U�Ic � �xMØ;�_G;	 if ¬ � �BGj�Û.1Gj� �R	U�Ic ÝxM5;�B<E	 if ¬ � �S<�� �Û.=Ñª	��wc � � �o else

For this network a minimum cut correspondsto an optimumsolutionfor the � -
SHP, asdescribedin thefollowing:

Clearlyaminimumcutcannotcontainanarcof unlimitedcapacity. Thenfor each
arc ¬ � �BG �¾ .1G � �¾ 	 with G1¾ � �B:C.D<E	 either ¬ or �B: � � .=Ñª	 aswell as �S< � � .=Ñª	 or �:��.D: � 	 as
well as ����.D< � 	 mustbecut. Thusa min-cut correspondsto a feasiblesolutionof
the � -SHP.

On theotherhandasolution JM.·-�­·.·-ú5 of the � -SHPdefinesanarcset

º � ß
Ó %+T �_G � .DG � � 	6! ß� %&� B �:��.D< � 	6! ß� %&� D �B< � � .ªÑª	

For any edgeG1¾ � �S:�.=<T	 wemusthaveeither G1¾Õ�AJ , 9;:�.=<?>@��-�­ or 9;:�.=<?>)��-ú5 .
Any directedpathfrom � to Ñ passesexactly onearc �BG �¾ .1G � �¾ 	 with G � �S:C.D<E	 and
oneof 9;:ú�o.=<��µ> andoneof 9;:ú� �Û.D<�� �µ> , thusis cutby º .

Remark5.24. Notethatthismethodcanbegeneralizedto any pairof hyper-graphs
with abijectionon their edgesets.
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In Chapter3, it hasbeendemonstratedthat addingor subtractingeven a single
constraintcan make a greatdifferencein the practicalsolvability of a routing
problem.Furthermore,evenrealworld sizedinstancesof relatively simpleprob-
lems like the CVRP cannot be solved to optimality within acceptablerunning
times. In addition,in mostapplicationsspecialcircumstancesmustbetakeninto
accountthathave an impacton problemformulationandalgorithms.Therefore,
it hasbeenproposedto useexpertsystemsto decideon theappropriatealgorithm
for a givenproblem[11, 41], but thesesystemsarenot yet usable.Thus,solving
routingproblemsshouldmaybeconsideredacraftsmanshipratherthanascience.

In thispart,wewill show how to developthebasicmodelfor reloadproblemsinto
onethatis suitablefor applications.Wewill addadepot,capacityconstraintsand
time windows, theconstraintswe have alreadydescribedin Chapter3 for classic
routingproblems.For thenew model,a local searchalgorithmwill beproposed.
Thisalgorithmhasbeenimplementedandtestedon realworld data.





Chapter 6

A Model for Applications

Thefirst partof thisthesisfocusesonthedifferencesbetweenclassicroutingprob-
lemsandreloadproblems.In theremainingchapters,a heuristicto solve reload
problemswill be presented.Sincewe intendto build on existing algorithmsfor
routingproblems,our modelwill now be modifiedto emphasizethesimilarities
betweenreloadproblemsandclassicroutingproblems.

Besides,additionalconstraintshave to be taken into accountto make the RPDP
applicablefor real world problems.Usually, eachapplicationhasits own setof
constraints.Thesecanbevery easyto state,e.g. tour lengthrestrictions,or very
complicated,like theGermanregulationsondriverbreaks.Thus,to make it plau-
sible thatour modelcanindeedbeadaptedfor applications,themostcommonly
encounteredconstraintswill beadded.

6.1 Planning the Reloads

In theRPDP, weusedapathfor eachrequestto determinehow it shouldberouted.

Now, thesepathswill be incorporatedin the model in a differentway. Assume
that thereis a feasiblesolutionfor an RPDPconsistingof tours ~ , time stampsá andpathsfor the requests�_Â � 	 � % � . Let è¤�æë be a request,Â � its associated
pathand �_¬�³S	D­�¶�³o¶�p the correspondingsequenceof arcs. Sincethe toursin ~ are
node-disjoint,eacharcin !$ÔÛ%®Ü�cW�´Ñª	 canbeassociatedwith exactlyonetour, while
thearcsin c � donotbelongto any tour. Thus,thefollowing situationarises:

Â � � �B¬T­®.�q>q>q©.1¬�³ B � ­r s+t uv Ôwf B . %
� 	xt�u+r�s¬�³ B .1¬�³ B � ­®.�q>q>q�.1¬�³ D � ­r s+t uv Ôwf D . %

� 	xt�u+r�s¬�³ D .+q>q>q©. % � 	xt�u+r�s¬�³Uy8.1¬�³Uy � ­·.�q>q>q=¬�pr s+t uv Ôwf y , B 	

51
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Sincethearcsin c �� areof theform �_ö �� .·ö �� 	 , thesequenceof verticesvisitedbyÂ � lookslike this:

Â � � � Æ .�q>q>q�.·ö � ­ � .·ö �­ � .+q>q>q©.·ö �5 � .·ö �5 � .�q>q>q6.·ö �¹ � .·ö �¹ � .+q>q>q©.1×¸	
Therefore,thefollowing is true:

� Æ .·öú� ­ � 	®.���ö��­ � .·öú�5 � 	®.;�_ö��5 � .�q>q>q1	zq>q>qj�{q>q>q6.1ö?�¹ � 	·.;��ö��¹ � .1×¸	�� ß
ÔÛ%¡Ü lDz=i�{h| �´Ñª	

Thus,therequest� Æ .1×¸	 canbeinterpretedashaving beensubdividedinto smaller
requestseachservedby a singletour. Thismotivatesthefollowing definition:

Definition 6.1. Let ��-/.Dcy	 bea routinggraphand ët�4«�eWç a setof transporta-
tion requests.

Thesetof admissiblerequestsë â}| ¿ is definedasfollowsë â{| ¿ " � ë�!Z�_«ÿeAû � 	6!Ð�_û � eAû � 	6!Ð�_û � eAçr	®�~ët��ë â{| ¿ is calleda transportationplanfor ë ifÖ�è2�Aëÿ" è2� l=zDi�{T| � ~ë�!Qc �� 	®�
Now, theRPDPcanbereformulatedastheproblemto determinea transportation
plan andthento solve a PDPfor this transportationplan, observingprecedence
constraintsat thehubs:

Problem6.2.
Instance Given a routing graph a � �_«ÿ!Fçþ! û�.=cy	 , a nonnegative cost

function � � "�cé�   � on thearcsof , anda setof transportation
requestsët�4«æeAç .

Question Find a transportationplan
~ë for ë anda setof paths~ in a , such

that Ú
ÔÛ%¡Ü

Ú
â % � ÍÎÔÞÏ �

� �_¬¸	 is minimized.

c � * ßÔÛ%¡Ü cW�´Ñª	 ��� (6.1)

Ö�<r�V-æ" \7�� Ü �B<E	�§�+ (6.2)Ö�<r�V-æ" \ �� Ü �B<E	�§�+ (6.3)~ëY� ß
ÔÛ%¡Ü lDzDi7{h| �´Ñª	 (6.4)

ß
ÔÛ%®Ü cW�´Ñª	6!�c � containsnocycle. (6.5)
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(6.1)is a technicalconstraintto assurethattoursmustadhereto thetransportation
plan. (6.2)and(6.3)enforcenode-disjointnessof thetours.(6.4) is similar to the
definition of the PDP. (6.5) avoids deadlocks.As discussedin Section5.1, this
constraintis equivalentto theintroductionof timestamps.

To this model,we now adda depot,capacityand(slightly generalized)time win-
dow constraints,similar to thosefor theproblemsin Chapter3.

6.2 Tour Constraints

In orderto make thechangesinducedby reloadsstandoutmoreclearly, ourbasic
formulation is far too liberal in the definition of feasibletours. The most im-
portantrestrictionshave alreadybeenpresentedin the CVRP andthe VRPTW:
restrictionsonwheretoursmuststartor end(depots),onhow muchcanbecarried
by avehicle(capacity),andonwhencustomersneedto beserved(timewindows).
Theserestrictionswill now beaddedto themodel.

6.2.1 Vehic le Depots

For thebasicmodelit wasassumedthat tourscanstartandendat arbitraryver-
tices. In applications,the meansof transportationareusuallybasedat a certain
point of thenetwork, thedepot. If ferrying costsbetweenthefirst resp. lastcus-
tomerandthedepotcannotbeneglected,thismustbereflectedin themodel.

We will only includethesimplestconstraintsof this kind, whereall tourshave to
startandendatonespecifieddepotvertex ×�Ø . In orderto dothis,toursarechanged
into circuitsinsteadof paths,avertex ×�Ø is addedto thenetwork andeachtourhas
to visit this vertex:

Ö�ÑM��~�" ×�Ø��V-v�SÑª	·� (6.6)

This constraintcanbeextendedif thereis morethanonedepotavailable. These
problemsarecalledMulti-DepotProblems. In this casethenetwork mustbeex-
tendedby several depotvertices. Many variationsof this constrainthave been
consideredin theliterature,e.g. all toursmayhave to returnto their startingver-
tex or canstartandendatany depot,theremaybevehiclecapacitiesonthedepots
etc. [14, 43].

Obviously, if tours are circuits, a solution cannotbe acyclic any more. In our
modelthis couldremediedby replacing(6.5)byß

ÔÛ%®Ü cW�´Ñª	6!�c � Ù�\E�_×�Ø·	 containsno cycle.
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Instead,(6.5) will becomeobsolete,becausetime windows areintroducedin the
next section.

6.2.2 Time Windo w Constraints

As in the VRPTW, we intendto allow visits to customersonly at certaintimes.
Thismaybedueto businesshours,personnelavailableat thecustomer, time crit-
ical goodsor – on the provider side– servicelevels that mustbe observed,e.g.
whencustomersareusedto beingservedat acertaintime.

Here,a slightly moregeneraldescriptionof time windows is giventhanin Chap-
ter 3. There,travel timeswereequalto travel distancesandeachcustomerwas
equippedwith asingleinterval.

Instead,weassumethattheprobleminstanceprovidesfor eacharc ¬v�Ic a travel
time � Ü �B¬E	r��  � . It representsthe amountof time to get from onelocationto
another, andalsofor eachclient (andpossiblyhubvertex <�� - ) a time windowÑ xW�B<E	���ø . In thenew formulationthis canbeanarbitraryset.

As describedbefore,a solutionmustequipeachvertex <Ð�4- with a time labeláC�B<E	��8� , suchthat

Ö$�B<?.D< � 	M� ßÔÛ%¡Ü cW�SÑª	6!Qc � Ù�\T�B×�Ø·	U" áC�B<E	6¨F� Ü Í � G � � Ï §�áC�B< � 	 (6.7)

Ö�<r�V-æ" á6�B<E	U�wÑ xW�S<T	 (6.8)

(6.7) is the re-introductionof feasibility constraintsfor the time stampsin the
RPDP. They now havetwo meanings.Ontheonehand,they ensurethatthetravel
timesaretakenintoaccount,ontheotherhand,they ensurethatgoodshavearrived
at a hubbeforethey arecarriedon. (6.8) demandsthat eachcustomeris served
duringhis timewindow.

Oftena certainamountof servicetime is requiredat eachcustomer. This canbe
incorporatedinto the time costmatrix � Ü , so it doesnot alter the model. Time
windowsmayalsobepresentat thevehicledepot.This is essentiallya restriction
on themaximumtour length.

6.2.3 Capacity Constraints

Justasin theCVRP, therecanbelimitationson thesizeof goodsa tourcancarry.
Often,thereis morethanonly onemeasureof capacitypresent(e.g. bothweight
andvolume).Therefore,tokeepthediscussionasgeneralaspossible,wewill only
assumethatsizesof goodsandtruck capacitiesaregivenaspositive elementsof  � .
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For eachtransportationrequestè a weight ÃF±þxW�Sè�	r�Y  � is given andalsoa
maximumcapacity Ã�±üº���  � for the trucks. ( ± for a vectormeansthat ± in
eachcomponent.)This capacitydenotesthe maximumload that canbe carried
on any tour. Capacityconstraintswill beincorporatedinto themodelby addinga
network flow.

Let
~ë bea transportationplanfor theRPDP. Thendefinethesupplyanddemand

of theflow

x8�� "å-H� ~ë�	/�  
<W� x8�� �B<E	U" � òóóóóô óóóóõ

xW� Æ .1×¸	 if < �ÌÆÄ�x2� Æ .D×E	 if < � ×xW�Sè�	 if < � ö ��Ä�x2�Bè�	 if < � ö ��Ã else.

A flow function dË"¸c��   � is now addedto thesolutionthatmustadhereto the
following constraints:

Ö�<r�V-æ"
x8�� �B<E	�Ä Ú

â %�*O�TÍ � Ï d��_¬¸	
¨ Ú
â %�*O�TÍ � Ï d��_¬¸	 � Ã (6.9)

Ö�¬H�IcY" Ã�§/d��_¬¸	U§Z� º if ¬H� X ÔÛ%¡Ü cW�´Ñª	6!�c � Ù�\E�_×�Ø·	Ã else.

(6.10)

(6.9)aretheflow constraints,(6.10)boundthecapacityon thearcs.In this prob-
lem formulationit is assumedthatthevehicleroutesaredeterminedaftera trans-
portationplanhasbeenfixed.

6.3 Excur sion: An Alternative Problem

Greenwald and Dean[24] examinea transportationproblemwith reloadsof a
bus company. This company hasrealizedthat althoughtheir main businessis
passengertransportation,the cargo areaof their bussesis unusedandwantsto
starta packagedeliverybusinesson theside.

Thisresultsin aproblemwith fixedtoursandrequestswith fixedtimewindows,as
to their pickupanddelivery. Wheneverbussesmeetin thenetwork, packagescan
bereloaded.In our terms,this is a problemwherethetoursarefixedbeforehand
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anda feasibletransportationplan for the requestshasto be determined,taking
into accountcapacityandtimewindow constraints.

GreenwaldandDeanshow thattheproblemto decidewhetherthetimeconstraints
canbemet is »�¼ -completeandapply randomizedroundingto find anapproxi-
mationalgorithm.

6.4 Fur ther Constraints

In mostlogistic systemsthesizeandcompositionof thevehiclefleet(alongwith
its operators)is the centralcostfactor. It often exceedsthe variableoperational
costby severalordersof magnitude.In this respectourbasicmodelis toosimple,
sinceit assumesonly onekind of vehiclethat is availableto a sufficient number.
Unfortunately, a vehiclefleetusuallyis not homogeneous,but insteadcomposed
of differentkindsof vehicleswith differingcapacityandspeed.

While the threeconstrainttypesintroducedarevery common,fleet composition
constraintscanhavemany differentformsanda greatimpacton theapplicability
andbehavior of differentalgorithms[19, 23]. Therefore,suchconstraintswill not
beconsideredin ouralgorithms.

6.5 Cost Functions

WetreattheRPDPasa minimizationproblem.In thebasicproblemformulation,
only travel coston thenetwork hasbeenconsidered.In a realworld application
this will not be sufficient. Even thoughwe will not alter our model to include
additionalcostfactors,wewill quickly discussseveralof themoreimportantcost
factorsandhow they canbeaddedto themodel.

6.5.1 Fixed Cost

In general,vehiclecostscausethe major part of the fixed costs.Possiblydriver
costsaddto this if driversareemployedby the transportationcompany. Vehicle
costsrestrictthenumberof availabletours. Sincefleetsizeis a dominatingcost
factor, theconsiderationof computer-aidedlogisticplanningis oftendrivenby the
wish to makevehiclesdispensable.

This could be addedto our modelby charging for the numberof vehiclesused.
Especiallyin conjunctionwith fleetmix constraints,theseconstraintscangetex-
tremelycomplex.
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6.5.2 Operational Cost

Operationalcostsareassociatedwith the actionsscheduledin a tour plan. We
considertwo kindsin our model:

Travel Cost consistsof the cost of the vehicle (usually cost per distance)and
(possibly)the costof the driver who is paid per working time. The cost
for the distancetraveledis alreadyincorporatedinto the model. The time
neededfor a tour candiffer significantlyfrom thedistanceif time windows
have to be taken into account,sincethey cancausewaiting timesuntil a
timewindow at a destinationstarts.Thetimebasedcostcanbedetermined
beinspectingthefirst andlasttime labelfor eachtour.

Handling Cost Anotherkind of operationalcostsis handlingcost. In the PDP,
this costhasno influenceon theoptimizationproblem,sinceall the trans-
portationrequestsmustbesatisfiedandthereforethehandlingcostsarethe
samein any feasiblesolution. For theRPDP, however, this changes,since
handlingcostsareincurredby eachreloadingactivity at ahub. In this case,
thehandlingcostscanbeaddedto theedgesof theroutinggraphendingin
a reloadhub, thusinducingno changein the structureof the optimization
problem.

Dependingon theapplication,thecostsandtheir structurecanvaryconsiderably,
e.g.travel costcouldbeinfluencedby additionallaborcostduringthenight shift.
Moreover, additionalfeaturesof theproblemoftenhave to betakeninto account.
For example,constraintsaresometimes“soft” in thesensethat they canbevio-
latedto acertaindegree.Thiscanalsobemodeledin thecostfunction[22, 47].

6.6 The New Model

Beforediscussingour searchstrategiesin detail, it shouldbemadeclearexactly
what problemwe will be referringto. Thus,the RPDPwith time windows and
capacityconstraintsis statedhere:

Problem6.3(“CRPDPTW”).
Instance Givenaroutinggrapha � �B«Ë!Wç�!WûQ.Dcy	 , anon-negativedistance

cost function � � "�cq�   � on the arcsof , , a time cost function� Ü "Ect�   � anda time window function Ñ xæ"h-K� �
�BøM	 , a setof
transportationrequestsëÿ�4«4e^ç andaloadfunction x�"�ë��£  �
on therequests,º3�A  � thecapacity(Ö�èv�Vëÿ"dxW�S<T	M§�º ), a node×�Ø��V- is designatedasthedepot.
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QuestionFind a transportationplan
~ë for ë , a set of circuits ~ in a , time

labelsáQ"¸-Y� ø andaflow function dI"�cL�£  , suchthatÚ
ÔÛ%¡Ü

Ú
â % � ÍÎÔÞÏ �

� �_¬¸	 is minimized

c � * ßÔÛ%¡Ü cW�SÑª	 �L� (6.11)

Ö�<v�V-K" \��� Ü �S<E	M§�+ (6.12)Ö�<v�V-K" \��� Ü �S<E	M§�+ (6.13)~ëÿ� ßÔÛ%®Ü l=zDi�{h| �SÑª	 (6.14)

Ö�Ñ��w~�" ×�Ø��V-H�SÑª	 (6.15)

Ö$�S<?.D< � 	U� ß
ÔÛ%®Ü c2�SÑª	C!Qc � Ù�\E�_×�Ø·	�"áC�S<E	6¨�� Ü Í � G � � Ï §�á6�B< � 	 (6.16)Ö�<v�V-K" áC�S<T	U�wÑ x2�B<E	 (6.17)

Ö�<v�V-K"
x8�� �S<T	�Ä Ú

â %+* � Í � Ï d$�_¬¸	
¨ Ú
â %+*{�¸Í � Ï d$�_¬¸	 � Ã (6.18)

Ö�¬v�IcY" Ã�§/d$�_¬¸	�§Z� º if ¬H� X ÔÛ%®Ü cW�SÑª	6!Qc � ÙM\T�B×�Ø·	Ã else.

(6.19)



Chapter 7

Local Search for Reload
Problems

Evertry, ever fail – nomatter.
Try again, fail again– fail better.
S.Beckett

The importantquestionfor applicationsis: How do we find a goodsolution to
our reloadproblems?In the last decadesmany algorithmshave beendeveloped
to solve routing problems.In this chapter, it will be discussedhow local search
approachescanbeadaptedto solve reloadproblems.AppendixA presentsanap-
proachbasedoncolumngeneration.Thisapproachhasbeenespeciallydeveloped
for a particularreal world application. We will comparethoseresultswith the
local searchheuristicin thenext chapter.

First, anoverview of local searchalgorithmsfor routingproblemswill begiven.
Then,wediscussseveralissuesarisingwhenadaptinglocalsearchfor reloadprob-
lems.In thelastsectionof thischapter, atabu searchheuristicfor reloadproblems
will bepresented.

7.1 Intr oduction to Local Search

Local searchalgorithmsfor routing problemshave beenintroducedasearly as
1958by Croes[9] andin 1965by Lin [34]. Lin andKernighan[35] later gen-
eralizedthe approachand many authorsreportedon its applicationto related
problems.ChristofidesandEilon [8] andRussell[44] usedlocal searchfor ba-

59
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sic VRPs,Psaraftis[42] adaptedit for a routing problemwith precedencecon-
straints,the Single-VehicleDial-A-Ride Problem. Applicationsof local search
for PDPscanbefounde.g. in [5] and[51]. Suchalgorithmsarealsopopularfor
applications,becausethealgorithmsaresimpleto understandandprogram,easily
adaptableto varyingproblemconstraintsandproducegoodresults,whenproperly
maintained.

Local searchheuristicsareimprovementalgorithms, i.e. they take a feasibletour
plan asinput andtry to improve it iteratively. For this process,they rely on the
notionof neighborhoods, a relationdefinedon thesetof tour plans,thatconnects
tour plansthatarein somesense“similar” to eachother. Thealgorithmproceeds
by inspectingall neighborsof a given tour plan, the so called active solution,
thenchoosesoneof themto bethenext active solution. This is repeated,until a
predefinedstopcriterionis satisfied.

Thus, suchan algorithm can be fully describedby threeaspects:definition of
the neighborhoodrelation,the selectionrule choosingthe next solutionandthe
stoppingcriteria.Wewill now examineeachof thesepartsmoreclosely:

Neighborhood Theneighborhoodrelationhaslargeimpactontherunningtime
of thelocal search.A goodneighborhoodshouldexhibit severalconcurringprop-
erties: As an implementationin eachstepmust inspectall neighborsof a given
solution,theconstructionof a neighborhoodmustbecomputationallycheap.In
addition,thenodedegreesin thegraphdefinedby the relationshouldbe aslow
aspossible,sonot too many neighborshave to beinspectedin eachstep.On the
otherhand,the graphdefinedby the relationmustbe connectedto ensurethat
the algorithmhasa chanceof finding an optimumsolution. Moreover, the path
connectingtwo solutionsshouldbeasshortaspossible.

The mostcommonlyutilized neighborhoodsare ` -exchanges. They wereintro-
ducedby Lin andKernighan[35] for theTSP. Theapproachhasbeenrefinedfor
many otherproblemswith additionalconstraints,e.g. [30, 45, 46]. ` -exchanges
arebasedon the representationof the toursasdirectedpaths. Informally, from
thesepaths,̀ -arcsareremoved,giving `�¨Ì+ pieces,thatcanbecombinedin new
ways.Sincethenumberof exchangesto examineis apolynomialto thepowerof` , usually ` is restricted.

SelectionRule and Stopping Criteria The selectionrule determines,which
neighboringsolutionis actuallychosen.Thesimplestrulesarefirst improvement
andbestimprovement. An algorithmfollowsthefirst improvementruleif it selects
thefirst solutionin theneighborhoodwith lowercostthantheactivesolution.Best
improvement,on theotherhand,will selectthebestsolutionin theneighborhood.
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Thecritical disadvantageof both rulesis that thealgorithmwill terminatewhen
encounteringa local minimum, i.e. a solution � suchthat all neighborsof �
have greatercostthan � itself. Obviously, a local minimumwill, in general,not
be a global optimum. After arrival at a local minimum, first improvementwill
simplynotfind anacceptableneighbor, while bestimprovementwill quickly start
to circle, i.e. after choosingthe bestneighboringsolutionit will mostprobably
returnto thelocalminimum.Thus,arrival at thefirst encounteredlocalminimum
is themostsuitablestoppingcriterionfor thoserules.

To remedytheseproblems,agreatnumberof selectionrulesandstoppingcriteria
havebeenproposed.Themostsuccessfulonesamongthemarethesocalledmeta-
heuristics. They usuallyemploy a certaindegreeof randomnessandsometimes
choseneighboringsolutionswith highercostthanthecurrentone,hencethey need
to makeprovisionsto avoid circling by repeatedlychoosingthesamesolutions.

A few of themshallbementionedhere:

Simulated Annealing [31] is basedon a physicalprocessin metallurgy. In each
stepa neighborof theactivesolutionis chosenrandomly. Whetherthis so-
lution is acceptedto be thenew active solutiondependson thecostof the
two solutionsanda Boltzmanndistribution that changeswith sometem-
peratureparameterÑ . Onehopesto find a solutionof minimumcostwhile
slowly decreasingÑ to zero.

Simulated Trading [2] is inspiredby a bidding process.Eachtour actsasan
agentthatoffersto payif anothertour is willing to take anorder. Fromthe
offersto buy andsellcustomers,abipartitegraphis generated.An optimum
matchingin this graphthencorrespondsto the transactionsthat arebeing
made.

Tabu Search [20] is generallyunderstoodasa methodthat choosesalwaysthe
bestsolutionneighboringtheactiveone,but avoidscircling by employing a
tabu list of solutionsthathaverecentlybeenchosenandshouldnotbeused
again.

Eachof thesebasicalgorithmsis usually combinedwith additionalconcepts-
partlystemmingfrom artificial intelligence- likesystematicviolationandrestora-
tion of feasibility, restructuringof theneighborhoodandflexible memory[21].

Sometheoreticalresultshave beenachieved concerningthe limit distribution of
simulatedannealingalgorithms. It canbe shown that simulatedannealingwill
producesuboptimalsolutionswith probability zeroif theneighborhoodsatisfies
somespecialconditionsandthetemperatureis loweredslowly enough(e.g.[13]).
Still, it seemsdifficult to adoptsuchresultsin practicalapplications[29].
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7.2 Adapting Local Search to Reload
Problems

We will now discusshow local searchalgorithmscan be usedto solve reload
problems.Sincetheselectionrule andstoppingcriteriaprimarily dependon the
algorithmratherthanonthetypeof problem,themainfocusmustbeontheneigh-
borhoods.Whenpresentingthe algorithmin detail in the next section,we will
alsoproposesomeselectionrulesandstoppingcriteria,but theseareusuallybest
finalizedby testingthealgorithmsonactualapplicationdata.

In theprecedingchapter, amodelhasbeendevelopedwith theadvantageousprop-
erty thatoncewehavedetermineda transportationplanwecantreattheresulting
problemasa PDPwith additionalprecedenceconstraints.Theseadditionalcon-
straintscanbeeasilyincorporatedinto thelocalsearch,asit onlyhastobechecked
whetheraneighboringsolutionsatisfiestheseconstraints.

Therefore,the remainingproblemis to fix an initial transportationplanandfind
a mechanismto adjustthis transportationplan during the courseof the search.
Obviously, a decisionon the transportationplan hasto be madebeforean ini-
tial solution is constructed,e.g. with oneof the simplified modelspresentedin
Chapter5.

During thecourseof theimprovementalgorithmtherearethreealternativestrate-
giesto changethe transportationplan. It shouldbe emphasizedthat adaptinga
heuristic for an applicationis a craftsmanshipmuch more than it is a science.
Thus,only somegeneralhints will be given. The choiceof the properstrategy
shouldalwaysbeguidedby theactualapplication:

� Leave thetransportationplanasit is. This meansthat theplanusedin the
initial solutionwill alsobeusedin thefinal solution.In this setting,almost
thesameheuristicscanbeusedthathavebeendevelopedfor PDPs.It only
hasto beensuredthatgoodshave arrivedat a hub,beforethey arepicked
up. Thiscanberealizedby properupdaterulesanduseof timewindows.

Still, this seemsto be the leastadvantageousstrategy. Especially, when
usingthesimplemodelsfrom Chapter5 it is likely that theadditionalcon-
straints,thatwererelaxedto getanefficiently solvableproblem,will make
achangeof theplanprofitable.

� Reconsiderthe transportationplan occasionallyand keep it fixed in the
meantime.In the termsof local searchthis meansswitchingbetweendif-
ferentneighborhoods.This approachallows to useclassicneighborhoods
most of the time, when the reloadstrategy is not changed. If this is the
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case,a little moretime canbe investedto make a thoroughcalculationto
determinea new reloadstrategy. Again, thesimplemodelsfrom theearlier
chaptersmight beappliedhere.Whenno suchreconsiderationtakesplace,
local searchstrategiesdevelopedfor classicalPDPscanbeapplied.

Unfortunately, a changein the transportationplan may rendera large part
of theactive solutionobsolete,sincetheservedrequestsarenot partof the
new plananymore.Theactivesolutioncouldbeadjustedby removing those
requestsfrom the solutionandaddingthenewly generatedrequeststo the
tourplan.

Thisseemedto beanappealingstrategy andit wastestedwith theinstances
describedin the following chapter. Unfortunately, the solutionsgenerated
after sucha reconsiderationstepweremuchworsethanthosealreadyes-
tablishedduring the courseof the algorithm. The algorithmwasnot able
to improve on previously found solutionsthis way. Still, this could be a
very promisingstrategy for parallelheuristicsthatwork with severalactive
solutionsat thesametime. Further, thereareheuristicsthatmaintainapop-
ulationof favorableknownsolutionsandtry to combinethemintonew ones.
A reconsiderationstepcouldverywell beadvantageousfor suchalgorithms
or implicit in sucha recombinationattempt.� Reconsiderthe transportationmodesin eachstep. This demandsthe de-
velopmentof a neighborhoodstructurethat is specificallydesignedfor the
intendedpurpose.

In this case,the neighborhoodfor eachsolutionneedsto containnot only
solutionswith thesametransportationplan,but alsosolutionswith differing
plan. Thebestresultswereachievedwith this strategy anda heuristicthat
usesit will bepresentedin thenext section.

Still, introducingmorereloadsinto a transportationplan usually is disad-
vantageousfor thissolution,sinceit addsbothfixedcostaswell astheneed
to visit yet anothervertex. Thesearchstrategy workswell togetherwith re-
laxedcapacityconstraintsanddiversificationstepsthatwill beexplainedin
thenext section.However, without theseadditions,it hasonly rarelybeen
possibleto producesolutionsthatcontaina lot of reloadingactions.

7.3 An Algorithm

In this sectiona local searchheuristicfor theRPDPwill bedescribed.It hasthe
advantagesof versatilityandflexibility , becauseit canbe adaptedto many such
problems.
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Now, thethreepartsof thealgorithmwill bedescribed.First,aninitial transporta-
tion plan is chosen,thena feasiblesolutionfor this plan is constructed.Finally,
this solutionis improvedby local exchangesteps.Pseudocodecanbe found in
Table7.1.

Solveanappropriatè -SHP_^� createinitial solution
while (improvementwithin thelast è steps):a�� find bestadmissibleneighborof _

if ( a feasibleandof lowercostthan _ ):_9� a
insert a into tabu list
adjustdiversification(if necessary)
adjustpenaltyfor overloading(if necessary)

return _
Table7.1: Applicationflow of thetabu searchheuristic

7.3.1 Finding an Initial Load Plan

The first stepof the heuristicis to establishan initial transportationplan for the
problem.Thesimplestway to do this, is to transportall thegoodsdirectly. Still,
it is desirableto startwith amoresophisticatedstrategy.

In the test instancesthereareat most two hubsandeachgoodcanbe reloaded
only once.Therefore,the ` -StarHubProblem(for ` � +�.·� ) canbeusedto make
adecisionin thehopethatit choosessomesensiblesetsof requeststo bereloaded.
In general,thetransportationplancanbemorecomplex, thenanothermethodhas
to befound.For example,anapproximationalgorithmfor theSDPcouldbeused
or only simpleplansbeallowedin theinitial solution.

In this ` -SHP, eachpickup anddelivery stop is a vertex, andedgeweightsare
given by the distancebetweenvertices. The vertex weightsare determinedby
eachvertice’s distanceto eachhub. Sincethe capacityrestrictionsareomitted
in themodelto guaranteeefficient runningtimes,this is anextremelyinaccurate
model.Theinaccuracy canberemediedby two approaches:

� In constructingthe ` -SHP, the vertex weightsaremultiplied by a certain
factor. This factoris variableandallows to controltheamountof reloading
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performed.In this way, differenttransportationplansfor theinitial solution
canbeobtained.� Thetransportationplanwill bechangedlocally in theimprovementstep.At
thisstage,theconstraintsthatwererelaxedfor the ` -SHP, likecapacityand
timeconstraints,canalsobetakeninto consideration.

7.3.2 Construction of an Initial Solution

The result of the ` -SHP fixes the first transportationplan. A simple insertion
heuristicwill now beapplied,to createaninitial solution.

Thismeans,therequestwill beaddedto thesolutionsequentially. An emptytour
plan(only emptytours)is chosento begin with. Now, in eachstep,eachrequestis
insertedinto eachtour andthenthecheapestfeasibleinsertionamongtheseshall
bechosen.This stepis repeateduntil all requestshave beeninsertedinto thetour
plan.

To accommodatethe precedenceconstraintsamongthe requests,a requesthas
only beeninsertedafter its predecessorshave beeninsertedin our computational
tests.

Remark7.1. Notethatin generalthisstrategy maynot leadto a feasiblesolution.
In fact,whenaninstancefeaturestight time windows, thetransportationplande-
terminedby the ` -SHPmaymakeconstructionof a feasiblesolutionimpossible.

In thiscase,onecouldtry to reflectthisin thecostfunctionsof the ` -SHP. If every-
thingelsefails, theimprovementheuristiccouldalsobestartedwith aninfeasible
solutionandtheinfeasibilitybepenalizedby thecostfunction.

7.3.3 Impr ovement-Heuristic

For VRP- andPDP-Problems,node-andarc-exchangeneighborhoodshave been
extensively studied. Extendingthemto testprecedenceconstraintsimposedby
thetransportationplanwill make themapplicableto reloadproblemsaswell.

Figures7.1 and7.2 illustratetwo very simpleandwidely usedforms of arc ex-
changes.A numberof arcsis removedfromthesolutionandthenthesamenumber
of arcsis addedto getanew tourplan.Sincefor agiven ` thenumberof possible
exchangesis a polynomialof degree ` , oneusually restrictsto a small number
of ` or only performscertainkinds of exchanges,like the 2- andOr-exchanges
depicted. Note that the directionof the arcsmay changein an exchange. Or-
exchangesare those � -exchangeswhereall arcsremainingin the solutionkeep
their originaldirection.
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Figure7.1: A � -exchange

Figure7.2: An Or-exchange

Unfortunately, notall of thepossibleexchangesproducefeasiblesolutions.Thus,
for eachexchangeit mustbetestedwhetherit rendersthetourplaninfeasibleand
thetimelabelsat theverticeshaveto beupdated.By applyingpreprocessing[50],
specialupdatingmechanisms[50] andsearchstrategies[46] several researchers
havebeenableto incorporatevarioussideconstraintsfor agivenkind of exchange
with anacceptableor evenwithoutanincreasein computationalcomplexity. Still,
in the testswith more complex exchangeneighborhoodsmost exchangeswere
infeasibledueto someconstraint.Besides,a linearsearchseemsto be themost
efficient testfor theprecedenceconstraintsinducedby thetransportationplan.

In preliminary tests,general � - and � -edge-exchangeswere implementedand
testedtogetherwith the taboosearchapproach.However, due to the high per-
centageof infeasiblesolutionsandthecomputationalcostassociatedwith larger
neighborhoods,averysmallneighborhoodyieldedbestresults.

Thus,to decreasecomputationtime in eachstep,a very simpleneighborhoodis
used,which proved to be extremelypowerful whencombinedwith tabu search.
Thisneighborhoodwasextendedto makesmallchangesto thetransportationplan.

In eachstep,onerequestis removedfrom thesolution.Sincein thetestinstances
thereare at most threealternatives for eachrequest(reloadat one of the hubs
or direct haul), all possiblereinsertionsfor a requestare testedfor eachof the
strategies.Thiscangraduallychangethetransportationplan.

Thisstrategy is combinedwith a tabu searchapproachto avoid local optima.The
appliedcombinationof featureshasalreadyproved very successfulfor vehicle
routingproblemswith capacityandtimewindow constraints[18]. Thetabusearch
elementsof theheuristicarethefollowing:
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Tabu list Eachsolution acceptedin a stepis saved in a so called tabu list for
several steps(between20 to 100). As long asthe solutionis remembered
thealgorithmwill notacceptthis solutionagain.This featureis intendedto
avoid “circling” of thealgorithm.

Sincesaving andcomparingcompletesolutionswould take too muchtime,
weonly save thecostof thesolutionasahashvalueandrejectany solution
of equalcost.

Overloading As anothermeanto escapefrom localminima,infeasibletourplans
arealsoacceptedtemporarily. In our case,thealgorithmis allowedto vio-
latecapacityconstraints.

If a tour plan neighboringthe currentsolutiondoesnot meetthe capacity
constraints,the heuristiccomputesthe exceedingload of the most over-
loadedtour. In addition,the heuristickeepstrack of a factor � that deter-
minesthe penaltyfor overloading.The exceedingload is multiplied by �
andthenaddedto thesolutioncost.

Thus,infeasibletourplanscanbeacceptedif they arebetterthanall feasible
neighborsandthepenaltyis not toohigh. Now, to getamix of feasibleand
infeasiblesolutions,� is adjustedduringthecourseof thealgorithm. If no
feasiblesolutionhasbeenfoundfor fivesteps,� is doubled.If all solutions
havebeenfeasiblefor fivesteps,� is dividedby two.

Intensification and Diversification In this case,this meansthat if animproving
solutioncouldnotbefoundfor 20steps,arandomlychosensetof verticesis
fixed(70percentof thevertices),i.e. they maynotbemovedin succeeding
stepsof theheuristics.

By this, only a few allowed exchangesare left, and thereforethe active
solutionwill in mostcaseschangethearrangementof theserequestsin the
solution. After anothertwenty stepswithout improvement,anothersetof
verticesis fixedandsoon. Finally, afterfive intensificationrounds,all the
verticesareallowed to be moved again. In the tests,the algorithmoften
suddenlyfound new solutionsthat greatlyimprove on the previously best
known solutionafteranintensificationphase

Intensificationis generallydescribedasa featureto forcea morethorough
explorationof acertainregionof thesearchspace,while diversificationtries
to getthealgorithmto investigateadifferentregionof thesearchspace[21].

Further, a slightly differentexplanationfor the successof this featurecan
begiven.Sincetheneighborhoodof ouralgorithmis sosimpleandthebest
neighboringsolutionis alwaysaccepted,it canoftenfind afew changesthat
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independentlyonly leadto aslightdecreasein solutionquality. In theinten-
sificationphase,only afew movablerequestsareleft, sothesewill beforced
into a completelydifferentarrangement.Whenall possibleexchangesare
availableagain,thealgorithmwill oftenfind anew localminimum.

Thealgorithmterminateswhenthesolutioncouldnot be improvedfor a certain
numberof steps(500to 1,000in our tests).

Remark7.2. 1. In the introductionof this chapterit wasnotedthat an algo-
rithm should,at leastin principle, be able to find a path from any initial
solutionto theoptimalsolution.

Theneighbourhoodusedin ouralgorithmhasthisfeature,sincein eachstep
eachordercanberemovedfrom thetourplanandreinsertedarbitrarily and
thenumberof toursis adjusteddynamically.

However, thediversificationstepdrasticallyrestrictstheneighbourhoodby
fixing a large numberof orders. Also, the taboosearchimplementation
alwayschosesthecheapestneighboringsolutionthat is not forbidden,thus
it will alwaysbedrawn towardslocal minima. Thediversificationstrategy
employedin our algorithmincreasesthechancesof moving beyondsucha
localoptimum.

2. Amongthemeta-heuristicsmentionedin Section7.1 only tabu searchwas
implementedfor our algorithmic tests. Also, tabu searchseemsto be the
meta-heuristicmostcommonlyappliedin vehicleroutingapplications.Test-
ing simulatedannealingor simulatedtradingalgorithmsseemsto be a in-
terestingtopic for furtherresearch.



Chapter 8

Computational Tests

Whenyouhavereachedtheendof theroad, thenyoucande-
cidewhetherto go to theleft or to theright, to fireor to water.
But if you make that decisionbefore you haveeven set foot
upontheroad,it will takeyounowhere– exceptto a badend.
PeterWoodwardin Crusade:RacingtheNight

The local searchalgorithmwastestedon a numberof instances.Unfortunately,
currentlytherearenobenchmarkinginstanceswith knownoptimalsolutionsavail-
ablefor PickupandDeliveryProblems.

Therefore,threesetsof instanceswereused.Onesetconsistsof socalled“geo-
metricalproblems”wherethecustomershave a speciallayout,sowe canassume
whattheoptimalsolutionprobablylookslike. With theseinstancesit canbeesti-
mated,how well theimprovementheuristicperforms.Then,datafrom a German
carmanufacturerwereused.Currently, reloadingis usedin this applicationpro-
viding theopportunityto testthealgorithmon realworld data.Theresultswere
comparedwith thoseobtainedby ourselvesandby acommercialvendorwith col-
umngeneration.Finally, somerandominstanceswith two consolidationcenters
weregenerated.

8.1 Implementation

Starting from a given active solution, a local searchheuristicmust be able to
quickly evaluatea large numberof neighboringcandidatesolutions. This is the
partof theheuristicthatinvolvesthelargestcomputationaleffort.

69
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Sinceit would be too time-consumingto copy andmodify the givensolutionto
generatea new candidate,a setof C++-classeswasimplementedto speedup the
process.Theclassessupportthenotionof toursandcorrectionson tours.A tour
plancanberepresentedin this systemasone(relatively large)classthatcontains
a completetour plan plus several (small) classes,representingchangesmadeto
the plan. If a set of changesseemsadvantageous,they can be includedin the
basicplanto form a new basictour plan. In this way, theallocationof storageon
theheapandcopying is minimized.Additionally, basedon this system,different
searchstrategiescouldeasilybeimplementedandtested.

Theimplementationwaswrittenin C++andcompiledusingtheGNU-g++-compiler
version2.8.0.TherunningtimewasdeterminedonanUltraSPARC2processorat
300MHz. Theprocessesonly usedabout1.5MByte of memory, soI/O-timewas
negligible.

8.2 Test Instances and Results

In thefollowing sections,thetestinstancesandresultsof thetabu searchheuristic
are presented.Sincethe initialization of the SHP seemsto have great impact
on the quality of the results,several runswith differently initialized SHPswere
performed.

Thecostfunctionsfor theSHPweredeterminedin thefollowing way: Thecostof
anedgeis thedistancebetweenpickupanddelivery of therequest.This number
wasmultipliedby thepercentageof thetruckcapacityneededby therequest.The
costfunctionsof theverticesaredeterminedby thedistanceof the vertex to the
CC,multipliedby afactorbetween0.1and0.4.Thus,thehigherthefactorfor the
vertex cost,themorelikely its incidentedgeswill bein thesolutionandultimately
thelessreloadswill take place.Theresultswerecomparedwith initial solutions,
whereall requestswerereloaded(all) andno requestwasreloaded(none). Addi-
tionally, to betterjudgethequality of theinitial transportationplansgeneratedby
the � -SHP, it wasdeterminedrandomly(with a probabilityof onehalf) whethera
requestshouldbereloadedin theinitial solution(random).

We did five runsof the improvementheuristicon eachof theseinitial solutions.
For therandomlyinitialized transportationplans,five differentplansweregener-
ated.

The resultsareshown in two tables,the left onerepresentingthe bestsolutions
foundin five runs,theright onetheaverages.

Type refersto the determinationof the initial plan. Cost is the costof the final
solution, Start the cost of the initial solution. Reloadsdenotesthe numberof
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reloadedrequestsin the final solution. Iterations is the numberof stepsof the
tabu searchprocedure,Time theapproximaterunningtime.

8.2.1 Geometrical Instances

To testthequalityof theimprovementheuristic,it wasrunonasetof testinstances
of averysimplestructure.

Onehalf of thestopsarepickup, theotherhalf delivery stops.Thus,for a given� , wehave ���t9.�e�F�������@�:�l��� and ���t9��
�$�������@�.���
� . In theseinstances,thestops
areplacedonacirclearoundthecentralhubanddepot.Thereis onerequestfrom
eachpickup stopto eachdelivery stopor ��������� . All requestsareof the
samesizeandthesizewaschosen,sothatall requestsfrom or to onestoputilize
thecompletecapacityof onevehicle,i.e. for vehiclecapacity� , eachrequesthas
aweightof �S� � . Thereareno timewindows in theseinstances.

d 1

d3

d2
p

2

p3

p
1

CC

Figure8.1: Geometricalinstancewith 9 requests(dashedarrows)andconjectured
optimalsolution(straightarrows)

Weconjecturethatthebestsolutionof thisproblemwouldbeto bringall requests
to thecentralhubfirst andthendeliverthemto theirdestinations.If � is theradius
of thecircleand � thenumberof pickupor deliverystopsresp.,thiswould impose
a total tour lengthof ��� � . Unfortunately, we wereunableto find a proof of this
conjecture.

The distancefrom thehub to eachcustomerwassetto 100. Instance“circle � ”
contains � pickup or delivery locationsrespectively, yielding �z� requests.So,
for “circle � ” anoptimalcostof ����� � is expected.Thebestresultsaresometimes
below thisvalue.Thisis dueto roundingerrorsincurredby theintegercoordinates
of the customerlocations. Theseerrorswere not removed from the instances,
sincetheslightly varyingdistancesremovedegeneracy from theinstances.
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Type Cost Start Reloads Iterations Time

circle4

all 1600 1600 16 1000 9
none 1600 2137 16 1641 16
random 1600 2408 16 1361 13

circle5

all 2001 2001 25 1000 20
none 2001 2666 25 2642 59
random 2001 3108 25 3009 65

circle6

all 2376 2376 36 1000 50
random 2876 4264 35 2084 116
none 3208 3305 12 1046 62

circle7

all 2776 2776 49 1000 87
random 3711 4892 47 1980 191
none 3909 3999 6 1010 109

Bestresults. . .

Type Cost Start Reloads Iterations Time

circle4

all 1600 1600 16 1000 9
random 1600 2487 16 1608 15
none 1630 2137 16 1297 12

circle3

all 2001 2001 25 1000 20
random 2025 3144 25 2120 46
none 2072 2666 25 2276 50

circle5

all 2376 2376 36 1000 48
random 3170 4104 28 1556 88
none 3245 3305 2 1010 59

circle7

all 2776 2776 49 1000 84
none 3909 3999 6 1010 114
random 3969 4617 35 1213 123

. . .andaveragesoverfiveruns

Table8.1: Resultsof tabu searchongeometricinstances

Results The resultsare shown in Table 8.1. The heuristicwas terminatedif
the bestknown solutionwasnot improved for 1,000iterations. We did not test
initializationwith theSHPfor theseinstances.

Whenall requestswerereloadedin the initial transportationplan, the insertion
heuristicalreadyfoundtheconjecturedoptimumsolution.It canalsobeseenthat
both randomandnonefound the optimumsolution for instanceswith up to 25
requestsor 5 percustomerlocation.

This is a relatively goodresult,sincea simpleimprovementstrategy – thatonly
acceptsa new solutionif it is betterthanall previous ones– could not improve
theinitial solutionat all, whenstartedwith a transportationplanthatcontainsno
reloads. In orderto achieve bestresults,eitherall requestsfrom or to onestop
have to follow the samestrategy, i.e. all have to be reloadedor all have to be
transporteddirectly. This means,thelargertheinstance,theharderit getsto find
thebestreloadplan.

For thelargerinstances,whereneithernonenor randomfind theoptimumwesee
that,while thebestrandomsolutionis betterthanthenonesolution,on average
noneperformsbetter than random. This may indicate that a randomdecision
aboutthetransportationplanwill in generalbedisadvantageous.

8.2.2 Real World Instances

In our real world application,car partshave to be transportedfrom several sup-
pliers to the plantswherethecarsareassembled.The datawastaken from four
consecutive days. The resultsshow thateven in thatshorttime frame,thereis a
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Figure8.2: Locationsof therealworld application

large variation,makingthe useof heuristicsthat decideaboutreloadingworth-
while.

In the instances,therearethreeplantsandabout40 suppliers.All suppliersare
within two driving hoursfrom the(single)depot,wheretruck routesmustbegin
andend,while theplantsaresituatedbetweenfour andsevenhoursaway. Each
instancecontainsabout70 orders.This meansthatsupplierswill producegoods
notonly for onebut severalplants.Thelayoutof thelocationsis shown in Figure
8.2. Suppliersaredepictedaswhite circles,plantsasgrayonesandthehub is a
blackcircle.

Goodscanbedeliveredeitherdirectly (calledmilk-run) or via a hub,which coin-
cideswith thedepot.Thismeansthatgoodsneedto bereloadedatmostonce.

Thetime framefor deliveryof thegoodsis two days.Eachlocationandalsoeach
orderis equippedwith time windows. Most locationsareopenfrom 7:00a.m. to
6:00p.m.,somefor a few hourslonger. Thepickup time windows of theorders
statewhenthey arereadyfor pickup,which is between8:00a.m. and3:00p.m.
onthefirst day. Thetimewindowsfor thedeliveryof goodsusuallyareopenonly
on thesecondday. If delivery shall beeffectedvia thehub, thegoodsaretaken
to thehubon thefirst day(pre-runs) andthemainrun (to theplant) is startedon
thesecondday. In thisapplication,currentlyeachtour transportsonly onekind of
request.All requestsscheduledfor onetour musteitherbemilk runs,pre-runsor
mainruns.

Threecostfactorshavebeentakeninto account:thetravel distance,thetotal tour
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Type Cost Start Tours Reloads Time

Monday

random 15619 21408 13 28 1141
SHP(0.3) 15865 19850 13 29 1481
SHP(0.2) 15932 22524 14 39 1615
SHP(0.1) 16093 21837 14 43 964
none 16150 17705 11 7 247
all 16224 18849 15 62 538
SHP(0.4) 16352 20075 13 21 475

Tuesday

SHP(0.4) 13945 18977 9 0 305
SHP(0.1) 14016 20016 12 25 836
none 14291 15406 9 0 269
SHP(0.3) 15348 18863 12 22 838
SHP(0.2) 15822 21638 14 24 1293
random 16457 19491 16 42 1389
all 16833 17673 16 70 373

Wednesday

SHP(0.2) 16561 24816 13 19 487
none 16828 18122 11 3 169
random 17412 21915 13 30 883
SHP(0.3) 17433 22869 15 27 765
SHP(0.4) 17674 22041 11 0 192
SHP(0.1) 18106 27320 16 26 1065
all 18757 21064 18 63 494

Thursday

SHP(0.2) 13865 19338 12 27 670
all 14120 16264 14 36 1261
random 14253 17266 12 24 686
SHP(0.1) 14276 20592 13 44 1603
SHP(0.4) 14325 18557 11 13 412
none 14842 15706 9 0 226
SHP(0.3) 16028 19798 14 18 433

Bestresults. . .

Type Cost Start Tours Reloads Time

Monday

all 16224 18849 15 62 503
SHP(0.2) 16226 22524 14 41 983
SHP(0.3) 16250 19850 13 28 1052
none 16417 17705 11 4 190
SHP(0.4) 16496 20075 13 18 513
SHP(0.1) 16643 21837 15 44 1061
random 16716 21639 13 25 621

Tuesday

none 14578 15406 9 0 205
SHP(0.4) 14875 18977 10 2 262
SHP(0.1) 15286 20981 12 20 626
SHP(0.3) 15631 18863 12 21 640
all 16833 17673 16 70 320
SHP(0.2) 17022 21638 15 38 608
random 17069 19491 15 47 667

Wednesday

none 16828 18122 11 3 168
SHP(0.3) 17567 22869 15 24 498
SHP(0.2) 17774 24816 14 25 502
SHP(0.4) 18343 22041 12 0 212
random 18489 23378 14 26 684
all 18790 21064 18 63 465
SHP(0.1) 19364 27320 18 45 669

Thursday

SHP(0.2) 14412 19338 12 29 703
all 14588 16264 14 55 644
SHP(0.4) 14606 18557 11 11 446
random 14741 17811 12 24 689
none 15050 15706 9 0 180
SHP(0.1) 15511 20592 13 41 1026
SHP(0.3) 16232 19798 14 17 424

. . .andaveragesoverfiveruns

Table8.2: Resultson real-world instanceswith “pure” tours

lengthandhandlingcostat theconsolidationcenterwith distanceandtour length
having aboutequalweight andhandlingcostup to 15 % of the total cost if all
requestsarereloaded.

Results Table8.3showstheresultsachievedby acommercialdeveloperandthe
columngenerationapproachdescribedin AppendixA. Thecommercialsolutions
wereobtainedby usinga columngenerationapproachsimilar to ours. It should
benotedthough,thatall commercialsolutionsexceptfor the“Tuesday”instances

commercial columngeneration
Instance Orders Cost Tours Reloads Cost Tours Reloads

Monday 72 14777 15 69 17226 17 71
Tuesday 70 15546 16 64 16003 15 70
Wednesday 73 17826 15 48 19749 20 73
Thursday 72 14651 14 52 15848 15 72

Table8.3: Resultswith columngeneration
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Type Cost Start Tours Reloads Time

Monday

SHP(0.4) 13987 18003 11 19 384
SHP(0.1) 14517 18973 14 43 979
SHP(0.3) 14569 21188 12 32 581
random 14857 21729 11 16 777
SHP(0.2) 14865 21237 13 25 1255
all 15078 18849 14 36 1220
none 15930 17705 11 11 326

Tuesday

SHP(0.1) 13652 20570 10 7 544
SHP(0.3) 13796 19223 10 8 694
all 13902 17673 12 30 1698
SHP(0.4) 13975 18808 10 10 866
none 14056 15406 10 6 958
random 14480 19867 15 42 1505
SHP(0.2) 14723 19693 12 26 654

Wednesday

none 16005 18122 11 10 898
random 16054 22043 11 13 317
SHP(0.4) 16135 21508 13 18 1087
SHP(0.2) 16231 23135 13 26 1292
SHP(0.1) 16357 22932 14 25 818
all 16670 21064 15 37 814
SHP(0.3) 17097 23466 14 35 1717

Thursday

SHP(0.2) 12621 17569 12 26 1405
SHP(0.3) 12735 18489 10 9 1575
all 13003 16264 12 26 767
SHP(0.1) 13251 18063 13 40 1285
none 13544 15706 10 14 1207
SHP(0.4) 13722 17145 11 9 658
random 13963 19049 10 10 1128

Bestresults. . .

Type Cost Start Tours Reloads Time

Monday

SHP(0.1) 14628 18973 14 38 832
SHP(0.4) 14704 18003 11 17 490
SHP(0.3) 14773 21188 12 32 499
random 15401 20844 11 17 659
all 15510 18849 14 41 908
SHP(0.2) 15883 21237 13 31 1057
none 15957 17705 11 8 274

Tuesday

SHP(0.3) 13873 19223 10 12 959
SHP(0.1) 13977 19053 11 11 547
SHP(0.4) 14026 18808 10 11 693
all 14138 17673 13 30 1608
none 14185 15406 10 4 677
random 14887 19867 14 35 980
SHP(0.2) 15100 19693 14 34 718

Wednesday

none 16362 18122 11 6 577
random 16495 21654 12 21 584
SHP(0.1) 16555 22932 13 29 773
SHP(0.2) 16817 23135 14 31 1007
SHP(0.4) 17208 21508 12 11 759
all 17380 21064 16 45 622
SHP(0.3) 18038 23466 16 39 871

Thursday

SHP(0.2) 12687 17569 11 25 1174
SHP(0.3) 13001 18489 10 15 904
SHP(0.1) 13274 18063 13 35 1243
all 13339 16264 12 36 767
SHP(0.4) 13942 17145 10 6 614
none 14501 15706 9 4 607
random 14545 19330 11 11 564

. . .andaveragesoverfiveruns

Table8.4: Resultson real-world instanceswith “mixed” tours

areinfeasibledueto timewindow violations.Bothcolumngenerationapproaches
needto work with dedicatedpre-, milk- and main runs, while the tabu search
heuristicis ableto generatetoursthatcombineordersof differentkinds.

Therefore,two differentrunswereperformed.In onerun, only “pure” toursthat
handleonly onesortof requestwereallowed. In thesecondrun, tourscouldalso
combinedifferentkindsof requests.In thelattercase,a tour oftenpicksup some
goodsthatwerealreadydeliveredto theCCandthenpicksupa few otherson the
way to theplant.Thecorrespondingresultsareshown in Tables8.2and8.4.

As to beseenin thetables,runningtimeslie between5 and20minutes.

Tabu searchwasable to improve uponthe columngenerationsolutionsin both
settingswith puretour andwith mixedones. The only exceptionrepresentsthe
first instance,whereit wasnot possibleto beatthe commercialsolution. This
solution,however, containssomeseveretime window violations. To supportthe
claimthatthiswasthereasonfor theinferior performanceof tabu search,thetime
windows in this instancewererelaxed anda test run of the tabu searchon this
instancewasperformed.With this approach,muchbetterresultswereobtained.



76 COMPUTATIONAL TESTS

Notethatbothcolumngenerationapproachesproducesolutionsthatcontainfew
milk runs,while thebesttabu searchsolutionsrarelyreloadmorethanhalf of the
requests.This canbe attributedto the approximationof the costsof a main run
by the columngenerationalgorithms,which is difficult if the main runsdo not
containfull truck loads(seeAppendixA).

8.2.3 Problems with two Hubs

Type Cost Start Rel. Iter. Time

random1

SHP(0.2) 13822 15364 12 1309 321
oneHub (none) 13869 14961 8 760 95
none 14016 14961 13 958 244
random 14142 20924 16 765 176
noHub 14330 14961 0 505 9

random2

none 13686 15568 3 644 122
random 13690 20904 5 900 155
SHP(0.3) 13712 15568 3 666 131
oneHub (all) 15407 23981 0 843 108
noHub 16086 17337 0 622 17

random3

SHP(0.2) 10902 13315 5 1823 349
oneHub (none) 10960 12892 3 1316 131
none 11583 12892 6 642 125
random 11559 18880 8 641 124
nonenoHub 11681 12892 0 620 12

Bestresults. . .

Type Cost Start Rel. Iter. Time

random1

oneHub (none) 14009 14961 6 674 81
SHP(0.2) 14113 15364 5 720 164
none 14146 14961 6 678 158
noHub 14330 14961 0 505 8
random 14507 21679 13 668 141

random2

none 13751 15568 1 568 105
SHP(0.3) 13756 15568 1 613 115
random 14168 22089 6 743 132
oneHub (none) 15963 17337 3 653 72
noHub 16169 17337 0 552 14

random3

none 11666 12892 6 621 118
noHub 11762 12892 0 585 11
SHP(0.2) 11248 13315 4 984 192
oneHub (none) 11504 12892 6 812 86
random 11936 19908 10 597 113

. . .andaveragesoverfiveruns

Table8.5: Resultson randomproblems

Finally, a few testswereperformedon instanceswith two hubs.Sincerealworld
test instancesfor suchproblemshave not beenavailable,a setof test instances
wascreated.Theseconsistof tenpickupandtendeliverystops,randomlyplaced
arounda centraldepot. Then,40 requestswererandomlychosenbetweenthose
twentyverticeswith demandsvaryingbetween10% and80% of thetruckcapac-
ity. Finally, two hubswererandomlyplaced.

Results The computationalresultscanbe seenin Table8.5. To comparethe
performance,eachhub wasremoved in turn from the instancesaswell asboth
hubswereremoved. Fromthetwo instanceswith only onehub,thebetteroneis
statedin thetable.Of therunsinitializedby differentlyparameterizedSHPs,only
theparameterizationsyielding thebestresultareshown in thetable.

Again, the performanceof the differently initialized heuristicslargely depends
on the instance,but the morehubsthereare, the betterthe result. In addition,
theseinstancessupportthe observation that reloadingseemsworthwhile only in
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specialcircumstances.Only a relatively smallpercentageof therequestsis being
reloadedin thesolutions.
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Chapter 9

Conc lusion

Wehaveexaminedthedifferencesintroducedby reloadingof goodsin transporta-
tion problemsandproposeda local searchheuristicto solvesuchproblems.

Thepossibilityto reloadandthusconsolidategoodsin anintermediatestop,a so
calledhub, introducesseveral new aspects.Sincea requestis no longerbound
to a singletour, onehasto becarefulto identify theexactpatha requesttakesto
avoid deadlocks.While thereis a lot of literatureon network designmodelsfor
strategic planningtasks,thesemodelsdo not capturethesenew aspectsoccurring
in operationalplanning.

Therefore,weproposea fairly simplemodelfocusingonthenew aspectswehave
identified.Thismodelseemsto berelatedrathermorestronglyto network design
problemsthan to classicalrouting problems. Our model can be viewed as an
intermediateproblembetweentwo Steinerproblems,the SteinerArborescence
ProblemandtheGeneralizedDirectedSteinerNetwork Problem.

While theproblemis �¡  -complete,it is solvablein polynomialtime underad-
ditional restrictionson theunderlyinggraphif thenumberof requestsis bounded
by aconstant.Sincetheadditionalrestrictionsarenaturalfor routingapplications,
thisseemsto imply thatthenumberof availablereloadhubshasno impacton the
complexity of theproblem. A relatedproblem,theSteinerDiagramProblem,is
approximableif weallow theadditionof verticesin theunderlyingnetwork.

In applications,it is difficult to makeadecisionwhichrequestsshouldbereloaded
andchoseadequatehubsfor eachrequest.Fromtheabove, it is clearthatsucha
decisionis hardin thegeneralcaseof arbitraryreloads.

Focusingon situationswhereonly very simple reloadactionsare possible,the¢
-StarHub Problem(

¢
-SHP)wasdeveloped.In this problem,it is assumedthat

a tour can visit only onecustomerlocationand the hub or deliver exactly one
request. Also, eachrequestcan only be reloadedonce. This problemcan be
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transformedinto amin-cutproblemif at mosttwo hubsareavailable.Otherwise,
it is �/  -complete.

If the sequenceof hubsvisited by a requestis known, reloadproblemsarevery
similar to classicalroutingproblems.In this case,only precedenceconstraintsat
thehubshave to beobservedto ensurethatgoodshave arrivedat thehubbefore
they arecarriedon. To make thenew modelresembleclassicalroutingproblems
moreclosely, socalledtransportationplansareintroduced.In thismodel,a trans-
portationplan hasto be fixed andthena PDPto be solved,while observingthe
additionalprecedenceconstraints.To solvethisproblemonly slightmodifications
to existing heuristicsfor routingproblemsarenecessary. Additionally, theorig-
inal problemis extendedto includecapacityandtime window constraints,since
thesearethemostimportantrestrictionsin mostroutingapplications.

To solve reloadproblems,a tabu searchheuristicwas developedthat delivers
promisingresultsbothfor someartificial instancesaswell asrealworld instances
from a Germancarmanufacturer. Sincethetestinstancesadmitonly verysimple
reloadpatterns,the

¢
-StarHub Problemis a valuabletool to producean initial

transportationplanfor thesesinstances.
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Appendix A

Column Generation for the RPDP

For the last 40 years,approachesto optimizationproblemsbasedon linear pro-
gramminghave beensuccessful.This is dueto a strongunderstandingof theun-
derlying theoryandalgorithms,like thesimplex method,which is very efficient
in applications.For vehicleroutingandpickupanddeliveryproblems,especially
columngenerationmethodshave becomesuccessfulin the recentyears.On the
onehand,instancesof realworld sizehave becomeaccessibleto linearprogram-
mingbasedheuristicsby thistechnique,ontheotherhand,its linearprogramming
rootsprovide theability to computeaboundonsolutionquality.

Someissuesarisingwhenapplyingcolumngenerationtechniquesto reloadprob-
lemswill bedescribed.First,themainideasof columngenerationwill beoutlined
andit will bedemonstratedhow they areusuallyappliedto vehiclerouting.Then,
it will bediscussedhow this approachcanbeadaptedto reloadproblems.

A.1 Basic Idea of Column Generation

ColumnGenerationis a techniquebasedon theDantzig-Wolfe decompositionof
linear programs.A shortoverview asfound in [36] will be given. Considerthe
following linearprogram:

min £$¤5¥
s.t. ¦§¥1¨ª© (A.1)« ¥1¨ª� (A.2)¥1¨ª�£S�.©>�.� and ¥ arevectorsand ¦¬� « matricesof suitabledimension.Let usassume

for simplicity that �®­¯�b9>¥±° « ¥²¨³�j�K¥\¨³�
� is a polytope. Thenany point of
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84 COLUMN GENERATION FOR THE RPDP� canbewritten asa convex combinationof � ’s vertices 9;<��F�����+�+�D<�´@� . Thus,an
equivalentprogramcanbederived:

min £$¤¶µ ´· ¸U¹ �¶º ¸ < ¸Q»
s.t. ¦¼µ ´· ¸U¹ � º ¸ < ¸Q» ¨ª© (A.3)´· ¸U¹ �¶º ¸ �½� (A.4)º ¨ª�

In this program,calledthe masterproblem, constraints(A.2) areimplicit in the
generationof thevertices.To solve this new program,wedonotneedto generate
all verticesof � atonce,but only asmallsubset¾ thatcontainsabasisfor ¦ . The
dual variablesassociatedwith the constraintsof the mastercanthenbe usedto
generateadditionalverticesof � thatpriceout negatively andthuscanbeadded
to ¾ . Thegenerationof verticesof

«
is referredto asthesubproblem.

If theoriginalprogramis an � - � -integerprogram,thenthemasterprogramwill be

min £$¤¶µ ´· ¸U¹ �¶º ¸ < ¸Q»
s.t.¦¼µ ´· ¸U¹ �¶º ¸ < ¸Q» ¨ª©º ¸À¿ 9��
�+�Á���

sinceany integersolutionof theoriginal programis a vertex of therelaxedpoly-
gon.

A.2 Column Generation for Routing Problems

Commonformulationsof the PDPasa 0-1-Integer-Programasin [49] usevari-
ablesto assignrequeststo toursandthenfor eachtour setsof variablesthat indi-
catewhich arcis usedby a giventour. Thenvariablescanbeaddedthatestablish
additionalconstraintslike time windows, capacitiesetc. Suchformulationsim-
poseablock angularstructureon thematrixof theproblem:



Column Generation for Routing Problems 85

min £ ¤ � ¥Â�ÄÃ]£ ¤� ¥ � Ã/���+�$£ ¤ Å ¥ ÅÆÇÇÇÇÇÈ ¦É�Ê¦ � �+���®¦ Å« � � �+��� �� « � �+��� �
...

. . .
...� � �+��� « Å
Ë+ÌÌÌÌÌÍ
ÆÇÇÇÈ ¥Â�¥ �

...¥ Å
Ë+ÌÌÌÍ ¨ ÆÇÇÇÇÇÈ ©�l�� �

...� Å
Ë+ÌÌÌÌÌÍÆÇÇÇÈ ¥Â�¥ �

...¥ Å
Ë+ÌÌÌÍ ¨ª�

Hereeach
« ¸

expressesconstraintsconcerningonly a single tour, while the ¦ ¸
connectthetoursby guaranteeingthateachrequestis assignedto a tour.

By applying the above Dantzig-Wolfe decompositionto the
« ¸

, we now get
¢

polyhedra� ¸ ­¯�ÏÎ>¥ ¸ ° « ¸ ¥ ¸ ¨Ð� ¸ �K¥ ¸ ¨��
� . Thus,verticescanbe generatedin-
dividually for eachof these– relatively – small polytopes. If for the particular
problemtheconstraintsoneachtourareequal(identicalvehicles),thenthe � ¸ are
isomorphicandit is sufficient to work with oneof them.

Thus,the PDPhasbeencharacterizedasan assignmentproblem[49]. This as-
signmentproblemcanbestatedasfollows: Let Ñ be thesetof admissibletours
for a giveninstanceof thePDP(or VRP) with Ò requestsÎS���F�������@�$�+ÓÔ� . For each
tour Õ ¿ Ñ let Ö+× bethesetof demandsservedby Õ andlet £�µQÕ » denotethecostof
tour Õ .
Theproblemcannow bestatedasasetcoveringproblem:

ProblemA.1.
ChooseasubsetØ]Ù0Ñ , suchthat Ú ×ÜÛ ¤ Ö+×Â�\� and Ý ×ÜÛ�Þ £�µQÕ » is minimized.

This is a very favorablesituationfor a columngenerationalgorithm, sincethe
lower boundsprovidedby the linearprogrammingrelaxationof thesetcovering
problemtendto berelatively good,soa solutionof theintegerprogramoftencan
begeneratedquickly by branchandboundtechniques.Also, thesubproblemcan
be interpretedas the generationof feasibletours. For heuristics,intuition and
additionalknowledgeabouttheapplicationcanbeusedto generateonly toursthat
seemto befavorablefor theproblemat hand.

Thus, the successof column generationtechniquesfor routing problemsrelies
heavily on this decompositioninto asetcoveringanda tour building component.
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A.3 An Application with Reloads

In thetermsof Problem6.2 two new featureshave to beaccommodatedin order
to makecolumngenerationapplicablefor reloadproblems:A decisiononatrans-
portationplan hasto be madeandsuitablearrival andpickup timesat the hubs
needto beguaranteed.

This makesdesigninga columngenerationalgorithmfor reloadproblemsinher-
ently moredifficult. To supportthatclaim we presentbriefly anapproachdevel-
opedwith Ch. Mues for the real world instancesdescribedin Chapter8. It is
explainedmorethoroughlyin [39].

The MIP-formulation takesadvantageof the observation that in the real world
applicationthereareonly two waysto transporta request�ß�³µU�à�.� » . Either it is
transporteddirectly ( µU�Â�.� »Ô¿âá� in theterminologyof Chapter6) or it is reloaded
at thehub( µE�à�Fãjäå » �Sµ:ãeæå �$� »ç¿Êá� ).

The subproblemis handledasin othercolumngenerationapproaches[12] by a
tour building heuristic. This heuristicworks on the set of admissiblerequests�éè}ê Ó . For eachoriginal requestµU�à�$� » a tourgeneratedby thisheuristicwill serve
atmostoneof µE�à�Fãjäå » , µ:ãeæå �.� » or µE�à�.� » . Theheuristiccreatestoursby iteratively
addingstopsto theendof the toursandtries to identify partial toursthatarenot
advantageousat anearlystage.

Let � �a° ��° and �½�ëÎS���F�������@�$�+��� . Let Õ bea tour constructedin thesubproblem
with ì its earliestarrival time at thedepot(which doublesashub)and ì its latest
departuretime. Themasterproblemcontainsí � constraints.Let µS< � �������@�D<�î � » be
thecolumnconstructedfor tour Õ . andfor ��ï0ðñï � put

<
¸ ­��óò � if µE�à�Fãjäå�ô » or µE�à�.� » is handledby Õ� otherwise.

Similarly,

<
¸ ä � ­�� ò � if µ�ãeæå:ô �.� » or µU�Â�.� » is handledby Õ� otherwise.

Finally, put

<
¸ ä � � ­�� õö÷ öø

ù ì if µE�à�Fãjäå:ô » is handledby Õì if µ�ãzæå�ô �.� » is handledby Õ� otherwise.
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Let <��e�����ª<�´ denotethe generatedcolumnsand £��z�+���$£F´ the cost of their corre-
spondingtours. Then,a solutionof the following masterproblemdeterminesa
feasiblesolutionof theroutingproblem: úßûJü ´· ¸E¹ � £ ¸ ¥ ¸ý �Éï�þÿï�� � ­ ´· ¸U¹ � < �¸ ¥ ¸ �ë� (A.5)ý � � Ãª��ï�þßï/í � ­ ´· ¸U¹ � < �¸ ¥ ¸ ¨ª� (A.6)¥ ¿ Î��
�+�Á� (A.7)

Due to theway thecolumnsareconstructed,(A.5) statesthateachrequestmust
beserved.(A.6) guaranteesthatany requestthatis reloadedhasarrivedat thehub
beforeit is carriedon. However, themasterproblemis nosetpartitioningproblem
anymoredueto thelatterconstraintsandbecomesextremelydifficult to solve.

Anotherproblemis thenumberof possiblemainruns.Currently, in theapplication
eachtourcancontainonly onesortof transport,only pre-,mainor milk runs.So,
mainrunshaveaverysimplestructure,startingfrom theconsolidationcenterthey
usuallyvisit only oneof theplantsandreturnto thedepot.Sincethetimewindows
for thedelivery arethesamefor all requests,theonly bindingconstraintsfor the
mainrunsarethecapacityconstraints.This leadsto a greatnumberof mainruns
of identicalcost. In thetestsperformed,CPLEX wasunableto obtainaninteger
solutionfor this modelwithin a reasonableamountof time (30 minutes).

For this reason,a formulation that resemblesthe one for conventionalrouting
problemsmorecloselywaschosen. We decidednot to generatethe main runs
within thecolumngenerationframework. Instead,it is only usedto fix milk runs
andpre-runswith eachtour containingonly onekind of request,eitheronly milk
runs or only pre-runs. For pre-runs,the costof a main run is estimatedand a
suitablepercentageis addedto thecostof the tour. Additionally, a latestarrival
timeat thehubis fixedfor pre-runs.Thiseliminatestheprecedenceconstraintsin
themasterproblemandreducesthenumberof constraintsto � .

The columngenerationalgorithmyields a solutionwhereeachrequestis either
fully handledor transportedto thehub. In a subsequentstep,suitablemainruns
areaddedto take thelatterrequeststo theirdestinations.

This approachleavesthecomplexity of thereloadproblemcompletelyoutsideof
thecolumngenerationandrelieson thestructureof theapplicationdatato a large
extent. Additionally, it cannotcopewith tourscontainingbothdirectly delivered
requestsandreloadedones.
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Up to now, only the first stepof this approachis implemented.An initial setof
toursis generatedandthentheMIP is usedto solve thesetpartitioningproblem.
This partial implementationalreadygivessurprisinglygoodresultsascompared
to thesolutionsprovidedby a commercialvendor. Computationalresultscanbe
foundin Chapter8 in Table8.3.This researchis carriedonby Ch. Mues.



Appendix B

Equiv alence of RPDP and SDP

Wewill prove two propositionswhich togetheryield Theorem5.2.

In PropositionB.1, it is shown thatfrom asolutionof Problem5.1asolutionof the
correspondingRPDPcanbeconstructed.Thissolutionhastheadditionalproperty
that thearcsusedby its tours,togetherwith thereloadarcs ¦�� , area solutionof
Problem5.1,aswell.

The basicidea of the proof is to partition the arc set Ø given by a solution of
Problem5.1into paths,eachrepresentingatour. For anarbitrarysolutionthismay
yield tourssharingverticesinsideof hubs. Outsideof hubs,this is not possible,
sincea vertex canhave only oneenteringandoneleaving arc in Ø . Therefore,Ø
is modifiedto make this decompositionfeasible.

For eachrequest� ¿ � we fix a pathalongwhich it is transportedin Ø . For each
hub ã , if a requestis routedthrough ã , the last vertex � å � visitedbeforeentering
thehubandthefirst vertex � å � visitedafter leaving thehub is determined.These
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FigureB.1: Examplefor theConstructionappliedto thehubvertices
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verticesarecollectedin sets� � and � � . Wewill saythatavertex <
¿ � � provides

therequests� ¿ � for which < �¡� å � anda vertex � ¿ � � disposestherequests� ¿ � for which < �¡� å � .
Now, thearcsof Ø within, into andoutof thehubarereplacedby new ones,sothe
partitioninto pathsis feasiblefor theRPDP. First,arcswithin thehubandentering
or leaving thehubaredeletedfrom Ø . Notethatto obtaina feasiblesolution,we
mustaddarcs,sothat for eachrequest� ¿ � thereis a pathconnecting� å � to � å � .
Fromeachvertex in <

¿ � � a pathis constructedfrom < to thehubvertices ãjäå
whoserequest� is providedby � � . For eachvertex � ¿ � � a pathis constructed
thatendsin � aftervisiting thoseãzæå whoserequest� is disposedby � . Together
with thereloadarc µ�ã äå �Fã æå » thisprovidesa µE� å � �.� å � » -pathfor eachrequest� whose
pathusesã .
FigureB.1 shows an examplewhere � � ( � � ) provides(disposes)requests���.�$� �
and � î . Reloadarcsareshown asdashedarrows.

PropositionB.1. Let µ��±�$¦¬�$£ » and � Ù0¦ bean instanceof Problem4.3and5.1.

If Ø¡Ù�¦ is a feasiblesolutionof Problem5.1of cost 	 , thenthere is a solutionµQÑÔ�Sµ�
 å » å Û
�Ä�Kì » of Problem4.3of costnotexceeding	 , such that ¦ ��� Ú ×ÜÛ ¤ ¦ µ Õ »is a solutionof Problem5.1.

Proof. Let ØëÙZ¦ be a solutionof Problem5.1 whosecostdoesnot exceed 	 .
Since � Ù������

ü
� µ�Ø » , for eachrequest� thereis an � -path� å in Ø .

Let ã ¿ � � � ­¯�����
û � µ�� äÞ µ � ä� � � æ� »}»� � ­¯��� �!�#"Äµ�� æÞ µ � ä� � � æ� »}»� � ­¯� � ä� � � æ� � � � � � �¦ � ­¯�%$;� � ��µ � ä� � � æ� »'& � µ � ä� � � æ� » � � $ µ � ä� � � æ� » �8� � &� � ­¯� ÎS� ¿ ��° � å containsanarcfrom ¦ � ���

For each� ¿ � � let � å � bethefirst vertex of � � visitedby � å and � å � thelastvertex
of � � visitedby � å . Notethattheseverticesmustbefrom � � and � � respectively.

For each <
¿ � � let Ø)(� be a pathstartingin < andthenvisiting the verticesinÎ�ã5äå °+*
� ¿ � � ­Ð<9��� å � � . For each <

¿ � � let Ø)(� be a pathendingin < after
visiting theverticesin Î�ã æå °,*
� ¿ � � ­�<¼�\� å � � . Let Ø � ­¯� Ú ( Û!-
.'/102. Ø (� � ¦ �� .

We claim that µ�Ø43É¦ � » � Ø � is a solutionof Problem5.1. To prove this claim,
we have to show that the new arc set is acyclic, hascostnot exceeding	 and� Ù5�����

ü
� µKµ:Ø63Ô¦ � » � Ø � » . Obviously, (5.1)and(5.2)hold.

Acyclicity Assumefor a contradictionthat µ:Ø73É¦ � » � Ø � containsa circuit 8 .
SinceØ is acyclic, 8 mustusearcsin Ø � andby theconstructionof Ø � must
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visit verticesin both � � and � � . Thus,thereare <
¿ � � and � ¿ � � , such

thatthereis a µB<5��� » -pathin Ø � anda µ9�¬�D< » -pathin Ø63 ¦ � .<�:�;� , since � �=< � � �?> . (Proof: Assume<
¿ � �=< � � . Thus, < must

beincidentto bothanenteringanda leaving arcfrom Ø < ¦ � . With respect
to Ø , < is incidentonly to arcsin ¦ � by (5.1) and(5.2). Thus, < � � å � or<1�Z� å � resp. for a request���CµU�à�$� » only if <1�\� or <1�Z� respectively.
Since < is incidentto at mostonerequest,< cannotbein both � � and � � , a
contradiction.)

Thereis a µS<5��� » -pathin Ø � if andonly if thereis � ¿ � � suchthat < �0� å �
and �/�\� å � . Since<@:��� , a µS< ��� » -pathmustexist in Ø yieldingacircuit inØ togetherwith the µ9�¬�D< » -pathin Ø�3'¦ � .

Cost £ � µ}µ:Ø63Ô¦ � » � Ø � » �\£ � µ}µ:Ø63Ô¦ � » � ¦ �� � A( ÛB-
.'/C0D. Ø (� »�\£ � µ�Ø�3'¦ � » Ã]£ � µ�¦ �� » Ã ·
( Û!- . /10 . £ � µ:Ø (� »�\£ � µ�Ø�3Éµ�¦ � »K» Ã ·

( Û!-
.'/102. £ � µ:Ø (� »
Since £ � µ�Ø » �\£ � µ:Ø63Ô¦ � » Ãk£ � µ�Ø < ¦ � » we have to show£ � µ�Ø < ¦ � » ï ·

( Û!-
.'/C0D. £ � µ:Ø (� »
Arcs in Ø < ¦ � with non-zerocostmustbe incidentto � � or � � . By (5.2)
eachvertex in � � is incidentto exactly oneleaving arc in Ø . By (5.1)each
vertex in � � is incident to exactly oneenteringarc in Ø . Similarly, eachØE(� containsat mostonearcwith non-zerocost,namelythefirst or lastone
of the path. Thesearcshave exactly the samecost as the non-zeroones
in Ø < ¦ � by the definition of the routing graph. Therefore,the cost ofµ:Ø�3'¦ � » � Ø � doesnotexceed	 .

All requestsareserved. For eachrequest��� µU�à�.� » thereis an � -path� å in Ø . If
this pathusesanarc in ¦ � , theremustbebotha µE�à�:� å � » - anda µ�� å � �.� » -path
in ØF3§¦ � . By constructionof Ø � thereis a µU� å � �.� å � » -pathin Ø � . Thus,(5.3)
holdsfor µ�Ø�3'¦ � » � Ø � .

Thus,applying the above procedureto eachhub in turn yields a solution Ø)G of
Problem5.1of costnot exceeding	 .
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Also by (5.1),(5.2)andtheconstructionof Ø �ý < ¿ � ­ � äÞIHKJML N µB< » ï��ý < ¿ � ­ � æÞ H JML N µB< » ï����
ThereforeØ)G#3Ô¦ � is a node-disjointsetof simplepaths.Let thesebethetours Ñ
in asolutionof theRPDP. Wecanfind requestpathsby (5.3).

It only remainsto beshown thatwe canfind time labelsto satisfy(4.6). Due to
its acyclicity �����

ü
� µ:Ø G » is a posetandthuscanbeembeddedinto a total orderingO of ��µ�ØEG » . Thus,thereis an injective embeddingP9­ µ��ñ� O »RQ µ�SÔ�BT » , i.e. a

homomorphismfrom theverticesorderedby O into thenaturalorderingof S . LetU ­¯� µ ú �IV è Û!L £ � µ�W »K» Ãª� . Putting ìàµB< » ��P µS< »)X U will thensatisfy(4.6).

To provetheremainingpartof Theorem5.2weneedto show thatasolutionof the
RPDPyieldsasolutionof Problem5.1. ThentheTheoremfollows from Proposi-
tion B.1.

PropositionB.2 shows that the arc set given by the tours of a solution of the
RPDPtogetherwith thereloadarcscanbemodified,soit constitutesasolutionof
Problem5.1.

Thetransitiveclosureof thelatterarcsetcontains� . Additionally, becauseof the
time labelsany circuit in this setmustconsistsolelyof arcsof zerocost. If this
circuit consistsof a tourbeginningandendingin thesamevertex, this tourcanbe
replacedby therequestshandledby the tour. Otherwise,looking at thestrongly
connectedcomponentsof µ��±�$¦ » consistingonly of zerocostarcstheremustbea
hubin thesamecomponentasthecircuit. In this caseasimilar constructionasin
theprecedingpropositioncanbeapplied.We deleteall arcsinto, within andout
of thecomponent,determinetheverticesproviding anddisposingrequeststo the
componentandhandlethemvia thehub.

PropositionB.2. Let µ��±�$¦¬�$£ » and � Ù0¦ bean instanceof Problem4.3and5.1.

If µQÑÔ�>µ�
 å » å ÛB� �}ì » is a feasiblesolutionof Problem4.3 of cost 	 , thenthere is a
solution Ø G of Problem5.1of costnotexceeding	 .

Proof. Let µ�Y � « » bethesubgraphof µ��±�$¦ » consistingof all arcswith zerocost.

Weusethefollowing lemmathatis provedbelow:

Lemma B.3. Let µ��ñ�K¦¬�.£ » and � Ù0¦ bean instanceof Problem5.1.

If there is anarc set Ø , such that

1. � Ù������
ü
� µ:Ø » .



Equivalence of RPDP and SDP 93

2. For any <
¿ ��°,� äÞ1JML N µS< » °�ï�� and ° � æÞCJML N µB< » °�ï�� .

3. Any circuit of Ø lies completelywithin onestronglyconnectedcomponent
of µ�Y � « » .

4. �[Z � stronglyconnectedcomponentsof µ�Y � « » containa circuit of Ø .

Thenthere is an arc set Ø)G , such that

1. �ëÙ������
ü
� µ:Ø G » .

2. For any <
¿ ��°,� äÞ H JML N µB< » °�ï�� and °,� æÞ H JML N µB< » °�ï � .

3. Anycircuit of Ø G lies completelywithin onestronglyconnectedcomponent
of µ�Y � « » .

4. � ù � stronglyconnectedcomponentsof µ�Y6� « » containa circuit of Ø)G .
Let Ø]­¯�¡¦ �@� Ú ×ÜÛ ¤ ¦¼µQÕ » .
Note thatdueto the time labelsa circuit in Ø canonly consistof arcsof cost � .
Sinceacircuit is astronglyconnectedsubgraph,it mustlie completelywithin one
of thestronglyconnectedcomponentsof µ�Y � « » .
Thus, Ø satisfiesthe conditionsof LemmaB.3 and the propositionfollows by
induction.

Proofof LemmaB.3. Let 8 beacircuit in Ø and µ�Y � � « � » thestronglyconnected
componentof µ�Y � « » thatcontains\ .

Now, if µ�Y � � « � » < Ú � Û � $ µ � ä� � � æ� » � µ � æ� � � ä� »'& �]> , then 8 mustbeasingle
tourof Ø by condition2 of thelemma.Therefore,if onevertex of a request� ¿ �
is visitedby this tour, therequestmustbefully handledby thetour. £�µ�� » �ë� by
the triangleinequality. In this casewe eliminate 8 from Ø andaddthe handled
requestarcsinstead( Ø G ­¯�^$wØ_3`8 & � $w� < ����� ü � µ�\ »a& ). Repeatingthisprocessfor all
circuits within µ�Y � � « � » , reducesthenumberof stronglyconnectedcomponents
of µ�Y � « » containinga circuit by oneandthusyieldsanarcsetasclaimed.

Otherwise,theremustbeahub ã suchthat µ � ä� � � æ� » � µ � æ� � � ä� » Ù « � , since
thesearcshavezerocost.

� � ­¯�����
û � µ�� äÞ µ�Y � »}» � � �!�#"Äµ�� æÞ µ�Y � »}» � Y �¦ � ­¯�%$ ���
û � µ�� äÞ µ�Y � »K» �bY � & � µ�Y � �FY � » � $cY � �@� �!�#" µ�� æÞ µ�Y � »}»'&

Since � Ù������
ü
� µ:Ø » , for eachrequest� ¿ � thereis an � -path� å in Ø .
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Let � � Ù½� bethesetof requests,suchthat � å containsanarcfrom ¦ � , i.e. � is
routedthrough µ�Y � � « � » . For each� ¿ � � let � å � bethefirst vertex of � � visited
by � å and � å � thelastvertex of � � visitedby � å .� � ­¯�½Î.� å � ° � ¿ � � �� � ­¯�½Î�� å � ° � ¿ � � �
For each <

¿ � � let Ø)(� be a pathstartingin < andthenvisiting the verticesinÎ�ã5äå °+*
� ¿ � ­É<¼�]� å � � . For each<
¿ � � let Ø)(� beapathendingin < aftervisiting

theverticesin Î�ã æå °,*
� ¿ �ë­�< �/� å � � . Now putØ � ­¯� A( ÛB-
.'/C0D. Ø (� � ¦ ��Ø G ­¯� µ:Ø63Ô¦ � » � Ø �
Thiseliminatesthecircuitsin µ�Y � � « � » .
Finally, wehaveto show that �½Ù5�����

ü
� µ�ØEG » . Let �É� µE�à�.� »ç¿ � . Rememberthat

thereis an � -path� å Ù/Ø . If this pathdoesnot usearcsfrom ¦ � , � å Ù¡Ø)G aswell.
Otherwise,thereis a µU� å � �$� å � » -pathin Ø � . If �d:�/� å � , thenthereis a µE�à�:� å � » -pathinØ�3'¦ � . If �@:�¡� å � , thenthereis a µ�� å � �.� » -pathin Ø63'¦ � .
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Deutsc he Zusammenfassung

DaswachsendëokologischeBewusstsein,ebensowie die Überlastungder Ver-
kehrsinfrastruktur, habendasInteresseanintermodalenStrategienim Gütertrans-
port besẗandigwachsenlassen.Allerdings stellt die taktischeund operationelle
PlanungdieserTransportkettenganzneueAnforderungen.Im kommerziellenBe-
reichwerdenPlanungstoolsfür die rechnergesẗutzteOptimierungsolcherAufga-
bennochnicht angeboten.

In dieserArbeit werdenPickupandDelivery Problememit Umladem̈oglichkeit
modelliert,dieEigenschaftendieserModelleuntersuchtundAlgorithmenzurLö-
sungderProblemevorgestelltundgetestet.

ZunächstwerdenhierzuklassischeRoutingproblemevorgestellt.Dabeihandeltes
sich um dasTravelling SalesmanProblem,dasVehicleRoutingProblem(kapa-
zitiert undmit Zeitfenstern)unddasPickupandDelivery Problem(PDP).Dabei
wird auch jeweils kurz auf die komplexitätstheoretischenEigenschaftendieser
Problemeeingegangen.

NacheinemÜberblicküberTransportprobleme,dieHubszurKonsolidierungvon
Güternvorsehen,entwickelnwir einsehreinfachesModell für Routingprobleme,
bei denendie Güter währenddesTransportsan speziellenHubsumgeschlagen
werdenkönnen.Bei solchenProblementretenmehrereSchwierigkeitenauf, die
bei klassischenRoutingproblemennicht vorkommen:e Eskannsinnvoll sein,einenHubmehrmalsanzufahren.e Wie ein Auftrag transportiertwird, ist aufgrundderTourennicht eindeutig

festgelegt.e Es mussgarantiertwerden,dasskeinedeadlock-Situationenauftreten,bei
denendieTourenandenUmschlagpunktenaufeinanderwarten.

Zur FormulierungdesProblemswird zun̈achstein sog.Routinggraph definiert,
der für jedenUmschlagpunktmehrereKopienentḧalt. DasPickup and Delive-
ry Problemwith Reloads(RPDP)wird dannauf diesemGraphendefiniert.Die
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LösungdiesesProblemsbestehtausden Touren,die gefahrenwerdenmüssen,
und denWegen,auf denendie einzelnenAufträgetransportiertwerden.Zudem
muss dieLösungfür jedenStopangeben,wannerangefahrenwird. Bereitsdiese
einfacheProblementḧalt dasPDPalsTeilproblemundist daher�¡  -vollständig.

Um dasModell besseruntersuchenzu können,vereinfachenwir es, indemwir
zeigen,dasssich ausden Tourenallein, die beidenanderenKomponentender
LösungeinesRPDPberechnenlassen.Wir führendanndas f -DiagramProblem
( f -DP) ein, daseineVerallgemeinerungdesRPDPdarstellt.Ein Spezialfall desf -DP ist dassog.SteinerDiagram Problem(SDP),dasals Zwischenformvon
anderenSteinerproblemeninterpretiertwerdenkann.DasSDP ist �/  -schwer,
selbstwennkeineHubknotenvorhandensind.Wir zeigen,dasssichdas f -DP in
polynomiellerZeit lösenlässt,soferndie Anzahl der AufträgedurcheineKon-
stantebeschr̈ankt ist. Zudemlässtsich dasSDPapproximieren,wennmaneine
VervielfältigungderHubknotenerlaubt.Danachführenwir das

¢
-Star-Hub Pro-

blem(
¢
-SHP)ein.DieseslässtsichalseinUmladeprobleminterpretieren,beidem

die ToureneinesehreinfacheForm habenundfür jedenAuftrag nur entschieden
werdenmuss,ob und an welchemvon

¢
Hubs er umgeladenwerdensoll. Wir

zeigen,dasssichdiesesProblemeffizient lösenlässt,sofernnicht mehralszwei
Umladepunktevorhandensind.Für drei und mehrUmschlagpunkte,ist es �¡  -
schwer.

Im zweitenTeil der Arbeit wird die Brauchbarkeit desRPDPfür Anwendungs-
problemeuntersucht.Wir entwickeln hierzueineFormulierung,die sich sẗarker
an üblichenPDPsorientiert. Hierbei wird zun̈achstfür jedenAuftrag ein sog.
Transportplanerstellt,der festlegt anwelchenHubsund in welcherReihenfolge
der Auftrag umgeladenwerdensoll. DasresultierendeProblemist ein PDPmit
Nachfolgebedingungenan denHubs,die garantieren,dassein Auftrag am Hub
angekommenist, bevor er weitertransportiertwird. DiesesModell wird dannum
Kapaziẗats-undZeitfensterbedingungenundeinDepoterweitert,umeinegrößere
Anwendungsn̈ahezuerreichen.

Wir gebendanneinekurzeEinführungin lokale Suchalgorithmenund diskutie-
ren verschiedeneMöglichkeiteneinesolcheHeuristik für Umladeproblemeauf-
zubauen.Schließlichstellenwir eineTabusucheheuristikfür dieUmladeprobleme
vor. Zur FestlegungeineserstenTourenplansverwendenwir das

¢
-SHP. Mit die-

semerstellenwir eineStartl̈osungdurchiterativesEinsetzenvon Aufträgen.Die
verwendeteNachbarschaftsbeziehungist sehreinfach,einzelneAufträgewerden
ausdenTourenentferntundneueingesetzt.Dabeikanndie Umladestrategie des
Auftragsgëandertwerden.Außerdemwird derHeuristikermöglicht,Tourenzeit-
weisezu überladen.Die Strafkostenfür dasÜberladenwerdendabeidynamisch
angepasst,umeineguteMischungvonzulässigenundunzul̈assigenTourenpl̈anen
zu erreichen.Zudemwerdenin einemDiversifizierungsschrittgroßeTeile der



Lösungzeitweisefestgehalten,um grundlegendeÄnderungenderrestlichenAuf-
tragsverteilungzuerreichen.

DieseHeuristikwurdeimplementiertundanverschiedenenDatens̈atzengetestet.
Dabeihandeltessichum zwei Gruppenvon künstlichenProblemen,solchenmit
sehreinfacherStruktur und zufällig erstellte,und um einige Instanzenausder
Automobilindustrie.Wir stellendie Ergebnissevor und diskutierensie. Für die
realworld-Instanzenexistiertebenfallseinemit Ch.MuesentwickelteSpaltenge-
nerierungsheuristiksowie LösungeneineskommerziellenAnbieters.Dieserlaubt
einenVergleichauchmit durchandereVerfahrenerzieltenErgebnissen.





Kurzzusammenfassung

DieseArbeit untersuchtRoutingprobleme,bei denendie Güter an sog.Conso-
lidation Centernumgeladenwerdendürfen. Hierzu wird ein einfachesModell
entwickelt, dasPickup and Delivery Problemwith Reloads(RPDP),dassolche
Vorgängeabbildenkannundsichfür verschiedeneAnwendungenerweiternlässt.

KombinatorischeUntersuchungenzeigen,dassdasRPDPin polynomiellerZeit
lösbarist, wenndieAnzahlderAufträgedurcheineKonstantebeschr̈anktist. Zu-
dembetrachtenwir einebesonderseinfacheFormdesRPDP, das

¢
-StarHubPro-

blem. Dieseslässtsich effizient mit Netzwerkflussmethodenlösen,sofernnicht
mehralszweiHubsvorhandensind,andernfalls ist es�/  -vollständig.

Im zweitenTeil der Arbeit wird gezeigt,wie sichweitereBedingungenin unser
einfachesModell integrierenlassenundeineTabusucheheuristikfür daserweiter-
teModell vorgestellt.DieseHeuristikwurdeimplementiertundanverschiedenen
Beispielinstanzengetestet.Im Anhangdiskutierenwir eineAnwendungvonSpal-
tengenerierungsmethodenfür dasRPDP.

Abstract

Weexamineroutingproblemswith reloads,how they canbemodeled,theirprop-
ertiesandhow they canbe solved. We proposea simplemodel,thePickupand
Delivery Problemwith Reloads(RPDP),that capturesthe processof reloading
andcanbeextendedfor realworld applications.

We presentresultsthatshow that theRPDPis solvablein polynomialtime if the
numberof requestsis boundedby a constant.Additionally, we examinea special
caseof theRPDP, the

¢
-Star Hub Problem. This problemis solvableefficiently

by network flow approachesif no morethantwo hubsareavailable.Otherwise,it
is �/  -complete.

In the secondpart of this thesis,additionalconstraintsareincorporatedinto the
model anda tabu searchheuristicfor this problemis presented.The heuristic
hasbeenimplementedandtestedon severalbenchmarkinginstances,bothartifi-
cial anda real-world application. In theappendix,we discusstheapplicationof
columngenerationfor a reloadproblem.
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