Far East J. Math. Sci. (FIMS) 15(1) (2004), 87-94

DIFFERENTIAL SANDWICH THEOREMS FOR
CERTAIN ANALYTIC FUNCTIONS

ROSIHAN M. ALI, V. RAVICHANDRAN, M. HUSSAIN KHAN
and

K. G. SUBRAMANIAN
( Received June 30, 2004 )

Submitted by Ravi P. Agarwal

Abstract

Let g, gy be univalent in A := {z:]|z| < 1}. We give some applications
of first order differential superordinations to obtain sufficient conditions

for normalized analytic functions f(z) to satisfy

@1 (2) < 2f'(2)(f(2) < q2(2).
1. Introduction

Let M be the class of analytic functions in A ={z:|z| <1} ar

H(a, n) be the subclass of M consisting of functions of the form f(2)
a+a,2" +a,.12"*" +.... Let A be the class of all analytic functio
f(2)=z+ a222 +..(z€A). Let pheH and let ¢, s, ¢; 2): c3 x
- C. If p and &(p(z), zp'(z), 22p"(z); z) are univalent and if p satisfi

the second order superordination
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" h(z) < §(p(2), 20'(2), 2%p"(2); 2),

then p is a solution of the differential superordination (1.1).
subordinate to F, then F is superordinate to f) An analytic funct
called a subordinant if q < p for all p satisfying (1.1). A ur

subordinant q that satisfies ¢ < ¢ for all subordinants q of (1.1) is

be best subordinant. Recently Miller and Mocanu [3] obtained cor
on h, g and ¢ for which the following implication holds:

Mz) < ¥(p(2), 2p'(2), 2%p"(2); 2) = q(z) < plz).

Using the results of Miller and Mocanu [3], Bulboaca [2] have con
certain classes of first order differential superordinations as °
superordination-preserving integral operators [1]. In the present
we give some applications of first order differential superordinati
functions in A.

In our present investigation, we shall need the following:

Definition 1.1 [3, Definition 2, p. 817]. Denote by @, the se

functions f(z) that are analytic and injective on A — E(f), where
E(f)={ €oa: lim f(z) = «},
z—E
and are such that f(¢) # 0 for § € oA ~ E(f).

Lemma 1.2 [2]. Let q(2) be univalent in the unit disk A and 8

be analytic in a domain D containing q(A). Suppose that

(1) R['(g(z))ele()] 2 0 for z € A,

(2) 2q'(2)¢(q(z)) is starlike univalent in A.

If p(z) e H(g(©0), )N Q, with p(A)c D, and Hp(2)) + 2p'(z)e(x

univalent in A, then
3(q(2)) + 2q'(2)9(q(2)) < 8(p(2)) + 2p'(z) 9(p(2))

implies q(z) < p(z) and q(z) is the best subordinant.
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2. Sandwich Theorems

By ‘1}1aking use of Lemma 1.2, we obtain the following results.

Lemma 2.1. Let q(z) be convex univalent in A and a, B, y € C. Further

assume that
‘B{% + %’E q(z)} > 0.
If p(z) € H(g(0), )N Q, ap(z) + Bp>(2) + yzp'(2) is univalent in A, then
aq(z) + Ba*(2) + v2q'(2) < ap(z) + BP?(2) + v2p'(2)
implies q(z) < p(z) and q(z) is the best subordinant.
Proof. Define the functions 9 and ¢ by
S(w) = aw + Bw? and ¢(w) = y.

Clearly, 9(w) and ¢(w) are analytic in C. Also

9(q2) _ g, 2 0]
R 7%+ a2 0

and the function yzq'(z) is starlike univalent in A. Lemma 2.1 now follows

by an application of Lemma 1.2.

Remark 1. When a =1 and B = 0, Lemma 2.1 reduces to [3, Theorem
8, p. 822]. When a = B = 0 and y =1 Lemma 2.1 reduces to [3, Theorem
9, p. 823].

By making use of Lemma 2.1, we now prove the following:

Theorem 2.2. Let o € C. Let q(2) be convex univalent in A and Rq(z)

-1 , 2'(2) , | 2°["(2)
2RE—=If f e A 2 @/f ()« HLDNQ, @ 1R

ts univalent

i A, then

’ 2 1,
- a(e) + aa?(e) + aza'@) < G+ 0 LD
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implies

2f'(z)
q(z) < )

and q(z) is the best subordinant.
Proof. Define the function p(z) by

2f'(z)
)= oy

Then a computation shows that

2f' (Z) oz 2f"(z) 0
f(z) 7(2) = (1= a)p(z) + op®(2) + 0zp'(2).

By using Lemma 2.1, we have the result.

Together with the corresponding result for differential subo:
(see Ravichandran [4]), we obtain the following “sandwich result”

Corollary 2.3. Let q,(z) and qz(z) be convex univ ¢t

o € C. Assume that Rq;(z) = R < for i=12 If fe A, zf(

2 rt
HQ, )N, Z}}:((Z)) +aZ f}Zz()Z) is univalent in A, then

2
(1 - OL)QI (z) + OCQiZ(Z) +02q] (z) < z}}:((:;) +a z f]zz()z)

< (1-a)gy(z) + aq%(z) + 02qh

implies

NOREAPPRS

and qi(z) and qy(z) are respectively the best subordinant ¢
dominant.
Lemma 2.4. Let q(z) # 0 be univalent in A and o, B

assume that RlaBq(z)] > 0 and 2q'(z)/q(z) is starlike univalent

p(z) € H(g(0), DN @, p(z) # 0, ap(z) + B zp/(z) is univalent in A,

p(z)
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wolo) 1 520G L o, 2P )
ate) B qz) olz p(2)

implies q(z) < p(z) and q(z) is the best subordinant.

Proof. The Lemma 2.4 follows from Lemma 1.2 when the functions 9
and ¢ are given by 9(w) = aw and ¢w) = B/w.
By making use of Lemma 2.4, we now prove the following:

Theorem 2.5. Let o € C. Let g{z) # O be univalent in A. Further
assume that R[aq(z)] > 0 and zq'(2)/q(z) is starlike univalent in A. If

feA 0=z (2)/f(2)eHLNQ, 1-a) 2 (z) (1 + zf”(z)) is univalent

@) f'(z)
in A, then
L 2 S, [y, 2E
0@ v T < 00T o1 )
implies
0
q(2) (z)

and q(2) is the best subordinant.

Proof. Theorem 2.5 follows from Lemma 2.4 by taking p(z) to be the
function given by p(z) := zf' (z)/f(2).

Together with the corresponding result for differential subordination
(see Ravichandran and Darus [6]), we obtain the following:

Corollary 2.6. Let a € C. Let q;(z) # 0 (0 =1, 2) be univalent in A.
Further assume that R[ag;(z)] 2 0 for i =1, 2 and zq; (2)/q;(2) ( = 1, 2)

is starlike univalent in A. If f € A, 0 # 2f'(2)/f(z) € H(L1)NQ, (1 - ) zlf((;;)

+ a(l + 2z )) is untvalent in A, then

f'(z)

2q1(2) 2f'(z) 2f"(2) 2q5(2)
q1(z) + o 1( j <(1-a) ) + a(l + ) ) < qo(z) + o 05
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tmplies

QI(Z) < /]:(( )) = qZ(Z)

and q1(z) and qq(z) are respectively the best subordinant and
dominant.
By making use of Lemma 2.4, we obtain the following:

Theorem 2.7. Let q(z)+ 0 be univalent in A and zq'(2)/q(z) be

untvalent in A. If f € A, 0 # zzf’ (z)/fz(z) e HO, )N Q, (Z]]:’)("z()Z) _

1s univalent in A, then

2q'@)  (&f)'(2) 2 (2)
a@ " TR f(z)

implies

and q(z) is the best subordinant.

Together with the corresponding result for differential subore
(see Ravichandran [4]), we obtain the following:

Corollary 2.8. Let q;(z) # 0 be univalent in A and 2q}(z)/r
starlike univalent in A for i =1, 2. If f € A,0 = 22f'(2)/f%(2) e H(1

CfYE) o)
1@ )

1s univalent in A, then

ZQi(Z) @) (2) _o & (2) 2q5(2)
Q1(Z) f(z) f(z) CI2(Z) '

tmplies

< qz(2)

aiz) < 2L (( 2)

4
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and q(z) and qq(z) are respectively the best subordinant and b
dominant.
Lemma 2.9. Let q(z) = 0 be univalent in A and 2q' (2)/q*(z) be starh

univalent in A. If p(z) € H(q(0), )N @, plz) # 0, zp' (z)/p*(2) is univale
in A, then
*() P’

implies q(z) < p(z) and q(z) is the best subordinant.
Proof. Lemma 2.9 follows from Lemma 1.2 when 8w):=0 a
o(w) = 1w?.
Theorem 2.10. Let g(z) = O be univalent in A and zq' (2)/q%(z)
. . . : 1+2f"(z)/F(
starlike univalent in"A. If f € A,0# 2f'(2)/f(z) e HQ, DN Q, I

is univalent in A, then

2q'(z) | 1+2"f R)/f'(z)
b 2@ o @IE)

implies q(z) < 2f' (2)/f(z) and q(z) is the best subordinant.
Proof. The result follows from Lemma 2.9 by taking p(z)=zf'(2)/f(:

Together with the corresponding result for differential subordinati
(see Ravichandran and Darus [5]), we obtain the following:

Theorem 2.11. Let g;(z) # 0 be univalent in A and zq; (2)/q2(z)
starlike univalentin Afori =1, 2. If f € A, 0 = zf'(2)/f(z) e H(Q1, 1)+

1+ 2f" (2)/f'(@)
2f'(2)/f(2)

is univalent in A, then

L 291(2) | 1+2f"(2)/f'(2) 295(2)
a2(z) TR b az(z)

implies q1(z) < zf' (2)/f(2) < q2(2) and q;(z) and gq(z) are respectin

the best subordinant and the best dominant.
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