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Abstract

The oft-neglected issue of the causal structure in the flat spacetime
approach to Einstein’s theory of gravity is considered. Consistency
requires that the flat metric’s null cone be respected, but this does
not automatically happen. After reviewing the history of this prob-

lem, we introduce a generalized eigenvector formalism to give a kine-
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matic description of the relation between the two null cones, based
on the Segré classification of symmetric rank 2 tensors with respect
to a Lorentzian metric. Then we propose a method to enforce special
relativistic causality by using the gauge freedom to restrict the config-
uration space suitably. A set of new variables just covers this smaller
configuration space and respects the flat metric’s null cone automati-
cally. Respecting the flat metric’s null cone ensures that the spacetime
is globally hyperbolic, indicating that the Hawking black hole informa-
tion loss paradox does not arise in the special relativistic approach to

Einstein’s theory.
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1 Introduction

A number of authors have discussed the utility of a flat background metric
N in general relativity or the possibility of deriving that theory, approxi-
mately or exactly, from a flat spacetime theory [1-115,118,120]. Some have
permitted the background metric to be curved [70, 83, 95,96, 121-125], but
our interest is in flat backgrounds only, because they are uniquely plausible
as nondynamical entities. The use of a flat background metric enables one to
formulate a gravitational stress-energy tensor [94], not merely a pseudoten-

sor, so gravitational energy and momentum are localized in a coordinate-



independent (but gauge-variant) way. It also enables one to derive gen-
eral relativity and other generally covariant theories from plausible special-
relativistic postulates, rather than postulating them [13-18, 25-28, 30-33,
36, 37,3941, 43,45-59, 66-70, 78-80, 82-86, 89-92, 107, 108, 112-115]. It is
worth recalling a conclusion of E. R. Huggins [39], who was a student of
Feynman. Huggins found that the requirement that energy be a spin-two
field coupled to the stress-energy tensor does not lead to a unique theory,
because of superpotential-type terms. Rather, “an additional restriction is
necessary. For Feynman this restriction was that the equations of motion be
obtained from an action principle; Einstein required that the gravitational
field have a geometrical interpretation. Feynman showed these two restric-
tions to be equivalent.” [39] (p. 3) Because other derivations have built in
the requirement of an action principle already, it is no surprise that Rieman-
nian geometrical theories are the unique result. (As W. Thirring observed,
it is not clear a priori why Riemannian geometry is to be preferred over all
the other sorts of geometry that exist, so a derivation of effective Rieman-
nian geometry is attractive [26]. Casting gravitation in the same form as
the other forces provides another reason to consider a field approach [26].
We will also find that the flat metric’s null cone this approach avoids the
difficulty of the lack of an a priori causal structure for defining dynamics in
quantum gravity. Concerning general relativity, the lack of an a prior: fixed
causal structure is merely technically demanding at the classical level, but

it constitutes a real puzzle at the quantum level, for one no longer knows



how to write equal-time commutation relations, for example, because one
needs to know the metric in order to determine equal times, but the metric
is itself quantized: a chicken-and-the-egg problem.

Such derivations of general relativity and related theories, however, are
only formally special relativistic, because the curved null cone might not
respect the flat one. This difficulty afflicts not merely our derivation, but in
fact all derivations in this tradition, and implies that the alleged resemblance
of Einstein’s theory to other field theories in this approach is merely formal,
for all that has been shown to date. We survey in some detail the treatment
of this fundamental question over the last six decades. As it happens, this
issue has in general been ignored, explained away, postponed with the hope
that it would go away, or mishandled in one of several ways, although there
have been positive signs in recent years. We critique claims that the problem
is insoluble and claims that it has already been solved, and conclude that
the issue remains quite open.

Next we undertake to solve the problem. The kinematic issue of the
relationship between the two null cones is handled using the work of G. S.
Hall and collaborators on the Segré classification of symmetric rank 2 tensors
with respect to a Lorentzian metric. For our purposes, we classify the curved
metric with respect to the flat one, and find necessary and sufficient con-

ditions for a suitable relationship.! Requiring that flat spacetime causality

! A portion of the mathematical work will appear in the Proceedings of the 20th Texas
Symposium on Relativistic Astrophysics[119], and is used by permission of the American

Institute of Physics.



not be violated, and not be arbitrarily close to being violated, a condition
that we call “stable n-causality”, implies that all suitable curved metrics
have a complete set of generalized eigenvectors with respect to the flat met-
ric, and that the causality conditions take the form of strict rather than
loose inequalities. Given strict inequalities, one is in a position to solve such
conditions, which are somewhat analogous to the “positivity conditions” of
canonical gravity, which have been discussed by J. Klauder, F. Klotz, and
J. Goldberg. In these new variables, stable n-causality holds identically,
because the configuration space has been reduced, essentially by reducing
the lapse until the proper null cone relation holds.? (The smaller space has
the same dimension as the larger one, however.) This reduction implies the
need for reconsidering the gauge freedom of the theory. It turns out that
gauge transformations no longer form a group, because multiplication is not
defined between some elements.

Making the curved metric respect the flat null cone ensures that the re-
sulting spacetime is globally hyperbolic. This fact is quite consistent with the
existence of a region of no escape, which can arise due to the inward tilting
of the curved null cones [98]. Given that global hyperbolicity apparently
pulls the fangs from the Hawking black hole information loss paradox, it
appears that this paradox does not afflict the special relativistic approach

to Einstein’s theory of gravitation. This lack of paradox indicates that the

*This approach might have the consequence that the lapse is forced toward 0 in some
contexts. In such cases, it might turn out that objectionable features are simply removed

from Minkowski spacetime by infinite postponement.



flat metric can be employed such that it is not merely a formal mathematical

trick, but rather has beneficial physical consequences.

2 Bimetric General Relativity and Null Cone Con-

sistency: A History Since 1939

As we have seen, the use of a flat metric tensor 7,, in gravitation has
received a fair amount of attention over the last six decades or so. However,
the interpretation of the resulting bimetric or field formulation of general
relativity has not been adequately clarified, due to an ambiguous notion of
causality: the effective curved metric which determines matter propagation
is not obviously consistent with the flat background causal structure. Having
a consistent relationship is clearly a necessary condition for a true special-
relativistic theory.® Examples of consistent and inconsistent relationships
are given in figure 1.

Whether it is sufficient is unclear from anything said so far, because the
propagation of gravity itself or of nonminimally coupled matter fields can

yield more subtle behavior [151,154]. However, we will see below that this

3This question arises for slightly bimetric theories [112] and for massive versions of
general relativity as well, but our solution of reducing the lapse to solve the problem might
not be available for slightly bimetric theories, and definitely is unavailable for massive
theories, at least in their usual form. If a procedure such as BFT could be used to turn the
second-class constraints of a massive theory into first-class constraints without introducing
nonlocality due to the infinite order derivatives present in finite gauge transformations,

then massive theories would also admit our procedure for ensuring null cone consistency.






null cone condition indeed is sufficient due to the presence of a well posed
initial value formulation of the special relativistic approach to Einstein’s
equations.

We now sketch the history of the flat null cone issue from roughly the
late 1930s till the present. We do not consider the period between 1905
and the late 1930s, though doubtless that would be an interesting project,
which would consider the time after special relativity had solidified and
include the invention of Einstein’s theory of gravitation. (L. P. Grishchuk
mentions a bit of the history in works of Poincaré and Einstein [86]. Fang
and Fronsdal sketch the history of the flat spacetime approach up to 1979
[79], but neglect to consider the null cone issue.) Rather, we start with
the rebirth of the flat spacetime approach to gravity, with works by Fierz,
Rosen et al. While the importance of the problem perhaps seems evident in
retrospect, the neglect of it in the literature suggests that it in practice was
not so obvious, or that influential radical empiricist philosophies obscured its
importance. One can crudely divide the issue’s history into three periods,
though at times we will disregard the historical boundaries to be able to
discuss an author’s whole work in a unified way. For the first 20 years
(1939-1959), the problem seems not to have been recognized or mentioned,
at least not in print (to our knowledge). For the next two decades (1959-
1979), it was sometimes mentioned, but either resolved incorrectly, dismissed
as unimportant, or postponed with the hope that it would disappear. More

recently (1979-2001), it has been recognized more often, and occasionally



regarded as worthy of sustained attention. A few authors have attempted
either to solve it or to prove it insoluble. However, we disagree that either
of these goals has been achieved, and will undertake to show why.

One should perhaps distinguish between two null cone problems. The
first is: given that one regards Einstein’s equations as describing the evo-
lution of an effective curved metric in Minkowski spacetime, what does one
make of the potential violation of Minkowski causality by matter responding
to the curved metric? The second is: given that one chooses to quantize the
geometrical (single-metric) theory, what does one make of causality without
a metric to define equal-time commutation relations? However, these prob-
lems are related, and we believe that the SRA as presented here solves them

both, so we will treat them together.

2.1 The Years 1939 to 1959: the Null Cone Consistency

Problem Ignored

Around 1940, in his seminal papers on the bimetric description of general
relativity, N. Rosen suggested that there ought to be some (gauge-fixing)
relation between the flat and curved metrics, because one expects that the
two coincide if the gravitational field vanishes [3] (p. 149). While this
paper did not consider the meaning of the bimetric formalism in detail,
its companion paper (p. 150) considered interpretive issues. Rosen wrote

(apart from a change in notation to match ours),

[flrom the standpoint of the general theory of relativity, one must



look upon 7, as a fiction introduced for mathematical conve-
nience. However, the question arises whether it may not be pos-
sible to adopt a different point of view, one in which the metric
tensor 7, is given a real physical significance as describing the
geometrical properties of space, which is therefore taken to be
flat, whereas the tensor g,, is to be regarded as describing the

gravitational field. [3] (p. 150).

Rosen recognized that the flat spacetime view implies that the speed of light
(measured with ideal rods and clocks, which are not distorted by gravity)
will tend to differ from unity [3] (p. 153), but he seems not to have addressed
the possibility that it might ezceed 1. While his approach merely postulated
bimetric general relativity, he did suggest that it would be desirable to derive
it independently [3] (p. 153). His intention to carry out this procedure
himself [3] (p. 153) seems not to have been realized, but many others have
done it since that time, as did we in an earlier chapter.

During the 1940s, with some war-time inconvenience in Greece, A. Pa-
papetrou was able to express general relativity in an attractive form resem-
bling electromagnetism, with the theories being expressed in the tensorial
DeDonder and Lorentz gauges, respectively [8]. He emphasized the im-
proved nature of the conservation laws, especially for angular momentum,
and found that certain attractive relations that have no invariant meaning in
the geometrical view become perspicuous given the flat spacetime interpre-

tation. Papapetrou held that for the flat spacetime approach, gauge-fixing
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to tie together the two metrics was “indispensable” (p. 20), because the
energy-momentum and angular momentum localization would suggest phys-
ically distinct systems given different relations between the two metrics. He
was aware of Rosen’s result that the flat spacetime interpretation implies a
varying speed of light (using unrenormalized instruments), but seems also
to have failed to entertain the possibility that the gravitational field might
make light travel faster than in special relativity.

The neglect of the null cone issue continued well into the 1950s in the
important works of S. N. Gupta [13-16] and R. H. Kraichnan [17,18]. At this
stage the derivation of the exact nonlinearities of general relativity, which
Rosen had desired, was achieved. Concerning the special-relativistic nature
of the theory, both authors seem to have regarded the Lorentz covariance of
the theory as sufficient for special relativity. If the theory’s gauge invariance
and the unobservability of the flat metric are mentioned, the idea that the
observable effective curved metric might well conflict with the flat metric is
not. This is an important distinction that will also be overlooked repeatedly
by later authors. One could imagine that the flat metric might fail to appear
in the equations of motion, but still have its null cone serve as a bound on
the curved metric’s null cone, so this distinction is not trivial. The flat
metric might have important qualitative consequences, even without having
any quantitative role in the field equations.

F. J. Belinfante, interested in the work of Papapetrou and Gupta and

in particular in the solidifying covariant perturbation approach to quan-
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tizing gravity, contemplated the use of a flat metric in “Einstein’s curved
universe”, which evidently meant the geometrical theory of gravity [19].
Working in the context of the static Schwarzschild solution (in which it is
difficult to get the relation between the two null cones wrong, at least out-
side the Schwarzschild radius, unless one tries to do so), Belinfante only
had occasion to consider the null cone relationship incidentally. But the
fact that r» becomes g-temporal and ¢ becomes g-spatial for very small radii,
juxtaposed with the a priori fixed character of these quantities with respect
to the flat metric, does give him occasion for thought. Belinfante gives in-
dications (including in the paper’s title) that he does not believe deeply in
the flat spacetime approach, so perhaps the null cone issue would not have
interested him. While he is prepared to suggest that the “Swiss-cheese”-
like behavior of the Schwarzschild solution in the bimetric context might
help eliminate field theory’s divergences, it is clear from review papers on
quantum gravity [22, 23] that the flat metric is just a tool-perhaps a useful
one, but more likely not—for Belinfante. It is thus not too surprising that
the null cone issue is ignored. The “[rJeal problem” is not to be found in
“[t|heories, usually in flat space, which seek to be approximations to Ein-
stein’s theory, or a perturbation-theoretical treatment of Einstein’s theory”,
but in “[q]uantization of Einstein’s theory itself.” (pp. 198, 192) [22]. For
Belinfante, spacetime might have a Swiss cheese structure, contain worm
holes, or have a closed spatial topology [23]. Some of Belinfante’s work with

Swihart on linear gravity also neglects to discuss the null cone issue [20, 21].
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2.2 The Years 1959-1979: the Problem Dismissed or Post-

poned

The null cone consistency issue is perhaps first discussed in print by W.
Thirring in 1959 [25-27], but then dismissed with a resolution that does not
permit a true special relativistic interpretation. Thirring clearly recognizes
the apparent conflict between the two null cones [26], writing, “Another fea-
ture of the equations of motion ...we want to point out is that the velocity
|dx/dt| is not required to be < 1 ...Thus [assuming the curved metric to
be diagonal] there is a limiting velocity ¢ but it is space dependent and may
exceed unity.” (pp. 100, 101) A bit later, he writes “Since ¢ is also gauge
dependent and will exceed unity in some gauge systems [the matter equation
of motion| even admits an apparently acausal behavior.” (p. 101) However,
Thirring thinks that this acausal behavior is only apparent, for he is satisfied
with the fact that the “renormalized” velocity (measured physically using
real clocks, which are distorted by the gravitational field) is not greater than
unity: “However, we shall see shortly that ¢ also corresponds to the velocity
of light and that it becomes unity when measured with real measuring rods
and clocks since they all are affected by the [gravitational] field.” (p. 101)
Evidently the unobservable nature of the intervals governed by 7, satisfies
Thirring that the apparently acausal behavior is not a problem: “The real
metric [interval corresponding to g,,] is gauge invariant whereas [the inter-
val corresponding to 7, ] is not and therefore has no physical significance.

Space-time measured with real objects will show a Riemannian structure
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whereas there are no measuring rods which could measure the original pseu-
doeuclidean space.” (p. 103) Thirring’s argument is doubtful because the
same distinction that was neglected by Gupta and Kraichnan is also ne-
glected here: the non-measurability of the flat metric does not entail that
it lacks physical significance. Generally one considers causality to be an
important physical concept. At the risk of stating the obvious, we recall
that in special relativity, the relevant speed for causality is not the speed at
which electromagnetic radiation actually propagates, but the value of the
universal velocity constant (ordinary called “the speed of light” and written
as ¢, but to do so here would invite confusion) which appears in Lorentz
transformations, that is essential. As is well-known, to permit propagation
faster than that speed in one frame is to admit backward causation—which is
usually rejected—in another frame. Given the violation of the flat spacetime
null cone, it is not clear what Thirring’s field theoretic approach means. Yet,
according to Thirring, the field theoretic approach gives “a theory following
the pattern of well understood field theories, in particular electrodynam-
ics.” (p. 116) Thus, Thirring’s list of advantages and disadvantages of the
field and geometric approaches to gravity (pp. 116, 117) is notably incom-
plete, because the obvious notion of causality for the field approach has been
discarded. Thirring comes very close to noticing the problem of null cone
inconsistency, but then stops short, apparently due to a prejudice against
unobservable entities.

One might hope that Thirring’s almost-recognition of the problem would
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have inspired his successors to recognize and perhaps try to solve it. That,
however, did not occur. In particular, although L. Halpern made a rather
minute study of Thirring’s paper [37], the light cone issue receives only a sin-
gle sentence (p. 388), one sufficiently noncommittal that no discomfort with
Thirring’s purported resolution of the causality issue is obvious. Halpern
was not an advocate of the flat spacetime approach to gravitation [36], so
it is the more remarkable that he overlooked a potentially serious difficulty.
R. Sexl also was aware of the Thirring’s work and even presented it at a
conference [30], yet he also accepted Thirring’s ostensible resolution of the
null cone conflict [30, 31].

The covariant perturbation program for quantizing general relativity
yielded a large number of works based on expanding the curved metric into a
background part and a dynamical part. Thus, one might expect the question
of the relation of the two metrics to be considered in some way. Commonly
the background metric was flat, leading to equations at least formally special
relativistic.

A notable exception is the work of B. S. DeWitt, who made great use
of non-flat background metrics and found various benefits in doing so [122].
While DeWitt could make use of a background metric, to him it was always
at most a tool, not a deep part of nature. In an article entitled “The

Quantization of Geometry,” he wrote:

The problem of [quantizing the gravitational field] may be ap-

proached from either of two viewpoints, loosely described as the

15



“flat space-time approach” and “the geometrical approach.” In
the flat spacetime approach, which has been investigated by sev-
eral authors ...the gravitational field is regarded as just one
of several known physical fields, describable within the Lorentz-
invariant framework of a flat space-time. Its couplings with other
fields ...lead to a contraction or elongation of “rigid” rods and
a retardation or advancement of “standard” clocks .... Both
the geometrical and flat space-time points of view have the same
real physical content. However, it has been argued that the flat
space-time approach provides more immediate access to the con-
cepts of conventional quantum field theory and allows the tech-
niques of the latter to be directly applied to gravitation. While
there is merit in this argument, too strong an insistence upon it
would constitute a failure to have learned the lessons which spe-
cial relativity itself has already taught. Just as it is now univer-
sally recognized as inconvenient (although possible) to regard the
Lorentz-Fitzgerald contraction from relativistic modifications in
the force law between atoms, so it will almost certainly prove in-
convenient at some stage to approach space-time geometry, even
in the quantum domain, in terms of fluctuations of standard in-
tervals which are the same for all physical devices and hence

unobservable. [121] (pp. 267,268).

Concerning the question of a well-defined causal structure, which his ap-
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proach appeared to lack, he later suggested, “Critics of the program to
quantize gravity frequency [sic] ask, ‘What can this mean?’ A good answer
to this question does not yet exist. However, there are some indications
where the answer may lie.” [122]. DeWitt’s vision for the program, which
he was prepared to call “covariant quantum geometrodynamics” in a volume
honoring J. A. Wheeler (the title itself suggesting sympathy for a geomet-
rical view of gravitation, much as “The Quantization of Geometry” did),
included that it “should be able to handle any topology which may be im-
posed on 3-space”[123] (p. 437). Of the covariant perturbation formalism,
he wrote that the “most serious present defect of the covariant formalism is
its foundation in scattering theory, with spacetime being assumed asymptot-
ically flat. The method of the background field, which we have introduced,
indicates a way in which this defect may be removed” [123] (p. 437). It
seems very likely that the null cone issue, as we have formulated it, would
not be important to DeWitt, given that the background metric was merely
a tool for investigating a truly geometrical theory.

Other authors, especially in the particle physics tradition, seem at least
somewhat more content with a flat background metric. In his lectures on
gravitation, R. Feynman shows himself ambivalent about the interpretation
of gravitation. After deriving Einstein’s equations from a flat spacetime
field theory, he concluded from the unobservability of the flat metric that
the latter was not essential. Using an analogy with curiously intelligent

insects walking on a tiled floor, he says that “[tJhere is no need to think
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of processes as occurring in a space which is truly Euclidean, since there is
nothing physical which can ever be measured in this fictional space. The
tiles represent simply a labelling of coordinates, and any other labelling
would have done just as well” [40] (p. 101). Concerning the “assumption
that space is truly flat,” he concludes that “[i]t may be convenient in order
to write a theory in the beginning to assume that measurements are made
in a space that is in principle Galilean, but after we get through predicting
real effects, we see that the Galilean space has no significance” (p. 112), but
serves only as a “bookkeeping device” (p. 113). Concerning the “relations

between different approaches to gravity theory,”

[i]t is one of the peculiar aspects of the theory of gravitation, that
it has both a field interpretation and a geometrical interpreta-
tion . ..these are truly two aspects of the same theory ... the fact
is that a spin-two field has this geometrical interpretation; this
is not something readily explainable—it is just marvelous. The
geometric interpretation is not really necessary or essential to
physics. It might be that the whole coincidence might be under-
stood as representing some kind of gauge invariance. It might
be that the relationship between these two points of view about
gravity might be transparent after we discuss a third point of

view .... ( p. 113)

Feynman seems to feel free to switch between the two views as he sees

fit. Questions about nontrivial topologies or the desire to have a trans-

18



parent notion of causality seem not to have occupied him. Had they, he
might have hesitated in proclaiming them to be “the same theory”, given
the competition between causality and gauge invariance. Later, in devel-
oping the covariant perturbation theory, Feynman did not address these
issues, but wrote as if no conceptual difficulties existed. He wrote: “The
questions about making a ‘quantum theory of geometry’ or other concep-
tual questions are all evaded by considering the gravitational field as just
a spin-2 field nonlinearly coupled to matter and itself (one way, for exam-
ple, is expanding g,, = du + hyy and considering hy,, as the field variable)
and attempting to quantize this by following the prescription of quantum
field theory, as one expects to do with any other field. The central diffi-
culty springs from the fact that the Lagrangian is invariant under a gauge
group,” but this issue, he finds, can be resolved by adding a gauge-fixing
term, the result being “completely satisfactory” at the level of tree diagrams
(which correspond to the classical theory) [42]; see also ([41]). If the main
difficulty is gauge invariance—which in fact competes with special relativistic
causality, as Thirring nearly realized—and if the gauge-fixing terms lead to
a “completely satisfactory” result without regard to the light cone relation-
ship, then, unless we are to charge Feynman with oversight, clearly the flat
metric is merely a useful tool for him. However, the claim to have avoided
all conceptual questions cannot be sustained, because the light cone issue
is just such a question, and the meaning of parts of Lorentz-covariant field

theory remains obscure if the problem is ignored. Huggins, a student of
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Feynman, also neglects to consider the null cones issue [39].

S. Mandelstam presented a critique of the flat-space covariant pertur-
bation program as Gupta had developed it [34]. Gupta had imposed the
DeDonder coordinate (gauge) condition. Let us see how close Mandelstam
comes to identifying the null cones issue. He writes: “Quantization in flat
space can only be regarded as a provisional solution of the problem for sev-
eral reasons,” such as its approximate (at least at that stage of development)
character, the use of an indefinite metric, and the presence of unphysical
states. “But the main objection to this method of quantization lies surely
in the physical sacrifices it makes by going to flat space. The variable spec-
ifying the coordinates are numbers without physical significance which can
be chosen in an infinite variety of ways. On the other hand, distances in
space-time, which are physically significant entities, are related to the co-
ordinates in a manner which has not been elucidated when the metric is
quantized.” However, perhaps these objections can be met: “It may be
possible to add to the theory a prescription for interpreting its results phys-
ically. If it could then be shown that the predictions of the theory were
independent of the coordinate conditions used, and that they tended to the
predictions of the unquantized theory in the classical limit, we would have a
satisfactory theory. Some progress has actually been made in this direction
by Thirring”, which “indicates the connection of the Gupta variables to the
metric,” though “the basic difficulties of the ‘flat space’ approach remain.”

Clearly one of Mandelstam’s worries is the question of gauge invariance in
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a procedure that makes use of coordinate conditions. It is difficult to tease
out a clear statement of worry about rival null cones from these remarks,
though the issue might have been intended among the “the basic difficulties
of the ‘flat space’ approach” that remain.

A moment of considerable clarity occurred in 1962 with the appearance
of a paper by J. R. Klauder [38], whose abstract opens with the statement,
“[ijn any quantum theory, in which the metric tensor of Einstein’s gravita-
tional theory is also quantized, it becomes meaningless to ask for an initial
space-like surface on which to specify the conventional field commutators.”

Klauder elaborates:

In so far as [certain] formalisms [for quantizing gravity| are tran-
scriptions of techniques successful in a flat Lorentz space-time,
they ignore a unique problem peculiar to general relativity. Con-
ventional field theories deal, in particular, with commutation
rules, which, when employed for the fields separated by a space-
like interval, have an especially simple form. Whether two nearby
points are or are not space-like is a metric question that can be
asked (and in principle answered) not only in flat space but also
in any space with a preassigned curved metric as well. However
as soon as the space-time metric g, (z) becomes a dynamical
variable-as in Einstein’s theory—then an initial space-like sur-
face on which to specify commutators of any two fields becomes

a meaningless concept.
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Klauder’s approach to handling this problem was to propose an alternative
formalism in which fields can fail to commute at most only at the same
event. Unfortunately, Klauder’s acute awareness of the null cone issue did
not spread widely.

S. Weinberg did considerable work on gravitation considered as a Lorentz-
invariant theory [45-53]. Concerning the geometric interpretation of general
relativity, Weinberg could write that “the geometric interpretation of the
theory of gravitation has dwindled to a mere analogy, which lingers in our
language . ..but is not otherwise very useful. The important thing is to be
able to make predictions about images on photographic plates, frequencies
of spectral lines, and so on, and it simply doesn’t matter whether we ascribe
these predictions to the physical effect of gravitational fields or to a curva-
ture of space and time.” [52] (p. 147) This ambivalence about the meaning
of the theory perhaps helps to explain why the null cone consistency issue
appears to be ignored in Weinberg’s writings. However, the meaning of
concepts used in Lorentz-invariant field theory in which Weinberg’s work is
rooted, or at least its relation to an underlying classical theory, does seem
somewhat obscure if this issue is neglected. Somewhat more recently, R.
Penrose reported that Weinberg was “no longer convinced that the anti-
geometrical viewpoint is necessarily the most fruitful” [54], on account of
some impossibility theorems [53]. In recent personal communication with
one of us (J. B. P.), Weinberg stated that he is no longer a strong advo-

cate of any view on the subject, though it is quite interesting that the flat
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spacetime approach reproduces general relativity.

Based on the “spin limitation principle,” which requires that only definite
angular momenta be exchanged, V. I. Ogievetsky and I. V. Polubarinov have
derived Einstein’s equations and a family of massive relatives thereof in flat
spacetime [57-59]. While this principle is quite attractive, it fails to pay
any heed to whether the resulting theories yield propagation consistent with
the causal structure of the flat metric. Given that some of their theories
are massive and thus make the 7, observable, this shortcoming seems fairly
serious. While we can find no mention of the null cone issue in the work
of Ogievetksy and Polubarinov, it would be interesting to see if the spin
limitation principle could be generalized in such a way as to yield consistency
of the null cones.

A large amount of work related to the field approach has been done
by S. Deser, sometimes with collaborators such as D. G. Boulware, R.
Nepomechie, A. Waldron or others. In the course of papers which derived
general relativity via self-interaction in flat spacetime [66] or curved [70],
or general relativity from quantum gravity [67,68], or supergravity from
self-interaction [69], or which study bimetric theories for a festschrift for N.
Rosen [73], we can find no mention of the issue of the null cone consistency
issue. In particular, Deser finds the main issues for bimetric theories to
be essentially the same problems that he and Boulware found in massive
variants of general relativity [153], viz., empirically falsified light bending

properties, negative energy disasters, or both [73]. Unlike some authors who
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have a strong preference, Deser (after a rather pro-geometrical paper early
on [155]) seems to admire both the geometric and field formulations: “The
beautiful geometrical significance of general relativity is complemented by
its alternate formulation as the unique consistent self-coupled theory aris-
ing from flat-space free gravitons, without appeal to general covariance.”
[70] However, depending on how one reads the flat spacetime approach, one
might obtain some different features, as we will observe below, so one might
prefer to see the meaning of the field formalism addressed. Deser and R.
Nepomechie have studied a somewhat related issue related to the anomalous
propagation of gauge fields in some conformally flat spacetimes, compared
to a flat background [71,72] with the same null cone structure. In par-
ticular, backscattering off the geometry causes the propagation to lie not
merely on the null cone, but inside it. However, “while our results are sur-
prising, they do not imply any consistency problems” [71], as they would if
the propagation were outside the null cone.*

Some time ago it was recognized by G. Velo and D. Zwanziger that spin
% field propagation has causality worries. They found that the “main lesson
to be drawn from our analysis is that special relativity is not automatically
satisfied by writing equations that transform covariantly. In addition, the
solutions must not propagate faster than light” [152]. A rather similar lesson
needs to be learned regarding the gravitational field (spin 2) as well, for this
is just the point that Gupta and Kraichnan missed.

During the 1970s, the relation between the two null cones continued to be

“We thank Prof. Deser for calling our attention to this issue and the spin % field.
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neglected in the context of the covariant perturbation approach to quantizing
general relativity, at least in practice. However, quantum gravity review
talks drew attention to this problem from time to time. This service was
performed with special clarity in a 1973 review by A. Ashtekar and R. Geroch
[127]. They find that much of the difficulty in quantizing the theory arises
from the fact that “the distinction between the arena and the phenomenon,
characteristic of other physical theories, is simply not available in general
relativity: the metric plays both roles.” [127] (p. 1214) In discussing field

theoretic approaches, they write that

[i]t is normally the case in quantum field theory ...that two dis-
tinct fields come into play—a kinematical background field (the
metric of Minkowski space) and a dynamical field .... One can
certainly regard general relativity as a field theory, but in this
case there is only a single field, the metric g,3 of spacetime, which
must play both these roles. But the application of the techniques
of quantum field theory apparently requires a non-dynamical
background field. In quantum electrodynamics, for example, the
causality of the Feynman propagators and the asymptotic states,
in terms of which the S-matrix is defined, refer directly to the
metric of Minkowski space. Thus, one does not expect to be able
to carry over directly to general relativity, regarded as a classical
field theory, the procedure which led for example from classical

Maxwell theory to quantum electrodynamics. In order to apply
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the techniques of quantum field theory one must, apparently, ei-
ther modify these techniques or reformulate the interpretation

of general relativity as a field theory. (p. 1229)

This latter suggestion of reinterpreting general relativity does not strike us
as being unimaginable or even excessively difficult, especially given that
Kraichnan had presented a simple and clean derivation already in 1955 [17].
However, Ashtekar and Geroch do present some objections to this general
line of attack. “It turns out, however, that this perturbation approach to
obtaining a quantum theory of the gravitational field suffers from a number
of difficulties. There exist, [128] for example, four-dimensional manifolds M
on which there are metrics g4 of Lorentz signature, but on which there are
no flat metrics.” (p. 1232) However, it is not clear why such examples must
be regarded as physically admissible. If it could be shown that some exact
solutions of obvious physical utility admit no flat metric, then the argument
would be persuasive, but that argument was not made. Thus, it seems that
this argument against the perturbation approach will be highly persuasive
only if one is already committed to a geometrical view of Einstein’s equations
at the classical level. But one would exaggerate only slightly to say that
that is the point at issue. The idea of requiring that the curved null cone
be consistent with the flat one seems not to have been entertained, but
Ashtekar and Geroch have shown powerfully, if reluctantly, why such an
approach merits consideration.

The null cone consistency issue was emphasized by C. J. Isham at the
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first Oxford quantum gravity symposium [167]. We quote from pp. 20, 21:

One natural approach perhaps is to separate out the Minkowski
metric 7,, and write g,, () = N + hu(z) where hy, () de-
scribes the deviation of the geometry from flatness ... [which
approach has some advantages.] However, there are a number
of objections to this point of view. For example: (i) The ac-
tual background manifold may not be remotely Minkowskian in
either its topological or metrical properties, in which case the
separation [above] ...is completely inappropriate. (ii) Even if
[the equation above] is justified (from the point of view of i))
[sic] the procedure is still dubious because the lightcone struc-
ture of the physical spacetime is different from that of Minkowski
space. For example, if the field dA) has some sort of microcausality
property with respect to the metric g,, then this is not equiv-
alent to microcausality with respect to the fictitious Minkowski

background.

Once again a prior commitment to a geometrical view of general relativity is
manifest. Isham seems not to entertain the idea of requiring that the space-
time be compatible with the flat background, but at least the consistency
issue is clearly stated. At the second Oxford symposium, Isham observed
that “one of the ambitions of the Riemannian programme is to free quantum
gravity from perturbation theory based on the expansion g, = gzy+\/ahu,,.

Expansions of this type are known to be bad in classical general relativity
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and they clearly misrepresent the global topological and lightcone structures
of the pair (M, g,,)” [168] (p. 14). Isham has continued to mention this
issue in more recent talks in the context of the problem of causality and
time [139,179]. The problem of time shows up in the light cone issue for the
covariant perturbation approach to quantum gravity, but related difficulties
show up elsewhere [179]. Still more recently, Isham has expressed the issue

as follows:

The problem of time The background metric 7 provides a fixed
causal structure with the associated family of Lorentzian iner-
tial frames. Thus, at this level, there is no problem of time. The
causal structure also allows a notion of microcausality, thereby
permitting a conventional type of relativistic quantum field the-

ory to be applied to the field h,g.

However, many people object strongly to an expansion [of the
curved metric into a flat one plus a dynamical part| since it is
unclear how this background causal structure is to be related
to the physical one; or, indeed, what the latter really means
...it is not clear what happens to the microcausal commutativity
conditions in such circumstances; or, indeed, what is meant in
general by ‘causality’ and ‘time’ in a system whose light cones

are themselves the subject of quantum fluctuations.[139] (p. 58)

Another moment of awareness of the null cone consistency issue in a

quantum gravity review talk comes from P. van Nieuwenhuizen at the first
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Marcel Grossmann meeting. After showing keen awareness of the problem,

van Nieuwenhuizen shelves it. He writes:

According to the particle physics approach, gravitons are treated
on exactly the same basis as other particles such as photons and
electrons. In particular, particles (including gravitons) are al-
ways in flat Minkowski space and move as if they followed their
geodesics in curved spacetime because of the dynamics of multi-
ple graviton exchange. This particle physics approach is entirely
equivalent to the usual geometric approach. Pure relativists of-
ten become somewhat uneasy at this point because of the fol-

lowing two aspects entirely peculiar to gravitation:

e In canonical quantization one must decide before quanti-
zation which points are spacelike separated and which are
timelike separated, in order to define the basic commuta-
tion relations. However, it is only after quantization that
the fully quantized metric field can tell us this spacetime
structure. It follows that the concept of space-like or time-
like separation has to be preserved under quantization, and
it is not clear whether this is the case. (One might wonder
whether the causal structure of spacetime need be the same

in covariant quantization as in canonical quantization.)

e Suppose one wanted to quantize the fluctuations (for exam-

ple of a scalar field, or even of the gravitational field itself)
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about a given curved classical background instead of about
flat Minkowski spacetime. In order to write the field opera-
tors corresponding to these fluctuations in second-quantized
form, one needs positive and negative frequency (annihila-
tion and creation) solutions. In non-stationary spacetimes
it is not clear whether one can define such solutions. (It
may help to think of non-stationary space-time as giving

rise to a time-dependent Hamiltonian.)

The strategy of particle physicists has been to ignore these two
problems for the time being, in the hope that they will ultimately
be resolved in the final theory. Consequently we will not discuss

them any further.[76]

While quantization is not our immediate concern, a similar worry to the
first of these two exists at the classical level if one wishes to take the flat
metric seriously: there is no reason to expect that the dynamics will yield
automatically a physical causal structure consistent with the a prior: special-

relativistic one, but inconsistency leads to grave interpretive difficulties.

2.3 The Years 1979-2001: the Problem Increasingly Attended

and the Development of Three Views

More recently, the question of null cone consistency has come to be recog-
nized as interesting somewhat more often. While a fair number continue to

neglect the issue, those who have addressed it can be found to have one of
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three attitudes toward the flat metric: that it is a useful fiction, that it is a
useless fiction, or that it is the truth. These views will be considered in turn.
First we note some recent signs of the growing awareness of the problem.
In the 1984, the subject made its way into a standard text [135]. R. Wald
writes: “The breakup of the metric into a background metric which is treated
classically and a dynamical field ~,;, which is quantized, is unnatural from
the viewpoint of classical general relativity. Furthermore, the perturbation
theory one obtains from this approach will, in each order, satisfy causality
conditions with respect to the background metric 745 rather than the true
metric gqp. Although the summed series (if it were to converge) still could
satisfy appropriate causality conditions, the covariant perturbation approach
would provide a very awkward way of displaying the role of the spacetime
metric in causal structure.” [135] (p. 384). Once again, a prior commitment
to a geometrical understanding of classical gravity is evident. Some of Wald’s
negative attitude toward the “breakup” of g, results from assuming that
the curved metric is fundamental, not derived. But given how easy it is
to derive Einstein’s equations from a flat spacetime theory [17,112], why
should one not regard the curved metric as derived? Be that as it may, one
is pleased that the light cone issue is emerging from the neglect that it once
suffered. It is intriguing that Wald suggests that the whole series might be
Jgapb-causal even though each term is 7,-causal. An easy way for such to
occur would be for the curved metric’s null cone in fact to be confined on or

within the flat one’s. If that is the case, then it seems that Wald is almost
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suggesting (albeit reluctantly) what we will do below.

The recent contemplation of “naive quantum gravity” by S. Weinstein
also has called attention to the lack of a fixed causal structure in quantum
gravity [169]. If one is interested in full quantum gravity, as opposed to

“we would expect that the metric itself is subject

semiclassical work, then
to quantum fluctuations ...But if the metric is [subject to quantum fluc-
tuations|, then it is by no means clear that it will be meaningful to talk
about whether x and y are spacelike separated, unless the metric fluctua-
tions somehow leave the causal (i.e. conformal) structure alone.” (pp. 96-7)
There appear to be two things that this last suggestion might mean. First, it
might mean that the metric is conformally flat, so that the causal structure
is just that of flat spacetime, while gravity is described by a scalar field.
However, it is well-known that scalar gravity is empirically falsified by the
classical tests of general relativity [17]. Second, it might mean that, although
the full metric is allowed to vary, its variations are bounded so that the null
cone of the nondynamical (and presumably flat) metric is respected. That is
what we propose here. Weinstein does indeed consider “whether it is at all

possible to construe gravitation as a universal interaction that nonetheless

propagates in flat, Minkowski spacetime.” (p. 91) He concludes that

the short answer is, ‘No,” for three reasons. First, the ‘invisibil-
ity’ of the flat spacetime means that there is no privileged way
to decompose a given curved spacetime into a flat background

and a curved perturbation about that background. Though this
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non-uniqueness is not particularly problematical for the classical
theory, it is quite problematical for the quantum theory, because
different ways of decomposing the geometry (and thus retriev-
ing a flat background geometry) yield different quantum theo-
ries. Second, not all topologies admit a flat metric, and therefore
spacetimes formulated on such topologies do not admit a decom-
position into flat metric and curved perturbation. Third, it is
not clear a priori that, in seeking to make a decomposition into
background and perturbations about the background, the back-
ground should be flat. For example, why not use a background

of constant curvature? (p. 92)

However, these arguments seem less than compelling. Concerning the
first argument, Weinstein provides neither argument nor citation. It appears
to be a claim that a suitably gauge-invariant theory cannot be constructed.
Supposing that this claim is true, which is not obvious, it might be cause
for “gauge-fixing” the theory at a fundamental level, a proposal which has
in fact already been endorsed at the classical level by N. Rosen [3], A.
Papapetrou [8], A. A. Logunov and collaborators such as A. A. Vlasov (for
example, [106]), and H. Nikoli¢ [109], or perhaps for adding mass term to the
theory, if the negative energy and causality worries discussed elsewhere can
be handled. But one would like to know the justification for the claim that
a gauge-invariant theory is impossible. Concerning the second objection,

which resembles that of Ashtekar and Geroch, the advocate of flat spacetime
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will ask “why are nontrivial topologies necessary?” There are no facts or
even good arguments that require them at present.[82] In the absence of
such, the insistence that nontrivial topologies are theoretically necessary is
close to question-begging. For why not merely adopt a nongeometrical view
of gravity at the classical level, too?5 Concerning the last objection, it seems
clear that a flat background is the default choice because it is simpler than
any other choice. While any other choice requires some argument for making
that choice instead of the others and strongly suggests the question “why
does spacetime have this geometry?”, flat spacetime does not, but rather
is the obvious default choice. Weinstein’s specific alternative suggestion of
a constant curvature spacetime, for example, suggests the question “why
does the curvature take this value, as opposed to some other value?” We
can agree with Weinstein that in “allowing metric fluctuations to affect
causal structure, one is clearly at some remove from ordinary field-theoretic
quantization schemes.” (p. 97) But it seems unclear, pace Weinstein, that
there is any need to renounce the use of a flat background causal structure.

It is unfortunate that some recent articles still do not address the null
cone issue. However, enough have done so that one can identify three major
attitudes toward the use of a flat metric that one finds. One view is that
the flat metric is a useful fiction. Another, more purely geometrical view

holds that the flat metric is a useless fiction. The third view regards the flat

®The issue of the topology of the universe has seen a fair amount of attention lately,
with the aim of experimental test—see, for example, [170-175]. We thank Dr. C. Verjovsky

Marcotte for the first two references.
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metric as the truth. We survey these approaches in this order.

2.4 Field Formulation: the Flat Metric as a Useful Fiction

Some authors have explicitly stated that the flat metric is merely an aux-
iliary object, formally useful but not tied to the causal structure of the
theory [84-86,103,104]. The reasons given include the gauge-variance of
the relationship between the null cones and the unobservability of the flat
metric. The fact that the flat metric’s null cone is sometimes violated using
otherwise-convenient gauges appears to be another reason: it does not ap-
pear possible to fix the gauge to be, say, tensorial DeDonder and have the
null cone relationship be automatically satisfactory. L. P. Grishchuk has
written that “the mutual disposition of the light cones of the g,, and 7.,
can be of interest only in the case when the attempt is made to interpret
the metric relations of the world as observable,” which efforts are of course
bound to fail, he continues [86]. Unfortunately, Grishchuk has overlooked
the same distinction that Gupta, Kraichnan, Thirring, Feynman, and prob-
ably many others missed, and has failed to recognize that, if the null cones
can be made consistent, then a conceptual difficulty posed by quantization
would be eliminated. A. N. Petrov describes the same view (though we have

taken the liberty of spelling out with words the abbreviations used):

However, the background in the field formulation of general rel-
ativity is not observed. The movement of test particles and

light rays is not connected with the geometry of the background
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spacetime. The light velocity in the background spacetime can
approach an infinite value. In contrast, in the geometrical for-
mulation of general relativity the test particles and the light rays
define the geodesics in real physical spacetime. Thus, the back-
ground spacetime in the field formulation of general relativity is
an auxiliary and nonphysical (fictitious) concept which is nec-
essary for the description of true physical fields [104] (pp. 452,

453).

We admit inability to understand how a fictitious entity could be “necessary
for the description of true physical fields”. It would appear that if the object
in question is necessary for the description of true physical fields, then it is
real; but if it is not real, then it is not necessary for the description of true

physical fields. But let us continue with Petrov:

We stress that the field formulation of general relativity and
the geometrical formulation of general relativity are two differ-
ent formalisms for a description of the same physical reality and
they lead to the same physical conclusions ...there are no ob-
stacles in treating any solution to general relativity (spacetime)
in the framework of the field formulation of general relativity.
However, it is clear that a manifold which supports a physical
metric will not coincide in general with a “manifold” which sup-
ports an auxiliary metric. As a result, in the field configuration

” o«

on the auxiliary nonphysical background, “singularities,” “mem-
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branes,” “absolute voids,” and others can appear. This leads
to cumbersome and confused interpretations and explanations.
Thus, the whole spirit of general relativity itself requires the in-
vestigation of many problems with the help of the geometrical
formulation technique. However, there exists problems [sic] for

an investigation in which the field formulation technique is more

convenient [104] (p. 453).

Thus, the field formulation is seen as a tool that sometimes is helpful, but
sometimes not so convenient, and in any case not to be trusted in addressing
deep issues. If the flat metric tensor is to be praised so faintly, one might
wonder if it is worth using.

A similar attitude has been taken by D. E. Burlankov [87], who did
some early work using a flat background metric as a convenient fiction [35].
Burlankov objects to the fundamental status of Minkowski spacetime be-
cause of the gauge-variance of the null cone relation, and also because the
curved null cone differs from the flat null cone [87]. The former argument
will be addressed in due time. The latter argument, in Burlankov’s hands, is
said to imply that only curved metrics conformally related to the flat back-
ground would be acceptable. But this objection is just unpersuasive. It is
not worrisome if the gravitational field slows light down below the universal
velocity constant, as long as gravity does not speed light up. Burlankov’s
position [87] is fairly similar to that of Zel’dovich and Grishchuk, but a few

points deserve special notice. Burlankov is sympathetic to idea (asserted by
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Logunov et al.) that general relativity has difficulties, noting “the collapse
problem, the singularity problem, strong gauge invariance, and the absence
of a ‘natural’ energy-momentum complex” (p. 176). However, Burlankov
finds that the “solution of the amazing problems in gravity does not lie”
in the bimetric formalism (p. 177): Minkowski space cannot be taken as

fundamental because of the null cone difficulties.

2.5 Geometrical Formulation: the Flat Metric as a Useless

Fiction

Other authors have taken the view that the flat metric is a blemish on the
pure geometric beauty of general relativity, and thus is to be avoided in
general. Such a description would seem to fit R. Penrose [81], J. Bi¢ak [162],
and L. Shepley®. This negative attitude toward the flat metric seems to have
motivated Penrose to note that the null cone issue really must be handled if
the Lorentz-covariant approach (which he associates with Weinberg) is to be
considered satisfactory. Penrose, recognizing the connection between scat-
tering theory and the Lorentz-covariant perturbation approach to gravity,
poses a dilemma for the latter. Using global techniques, he shows that either
the curved null cone locally violates the flat one, or the scattering properties
become inconvenient because the geodesics for the two metrics continue to
diverge even far away from a localized source. He concludes that a “satisfac-
tory” relationship between the two null cones cannot be found. Concerning

the horns of Penrose’s dilemma, we simply accept the second one. It is

5We thank Prof. L. Shepley for discussing this issue.
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known that long-range fields have inconvenient scattering properties [166].
We find that the root of the divergence between the geodesics is merely the
long-range % character of the potential in the conformally invariant part of
the curved metric. If the fall-off were a power law of the form ﬁ’ e > 0,
then no difficulty would arise. So this objection is basically a reflection of
the fact that a long-range symmetric tensor potential exists. But why is

that a fundamental problem?

2.6 Special Relativistic Approach: the Flat Metric as the

Truth

Besides the field-in-fictitious flat spacetime and geometrical approaches,
there is another attitude that one might take toward the flat metric ap-
proach, viz., that special relativity is correct in its usual strict sense (global
Lorentz invariance, trivial spacetime topology, and no violation of n-causality),
and thus that the gravitational field must be made to respect the flat met-
ric’s causal structure. This view is more conservative than the other views
[40] (p. 101), and is sufficiently obvious and attractive an idea that one
might expect it to have been explored thoroughly, probably decades ago,
and either sorted out or refuted. But as a matter of fact, we do not find
that to be the case. Demonstrating this surprising fact was one purpose of
the substantial review of the history of the subject above. Some authors
have claimed to have sorted it out, and some to have refuted it, but we

disagree on both points, as will appear below.
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For the sake of convenience, this approach needs a name. We will use
the term “special relativistic approach” (SRA). We have resisted calling
this approach a “formulation” to match Petrov’s “field formulation” and
“geometric formulation,” because it will appear below that the SRA is in
fact physically distinct, though in rather subtle and recondite ways, from
the geometrical approach. Some have objected to regarding a theory based
on the Einstein equations as something other than general relativity [84—
86]. Others have insisted that the SRA is distinct from general relativity”.
Perhaps the common usage of the term “general relativity” is simply too
vague to provide a resolution to this difficulty. If nothing else were at stake,
one would avoid pretentious claims of a new theory. But as will appear
below, there is in fact be a physical difference, which might even be testable,
between the two approaches. In particular, the phenomena of collapse to
form black holes seem to be altered somewhat in the SRA, not least because
the SRA implies global hyperbolicity.

Some terminology will be helpful. Let us agree to refer to lengths and
times measured using ordinary rods and clocks, which respond to g,., as
“physical” lengths and times, but lengths and times measured using ideal
rods and clocks, which are not affected by gravity and thus respond to 7,
“metaphysical” lengths and times. Let us also write ds? for the g-interval
and do? for the 7-interval. The terms “physical” and “metaphysical” are
parallel to the more traditional terms “renormalized” and “unrenormalized,”

but we find our terms more descriptive of our viewpoint. Suppose that one

"We thank Prof. Shepley for discussing this issue.
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wants to carry a wristwatch around in a gravitational field in order to know
what time it is and interact with others. It is not obvious simply from the
terms used that one wants a “renormalized” watch, but it is obvious that
one wants a “physical” watch in order to live successfully in the physical
world. On the other hand, suppose that one wants to know whether to
take seriously the infinite character of ¢ = oo in naive coordinates for the
Schwarzschild solution in the SRA. It is not obvious that one would trust
a “unrenormalized” clock, and indeed many authors have heaped insults on
the readings of such ethereal clocks. But it is indeed obvious that a “meta-
physical” clock is to be trusted about oo in preference to a merely “physical”
clock. Our terminology is thus well-suited to a program of taking the tak-
ing the flat metric, including its causal structure, seriously, a goal perhaps
not shared by some authors who have trafficked in “renormalized” and “un-
renormalized” measurements. It should be clear that while both the field
formulation and the special relativistic approach use a flat background met-
ric and share many mathematical results, the SRA takes a realist attitude
toward the flat metric, whereas the field formulation takes an antirealist
attitude.

The SRA has the advantage of simple and fixed notion of causality at
the classical level, because the flat null cone serves as a bound on the curved
one. In this view, one becomes less dependent on the study of topology,
global techniques, careful definitions of causality of various sorts, and the

like, such as modern texts contain [129, 135]. The SRA is therefore simpler
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in an obvious way than the alternatives. There is no difficulty in extending
this nondynamical causal structure into the quantum regime, so there should
be no problem in writing down equal-time commutation relations, etc. in
the usual way. Thus, worries expressed by Ashtekar and Geroch, Isham, van
Nieuwenhuizen, Wald and Weinstein above are resolved.

While the special relativistic approach to Einstein’s equations is locally
and classically equivalent to the usual theory, as we saw earlier, there might
be different global or quantum properties. For example, though flat space-
time with trivial topology is stable in general relativity [177], closed flat
space is unstable [178], so it appears that the usual topology is more than
just a simple and convenient choice for the SRA. Also, it will turn out that
some regions of spacetime in complete exact solutions of the geometrical the-
ory simply do not exist in the SRA, perhaps due to infinite postponement
from the lapse’s tending toward 0..8 Moreover, the SRA of general relativity
has less gauge freedom than the geometrical and field formulations, because
any gauge choice that leads to an improper null cone relationship must be
prohibited. (To be more precise, the SRA configurations form a proper
subset of the naive configurations, but with the same order of infinite size.)
The use of a new set of variables, in which only the null-cone respecting field
configurations are possible, would be a way to prohibit them. We propose
such a set below.

The attitude of regarding the flat spacetime as fundamental has been

most visibly promoted by A. A. Logunov and colleagues [90-92] (to name

8These results are in preparation.
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a few).?

To distinguish their view clearly from any geometrical notions,
they have given the name “relativistic theory of gravitation” (RTG) to the
work. The nature of the RT'G has evolved slightly over the years. For some
time it consisted in Rosen’s tensorial I'T' action for general relativity and
his tensorial DeDonder condition [3] postulated as necessary, presumably
with specification of trivial topology for spacetime. There is also attached
a “causality principle” that requires that the curved null cone not violate
the flat one [90,164,165]. This causality principle, which seems to have
appeared following criticisms by Zel’dovich and Grishchuk [85,86], is the
feature most relevant to our purposes.10

Logunov et al., being committed to the flat spacetime view, regard the
question of compatible null cones as requiring a solution. Furthermore, they
believe it to be solved already by their causality principle, which we shall call
the Logunov Causality Principle. The Logunov Causality Principle states
that field configurations that make the curved metric’s null cone open wider
than the flat metric’s are physically meaningless [90, 164, 165]. As they ob-
serve, satisfaction is not guaranteed (even with their gauge conditions, notes
Grishchuk [86]), which means that the set of partial differential equations is
not enough to define the theory. The Logunov Causality Principle is there-

fore enforced “by hand.” Some causality principle is indeed needed, but

®This school has also produced an energetic critique of geometrical general relativity
as lacking physical meaning, in the sense of lacking conservation laws and failing to make

definite predictions. We do not endorse this critique.
0More recently, the RTG has sometimes featured acquired a mass term, but we are

interested especially in the massless version.
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the Logunov Causality Principle strikes us as somewhat arbitrary and ad
hoc. One would desire three improvements. First, one would prefer that
the causality principle be tied somehow to the Lagrangian density or field
variables, not separately appended [86]. Second, one wants a guarantee that
there exist enough solutions obeying the principle to cover all physically rel-
evant situations. Third, one would prefer a more convenient set of variables
to describe the physics. We address all of these matters below.

Concerning the first shortcoming, it might be suggested [92] that the
Logunov causality principle is analogous to the energy conditions [135] that
one typically imposes. However, this analogy strikes us as weak. The dis-
similarity is in how the two conditions accept or reject solutions. The energy
conditions are used to exclude or include whole classes of matter fields, so
any configuration with one sort of matter field-perhaps a minimally cou-
pled massless scalar field with the correct sign in the Lagrangian density—
is permitted, whereas any configuration with another sort of matter field—
perhaps the scalar field with the wrong sign— is prohibited as unphysical.
This criterion expresses the idea that some sorts of matter are physically
reasonable, but others are not. Furthermore, there is no worry that a per-
missible sort of matter could evolve into a forbidden sort in accord with the
field equations. On the other hand, the Logunov Causality Principle cannot
give (or at least has not given) a similarly general explanation for why it
rejects some solutions of the field equations. A more serious problem is that

it cannot give any assurance that it permits a sufficiently large number of
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solutions to cover all physical situations that arise.

Let us focus our attention on the second difficulty, the possible shortage
of solutions, which is potentially very serious. A priori there is no reason
to believe that one can (partially) fix the gauge, and then still reject some
solutions in the appropriate gauge as unphysical. A posteriori there seems
to be good evidence that this worry is serious. We will employ a some-
what homely example because of its obvious physical relevance. Suppose
that a young man named Nicholas has a drum set and a pair of sticks. If
Nicholas is a skilled drummer, then the motion of his sticks will be quite
under his control, but nevertheless the position of his sticks as a function
of time will be rather wild and violent from a kinematical point of view. In
particular, we can have great confidence that the motion of his sticks (and
arms) will be such that their quadrupole moment will have a nonvanish-
ing second time derivative, in general. We can also be confident that the
traceless part of this second time derivative, contracted with itself, tends
not to vanish. But that means that Nicholas emits gravitational radiation,
for this is just the formula for the average power radiated in general rel-
ativity, under suitable assumptions such as a slowly varying source [135].
There will be anisotropic but roughly spherical waves of gravitational ra-
diation diverging from Nicholas. Far away from him, these waves will look
approximately like plane waves obeying linearized gravity with the tensorial
Hilbert gauge condition (or approach such waves for high frequencies, in

the massive case). The behavior of plane monochromatic single-polarization
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waves in linearized general relativity is well-known [182]. In this gauge, the
two energy-carrying polarizations both consist of alternately shrinking one
transverse direction and stretching the other, while the time (lapse) and
spatial propagation directions are unaffected [182]. (Below we will analyze
this linear solution using a generalized eigenvalue-eigenvector formalism.)
But the shrinking of one spatial eigenvalue while leaving the time lapse un-
altered implies a violation of the flat metric’s null cone. In short, it appears
that, if the exact behavior of the plane waves is anything like the linearized
behavior, then monochromatic gravitational radiation satisfying the tenso-
rial DeDonder condition generically violates the Logunov causality principle.
While monochromatic radiation is a rather idealized case, and thus perhaps
need not obey n-causality by itself for a satisfactory theory, it is not at all
obvious that the superposition of monochromatic waves which all individ-
ually violate n-causality yields a sufficiently generous set of realistic waves
that satisfy that condition. Thus, there is reason to worry that the Logunov
causality principle cannot be implemented in worlds in which Nicholas plays
drums.

Evidently, arranging for wave solutions to obey the causality principle
is rather more difficult than addressing most of the solutions that Logunov
and collaborators have addressed to date, which often have considerable
symmetry and fairly trivial dynamics. Regarding standard homogeneous
and isotropic cosmological solutions, perhaps one could learn to accept a

requirement that the scale factor just could not take certain values [163].
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Concerning the Kerr-Newman solution [164], the exterior causes no prob-
lem, and the physical significance of the vacuum interior is open to question—
especially given a mass term or the reduction of the gauge freedom, as the
RTG requires. As far as Kasner solutions are concerned [165], the world
looks little like a Kasner solution; maybe somehow it just couldn’t have
looked like a Kasner solution—it’s hard to say. Perhaps one could accept
these requirements. But no one will accept the idea that Nicholas is un-
able to play his drums, because he does it every day. It is therefore rather
likely that the Logunov causality principle does not admit enough solutions
to account for manifestly physically relevant situations, such as Nicholas’s
drumming. Thus, some way of enforcing null cone consistency without ex-
cluding necessary solutions of the field equations must be sought.

The lesson that we draw from the apparent shortcomings of the RTG in
its present and past forms is not, pace some authors [84-86], that the flat
metric must be considered merely a useful fiction. Rather, if the SRA is to
be maintained, then a more fundamental approach to securing consistency
between the null cones must be sought. One will want to use the gauge
freedom of general relativity to secure null cone consistency. In that way, one
can be confident that a sufficiently large number of solutions exist, because

one member from each equivalence class of solutions will be included.
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3 Describing and Enforcing the Proper Null Cone

Relationship

3.1 Consistent Null Cones by Suitable Gauge Restrictions?

As several authors above pointed out, the local relation between the two
null cones is indeed gauge-dependent in general relativity [81,86]. One
might therefore hope to design a set of gauge-fixing conditions that yield
the desired behavior, or at least to impose restrictions on the variables that
exclude unsuitable gauge choices while permitting suitable ones. Rather
than putting the conditions in arbitrarily by hand, one prefers to implement
them in the action principle or the choice of field variables somehow.

It might be hoped that the ADM split of the metric [134, 135], which is
quite useful in applications and in identifying the true degrees of freedom,
would be a good language for discussing the null cone consistency issue. Let
us see if that is the case. For convenience we choose Cartesian coordinates, so
that 7y, = diag(—1,1,1,1). We therefore make an ADM split of Logunov’s
4-dimensional analysis of the causality principle. In considering whether all
the vectors V# lying on 7’s null cone are g-timelike, g-null, or g-spacelike, it
suffices to consider future-pointing vectors with unit time component; thus
VH# = (1,V?), where V?V* =1 (the sum running from 1 to 3). The causality
principle can be written hi;(8° + V?)(87 + V7) — N? > 0 for all spatial unit
vectors V. Here the spatial metric is hij, the lapse is N, and the shift is

B¢. One could visualize this equation as the requirement that an ellipsoid
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(not centered at the origin if the shift 4% is nonzero) not protrude from the
closed unit ball. Unfortunately, the “all” in “for all spatial unit vectors” is
not too easy to handle, so we will in fact look for a better language than an
ADM split for discussing null cone consistency.

If there to be any is hope for restricting the gauge freedom so as to ensure
that the curved null cone stays consistent with the flat one, then there
must be “enough” gauge freedom to transform any physically significant
solution into a form that satisfies n-causality. Here we argue that gauges
satisfying the causality principle likely do exist, so there is enough gauge
freedom. Given a flat background metric and a Cartesian coordinate system
for it, one can readily draw the flat and curved metrics’ light cones on the
tangent space at some event (apart from obvious difficulties with higher-
dimensional pictures). One wants the curved cone to be located on or within
the flat one. The flat cone has the usual ideal conical shape, whereas the
curved one is distorted and tilted, in general. In a bimetric context, it is
basically the case that the curved spatial metric controls the width of the
light cone, while the shift vector determines its tilt from the vertical (future)
direction and the lapse function determines its length. (Given that only the
conformal part of the metric affects the null cone, the ADM description
is a bit redundant.) For general relativity, the spatial metric contains the
physical degrees of freedom; the lapse and shift represent the gauge freedom,
so they can be chosen arbitrarily, at least over some region. By analogy

with conditions typically imposed in geometrical general relativity to avoid
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causality difficulties [135], one would prefer, if possible, that the curved
light cone be strictly inside the flat light cone (i.e., be 7-timelike), not
tangent to it, because tangency indicates that the field is on the verge of
7-causality violation. Under quantization, one might expect fluctuations
to push the borderline case into the unacceptable realm, so it seems best
to provide a cushion to avoid the problem, if possible. This requirement
we call “stable 7-causality,” by analogy to the usual condition of stable
causality [135]. One might worry that this requirement would exclude all
curved metrics conformally related to the flat one, and even the presumed
“vacuum” g,, = 7m, itself. This worry is justified, but if one takes the
message of gauge invariance seriously, then there is no fundamental basis
for preferring g,,, = 1, over having the curved metric agree up to a gauge
transformation with the flat metric. With this relaxed criterion, one avoids
the troubles with the folded surface discussed below.

Let the desired relation between the null cones hold at some initial mo-
ment. Also let the curved spatial metric and shift be such at some event in
that moment that they tend to make the curved cone violate the flat one a
bit later. By suitably reducing the lapse, one can lengthen the curved cone
until it once again is safely inside the flat cone. By so choosing the lapse at
all times and places, one should be able to satisfy the causality principle at
every event, if no global difficulties arise. In a rough sense, one might use
up % of the gauge freedom of general relativity, while leaving the remainder.

It is possible that this procedure forces the lapse toward 0 in some cases,
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which implies that physical events are stretched out over more and more of
Minkowski spacetime, perhaps to future or past infinity.

Generally it is assumed that the reason that the gravitational Hilbert
action is gauge-invariant is because such gauge invariance reflects a deep
feature of the world. However, as we saw above, one can give a somewhat
humbler explanation: it is known from the flat spacetime approach that
eliminating the time-space components of the field is essential for positive
energy properties in Lorentz-invariant theories [1,75], though in fact the
time-time component need not be [80]. We might suggest that the gauging
away of the time-time component is necessary rather to respect n-causality.
So gauge invariance appears to be required to respect positive energy and

special relativistic causality.

3.2 The Causality Principle and Loose Inequalities

As should be clear from the worries about conformally flat curved met-
rics, the desired relationship between the two null cones takes the form of
some loose inequalities a < b. Such relations have been called “unilateral”
[183-187] or “one-sided” [188-190], typical examples being nonpenetration
conditions. Such constraints are rather more difficult to handle than the
standard “bilateral” or “two-sided” constraint equations that most treat-
ments of constraints in physics discuss. Loose inequalities are also more
difficult to handle than strict inequalities @ < b, such as the positivity con-

ditions in canonical general relativity [191, 192, 207-209], which require that
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the “spatial” metric be spatial. One might eliminate the positivity condi-
tions by a change of variables [192] that satisfies the inequalities identically,
such as an exponential function h = e¥, as Klotz contemplates. While that is
possible, it does not come for free: the “ground state” in which the curved
metric equals the flat one is not permitted for any finite value of the ar-
gument. However, given the gauge freedom, this objection does not seem
compelling, even if it complicates linearization. (Using an even function
such as cosh to solve the inequality would seem to introduce even greater
difficulties, so we prefer the exponential form.)

If one does leave causality constraints in the theory, rather than solving
them as was suggested in the previous paragraph, then one must worry about
impulsive constraint forces. That would be the case if one lets the curved
metric evolve freely until it “hits” the flat null cone, at which point it might
“bounce off,” or perhaps become deformed like a face against a window,
neither of which seems like an appealing prospect. Another option might
be to make the constraint “ineffective”, so the constraint force vanishes
on account of the constraint itself [197]. However, it seems considerably
more satisfactory to reduce the configuration space of the theory so that the
problem is avoided altogether, without imposing any gauge-fixing equations

at all.
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3.3 New Variables and the Segré Classification of the Curved
Metric with Respect to the Flat

Previous formulations of the causality principle, which have used the metric
[90,91,164,165] or ADM variables as above, have been sufficiently incon-
venient to render progress difficult. This was our third complaint about
Logunov’s formulation of n-causality. One could achieve a slight savings
by using the conformally invariant weight —% densitized part of the metric
g#,,(—g)_%. Then nine numbers at each event are required (the determinant
being —1), which is a bit better than the 10 of the full metric, but still too
many.

One would like to diagonalize g, and 7, simultaneously by solving the

generalized eigenvalue problem
guuvp = A"th'ua (1)

or perhaps the related problem using g,w(—g)_%. However, in general that
is impossible, because there is not a complete set of eigenvectors, due to the
Lorentzian nature of the metric [198-202] (and references in ([202]). There
are four Segré types for a real symmetric rank 2 tensor with respect to a
Lorentzian metric, the several types having different numbers and sorts of
eigenvectors [198-201].

To our knowledge, the only previous work to consider a generalized eigen-
vector decomposition of a curved Lorentzian metric with respect to a flat

one!! was done by I. Goldman [203], in the context of Rosen’s bimetric the-

" There is also a literature on choosing coordinates to diagonalize a curved metric [204].
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ory of gravity, which does not use Einstein’s field equations and is a quite
distinct theory. Goldman’s work was tied essentially to Rosen’s theory, so it
does not address our concerns much. The lack of gauge freedom in Rosen’s
theory also ensured that the curved null cone was not subject to adjustment,
unlike the situation in general relativity with a flat metric. As it happens,
in Rosen’s theory, for static spherically symmetric geometries, the causality
principle is always wviolated'?, so that theory does not qualify for a SRA.
However, Einstein’s theory does evidently have enough gauge freedom to
make a special relativistic approach possible.

An eigenvalue-eigenvector decomposition for the spatial metric was briefly
contemplated by Klotz and Goldberg [191,192]. For space, as opposed to
spacetime, one has a positive definite background (identity) matrix, so the
usual theorems apply. But Klotz and Goldberg, who did not assume a flat
metric tensor to exist, found little use for the eigenvector decomposition
because of the nontensorial nature of the 3 x 3 identity matrix. Such a de-
composition, even given a flat metric tensor, is still somewhat complicated
if the ADM shift is nonvanishing (go; # 0), as it usually is. Diagonalization
has been quite useful in the study of spatially homogeneous cosmologies
[196], but our interest is not in specific solutions only, but the general case.

However, one expects that studying such models would be instructive.

According to K. P. Tod, “there is very little change for Lorentzian metrics” compared to
Riemannian ones [204]. But there is a large change for the eigenvalue problem of interest
to us in changing from a Riemannian to a Lorentzian background metric, so the connection

between these problems must be somewhat loose.

2Prof. Goldman has kindly provided this information from his dissertation in Hebrew.
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Let us now proceed with the diagonalization project. Given that a com-
plete set of generalized eigenvectors might fail to exist, it is necessary to
consider how many eigenvectors do exist and under which conditions. This
problem has been substantially addressed in a different context by G. S. Hall
and collaborators [198-201], who were interested in classifying the stress-
energy or Ricci tensors with respect to the (curved) metric in (geometrical)
general relativity. Such problems have in fact been studied over quite a long
period of time [202] (and references therein), but we find the work of Hall
et al. to be especially convenient for our purposes. There exist four cases,
corresponding to the four possible Segré types (apart from degeneracies) for
the classified tensor. The case {1,111} has a complete set of eigenvectors
(1 timelike, 3 spacelike with respect to n), and is thus the most convenient
case. The case {211} has two spacelike eigenvectors and one null eigenvector
(with respect to n), whereas the {31} case has one spacelike eigenvector and
one null one. The last case, {zz11} has 2 (real) spacelike eigenvectors and
2 complex eigenvectors.

We now consider the conditions under which metrics of each of these
Segré classes obey 7-causality. To give a preview of our results, we state
that the {1,111} and {211} cases sometimes do obey it, although the {211}
metrics appear to be dispensable. But no metric of type {31} or {zZz11}
obeys the causality principle, so these types can be excluded from consider-
ation for the SRA.

Hall et al. introduce a real null tetrad of vectors L#, N¥# X* YH# with

55



vanishing inner products, apart from the relations 7., L*N" = n,, X*# X" =
NuwY?YY = 1, so L¥ and N* are null, while X# and Y* are spacelike.
(The signature is — + ++.) Expanding an arbitrary vector V# as V# =
VILA + VNNH VX XH 4 VYYH and taking the n-inner product with each
vector of the null tetrad reveals that VI = 7, VANY, VN = p, VKLY,
VX = 9, VFXY, and VY = 7,,V*Y"”. Thus, the Kronecker delta tensor
can be written as 0 = L¥N, + L,N*+ X* X, +Y*Y,, indices being lowered
here using 7,,,. For some purposes it is also convenient to define the timelike

LE_NH

vector TH = 7 and the spacelike vector Z# = LEENE

V2
We employ the results of Hall et al. [198-201], who find that the four

possible Segré types (ignoring degeneracies) for a (real) symmetric rank 2
tensor in a four-dimensional spacetime with a Lorentzian metric can be
written in the following ways, using a well-chosen null tetrad. The type

{1,111} can be written as

uv = 2POL(,1NV) + Pl(LuLV + NuNV) + p2 Xu Xy + p3Y, Yy, (2)
or equivalently

g = —(po — p1)TT, + (po + p1) ZuZy + p2 X X0 + p3Y,Y,,. (3)

As usual, the parentheses around indices mean that the symmetric part

should be taken [135]. The type {211} can be written as
Gur = 201 Ly Nyy + AL, Ly, + p2 X, Xy, + p3Y,Y,, (4)
with A # 0, the null eigenvector being L¥. The type {31} can be written as
Juv =20 Ly Nyy + 2L, X)) + p1 XXy + p2Y, Y0, (5)

56



the null eigenvector again being L¥. The final type, {z Z11}, can be written

as
uv = 2p0L([,LNV) + p1 (LuLu - NuNu) + P2X,uXu + PSY,qu (6)

with p; # 0. The requirements to be imposed upon the curved metric for the
moment are the following: all #-null vectors must be g-null or g-spacelike, all
n-spacelike eigenvectors must be g-spacelike, g, must be Lorentzian (which
amounts to having a negative determinant), and g,, must be connected
to nu by a succession of small changes which respect 7-causality and the
Lorentzian signature. It convenient to employ a slightly redundant form
that admits all four types in order to treat them simultaneously. Thus, we

write
9w = 2AL, N,y + BL,L, + CNy,N, + DX, X, + EY,)Y, + 2FL(,X,). (7)

Using this form for g, , one readily finds the squared length of a vector V#

to be

g VHVY =24VEVN 4 B(VN)? + C(VE)? + D(VX)? + B(VY)?

+2FVXVN.(8)

It is not clear a priori how to express sufficient conditions for the causal-
ity principle in a convenient way. Obviously it is sufficient that every g-
timelike vector be n-timelike and every g-null vector be n-null or n-timelike.
One could alternatively say that every n-spacelike vector must be g-spacelike

and every m-null vector be g-null or g-spacelike. However, timelike and
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spacelike vectors are not very convenient to use because of the inequalities
inherent in the word “every”. But it will turn out that in four dimensions,

the necessary conditions that we can readily impose are also sufficient.

3.4 Necessary Conditions for Respecting the Flat Metric’s
Null Cone

The causality principle requires that the n-null vectors L# and N* be g-null
or g-spacelike, so B > 0,C > 0. These conditions already exclude the type
{z z11}, because the form above requires that B and C differ in sign. It must
also be the case that the n-spacelike vectors X# and Y* are g-spacelike, so
D >0and E > 0.

Not merely L* and N#, but all n-null vectors must be g-null or g-
spacelike. This requirement quickly implies that F > A, and also requires

that
B(VN)2 4 2FrVXVYN + (D - A) (V)2 > 0. (9)

Here there are two cases to consider: F = 1 for type {31}, and F = 0 for
types {1,111} and {211}. Let us consider F = 1. The {31} has B = 0,
so the equation reduces to 2FVXV¥ + (D — A)(VX)? > 0, which implies
that either VX = 0 or, failing that, 2FVY + (D — A)VX > 0. Clearly one
could also consider a null vector with the opposite value of V¥, yielding
the inequality 2FVY — (D — A)VX > 0. Adding these two inequalities gives
4VN > 0, which simply cannot be made to hold for all values of V. Thus,

the F' = 1 case yields no 7-causality-obeying curved metrics, and the {31}
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type is eliminated. It remains to consider F' = 0 for the {1,111} and {211}
types. The resulting inequality is B(V™V)2 + (D — A)(VX)2 > 0. Because
B > 0 has already been imposed, it follows only that D > A.

Let us summarize the results so far. The inequalities B > 0 and C' > 0
have excluded the type {zz11}. We also have D >0, D > A, E >0, E > A.
Finally, F = 0 excludes the type {31}, so only {1,111} and {211} remain.

We now impose the requirement of Lorentzian signature. At a given
event, there can be no objection to finding a coordinate = such that (3%)“ =
z# and (flipping the sign of y* if needed for the orientation) a coordinate y
such that (3%)“ = y#; these two coordinates can be regarded as Cartesian.
Then the null vectors L* and N* lie in the t—z plane of this sort of Cartesian
system. The curved metric has a block diagonal part in the x —y plane with
positive determinant, so imposing a Lorentzian signature means ensuring
a negative determinant for the 2 x 2 ¢ — z part. The vectors L* and N#
in one of these coordinate systems take the form L* = (L°,0,0,L3%) and
N# = (N°,0,0, N3). Given the Cartesian form 7,, = diag(—1,1,1,1) and
the nullity of these two vectors, it follows that |L%| = |L3| and |N?| = |N3|.
Therefore the relevant parts of the curved metric can be written in such a

coordinate basis as
goo = 2AL°N® + B(L%)?% + C(N9)?,
gos = g3o = —A(N°L? + L°N3) — BL'L3 — CN°N3,
gs3 = 2AL3N? + B(L3)? + C(N3)2. (10)
Taking the determinant using Mathematica and recalling that |L°| = |L3|
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and |[N°| = |N3|, one finds that the condition for a negative determinant is
2(A% — BO)|L3?|N3|2(sign(L° L3 NON3) — 1) < 0. The linear independence
of L* and N* implies that sign(L°L3N°N3) = —1, so the determinant
condition is A2 — BC > 0. Because B and C are both nonnegative, A2 —
BC > 0 implies that A # 0. But the requirement that the curved metric
be smoothly deformable through a sequence of signature-preserving steps
means that the curved metric’s value of A cannot “jump” from one sign of
A to another, but must agree with the flat metric’s positive sign. It follows
that A > 0.

We now summarize the necessary conditions imposed:
A>0, A2>BC, B>0,
C>0, D>A, EZ>A,

F=0. (11)

3.5 Sufficient Conditions for Respecting the Flat Metric’s
Null Cone

Thus far, we have shown nothing of the sufficiency of these necessary condi-
tions. We now prove that these conditions are in fact sufficient. It is helpful
to consider the two types, {1,111} and {211}, separately.

For the type {1,111}, the conditions on the coefficients A, B, etc. reduce

to

A>0, A>B, B>,

C=B, D>A, E>A. (12)
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For this form the following relations between variables hold:

A:pOa B:PI; D:p2’

E = ps. (13)
It follows that this type can be expressed as
9w =—(A-B)T,T,+(A+B)Z,Z, + DX, X, + EY,)Y,. (14)

Writing the eigenvalues for T#, X#, Y*, and Z* as D§, Di, D3, and D3,

respectively, one has

Dd=A-B, Di=A+B, D:=D,

D3=E. (15)

One sees that the inequalities imply that the eigenvalue for the timelike
eigenvector T# (briefly, the “timelike eigenvalue”) is no larger than any of

the spacelike eigenvalues:
Dy <D}, Dy<D3 Dj<Dj (16)

and that all the (generalized) eigenvalues are positive. Let us now see that
these conditions are sufficient. Writing an arbitrary vector V# as V# =
VITE + VXXH + VYYH + VZZH one sees that its 7-length (squared) is
NuwVEVY = —(VT)2 + (VX)2 + (VY)? 4 (V%)% Clearly this length is never
more positive than DnguVV”V” = —(VT)2-|-g_é(VX)2+g_§(VY)2+g_§(VZ)2,

so the necessary conditions are indeed sufficient for type {1,111}.
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For the type {211}, the conditions on the coefficients A, B, etc. reduce

to

A>0, B>0, C=0,

D>A, E>A, F=0. (17)

One can write the curved metric in terms of T#, Z# X* and Y*, though

T# and Z* are not eigenvectors. One then has
1 1
g = —(A— §B)TuT,, +(A+ §B)Z“Z,, +BZ,T,) + DX, X, + EY,Y,.(18)

Writing an arbitrary n-spacelike vector field V# as V# = GTHF+HZF+I1XH+
JYH, with H?> + I? + J?> > G2, one readily finds the form of g,, VAV".
Employing the relevant inequalities and shuffling coefficients, one obtains
the manifestly positive result g, VAV* = A(H? + 1?4+ J? — G?) + 1 B(G -
H)?+(D— A)I?> + (E — A)J?. This positivity result says that all n-spacelike
vectors are g-spacelike. Earlier the requirement that all -null vectors be g-
null or g-spacelike was imposed. These two conditions together comprise the
causality principle, so we have obtained sufficient conditions for the {211}
type also.

The {211} type, which has with one null and two spacelike eigenvectors,
is a borderline case in which the curved metric’s null cone is tangent to
the flat metric’s cone along a single direction [205]. Clearly such borderline
cases of {211} metrics obeying the causality principle form in some sense a
measure 0 set of all causality principle-satisfying metrics. Given that they

are so scarce, one might consider neglecting them. Furthermore, they are
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arbitrarily close to violating the causality principle. We recall the criterion
of stable causality in geometrical general relativity [135] (where the issue
is closed timelike curves, without regard to any flat metric’s null cone),
which frowns upon metrics which satisfy causality, but would fail to do
so if perturbed by an arbitrarily small amount. One could imagine that
quantum fluctuations might push such a marginal metric over the edge, and
thus prefers to exclude such metrics as unphysical. By analogy, one might
impose stable n-causality, which excludes curved metrics that are arbitrarily
close to violating the flat null cone’s notion of causality, though we saw
that such a condition would exclude conformally flat metrics, also. Perhaps
a better reason for neglecting type {211} metrics is that they are both
technically inconvenient and physically unnecessary. Because n-causality-
respecting {211} metrics are arbitrarily close to {1,111} metrics, one could
merely make a gauge transformation'® to shrink the lapse a bit more and
obtain a {1,111} metric instead. Thus, every curved metric that respects
n-causality either is of type {1,111}, or is arbitrarily close to being of type
{1,111} and deformable thereto by a small gauge transformation reducing
the lapse.

It follows that there is no loss of generality in restricting the configura-
tion space to type {1,111} curved metrics, for which the two metrics are

simultaneously diagonalizable. As a result, there exists a close relationship

13Here we refer to gauge transformations in the field formulation, where the flat metric’s
null cone is ignored. It will become evident that the notion of a gauge transformation in

the special relativistic approach, which respects n-causality, is more restrictive.
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between the traditional orthonormal tetrad formalism and this eigenvector
decomposition. In particular, one can build a g-orthonormal tetrad field
ely simply by choosing the normalization of the eigenvectors. This choice
removes the local Lorentz freedom of the tetrad (except when eigenvalues
are degenerate).

Rewriting the generalized eigenvector equation for the case in which a
complete set exists, one can write g”,,ei = nuye%DE , with the four eigen-
values being the elements of the diagonal matrix Dg. It is sometimes
convenient to raise or lower the indices of this matrix using the matrix
nap = diag(—1,1,1,1). The tetrad field has {e;} has inverse {f;:l} We
recall the standard relations g,, = f;;‘nABff and g”,,effleg = nap- It is
not difficult to show the how the tetrad lengths are related to the eigenval-
ues: nehel = Dz}g, and equivalently, n*¥ f;;l fB = DAB. 1t follows that
A = nme“BDAB , which says that a given leg of the cotetrad f can be
expressed solely in terms of the corresponding leg of the tetrad €;, through
a stretching, an index lowering, and possibly a sign change, without refer-
ence to the other legs. Simultaneous diagonalization implies that the tetrad
vectors are orthogonal to each other with respect to both metrics.

It would be interesting to explore the use of these eigenvectors as the
orthonormal tetrad field in C. Mgller’s tetrad formalism. Concerning local-
ization of gravitational energy, Mgller concluded that a satisfactory solution
within Riemannian geometry does not exist, but that one does exist in

a tetrad form of general relativity, apart from the question of finding six
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extra equations to fix the freedom under local Lorentz transformations, be-
cause the localization does not depend on the world coordinate choice or
the global Lorentz frame [143-148]. In the case of the present eigenvector
formalism, the additional six equations require the several eigenvectors to
be n-orthogonal to each other. It will appear below that spatial eigenvalue
degeneracy would render 3 of these equations less useful than one might

wish, but in any case the remaining 3 can always be imposed.

3.6 Linearized Plane Waves a Difficulty for the Logunov

Causality Principle

As was stated in connection with Nicholas’s drumming, monochromatic
plane gravitational waves satisfying the linearization of the Einstein equa-
tions and the Hilbert (linearized DeDonder) gauge appear to violate 7-
causality in general. We will now show that in more detail, using Ohanian
and Ruffini [182] as our guide, while making use of the eigenvalue technol-
ogy introduced above. These results will also hold approximately for the

Maheshwari-Logunov massive theory for large frequencies and weak fields.

3"y (with vfi = )

Defining a trace-reversed potential ¢ = ¥ —
and imposing the Hilbert gauge 0,¢*” = 0, one puts the linearized Einstein
equations in the form 0?¢** = 0. Because we desire plane wave solutions, let
AP* = Het cos(kqx®+1)), where e#” is a constant polarization tensor, £ a

constant polarization vector, and H is a small number fixing the amplitude.

We let the waves travel in the z-direction, so ¥* = w(1,0,0,1). We also
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define the vectors €} = (0,1,0,0) and €5 = (0,0,1,0).

The gauge condition implies that the polarization tensor is orthogonal to
the propagation vector: ek, = 0, leaving six independent solutions. One
can take the six independent polarization tensors (with both indices lowered

using the flat metric) to be:

00 00
01 00O
€lpuy = €1p€ly — €2u€20 = > (19)
0 0 -1 0
0 0 00O
0 0 0O
0 010
€y = €1p€2p + €2,€1) = ) (20)
0100
0 0 0O
0 -1 00
1 1 -1 0 01
€3ur — Elu;ky + Eluaku = ’ (21)
0 000
0 1 00
0 0 -1 0
. 1 00 00
€apy = 62;15,91/ + 62uaku = ’ (22)
-1 0 01
0 0 10
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esuv = kuky, = , (23)

€6uy = €1u€1y + €2,€2) = . (24)
0 010

0 00O

The first two, which are transverse-transverse and traceless, are the phys-
ical (energy-carrying) polarizations in the massless theory. One can show
that they induce effective curved metrics of type {1111}, but, partly due
to the oscillations of the cosine function, they violate 7-causality, as the
behavior of the eigenvalues shows. Let us be rather explicit and find an
n-null vector that is on occasion g-timelike for the first polarization. The

polarization tensor being traceless, one has
uv = NMuv — MY = diag(—1,1,1,1) — H cos(koz® + 9¥)diag(0,1,—1,0).(25)

The vector U# = (1,1,0,0) is n-null, but is g-timelike during every other
half-period of the cosine function. Thus, this physical polarization violates
7-causality.

Perhaps at this stage one could hope that the gauge waves will be more
friendly toward n-causality, and that by including enough of the gauge
waves, one could tame the bad properties of the physical waves. The po-

larizations €3, and €4y, which are transverse-longitudinal and traceless,
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however, will probably not help, because the resulting metrics are of type
{31}, and thus violate n-causality. The fifth polarization k,k,, which is
longitudinal-longitudinal and traceless, is of type {211}, and thus could
satisfy n-causality, but the fluctuating cosine implies that if causality is
respected during one half-period, then it is violated during the next. So it
does not help much either. The last polarization €,€1, +e€2 €2, is transverse-
transverse but not traceless. This wave is of type {1111}, but the oscillating
eigenvalues once again violate n-causality.

Thus, all six polarizations of plane wave admitted by the linearized Ein-
stein equations in the Hilbert (linearized DeDonder) gauge individually vi-
olate n-causality. It would be surprising if it is possible to make sufficiently
general (for Nicholas’s drumming, for example) superpositions of these waves
that respect 7-causality, given that each one violates it individually. Let us
consider this question more explicitly. One can consider a general superpo-
sition

6

M = Z H g€ au cos(kax® + 1a) — Ny He cos(kaz® + 16), (26)
A=1

where 14 are real phases. The characteristic polynomial |g,, — Any,| =0

can be simplified by defining B4 = H 4 cos(kaz® + 1 4) (with no summation
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over A). The result is

1+ Bs+Bs— A — B, — By —Bs
—B; ~14+ By +A B, Bs .
— By B, —1-B; +A By o
—Bs B; By 14+ Bs—Bg+A
(27)

It looks difficult to get practical results from this equation in the general
case, it being a messy quartic polynomial. However, the third and fourth
polarizations, affecting the only shift and an off-diagonal spatial component
each, look rather unlikely to help satisfy 7-causality, but probably would
harm it. It seems fair to set B3 = B4 = 0. The characteristic polynomial
then becomes block diagonal, with roots A = 1+ +/B? + B2 and (repeated)
A =1+ Bg. If By # 0, then A = 1 4+ Bg corresponds to the null eigen-
vector (1,0,0,1), yielding a {211} metric (which at best only just satisfies
causality), but setting Bs = 0 gives another eigenvector and hence a {1111}
metric, which can satisfy stable causality, so we choose the latter. However,
it is clear that one of the other two eigenvalues will at almost every moment
be less than unity if a physical wave is present, while 1 + Bg will be greater
than unity half the time. Thus, plausibly, a general superposition of gauge
and physical polarizations will not rescue 7-causality.

Clearly this argument is not a mathematical proof, and does not even
use exact solutions of Einstein’s equations. However, this argument does
make it seem likely that plane wave-like solutions, which are necessary near

the future light cone of Nicholas’s drum set, violate 7-causality. If that
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conclusion is correct, then the RT'G’s approach to causality indeed must be

modified, as we urged above.

3.7 Dynamics of the Causality Principle

It is one thing to know the kinematic inequalities to describe the causality
principle, but another to enforce them. A difficulty comes from trying to
mate the causality principle with the condition that, as the gravitational
field gets very weak,

Juv — M, (28)

which seems like a natural requirement on a flat spacetime theory of gravity.
(However, it is not gauge-invariant.) Given that the derivation of general
relativity involves a defining relation of the form g,, = 7y, — Ay, [112]
or the like for the curved metric in terms of the flat and the gravitational
potential v,,, clearly g,, = 7, is expected to be the state of no gravity
(apart from gauge transformations).

The causality principle inequalities can be written as
Dy <D}, D§<D3 D§<Di (29)
One can abbreviate this set of inequalities by
DY < min(Di, D%, D3). (30)

In three spacetime dimensions one can readily plot the function DJ <
min(D}, D) using Mathematica. The result is seen in two spatial dimensions

in figure 2.
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Figure 2: Bounding Surface for Temporal Eigenvalue as Function of Spatial

Eigenvalues in 2 Dimensions
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The greatest allowed values of the timelike eigenvalue lie on the folded
surface shown. In three spatial dimensions, a similar (but more complicated)
situation arises.

Perhaps motivated by the suggestion that bimetric theories ought to be
gauge-fixed, one might attempt to enforce the causality principle by (par-
tial) gauge-fixing, perhaps setting the timelike eigenvalue equal to some
function of the spacelike eigenvalues only. This would be an algebraic or
“ultralocal” gauge fixing. One might want to choose a specific function
DY = f(Di, D2, D3) to fix the gauge. If f(D{, D3, D3) = min(D}, D3, D3),
then the curved null cone is always on the verge of violating the flat cone,
but never quite does so. By analogy with the requirement of stable causality
in the standard causal analysis of geometrical general relativity, one would
prefer that the metric not be arbitrarily close to unacceptable behavior, be-
cause a quantization might lead to fluctuations that push it over the edge

[135]. A more attractive choice is therefore

12 Dl D2 D3)
Dl D2 D3 _ mln( 1)-2,3 31
.f( 1>+2» 3) maX(D%,D%,Dg)’ ( )

which provides a cushion except when the curved metric equals the flat one.
This choice also corresponds to the usual form of the Schwarzschild solution,
while being consistent with the explicitly conformally flat form of the flat
Robertson-Walker cosmological model [135].

If one were to write these functions explicitly, they would contain Heav-
iside step functions. Thus they are merely continuous, which is a rather

weak level of differentiability. This difficulty is in fact inevitable. If the
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selected gauge at all permits the DJ to take its maximum value along the
fold, then the gauge can be continuous, but clearly is not twice continuously
differentiable, as one would wish. Because the lapse is closely related to D,
a merely continuous timelike eigenvalue implies a merely continuous lapse.
The lapse being gauge freedom, one might hope that continuity is enough for
the lapse. Unfortunately, the Einstein equations (in Hamiltonian form) con-
tain second spatial derivatives of the lapse [135]. Two derivatives of a merely
continuous function will yield a Dirac delta function in the 71';“’ equation. So
the momentum will evolve discontinuously if D ever touches the fold. Such
behavior seems physically unreasonable, so the fold must be avoided if a sen-
sible result is to emerge. Avoiding the fold under all circumstances means
that a flat spacetime theory of gravity does not have g,,, = 1, as a solution,
which seems surprising at first, but the gauge-variance of g,, = 7n,, implies
that this loss is not too worrisome.

In any case, if one wishes to fix the gauge, there is no need to restrict
attention to such wultralocal forms as DS = f(D}, D3, D3), with no deriva-
tives present. Why not a merely local gauge fixing, with a finite number
of derivatives? Analogously, in geometrical general relativity, one considers
not only Gaussian normal coordinates g% = —1, g% = 0, but also harmonic
coordinates, and in electromagnetism, one considers not only the tempo-
ral gauge Ag = 0 [206], but also the Lorentz gauge. However, even given
this enlarged set of gauge-fixing choices, it is not clear that there exists any

way to include the solution (g, = 1u,) without encountering discontinuous
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evolution, which seems unacceptable.

It seems best to avoid these difficulties altogether at the theoretical level
by abstaining from fizing the gauge (and instead merely restrict the gauge
to respect 7-causality), and to take the gauge freedom seriously enough to
give up the solution g,,, = 7, as inessential. One might even aim to satisfy
the causality-related restrictions on the gauge identically using a new set of

variables adapted to this purpose.

3.8 Satisfying n-causality Identically Using New Variables

If one imposes stable 7-causality, which excludes all metrics that satisfy 7-
causality but which are arbitrarily close to violating it, along with all that
violate it, then the loose inequalities of the causality principle are changed
to strict inequalities. These inequalities are then susceptible to being solved
and eliminated, as Klotz proposed to do with the positivity conditions of
canonical gravity [191,192]. Let us see how this goal can be achieved. For
generality, let us work in d spacetime dimensions, where d = 2, d = 3, and
d = 4 are perhaps of the most interest, unless one is considering Kaluza-
Klein theory. (For d # 4, one might want to verify that nothing disturbing
happens regarding the eigenvector formalism happens, although that seems
unlikely.) Given stable 7-causality, there always exists a complete set of
generalized eigenvectors with real eigenvalues and eigenvectors, as we proved
earlier. Some time ago J. A. Schouten cryptically wrote, “The theorems of

principal axes and of principal blades do not hold if the fundamental tensor
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is indefinite because in this case a real symmetric tensor or bivector may
possibly have a special position with respect to the real nullcone. But if the
symmetric tensor or bivector does not have any such special position the
theorems remain valid.” [176] (p. 47) Evidently stable n-causality prevents
9w from having a “special position” with respect to the fundamental tensor
Ny -

It is clear that the determinant of the effective curved metric, as long as
it remains negative, is irrelevant to the relation between the two null cones.
One could then split the curved metric into the (conformally invariant) uni-
modular part g,,/#/—g and the determinant g. However, it is no worse in
Cartesian coordinates, and perhaps more convenient in non-Cartesian coor-
dinates, to use the covariantly unimodular metric §,, = guv/ </% and the

coordinate scalar kK = , /4.

n
Let us consider the generalized eigenvector problem in terms of the co-

variantly unimodular metric:
Qm/u“ = nuuu“]\. (32)

Given that we have already required that the curved metric have a complete
set of eigenvectors with respect to the flat, we can multiply the relation
g#,,uffl = mwu%f?f (where the diagonal matrix ﬁf has unit determinant,
rendering ﬁg dependent on the other components) by the inverse matrix

U~! of the matrix U of unnormalized eigenvectors u'y. The result is

Gpv = nuyu%bfu;m. (33)
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If this equation is twice contracted with the eigenvalue matrix U, giving

~

§(ua,uc) = n(up,uc)Dy, (34)

then the freedom to normalize the eigenvectors can be put to work. We
have already that the eigenvectors to be orthogonal (with respect to both
metrics). It is useful to make v’y be n-unit vectors.!

Let us now specialize to Cartesian coordinates and write ug, if neces-
sary, to remind ourselves of that fact. The normalization relation nﬂyufflu% =
14B, if expressed in Cartesian coordinates, is nothing other than the condi-
tion [213] for U to be in the complete Lorentz group O(1,3) if d = 4. It is
clear on physical grounds that the gravitational field ought not to reverse
time or space, so only the subgroup SO(1,3) 1, the proper orthochronous
Lorentz group with |U| = 1 and u} > 0, is relevant. This subgroup being
connected to the identity, any of its matrices ug can be obtained by ex-
ponentiating a matrix in the Lie algebra of the Lorentz group, that is, the
algebra of real matrices W3 such that nc4 W3 is antisymmetric [213]. Given
this n-unit normalization convention and the use of Cartesian coordinates,

we can use the relations

Ult=e" (35)

to eliminate the eigenvectors in favor of a matrix W describing how the

“Earlier we saw that g-unit normalization was convenient for tying the eigenvectors
to the standard orthonormal tetrad formalism. These two different normalizations are

adapted to different purposes.
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eigenvectors are boosted or rotated relative to the coordinate basis. The or-
thogonality of the eigenvectors is satisfied identically using this construction.
If one wishes, it is possible to write W in terms of a standard representation
of the infinitesimal generators of the Lorentz group with known commuta-
tion relations [214] (pp. 538-541). Setting d # 4 would of course require
using the Lorentz group in the appropriate dimensions. Recently progress
with this sort of expression has been made [210].

Let us consider the eigenvalues f)g. We saw above that the timelike
eigenvalue for the covariantly unimodular metric is dependent upon the

spacelike eigenvalues. : D) = ﬁ. One can define reduced eigenvalues
i=1 i
_, Ds DA
Di==8 -5, (36)
Dy D}

clearly D3 = 1. It is interesting that now only three numbers (compared to
nine components of g,,) are needed to describe the null cone relationship
sufficiently to show whether 7-causality is respected. Let us now eliminate
ﬁﬁ in favor of the reduced eigenvalues using the relation ﬁg = ﬁ. At
this stage, one can write the (covariantly) unimodular metric in matrix form

as
. e WDeWyp
9= —7=—
VD

While one could represent W by a 2-form [210] if one wished, which would

(37)

permit the use of an arbitrary coordinate system, this eigenvalue formalism
requires the introduction of a set of Cartesian coordinates for the eigenvalue

matrix.
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Imposing stable n-causality gives the strict inequalities
Di >1,D3 >1,D3 > 1. (38)

But strict inequalities can be solved, as Klotz suggested [191,192], and then
the causality constraints would be eliminated. This goal is achieved by

setting, for example,
DI=e*+1,D2=€# +1,D3=¢" +1, (39)

for the case d = 4, with obvious changes for other dimensions. Formally

defining a matrix M¥ = diag(—o0, o, 3,7) lets one write D = I + eM. The

(I+e=WeMeW)

- . One can also set
e

n% = ¢%. The full metric can then be written as

covariantly unimodular metric is now § =

B eé(I—i—e*WeMeW)n
I YT+ ]

We let the lower index indicate the row and the upper, the column.

(40)

If d = 2, it is not difficult to write out this form of the curved metric
explicitly. (In higher dimensions, the noncommutativity of the various rota-
tions and boosts in W presents more difficulty, although some simplification

has been achieved [210].) The matrix W can be put in the form

W = . (41)

One quickly finds that

coshe sinhe
U= ,

sinhe coshe
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-1 coshe —sinhe (42)
—sinhe coshe

Finishing the elementary algebra gives

el —1+e%sinh®’e —ecoshesinhe (43)
9= —F—
V1+e® —e*coshesinhe 1+ e*cosh’e

With all three (or ten or @) components of the curved metric ex-

pressed in a form along these lines, the following highly desirable properties

of the curved metric are satisfied automatically:

1. the curved metric satisfies stable n-causality;

[\

. the curved metric has Lorentzian signature;

w

. the gravitational field has not reversed time or space;

I

. the curved metric respects global hyperbolicity.

It would seem that these are all the properties that one would desire from
an effective curved metric in the SRA. The matrix W (apart from the near-
antisymmetry) and «, 3, v, and § can be any real numbers. Thus, as long
as a curved metric can be written in terms of these variables, then it is
satisfactory for the SRA, and wvice versa. These variables are evidently well-
suited for the SRA applied to a metric theory of gravity. However, it is clear
that a technical complication arises when degeneracy among the spatial
eigenvalues exists.

If it were not for the frightful amount of calculation involved, and prob-

ably the inconveniently long and complicated results of the calculations, it
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might be interesting to rewrite the entirety of gravitation in the SRA in
these variables. One example of the difficulty is what becomes of the pri-
mary constraints in the canonical form of the theory, which show that not
all 10 components of the metric have canonical momenta of the usual sort
suited to Legendre transformations from the Lagrangian density [193]. Until
Dirac [194] and J. L. Anderson [195] showed in 1958 how to reduce the pri-
mary constraints to the vanishing of some canonical momenta, the presence
of primary constraints was a significant issue in canonical general relativity.
However, the use of n-causality-adapted variables perhaps prevents reduc-
ing the primary constraints to the vanishing of some momenta, so this issue
might be reopened.

The issue can be illustrated in a tractable form using a model theory

suited to Kasner solutions [191, 192], in which the ansatz

gu(t, ') = diag(go(t), 91(t), 92(t), gs(t)) (44)

is made before varying the action. The resulting equations in fact reproduce
the Einstein equations. In this model theory, the primary constraint is that
7%, the momentum conjugate to gg, vanish. In the 7-causality variables, this
diagonal form of the metric is realized by setting W = 0 and letting the

remaining fields depend on ¢ only. One then obtains for (g, g1, 92,93),

(\“/(1+e°‘)(1+eﬁ)(1 +e7)’
(1 +e%)

YA +e)1+eB)(1+er)
e (1+ €P)

{*/(1 +e)(1+ef)(1+e7)

e

’
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e(l+e) ) . (45)
V(1 +ex)(1+ef)(1+e)

Given how the causality variables mix together the coordinates (go, g1, 92, 93),

one expects the momenta to be comparably mixed, which means that the

primary constraint will also mix momenta together.

This model theory might be a good test bed for ascertaining what ez-
plicitly is the gauge freedom of the SRA. In other words, which vector fields
&P generate gauge transformations that respect stable n-causality? With the
Lagrangian density rewritten in terms of these n-causality-adapted variables,
only this set of vector fields would be admitted as gauge transformations,
while any others would be regarded as merely mathematical transformations.
One fact that is already clear is that the set of admissible vector fields de-
pends upon the field configuration prior to the transformation, because a
vector field that preserves g-causality given one initial field configuration
might violate it given another. This situation is rather different from the
usual situation (in the geometrical or field formulation), in which just any

(reasonable) vector field generates a gauge transformation.

3.9 Finite Gauge Transformations and Orthonormal Tetrads

The form of a finite gauge transformation for the densitized inverse metric
tensor in the field formulation is known from the work of Grishchuk, Petrov,

and A. D. Popova [83] to have the form

g7" — eteg?? u — efeu,nu — N (46)
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in terms of the convenient variable g?? = /—gg°”, the flat metric tensor, and
matter fields u described by some tensor densities (with indices suppressed).

We recall the bimetric form of the action above for a generally covariant
theory, with the metric here expressed in terms of the weight 1 inverse

metric:

S = Sﬂg’“’,u]%—% / d ¢ R po (1) MP7P7 420 / d*az/—n+ / d*zd k. (47)
Clearly the terms other than S; either do not change under the assumed
field transformation, or do so at most by a boundary term, so our attention
turns to S; = [d*z L.

We now derive a useful formula. Writing out ef¢A as a series ef¢ A =
o %i’ éA for some tensor density A will put us in a position to derive a
useful ‘product’ rule for the exponential of Lie differentiation. One could
write a similar series for another tensor density B. Multiplying the series
and using the Cauchy product formula [212]

o0 o0 o0 n
Z a;? Z bjzj = Z Z agbp_r 2" (48)
i=0 j=0

n=0 k=0
and the n-fold iterated Leibniz rule [212]

MmN~ ™ k) (k)
[£4] —gk!(n_k)!f gt (49)

one recognizes the result as the series expansion of e£¢(AB), so one has the

result
(efcA)(ef¢B) = e¢(AB) (50)
In view of the matrix relationships among the various metric quanti-

ties, one has by definition that (g"” + g"*)(g,w + dgw) = 5 and various
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other relations. In that way, one can derive the form of dg,,, dg, dgpw,
and the like. Let us show this fact explicitly for g, using g + §g?° =
ef¢g??. One knows from mathematics that a determinant is given by |g??| =
e(a,uup)dg5ididggaﬁg“xg”’/’gp¢, where e(auvp) is the totally antisymmetric
symbol with €(0123) = 1. Because this form for the determinant holds in
any coordinate system, e(auup)dgé)lcdidg is a scalar (and also a constant),

so efe (e(auup)dgdi@ég) = e(auyp)égéidi@. We therefore have

le£6 7| = e(apvp)d36L5353 (eLe g™ ) (eXeg"™ ) (efe g™ ) (P o)

=efe|g??.  (51)
Using g?? = ¢g?P/—g, one finds that |g??| = |g,,|, sO
g+ 6g = eteg. (52)

The relation —g — g = (/—g + 6/—g)? defines d,/—g, so one quickly also
finds that

V=g + 6v/—g = efe\ /=g, (53)
with which one readily finds the result for g°” and so on. Again the trans-
formed field is just the exponentiated Lie derivative of the original.

Grishchuk, Petrov, and Popova have exhibited a straightforward rela-
tionship between finite gauge transformations (with the exponentiated Lie
differentiation) and the tensor transformation law [100,101]. Evidently the
former is fundamental, the latter derived. One can define a vector field £

using the fact that under a gauge transformation, g”*¥ changes in accord

83



with the tensor transformation law, while the flat metric stays fixed. Let us

follow them and define £ in terms of the finite coordinate transformation

¢’ = et 5ar 1, (54)

Then the tensor transformation law, which is fairly easy to use, gives the
finite gauge transformation formula, which is difficult to use. One can there-
fore hope to avoid using the latter at all, and work only with the tensor
transformation law, which will tend to be simpler and will relate to known
results in the geometrical theory.

In case the form for a finite gauge transformation for a tetrad field has not
appeared previously, we provide one here. If one imposes no requirements on
the tetrad other than that it be orthonormal, then the formula is nonunique
in the local Lorentz transformation matrix.! It is not difficult to verify that
the following form preserves both the completeness relation to the inverse
K AB e’

metric g"¥ = e)yn and the orthonormality relation g,“,eie% = NaAB:

ey + dely = efe (eF)ieg. (55)

The Lie differentiation in the first factor acts on everything to its right.
F is a matrix field which, when an index is moved using n4p or 745, is

antisymmetric: F{ = —ny4 EanBC. This relation, it should be noted, is not

15Two possible ways of adding extra conditions might be: (1) require that the tetrad
consist of generalized eigenvectors, or (2) require that the gauge transformation formula
follow from an infinite succession of alternate small local Lorentz and gauge transforma-

tions.
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tied to the presence of a flat background metric tensor or the interpretation
of e/ as generalized eigenvectors.

Let us now verify the completeness relation g = efflnABeg, by show-
ing that this relation with the gauge-transformed tetrad yields the gauge-
transformed curved metric. The equations £,748 = 0 and the (ef¢ A)(ef¢B) =

ef¢(AB) will be used in simplification. One has by definition of a variation

A induced by this tetrad transformation,

g" + Ag" = (el + sl B (e + de)

= [ee(eF)Gel i Pets (") Bet

= e*¢[(e") Gem™ P (") Bel): (56)

Acting with e~ %¢ gives
e~ Le(g" + Agh) = (") Geln™ P (e") Bep- (57)
We shall use the near-antisymmetry of F': Fg = —Ng JFé']’]BC. One then

has

e e (g" + Agh) = e (e")n" P (e")Beky

= e (eMInAB(IE + FE + FEFL + .. )ey, (58)

where the one factor is expanded as a series. Continuing by moving the

Lorentz metric into strategic locations gives

et (eGP +n*BFEnep + n* BFLnsxn™ Ffngp +...)e""

= e (eSS — Ff + FEFE — .. ), (59)
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where the near-antisymmetry of F' has been employed. Reverting to the

exponential form gives

: (60)

leading to the expected conclusion g’ + Agh’ = g 4 g = efeghv.
Thus, completeness holds, and the tetrad-induced variation A of the inverse
curved metric agrees with the gauge transformation variation 6. By simi-
lar maneuvers, one establishes the orthonormality relation for this tetrad

variation:
(€% guv)(ey + 3¢ty) (el + de) = P, (61)
Finally, the inverse tetrad transforms as
i+ 8f = et (e sy, (62)

which looks much like the tetrad form, save for the sign of F'.

In these relations, we have retained the full local Lorentz freedom. But
in the eigenvierbein formalism in the SRA, the vectors, in addition to being
g-orthonormal, will be n-orthogonal: 7,,el4e’% = 0if A # B. This set of six
orthogonality equations will typically render the tetrad unique, and thus
determine the local Lorentz transformation matrix F' for a gauge transfor-
mation £# (although solving for F' does not look easy). However, in view of
the difficulties that arise when there is degeneracy among the spatial eigen-

values, it might be preferable to retain manifest rotational invariance for the

86



spatial vectors. Stable n-causality ensures that the timelike eigenvector is
always unique, so one is free to require that the timelike leg of the tetrad
be just the suitably normalized (and future-pointing) timelike eigenvector of
the curved metric with respect to the flat metric. It might be interesting to
impose this eigenvector on the timelike leg of the tetrad identically. In that
case, the gravitational variables could be taken as the three spatial legs of
the cotetrad and the conformal factor 1/—g, 13 numbers at each event. One
anticipates that the Dirac formalism would then yield 7 primary constraints
for the canonical momenta, along with the usual 4 secondary constraints.
One further expects that all 11 the constraints would be first-class, leaving

the expected 2 degrees of freedom at each point in space.

3.10 Gauge Transformations Not a Group

If one is not interested in taking 7-causality seriously, then any suitably
smooth vector field, perhaps subject to some boundary conditions, will gen-
erate a gauge transformation. However, in the SRA, respecting n-causality—
indeed, preferably stable 7-causality—is essential. This fact entails that only
a subset of all vector fields generates gauge transformations in the SRA. Let
us be more precise in defining gauge transformations in the SRA, requiring
stable n-causality. A gauge transformation in the SRA is a mathematical
transformation generated by a vector field in the form described above, but
which also has both the untransformed and transformed curved metrics re-

spect stable n-causality. It is evident that a vector field that generates a
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gauge transformation given one curved metric and a flat metric, might not
generate a gauge transformation given another curved metric (and the same
flat metric), because in the second case, the transformation might move the
curved metric out of the stable 7-causality-respecting configuration space,
which is only a subset of the naive configuration space. It follows that one
cannot identify gauge transformations with generating vector fields alone;
rather, one must also specify the field configuration (curved metric) assumed
prior to the transformation. For thoroughness, one can also use the flat met-
ric (which is not transformed) as a label, to ensure that the trivial coordinate
freedom is not confused with the physically significant gauge freedom. Let

us therefore provisionally write a gauge transformation as an ordered triple

(gu(x)anpu(x)aguu(x»a (63)

where both g,,(x) and efé¢g,, (z) satisfy stable causality with respect to
v (). The former restriction limits the configuration space for the curved
metric, whereas the latter restricts the vector field. (At this point we drop
the indices and the spacetime position argument for brevity.)

One wants to compose two gauge transformations to get a third gauge
transformation. At this point, the fact that a gauge transformation is not
labelled merely by the vector field, but also by the curved metric (and the
flat), has important consequences. Clearly the two gauge transformations
to be composed must have the second one start with the curved metric with
which the first one stops. We also want the flat metrics to be compatible.

Thus, the ‘group’ multiplication operation is defined only in certain cases,
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meaning the gauge transformations in the SRA do not form a group, despite
the inheritance of the mathematical form of exponentiating the Lie differ-
entiation operator from the field formulation’s gauge transformation group.
Two gauge transformations (¢,n2,¢92) and (£,71,91) can be composed to
give a new gauge transformation (1, 72,92) o (£,7m1,91) only if go = efég;
and 72 = 1. Because the multiplication operation is not always defined
between two gauge transformations, the closure property of groups fails to
hold.

The failure of closure implies modifications of associativity. Associativity
does not hold in the usual way, because composition is not always meaning-
ful. However, whenever the composition of SRA gauge transformations is
meaningful, associativity holds, due to inheritance from the field formulation
gauge group.

The failure of closure also modifies the existence of the identity, at least
given the definition of a gauge transformation as an ordered triple. Whereas
a group has a single element that acts as the identity on all elements and from
either side, gauge SRA transformations do not have any single element that
can be multiplied with all other elements, so in particular there is no identity
element. There are, rather, many “little identity elements”, which all have
vanishing vector field, but which differ in their curved (or flat) metric labels.
However, this complication can be removed if one alters the definition of a
gauge transformation in the following way: let a gauge transformation be

an ordered triple of the sort described above if and only if its vector field is
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nonvanishing, but let there also be a trivial transformation that maps any
gauge transformation to itself, never mind any curved or flat metric labels.
We therefore identify all transformations (0,74, gg) and write them as (0).

The inverse property is essentially untouched by the failure of closure.
The left inverse of (£,71,91) is (—€,m1,etég1), yielding (—¢€,n1,efég) o
(&,m1,91) = (0,71,91), an identity transformation. The right inverse is also
(—&,m,efeg1), yielding (€,m1,91) o (=€, m,e%¢g1) = (0,m,e¥¢g1), which is
also an identity transformation, or rather, the identity transformation (0),
given our modified definition of the identity. Thus, every SRA gauge trans-
formation has a two-sided inverse.

In summary, of the group properties of closure, associativity, the exis-
tence of an identity element for all elements, and the existence of a two-sided
inverse for each element [206], SRA gauge transformations, with the carefully
chosen identity transformation, have an identity element for all elements, a
two-sided inverse for each element, and associativity in those cases where
multiplication is defined, but not closure, because multiplication is not de-
fined for every ordered pair of elements. It turns out that securing the gauge
invariance of physical results can imply boundary conditions on the vector

field &

3.11 Canonical Quantization in the SRA

The relevance of the special relativistic approach to Einstein’s equations to

canonical quantum gravity deserves some consideration. The primary pa-

90



trons of the flat metric in the context of Einstein’s equations have been the
particle physicists in the context of the old covariant perturbation program
of quantization. However, this program famously proved to be nonrenormal-
izable, even (probably) with the addition of carefully chosen matter fields
in the later supergravity era [216]. Therefore, the covariant perturbation
program has largely been abandoned.'®

With the patrons of the flat metric having largely diverted their attention
to strings, membranes, and the like, one might form the belief that the use
of a flat background metric has nothing further to contribute to quantum
gravity, and in particular, to canonical quantum gravity. Isham writes of
the null cone issue in the covariant perturbation program: “This very non-
trivial problem is one of the reasons why the canonical approach to quantum
gravity has been so popular.” [216] (p. 12) And again, “One of the main
aspirations of the canonical approach to quantum gravity has always been to
build a formalism with no background spatial, or spacetime, metric.” [216]
(p. 18) The use of a flat background in canonical gravity indeed seems to
be rather rare, apart from some work in the field formulation by Grishchuk
and Petrov [101], which does not consider the flat metric’s null cone. (We

do not see any reason that the formal use of a flat background in the field

186 An exception is some recent work by G. Scharf and collaborators such as I. Schorn, N.
Grillo, and M. Wellmann (for example, [114,117]). Their use of “causal” methods helps to
achieve finite results. Another possibility, suggested some time ago by Weinberg, is that
4-dimensionally nonperturbatively renormalizable. Recently O. Lauscher and M. Reuter

have argued that this situation likely is realized [211].
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formulation requires one to give up the spatial metric components as the
canonical coordinates, as they do.)

However, it would be a mistake to conclude that the canonical formalism
is immune to similar worries, worries which a flat background’s null cone

structure could address. Isham continues:

However, a causal problem arises here [in the canonical approach]
too. For example, in the Wheeler-DeWitt approach, the config-
uration variable of the system is the Riemannian metric gg(z)
on a three-manifold X, and the canonical commutation relations

invariably include the set

[Qab(x): ‘jcd(xl)] =0 (64)

for all points z and z’ in ¥. In normal canonical quantum field
theory such a relation arises because X is a space-like subset of
spacetime, and hence the fields at £ and z/ should be simultane-
ously measurable. But how can such a relation be justified in a
theory that has no fixed causal structure? The problem is rarely
mentioned but it means that, in this respect, the canonical ap-
proach to quantum gravity is no better than the covariant one.

It is another aspect of the ‘problem of time’ .... [216] (p. 12)
Evidently introducing a flat metric can help:

The background metric 7 provides a fixed causal structure with

the usual family of Lorentzian inertial frames. Thus, at this level,
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there is no problem of time. The causal structure also allows a
notion of microcausality, thereby permitting a conventional type
of relativistic quantum field theory .. .It is clear that many of the
prima facie issues discussed earlier are resolved in an approach
of this type by virtue of its heavy use of background structure.

[216] (p. 17)
What then is the difficulty?

However, many classical relativists object violently ..., not least
because the background causal structure cannot generally be
identified with the physical one. Also, one is restricted to a
specific background topology, and so a scheme of this type is
not well adapted for addressing many of the most interesting
questions in quantum gravity: black hole phenomena, quantum

cosmology, phase changes etc. [216] (p. 17)

However, above we have presented a formalism which, if adopted, plausibly
does ensure that the physical causal structure is consistent with the back-
ground one by construction. Thus, this first objection is largely answered.
The second objection is strong only if one already knows that gravitation is
geometrical at the classical level. But there is no necessity in taking such a
view. We conclude that it would be interesting to investigate the canonical
quantization of Einstein’s equations within the special relativistic approach,
because serious conceptual problems with standard approaches would evi-

dently be resolved, whereas no serious problems would be generated, at least
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at the conceptual level.

On the other hand, the special relativistic approach might perhaps com-
plicate certain technical issues in canonical quantum gravity. First, as we
saw above, the use of the 7-causality variables suggests that the primary
constraints of the theory would be non-trivialized. Second, the fact that
some vector fields do not generate gauge transformations in the SRA sug-
gests that the custom of splitting spatial and temporal diffeomorphisms and
treating them independently might be threatened. In the field formulation,
with merely formal use of the flat metric, one could at least make sense
of spatial gauge transformations as those generated by solutions £ of the
equation z/® = e 357 2@ given the restriction that 2’® = 2. But it is not
clear that such a separation is even possible if the flat metric’s null cone
structure is to be respected, as in the SRA. The reason is that whether a
vector field generates a gauge transformation in the SRA depends on both
the temporal and spatial parts of the vector field, because both influence

the curved null cone.

4 Global Hyperbolicity, Black Hole Information
Loss, and a Well Posed Initial Value Formula-
tion

With the requirement of 7-causality imposed—perhaps stable 5-causality us-

ing the causality variables-it follows that any “SRA spacetime” (R*, Nuws Guv )
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is globally hyperbolic in the sense of Wald [135]. How so? It follows from
7-causality that the future domain of dependence of an 7-spacelike slice is
in fact the whole of R*. But global hyperbolicity just is the possession of a
Cauchy surface [135], so any 7-causal SRA spacetime (R*,7,,, g, is glob-
ally hyperbolic. But global hyperbolicity resolves the Hawking black hole
information loss paradox [180]. That is because “the spacetime can be fo-
liated by a family of Cauchy surfaces in such a way that there is no time
at which the Lemma [proved therein] forces the state of the universe to be
mixed” [180] (p. 204). Thus, there is no evolution from a pure state to a
mixed state, and so no information is lost. If global hyperbolicity solves the
problem, then so does the SRA.

If the nature of black holes is altered in the SRA is altered, one might
wonder what becomes of the work on black hole entropy. As J. Oppen-
heim has shown recently [181], the proportionality of black hole entropy to
area does not depend on the existence of an event horizon, but merely oc-
curs in the limit as a gravitating system approaches its gravitational radius.
Inclusion of the gravitational field in thermodynamics yields a correction
term that violates entropy extensivity; in the limit as the radius approaches
the Schwarzschild radius, the entropy is proportional to area rather than
volume.

One could further ask whether the SRA has a well posed initial value
formulation. The use of harmonic coordinates has been a common technique

for answering this question in the geometrical formulation [135], in which the
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choice of harmonic coordinates constitutes a gauge-fixing. Given that the
SRA has restricted gauge freedom, and that the tensorial DeDonder gauge
condition (which makes the coordinate g-harmonic when 7-Cartesian) has
causal difficulties for plane wave solutions, one might fear that the proofs of
a well posed initial value formulation fail for the SRA. However, such a fear
is groundless, as we see if we resist the temptation to use 7-Cartesian coor-
dinates, for which we have no need. The SRA has both coordinate freedom
and gauge freedom. The choice of g-harmonic coordinates, if nothing is said
about the functional form of the flat metric, is merely a coordinate choice,
leaving the gauge unfixed. The eigenvalues, which express the relation be-
tween the two null cones, are coordinate scalars, and so are indifferent to the
choice of g-harmonic coordinates (and possibly messy form for the flat met-
ric). The gauge freedom has not been used at all, and thus is fully available
for deforming the curved metric until it becomes consistent with the flat
one by reducing the lapse. Therefore the traditional harmonic coordinate
approach to demonstrating a well posed initial value problem experiences
no obstacles from the SRA. The SRA indeed has a well posed initial value
formulation, and one need not even appeal to recent work that permits

coordinate freedom [215] to show so.

5 Conclusion

We have aimed to take special relativity seriously while viewing gravity

as described by Einstein’s field equations. In reviewing the history of the
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Lorentz-covariant approach, we found that the fundamental issue of causal-
ity has frequently been ignored, and never (so far as we can find) been
handled correctly. Next we found an adequate kinematical description of
the relation between the null cones, and found that all metrics obeying sta-
ble n-causality, and almost all metrics obeying n-causality, possess in effect
an orthonormal tetrad of eigenvectors. Using a bit of the gauge freedom
of the theory, plausibly one can deforming any physically relevant solution
into one in which the proper null cone relation obtains. Having done so, one
can adopt a new set of variables which ensure that the proper relation holds
automatically. As a result of using the flat metric, the problem of defining
causality in quantum gravity is solved. Furthermore, every SRA solution
is globally hyperbolic, so the Hawking black hole information loss paradox

seems not to arise.
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