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Abstract

Short run control charting 1s necessary at the start-up of a process and at
the mitaton of a new process for which prior information 1s
unavatlable Numerous univariate short run control charts have been
miroduced to overcome the problems faced by conventional charts mn a
short run environment Most practical scenanos mvolve several related
vanables The multivariate short run charts for mdividual measurements
and subgrouped data were proposed so that a joint momutoring of several
correlated vanables can be made simultaneously m a short run
environment (see [5]) This paper aums at improving the performance of
the multivaniate short run chart for indrvidual measurements by using its
statistics to construct a cumulative sum (CUSUM) chart.

Keywords short run, cumulative sum (CUSUM), Type-I error, non-
centrality parameter; m-control, out-of-control (oo ¢ )

1. Introduction

Aming the problems encountered by conventional charts mn a short nun environment 15 a
“W‘?nttpaumty of relevant data available for estmating process parameters and
& control hmits as well as the existence of many different types of
mwﬁl@ require a large number of conventional charts Research on short run
Dm 53 these problems melude the Q charts (see [6] — [10]), Zed chart (see [12]),
it mdlm (see [2]), two-stage ¥ —R charts (see [1], [3] and [11]) The multivanate

vamsbles in g SI::;m proposed to enable a simultaneous momtorng of several correlated
tey allow contro) ‘un environment (see {5]) The main advantages of these charts are
kst he aymiae charting to be implemented after the first few umts of production
fo be plol 1hity of a historical data set and enabling different variables of a process
on the same chart because all statistics are charted on a standard scale

on ‘2 o1 :
s B&St&?m:g;? 2 brief discussion on the multivanate short run control chart for mdrvidual
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2. Multivariate Short Run Control Chart for Individual Measnr.

arn
~ag

Let X"=(XM,X"1, X g ),. »n=1,2, denotes the px1 vector of quality charactengy
where X, 15 the observation on quality charactenistic ; at time » It 15 assumed that

X\, X,, aremdependently and identically distributed (1 1 d ) vectors with a multvange
N, (1. Z) distribution The estimated mean vector obtamed from a sequence of random,

— - v — 2
vectors, X,,X,, ,X, i1sdefinedas X,=(¥,, T, ,X,) where X, = ZX”/1 s the
=l
estimated mean for quality charactenstic ; made from the first » observations The required
notations are as follow (see Table 1)

Table 1: Notations for Cumulative Distnbution Functions

@ -)  The standard normal cumulative distribution function

®'(-)  The inverse of the standard nommal cumulative distribution function

H

v

) The chi-squared cumulative distribution function with v degrees of
freedom

Fos(+)  The Snedecor-F cumulative distnbution function with (v,,v, )
degrees of freeclom

The following formulas give the ¥ statistics of the multivantate short run chart for the tw
cases of both y and % known and unknown (see [5D

Case KK p=p,, =%, both known

T:=(Xn -uo)HZE’(X, ‘U-o)

and

v,=0 g, {2}, n=12, )
case UU  pand X both unknown

I}=(X,-X,.) S (X, -X,.,)

where

5,=L3(,-%.)x.-%.)

?1-] =1

-~

and

Y i (n=Dr-p-D ., -
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Note that p (see Eqs 1 and 2) 1s the number of quahty characteristics monitored
smultaneously, hence p22, while 8, 15 the unbiased estimator of £ The V statistics m

Eqs 1and 2 areall11d N(0,1) vanables (see 51

3. An Improved Short Run Multivariate Control Chart

Smce from the previous section the ¥, statistics m egs (1) and (2) are all 11d. NO,1)
random vanables, a cumulative sum (CUSUM) chart can be constructed from the sequence

of the ¥ statistics to enhance the performance of the short run multivaniate chart because
‘the CUSUM 1s & memory control chart The followmng equation gives the upper-sided

(c*) cUsUM statistic (see [T])
C; =max0,C1 4V, ~k,}, 1=1,2, 3)

The starting value 15 C; =0 while the reference value, k, and decision mterval, h, are

selected based on a desired Type-I error Note that only the upper-sided CUSUM statistic
(Eq 3)1s considered because the short run multivariate chart 1s directionally mvariant (see
[5]),1¢ tts performance depends only on the magmitude of a shift in the mean vector given

by the square root of the non-centrality parameter (Eq 4) and not m the direction of the
shaft

A=, — 1o ) =o't o) @)
Here, p, and p, represent the m-control and out-of-control mean vectors respectively
A
while £, denotes the covariance matnx

4 Afi Evaluation of the Performance of the Improved Chart

A smulation study using SAS version 8 1s conducted to study the performance of the
ml?@@“ﬂﬂlf‘h&seﬂ ‘o the CUSUM statistic for a brvariate case where the number of
malitycharacteristics, p = 2 An m-control process 1s assumed to follow a bivanate normal

N G‘naﬁor)‘ﬂlSMbutlon where W, = (0,(})q and X, =(l T} A shift m the mean vector
P

rom Wmﬁf fDiZth.Efo]lowmg three cases are considered

fmedr w o (50),(0,0),(-80) or (0,-5)

22 1,2(5,8) or (-5-8) -

BED 4 =(,08) or (~5,8)

lﬁlﬁ:"%ﬂiat all of the above 0o c mean vectors, W, , for the same case are of the same
istance away from the in-control mean vector, W, (see [5]) Since the improved chart and

sh
a%:::ﬂlﬂ;;mtmpan are directionally invanant, only the first p, for each of the above
considered Correlation coefficients of p =0, 0 2. 0 5 and 0 8 are considered
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For each value of ce{10, 20, 50}, ¢ m-control observations are generated fry,
Ny (o, Z,) distnbution followed by 30 ooc observations from a N, (u, 3

distribution. This 1s repeated 5000 times and the proportion of times an oo ¢ signgl
observed from ¢+1 to ¢+30 for the first time 1s recorded

Because of space constramt, only the results of u,=(6,0)y and p = 05 are given (sa
Table 2) The results for the other cases also have similar trend The results are gIven fiy
ve 1-of-1, 3-of-3, 4-0f-5, EWMA (see [4]) and the CUSUM tests Note that the resulty
tt= improved chart denoted by CUSUM (see Table 2) are obtamned from a ssmulation stusy
ung Eq 3 with k,=075 and A, = 3 34 where these two values are chosen to obtait
Tye-l error similar to that of the 1-of-1 test Given a sequence of I statisficy
VaVprs V,,az0, the 1-of-1, 3-0f-3, 4-of-5 and EWMA tests are defined as follow
(se[5])
Thl-of-1test When ¥, 1s plotted, the test signals a shift in pif 7, >3

Tha-of-3 test  When ¥,, 15 plotted, the test signals a shiftan pif V.V, and V,_, 4
excd 1

The«of-5test When V, 1s plotted, the test signals a shift m p if at least four of the five
valueV, .V, |, V., exceed 1

The WMA test The EWMA statistic Z, 1s defined as Zy,=0V, +(1-)Z,,, m=b
b+1, where 521 and Z s+ =0 The EWMA chart 1s constructed based on

UCLX 1’&/(2—0&) where the values of (a, K) used are (025, 290) which gives

UCL=1096 These values are chosen to give an m-control average run length (ARL) of
3726 ad m ARL of 518 to detect a shift of 15 standard deviations m a normal mean
(see [S[An o o ¢ signal 1s gven at tume m if Z,>109%

The realts show that Case KX has a superior performance to Case UU For example, for
£=10 ad =1, the 0 0 ¢ proportions of Case KX for the 1-of-1, 3-0f-3, 4-0of-5, EWMA and
CUSIM tests are 0319, 0583, 0506, 0673 and 0628 respectively while the
correponding values of Case UU are 0042, 0115, 0068, 0 050 and 0 080 respectively,
whee the values of Case KK are always greater than that of Case UU Note also that for
Case UU with 8>0, the 0 0 ¢ proportion mereases as the value of ¢ increases For Case
KK, the performance of the CUSUM test 1s comparable to that of the EWMA test
However, the CUSUM test outperforms that of the EWMA for Case UU The CUSUM test

for Case UU has the best performance for moderate and large values of & Although for
small values of >0 the 3-of-3 test seems to outperform the other tests, 1ts false alarm rate
1s somewhat too high for the case of 8=0 Overall, the CUSUM test gives a good
performance as 1t has the lowest rate of false alarm (simlar to the 1-0f-1 and EWMA tests)
and the highest rate of detecting an 0 o ¢ signal for moderate and large values of & for
Case UU If the 3-0f-3 test 1s excluded m the comparison because of its ligh and
unacceptable false alarm rate, then the CUSUM test performs best for Case UU even for
small values of >0 The above discussion shows that the improved short run multivanate

chart based on the CUSUM statistic has provided superior results to 1ts standard
counterpart
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5, Conclusion

We have shown 1n thus paper that the improved short run multivariate chart outperforms its

standard counterpart which makes 1t 2 good altemative to the existing approach. The new
pproach addresses the need for a quicker detection of ooc signals m a short run
nvironment Further research can be made to enable process monitoring to be carned out
sing data from skewed and non-nommal distnbutions

References

ME Elam and KE Case, “A Computer Program to Calculate Two-Stage Short-Run
Control Chart Factors for (¥, R) Charts”, Quality Engmeermg 14 (2001), 77-102

NR Farnum, “Control Charts for Short Runs Nonconstant Process and Measurement
Error”, Journal of Quality Technology 24 (1992), 138-144

FS Hilier, “X Chart Control Limits based on a Small Number of Subgroups”,
Industrial Quality Control 20 (1964), 24-29
Michael BC Khoo, “Construction of Multivaniate Control Charts and ¢ Chart
Extensions for Short Runs Production”, (PhD Thesis, University Science of
Malaysia, 2001)
Michael BC Khoo and SH Quah, “Proposed Short Runs Multivariate Control
- Charts for the Process Mean”, Quality Engincering 14 (2002), 603-621
C.P Quesenberry, “SPC Q Charts for Start-Up Processes and Short or Long Runs”,
Journal of Quality Technology 23 (1991), 213-224
CP. Quesenberry, “On Properties of Q Charts for Vanables”, Journal of Quality
VT.echnalogy 27 (1995a), 184-203
CP, Quesenberry, “On Properties of Bnomal Q Charts for Atiributes”, Journal of
Quahity Technology 27 (1995b), 204-213.
C.Pr; Quesenberry, “On Properties of Poisson Q Charts for Attnibutes”, Journal of
Ouality Technology 27 (1995¢), 293-303
LEP Quesenberry,-“Geometne Q Charts for High Quality Processes”, Journal of
O"Q{'& Technology. 27 (1995d), 304-315

g{g%ldek‘ “Process Control for Short and Small Runs”, Quality Progress 26 (1993),

1.3 Wibeeler, Short Run SPC Knoxville, Tennessee SPC Press, Inc



292 Khoo ard Gan

- c=10 =20 =50
] 1-0F1  3-0£3 4-0f-5 Rwma  sm— l-of1 3-of3 4-0f5 EwmA === | 1of]1 3.0£3  4-0f5 EWMA i
00 KK | 0038 0095 0055 0042 0037 | 0038 0100 0055 0043 0038 | 0038 0102 0055 0039 0034
Uu [ 0040 0103 0052 0039 0037 | 0039 0100 ¢ 040 0041 0038 | 0038 0101 0050 0043 0043
05 KK { 0091 019 0127 0131 0125 | 0094 019 0126 0133 0124 | 0092 019 0123 0138 0122
UU | 0042 0102 0055 0041 0046 | 0041 0115 o 063 0049 0066 | 0054 0144 0079 0079 0093
10 KK | 0319 0583 0506 0673 0628 | 0311 0583 0500 0669 0627 | 0315 0583 0499 o470 0623
UU [ 0042 0115 0068 0050 0080 | 0056 0165 0098 0097 0158 | 0098 0281 0197 0217 0311
15 KK | 0740 0952 0945 0995 0992 | 0742 ¢odo 0940 0994 0992 | 0742 0944 0942 (oo4 0992
UU | 0047 0139 0087 0077 0125 | 0079 0266 0181 0199 0337 [ 0181 0527 0440 0553 0793
20 KK | 0980 1000 0999 1000 1000 | 0982 1 000 1000 1000 1000 | 0981 1000 1000 1000 1000
UU [ 0062 0182 0119 0121 0209 | 0126 0 416 0325 0364 0607 | 0314 0785 0744 0870 0967
25 KK (1000 1000 1000 1000 1000 | 1000 1 000 1000 1000 1000 | 1000 1000 1000 | 000 1000
UU | 0091 0250 0167 0173 0318 | 0218 0578 0495 0564 0853 } 0508 0927 0922 093 ] 000
30 KK | 1000 1000 1000 1000 1000 | 1000 1000 1000 1000 1000 | 1000 1000 1000 1000 000
UU | 0139 0317 0217 0229 0453 | 0341 0717 0645 0733 096 | 0719 0979 0983 (999 1000
40 KK | 1000 1000 1000 1000 1000 | 1000 1000 1000 oo 1000 | 1000 1000 1000 1 00p 1000
UU 1 0293 0424 0288 0354 (708 0678 0883 oo 935 1000 | 0965 1000 1000 1000 1000
S0 KK 1 000 1000 100 1000 1000 100U 1000 1000 1000 1000 1 000 1000 1 000 1 000 1000
uu 0518 0489 0325 0473 o 869 0909 0949 0911 0989 1000 0999 1000 1000 1000 1 000

Table 2: Simulation Results for the Basic and Improved Short




