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Abstract

The notion of Parikh matrix of a word over an ordered alphabet was introduced by
Mateescu et al. in 2000, giving rise to a very interesting and effective tool in the study of
certain numerical properties of a word, based on subwords (also called scattered
subwords). Although the concept of a Parikh matrix has been recently introduced, a lot of
research has taken place since then on investigating algebraic as well as language-
theoretic properties of words based on associated Parikh matrices. The purpose of this
article is to discuss the concept of a Parikh matrix and some of its interesting basic
properties.

1. Introduction

The Norwegian mathematician Axel Thue (1863-1922) is considered to be the first to
systematically make a study of combinatorial problems on words. The work of Thue can
be considered to be the beginning of a new branch of Mathematics called “Combinatorics
on words”, which is a growing area of Discrete Mathematics with applications in many
fields. The references [5-8, 10-12] are excellent monographs, surveys and tutorials on the
topic of combinatorics on words and its applications.

A word is a finite or an infinite sequence of symbols taken from a finite set called an
alphabet. We refer to a finite word simply as a word. For example the word abba is over
the alphabet ={a,b} and has an interesting feature of being a palindrome. The notion
of a Parikh vector of a word introduced in [16] has been a significant contribution in the
theory of formal languages as this notion has given rise to important results such as the

semilinearity of the set of Parikh vectors of a context-free language.

* This article is based on an invited talk given at the International Conference on
Research Trends in Applications of Mathematics at Dr MGR Janaki College of Arts and
Science for Women, Chennai , Jan. 29-30, 2010.



The Parikh vector expresses a numerical property of a word by counting the number
of occurrences of the symbols in the word. But many words over an alphabet can have
the same Parikh vector and so information is lost while changing words into Parikh

vectors. For example, if the alphabet is Z={a, b} then the words abaab,aaabb have the

same Parikh vector (3, 2).

The notion of a Parikh matrix introduced in [15] based on a certain type of matrices is
an extension of the Parikh vector. With every word w over an ordered alphabet, a Parikh
matrix can be associated and it is a triangular matrix, with 1's on the main diagonal and
0's below it but the entries above the main diagonal provide information on the number of
certain subwords (also called scattered subwords) in w. An interesting aspect of the
Parikh matrix is that it has the classical Parikh vector as the second diagonal above the
main diagonal. Although the Parikh matrix is still not injective, two words with the same
Parikh vector have in many cases different Parikh matrices and thus the Parikh matrix
gives more information about a word than a Parikh vector does. Since the introduction of
this interesting notion of a Parikh matrix, many works investigating properties of words
based on these matrices have appeared. See for example [1-4, 9, 13-15, 17-27].

This article, aimed at an interested and uninitiated reader in the topic of Parikh
matrices, starts with an introduction to the concept of a Parikh matrix of a word and
discusses some of the interesting basic properties of the Parikh matrix, besides providing
a detailed list of references on this topic, although not exhaustive. The authors
acknowledge having used the references [1,3,9,13-15,17,27] for the exposition of this

article.

2. Parikh Matrix

Let T be an alphabet. The set of all words over I is denoted by £ and the empty
word by 4. Fora word weX’, |w| denotes the length of w. A word u is a subword of a
word w, if there exist words x,---x, and y,---¥,, (some of them possibly empty), such
that u=x,---x,and w=y,x,y,---x,y,. For example if w = abbaabab is a word over the
alphabet {a,b}, then babb is a subword of w. ( In the literature subwords are also called

“scattered subwords™). The number of occurrences of the word u as a subword of the



word w is denoted by lw]u. Two occurrences of a sub-word are considered different if
they differ by at least one position of some letter. In the word w = abbaabab, the number
of occurrences of the word babb as a subword of wis 4 i.e. ]wl s = 4

We recall (mostly informally) the definition of a Parikk matrix [11], which is a

generalization of the Parikh vector [12]. We mostly restrict our attention to a binary

alphabet X={a,b}and binary words over £. We also assume the alphabet Z={a,b} to
be ordered in the sense that @ < b and if the alphabet is £={a,b,c}, then we assume a <
b<e.

The Parikh vector is a mapping ¥ from X° to NxN where Z={a,b}and N is the
set of natural numbers including zero, such that for a word w in Z°, W(w)=(|w|,,| w|,)
with | w|, denoting the number of occurrences of the letter a in w. For example for the

word w = abbaabab the Parikh vector is (4,4).

The notion of a Parikh matrix is an extension of the Parikh vector.

Let M, denote 3x3 upper triangular matrices with non-negative integer entries and

the main diagonal entries being 1s and all entries below the main diagonal being zeros.

1 4 17
For example the 3x3 matrix M =] 0 1 4 | isanelementof M;.
0 0 1

Parikh matrix of a binary word
Let ©={a,b} with a < b. The Parikh matrix mapping ¥, is a mapping from X’ to
M, given by

110 1
Yo(@)=0 1 0, ¥,®)=0
00 1 0

S = O
—_— e



and W,(uv)=Y,@)¥,(v), u,v € ¥ where multiplication of matrices is the operation on

the right side of this equation. For a word w, the matrix ‘¥, (w) is called the Parikh matrix

of w.

As an illustration of the computation of the Parikh matrix of a word, consider
w = abbaabab. Then

¥, (w)="Y,(abbaabab)="¥,(a)¥,(0)¥,(0)Y () ¥, (), (B)Y, ()Y, (b)

11 01 0 0Y)1 0 01 1 oY1 1 0)1 0 0)1 1 0)1 0 0
2lo 1 ollo 1 1{lo 1 1]jo 1t ofjo 1 ofjo 1 1[0 1 0fj0 1 1
00 1o o 1)lo o 1)lo o 1)lo o 1)lo 0o 1)lo 0 1)lo 0 1

1 49

=0 1 4

00 1

is the Parikh matrix of w = abbaabab, which is an upper triangular matrix with 1s in the
main diagonal. Note that the word w = abbaabab has four a, four b and nine subwords

ab. Also the Parikh vector (4, 4) occurs in the second diagonal above the main diagonal

in the Parikh matrix of w. In fact we notice that for a binary word w

Lofwl, (Wl
Y,m=0 1 |wl,
0 0 1

Parikh Matrix of a word over an arbitrary ordered alphabet:
In fact, the notion of a Parikh matrix is defined for words over an arbitrary ordered
alphabet although we have considered here only binary words over two letters. In factif

the alphabet is £={a,b,c}with a <b <, then the Parikh matrix of a word over

Y={a,b,c} isa 4x4 upper triangular matrix such that

Lo[wl, [wle Wl
0 1 [wly Wl
0 0 1 | wl,
0 0 0 1



3. Properties of Parikh matrices

We now begin to discuss some of the basic properties of Parikh matrices of binary

words.

A Characterization:
In the following Theorem, the entries in the second and third diagonals of a Parikh
matrix are characterized. This yields a complete characterization of Parikh matrices of

binary words as there are no more diagonals in the Parikh matrix of a binary word.

Theorem 1:
bomy, my
Let M={0 1 m,, | bethe Parikh matrix of a word over Z={a,b} with a <b.
0 0 1
Then
i) m,,,m,, on the second diagonal of M can be arbitrary non-negative integers
ii) my, can be arbitrary integers but satisfying the condition 0 < m,; < my,m,, .
Remark:

Not every upper triangular matrix in M, can be Parikh matrix of a binary word. For

1 4 17
example the matrix M={ 0 1 4 | whichisin M, is not a Parikh matrix of any word
0 0 1

as it can be seen from Theorem 1, that the entry in the first row, third column can at the

most be 16.

M-equivalent or amiable words:
The Parikh matrix mapping is not injective. In other words, two or more words can
have the same Parikh matrix. For example the following five words over the alphabet

r={a,b} witha<b

baabaab, baaabba, abbaaab, abababa, aabbbaa



have the same Parikh matrix

o o o~
[en e
—_— D ON

Two words having the same Parikh matrix are called M-equivalent or amiable. The

five words mentioned above are M-equivalent.

Aword we{a,b} with a <5 is called M-unambiguous, if there is no word

w'e{a,b} sothat ¥,(w)="F,(w"). Otherwise w is called M-ambiguous. For example

the word baabaab is M-ambiguous.

A characterization of M-ambiguous binary words:

For a binary words, there is a simple characterization of M-ambiguous words. This is
stated in the following Theorem.

Theorem 2 A word we{a,b} witha<b is M-ambiguous if and only if w has the
factors ab and ba in non-overlapping positions.

For example in the word aabbbaa, the factors ab,ba occur in non-overlapping
positions (indicated in bold letters). This word is M-ambiguous and it is known that there
are four other words baabaab, baaabba, abbaaab, abababa having the same Parikh

matrix as aabbbaa.

Inverse of a Parikh matrix:

Let 2={a,b} with a <b. The mirror image mi(w) of a word
W=¢,6y €, Gy € €{a,b},1<i< k, is defined by w=c,c,_, - c,¢,. For example, if
w=abbaaab, then mi(w)=baaabba.

If W,(w)=(m, )\ «x 1s the Parik matrix of a word w, then the alternate Parikh

matrix of w is the matrix W2(w)=(m; ), o, M, =(=1)"'m

1<, <3,

The next theorem brings out the connection between the inverse of the Parikh matrix of a

word w and the alternate Parikh matrix of the mirror image of w.



Theorem 3 Let ©={a,b} witha<b and we{a,b} be a word. Then the inverse

of the Parikh matrix of w is given by

(¥, =¥, (mi(w)).

1 4 6
As an illustration the inverse of the Parikh matrix | 0 1 3 | of the word abbaaab is
0 0 1
1 -4 6
the alternate Parikh matrix of mi(abbaaab) = baaabba, whichis | 0 1 -3 as
0 0 1

(=l S
) ON

1
baaabba has also the same Parikh matrix | 0
0

Ratio-property:
For words over Z={a,b} with a <b, define u=v, if there exist words x, y, z such
that u = xabybaz; v = xbayabz. The relation = is an equivalence relation.
Theorem 2 can now be reworded as follows:
Theorem 4

Let X={a,b} witha <b . For words u,v over X the Parikh matrices ¥, () and

¥, (v) are equal if and only if u = v.

Two words w,,w, over Z={a,b} with a <b are said to satisfy the ratio property

if p,=sq,,i=1,2 and s is a constant, where the Parikh matrices of w,,w, are respectively

1L oo po) (1 ¢ a,

ns0 1 g
0 0 1 0 0 1

We then write w, ~, w,.

We can now relate the equivalence relations = and ~ .



Theorem 5 Let Z={a,b} witha<b. Let w,w, be any two words over X such

that w, ~, w,. Ifx, y are any two words over T such that x~, w,, y~, w,, then

¥, ()=, ().

4. Conclusion

The topic of Parikh matrices is a promising area of research related to combinatorics
on words. In this article some of the properties of Parikh matrices of binary words were
discussed. When the alphabet has more than two symbols there are many challenging
problems (similar to or different from the binary case) that have been explored and that
await investigation. The interested reader can consult the references listed and also other
references in them for such interesting problems. It should be mentioned here that another
generalization of Parikh vector that reflects the positions of letters in a word is

considered in {28].
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