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|. CHOICE OF SUBJECT, OBJECTIVES, PREVIOUS RESEARCH

|. Choice of subject, objectives, previous research

Two closely related tendencies can be observelerhistory of mathematics. On the one hand, as we
progress in time, the pursuers of this disciplimalver new relations and concrete scientific facts
while on the other, they continually renew and @nithe methodological tools of mathematics. The
purpose-driven and adequate use of methods caspeeially important for teaching mathematics in
secondary and tertiary education. One can solvelagm in more than one way, and for this reason it
is important to compare the different ways leadiogthe solution, to systematize the applied
knowledge, and to develop an affinity féinding the simplest solution(s)The choice of method, the
use of different mathematical apparatuses, andséng different”ways of thinking resulting from
these can be especially interesting in sums of ppyw®blems.

1. When defining the concept of the dissertation irmt&e of topics and contents, we focused on
researching the relations within one area of mattesy on examining the applicable methods
relating to the chosen problem, and on seekingossible links with other mathematical areas; all
this is complemented by a comprehensive histoanalysis of the chosen problem.

2. Our dissertation is about calculating the sums afigrs for S; =1° +2° +3° +...+n® (wheren

andp are natural numbers ami>1) with the use of very differing mathematical maethpand
hence — as far as possible - it is a compreheraatysis of the issuéproblem to be solved
versus'applicable methods and mathematical knowlédge do this in our work:

we give a brief summary of the history of the pesbland the developmental aspects of its
solution, describing who approximated the problesskution and to what extent it was solved in
the different ages and civilizations of the world,

we calculate theS, sums of powers with seven different methods, dter ¢ghe other, and in
each case not only presenting the results, butthéstrain of thought leading to the solution,
for each method we record some concrete examplibe afbtained general formula,

with the presentation of some of the methods we engk&neralizations (for the cases of
arithmetic progression, alternating sums), and seeHlinks to other areas of mathematics, and
finally,

in the Appendix we present 32 exercises that wvitlistrate the varied practical use of the
formulas for sums of powers.

3. Bearing in mind the chosen subject and the coherehthe aims, we formulated the objectives of
the research work as follows:

the primary objective is to comprehensively disctigs methodology of calculating, and at

the same time to find new calculation methods:lpaglying on the achievements of earlier
literature (in some cases supplementing these),pantly publishing the new methodological
results that we ourselves have developed,

with the most comprehensive presentation of eaghiexp method conceivable, we intend to
prove the possibility of using a rich variety of tlmeds, as well as the claim that in solving a
problem often widely differing approaches can bprapriate, and that these ways, using very
different areas of mathematics, relate to eachrathierms of the final result,

we would like to give a brief evaluation of the adtages and disadvantages of each method,

where it is possible we want to find links aftitidges to other areas of mathematics (Bernoulli
and Stirling numbers), and finally,
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4.

» as for didactics, it is our objective to ascertawhich methods can be used for teaching
mathematics in secondary schools, and why and hewdan be used, and which ones are more
apt to be used at the college and university level.

All things considered, the objectives that we haee up belong to the area of applied research
(mainly methodological), and our findings — it iarchope — can also be used in teaching practice
(in secondary and higher education).

Il. Research methods

During our research we used different methods afremation in accordance with our objective. Most
of these were mathematical, but the applied metlogial apparatuses also feature some other
methods as well.

1.

The starting point of the examination was the omsvvof the literature on sums of powers, the
interpretation of the concepts used in it, andsyrghesis and new contextualization of the findings
which have been published.

. From the wide methodological choice of mathematieshave used two fundamental methods, and

also examined the conditions of their applicahiliyamely, on the one hand we used methods
leading to recursive formulas, while on the otloeres that do not lead to recursion.

. Within the recursive methods we have solved thélpro using five different methods. These are

the following: matrix (tabulation) (where summirggdone in three ways), a special identity leading
to recursion, recursion stemming from the binontkeorem, recursion achieved by the use of
symmetry, and finally, a recursion formula drawnbypderivation.

. The second group of mathematical methods includesrtethodologies leading to non-recursive

formulas. Out of these we have dealt with two. Nigmmene of them is the method using differential
sequences, while the other one is the final forroblained through the means of linear algebra.

. We have also used non-mathematical methods thatcanenon in other disciplines. Besides the

already mentioned examination and reinterpretatbbnthe sources, the method of analysis-
comparison (the discussion of the advantages asabdantages of the different methods), and
methods serving the purpose of visual representatal illustration appear in our work.
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lll. Findings

A. Historical overview

1. We have assessed and analyzed the historical asggbe chosen subject, presenting the historical
development of the problem of sums of powers. Surgrthe same powers of integers and finding
the relevant relations have long intrigued mathéiaats of different ages. The ancient Greek
scientists (Pythagoras, Archimedes, Hypsicles, ldimmachus) obtained several partial results,
mainly through the use of figurate numbers. The murg of arithmetic sequences and the
calculation of any term in such a sequence occubreth in ancient and modern Chinese
mathematics. Hindu mathematicians, who had a m@elibin for algebraic methods, were also able
to calculate the general term of an arithmetic seqa, and to sum the firstsquares and cubes.
The Arabo-Persian mathematicians had also acqtiviedknowledge. From mediaeval and early
modern European thinkers, Levi ben Gerson, Thonasidi, Johann Faulhaber, Pierre de Fermat,
and Blaise Pascal can be singled out as those whtriltuted important partial results to the
problem. Calculation of the sum of powers for alpenents was done by Jacob Bernoulli, who
succeeded in drawing up a general formula.

B. Recursive methods

We have presented five solutions for the deternonadf the sum that lead to recursive formulas. In
each of these we arrived at the needed recursiveula in different ways. A common feature of the
presented methods is that to calculate the suma fmmcrete, it is needed to know the sum/sums of
the previous indices.

1. With the matrix (tabulation) method we also rel@dmatrix arithmetical concepts. Here we used a
specialnxn matrix, namely:

L L S L L
1Pt Pl get il
M=|1r1 201 gpl el
1Pt Pl get il

First we summed up the elements line by line, theother summing was done with the help of
special matrices (upper triangular matrix, low@rtgular matrix, diagonal matrix). Drawing up the
eqguation after the intermediate calculations, wiaiaokd the following formula:

Sp = (n+1) |:Sp—l _kZ::lSk;p—l .
We wrote down the cases of the formula for the fikge positive integer powers, some of which

are relations well-known from secondary school.

The scheme of this solution can also be appliedtie case of the alternating sum
S, =1°P-2P+3°-4° +..+(-1)""M". In this case we used another, though similaeciap
matrix, namely:
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1t —prtoget () e
I B A L i Ly
M= —20t 3t ()T
IR L L ) A Ll

The final form of the recursive formula thus gaingd
S, =(n+1)(s,_, - kzzls;;p_l :

We have published the special cases of the forfoulée first four positive integeps.

With this method we can obtain the needed resuhiomt using matrix arithmetical concepts. For
this we did the'staircase-liké summing of the elements of the initial matrix (ggbBesides this,
we illustrated the process leading to the neededrs®n by d'suitable figure (Figure 1).

1P +2P 43P+ 40" 1
1P—l + 2P—1 + 3!3—1
1P 4+ 2P n® n
p P
1 o0 3
1P
17 20 3 n°™
Figure 1

Here we arrived at the needed formula by calcujatie area of the rectangle in two ways.

. In the second case we solved the summing probleasimg a special identity as the starting point.
Namely:

(k+1)k? -k {k -2)° = (p+1) k" —(EJWM[SJW-Z —[ZJDKP*‘ o4 (-1)" [EpJ[k,

p
wherek is a real number arulis a positive integer.
Substitutingk in turns with the positive integerg2,...,n , summing up the obtained relations, and

after elimination and rearrangement, we got thie¥ahg recursive formula:

(p+1)CS, = (n+1)n’ +[pj S, , —[pj 8, , +..+(-1)° [ﬁpjtsl.

2 3 p

Here again we applied the formula for some conaases op.

Similar to the above train of thought, but heratsig from two other identities, we could establish
relations between the summing formulas (for odd eweh indices). We gave general formulas, and
then we particularized them for some special cases.
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In the case of an odd index the starting relatsofpid] Z*, a0 R):
[atfa+1)]° -[(a-1)@]° = 2[@3 @ +2[€§] @2 +2[E:j @S+,

while the general formula is:

; p p p
2P 8P :(J B +[3j [S,,; +[5j 5,5+ -

For even indices the starting relation g Z*, al R):

el -Ga-ae-aia =2 724 )

e ool

while the general formula is:

il (MR IR R S W LS

. The method using the binomial theorem also leadsrecursive formula. As the first step here we
start from the following relationg 0 R, pON):

e e e e

Substitutinga in turns with the natural numbefg,...,n , summing up the obtained relations, and
after elimination and rearrangement, with relagngtort intermediate calculations, we get that:

gy (P o (L) P+l
i Loy SO L iy
Here we also drew up three special cases of trerat relation.

By means of a similar procedure we made a genataliz for arithmetic progression, and thus we
drew up a recursive formula to calculate the

S,@ad)=af +a +al +..+a’ =>a’ = > [a+ (i -1) @]’
i=1 i=1

sum, where is the first term, whil@ is the difference of théa, }., arithmetic progression.

We started from the relation
aly -ar = [pzlj 2 +[p;1j B +...+[p+1j 7 @’ +[p+1jm o
p

and the formula obtained at the end of the calmriatis:

p+1

(p+1)0d (5, (a,d) :(a+nd)p”—a"”‘:§tdktﬁ Kk ]Bpﬂ_k(a,d).

5
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By using the formula we generated nine generals;as® some concrete results of thesaf(it7
in all).

We have also worked out the solution of the problenthe alternating sum of thgth power of the
first n positive integers. In this case we started withriiation that

(a+2)™ -a" = P (AP 2+ p+d @l 2% +..+ prl @' [2° + P+l A
1 2 p p+1
Here we also substitutedin turn with the natural numbefs?2,...,n , after which we multiplied the

relations by 1 anc(—l) in an alternating fashion (multiplying the firshe with 1), and then we

summed up what we had got in this way. After intedmte calculations, elimination, and
rearrangement, the recursive relation is:

20{p+1)c5, = (1) n+2)" - (n+2) - 27+ 2 -1-é(pk+ 1J 8 2
Then we drew up two special cases of the altergatim.

In the following step we made a generalizationtf alternating sum of arithmetic progression.
Here the initial relation is:

a_pn_[(PFL p+l) _ o p+l p+l1 .
P O G e e B R B

This time again we substitutedn turns with the natural numbetlg,...,n, alternatingly multiplied
the obtained relations by 1 ar(dl), and then added these up. Having done the calmgatwe
generated the following:

2d [{p+1)(5; (a.d) = (-1) a3 - a2t - d ff2d)’ |+

+ a2p+1 _ a:Lp+1 —-d EQZd)p — Zp:( p:]-] [B;+1—k (a,d) EQZd)k '

k=2
In this case also we gave three general formuldgteeir 12 concrete cases in all.

. The recursive relation leading to the calculatibrthe sums of powers can also be generated with
the help of symmetric sums. For these we first riefi the concepts of the rising and falling
factorial, and then presented a relevant featutbeoh.

We assigned a sequence to the rising factorialeatablished a recursive relation between its terms
in the following way:

[i]* =kT12Eﬂ[i]k+2 ~i —1]k+2), aholk= OL2...ési= 12....

Based on the expressed recursive relation, we sdnuméhe terms of the given sequence. With the
result of the obtained telescopic sum and with lie¢p of the symmetric sums;,s,,...,s
assigned to the numbetg,...,(p-1)

s, =1+2+3+..+(p-1)

s, =12+13B+..+(p-2){p-1)

s, =123B0.0p-1)
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we arrived at the pursued recursive formula, whaies the form:

_nn+1)(n+2)..(n+p) &
P p+1 ES [Sp—i '

S

Just as with the previous methods, here we also dpethe special cases of the obtained formula
(p=345).

We have introduced the Bell and Stirling numberg| drew up recursive relations between them.
We established a connection, among others, betweenrising/falling factorial, the Stirling
numbers, and the powers wiwith indefinite positive integer exponents. We gadtie reciprocal
sum of the firsin positive integers with the help of the Stirlingnmioers of the first kind, and then
described the Catalan relation.

. We have also summed the powers with the same erpbgeausing differential calculus. With this
method we found the needed recursion by derivitgudablée function. Here the initial relation is:

(eX —l)EIFn (x) =™V —eX  whereF, (x) = ie'ﬁ" ,n0dZ".

1=1

If we derive both sides to ranfp+1), put O in the place of, and then make the necessary

calculations, we will arrive at the same resulc@msion formula) that we had with the binomial
method, that is

(p+1)(8, = (n+2)"* —[pglj S, , —[pﬂj s, , —...—(pﬂj[sl —(pﬂj n+1)

3 p
In addition, after this we made a generalizationaiigthmetic progression. In this case we used the

function F,(x) = iew , and at the end of the calculations we had ¢Hevling result:
1=1

+1
(p+1)mj[5p(a,d)=(a+nd)p+1—a’“l—(p2 jm%&sp_l(a,d)—
p+1 3 p+1 +1

- [@°s,_,(@d)-...- d "™ 05, (a,d).

( 3 J p—2( ) (p+l 0( )
We applied the method for the alternating sum efpth power of the firsh positive integers with
the help of the functior, (x) = i(—l)"l [@'* , which led to:

1=1
* n-: + + p p+1 *
20{p+1)c5, = (-1) lckmz)p1—(n+1>“—zp]+2p-1-k§( ‘ JES e

Then we made a generalization for the alternatimg ef arithmetic progression. After drawing up
n

the special function K, (Xx)= Z(—l)'_l [@*>), derivation, and intermediate calculations, the
1=1

recursive formula is as follows:
2d[{p+1)C5, (a,d) = (-2)"* apst -a2 - d (f2d)” |+

+ a2p+1 _a1p+1 -d [sz)p - Zp:(pl:lJ ES:)+1—|< (a,d) [GZd)k :

k=2
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C. Non-recursive methods

We have shown two methods that do not lead to arse® formula for determining the sums of

powers. These result in formulas that give the sidirthe pth power of the firsh positive natural

numbers immediately, so there is no need for thesstorresponding to exponents smaller §han

1. We first summed up with the method that is basedlifferential sequences. For this we have
interpreted the concept of the differential seqeernd then defined what we mean by arithmetic
progression of ordgp. We have proved that theéh term of any arithmetic progression of orger
can be given with thpth polynomial ofk. Denoting the sum of the firstterms of the arithmetic

progression of ordegp with o, ,, we have definedr,, with the help of the first termsa(; Aa,;

Na,; ...; APa,)) of the consecutive differential sequences inftlewing way

_(n dMpa +(Maza + +f M o
G ERHEER BRI

Here again we recorded three particular casesofwftthis, with the help of the formula we gave
three general and 12 special cases for arithmeircgiression.

2. The problem can also be solved via linear algjelbknowledge/means. With this method we started
from the identity @0 R, kKON ):

(a+1)" — ok = k+1 G+ k+1 Bt 4 k+1 B4 4 k+1 G+ k+1.
1 2 3 k k+1

In the relation we substituted a in turns with thembers12,...,n, summed up the equations on
each side, and then rearranged them to get:

(n+1) = k+1 fn+1)+ k+1 5, + k+1 S+ 4 k+1 5, + k+1 s,
k+1 k k-1) 2 T 2 Tl '

We assigned a special linear system of equationth@¢oobtained relation which we got by
substituting in turns the value®l,2,...,p intok (let X, =n+1):

s
(n+1)* = g X, +(i][51
(n+1)°* = 3] X, +[2j[sl +® (S,

b (P+1 p+1 p+1 p+1 p+1
(n+3 _(p+1][x°+( p ][Sl+(p-1][52+"'+( 2 ]ESM{ 1 ][S"'
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In the resulting system of equations, made up(pf-1) equations, we have considered the
"symbol$ S,S,,...,S, as unknowns, and proved that the linear systeraqofations could be
solved with Cramer’s rule.

Thus we got the following formula fog, :

1
(J 0 0 0 n+1
1

@ @ 0 0 (n+1)?
oot @ G oo e

O (2 (%) - () e
o) (5] G5) - (7] e

2
Once again we calculated the concrete sum in ttases.
Then we generalized the method for arithmetic psgjon. After the calculations we got the
following formula:

1

S (a,d)=——+———[D , where
p( ) (p+1)| p+l p
1 11
AL 0 0 (a+ndf -a
2 2
g [ jmﬂ 0 (a+ndf -a
2 1
3 3
C_ [ [0 0 a+nd’-a°
D, = 3 (2] ( )
(p [@° ( P jmp-l (pjm (a+ndP -&’
p p-1 1
(pﬂjﬁﬂpﬂ (p+1jmp (pﬂjﬁﬂz (a+nd™ -a"
p+l p 2

Another benefit of the method is that it can beli@gto calculate the Bernoulli numbers. We have
demonstrated this in our work. Thigo+1)th Bernoulli number can be given by the following

formula:
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|

|

) |
o |

where p= 0;,1,23,...

p
p_
p+

p

J
i

sl G0

P

s

p+

1
p-1

0 1
0 0
0 0
5o
1
p+1
2

As examples, we have calculated two Bernoulli nusilfB, and B;) using the above formula. In
addition to this, we have proved that, with theepton of B,, all Bernoulli numbers with an odd
index equal zero, and that the generationBgf with another formula, also using a determinant,

1; 0 0

2i 1i 0

g =g o 2
pi [--- --- ---
pi (p-1i (p-2)i
(p+2)i  pi (p-2)

is equivalent to the one we have given.

1
, Wherenj=—
n!

At the end of the chapter we highlighted intercatioms between the Stirling and Bernoulli
numbers, and proved the connection between the cfuthe pth power of the firsin positive
integers and Bernoulli numbers, which is the foilogv

S :ii

p+1
P p+l o

k

J[Bkmn+npﬂ*.

Finally we should mention that for the sake of easgterstanding and to enrich the applied methods,
we made the text more varied with illustrative geo@igures) in several chapters and in the Appendi

10
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