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CADANGAN SUATU CARTA EWMA TUNGGAL YANG MENGGABUNGKAN

CARTA-CARTA X DAN R UNTUK KAWALAN SERENTAK MIN DAN
VARIANS PROSES

ABSTRAK

Dua carta kawalan biasanya digunakan untuk kawali@nproses dan varians proses
secara berasingan di industri pengeluaran. Dalanalidn yang lepas, banyak carta
tunggal telah dicadangkan untuk membolehkan peragjurhanya satu carta bagi
kawalan serentak min dan varians proses untuk nupgamambahbaikan keberkesanan
dan pengoptimuman sumber. Kebanyakan kaedah adeedasarkan transformasi
statistik-statistik min sampel dan varians sampegpakia dua statistik, setiap satu
mempunyai skala piawai, diikuti dengan sama adaph@tkan kedua-dua statistik itu
pada carta yang sama atau menggabungkan kedudatiséiksitu untuk memberikan
suatu statistik tunggal, yang berfungsi sebagdisitamemplot untuk mewakili min
proses dan varians proses. Penggunaan julat sémeinding dengan varians sampel
dalam kawalan varians proses untuk saiz sampel yeeal, katakan n<10,
memberikan kelebihan, seperti dalam mengurangkaja, kemasa, kos dan kesilapan
pengiraan serta membolehkan pengesanan mudah reeapancil dalam sampel data
permulaan. Tesis ini mempertimbangkan transforrstagistik-statistik min sampel dan
julat sampel kepada dua pembolehubah rawak benlgiaag bertaburan normal piawai
secaman. Daripada dua pembolehubah rawak normabkpiai, dua statistik purata
bergerak berpemberatkan eksponen (EWMA) yang sepatan dihitung dan
kemudiannya digabungkan untuk menjadi suatu gtatisinggal bagi membentuk

statistik memplot carta yang dicadangkan, yang alkaamakan sebagai carta EWMA

X - R tunggal. Daripada simulasi yang dijalankan, didiapahawa carta EWMA

X —R tunggal adalah berkesan dalam pengesanan keduge€enimgkatan dan

penyusutan min dan/atau varians.



A PROPOSED SINGLE EWMA CHART COMBINING THE X AND R
CHARTSFOR A JOINT MONITORING OF THE PROCESS MEAN AND
VARIANCE

ABSTRACT

In manufacturing industries, two control charts aseally used to monitor the process
mean and the process variance separately. In shd fayears, numerous single charts
are proposed to enable the use of only one singget ¢o jointly monitor both the
process mean and variance for the purpose of &filtgi improvement and resource
optimization. Most approaches are based on tram@figr the sample mean and the
sample variance statistics into two statisticshdaaving a standard scale, followed by
either plotting them on the same chart or combiriiven into a single statistic, which
serves as the plotting statistic to represent toegss mean and the process variance.
Using the sample range instead of the sample \@ianthe monitoring of the process
variance, for small sample sizes, sa¥ 10, provides advantages, such as in reducing
computation work, time, cost and error as well abéing easier detection of outliers in
the initial data sample. This thesis considerstithesformation of the sample mean and
the sample range statistics into two different candvariables which follow the same
standard normal distribution. From these two steshdermal random variables, two
corresponding exponentially weighted moving averad@VMA) statistics are
computed which are then combined into a singlessi@to form the plotting statistic of
the proposed chart, that will be named as the siEWWMA X —R chart. From the
simulation conducted, it is found that the sing@/MA X —R chart is effective in

detecting both increases and decreases in the amelor variance.

Xi



CHAPTER 1

INTRODUCTION

1.1 Overview of Quality Control and Quality I mprovement

Quality is one of the most important consideratéord decision factor for the success of a
business, both in the field of manufacturing andvises. There are different views from

different people about quality. This is becauseusirtess is always customer orientated and
therefore quality is commonly being defined as iingethe customers’ needs and expectations

or simply suitable for intended use.

Quality is inversely proportional to variability @ttgomery, 2005), would be a more specific
definition for manufacturing industries. This defiion implies that in order to improve the
quality of a product, the variability in the critiiccharacteristics of the product must be reduced.
These critical characteristics would be measuretl the measured values are usually being
evaluated relative to the specifications. The \mlitg of the characteristics is considered
acceptable if the measured values are within teeigation limits defined. Therefore, Deming

(1986) defines quality as “Uniformity about target”

There are different sources of variability and éhexlude differences in material, equipment,
operation and measurement method. In order to nsake that the manufactured product
conforms to specifications, the variability of eawhthese sources has to be reduced. At the
same time, the detection of the sources of theabdity and the measure of their degree of

impact on the quality of the product are as impurta

Quality control is not just to ensure the qualifytlee manufactured product but also to enable

the manufacturer to take the necessary improveraeintns on the manufacturing process.



Therefore, variability must be studied and analyzeda systematic approach, i.e., using
statistical methods to detect the assignable cafg@®cess shift. Furthermore, the information
obtained when performing analysis on the sourcegadfbility can be an indication of the

cause of low quality.

Quality improvement is a continuous effort. Throutjie use of statistical process control
methods, the quality of the manufactured produdtmeit only be controlled but the variability
of the process will also be reduced through impnoset activities and thus, achieving process

stability.

In order to manage and implement the quality improent activities, total quality management
(TQM) was started in the early 1980s, with the gdophies of Deming and Juran as the focal
point (Montgomery, 2005). Basically, TQM is an ameh that needs the involvement of every
level of management in the organization. This migatone of the reasons why TQM only

obtained moderate success.

Six Sigma is another disciplined, data-driven apphoand methodology that drives continuous
quality improvement and variation reduction throygloject-based activities. This approach
uses the DMAIC (define, measure, analyze, impraw @ntrol) improvement system. Many

manufacturing industries have successfully ap@iedSigma and benefited from it.

All of these approaches promote the use of thersstaistical process control (SPC) tools for
variability detection, analysis of possible caused drilling down for variability reduction. The

use of a control chart is one of the most usefdl@mmon approaches to start with.



1.2 Objective of the Study

It is important to monitor both the process meardgpss location) and the process variance
(process spread) in order to control and improwe ghality of a manufactured product. The

most common approach is to perform the monitorgyasately by using two control charts, one

for plotting the sample mean and the other the samgriance.

However, in the last decade, much effort is beiagip to use a single chart to simultaneously

monitor both the process mean and the processnearialhe objective of this study is to

propose the use of a single variables EWMA— R control chart to jointly monitor both the
process mean and variance. The effectivenessoptbposed chart in detecting both increases
and decreases in the mean and/or variance whileeasame time indicating the source and

direction of the shift is also shown.

1.3 Organization of the Thesis

This section will discuss the organization of thedis.

Chapter 1 highlights the importance of quality cohtand quality improvement, being the
foundation and motivation to use control charts govcess monitoring. The objective of this

thesis is also presented in this chapter.

Chapter 2 gives an overview of the different tymdsvariables control charts and their
characteristics. This chapter also introduces soonemonly used memory control charts, such
as the moving average (MA), cumulative sum (CUSWY exponentially weighted moving
average (EWMA) charts. The importance of thesetsles compared to the conventional charts

is also discussed.



Chapter 3 mainly focuses on the review of the singlriables control charts for a simultaneous
monitoring of both the process mean and varianbe. discussion includes the Shewhart-type,
CUSUM-type, EWMA-type and MA-type single variablesntrol charts. The respective

advantages and disadvantages are also being disansthis chapter.

Chapter 4 presents the proposed Single EWMA- R chart. The detailed procedures and
calculations of the chart's statistics and conlimits for its construction and implementation

are demonstrated. The outcomes of the performamoearisons with the other single variables
control charts such as the MaxEWMA chart, the coediX — R charts, the combineX — S

charts and the combined EWMASM and EWMASR chartsadso discussed here. In addition

to that, an example of application will also bdliied in this chapter.

Chapter 5 is the conclusion of the study in thesib. A brief discussion on the contributions of
this study to industries is also given. Besideg, ttapics for further research are also being

suggested in this chapter.



CHAPTER 2

VARIABLES CONTROL CHARTS

2.1 Introduction

A variables control chart is one of the most impottand widely used SPC tools in the
manufacturing field for online monitoring of theggess mean and variability when dealing
with quality characteristics of a continuous tyfewill help to detect the occurrence of a
process shift due to assignable causes as eapgsaible so that appropriate verifications and
corrective actions can be performed. With thes@mstin place and the monitoring being
carried out continuously and systematically, thsigamble causes can be identified and
eliminated from the process at the initial stagd #ms the process variability can then be

reduced.

Generally, variables control charts can be clas$ifnto two types, namely the conventional
control charts and the memory control charts. Mbshe conventional control charts are based
on the principles of control charts developed bywart and they are sometimes called the
Shewhart control charts (Montgomery, 2005). Thdsarte are very useful in detecting large
process shifts due to assignable causes. Howéage tcharts are not very sensitive to small
process shifts as they ignore the information alafiuhe points within the entire time sequence

but use only the one contained in the last samgilat.p

Memory control charts can be very useful and effeatvhen small process shifts are of a major
interest. They outperform the Shewhart control tshar detecting small process shifts as they

have all the information given by the entire seaqeeof points.



2.2 Typesof Variables Control Charts

2.2.1 Conventional Control Charts

There are various types of conventional controttshaeing used in industries depending on the

quality characteristics being monitored or the psgpof the implementation.

The X —R charts are the most commonly used technique wheking with variables data.
These charts can be easily implemented with minirsampling or inspection cost as only a
small sample is requiredn(<10). Besides giving the information on the procesamef a

quality characteristic, the information on the ggrer variability of the process can also be

obtained easily from th& — R charts. TheX chart, which plots the subgroup average is used
for process mean monitoring while tit& chart which plots the subgroup range monitors the

spread or process variability.

If a subgroup size is large enough (sayz10), and more sensitive charts are desired, the

X =S charts can be selected instead. In addition tp iftlne subgroup sizes are unequal, the
X =S charts should also be used. Te— S charts have the same function as #e- R
charts. The only difference is that the procesgtdity is being monitored with the subgroup
standard deviationS, instead of the subgroup rang®,. With the development of many

computational programs, the calculation of the soiyy standard deviation should not be a

problem in the implementation of thé — S charts.

The S? chart plots the subgroup varianc®’., directly for process variability monitoring. This
chart is defined with probability limits. Sometiméise use of this chart is also recommended as

the calculation procedures become easier with\h#adility of computer programs.



There are also situations where the subgroup sied for process monitoring consists of only
an individual unit. Examples are when the productiate is very slow and the subgroups are
not possible to be accumulated before the anatysiwhen the difference in measurements
across a continuous production is very little resglin very small standard deviation and it is
almost impossible to detect a shift or change & standard deviation (Montgomery, 2005).
Therefore, control charts for individual measuretagsuch as thé — MR charts are useful in
these situations. The control procedure uses ttigidual chart for process mean monitoring

and the moving range chart of two successive measnts to estimate the process variability.

2.2.2 Memory Control Charts

Memory control charts are effective alternativesh® conventional control charts when small
process shifts are of interest. These charts conke information for the entire sequence of
sample points and this feature enables the chagyhal when there is a small process shift,
even on the order of 16 or less. Among the examples of memory control tshare the
cumulative sum (CUSUM) chart, the exponentially gided moving average (EWMA) chart

and the moving average (MA) chart.

The CUSUM control chart is preferred compared ® tbnventional Shewhart control chart
when the magnitude of a change in the procesdatively small (Lowry et al., 1995, Lucas,

1976 & 1982 and Hawkins & Olwell, 1997). This ischase a CUSUM control chart gives a
smaller out-of-control ARL in the detection of sinalocess shifts when the in-control ARL of
both the Shewhart and CUSUM charts are maintaingdeasame level (Yeh et al., 2004). In
addition to the process mean, CUSUM control chaatsalso be used for the monitoring of the
process standard deviation. A CUSUM control chawrélso effective to be used in industries

when the subgroup size is one.



The CUSUM chart directly combines all the informatifrom the sequence of the sampled
points when the cumulative sums of the deviatidnth® sample values from a target value are
tabulated or plotted. If a process is in-controlttad target value, the CUSUM values will
fluctuate around zero and an upward or downwanddtreill be clearly observed even when

there is a small shift in the process.

The EWMA control chart is also a good alternativelétecting small shifts for both the process
mean and the process variability. The EWMA contiadrt generally has similar performance
to the CUSUM control chart. However, in some wadlie, EWMA control chart is easier to be

set up and operate (Montgomery, 2005).

The EWMA control chart is used extensively in tirseries modeling and forecasting
(Montgomery, 2005) as it considers the weightedraye of all past and current sample

statistics. The EWMA control chart is also prefdrfer individual observations.

Unlike the Shewhart control chart, the EWMA contbhrt does not perform well against large
process shifts. However, it is often more effectiven the CUSUM control chart to detect large
process shifts (Montgomery, 2005). There are atsoesefforts being put in to improve the
sensitivity of the EWMA control chart in detectiteyge process shifts without sacrificing the
effectiveness of detecting smaller shifts. One gtans to use the sample means and squared
deviations from target for the monitoring of theopess mean and the process variance

(Reynolds and Stoumbos, 2005).

The moving average (MA) chart is another memorytmdnchart based on simple and
unweighted moving averages as the chart’s staistibere will be a fixed time span for the
statistics computed. All the observations withiis ttme span will be averaged and the process

variables of interest are plotted on the chart. Dlaest’ observation will be excluded as a new



observation is obtained. Generally, if a more affecchart is preferred for small process shifts,

the time span should be set longer.

The moving average chart is of course more effectiv detecting small process shifts as
compared to the conventional Shewhart control chdoivever, it is not as effective as the
CUSUM and EWMA charts. The MA chart is sometimesgf@mred for simple and direct

calculation or when the subgroup size is one.

2.3 Importance of Control Charts

Control charts are very important tools in SPC.hfite implementation of control charts, the
process variations can be reduced so that the metwéd products can meet customers’

requirements.

The main objectives of a control chart are to detez assignable causes and reduce the process
variability. These can be achieved through contisumvestigations and improvement of a
process after the out-of-control situation is dietéand more process information is obtained.
Furthermore, the respective improvement strategaesalso be evaluated with the employment
of a control chart. If there is a need to modifyobiange the action plans, it can always be

carried out as early as possible.

On the other hand, a control chart can also berfiocated into some cost control activities to
help in decision making and performance evaluatidterefore, a control chart is not only

applicable to the manufacturers’ processes buttalfioe suppliers’ processes.



A control chart is also used as an estimating @efMontgomery & Runger, 1999). The process
mean and standard deviation can be estimated froontaol chart under an in-control situation.

The estimation can then be used for process cépattildy purposes.

10



CHAPTER 3

SINGLE VARIABLES CONTROL CHARTSFOR SIMULTANEQOUS
MONITORING OF PROCESSMEAN AND VARIANCE

3.1 Introduction

When dealing with SPC control charts in manufaomrrindustries, the major interest is to
monitor the mean and variance of a quality charestie A process deterioration is detected if
either the mean shifts away from the target valu¢he variance increases. This monitoring

used to be performed by plotting two control chagpgarately, one for monitoring the mean and

the other for monitoring the variance, THé chart which plots the sample mean, is the
traditional and most widely used chart for monitgrihe process mean. Efforts are then being
put in to develop more powerful charts to meetadéht objectives and efficiency requirements.

The EWMA and CUSUM control charts are among theutenpones.

Process variability is as important as the progaean and it should be well monitored and
controlled. A common practice is to plot either tRechart for the sample range or tRechart

for the sample standard deviation in order to make that the process variability is within an
acceptable limit. Lately, there are also modifie@MA and CUSUM control charts for
monitoring the process variability. Useful inforneet related to the status of a process could be
obtained from a variance shift, either increasing decreasing. This will enhance the

effectiveness of a control chart in detecting pssodeterioration or process improvement.

For many processes, there is a possibility of lhegss mean and variance shifting at the same
time due to special causes and it is therefore rappeopriate and meaningful to monitor the
behavior of the combined mean and variance infdonabn the same chart to have a

reasonably good control of the whole process (Dunt@86).

11



In other cases, if the problems or causes resultingither or both the process mean and
variability shifts are related, it is more advamags to simultaneously monitor and control
them in a single chart. In addition to that, rumniwo charts, one for the mean and the other for
the variance, may not always be reliable in idgmtg the nature of the change as shown by
Reynolds and Stoumbos (2004) and mentioned agai@dsya and Rahim (2006). Cheng and
Thaga (2006) also commented that this practiceimesjmore resources such as quality control

practitioners, time and other resources needegrfaress monitoring.

3.2 A Review of Single Variables Control Charts

In the last 15 years, numerous charts are proptsezhable the use of a single chart to
simultaneously monitor both the process mean am@dhity. Most approaches are based on
transforming the sample mean and the sample varistatistics either into two standard scaled
statistics or a single statistic. These statistidsthen be plotted on a single chart. The single
variables charts can be generally classified asShewhart-type charts, the CUSUM-type
charts, the EWMA-type charts and the MA-type chaftss chapter will review some of these

single variables charts found in the literature.

3.2.1 The Shewhart-Type Control Charts

Numerous charting methods have been proposed tmvwahe effectiveness of the Shewhart-

type single variables control chart in the procesmitoring activities. Besides that, it is also

important to consider the implementation procedtwesnsure that the calculations or plotting

methods involved are not too complicated to theodtaor or line workers.

12



3.2.1.1 The Box Plot Simultaneous Control Chart

White and Schroeder (1987) introduce a simultaneoungrol chart to monitor the process mean
and variance on the same chart. This chart isrdiftefrom the conventional control charts
because it is designed using resistant measuresaamodified box plot display. Besides
controlling the process level and variability sitankeously on a single chart, box plots also
provide additional process control information, lsws its distribution, specifications and the
location of the individual units and outliers. Teauld help to enhance the effectiveness of the
control chart to be a decision aid. Iglewicz andaglm (1987) and Karuthan et al. (2000) also

support the use of box plot for this purpose.

The box plot simultaneous control chart uses @signeasures, the median and @espread

as the statistics for monitoring the process locatind variability respectively. The median,
is the middle order statistic if the sample sine,is odd and the average of the two center order

statistics if the sample siza,, is even (White and Schroeder, 1987).

Hence,
m= X((n+l)/2) , if n is odd (3.1a)
and

M= 05(X () + Xy ). if N is even, (3.1b)

where X(i) denotes the th order statistic of measuremerXs, X,,..., X

The Q-spread is defined as the distance between thgehkinlt is originally based on the idea

of folding ordered data into four sections, havthg median and the ‘hinges’ of the data set

located as shown in the example below.

13



For the data set, 2, 3, 4, 5, 6, 7, 8, 9, the median i§ and the hinges ai@and7 (White and

Schroeder, 1987).
1 5 9

loo
I~

Tukey (1977) recommends the interpolation of halfues for theQ-spread, resulting in the
median of4.5 and the hinges &2.5 and6.5 for the data set, 2, 3, 4, 5, 6, 7, 8 (White and

Schroeder, 1987).
4.5

Table 3.1 shows the order statistics comprisinthefQ -spread for samples of siza,= 2 to
n =20. White and Schroeder (1987) suggest the use osithplified version ofQ-spread
developed by Tukey (1977), in this box plot simon#aus control chart. It uses an
approximation of the€) -spread, i.e.,

Q=X, - X_, (3.2)

where X, and X, depend on the sample size, as shown in Table 3.1.
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Table 3.1Q-Spreads and Simplifie@ -Spreads

Sample Sizen Q-spread Approximation
2 X, =%, -
3 X3 =X -
4 05(x, + X, =%, —X,) X, = X,
5 Xy =X, -
6 Xs =X, -
7 0'5(X5+X6_X2_X3) X5 = X3
8 0.5(x6 X, =X, = x3) Xs = X3
9 X7 = X3 -
10 Xg — X, -
11 0'5(X8+X9_X3_X4) Xg =%,
12 0-5(X9 T X T X T X4) X9 =%,
13 TR —_—
14 Xy — X, _
15 0-5(X11 T Xy X~ Xs) X1~ Xs
16 0-5(X12 T Xz T X T Xs) X2 = Xs
17 X3 = Xs —_—
18 Xia = Xs —_
19 0-5(X14 X5 T X XG) Xia = %s
20 0-5(X15 X ™ X XG) X5 ~ Xg

Source: White and Schroeder (1987)

Both the median an€ -spread are more efficient and robust against memality and outliers

as we cannot always expect the normality assumpfrom the processes in a real

manufacturing environment.

The box plot simultaneous control chart requires s&ts of control limits, one for the median

and the other for th€) -spread. Generally, thK sigma control limits can be defined as

n T Ko, for the median

and
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Ko = Ko, for the Q-spread (3.3b)
where p,, o, and p,, 6, are the means and variances of the distributiothefsample

median and th&) -spread statistics respectively. The formulae fdcdating these means and

variances and their values for the various sampésan, are given in Appendix A.

Table 3.2 lists the simplified factors for calcinagt the three-sigma control limits. Thel,

factor for the median chart is analogous to thedsied A, factor for the X chart and the
factors Q, and Q, for the Q-spread charts are analogous to Bxeand D, factors for theR
chart (White and Schroeder ,1987). Therefore,

UCL=m+M 2(6) andLCL=m-M 2(6) for the median chart (3.4a)

while

UCL=Q, (6) andLCL =Q, (6) for the Q-spread chart. (3.4b)

Here, 6 is computed as the average of fQespreads, based on a preliminary dataset with

sample sizen.
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Table 3.2. Factors for the Three-Sigma Limits @& Box-Plot Simultaneous Chart

Sample Siz¢ Median Q-Spread

n M, Q, Q,

2 1.88 0 3.27
3 1.19 0 2.57
4 2.76 0 3.27
5 1.62 0 3.72
6 1.08 0 2.38
7 1.95 0 2.81
8 1.30 0 2.43
9 1.07 0 2.22
10 0.85 0 2.08
11 1.20 0 2.26
12 0.96 0 2.11
13 1.05 0 2.18
14 0.72 0.08 1.92
15 0.93 0 2.02
16 0.79 0.06 1.93
17 0.73 0.13 1.87
18 0.64 0.81 1.81
19 0.78 0.12 1.88
20 0.69 0.21 1.79

Source: White and Schroeder (1987)

The box plot display is able to provide informatiom both the control limits and specification

limits graphically. Unlike the conventiona and R charts, the probability limits for the box
plot simultaneous control chart are relatively éstent against the sample size, and the

process distribution (White and Schroeder, 1987).
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The major disadvantage of using resistant measste) as the median and tfg-spread

statistics, is the lower sensitivity of the contrhart to outliers and process changes as
compared to the non-resistant measures. Other diksbwhich limit the use of a box plot
simultaneous control chart is its ineffectivenessdealing with small sample sizes, control
limits for any measure of dispersion and multi-elwderistic processes (Spiring and Cheng,
1998). Furthermore, monitoring a process with a plat simultaneous control chart can only
be performed with the availability of computer amgtomatic data acquisition techniques. The
shop-floor workers might also be confused by ithplexity and the overwhelming information
contained in this single plot. Cheng and Thaga §208lso comment that the box plot

simultaneous control chart is difficult to interprespecially theQ -spread charts.

3.2.1.2 TheSingleVariables T Control Chart

The single variabled control chart is proposed by Cheng and Li (1998)s chart measures
the proximity of an observation to its target vahsewell as the process variability with a single

standard variable plotted on the chart for botlapeters.

The plotting statistic\V is defined as follows (Cheng and Li, 1993):

W =| Yy =T [+| Yy =T}, (3.5)

X - . * —
where Y, = — a ,fori=212,...,n, T= T and Y(l) and Y(n)are the first andnth
o 9

order statistics corresponding ¥9,Y,,---,Y, . Also, X; and T * denote the observation of a

process at time and its target value, respectively.

A major disadvantage of this chart is that it contut tell which parameter, i.e., the process

mean or the variability, has shifted when theranout-of-control situation.
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3.2.1.3 TheAlternate Variables Control Chart

Spiring and Cheng (1998) develop the alternateatséas control chart that monitors both the
process mean and standard deviation on a singte 8esides being more superior to the single
variablesT chart, this chart also provides an alternativéhtobox plot style of simultaneous
control charts as it has the advantage of perfayn@iqually well for both large and small

subgroup sizes. The implementation of this chaatde simple and straightforward.

The suggested measures being monitored for sanoplsize n on this alternate variables
control chart can be the squared difference fraertdinget,
(x-7), (3.6)

the mean square error around the target value,

MSE=(n-2)"Y (X, -T)?, (3.7)

n
i=1

or the sample variance,

s?=(n-1"Y (X, - X, (3.8)

i=1

whereT is the target value of the process (Spiring anengh1998).

As small values of these measures are desired, @yupper control limits are being

implemented on this chart.

If the process measurements are normally distributée., X ~ N(u,cz), then
(X -T) ~n"6%Z,, where y?, denotes the non-central chi-square distributioth viine
degree of freedom (df) and non-centrality parameter n[(u—T)/cs]2 (Spiring and Cheng,

1998).
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The UCL is defined to be the{l—a)lOOth percentile of the distribution function assoetht
with (X =T ). Therefore,

UCL()?—T)Z = n_lﬁzxix’(l_a) . (39)

The MSE is distributed agn —1) 6%, with n df and = n[( ~T)/c]*. TheUCL to be
applied is

UCLyse = (n _1)_102Xr21,x,(1—a) : (3.10)

S? has a distribution ofsy2,,, where x2,, denotes the central chi-squafa = 0)
distribution. Therefore, it&)CL is defined as

UCL,. = (n _1)_102Xi—1.0,(1—0.) - (3.11)

For an effective process monitoring, Spiring ancei@h (1998) suggest plotting on the same
chart ()7 —T)2 and MSE with their respective upper control limits rattiean S*. However,

the control limits for S? should also be included in the chart. This woutdam additional

“warning” for large or increasin@® even if MSE does not exceed its limit.

The alternate variables control chart has a comymrARL to the conventional Shewhart
control chart for process changes or shifts deiectHowever, the ability of this alternate
variables control chart to detect changes in tloegss depends greatly on various situations.
For example, the detection of a shift in the preasspoorer if the process is currently running
closer to the target. Therefore, in the literat®piring and Cheng (1998) also include some
comments and suggestions on how the common deteciies could be applied to this alternate

variables control chart.
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Not only bringing the process within its contrahits, this control chart is also able to make

sure that the process is being controlled to itpetaall the time through the control 67( —T)2

without losing much of the other information needsabut the process. This is because the
information for both the process variability an@ tproximity to the target can be provided as

this chart incorporates the target into its chgrpnocedures.
3.2.1.4 The Semicircle Control Chart

Chao and Cheng (1996) propose a semicircle coclyatt, where a semicircle is used to plot a
single plotting statistic to represent the positminthe mean and the standard deviation, by

plotting the standard deviation on tlye-axis and the mean on the-axis. The detection of the

out-of-control signals and the interpretation oé themicircle control chart are quite simple.
When a point plots outside of the semicircle intligaan out-of-control signal, the chart can

easily tell whether the mean, the variance or kb parameters have shifted. With its

straightforward calculations, this can be considexenew alternative to the combination Xt
and S charts. In addition to the ease of interpretattbe, implementation of this chart is also

quick and simple for the shop-floor workers.

The plotting statistic proposed by Chao and Chésg§§),
T=(X-pf+s7?, (3.12)

1/2
is based on the sample meaK, and the root mean squaréi* :(n_lj S, where
n

is the sample standard deviation. Under the ndtynalssumption,

(%)T is distributed exactly asg@ﬁ for any sample siza).
o)
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The valueS' for each sample will be plotted on tlye-axis while the valueX will be plotted
on the x-axis. As S" >0, the control limit will only need to form a semidie centered at

()?O) with the radiusy , calculated as follows (Chao and Cheng, 1996):

P(T <r?)= P(%T <12r2j - P(LZT < xﬁ,(l_a)j =1-q. (3.13)
(0) (0) (@)
Then,
0 v b
1 ) ST = [—n’(l_“)J c, (3.14)
c ' n

where 2.,y is the 100(1-a)th percentile of they’ distribution, andX and S’ will be

substituted fon ando.

Therefore,

F=qS, (3.15)

The values of the radius constaqt, for various sample sizes,, are shown in Table 3.3 below

(Chao and Cheng, 1996).

Table 3.3. Radius Constant},

n q n q n q

2 2.2850 5 1.8202 8 1.6489
3 2.0553 6 1.7491 9 1.611Y
4 1.9161 7 1.6937 10 1.5802

Source: Chao and Cheng (1996)
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The data points()?i ,Sl*) are plotted on the semicircle chart. Any poininigeplotted out of the

semicircle control limit,f, will be considered out-of-control and investigatineeds to be

carried out.

A disadvantage of this approach is that one cakeep track of the time sequence of the plotted
points. To take care of that, all the points candeatified with a number as the time sequence

indication.

3.2.1.5TheMax Chart

Chen and Cheng (1998) develop the Max chart, wbarhbines theX chart and thes chart
into a single chart. It jointly monitors the meamdahe variance using a single plotting statistic
and it has the ability to indicate the source ainelction of a shift when an out-of-control signal

is detected.

Let X,

i i=12..., and j =12...,n be measurements X arranged in samples of size

n,, with i representing the sample number. Assume that fan ea X3, X;,,..., X, is a

random sample from the normal distribution with mea + ac, and standard deviatiofio ,

where a=0 and b =1 indicate that the process is in-control, otherwige process has

shifted.

The plotting statisticM (ni) is defined as the maximum absolute values of taedardized

mean,U, , and the standardized varian¥€, given as follows (Chen and Cheng, 1998):

M(n,)=maxu, |,V ]}, (3.16)
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(X, -n)
U, = .
i c/\/n_, (3.17)
and
V, = q:‘l{H((n‘ _;L)S'Z n, —1]}. (3.18)
(&)

Here, CD(Z) = P(Z < z) for Z ~ N(O,l), the standard normal distribution. Th@n‘l( E) is the
inverse ofqb( E) andH (V\r, v) =PW< W]v) for W ~ %2, the chi-squared distribution with

degrees of freedom.

To find the distribution ofM(n;), let y2, satisfy P(s< va):y, where y[1(01) and

S~y2.If F( E) represents the distribution function Itsrf(ni ) then for anyy > 0 (Chen and

Cheng, 1998),

F(y;n.ab)
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L Xe
y {H( GJ(bylni—l n _1]_ H( ‘D(—byz),ni—l n, _1}} (319)

Letting a=0 andb =1 in Equation (3.19), we obtain (Chen and Cheng8)199

F(y;n ,01) ={o(y)-o(-y)}* = P(Ss yz)z, (3.20)

where S~ 2.
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