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Introduction 1

Introduction

Recently, filter bank multicarrier (FBMC) systems
have received considerable attention for wired and
wireless high-data-rate transmissions in frequency
selective  channels. Conventional multicarrier
systems, know as orthogonal frequency division
multiplexing (OFDM) systems, provide robustness
to multipath channels, thanks to the introduction of a
cyclic prefix (CP) that efficiently combats the
intersymbol  interference (ISI) in  dispersive
channels. However, the insertion of CP is pure
redundancy, that decreases the spectral efficiency.
Moreover, in OFDM systems the adopted pulse-
shaping filter is a rectangular function, which
exhibits poor frequency-decay. On the contrary,
FBMC systems employ band limited pulse-shaping
filters that overlap in time. This involves several
advantages such as reduced sensitivity to
narrowband interference, high flexibility to allocate
group of subchannels to different users and a high
spectral containment. The computational complexity
of FBMC systems is higher than that of CP-OFDM
systems. However, since the subchannel filters are
obtained by complex modulation of a single filter,
efficient polyphase implementations are possible [1].
FMBC systems referred to as Filtered Multitone
(FMT) systems have been proposed for high-speed
digital subscriber line (VDSL) standards [2] and are
under investigation also for broadband wireless
applications [3], [4]. FBMC systems based on offset
quadrature amplitude modulation (OQAM), known
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as OFDM/OQAM systems, have been considered by
the 3GPP standardization forum for improved
downlink UTRAN interfaces [5].

As all the multicarrier modulation schemes, one of
the major disadvantages of FBMC systems is their
sensitivity to carrier frequency and symbol timing
errors. Specifically, as investigated in [6] and in [7],
phase noise and misalignments in time and
frequency can considerably degrade the performance
of FMT and OFDM/OQAM systems, giving rise to
interference between successive symbols and
adjacent subcarriers. Therefore, reliable and accurate
symbol timing and carrier-frequency offset (CFO)
synchronization schemes must be implemented for
these systems. Several studies have been focused on
parameter estimation for FBMC systems based on
data-aided or blind techniques. In the first case it is
in demand the transmission of known sequences or
the use of a training symbol with a known structure
while blind estimation algorithms use exclusively
the statistic properties of the transmitted signal. For
example, in [8] and [9], blind CFO and symbol
timing estimators based on the maximum likelihood
(ML) principle and obtained under the hypothesis of
low signal-to-noise ratio (SNR), have been
considered. Moreover in [10], it has been derived a
blind joint symbol timing and frequency offset
synchronization scheme for FMT systems. In [11], a
blind joint CFO and symbol timing estimator based
on the unconjugate cyclostationarity property of the
OFDM signal with pulse shaping filters has been
also proposed. In [12], it is claimed that accurate
CFO estimation algorithms robust to dispersive
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channels can be obtained by using the conjugate
cyclostationarity property of the received signal.
However, the derived estimator assures a
satisfactory performance only when a large number
of OFDM/OQAM symbols is considered. The
conjugate correlation function of the received signal
has been also used in [13] to derive a CFO estimator
for multipath channels exploiting the insertion of
weighted subcarriers. Moreover, in [14] the authors
derived data-aided joint symbol timing and
frequency offset synchronization schemes in the
time-domain for FMT systems, while in [15] the
problem of data-aided synchronization and channel
estimation in the frequency domain for
OFDM/OQAM systems has been considered.

In this thesis the problem of CFO and symbol timing
synchronization is examined and new data-aided and
blind estimation techniques are proposed (see [16],
[17], [18], [19], [20], [21]). Specifically, it is
presented a new joint symbol timing and CFO
synchronization algorithm based on the least squares
(LS) approach, which exploits the known structure
of a training sequence made up of identical parts.
This method, as illustrated by numerical simulations,
can assure in a multipath channel sufficiently
accurate symbol timing and CFO estimates [16].
Moreover, the joint ML phase offset, CFO and
symbol timing estimator for a multiple access (MA)
OFDM/OQAM system is considered. The derived
estimator exploits a short known preamble
embedded in the burst of each of U users. Under the
assumption that the CFO of each user is sufficiently
small, the considered approach leads to U different
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approximate ML (AML) joint phase offset, CFO and
symbol timing estimators. In particular, the phase
and CFO estimators are in closed form, while the
AML symbol timing estimator requires a one-
dimensional maximization procedure [17].

As regards blind synchronization techniques, it is
proposed a closed-form CFO estimator based on the
best linear unbiased (BLU) estimation principle for
FMT systems [18]. Although the BLU estimator is
derived under the hypothesis of additive white
Gaussian noise (AWGN) channel, it demonstrates a
remarkable robustness against multipath fading.
Moreover, it does not require the knowledge of the
symbol timing. Numerical results show that the BLU
estimator outperforms the ones proposed in [10],
[11] and [22] and can outperform the ML algorithm
for weak signal proposed in [8] in the presence of
large values of the timing offset. Blind CFO
estimators based on the ML principle and obtained
under the hypothesis of low SNR are also
considered. Specifically, the proposed CFO
estimators can exploit both the conjugate and the
unconjugate  properties of  the  received
OFDM/OQAM signal. Moreover, due to the
significant computational complexity of the derived
ML estimators, a closed-form CFO synchronization
algorithm based on the LS method is considered
[19]. 1t is also derived, under the assumption of low
SNR, the joint ML symbol timing and phase offset
estimator for AWGN channel. Since the phase
estimate is in closed form, by substituting its
expression in the likelihood function, a blind symbol
timing estimator that requires only a one-
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dimensional maximization procedure is obtained.
The ML symbol timing estimator exploits both the
conjugate and the unconjugate cyclostationarity
properties of the OFM/OQAM signal that are related
to the bandwidth of the adopted pulse-shaping filter
[20].

The thesis is organized as follows. In Chapter I, an
introduction to FBMC systems is provided. The
transmitter and receiver for both FMT and
OFDMOQAM systems are presented and it is put in
evidence the central role of prototype filters very
well localized in time and frequency. In Chapter II,
the sensitivity of FBMC systems to the presence of
synchronization errors is analyzed. Chapter III deals
with data-aided synchronization techniques for
FBMC systems both in downlink and up-link
scenarios. The joint LS CFO and symbol timing
estimator for FMT and OFDM/OQAM systems is
derived. The joint CFO and symbol timing estimator
in multi-user OFDM/OQAM systems is also
proposed. In Chapter 1V, it is looked at blind
synchronization algorithms for FBMC systems.
Blind CFO estimator for noncritically sampled FMT
systems is proposed. Moreover, non data-aided CFO
estimators for low SNR conditions for OFDM/QAM
systems are presented. The ML symbol timing
estimator for low SNR  conditions for
OFDM/OQAM systems is also derived. Finally,
conclusions are drawn in  Chapter V.
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Chapter 1

FBMC Systems

In this chapter, two kinds of FBMC systems, FMT
and OFDM/OQAM, are presented. In the first part
FMT system is introduced and the description of its
transmitter and receiver is considered. In the second
part, OFDM/OQAM system 1is analyzed, by
describing the structure of both transmitter and
receiver. Finally, it is put in evidence the important
role of the prototype filter.

1.1 FMT Systems

FMT is a filter-bank modulation technique where the
N-branch filters are frequency-shifted versions of a
baseband filter, referred to as prototype filter, that
achieves a high level of spectral containment, such
as the ICI is negligible compared to other noise
signals [2].

The FMT time-continuous transmitted signal is

given by
N-1 +oo

x(£)=D.> A (KT)h(t-kT )e*"" (1.1)
i=0 k=—o0

where, /(¢) indicates the prototype filter, N 1is the
number of subcarriers, 4 (k) denotes the data

symbol transmitted on the /th subcarrier of the kth
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FMT symbol and 7 =KN represents the symbol
period, being K the oversampling factor.
Two different implementations of FMT systems are
possible:

« critical sampling filter bank, when K = N ;

« noncritical sampling filter bank,

whenK > N.

Commonly, filter characteristics are chosen to
satisfy the perfect reconstruction constraint in order
to ensure that transmission is free of ISI within a
subchannel as well as free of ICI. The perfect
reconstruction conditions are expressed in the time-
domain as [1]

D h(k)h(k—INy=5(i—i")5(1)

k

0<i,i'<N-1, [=...,-1,0,1,...
where &, (k) =h(k)e’”™". 1t is generally not
practical to include the characteristics of the
nonideal transmission channel in the perfect
reconstruction conditions. Therefore, at the receiver
the orthogonality between subchannels is destroyed
with the consequence of unacceptable performance
degradation. The FMT modulation technique
follows another approach, whereby spectral overlap
between the subchannels is avoided by resorting to
noncritically sampled filter-bank systems and
employing per-branch filter characteristics that
achieve tight subchannel spectral containment. Since
the transmission medium does not destroy the
orthogonality realized in the described mode, the
insertion of cyclic extension is not necessary.

(1.2)
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The length of the prototype filter, under the
hypothesis of critical sampling, is an integer
multiple of the number of subcarriers. This
parameter is called overlap parameter and it is
indicated by y. Typical values of y are between 8

and 20.

In Figure 1 and Figure 2, spectral characteristics of
the first five subcarriers of FMT system with
N =128 are reported. Note that the spectral energy
outside of a subchannel is suppressed by more than
70 dB, and this suppression increases as the length
of the prototype filter becomes higher.

== - - a---
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|
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1

[H()| dB

-7

o

——

1

=
1

J (RS )
ML\MMMMMM Mﬂ/«. M,

|

I

I

.
0 0005 001 0015 002 002 003 003 004
flK

Figure 1: Spectral characteristics of the FMT signal for
y=8.
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Figure 2: Spectral characteristics of the FMT signal for
y=16.

1.2 FMT Transmitter Model

In this section it is analyzed the realization of the
FMT transmitter in the case of both critical sampled
and noncritical sampled system. It is first presented
the direct implementation and then due to its
computational complexity it is derived the efficient
implementation.

1.2.1 Critical Sampled FMT System

The direct implementation of a critical sampled
FMT system is illustrated in Figure 3 [22].
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ALk

" +N —»=  H%(n)
Alflk

“ AN > n(n)

AN (k) + N L» h{N—f}(n )
Expanders Transmitting
Filters
1T N/T NT

Figure 3: Direct implementation of FMT transmitter

After upsampling by a factor of N, each modulation
symbol A (k) is filtered at arate N/T, where T is

the FMT symbol period, by the subchannel filter

H(i) =H(0)(f_i) P

T ) brrr

o W (n)=h® (n)e ", (1.3)

DTFT

i=0,..N-1,n=0,..,Ny-1
centered at the frequency f, =i/7 . The transmitted

signal (1.1) is obtained at the transmission rate
N /T by adding together the N filter output signals
that have been appropriately frequency shifted. Due
to the impossibility of a physical implementation of
a sharp filter, a spectral overlapping is present, as
shown in Figure 4.
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Figure 4: Subdivision in contiguous bands with overlapping

An efficient implementation of the system reported
in

Figure 3 can be obtained by exploiting the polyphase
representation of the filter responses [1].

Let us introduce the Z-transform of the prototype
filter

H(z)= i h(n)z™" (1.4)

n=—0

For any integer N, H(z) can be decomposed in

H(z)= i h(nM)z_"M

=—00

=z i h(nM+1)zf"M +... (1.5)

n=—00

z~ M i h(nM +M —l)z_"M

n=-—0

Therefore, the kth phase of h(n) is defined as
h(k)(m):h(mN+k) (1.6)

By sampling the transmitted signal (1.1) at a rate

(,=L=L=— , we get
f. 2w N
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N-1 +oo nL 17
Z (kTYh[n—kN]e"™"¥. 47

By considering a change of variables
n=IN+m, 0<m< N -1, it is possible to introduce
the polyphase components of the prototype filter
x“N+m]

+o0 N-l i 1.8
= h[ (I-k)N+m | > 4 (kT)e N (1.8)
k=—0 i=0
or a in more synthetic form
Xl
(1.9)

_ i o[-k {E A (k jzmm}
f=—00 i=0

LN j2ril
The quantity ) A4 (kT)e ¥ represents the IDFT
i=0

of the symbol sequence A(i)(kT), for i=0,...,.N-1

and evaluated for m =0,..., N —1. Hence, we obtain

xll1= f holl =] a, (KT) (1.10)

The mth output of the IFFT is filtered by the mth
polyphase component of #4(n) and this filtering
operation is performed at rate 1/7 and not N/T.
From (1.10), we can derive the efficient
implementation of a critical sampled FMT system,
shown in Figure 5.
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Figure 5: Efficient implementation of a critical sampled
FMT transmitter

1.2.2 Noncritical Sampled FMT System

For a noncritical sampled filter bank, the bandwidth
for each subcarrier is equal to K/ NT, that is larger
of that used in the case of critical sampling, since
K > N . The number of subcarriers is N , therefore
the subdivision of the transmit signal into contiguous
bands is obtained without overlapping, as shown in
Figure 6
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Transmit signal

spectrum I £ [
I v i
| — 1 —n |
I r o

1 ol ‘

1 ol ‘

\/ ! \\: / - Frequency

1 f \ g

K I i £

1IN w 7 T

Figure 6: Subdivision in contiguous bands without
overlapping

In the case of noncritical sampled filter banks,
modulation with an excess bandwidth of
l+a K

_— e =
2T  2NT

is feasible and ensures total spectral containment
within a subcarrier. As K tends to N, the loss in

o= %—1 within each subcarrier

bandwidth efficiency becomes vanishingly small at
the price of an increase in implementation
complexity because filters with increasingly sharper
spectral roll-off must the be realized.

Figure 7 shows the direct implementation of a non
critical sampled FMT system with N subcarriers.

A kTIK

Ag(nT) %
—= K H(f)
AR ETK
Ay(nT)
— T K H() x X(k{‘)
Y1
. K
- o2, KTIK
Al tK b H ——%}—
T I

K

Figure 7: Direct implementation of a non critical sampled
FMT transmitter
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The  complex-valued  modulation  symbols
A, (nT), m=0,..,N—1 are provided at the symbol
rate of % After upsampling by a factor K, each

symbol stream is filtered by a proper shifted
frequency version of the same prototype filter. The

transmitted signal x(k%j is obtained at the

transmission rate of K /7T by adding the N filter-
output signals. By exploiting the polyphase
decomposition, it is possible to derive an efficient
implementation for the scheme in Figure 7. At time

kl, the signal x kl input to the channel is
K K

given by
x(kzj = g i A (nT)h{(k—nK)z}
K m=0 n=—o0 " K

o A h TR
= i fAm(nT) h{k%—nT}

n=—o m=0

WA

(1.11)

By considering the change of variables

kzz(lNﬂ')z, i=0,.,N-1,we get
K K

x(lNiﬂ'z]
K K

+00

= z ai(nT)h[lN%Jri%—nT}

n=—0

(1.12)



Chapter 1 16

where

éN lAm 127”" A]T)(ﬁ() i=0 N 1
m=0

are the IDFT of 4, (nT). Moreover, by adopting the

general expression for signal interpolation where
three indices are introduced

“filter index” ¢ = VN A J -
K
“basepoint index” 77, = VNHJ
’ K
“fractional index” v, = IN+i =/
we obtain
X ZN£+i£
K K
:q;Oai I:(Ul,i—q)T}hI:(Vl’f+q)T:' (1_13)
= ai[(m,i_Q)T} Bt (qT),
g=—0
=0,..,N-1
where 0<v,, <1 and v, K =(IN +i) . Therefore,

o . T .
the transmit signal at time kE is computed by

convolving the signal samples stored in the
(kmod K) th polyphase component with respect to

K of the prototype filter. The integer number v, K

provides the address of the polyphase component
that needs to be applied at the (X mod N) th output of

the IDFT to generate the transmitted signal
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x(k%j. Hence, each element of the IDFT output

frame is filtered by a periodically time-varying filter
with period equal to [lcm(N ,K )]T /K, where
[lcm(N K )] stands for least common multiple of
N and K [2].

Filter coefficients

HOaT)}
R nT): i-th polyphase component
of prototype filter at t=mK+i}T/K
(AU RT )
LR T )}
Inverse Discrete _
Fourier {H(nT)}
Transform
AofnT}
— = L 1
0
A4{(nT) )
" g xE)
IDFT 3
A L (nD)
— S
1 M1
T

Figure 8: Efficient implementation of a noncritical
sampled FMT transmitter

1.3 FMT Receiver Model

In the presence of AWGN w(¢), the time-continuous

received signal is given by
y(t) = x(t)+w(t) (1.14)
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In the receiver filter bank architecture (shown in

Figure 9) the receiving filters { g(i)(n)} are designed

to be matched to the corresponding ones in the

transmitter ie., G(,-) (f) :( H(f) (f) ) ’
i=0,..,N-1.
Bk
g%n) B YN > "
Bk
gn) e §N v
Bf""”ﬁ(}
g™(n) = YN >
R??f;‘;isng Decimators
MN/T MN/T 1UT

Figure 9: Direct implementation of a FMT receiver (critical
sampling)

By using the fact that the inverse Fourier Transform
of ( H(i)(f))* is hy (—n), we get

g(i)'(n):(h(i)(_n)) ’ (1.15)
i=0,...,N-1, n=-Ny+1,...,.-1,0

However, this filter is not causal. Since g'(n) is
defined for n=—-Ny+1,...,—1,0, we need to apply a
minimum delay of Ny —1 samples to make it causal.
Specifically, we delay it of Ny samples and we call
this response g, (n). This delay is what will allow

us to define the efficient implementation. We should
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note that since we are using multirate blocks, this
difference of one sample makes a change to the
overall response of the filter. In the efficient
implementation, it will also allow us to take blocks
of N samples in a different way, otherwise, there
will be an offset in the way we take the blocks of
samples in the transmitter and in the receiver.
Applying the delay to the receiver filters in (1.15)
we obtain

gy (1) =g (n=N7) (1.16)
1.3.1 Critical Sampled FMT System

The time-continuous received signal is given by
N-1 +wx

y(1)=>>" A (KT)h(t-kT)

parett (1.17)
xe! 2! —l—w(t)

. T L
By sampling at a rate 7, :ﬁ and taking into

i
account that f; = T we get

N-1 +oo

V=3 3 A (T) M0k N ]
P (1.18)

j27zni

xe N +wn]
From (1.15) and (1.16), we can derive the expression
of the filter on the receiver side



Chapter 1 20

2o [n]= (o [=(=N7)])°

—n Ny)i
_h|: n N}/ :| e] 7 (1.19)

‘Z—m'
:h[Ny—n]e‘lN ,
=0,..,N-1 n=1..,Ny
Since h(n) is symmetric, then the receiver filter at

the ith subcarrier is

gy [n)=n-1]1"V, n=1...Ny (1.20)

By applying (1.19), at the output of the ith
subcarrier in Figure 9, we obtain

B(i) (kT) - iy[kN—”]gm(n)
" (1.21)

jzﬂ_nl

Ny
:Zy[kN—n]h[n—l] N
To introduce the polyphase components of
h(n) defined in (1.6), we decompose n as
n=IN+t,[=0,1,..,y—1and t=1,2,..., N to yield

N y-1

B, (kT)= y[kN —IN 1]
=1 /=0

t (IN+t)i

j2r
xh[lN+t—1]e (1.22)

-1

i y[(k=I)N—t | h[ IN+1-1]

t

<

(=]

z|= T

j271'
xe

If we make a change of variable m=t—-1, the
equation (1.22) becomes
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N-1 y-1
V(KT) =2 3 [ (k=1)N=(m+1) |
i (1.23)
; ﬂ_(mH)i
xh[ IN+m ] e v
By applying
e ] 124
we get
N-1 y-1
(kT)= y[(k=1)N-m-1
et L (1.25)
N—m—l)l

-
<hy, (e
From (1.25), we are able to derive the efficient
implementation shown in Figure 10 where we apply
the DFT operation (efficiently implemented with the
FFT) to the N outputs of the N polyphase filters.
win) S/P

+ yin) l{k-1)N) B[U}(k)
@ CI/ *N "4" Ny (k) ‘_’ =
z1 yi(k-1)M+1) Bm(k)
‘ ‘N }»—-—‘ Mz, (6) ’—» — -
z! .
N Point
DFT

ZL IV{(k-1)N+M-1) B(N'W)(k)
L. ‘ N ‘74-‘ hg (k) }—» o

N/T 1T 1T 1T

Figure 10: Efficient implementation of a critical sampled
FMT receiver

We can make some comments about (1.25) to see
how the efficient implementation is derived.
Since the receiving filters are defined as in
(1.20), and due to the downsampler in Figure
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10, the first output in the receiver filter bank
will be at k=1 (N samples at rate N/T)
andnotat £k =0.

If we analyze (1.25), we will see that for

k =1, we need the inputs [y(O),...,y(N—l)] .

This is consistent with what we do in the
efficient implementation shown in Figure 10.
The polyphase components of /(n) are in

reverse order with respect the DFT. That is
why the first polyphase component in Figure
10 is in the last branch of the filter bank.
We can also see from (1.25) that the implementation
in Figure 10 is mirrored (matched) to the
implementation in Figure 5. Since the prototype is
symmetric and has Ny samples, for each of the

polyphase ~components  /,, (n)=h(nN+i), the

matched filter is actually
h(nM +M—1—z’):h(M_l_l.)(n), i=0,1,..M-1.

That is why they are in reverse order to the ones in
Figure 5, since the whole implementation is matched
to that of Figure 5 [22].

1.3.2 Noncritical Sampled FMT System

In figure, it is reported the direct implementation of
a noncritical sampled FMT receiver. The main
difference with respect to the case of critical
sampling is the fact that the downsampling factor is
K>N.
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e_ﬁ ﬂ-““:’ kIR

Ay(nT)
()= K—

o PRHTIK

% T Ai(nT)
_}’(k%:l H(fY =~ | K—

] O]

PEREERBTIT 4

% A (nTy
H' (" I KpF—=

}E T

Figure 11: Direct implementation of a noncritical sampled
FMT receiver

In the following it will be derived the efficient
implementation of a noncritical sampled FMT
receiver. We assume for the received signal the same
sampling rate as for the transmitted signal and
consider in general a downsampling factor L <K

(i.e. in Figure 11 replace ¥ K with { L). The

received signal y(k%j and the filtering elements

on the N branches are given by the polyphase
components with respect to N of a prototype filter

{ g(kT/K )} with T'/ K -spaced coefficients, defined

as

gm(l)=2 {(W +m)(%ﬂ (1.26)

m=0,....N—1
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The ith output signal of the FMT demodulator at
time n'(L/K)T is given by

(v g7 £org)

o (i) T

(1.27)

T T
B lettin k—=(IN+m)—, m=0,1,..N—1,
y g koz=( )%
(1.27) becomes
N-1 +o
( j %, (ZN+m Tj
m=0 [=—o0 K
(1.28)
: T -2
X Ln —IN-m)—|e ¥
f|( %]

(1.28) can be simplified as

( j Zu (nL j’z”lx (1.29)

where

u, (nL%j = i y((lN+ m)%)

=—00

(1.30)
xg[(Ln'—zN—m)%} m=0,..,N-1
It is evident that B(i)(n'L(T/K)), i=0,.,N-1 are
obtained from u, (n'L(T/K)), m=0,...N—-1, via

discrete Fourier transform. Moreover, if we define
the polyphase components with respect to N of the
received signal as

NT T
Yo (ITJZy{(lNW)E} (1.31)

m=0,...N—1
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and introduce

“filter index” ¢ {L” - J—z

_ | Ln —m
“basepoint index” 7 . :{ J

N
N . _Ln - :
“fractional index” v, = nom /.
) N E
we obtain
o ("'sz 25 (e -a")
K) = (1.32)

Xg(v;,.‘mzv) (q ')

Note that if the receive prototype filter is causal and
matched to the transmit prototype filter, i.e.

T T
g(n KJ—h (yN n KJ (1.33)

where Ny denotes the length of the filter A(n),
(1.32) becomes

T). & o
u, [ﬂ'LE]= > Vo (70 —a")

[|=—0

xh*[(l+7/+m;an jﬂ} (134)

K
m=0,..,.N-1
In general, a new DFT output frame at time
kT/K =n'LT/K is obtained by the following
method (see Figure 12): the commutator is circularly
rotated L steps from its position at time (n —1) /T ,
allowing a set of L consecutive received signals

y(kT/K) to be input into the N delay lines. The

content of each delay line is then convolved with a
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polyphase component (with respect to N ) of the
receive prototype filter. The integer number v,;.,mN
provides the address of the polyphase component

that needs to be applied at the mth branch. The
resulting signals are then input to the DFT to finally

yield the signals B, (nL(T/K)), i=0,1,.,N-1.
Note that the DFT output frames are obtained at the
rate of (K / L)/ T . Clearly, it is possible to consider

in general a FMT system where the sampling rate of
the analog-to-digital (A/D) converter is given by

K'/T, with K'>K. In this case a digital
interpolation filter is first employed to convert the
rate of the received signal samples from K'/T to
K/T . The obtained signal is then input to the FMT
demodulator [2].

Filter coefficients

Te (r x| {8 (@7 180} n-th polyphase component
(7 @iy of prototype filter at ¢ = (IN +2)7 [ &
()
z, = .
ol £ Discrete
0 Fourier
T 1 Transform r
vikz) >5' - (0’ %)
% 1 (')
[
DFT
N-1
AT
0 z [n T]
 —
KL KiL
T T

Figure 12: Efficient implementation of a noncritical
sampled FMT receiver
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1.4 OFDM/OQAM Systems

The main idea of OFDM/OQAM systems is to
transmit the real and imaginary part of QAM symbol
shifted of half a symbol period by exploiting filters
that guarantee the orthogonality between subcarriers.
In Figure 13 it is shown an OFDM/OQAM system
with N subcarriers frequency-separated of 1/7,
where T is the symbol period. The time-continuous
transmitted signal is given by
N-l w0 (27,7
s(t) = z Z ej( T 2]k [af(n)g(t—nT)

k=0 n=—e (1.35)

.y o T
+]ak(n)g(t nT ZH

where g(¢) is the prototype filter, a(n) and a] (n)
denote the real and imaginary part of the complex

data symbol transmitted on the kth subcarrier of the
nth OFDM/OQAM symbol.
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@ - é solt) .

s(t) ht)

=
M

E;[%!—{}_}-l.\'—l:

ﬂﬁ_ltnl—l l
- sw—1(t)
[} —e=

E_J:\- _1(n) J T/2

i(FrE)0
Re{} —=afi(n)
® fle)
Im{} -T2 —rﬁ,:‘;m]
e 1(FFt+3)1
L Re{} —afi(n)
® fl
Im{} -Tf2 —=il(n)
r(t)
E_j.j'—’T“:H}]-..\'—l.
l Re{} —afl_,(n)
® f(e)
(|- T2 —ak_s(n)

Figure 13: OFDM/OQAM system model

1.5 OFDM/OQAM Transmitter
Model

By sampling the transmitted signal (1.35) at a rate of
T.=T/N,we get
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N-1 o (2” il

s(h) = ZZe ZJ [ak (n)g(I-nN)

o (1.36)
+ja;(n)g(l—nN—%ﬂ

where s(/) = s(lT / N) .
Note that (1.36) can be written as

s(1) = s, (D) + s, (1) (1.37)
where

sp() = NZi i e( 3 ”) a, (n)g(l nN) (1.38)
and

[ N1 40 (2” ”]

=g Fe el (1.39)
xg(l-nN-N/2)

By exploiting the same procedure as seen in the case
of FMT transmitter, it is possible to derive an
efficient implementation of the OFDM/OQAM
transmitter. Let us take into account first the
contribute (1.38). By considering a change of
variables [ =gN+m, 0<m <N -1, it is possible to
introduce the polyphase components of the
prototype filter

Senld]

= Zg Lg— n]ZJ

and consequently

S(Im)[q]

400 N-1
= Z g(m)[q—n—1/2]2jka1
k=- k=0

i 2% (1.40)

(1.41)
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Therefore, the efficient implementation of the
OFDM/OQAM system can be obtained as follows
[23]

al(l

G(k)(z)

A\ 4

x,[n]

IDFT

jé(k)(z)

§[n]:g[n+N/2]

\ 4

Figure 14: Efficient implementation of the kth subcarrier of
the OFDM/OQAM transmitter

In Figure 15 it is shown the filter bank
implementation of the OFDM/OQAM transmitter.
We can note that the oversampling factor is equal to
N/2.

a,’f-.' nj —-—(‘;
=
e_'® Go(z)
J .
al(n) 4»1:‘__—2 (-1¢
Ry (12
ay'(n) —-x\_—/'—l
s(l)
TR AP PR skt
& —) Ci(2) -
. = L= T =
af(n) —}-{‘3} (—1)t -
afl_(n) —-{:_Aj\.—l
N T 1 0Z)
) Gy _1(z)

&%
ohs) @

Figure 15: Filter bank implementation of the OFDM
OQAM transmitter
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1.6 OFDM/OQAM Receiver Model

In order to derive an efficient implementation of the
OFDM/OQAM receiver, we consider the received
signal after a LTI channel with impulse response
h(l). The impulse response of the equivalent

channel made up of the mth transmitted subcarrier
and the kth received subcarrier is given by

Pk =" [g(l)e’N"""q
(1.42)

®{h(1)e“fzfézk1}® ).

The received sequence on the kth subcarrier is

@ =rie " e 1)

=22 [a,ff (m)p,, (I —nN) (1.43)

m=0 n=—o0
+ja, (n)p,(1—nN=N/2)]
where f(/) is the matched filter to g(/).

In order to derive a filter bank implementation, it is
useful to define the impulse response of the
equivalent filter of the kth subcarrier as

D =)) fe V" (1.44)
Therefore, (1.43) becomes
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r (1) = r(l)ej[Wﬁl+%

o = 2w
=)' Y rd=1)fNe ¥ (1.45)
['=—c0
22H
=[r(H® f,()]e
Down-sampling by N/2 times the received
subchannel sequence 7, (/) and taking the real and

Vo s

imaginary parts alternately, we get the received
symbols

af (M =R{nOD}|_

(1.46)
a,(n)=3{r,(O}

I=nN+N/2

ﬁ{l’n‘;

(2—ill | (n)

1

n-1{m)

Figure 16: Efficient implementation of the OFDM/OQAM
receiver
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1.7 Prototype Filter Design

In the FBMC modulation, the prototype filter
completely defines the system. The choice of the
prototype filter for the realization of the polyphase
filter bank allows various tradeoffs among the
number of subcarriers, the level of spectral
containment, the complexity of implementation and
signal latency to be made. These tradeoffs are
possible because the number of subcarriers can be
reduced without incurring a transmission efficiency
loss, whereas in OFDM the minimum number of
subcarriers is constrained by efficiency requirements
owing to the use of the cyclic prefix. The prototype
filter has to demonstrate a good time-frequency
localization to increase spectral efficiency and,
moreover, it has to satisfy orthogonality conditions
(see Appendix A for further details) to destroy, at
least in the case of ideal channel, IST and ICI.

The orthogonality conditions, in the case of ideal
channel, can be written as

%{j"_fwg(r)f (nT —T)ejrkrdf} (1.47)
= 5(k)d(n)

S{J"‘Lg(f)f(nT—f—T/z)ejTkrdf} (1.48)
=0

It is possible to shown that the orthogonality
conditions are both satisfied if
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g(t) and f(¢) are bound limited in the range

[-1/T,1/T].

g(t) = f(¢) are symmetric real-valued filters.

p(t)=g(t)® f(t) satisfies Nyquist criterion.
A possible choice for the prototype filter is

represented by the SRRC filter whose frequency
response is given by

-«

%{l+cos%(|f|—12——TQH
X(f)z (1.49)

-
< <
=y <l/]<

2T

1+«

0 for |f]2 —

where 0 < <1 is the roll-off factor.

To design the prototype filter is also possible to
exploit the so-called frequency sampling technique,
which is presented with the following parameters
L=2048, N=512, K=4 [24].

The design starts with the determination of L desired
values H(k/L), 0<k<L-1 in the {frequency
domain by

H(0)=1

H(1/L)=0.971960

HQ2/L)y=1/\2 (1.50)
HQ3/L)=+1-H*(1/L) =0.235147
H(k/L)=0 for 4<k<L-1

Then, the prototype filter coefficients are obtained
by IDFT as
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h(m) =1+ 2§ (~D)*H(k /L)

k=1

xcos(2rkm/ L) for 1<m<L-1 (1.51)
h(0)=0

In fact, the condition #4(0)=0 determines the
desired values H(1/L) and H(3/L). It is useful to
make the number of coefficients an odd number, in
which case the filter delay can be adjusted to be an
integer number of sample periods. The frequency
response obtained is shown in Figure 17. In this
figure, the sub-channel spacing Af is taken as unity
(4f =1). It is important to notice that the filter
attenuation exceeds 60 dB for the frequency range
above 2 sub-channel spacing.

3

frequency (unit:: subchannel spacing)

Figure 17: Frequency response of the prototype filter
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Chapter 2

Sensitivity of FBMC Systems
to Synchronization Errors

In this chapter the sensitivity of FBMC systems to
synchronization errors in both the uplink and the
downlink scenarios is investigated. In particular, the
performance degradation caused by synchronization
errors is evaluated analytically and with numerical
simulations and compared with that of OFDM
systems. It is shown that, as all multicarrier systems,
FBMC systems are very sensitive to synchronization
errors, since timing errors and carrier frequency
offsets produce intercarrier interference and
interference between successive symbols, which can
lead to a severe performance degradation. However,
in an asynchronous multi-user scenario FBMC
systems are more robust than OFDM systems to
time and frequency misalignments among the users.

2.1 Downlink Synchronization
Tasks

In this section the effects of time and frequency
synchronization errors in an FBMC-based downlink
transmission are investigated. From a physical layer
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perspective, the multiuser FBMC downlink is
equivalent to a single user FBMC system. The only
difference is that in a multiuser system the
transmitted signal conveys the information for
multiple users while in a single user scenario the
transmitted block carries information data for only
one subscriber.

2.1.1 OFDM/OQAM System Model with

Synchronization Errors

Let us consider an OFDM/OQAM system with N
subcarriers of which N, are modulated by data
symbols and N =N-N, remain unmodulated

(virtual subcarriers). As indicated in Figure 18, the
real and imaginary parts of the transmitted complex
data symbol af(p) and af(p) are separated in time
by 7/2 and transmitted in parallel on the N

subchannels. Each subchannel is then shaped by a
prototype filter with impulse response g(¢) and

successively the N contributes are summed up
giving the 7. =7/ N sampled multicarrier signal

z T a2+

p=—wleA

x[af (p)g(kzg - pT) (2.1)
+ja11(p)g(k7f\, —pT—T/2)}
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In (2.1), A denotes the set of indices of data
subcarriers, T 1is the signalling interval and g(¢) is

the real pulse shaping filter with unit energy and
assumed to be a SRRC Nyquist filter with roll-off

factor & (0<a<1).
The transmitted sequence s(k7,) feeds a digital-to-

analog converter (DAC) and propagates trough a
physical channel characterized by AWGN noise

n(¢) with a power spectral density S,(f)=0c.. The
received signal r(¢) is filtered with an ideal low pass

filter with a bandwidth of 1/7, and sampled with
frequency f, =1/T,, yielding the sequence

r(kT) =™ g (kT, —7)+n (KT, (2.2)
where 7 is the timing offset, Af the CFO and ¢ the
carrier phase offset, moreover n(k7,) denotes the
zero-mean circular complex white Gaussian noise
with a variance o /T..

In subchannel m at the receiver side, the received

sequence r(k7,) is first down-converted by
R Ct i

multiplying with e ‘7 /| then filtered by the

matched filter g(k7,) to generate the signal

(27 V4

- kT +— |m
Vo (KT ) = (kT e ) ® & (kT 2.3)
Down-sampling by N/2 times the received
subchannel sequence y, (k7,) and taking the real

and imaginary parts alternately, we get the received
symbols:
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@ =w{y,(1),.,] 2.4)

(2.5)

q= kN+N/2}

@, =%{,(qT)
Substituting (2.3) in (2.4) and (2.5) and accounting

for the expression of the received signal we obtain

q=kN }

27

a* (k) = m{r(qT) (o) ®(qT)

=a,’:(k)sn{pmm( e }

+ 3 a,’:.<k>in{pm L(=D)e (o5 }

m'e A

m'#m

+> f ak.(k")

m'eA k'=—0
k'#k

xi}{{pﬁ{m ((k'—k)NY; —T)ej(qj;m)}
Y3 al k)

m'eA k'=—0

x\s{ (- k)N];—N];/2—r)ej[¢_2Tﬂmj}

qu}

(27 V3

+SR{”’wﬂ)e’““ P og(qr)

and
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q=kN+N/2 }

ﬂ{r(ﬂ;)e’w P og(qr)
—a! (D)3 {pm,m De (“"T””"]}

+2 aé(k)d{pm W (-7)e s THWJ}

m'e A

m'#m

DIDWAT

m'eA k'=—0
k'#k

xS{ﬁﬁfm ((k'—k)NTY —T)ej(¢;rm)}
-2 Z @, (k')

m'eA k'=—

1 —z—ﬂrm
xm{pi{m((k'_k)NYHNTs/ 2—7)61&) ' ]} @7

q=kN+N/2 }

(2 4

%”(qrv)e’[”s Jm@é(q?;)

where
prg{m( k)NT, - 2' é / J
{g(qT { e (2.8)

xg(qT, —k'NT,-7)] }

q=kN
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N
2N,

x{é(qn)®{eﬂ”"(””mfvm) (2.9)

.m'—m

p;:{m((k'—k)m;—r)é

xg(qT, —k'NT, ~7) | }

g=kN+N/2

From (2.6) and (2.7) we can note that in the presence
of frequency and timing synchronization errors, the
useful term is subject to an attenuation and a phase
rotation related to the subchannel index m, the
timing offset r, the phase offset ¢, the CFO Af

and the index of the information symbol k.
Furthermore, intercarrier interference, intersymbol
interference and interference between real and
imaginary part of data symbols are present.



Chapter 2 42

1

Figure 18: OFDM/OQAM System

2.1.2 FMT System Model with

Synchronization Errors

Into the case of an FMT system, as shown in Figure
19, the baseband discrete-time transmitted signal
obtained by sampling the continuous-time signal
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with a sampling frequency f, =1/T =K /T 1is

given by
K +90
S(kT) =, |— a,(p)g (KT, — pT
() N, pzmzZA; (e ) (2.10)
j27[£1/(7;.
xe NT

where T is the signalling interval, K = N(1+a) is
the oversampling factor, g,(p) is the data symbol
transmitted on the /th subcarrier of the pth FMT
symbol and g(¢) is the real prototype filter with unit
energy and assumed to be an SRRC Nyquist filter
with a roll-off factor a =(K-N)/N (0<a<I).

We can note that, differently from OFDM/OQAM
systems, for FMT systems the frequency spacing
between adjacent subcarriers is given by
K/(NT)=(+«a)/T and, thus, it depends on the

oversampling factor. Precisely, if the oversampling
factor is equal to the number of subcarriers K = N,
the system is referred to as critically sampled FMT
system and the frequency spacing is equal to 1/7 .
Otherwise when « >0, the system is referred to as
non-critically sampled FMT system and the
frequency spacing increases minimizing the amount
of ICI at the price of an increment in the
implementation complexity and of a reduction of
bandwidth efficiency.

Let us suppose now that the FMT signal is
transmitted trough an AWGN channel. The received
signal in the presence of a CFO Af', a carrier phase

offset ¢ and a timing offset 7, is given by
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r(KT) =’ *™ s (KT, 1) +n (kT (2.11)
At the receiver side the FMT signal is filtered with a
bank of matched filters and downsampled of the
factor K, thus, we obtain

~ 7j277[m(1+a)qu -
a,(k)=r(qT,)e ®g(qT,)
q=kK

27
. J ¢——m(l+a)r
=am<k>q,ﬁfm(—r>e’[ o

j —2—”m +a)r
¢S 4@ (el T

m',m

m'eA

e (2.12)
+Z Z am'(k)

m'eA k'=—0

k#k'

1 - m(1+a)e
X‘Jf;{m((k—k')K];_T)e’[“’ (1 )}

—‘jz—ﬂm(1+a)qT&

+n(qT,)e T ®g(qT.)

q=kK

with

gl (k—Kk)KT, —7)2 \/NK [e””q(”‘*m?vm]

xg(qT,—k'KT, —7)®g(qT,) }

(2.13)

q=kK
Therefore, in the presence of synchronization errors
and in the case of a non dispersive channel, the
useful term is subject to the attenuation and the
phase rotation due to the term
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i *zlm +a)r . *2ﬁm vl

qi{m(_z—)e'lp 7 )}: %ej[e/ﬁ (1 )}
j2mq T, _ _ 5

[ g (a1, KT, ~5) 0 (T |,

= 2.14
_ %ef[¢27_,m(l+a)r} ( )
X +Z.O ejZEAf(kKTFpT:)g(pI; _T)g(pT;)
p=—x

and moreover it is affected by ICI, ISI and additive
noise.

™

e
Figure 19: FMT System
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2.1.3 Numerical Results

In this section the sensitivity of FBMC systems to
synchronization errors is assessed via computer
simulations. A number of 10* Monte Carlo trials has
been performed under the following conditions:
The prototype filter is obtained by truncating
the sampled version of an SRRC Nyquist
filter with a roll-off factor « . Specifically, it
is a FIR filter of length N, =8K for FMT

systems and N,=4N for OFDM/OQAM

systems.

The values of the number of subcarriers and
of the roll-off factor parameter for the
considered FMT system are N =64 and
a =0.125, respectively.

The values of the number of subcarriers and
of the roll-off factor parameter for the
considered OFDM/OQAM system are
N =64 and o = 0.6, respectively.

The multipath channel has been modelled to
consist of N, +1=5 independent Rayleigh-

fading taps with an exponentially decaying
power delay profile. Specifically,

E[ [ |= e, 1{0,...,N,}, where €

Nm
is a constant such that ZEDh(l)ﬂ:l.
=0

Moreover, the channel is fixed in each run
but independent from one run to another.
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- The complex data symbols a,(/), when the

FMT system is considered, belong to a
QPSK constellation.

- The data symbols a; (/) and a,(/), when the

OFDM/OQAM system is considered, belong

to a BPSK constellation.
In Figure 20 the sensitivity of the FBMC signals in
terms of bit error rate (BER) on the digital data is
reported in the case of N =64 subcarriers and
SNR =10dB as a function of the timing offset
normalized to the sampling interval. The BER of the
same FBMC systems as a function of the normalized
CFO 1is shown in Figure 21. Note that in the
presence of frequency and timing synchronization
errors at the output of each subchannel is observed
an attenuation and a phase rotation of the useful data
related to the subchannel index, the timing offset,
the phase offset, the CFO and the index of
information symbol. The phase rotation incorporated
in the channel gain should be compensated by the
subcarrier equalizer. It is assumed that on each
subchannel it is exploited a one-tap equalizer with
perfect channel knowledge and of the timing offset
and of the CFO. The results reported in Figure 20
show that the sensitivity to a timing offset is lower
in multipath channel and, moreover, in this case an
accuracy of +6 samples (= +10% of FBMC symbol
interval) is sufficient to assure a contained
performance degradation with respect to the case of
perfect synchronization. Moreover, as shown in
Figure 21, in multipath channel the absolute value of
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the CFO should be less than 5% to assure a reduced
performance degradation.

[ —— oFDMm/ocam |

I FMT 4

AWGN s

— — —Mulktipath B : : : :
T

-0 -15 -10 -5 o 5 10 15 20

Figure 20: BER of the considered FBMC systems as a
function of the timing offset in AWGN (solid lines) and
multipath channel (dashed lines) for SNR=10dB

—+— OFDMOQAM
——FMT -
AWGEN O [T [T R S
— — —Multipath : : :

T

|
-0.4 -0.3 -0.2 -0.1

Figure 21: BER of the considered FBMC systems as a
function of the CFO in AWGN (solid lines) and multipath
channel (dashed lines) for SNR=10dB
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2.2 Uplink Synchronization Tasks

In this section we analyze the effects of
synchronization errors in the case of FBMC uplink
transmission.

2.2.1 OFDM/OQAM Multiple Access
System Model with Synchronization

Errors

In the uplink of an OFDM/OQAM system each
block conveys information of several subscribers.
Let us consider a system with U users with equal

power o and N subcarriers, the transmitted signal
takes the form

S0 =5, (0)= Za [sk()+ jsi(®)] (2.15)

m=1

with

sﬁi(r)z Z 3 af(p)e e jg(t pT)(2.16)
m p=—wleA,
s,i(t)
[ 2.17
Z Da (p)e i 2]g(t—pT—gj @17
m p=—wleA,

where .Am is the subcarrier set of the mthuser of

size U,,.
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The received signal in the presence of
synchronization errors Af, , ¢, and 7, is given by

U . 3
r0)=Ys, (t=17,)e" ™) 4 n(r) (2.18)
m=1

Let the mth user be the user of interest, we will
assume that the base station can perfectly estimate
and compensate its time offset 7, , its CFO Af, and

its phase offset ¢, but the remaining U —1 users are
completely asynchronous to each other. In this case
the compensated mth signal

r () =r(t+z,)e ) (2.19)
is filtered with a bank of matched filters and N /2
times downsampled to generate for /€. A the
e _j(27l' ﬂjl B

a'(ky=Rn, (e " > @)

| N &
. Ea/(k)

=0,
U .
+ z R {é(t) ®F{n',m (t)‘;:kT}
m=l

m'#m
t=kT }

sequences

lady A

(2.20)

R {n(z)ej(ftﬂl ® &(1)

and
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a' (k) = S{rm (t)eij(%t%)l ® & (1)

/ N
O-s 2Um al ( )

tkT+T/2}

. (2.21)
+Y wlzgmer,, o), .}
m'=1
_ ,-(Lmzj,
+S{n(t)e AT Re(r) }
t=kT+T/2
where
I",Zm (H)Es,, (t +7, -7, )
(2.22)

,j(LﬂHEJ,
oA -
xej[ 2 (A=t )i+ =8 | o N7 2

From (2.21) and (2.22) we can note that in the
considered scenario, under the assumption of a pulse
filter satisfying the orthogonality conditions [25], the
received signal does not present ISI, ICI and
interference between imaginary and real part but
presents multiple access interference.

2.2.2 FMT Multiple Access System Model

with Synchronization Errors

Let us consider a multiuser FMT system with U
users, the expression of the received signal in the
presence of synchronization errors is that reported in
(2.18) where
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(1) =
o, [NUED S 5 g —nT)e' T

V Um n=-okeA,

kt(l+a) (2.23)

Let the mth user be the use of interest, with a

perfect time and frequency synchronization, the

received signal 7, (t)=r(t+7,)e /P s
filtered with a bank of matched filters satisfying the
condition of perfect reconstruction and K times

downsampled to generate for / € 4 the sequence

2r
- —j—It(1+a) -
a(k)=r,(t)e ' ®g()

t=kT

o N(l+a) a,(k)
‘ U
(2.24)
+ Z gMm®AL, 0|
1( +a) -
+n(t)e ®g(t)
t=kT
with
AL Es, (t+1,-17,)
(2.25)

[2;: A= e+ ¢m] *J*lf(”a)

From (2.24) we can note that in the considered
asynchronous scenarios the received signal is
affected uniquely by multiple access interference.
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2.2.3 Numerical Results

In this section the sensitivity of FBMC-MA systems
to synchronization errors is assessed via computer
simulations and compared with that of OFDMA
systems. A number of 10* Monte Carlo trials has
been performed under the following conditions

(unless otherwise stated)

The length of the prototype filter is L=yN,
where the overlap parameter y is fixed at
y =4. Specifically, the so-called frequency

sampled technique is used to design the
prototype filter [24]. The desired values of
the filter in the frequency domain are
G0)=1, G(1/L)=0.971960,

GQ2/L)=1/\2, G@B/L)=\1-G*(1/L),
G(k/L)=0for4<k<L-1.

The number of subcarriers is fixed at
N =1024.

The number of users is equal to U =4.

The modulation format on all subcarriers is
QPSK.

The considered multipath channel model is
the ITU Vehicular A, which has six
independent Rayleigh fading taps with delays
0, 0.31, 071, 1.09, 1.73 and 2.51 wus and
relative power 0, -1, -9, -10, -15 and -20dB
[26]. Moreover, the channel is fixed in each
run but it is independent from one run to
another.



Chapter 2 54

In our simulation analysis, we have considered three
different allocations schemes: blockwise, interleaved
and interleaved b assignment schemes. In particular,
as illustrated in Figure 22, in the blockwise and
interleaved b allocation schemes group of adjacent
subcarriers are allocated to the same user or different
users, respectively, while in the interleaved
allocation scheme one subcarrier is dropped between
two adjacent users.

Blockwise

User 1

e User 2

User 3

Dropped
subcarrier

Figure 22: Allocation scheme

In Figure 23 it is shown that, in the case of a multi-
user system in which the user of interest is perfectly
synchronized to the base station (BS), the FBMC-
MA systems are much more robust with respect to
misalignments between different users than CP-
OFDMA systems, assuring in the case of the
blockwise assignment a performance practically
coincident with that obtained in the case of perfect
synchronization. We have considered the case of an
asynchronous scenario with U =4 users, where
three of them have normalized frequency offsets
uniformly distributed in the range =£0.125 and
timing offsets uniformly distributed within

{—T/Z,...,T/2—1} . The BER depicted in Figure 23

corresponds to the perfect synchronized user, who is
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suffering from the multiple access interference of the
three asynchronous users. Figure 23(a), (b) and (c)
show always the same performance for the FBMC
system while comparing it with CP-OFDM with
different CP-length. It is obvious, that FBMC with
blockwise allocation of subcarriers per user is
always the best choice and the performance
advantage over CP-OFDM is higher as longer is the
CP.

- L L
—A— FBMC B

—&— FBMC |

-] —=—FBMC b

"] ——FBMCPS

-1 - & — CP-OFDM B

— % — CP-OFDM |

— 8 — CP-OFDM Ib |

— + — CP-OFDM PS

BER

1 i i 3
0 2 4 6 8 10 12 14
E, N, [d8]

(a) CP length M /16
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107 —— I
: ‘| —~—FBMCB
: | ——rBMC)
------ | —=—rFBMC I
...... | FRMC PS
-2 —cPp-oFomB
— & — CP-OFDM |
— 8 — CP-OFDM b |1
— + — CP-OFDM PS

e re e ea-

BER

0k

1o i i LN i i

6 a
E,/N, [dB]

(b) CP length M /8

o L T
—&—FBMC B

—#&—FBMC |

Y| —8—FBMC Ib

| ——FBMC PS

- — & — CP-OFDM B

— # — CP-OFDMI

| — 8 — CP-OFDM Ib |4

— + — CP-OFDM PS

BER

107

W0 i i i i \
0 2 4 B B 10 12 14
E /N, [45]

(c¢) CP length M /4
Figure 23: Comparison between FBMC-MA and OFDMA

Furthermore, we have studied the sensitivity of the
FBMC system in terms of BER to timing inaccuracy
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for the user of interest, under the hypothesis of ideal
carrier frequency recovery. The other users are
supposed asynchronous with normalized frequency
offsets uniformly distributed in the range +0.5 and a
timing offset uniformly distributed within

{-T/2,...,T/2-1}. In Figure 24, we report the

BER of the user of interest with £,/ N, =20dB as a

function of the RTO normalized to the sampling
interval (7—7)/7, in AWGN channel (solid line)

and ITU-Vehicular A channel (dashed line) and
U =4 users. The E /N, of the other users is equal

to (E,/N,), =20dB, i=2,3,4. Note that the effect
of the RTO on the digital data at the output of each
subcarrier is an attenuation and a phase rotation
proportional to the RTO and to the subcarrier index
(see (2.20), (2.21) and (2.24)). This phase rotation
incorporated in the channel gain should be
compensated by the subcarrier equalizer. It is
assumed that on each subcarrier a one-tap equalizer
with perfect knowledge of the channel and of the
RTO is used. The results show that the interleaved
allocation scheme assures the lowest sensitivity to
the presence of a RTO, both in AWGN and
multipath channel, but on the other hand, it presents
a loss of spectral efficiency, since one subcarrier is
dropped between two adjacent users. Instead, with
the blockwise assignment scheme, an accuracy of
+100 samples (=+10% of the FBMC symbol
interval) is sufficient to assure an acceptable
performance degradation with respect to the case of
perfect synchronization (RTO=0). (Note that the
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BER corresponding to the interleaved scheme in

AWGN is lower than 107). We have also analyzed
the effect of the presence of a RCFO for the user of
interest, for whom RTO is zero, with the other users
completely asynchronous. In Figure 25, we report
the BER of the user of interest with £ /N, =20dB

as a function of the RCFO normalized to the
subcarrier spacing (Af -Af )T in AWGN channel

(solid line) and ITU-Vehicular A channel (dashed
line) for an FBMC-MA system with U =4 users.
The E /N, of the other users is also 20 dB. Note

that the effect of the RCFO on the digital data at the
output of each subcarrier is an attenuation and a
phase rotation proportional to the RTO and to the
symbol index (see (2.20), (2.21) and (2.24)). This
phase rotation incorporated in the channel gain
should be compensated by the subcarrier equalizer.
It is assumed that on each subcarrier a one-tap
equalizer with perfect knowledge of the channel and
of the RCFO is used. For blockwise and interleaved
allocation schemes an accuracy of +15% of the
subcarrier spacing can provide an acceptable
performance degradation with respect to the case of
perfect synchronization (RCFO=0).
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Figure 24: BER as a function of the RTO normalized to the
sampling interval for £ /N, =20dB
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Figure 25: BER as a function of the RCFO normalized to
the subcarrier spacing for £ / N, =20dB
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Chapter 3

Data-aided Synchronization
Algorithms for FBMC
Systems

This chapter deals with the problem of data-aided
joint symbol timing and CFO estimation for FBMC
systems, both in downlink and uplink transmission.
Since FBMC systems are very sensitive to
synchronization errors, as shown in chapter 2,
accurate synchronization algorithms must be
designed. As regards the downlink, it is proposed a
new joint symbol timing and CFO synchronization
algorithm based on the least squares approach and
exploiting the transmission of a training sequence
made up of identical parts. Moreover, for the up-link
of a multiple access FBMC system, the joint ML
phase offset, CFO and symbol timing estimator
exploiting a short know preamble embedded in the
burst of each of U wusers is considered. The
performance of the derived estimators is assessed by
computer simulations both in AWGN and multipath
channel.
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3.1 Joint Symbol Timing and CFO
LS Estimator

In this section we derive a data-aided joint CFO and
symbol timing estimator based on the LS approach
which exploits the transmission of a training
sequence made up of identical blocks. Precisely, by
considering the notations introduced in (2.1) and
(2.10) for OFDM/OQAM and FMT systems
respectively, the training sequence can be obtained
by transmitting the sequence of data symbols

a(p)=a/* Vle A and Vpe{0,...,N,, —1} . In this
way, if we assume that the pulse shaping filter g(¢)
is different from zero for te{O T,. (Ng —I)TS},

where N, =yT/T,, with y the overlapping factor,

we obtain the training burst

Str (kTs) =
27, Npp—1
Esarme "3 g (kT - pKT)
Nu le A p=0
FMT

Npp—1

= ZZ (5 ][”R (KT, - pNT,)

p=0 leA
+Ja,’TR (KT, —NT,/2- pNT,) |
OFDM/OQAM

(3.1
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After a transient of N, —1 samples and, in particular
for ke {Ng —1,...,NTRN—P—1} , the training

sequence in (3.1) satisfies the following relationship
Srx (KT, + PT.) = s, (KT, (3.2)
with lecm{N ,K } for FMT systems and P=N
for OFDM/OQAM systems. Thus, the number of
identical blocks contained in the training sequence is
NP = N —y for OFDM/OQAM systems,
while, for FMT systems, the number of identical
N, .N-yK
P

relationship (3.2), a joint symbol timing and CFO
estimator can be obtained by considering the
minimization problem

A NppN=P-1
(Af,f):argmin{ > \r(kTs +7)
A7 k=N, -1 (3.3)

—r (KT, + PT, + %) e ™" 2}

where Af and 7 are trial values for CFO and

blocks is prMT =L J Accounting for the

symbol timing, respectively and r(kTS) is the
received signal, defined in (2.2). The minimization
in (3.3) (see the algebraic details reported in
Appendix B) leads to the following joint CFO and
symbol timing estimator referred to as LS estimator

£ =argrpax{2‘R(z’)‘—Q1(f)—Qz(f)} (3.4)

AJ}LS (fLS) = arg{R(fLS )} (3.5

with

27 PT,

N
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Nz N-P-1

R(£)2 > r(kT,+%)r(kT,+PT,+7) (3.6
and
0.(7)2 Nmf_l\r(kzg +(i-1)PT,+7) (3.7)

g

Let us observe that if we divide the timing metric in
(3.4) by the term O(7)=0,(7)+0,(7) we obtain

the modified LS (MLS) joint symbol timing and
CFO estimator

T).s = argmax M (3.8)
- e(@)
AfMLS (TAMLS) me’g {R(z’:MLS)} (3.9)

that can be used to reduce the false detection
probability [27]. The performance of the LS and
MSL estimators will be compared with that of the
two joint estimators proposed by Tonello and Rossi
in [14] and referred in the following as TR1 and
TR2. specifically, the joint estimator

Ty =ar —‘R(f)‘z

p = argmax 5 (3.10)
i 0,(7)

Afrm (frm): Y2 PT arg{R(fTRl)} (3.11)

exploits only the periodicity of the training burst in
(3.1), while the joint estimator

s (@)

Trp, = argmaxq———— (3.12)

: | T(3)
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Afmz (fnez) = 272PT arg{R(erz )} (3.13)
with
NppN—-P-1
S(7)= ¥ (kT +7) s, (KT
0 2 [emensaln)
xr (KT, + PT, + %) sy, (KT, + PT,) |
and
R NppN—P-1 5 5
T(£F)2 Y |sw (AL +PT)| |sp (L) (3.15)
k=Ng—1

exploits also the knowledge of the periodic training
burst. It is worthwhile to note that the considered
LS, MLS, TR1 and TR2 CFO estimators in (3.5),
(3.9), (3.11) and (3.13), respectively, provide a
closed form solution for the CFO estimate and do
not require the knowledge of the SNR. Moreover, in
the case of OFDM/OQAM systems, they can assure

unambiguous CFO estimates if [A/T)|<1/(2N),

while in the case of FMT systems their acquisition
range is reduced to |AfT,|<1/(2P). On the other

hand, the considered LS, MLS, TR1 and TR2
symbol timing estimators in (3.4), (3.8), (3.10) and
(3.12), respectively, do not present a closed form
solution but they require a maximization procedure.
We underline that in the case of FMT systems the
amount of redundancy needed to transmit the
training sequence is greater than that exploited in the
case of OFDM/OQAM systems. In fact, in the case

of OFDM/OQAM systems the training sequence is

NP — N~y identical

OFDM/OQAM symbols of length N while, in the

composed by
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case of FMT systems, it is necessary to transmit a
training sequence such that NN —yK > P, where

P=lIcm {N,K} can be much greater than N .

3.2 Cramér — Rao Bound

In this section we derive the expression of the
CRVB for joint CFO, phase offset and symbol
timing estimation for FBMC systems. Let

V= [z‘,Af ,¢]T the set of parameters to be estimated
and let us consider the observations vector of total

length W =N, ,N-N,+1

e 2[F(NT T ).or (NN -T)

(3.16)
=y (Af.4)s(r)+n
with
s(7) =
3.17)

~[5(V7 T 0). s (VN —1) ]

the vector of the transmitted training sequence
v(4f.¢)=

:diag{ej[2ﬂ(Ngl)EAf+¢] ej[zzz(NmN—l)TsAfw]} (3.18)
and n the noise vector with zero mean and
2

. ) o .
covariance matrix C, = T” I, . The (i,/)th entry of

N

the Fisher Information Matrix (FIM) is equal to
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_ _|emp(rv)| .
[F]W)_—E{m] vile{l,23)  (3.19)

where In p(r|v) is the logarithm of the probability

density function of r whose expression (up to

irrelevant additive factors) is given by

2T ‘
SR{r'y (Af.4)s(2) |

2
O-n

In p(r| V) =
(3.20)

L sy
Grl

Substituting (3.19) in (3.20) and taking the statistical

expectation we obtain the elements of the FIM
H

[F] _ 2T, 0s(r) 0s(7)

an ol 0r ot (3.21)
2T, . ] 0s(7)
[F,2 =[Flay = o’ {FDMS(T)H} (3.22)
2T, ., | 0s(7)
[F](1,3> Z[F]m) =O__nzzm{ o7 D¢S(T)H} (3.23)
Fl =[F] =-2Lso)D.D sy ;
[ ](2,3)_[ ](3,2)_ o2 s(7) Af ¢S(T) (3.24)
2T
[F](z,z) = _G_;S(T)Difs(f)l{ (325)
2T
[F](3,3) = _O__zss(T)D;S(T)H (3.26)
with
D, = j27Tdiag{N, -1,...,.N;,N -1} (3.27)
and

D,=1, (3.28)
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In the case of FMT systems by following the
algebraic manipulations reported in Appendix C the
CRVBs for symbol timing, CFO and phase offset
estimation are given by

CRVB(7)= [F" ]m)

_ (M) : (3.29)
, 1 1
87 WSNR[M;(JNMEJJ }
CRVB(Af)=[F"] 3 (3.30)

22" 2(2T, ] SNRIV

CRVB(¢) = [F’l ]m)

e of 1w))
3[4ﬂNZl - (NZZJ (3.31)

u leA u leA
) 1 e
2WPSNR| — Y | [—— Y1
w2z
with
B
_ NpN?+NpNN, -4N, N+N;-5N +7 (3.32)

3
From (3.29), (3.30) and (3.31) we can note that the
derived CRBVs are inversely proportional to the
SNR and depend on the size of the observations
window. In particular, the CRVB(7) is inversely
proportional to W and depends on the number and
the position of virtual subcarriers while, from (3.30),
we can note that the CRVB(Af ) is inversely

proportional to W . Into the case of OFDM/OQAM
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systems substituting the transmitted signal model
(2.1) in the FIM and following the same reasoning
reported in Appendix C, we obtain that the
CRVB(z), CRVB(Af) and CRVB(¢) coincide

with (3.29), (3.30) and (3.31), respectively.

3.3 Numerical Results

In this section the performance of the proposed joint
LS and MLS symbol timing and CFO estimators is
compared with that of the data-aided
synchronization algorithms TR1 and TR2 proposed
by Tonello and Rossi in [14]. As stated in section
3.2, all the considered symbol timing estimators
require a maximization procedure. In our
simulations this maximization is performed in two
steps: in the first it is performed a coarse search with
a step-size 7. followed, in the second step, by a
parabolic interpolation.
A number of 10° Monte Carlo trails has been
performed under the following conditions:
The prototype filter is obtained by truncating
the sampled version of an SRRC Nyquist
filter with a roll-off factor « . Specifically, it
is a FIR filter of length N, =8K for FMT

systems and N, =4N for OFDM/OQAM

systems.
The value of the normalized CFO
Ae = AfT N, of the normalized timing offset
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/T and of the carrier phase ¢ are

uniformly distributed in
[-N/(4P),..,N/(4P)), [-N/2,.,N/2)
and [-7,.,7), respectively.

The values of the number of subcarriers and
of the roll-off factor parameter for the
considered FMT system are N =64 and
o =0.125, respectively.

The values of the number of subcarriers and
of the roll-off factor parameter for the
considered OFDM/OQAM system are
N =64 and o =0.6, respectively.

The multipath channel has been modelled to
consist of N, +1=35 independent Rayleigh-
fading taps with an exponentially decaying
power delay profile. Specifically,

E|[h] |=Ce™, 1€40,...,N,}, where C

° m

N
is a constant such that ZEDh(I)H:l.
1=0

Moreover, the channel is fixed in each run
but independent from one run to another.
The complex data symbols a,(/), when the

FMT system is considered, belong to a
QPSK constellation.
The data symbols a;, (/) and a,(l), when the

OFDM/OQAM system is considered, belong
to a BPSK constellation.
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3.3.1 OFDM/OQAM System

In the first set of simulations we tested the
performance of the considered algorithms for an
OFDM/OQAM system in AWGN (solid lines) and
multipath channel (dashed lines). Precisely Figure
26 and Figure 27, show the root mean squared error
(RMSE) of the considered joint timing and CFO

estimators, respectively, as a function of the SNR,

OFDM /OQAM _
N =2

for a training sequence with
identical bocks each of length N . In Figure 27 we
have also shown the theoretical normalized RMSE
of the LS CFO estimator whose derivation details
are reported in Appendix D. Moreover, in Figure 26
and Figure 27 we have included the previously
obtained Cramér-Rao bounds. As shown in Figure
26 the TR2 symbol timing estimator exhibits the
best performance for all the considered SNR values
both in AWGN and multipath channel. However, in
multipath channel and for sufficiently high SNR
values, the proposed LS and MLS symbol timing
estimators assure an RMSE nearly equal to that
achieved by the TR2 estimator. On the other hand,
as shown in Figure 27, the TR2 CFO estimator
provides the highest RMSE in multipath channel.
Specifically, in Figure 28 it is reported the BER of
the perfectly synchronized system and that obtained
when the considered algorithms are exploited as a
function of the SNR. The results show that in
AWGN  channel the adoption of TR2
synchronization algorithm assures a performance
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quite similar to that obtained with perfect
synchronization while, in multipath channel, and for
sufficiently high SNR values, the proposed LS and
MLS algorithms can provide the best performance
nearly coincident with that obtained in the absence
of synchronization errors. Specifically, the
performance  cross-over is  observed  for
SNR =20dB and is due to the fact that for
SNR >20dB the performance of the timing
estimators is quite similar while the LS and MLS
CFO estimators outperform the TR2 estimator. It is
worthwhile to emphasize that the considered LS and
MLS estimators exploit only the periodicity of the
training burst while the TR2 estimator exploits also
the knowledge of the periodic training burst.

—=—LS
—#—MLS
—e—TR1

V| —%—TR2

1| —%— CRVBT )|
——— AWGN
.| = — —Multipath

RMSE(7T,)

0 5 10 15 20 25 30
SNR [dB]

Figure 26: Performance of the considered symbol timing
estimators in AWGN channel and multipath channels as a
function of SNR for an OFDM/OQAM system.
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0 5 10 15 20 25 30

Figure 27: Performance of the considered CFO estimators
in AWGN channel and multipath channels as a function of
SNR for an OFDM/OQAM system.

SNR [dB]

Figure 28: BER of the considered CFO and symbol timing
estimators in AWGN and multipath channel as a function
of SNR for an OFDM/OQAM system.
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3.3.2 FMT System

In this subsection we present the performance of the
considered algorithms for an FMT system in AWGN
(solid lines) and multipath channel (dashed lines).
Precisely, Figure 29 and Figure 30 show the RMSE
of the considered symbol timing and CFO
estimators, respectively, as a function of the SNR for
a training sequence containing two identical blocks

of length P—yK where P=lcm {64, 72} =576. We

can note that both in AWGN and multipath channel
the TR2 symbol timing estimator exhibits the best
performance. In particular, in multipath channel the
LS and MLS symbol timing estimators are expected
to outperform the TR2 estimator only for very high
values of SNR. In regard to the performance of the
CFO estimators we can note that the LS and MLS
estimators assure the lowest RMSE both in AWGN
and multipath channel. Moreover, in multipath
channel the TR2 CFO estimator provides the highest
RMSE. However for SNR >10dB the RMSE of the
TR2 CFO estimator is lower then 0.1% and this
accuracy is sufficient to assure a BER practically
coincident with that of the perfectly synchronized
system and lower than that obtained when the other
considered synchronization algorithms are exploited
(see Figure 31).



Chapter 3 74
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Figure 29: Performance of the considered symbol timing
estimators in AWGN and multipath channel as a function
of the SNR for an FMT system.

——-
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|| —&—TH1
o—TR2
— RMSE(ay

. et
H —s— CRVE(a)
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Figure 30: Performance of the considered CFO estimators
in AWGN and multipath channel as a function of the SNR
for an FMT system.
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Figure 31: BER of the considered CFO and symbol timing
estimators in AWGN and multipath channel as a function
of SNR for an FMT system.

3.4 Joint Symbol Timing and CFO
Estimation in Multiple Access
OFDM/OQAM Systems

In this section, we consider the problem of data-
aided synchronization in the up-link of a MA
OFDM/OQAM system. In particular, we derive the
joint ML symbol timing, CFO and phase offset
estimator exploiting a short know preamble
embedded in the burst received from each of U
users. Let us consider the received signal in the up-
link of an AWGN channel, when the information-

bearing signal of the ithuser s,(k7,) presents a

timing offset z,, a CFO normalized to the subcarrier
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spacing ¢, = Af,T, a carrier phase offset ¢ and an
attenuation y, can be written as
%

r(KT) =3 7s,(KT, ~7,) ’(zwjm(kT) (3.33)

where

2_Ni p=0lcA, (3.34)
X[af,zg(kTs - pT)+ ja, g (kT, - pT—T/z)]

where 7 =NT, is the OFDM/OQAM symbol

interval, S denotes the number of information-
bearing symbols in the burst, while 4 is the set of

subcarriers of size N, allocated to the ith user.

The known preamble of the ith user is given by

Z z jl(z—ﬁlﬁr”}

i p=0leA; (3.35)
x[aR,g(kT —pT)+jap’lg(kTs —pT—T/2)]

where a;,, a,,, 0<p<L-1, Vie A denote the

p.l>
known pilot symbols of the ith user. By considering
an observations window of total length Np
containing the non-zero support of the preamble
received from each user, the likelihood function in
AWGN channel for the unknown parameters ¢, 7,

and ¢, i=1..,U, is given by (up to irrelevant

multiplicative factor)
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A(?:,‘E,(T)) = exp{— 27]570
Np-1 iy 2 (3.36)
X r(kTS) v.e ee Ef (kTS) }
k=0 i=1
where
$=[dnth | E=[E0nd, ] F=[F0end, ] B3T)

z/ (kT -7,

z/ (kT,) =
N LZZ (%kﬁ—m%)
2N, (3.38)

><[ap’lg(k]jv —pT—rl.)
+jay,g(kI,~pT~T/2-1,)]

and the notation of the type X indicates trial value of
x. By replacing (3.38) in (3.36) and dropping
irrelevant multiplicative and additive factors we get

~ U - o ~
lnA(s,‘r,q)):;%[Zi(gi,ri,qﬁiﬂ (3.39)
where
= 7 S -k
<z (kT,)

In the derivation of (3.39) we have neglected the
quantity

Np-1| U 2;: 2

ZZ o 0 (kT)| 2C +C, (3.41)

k=0 |i=1
Since it is weakly dependent on the parameters to be
estimated under the assumptions that the
observations window contains the non-zero support
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of the preamble received from each user and that the
CFO of each user is sufficiently small. In fact, in this
case the first contribution in the right hand side
(RHS) of (3 41)

C;yz

is independent of the phase offset and of the CFO
and, moreover, it is weakly dependent on the symbol

timing. Furthermore, the second term in the RHS of
(3.41)

U U-iy Np-1 ¢ ¢ )
—2% Zzzyh]/ll“z "

=1 i,=1 k=0

(3.42)

(3.43)

2”( Gy b _z .
xe NTU TR (kT)zjﬁ; (kT)}
is negligible since it depends on the scalar product
between the signals of the different users whose
spectra essentially do not overlap. By substituting
(3.38) in (3.40), we get

-~ N N”"l EpEEy
28.5.6)= (e Sy

xZe { (T, =545 ]Ll[ plg kT _pT— T) (3.44)

le A =0

—jall,,,g(k]fY —pT—T/2—fl.)]

S

Hence, (3.44) can be written as
~ N o
Z(&.5.8)= |—re'c(E,7 3.45
1 ( 1 1 ¢l ) 2N }/l ( 1 1 ) ( )

1

where
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A (3.46)

O~ =\ a S —j%é,k —j%[kl
w, (£.7,)= ; r(kT,)e e (3.47)

xg(kTS —T, —pT)

From (3.39) and (3.45), it immediately follows that
o =2[c(8,7)], i=1...U (3.48)
and, moreover,

AML ~ML ~ o~
(8 T )=argmach(€,.,z'[)
&;,T;

], i=1,...,U (3.49)

1 1

Therefore, for the ith user, the derived joint ML
estimator evaluates, for each trial value of the
symbol timing 7, and of the CFO &, the response of

the filter matched to the pulse shaping filter g(-) to

the CFO compensated and down-converted signal

ek -2 o -

r(kT)e "V e N atthe time instants 7, + pT and
T.+pT+T/2, 0<p<L-1. Specifically, the
down-conversion is performed by considering all the
frequencies of the subcarrier assigned to the user of
interest. Then, exploiting the know pilot symbols,
these quantities are combined according to (3.46).
The joint ML estimate for the ith user is obtained
by considering the value of (£,7;) that maximizes
the magnitude of the statistic in (3.46).

The two-dimensional maximization required by the
joint ML estimator in (3.49) undertakes heavy
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computational burden. Therefore, to obtain a more
feasible synchronization scheme, let us exploit the
assumption that the CFO of each user is sufficiently
small. Specifically, if each CFO is sufficiently small
that within a time AQ, comparable with the length

—-j(27/IN)EAQ 1

of the prototype filter, e , for

i=1,...,U, it follows that

a6 -2
e N

wd (g" f.) — /2Py TN
1

Np-1 A27r-k _jzlkl

xz r[(k+pN+t§i)];Je_]W%e N g(kTS) (3.50)

k=0

where Np is the length of the prototype filter and
the integer 6, is the ith timing offset normalized to
the sampling interval 6, =7, /T, . Moreover,

U 1 -
,]27rg[(p+fj ,jzlgigi
2 e N

W (&,75,+T/2)=e
xwi’ (0,7, +T/2)

Therefore, under the assumption that the CFO of
each user is sufficiently small it results that

(3.51)
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p=0

_ eijé,ﬂ',‘ z e—.ﬂzaég’lwé]) (0’ Z—:l) (352)

- —ja+nZ
—J7E; I D) ~
+e E e 2a, wy' (0,7, +T/2)
le A

o(%)
Hence, under the assumption |gi|<< N/AQ and in

the case of a training sequence with L =1
OFDM/OQAM symbol, the approximate ML
(AML) estimator of the CFO of the ith user,

obtained by maximizing the magnitude of ¢(Z,7,)

in (3.52), is given by

A 1 a -

&M (5)=—2{F (2)0,(7)] (3.53)
By substituting the closed form AML CFO estimate
(3.53) in (3.52), the AML estimator of the timing

offset of the ith user results to be

nAML AAML [ ~\ ~
7 —argpqach(gi (ri),ri)u
i

(3.54)
~argmax UR (7 )‘ + ‘Q" (7 )H

In Figure 33 we report the AML cost function of the
symbol timing estimator of the first user in AWGN.
An MA OFDM/OQAM system with N =1024
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subcarriers and U =4 users, each with
E /N,=13dB and with delays 7z, =0, 7, =20T,,
7, =507, and 7, =1007,, is considered. Moreover,

three different kinds of allocation schemes,
blockwise, interleaved and interleaved b, are taken
into account. As shown in Figure 32, in the
blockwise scheme, a block of N, =256, i=1,...,4

adjacent subcarriers is assigned to the ith user. On
the contrary, in the interleaved and interleaved b
schemes, groups of adjacent subcarriers are allocated
to different users and in particular, in the former
case, one subcarrier is dropped between two users.
The results show that the behaviour of the cost
function depends on the adopted allocation scheme.
In particular, in the cases of interleaved and
interleaved b allocation schemes, the cost function
presents local maxima that can interfere with the
absolute maximum especially for low E /N,
values, while in the case of blockwise allocation the
considered ML cost function exhibits only one sharp
peak at the actual value of the symbol timing of the
first user 7, =0.
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Figure 33: Cost function of the proposed AML symbol
timing estimator in AWGN for N =1024.
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3.5 Numerical Results

In this section the performance of the proposed joint
AML estimator in (3.53) and (3.54) is assessed via
computer simulations. A number of 500 Monte
Carlo trials has been performed under the following
conditions (unless otherwise stated)

The considered MA OFDM/OQAM system
has a bandwidth B=1/7, =11.2MHz and a
number of subcarriers N =1024.

The data symbols aﬁ’, and a;’, are the real
and imaginary part of QPSK symbols.

The number of users is U =4 each with 256
subcarriers.

The prototype filter is obtained by truncating
a SRRC Nyquist filter with a roll-off
parameter & =0.75 and a length pN , where

the overlap parameter p is fixed at p=4.

Specifically, the filter g(#) is truncated in the

K4

interval [—% % S} and it is delayed

pN -1

by T, time units to get a causal

prototype filter [28].
The value of E /N, for users 2,3 and 4 has
been fixed at £ / N, =20dB. Moreover, the

carrier phase, the CFO and the symbol
timing (assumed to be an integer multiple of
the sampling period 7,) of each user are
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uniformly distributed in [—7[,7[) , [—0.5,0.5)
and {—~NT,/2,NT,/2—1}, respectively.

The length of the training sequence is L =1
OFDM/OQAM symbol.

The considered multipath channel is the ITU
Vehicular A [26], which has six independent
Rayleigh fading taps with delays 0, 0.31,
071, 1.09, 1.73 and 2.51 ws and relative
power 0, -1, -9, -10, -15 and -20dB.
Moreover, the channel is fixed in each run
but it is independent from one run to another.

Notice that although the proposed estimator has been
derived by considering only the preamble of each
user, in the simulations the burst of each user
contains the exploited preamble and the information
bearing data.

In the simulations, we have tested the performance
of the derived joint estimator both in AWGN (solid
line) and multipath channel (dashed line) when the
three considered allocation schemes are adopted.
Figure 34 displays the RMSE, normalized to the
OFDM/OQAM symbol interval T, of the AML
symbol timing estimator for the first user as a
function of E /N,. In AWGN channel and, for
sufficiently high £ /N, values , the interleaved and
interleaved b schemes assure better estimates than
blockwise scheme. However, the presence of the
local maxima in the cost functions for the
interleaved and interleaved b schemes leads to a
severe performance degradation as E /N,
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decreases. The effect of local maxima in the cost
function is also evident from the performance of the
interleaved b scheme in multipath channel. Figure
35 shows the RMSE, normalized to the intercarrier
spacing 1/T, of the AML CFO estimator for the
first user as a function of E /N,. Both in AWGN

and multipath, for sufficiently high E /N, values,

the lowest RMSE 1is obtained when the interleaved b
scheme is adopted. Finally, in Figure 36 it is
reported the BER obtained in multipath channel by
exploiting the proposed joint AML algorithm
followed by a one-tap equalizer with perfect
knowledge of the channel and of the residual
synchronization errors. For all considered allocation
schemes, a contained performance loss is observed
with respect to the case of one-tap equalization with
perfect  channel  knowledge and  perfect
synchronization.
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Figure 34: Performance of the proposed AML symbol
timing estimator in AWGN and multipath channel.
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Figure 35: Performance of the proposed AML CFO
estimator in AWGN and multipath channel.
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Figure 36: BER of the proposed joint estimator in
multipath channel.
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Chapter 4

Blind Synchronization
Algorithms for FBMC
Systems

In this chapter the problem of blind CFO and symbol
timing estimation for FBMC systems is considered.
Specifically, by exploiting the statistical properties
of the received FMT signal in the presence of
multipath channels, a closed-form blind CFO
estimator is derived. Moreover as regards
OFDM/OQAM systems, under the assumptions of
low SNR values, three ML CFO estimators for non
dispersive channels are derived. Due to their
significant computational complexity a more
feasible CFO synchronization algorithm is proposed.
Finally, under the assumptions of low SNR values,
the joint ML symbol timing and phase offset
estimator for AWGN channel is considered. The
performance of the derived estimators is assessed via
computer simulations both in AWGN and multipath
channel.
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4.1 Blind CFO Estimation for
Noncritically Sampled FMT
Systems

Let us consider a lightly modified version of the
digitalized FMT system model described in (2.10)

s(l)za %

ARt ) 4.1)
X Z z a,(k)g (l - nK)elek

n=—w keA
where s(l)=s(lTs). It is assumed that the data
symbols are statistically independent and identically
distributed (i.i.d.) random variables with zero mean
and unit variance (assumption Al). Moreover in
(4.1), g() 1s the unit energy prototype filter

assumed to be a SRRC Nyquist filter with a roll-off
factor o, O0<a<1 (assumption A2) and

ol = <E DS(Z)|2 }> Therefore, the expression of the

received signal in the presence of CFO ¢
(normalized to the intercarrier spacing), a carrier
phase ¢ and a timing offset 7, is given by

(27

(Eerrs)
r(y=e s(l—7)+n(l) (4.2)
where the additive noise n(/) is zero-mean, circular
white Gaussian ~ process  with  variance

o, =E Dn(l)ﬂ and statistically independent of the

transmitted signal s(/) (assumption A3). Let us
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observe that from assumptions (Al) and (A2) we
can easily derive the following result.

Result 1: The unconjugate correlation function of the
transmitted FMT signal is equal to

R,(m)=(E[ s (1)s(l+ m)]>
4.3)
=0’R (m)— Z e

u keA
where R, (m)=g(m)® g(—m) is the autocorrelation
function of the prototype filter.
Proof: Accounting for the expression of the

transmitted FMT signal (4.1) and by exploiting the
assumptions (Al) and (A2), it can be shown that

<E [s*(z)s(z T m)]>

m<§ g*(l—nK)g(l+m—nK)>

u keA n=—c0
2 2z
o K J=—km
===V (4.4)
Nu keA
K-1 4o

x—ZZg (I-nK)g(l+m—nK)

lOn

:]\;R(m)ZeNm

keA

From Result 1, we can note that the unconjugate
correlation function of the received FMT signal
depends on the autocorrelation function of the
prototype filter and, on the number N, and of the
position of the useful subcarriers. In particular if

K =N (critical sampling) the roll-off factor « of
the prototype filter g(n) is zero,
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g(n) :Lsinc(n/N) = ! sm(;zn/N)

JN JN wn/N

and then R, (m)=sinc(m/N). Hence, in the case of

(4.5)

critical sampling, Result 1 can be written as
Result 1b:

o’ . (mj 72 ko
R (m)=—_sinc| — e N 4.6
,(m) N N > (4.6)

u

4.1.1 Proposed Best Linear Unbiased
Algorithm

In this subsection, by exploiting the Result 1
presented in the section 4.1, we derive a new blind
closed-form CFO synchronization algorithm for the
considered multicarrier system.

Let us consider an observation window of length
ON and let us estimate the autocorrelation function

of the received signal at m =nN

B(nn)=R, (nN)

1 N(Q-n)-1 (1) ( 0 4.7)
=— r r(nN +
N(Q_U) k=0
vnell,...,L -1}, with 1<L <L, <Q.

Substituting the expression of the received signal
(4.2) into (4.7) and neglecting the noise x noise

term n" (k)n(k+nN), we have
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1
B(?])— N(Q—U)e
N(Q-n)-1

X z [s*(k—z’)s(k—r+77N)

k=0

Jj2nen

+w*(k)s(k -7 +77N)
+s" (k=7)w(k+nN)] (4.8)

j2men .
- {4(77) N(Q-n)
N(Q-n)-1
x [w*(k)s(k—r+77N)

k=

f=1

+s" (k=7)w(k+nN) ]}
where, under the hyphotesis of a zero mean circular
noise, the random variable w(k) =n(k)e”’ [(@r/N)eks]
is statistically coincident with n(k). Moreover, the
quantity ¢'(77) in (4.8), defined as
1
c(n)=—=r7—"=
N(0-n)-1 .
x > s (k-t)s(k-7+nN)
k=0

for N (Q —77) >1 can be approximated by [29]
{(n)=R (nN)=0’R,(nN) (4.10)

(L=L)x1

(4.9)

Let us now consider the vector y e R whose

elements are defined as
y(n) = arg{sgn [Rg (nN)]B(n)} ,

(4.11)
ne{l,...L,~1}
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At high SNR values and under the constraint
|5|<1/|:2(L2—1)], the quantity y(7) can be
approximated by

=2 t
y(n)=2men +arc an{SR

[1+8(n)] (4.12)
=27en+3| B(n)]
with
)2~
S(m)N(Q-n)
N(Q-7n)-
x S [W (k)s(k—7+nN) (4.13)

k=

(=]

s (k—r)w(k+77N)}
Using a vectorial notation, the scalar equation (4.12)
can be rewritten as

y=27en, _, +n (4.14)
where
n, ., 2L L, 1] (4.15)
while
n2[3[A(L)].3[A(L,-1)]] (4.16)

is the noise-related vector with zero mean and
covariance matrix C, e R=E0)  Thep, by the
Gauss-Markov theorem (see [31, p.136]), the linear

unbiased CFO estimator with minimum variance is
given by

T C—l
Epy = L Tan—iLll uY 4.17)
2z ']LZ—LIC,I N,
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where the (m,/)th element of the matrix C,,

defined as

[Cﬂ :I(m,l)

= E{3[B(L,+m-1)]3[ B(L,+1-1)]} (4.18)
V(m,)e{l,...,L,-L}
is equal to (see Appendix E for derivation details)
1
C =

[ ”:l(mJ) N(Q-L —-1+1)(Q—-L -m+1)

1
" R, ((L+1-1)N)R,((L,+m-1)N)SNR  (4.19)
x[(Q-m—1-2L +2)R, ((2L,+m+1-2)N)
+(Q—max{m,l}—L1 +1)Rg ((m—l)N)]
where SNR 207 /0. is the signal-to-noise-ratio.

The considered BLU CFO estimator, whose

acquisition range is given by |¢|< 1/[2(L2 —1)] ,
provides an explicit expression for the estimate &
and it is independent of the knowledge of the timing
parameter. Moreover, its variance for 0> L +1L,
and under the assumption of high SNR is given by
A 1

var{& =

{ BLU} 472-21]2—L|C:“L2—L1

(4.20)

It is important to note that in the case of critical
sampling (i.e. K = N), accounting for Result 1b, the
autocorrelation function of the transmitted FMT
signal evaluated at m =nN results to be

R (nN)=0}R,(nN)=olsinc(n)=06(n) (4.21)
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In this case, accounting for (4.7) the term B(7)

does not depend on the CFO ¢ . Thus, it follows that
the proposed BLU algorithm does not work for
a =0 and its performance degrades with small roll-
off factors.

In the case of L, =1 and L, =2, the BLU estimator

is equal to
R 1
&, =—arg{B(l 4.22
AT =5 g{ ()} ( )

while for L, =2 and L, =3 we obtain

. 1
Eprun = Earg{_B(z)} (4.23)

The estimator in (4.22) is labelled as modified
Assalini and Tonello (MAT) estimator, since it is a
modified version of the joint symbol timing and
CFO algorithm proposed in [10], while the estimator
in (4.23), referred to as BLU23, has been proposed
in [21]. Accounting for (4.20), we can obtain, for
Q0> L +L, and under the assumption of high SNR
values, the theoretical variance of the MAT and the

BLU23 estimators, in particular
R,(0)-R,(2N)

var {gMAT} = 4722NQSNRR; ™ (4.24)
var{&y 0 = R, O~k () (4.25)
P20 1677 NOSNRR? (2N)

From (4.24) and (4.25), for the considered prototype

A

filter, it follows that var{&, .} > var{&, .}

In the next section, the performance of the closed-
form estimators (4.17), (4.22) and (4.23) is
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compared with that of the estimator derived in [8],
labelled as LLSS estimator, whose expression is

Elrgs = argmax{ZZ‘ o ‘ } (4.26)

q=0 ke A
where & is a trial value of the CFO

[.9 (n+IN)+len |

(") ZZ’?(”)& n qK)e N (4.27)

is the DFT of Zl’l(n)gl* (n _qK)e’j(zﬂ/N)E(nHN) ’
/

with 7,(n) = r(n+lN) and g,(n) = g(n+lN).
Note that the LLSS estimator (4.26) requires, unlike
the considered closed-form estimators (4.17), (4.22)

and (4.23), a maximization procedure with respect to
the continuous variable ¢ .

4.1.2 Numerical Results and Comparisons

In this subsection, the performance of the proposed
BLU estimator (4.17) is assessed via computer
simulations and compared with that of the MAT
estimator (4.22), the BLU23 estimator (4.23), the
LLSS estimator (4.26) and the synchronization
algorithm proposed by Bolcskei in [11]. A number
of 10* Monte Carlo trails has been performed under
the following conditions (unless otherwise stated)

The prototype filter g(n) is obtained by

truncating an SRRC Nyquist filter.
Specifically, it is a FIR filter of length yK
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(see [2] for implementation details), where
the overlap parameter y is fixed at y =8.

The values of the normalized CFO and of the
carrier phase are fixed at ¢=0.1 and
¢ = /8, respectively.

The multipath channel has been modelled to
consist of N, +1=15 independent Rayleigh-

fading taps with a maximum delay spread
N, =14 and an exponentially decaying

power delay profile. Specifically,
E|[h)[ |= e, 1{0,...,N, }, where C

Ny
is a constant such that ZEDh(Z)H:l.
=0

Moreover, either a static channel or a time-
varying channel with normalized Doppler
bandwidth B,7 =0.1 have been considered.

The data symbols a, (k) belong to a QPSK

constellation.
The size of the set of subcarriers of the
considered FMT system is N =128 while

the number of virtual subcarriers is N, =16.
The parameters L, and L, of the proposed
BLU estimator (4.17) are equal to L, =1 and
L,=3.
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MSE

10

L2

Figure 37: MSE of the BLU estimator in AWGN channel as
a function of the parameter L,, in the case of ideal timing

for SNR =5dB, N =128 subcarriers and o =0.125.

In Figure 37, we compare numerical and theoretical
performance of the proposed BLU estimator for
L =1 as a function of the parameter L,. In

particular, the results have been obtained in the case
of AWGN channel with SNR =5dB, a=0.125,
£=0.01 and Q=40. We can note that, accounting

for (4.18), the value of the parameter L, is limited
by the overlap factor y, in fact, for L, >y the
covariance matrix C, is singular and the derived

BLU estimator cannot be exploited. For this reason
in Figure 37 we take 2 < L, <y . From Figure 37, we

can see that for L, >4 theoretical and numerical

performance of the proposed BLU estimator do not
improve significantly.
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Figure 38 and Figure 39 display the mean-squared
error (MSE) of the proposed BLU estimator for

L =1 and L,e{2,3,4} as a function of the

parameter (, in the case of AWGN channel with

SNR =5dB and SNR =20dB, respectively. In
particular, the results have been obtained for
a =0.25, £=0.05 and in the case of perfect timing
synchronization. In the figure, it is also included for
comparison the theoretical performance of the
considered estimator. We can note that the
performance of the proposed BLU estimator
improves as the values of the parameter L, and Q

increase. Moreover, as the SNR value increases, the
gap between numerical and theoretical variance
increases since the actual performance of the BLU
estimator presents a floor (see Figure 40). Figure 40
shows the MSE of the considered CFO estimators as
a function of SNR. Precisely, the results are obtained
in the case of perfect timing recovery for Q =40,

a=0.125 and a=0.25. In the figure are also
included the theoretical variance of the BLU
estimator, whose expression is reported in (4.20) and
the modified Cramér-Rao bound [31] for CFO
estimation, derived in Appendix F. The results show
that the LLSS estimator provides the lowest MSE
while the proposed BLU estimator assures the best
performance among the considered closed-form
estimators. In Figure 41, we compare the
performance of the considered estimators in the case
of QPSK and 16-QAM constellations. As indicated
in the figure, by varying the signal constellation, the
performance of all considered estimators is
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practically the same. Figure 42 shows the MSE of
the considered CFO estimators as a function of the
SNR in the case of perfect timing recovery for
0=40, =0.125 and a =0.25. We can note that,

although all the considered estimators have been
derived in AWGN channel, in the presence of
multipath channel they assure a performance nearly
equal to that obtained in the case of a non dispersive
channel (see Figure 40). In Figure 43, we report the
performance of the considered estimators in the case
of a non ideal timing recovery. Specifically, we
evaluate the MSE of the considered CFO estimators
as a function of the normalized timing offset 7/ K
for SNR =10dB, Q0 =40, N =128 subcarriers and

for ¢ =0.125 and a =0.25. The results show that
the LLSS estimator, derived under the assumption of
ideal timing, assures the best performance for
7/ K <0.25, while its accuracy rapidly deteriorates
in the presence of larger timing offsets. Moreover,
its sensitivity to the timing offset is higher for larger
values of the roll-off factor « . On the other hand,
the MSE of the BLU, BLU23, MAT and Bolcskei’s
estimators is practically independent of the actual
value of the timing offset. Finally, in Figure 44, we
compare the MSE of the considered CFO estimators
as a function of the SNR in the case of perfect
timing recovery for O=40, a=0.25, B,7=0.0
and B,T =0.1. We can note that, in the presence of
a time varying scenario, all considered estimators
exhibit for low and moderate SNR values a

performance loss with respect to the case of static
channel. However, the BLU, BLU23 and MAT
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estimators attain for 5,7 = 0.1 and high SNR values
the same floor exhibited in the case of B,7 =0.0.

—8— BLU-L2=4
| —s—BLU-L2=3

log,(Q)

Figure 38: MSE of the considered CFO estimators in
AWGN channel as a function of the parameter O, in the

case of ideal timing for SNR =5dB, N =128 subcarriers
and for o =0.25.
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“ ] —e—BLU-L2=2
| —8— BLU-L2=4
. | —s—BLU-L2=3 |]

HE ::::::ff_._varBLU—LE=2
VA e

107 ko : ——Valg y_12.53

MSE
5

log,(Q)
Figure 39: MSE of the considered CFO estimators in
AWGN channel as a function of the parameter O, in the
case of ideal timing for SNR =20dB, N =128 subcarriers
and for ¢ =0.25.
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Figure 40: MSE of the considered CFO estimators in
AWGN channel as a function of the SNR, in the case of
ideal timing for QO =40, N =128 subcarriers and for

a=0.125 and a=0.25.
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Figure 41: MSE of the considered CFO estimators in
AWGN channel as a function of the SNR, in the case of
ideal timing for O =40, N =128 subcarriers, o =0.25 and

for 16QAM and QPSK constellation.

MSE

—A— MAT
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Figure 42: MSE of the considered CFO estimators in

multipath channel as a function of the SNR, in the case of

ideal timing for QO =40, N =128 subcarriers and for

a=0.125 and ¢ =0.25.
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Figure 43: MSE of the considered CFO estimators in
multipath channel as a function of the timing offset 7/ K
for SNR =10dB, (Q=40, N =128 subcarriers, for
a=0.125 and o =0.25.
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Figure 44: MSE of the considered CFO estimators in
multipath channel as a function of the SNR, in the case of
ideal timing for Q =40, N =128 subcarriers, o =0.25 and

for B,T =0 and B,T =0.1.
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4.2 Non Data-Aided CFO
Estimation for Pulse Shaping
OFDM/OQAM Systems

Let us consider the transmitted OFDM/OQAM
signal described in (2.1). In particular, by assuming

that E[|s(kTs)|2} =62, (2.1) can be written as

[N s 5
S(k)—O's N, p;ﬁ;e
x| af (p)g(k-pN) (4.28)

+ja,](p)g(k—pN—N/2)]
where s(k) = S(kTS) .
In the following we assume that
AS1) The data symbols {a,R ( p)}

{a] (p)}

constellation, are statistically independent
and identically distributed random variables
with zero mean and unit variance.

AS2) The pulse-shaping filter g(k) is an
unit energy SRRC pulse, with a roll-of
parameter «, satisfying the orthogonality
condition (see [11], [26])

and

o0
p=—0

Vie A belonging to a PAM

0
2
p=—0

o0

> g(k-pN/2)g(k+BN-pN/2)

p= (4.29)
2

=—0
25(5)

From Assumptions (AS1) and (AS2) we can easily

derive the following results:
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Result 1. The unconjugate correlation function of
the transmitted OFDM/OQAM signal s(k) at time

k and lag m is equal to
R (k;m)2 E[s"(k)s(k+m) |

No? j%”lm = N
= S k_ h—
2N, ;e p_z_:wg( P 2j
N (4.30)
Xg (k +m —p—j
2
0'2 jz—”lm 12 2 i
=F$Ze N 'HG(;J)‘ e ’*du
u leA 1/2

where the last inequality follows from AS2 on the
pulse-shaping filter and, moreover

00

G(u)=> glkye ™ 4.31)

k=—0

is the DFT of the real pulse-shaping filter g(k).

Result 2. The relation function (or the conjugate
correlation function) of the transmitted signal s(k)
is given by

C, (k;m)= E[S(k)s(k + m)]

2 2r
_ No; zejyl(zkm)eﬂ,,
2N leA

u

xi (—1)”g(k—p%)g(k+m—p%) (4.32)

p=—»

20° 2 1km) 22 ()
=— E eV e’"Rie V
N =

u

1/2

J ot (- Jeud

-1/2

From Result 1 we can deduce that for the considered
pulse-shaping filter, the OFDM/OQAM signal is
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stationary with respect to its unconjugate correlation
function. On the other hand, from Result 2 we can
note that the conjugate correlation function results to
be conjugate second-order cyclostationary with
period N .

In the absence of virtual subcarriers (that is for
N =N, ) the unconjugate correlation function of the

transmitted OFDM/OQAM signal s(k) at time &

and lag m is equal to (see [32])
2

R (kym) = N;f 5(m-pBN)

<3 g(k—pgjg(k+m—p%} (4.33)

p=—x

=0.5(m—pN)

Moreover, the conjugate correlation function results
to be

C (kym) = Nzaf 5(2k+m+NG—ﬂD

X i (—l)pg(k—p%jg(k+m—p%j

(4.34)

4.2.1 ML CFO Estimators for Low SNR

Conditions

In this subsection, we derive three ML CFO
estimators for OFDM/OQAM systems under the
assumption of low SNR conditions.

The discrete-time received signal in AWGN
channel, in the presence of a CFO normalized to the
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intercarrier spacing ¢ and a carrier phase offset ¢

can be written as

(27

./[ng‘W]
rk)y=e s(k)+n(k) (4.35)
where s(k) is the transmitted OFDM/OQAM signal
and n(k) denotes the zero-man circular complex
white Gaussian noise with E Dn(k)ﬂ =0’ and

statistically independent of s(k) .

Let us consider an observations window of total
length W =nN, the likelihood function in AWGN

channel, for the transmitted symbol sequence

a" ={a(prle A,peZ] (4.36)
a' ={a/(p):le A, pel) (4.37)
and for the two unknown parameters & and ¢ is

given by (up to irrelevant multiplicative factor)

- n-1 N-1
A(é,gzﬁ,ﬁR,ﬁ) exp{——zzm(m)
n k=0 m=0
. ] ) (4.38)
j| =—&(m+kN )+
AR

where
Sk(m)és(m+kN)
(]
N, p—Z:oo; (4.39)
x[a,R(p)g(m+kN—pN)
+jal'(p)g(m+kN—pN—N/2)]

is the transmitted OFDM/OQAM signal and the
notation of type X indicates trial value of x.
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Replacing (4.39) in (4.38) and dropping factors
independent of the unknown parameters we get

n-1 N-1

A(2,¢,8",4" )—exp{ [ZZFk(m)Sk(m)

k=0 m=0

Xe—j{%é(erkN)w?} j|}

By developing in series the likelihood function until
the second-order we obtain

A(z.¢,8" 4 )‘”—‘R[ﬂ » 1yk(in)ﬁf('n)}
o . (4.41)

(4.40)

I’l

+1[%9{"* S (m)s‘z(mD
2 o, k=0 m=0

—_/'[27[/N§(m+kN)+¢ﬂ

with y, (m)=r(m)e . Moreover, by
averaging function (4.41) with respect to the data
symbols and accounting for assumption AS1, we
obtain the marginal likelihood function

n-1 N-1 7-1 N-I

( ) 1+—9*{ZZZZMI ml

k=0 m; =0 k=0 m,=0

xy;; (mz)E[§k1 (ml)§kz (m, )] }

N-1 -1 N-1

=339 AT

1=0 m; =0 ky=0 m,=0

><y;:2 (mz)E[EZ1 (ml)Ekz (m2 )]

We can note that the marginal likelihood function
(4.42) depends on Dboth the conjugate and
unconjugate  correlation  functions of  the
OFDM/OQAM signal. Moreover, accounting for

(4.42)
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Result 1 and Result 2, likelihood function (4.42) can
be rewritten as

A(a.g)=1+1

<R {e-jz&”z": 3 [(zg,, (8)) ~(z1,(8)) J} (4.43)

p=01leA
2 n-1
+7_77 Z[‘Zﬁ,l(é)‘er‘Z;,l(é)‘z}
4 p=0/ecA
where

A 20 N
= /— 4.44
4 O'j 2N, ( )

while the quantities

B Nl o - '2—”§(m+kN+ N)
()= z{ S (e 3
o (= (4.45)

2

—j—=—ml
xg(m)]e "V

and
B Nl o - 'z—ﬁé(m+kN+ N)
()5 3, (e
m=0| k=—o (4.46)

- ‘Zlml
Xg, (m—N/Z)]e "N
can be interpreted as the DFT of the response of the
receiver  polyphase filterbanks g, (m) and

g, (m-N/2) to the input signal

—j27r/N§(m+kN+pN)
rk+p (m)e .

The joint ML estimator is obtained by searching the
values of the parameters ¢ and ¢ that maximize

likelihood function (4.42). To proceed we keep the
parameter & fixed and let ¢ vary. Under these
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conditions the function A(é,g};) in (4.42) achieves a
maximum for

¢MLLS

el ST (<L) (e @) ]

Hence, accounting for (4.42) and (4.47), the ML
CFO estimator for low SNR values is given by

A

SmiLs =

n-1

S ¥ e [ (@) ()]

p=01leA

(4.48)

&

arg max {

+§ ZDZ,]E; (5)‘2 + ‘Zzlwl (5)‘2 ]}

Note that if we consider the carrier phase as random

nuisance parameter uniformly distributed in [0, 27[)

and average (4.40) with respect to ¢ we obtain

A(é,ﬁR,ﬁ’)

lzn e (4.49)
=57 [ AE4A0E)dg =1 ()
where

= %rzzyum)sk(m)} (4.50)

and /,(-) is the modified Bessel function of the first

kind and order zero. Under the assumption of low
SNR values the Bessel function can be approximated
as

i

1y () =1+

(4.51)
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Moreover, under the assumption AS1, by averaging
function (4.51) with respect to the data symbols and
neglecting additive and multiplicative parameters

independent of the CFO &, we obtain
n-1 N-1 n-1 N-1

ZZZZM ml ykz mz)

k=0 m =0 ky=0 m,=

><E[skl (m, )s,{2 (m, )} (4.52)

2 p-1
/4 2 12
LSS [ @ @
p=01leA
and the corresponding blind ML CFO estimator is
given by

gUMLLS

(4.53)

| 5[, 2 o o |

Thus, ML estimator (4.53) is coincident with the
second term of the cost function in (4.48), depending
on the unconjugate correlation function. Therefore,
it is referred to as unconjugate MLLS estimator
(UMLLS estimator). However, as demonstrated in
Appendix G, it cannot be used in the case of a fully
loaded OFDM/OQAM system (N =N,).

If we do not consider the second term of the cost
function in (4.48), we obtain the CFO estimator
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(4.54)

Note that in the case of a fully loaded
OFDM/OQAM system the CFO estimator in (4.54),
exploiting the conjugate correlation function of the
OFDM/OQAM signal, is coincident with the ML
estimator for low SNR, then in the following it will
be referred to as conjugate MLLS estimator
(CMLLS estimator).

4.2.2 LS CFO Estimator

Let us consider the following statistics:

. 1 Vet

R(m)—m ; r (k)r(k +m) (4.55)

and

é(N—m):iEr*(k)r(mN—m) (4.56)
m i=o

Under assumptions AS1 and AS2, for 1<m< N -1,
it follows that

'z—ﬁgm 2 2—ﬂm
R(m)=e' ¥ O-S;—(M)Zej’\’ "+ e (m) (4.57)
u leA
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where

e,(m) 2 R(m)— E[}%(m)} (4.58)
and

zm2 [ |G(p)f e du (4.59)

-1/2

1s a real function since
G(u)] 2] 3 gtre”
k=—0

is an even function. Specifically, accounting for

(4.60)

assumption AS2, z(m) is the raised cosine pulse.
Moreover, for 1<m < N —1, we have
PZev-m) o2 z(N —m)

N
“ (4.61)
‘ggml

xz e N4 e,(m)

leA

I%(N—m):e

where
e,(m) 2 zé(N—m)—E[zé(N—m)} (4.62)

It is shown in Appendix H that, under assumptions
AS1 and AS2, the zero mean “noise” terms in (4.58)

and (4.62) have a variance (’)((N —m)fl) and

O(mil ), respectively. Moreover, it is worthwhile to

emphasize that, since under assumption AS2 z(/) is
the raised cosine pulse (see (4.59)), for
1<m< N -1, it follows that

z(m)>0 (4.63)
and

z(N-m)>0 (4.64)
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Taking into account (4.55), (4.61), (4.63) and (4.64)
it follows that a CFO estimate can be obtained by
minimizing the norm

L,-1 R R O_4ej27r£
J(&)=|D. Rim)R(N —m)———;
m=L, u
2 (4.65)

2

2r
Jj—ml
e’

leA

xLil z(m)z(N —m)

m=L,

where L, and L, are design parameters selected so
that the conditions N-m>1 and m>1 are
satisfied. The minimization of the least square error
in (4.65) with respect to ¢ leads to the proposed
closed-form LS CFO estimator

. 1 L,~1 R R

&g =—arg { D R(m)R(N — m)} (4.66)
27[ m=1L

It is worthwhile to emphasize that the CFO estimator

in (4.66), whose acquisition range is |g| <1/2, does

not require the knowledge of the SNR. Moreover, in

the case of an observations window composed by 7

OFDM/OQAM symbols, estimator (4.66) can be
generalized as

R 1 n-1 L,-1 R R
£ = —Zarg{ > R, (m)R,(N - m)} (4.67)
27”7 p=0 m=1L
with
A 1
(m)=——
’ N-—m
— (4.68)
x Z r (k+ pN)r(k+m+ pN)
k=0

and
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(4.69)

1
m
m—1
x> r'(k+ pN)r(k+N —m+ pN)
0
4.2.3 Simulation Results

In this subsection the performance of the proposed
MLLS, UMLLS, CMLLS and LS CFO estimators in
(4.48), (4.53), (4.54) and (4.67) respectively, is
assessed via computer simulations and compared
with that of the blind algorithm proposed in [12],
labelled as CS estimator. Note that the blind CFO
estimator based on the unconjugate cyclostationary
proposed in [11] is not considered in the following
experiments since, as previously stated, under
assumptions AS1 and AS2 the OFDM/OQAM
signal is stationary with respect to its unconjugate
correlation function.
A number of 10° Monte Carlo trials has been
performed under the following conditions (unless
otherwise stated):

The prototype filter g(k) is obtained by

truncating a SRRC Nyquist filter with a roll-
off parameter a =0.6. Specifically, it is a
FIR filter of length yN, where the overlap
parameter y is fixed at y =8.

The values of the normalized CFO and of the
carrier phase are uniformly distributed in
[-1/4,1/4) and in [-7,7), respectively.
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The multipath channel has been modelled to
consist of N, +1=5 independent Rayleigh-
fading taps with a maximum delay spread

N, =4 and an exponentially decaying

power delay profile. Specifically,
E| @] |=ce™, 1€{0,...,N, }, where C

Nl)l
is a constant such that ZEDh(l)ﬂ:l.
1=0

Moreover, the channel is fixed in each run
but it is independent from one run to another.
The size of the set of subcarriers of the
considered OFDM/OQAM system is N = 64
while the number of virtual subcarriers is
N, =16.
The parameters L, and L, of the proposed
LS estimator (4.67) are equal to L, =N /4
and L, =N/2.
The signal-to-noise ratio is defined as
SNR =267 /0.
Note that the considered MLLS, UMLLS, CMLLS
and CS estimators require a maximization procedure
with respect a continuous parameter &£. This
maximization is performed exploiting a two step
procedure. In the first step it is performed a coarse
search with a step size 1/(167) followed, in the

second step, by a parabolic interpolation.

To obtain some insights about the acquisition range
of the considered CFO estimators, Figure 45 shows
the behaviour in a single run of the MLLS, UMLLS
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and CMLLS cost functions for &e[-N/2,N/2)

and in the case of a fully loaded OFDM/OQAM
system. By investigating these results, we can
deduce that in this case the acquisition range of the

MLLS and CMLLS estimators is |g|<1/2 and,

moreover, the UMLLS cost function is weakly
dependent on the CFO (see Appendix G).
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Figure 45: Cost functions of the considered ML CFO
estimators in a single run and in AWGN channel with
SNR =10dB, =16, N=64 and N, =0.

In Figure 46 we present the MLLS, CMLLS and
UMLLS cost functions in the case of an
OFDM/OQAM  system with N, =16 virtual

subcarriers. As illustrated in the figure, by inserting
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virtual subcarriers, the acquisition range of the
MLLS, CMLLS and UMLLS estimators is

le|<N/2. However, the MLLS, UMLLS and

CMLLS cost functions present local maxima located
at k/2 VkeZ that can interfere with the absolute
maximum especially at low SNR values or in
dispersive channels leading to outliers. This
observation is corroborated by numerical results
shown in Figure 47. Precisely, in Figure 47 we

report the outlier probability P, = P{|é - g| >1/ 2}

for the MLLS, UMLLS and CMLLS estimators in
AWGN channel (solid line) and multipath channel
(dashed line) as a function of the SNR. As indicated
in the figure, in AWGN channel the MLLS, UMLLS
and CMLLS estimators provide, for SNR >5dB,
CFO estimates without ambiguity, while in
dispersive channel the outlier probability is quite
high in the whole range of SNR values.
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Figure 46: Cost functions of the considered ML CFO
estimators in a single run and in AWGN channel with
SNR =10dB, =16, N=64 and N, =16.

In this first set of simulations we have tested the
performance of the proposed algorithms in AWGN
channel. Precisely, Figure 48 shows the RMSE of
the considered CFO estimators as a function of the
actual value of the normalized CFO & in AWGN
channel for 7=16 OFDM/OQAM symbols. As

indicated in the figure, the performance of the
MLLS, UMLLS and CMLLS estimators is nearly
the same for almost all the considered CFO values,
while the RMSE of the CS and LS synchronization
algorithms depend on the actual value of the
normalized CFO. Figure 49 and Figure 50 show the
RMSE of the considered CFO estimators as a
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function of the SNR in AWGN channel for 7=16

OFDM/OQAM symbols. In particular, in Figure 49
we consider the performance of the considered
estimators in the case of perfect timing
synchronization while in Figure 50 we report
numerical results in the presence of timing errors

uniformly distributed in {0,...,N —I}TS. Moreover,

in Figure 49 we also include the MCRB [31] for
CFO estimation, derived in Appendix F. The results
show that in the case of perfect timing
synchronization the MLLS and CMLLS estimators
provide the lowest RMSE, while the closed-form LS
synchronization algorithm outperforms the much
more complex UMLLS and CS estimators.
Moreover, the UMLLS, LS and CS estimators are
particularly robust to the presence of timing errors,
while the MLLS and CMLLS estimators present a
severe performance degradation in the presence of
timing errors. In Figure 51 we report the RMSE of
the considered blind CFO estimators as a function of
the number of observed OFDM/OQAM symbols for
an SNR value fixed at SNR =10dB and in the case
of perfect timing synchronization. As indicated in
the figure, the MLLS and CMLLS estimators assure
the best performance among all the considered
estimators.

Figure 52 displays the RMSE of the MLLS,
UMLLS, CMLLS, LS and CS algorithms as a
function of the observed OFDM/OQAM symbols
and in the presence of multipath channel. As we can
see, the MLLS and CMLLS algorithms in multipath
channel present a performance degradation with
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respect to that achieved in AWGN channel, due to
the poor estimate in the coarse search caused by the
model mismatch. Instead, the CS, UMLLS and LS
estimators exhibit a contained performance loss with
respect to the AWGN channel case. However, the
closed form LS algorithm assures the best
performance among all the considered estimators for
a low number of observed OFDM/OQAM symbols.
Finally, the results reported in Figure 53 show the
RMSE of the considered CFO estimators as a
function of the SNR. We can note that for the
considered number of OFDM/OQAM symbols
n =16 the feasible-computational LS CFO estimator

provides the most accurate estimates in the whole
range of the considered SNR values.
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Figure 47: Outlier probability for the considered ML CFO
estimators in AWGN (solid lines) and multipath channel
(dashed lines) as a function of the SNR for =16, N =64

and N, =16.
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Figure 48: Performance of the considered CFO estimators
in AWGN channel as a function of the normalized CFO
value ¢ for SNR =10dB, =16, N =64 and N =16.
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Figure 49: Performance of the considered CFO estimators
in AWGN channel as a function of the SNR for =16,
N=64 and N, =16.
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Figure 50: Performance of the considered CFO estimators
in AWGN channel as a function of the SNR in the presence
of timing errors for =16, N=64 and N,  =16.
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Figure 51: Performance of the considered CFO estimators
in AWGN channel as a function of the logarithm of
OFDM/OQAM symbols 7 for SNR=10dB, N =64 and

N, =16.
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Figure 52: Performance of the considered CFO estimators
in multipath channel as a function of the logarithm of
OFDM/OQAM symbols 7 for SNR =10dB, N =64 and
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Figure 53: Performance of the considered CFO estimators
in AWGN channel as a function of the SNR in the presence
of timing errors for =16, N =64 and N, =16.
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4.3 Blind Symbol Timing Estimation
for OFDM/OQAM Systems

In this section we derive the ML symbol timing
estimator for OFDM/OQAM systems with perfect
CFO synchronization and under the assumptions of
low SNR values.

Let us consider an OFDM/OQAM system with N
subcarriers and no virtual subcarriers, the digitalized
received signal in AWGN channel, in the presence
of a timing offset 7, a CFO Af, a carrier phase

offset ¢ and an attenuation y can be written as
r(kT,) = ys (kT,) '™ 4 n(kT) (4.70)
where s(kT,) is the transmitted OFDM/OQAM

signal, while n(kT,) denotes the zero-mean circular

complex white Gaussian noise with a variance
o IT.
In the following we assume that

ASS1)  The data symbols {a,R ( p)}w and

p=—x
{a,[ (p)}j:_w , V1€{0,...,N -1} belonging to

a PAM constellation are statistically
independent and identically distributed
random variables with zero mean and
variance a, .

ASS2) The real-valued and unit-energy
pulse-shaping filter g(¢#) is bandlimited

within [-1/T,1/T].
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Under the assumptions ASS1 and ASS2 we can
rewrite the results (4.33) and (4.34) as

N-1 jz—”lm

Rs(k];;mﬂ):a—zzZe N

=
xf | g(kT, - pT) g (KT, +mT, - pT) (4.71)
—
+g(k7; —pT—gjg(kY; +mT, —pT—%H
and
=
X f [ g(KT, - pT)g (KT, +mT, - pT) (4.72)

p=—0
—g[kTs —pT—g)g(kTs +mT, —pT—gﬂ

respectively. Moreover, it is worthwhile to
emphasize that in the presence of a CFO, the
unconjugate correlation function of the signal

5(kT,)=s(kT,)e’*™" is equal to
R (kT;mT)=R, (kT,;mT )e /*™"" (4.73)

while the conjugate correlation function is given by
C, (kT;mT,)=C, (kT ;mT,)e">™" ™ (4.74)

From (4.73) and (4.74) it follows that the presence
of the CFO does not change the unconjugate
cyclostationarity period while it affects the
conjugate cyclostationarity period. In fact, the term

e 7™ in (4.73) is a constant for each lag value

mT  while the term &> in (4.74) is a

periodic function for each lag value mT7,. For
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example, in the presence of a CFO normalized to the
intercarrier spacing fixed at AfT =0.1, the conjugate

cyclostationarity period is changed from 7' to 57 .

4.3.1 ML Symbol Timing Estimator for
Low SNR Conditions

By considering an observations window of length
Nn, the likelihood function in AWGN channel, for

the transmitted symbol sequences
a" ={a (psle{0.N-1},peZ}
and

a' ={a/(p)le{0.N-1},peZ}

and for the two unknown parameters 7 and ¢ is

given by (up to irrelevant multiplicative factors)
n-1 N-1
ZZ‘Fk mT

A(f,ﬁ,ﬁR,ﬁl):exp{
n k=0 m=0 (475)

—yel?5? (st)‘ }

where
s,f(mT)és(kT+mT ~7)

+o N-1 ( ,,,T,”]

;‘”;’: (4.76)
X[al (p)g(mTS +kT—pT—z’)
+ja,1(p)g(mTS +kT—pT—T/2—T)]

By replacing (4.76) in (4.75) and dropping irrelevant
factors we get
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-1 N-1
(e ) -exp| 2] 50 o)
On Lk0m=0 (4.77)
xe ”’;s,f (mTv)*}
n-1 N-1
since the quantity ZZ‘sk mT, ‘ is weakly
k=0 m=0

dependent on the parameter 7. By developing in
series the likelihood function until the second-order,
by averaging with respect to the data symbols and,
finally, by using the relationship

9%2(/1):(9%(,42)+|A|2)/2, we obtain (up to
irrelevant additive terms)

A(z.g)=2E

n-1 N-1 o N 2
h k /rzﬁgkr (mTv)

k=0 m=0

The joint MLLS estimator is obtained by searching

the values of the parameters 7 and ¢ that maximize

the likelihood function in (4.78). To proceed we
keep the parameter 7 fixed and let ¢ vary. Under

these conditions the function A(f,é) in (4.78)

achieves a maximum for
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k=0 m; =0 k=0 m,=0

¢MLLS {ZZZZ’% mT

(4.79)
X, (szc )E[% (mlTv )* §1:2 (szv )*} }

Hence, accounting for (4.78) and (4.79), the MLLS
symbol timing estimator is given by

ToiiLs =arg{nax[uc(f)+‘c(f)u (4.80)
where

uc(%)= : Z r, (mT, )’7:2 (m,T,)

k=0 m;=0 ky=0 m,=0 (482)

From (4.81) and (4.82), it follows that the term
uc(f) is the contribution to the cost function
exploiting the unconjugate correlation function of
the transmitted OFDM/OQAM signal, while the
term c(f) is the contribution exploiting the
conjugate correlation function. Since under the
assumption ASS2 on the pulse-shaping filter the

transmitted OFDM/OQAM signal results to be
stationary with respect to its unconjugate correlation

function, the term wuc(7) in (4.81) does not depend

on the symbol timing and, then in this case we
obtain
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FrLs = arg gnach(f)H (4.83)

Therefore, the conjugate correlation function can
bring additional information which can be used for
bind symbol timing estimation.

By substituting (4.72) in (4.82) and putting
q,=kN+m,i=12,we get

Nn—1 Np-1

e(£)="2 Y, X r(aT)r(4.1)

0=0 ¢,=0
N-1

xzej—l(qlT T, 2T)e/l”
o (4.84)
<y [g(aT. - pT-%)g(q,T, - pT —7)

p=—00

T T .
—g(qlTs—pT—E—fjg(%Ts—pT—E—fﬂ

Hence, (4.84) becomes

c(f)zNZleﬂ”e"?”f[ 20 (7 - Wf)} (4.85)

p=—mw
with
Ni—1 21
(1) Z r qT e V' (qT pT — ) (4.86)
q=0
and
20(2)
Ny 2 T (4.87)
=2 7(aT,)e qulg(qu—pT—f—EJ
q=0

From (4.85) it follows that ¢(7+7/2)=—c(7) and,

then, the MLLS symbol timing cost function in
(4.83) is a periodic function of period 7' /2, that is

the acquisition range is |z'| <T /4. To obtain some
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insight about the lower bound on the performance of
the considered estimator in Appendix F and with
reference to a SRRC Nyquist filter it is derived the
MCRB [31]. Specifically, the MCRB for symbol
timing normalized to the OFDM/OQAM symbol
interval, for CFO normalized to the intercarrier
spacing and for phase, is given by

MCRB (1j - !

2 —
87rZSNR77N{N12 1+§}

(4.88)
3
= 22°SNR 7N
3N
2SNR7’n(N*n* - 1)
3
. 27°SNR7°N
1

3(nN -1)
2SNR77N{1—2(2’Z7N_1)}

(v-1)

2_
SSNRnN{N 1+§}

MCRB(AT) =
(4.89)

MCRB(¢)=

+ (4.90)

12

7
V21 2SNR 7N

2
where SNR 2722 From (4.88), (4.89) and (4.90)

it follows that the MCRB for symbol timing
normalized to the OFDM/OQAM symbol interval
and for phase decrease at the rate 1/7, while the

MCRB for CFO normalized to the intercarrier
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spacing decreases at the rate 1/7°. Moreover, for

large values of the number of subcarriers the MCRB
for normalized CFO and for phase decrease at the
rate 1/ N, while the MCRB for normalized symbol

timing decreases at the rate 1/ N°.

4.3.2 Numerical Results

The performance of the MLLS estimator in (4.83)
has been assessed via computer simulations by
performing a number of 10° Monte Carlo trials
under the following conditions (unless otherwise
stated):

The considered OFDM/OQAM system has a
bandwidth B=1/7, =11.2MHz.

The data symbols a(p) and a/ (p) are the

real and imaginary part of QPSK symbols.

The prototype filter is obtained by truncating
an SRRC Nyquist filter with a roll-off
parameter o =0.75 and a length pN where

the overlap parameter p is fixed at p=4.

Moreover, the prototype filter g(z) is

truncated in the interval {—%]},—%TS[

and is delayed by pN -1

T, time units to get

a causal prototype filter [28].
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The carrier phase is uniformly distributed in
[—7[,7[).
The symbol timing in uniformly distributed
in {-N/4,N/4-1}T..
The considered multipath channel is the ITU
Vehicular A [26], which has six independent
Rayleigh fading taps with delays 0, 0.31,
071, 1.09, 1.73 and 2.51 ws and relative
power 0, -1, -9, -10, -15 and -20dB.
Moreover, the channel is fixed in each run
but it is independent from one run to another.
Figure 54 displays the RMSE (normalized to the
OFDM/OQAM interval T) of the considered
symbol timing estimator as a function of the
logarithm of the number of subcarriers N and for
one OFDM/OQAM symbol. It results that in AWGN
channel (solid line) the proposed estimator provides
accurate estimates and, moreover, the asymptotic
(N > 1) performance presents a slope similar to that
predicted by the MCRB. In the considered multipath
channel (dashed line), the ML estimator exhibits a
performance degradation due to the mismatch with
respect to the considered model. However, the
estimates result to be quite accurate for a sufficiently
large number of subcarriers. In Figure 55 we report
the RMSE of the proposed symbol timing estimator
as a function of the logarithm of the number of
OFDM/OQAM symbols in the case of N =8
subcarriers. In this case the multipath channel has
been modelled to consist of two independent

Rayleigh fading taps with delays [0,1]7, and relative
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power [0,-8.7]dB. The numerical results show that

in AWGN channel the performance of the proposed
estimator presents, for a sufficiently large number of
OFDM/OQAM symbols, the same asymptotic
(n>1) slope as the MCRB. However, for the

considered number of subcarriers the performance in
multipath is satisfactory only for a relatively high
number of OFDM/OQAM symbols. Therefore, the
proposed algorithm should be exploited in a
multipath channel when the number of subcarriers is
much higher than the maximum delay spread of the
channel. In fact, in this case the proposed algorithm
can provide accurate estimates also when only one
OFDM/OQAM symbol is used. This statement is
corroborated by the results reported in Figure 56
where it is shown the performance of the proposed
estimator s a function of the SNR for N =2048
subcarriers and, moreover, only one OFDM/OQAM
symbol is exploited. As shown in Figure 57, the
adoption of the proposed symbol timing estimator
assures a negligible performance degradation with
respect to the case of one-tap channel equalization
with perfect channel knowledge and perfect
synchronization. Finally, in Figure 58 we have
analyzed the performance of the MLLS estimator as
a function of the CFO. It results that in the case of a
low number of subcarriers and a large number of
OFDM/OQAM symbols, the presence of the CFO
leads to a severe performance degradation, while
when a large number of subcarriers is used and only
one symbol OFDM/OQAM is exploited, the
accuracy of the estimates is not affected by the CFO.
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The high sensitivity of the proposed estimation
algorithm to the presence of a CFO when a large
number of OFDM/OQAM symbols is used can be
explained by considering that in this case the symbol
timing estimator exploits the second-order conjugate
cyclostationarity of the OFDM/OQAM signal and,
moreover, the period of the conjugate
cyclostationarity is changed by the presence of a
CFO (see (4.74)). Therefore, in this case the problem
of joint CFO, symbol timing and phase estimation
should be considered to obtain accurate estimates.
Of course, the joint ML estimator for low SNR
values results to be highly complex since, as it can
be easily shown, it requires a two-dimensional
maximization procedure with respect to two
continuous parameters. On the other hand, when
only one OFDM/OQAM symbol is exploited, the
estimator does not exploit the conjugate
cyclostationarity and its performance is essentially
unaffected by the CFO.
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Figure 54: RMSE of the MLLS estimator as a function of
the logarithm of the number of subcarriers for

SNR =20dB and 77 =1.
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Figure 55: RMSE of the MLLS estimator as a function of
the logarithm of the number of OFDM/OQAM symbols for

SNR =20dB and N =8.
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Figure 56: RMSE of the MLLS estimator as a function of

the SNR for 7 =1 and N =2048.
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Figure 57: BER as a function of the SNR for N =2048.
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Figure 58: RMSE of the MLLS estimator as a function of
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Chapter 5

Conclusions

In this thesis, issues related to symbol timing and
CFO synchronization for FBMC systems are
discussed. After the description of FMT and
OFDM/OQAM  system models, we have
investigated their sensitivity to synchronization
errors. We have shown that the considered filter-
bank based multicarrier systems are very sensitive to
synchronization errors, 1in fact as proved
analytically, ISI and ICI can arise at the output of the
subchannel matched filters at the receiver.
Moreover, it has been shown that in asynchronous
uplink FMT and OFDM/OQAM systems are more
robust than OFDMA systems to misalignments
among users. Successively new data-aided and blind
synchronization algorithm have been derived and
analyzed.

A synchronization scheme based on a training
sequence made up of identical parts has been
considered. The proposed method is based on the LS
approach, it operates in the time domain before
running the receiver filter bank, and, moreover, it
does not require the knowledge of the channel
impulse response and of the SNR. The performance
of the derived estimator has been assessed via
computer simulation and compared with that of two
joint symbol timing and CFO estimators previously
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proposed by Tonello and Rossi in [14] and referred
to as TR1 and TR2. Specifically, the proposed
estimators and the TR1 estimator exploit only the
periodicity of the training burst while the TR2 joint
estimator exploits also the knowledge of the periodic
training burst. The numerical results have shown
that the LS CFO estimator can outperform the TR2
estimator while the knowledge of the shape of the
periodic training burst can be exploited by the TR2
to provide more accurate symbol timing estimates.
We have also considered the problem of data-aided
synchronization for MA OFDM/OQAM systems. In
particular, we have derived the joint ML estimator
for the phase offset, the CFO and the symbol timing
of each of U users and, moreover, we have shown
that this approach, when the CFO of each user is
sufficiently small leads to U different AML joint
phase offset, CFO and symbol timing estimators.
Specifically, for each user the phase estimate and the
CFO estimate are in closed form while the symbol
timing estimate requires a one-dimensional
maximization procedure. The performance of the
proposed AML joint estimator has been assessed via
computer simulations both in AWGN and in
multipath channel, and for three different allocation
schemes. The numerical results have shown that
with only one training symbol and for all the
considered allocation schemes, the adoption of the
AML estimation scheme can assure a contained
performance degradation with respect to the case of
one tap equalization with perfect channel knowledge
and perfect synchronization.
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Afterwards, we have considered the problem of
blind feed forward CFO estimation for noncritically
sampled FMT systems. In particular, a closed-form
CFO estimator based on the statistical properties of
the received FMT signal in the presence of non
dispersive channel is derived. The performance of
the proposed estimator has been compared with that
of the ML-based LLSS estimator proposed in [8],
that of a modified version of the estimators proposed
in [10] and with the estimators considered in [11]
and [21]. Computer simulation results have shown
that the proposed BLU CFO estimator outperforms
the MAT estimator and those derived in [11] and
[21] and these present a remarkable robustness in the
presence of non ideal timing recovery. In particular,
the proposed estimator can outperform the LLSS
estimator for large values of the timing offset.

As regards OFDM/OQAM systems, we have dealt
with the problem of blind CFO and symbol timing
estimation. Specifically, under the hypothesis of low
SNR values, the joint ML CFO and carrier phase
estimator (MLLS estimator) and its particularization
to the case of fully loaded OFDM/OQAM system
(CMLLS estimator) have been derived. Moreover,
the ML CFO estimator for low SNR values and a
carrier phase modeled as a random nuisance

parameter uniformly distributed in [O, 27[) (UMLLS

estimator) has been obtained. Since their
implementation complexity is high, a simpler
estimation algorithm termed LS estimator has been
proposed. The performance of the considered
synchronization algorithms has been compared with
that of the CS estimator derived in [12]. As
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illustrated by computer simulations, in AWGN
channel the MLLS and CMLLS estimators can
assure the lowest RMSE, however, they are
particularly sensitive to the presence of timing
errors. Moreover, in multipath channel the closed-
form LS CFO estimator can provide the best
performance for a relatively low number of
OFDM/OQAM symbols.

Finally, the ML phase offset and symbol timing
estimator for OFDM/OQAM systems in AWGN
channel and under the hypothesis of low SNR values
has been proposed. Since the phase estimate is in
closed form, the symbol timing estimate requires
only a one-dimensional maximization procedure.
Specifically, the derived proposed estimator presents

an acquisition range equal to |z'|<T /4. The

numerical results show that the ML estimator can
assure accurate estimates both in AWGN and
multipath channel in the case of sufficiently large
number of subcarriers and only one OFDM/OQAM
symbol. Furthermore, in this case its performance is
essentially unaffected by the CFO and, then, it can
be exploited before CFO correction. On the other
hand, when a large number of OFDM/OQAM
symbols is exploited, the proposed estimator
demonstrates a severe performance degradation
when a CFO is present. This is due to the fact that
the ML symbol timing estimator exploits the second-
order  conjugate  cyclostationarity  of  the
OFDM/OQAM signal and, moreover, the period of
conjugate cyclostationarity is changed by the
presence of the CFO.
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Appendix A

Orthogonality Conditions

In this Appendix we derive the conditions that the
prototype filter has to satisfy in order to verify the
orthogonality conditions (1.47) and (1.48).

At the receiver side, the filter f(¢) is matched to the

transmission filter g(¢), thatis f(t)=g (—t). Under
the hypothesis that g(¢z) is even and real, then it
results f(¢) = g(¢). Therefore (1.47) and (1.48) can

be rewritten as

SR{]O‘Og(r)f(nr—r)ej{Tﬁﬁgkdr}

=Tg(f)g(nT—T)cos{(z%r+%]k}df (A.1)

=5(k)s(n)

and

S{T g(T)f(nT -7 —%j ej(;ﬁz)kdr}

- Tg(r)g(nT—r—%jsin[(%r+%jk}dr (A.2)

=0
respectively.
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After the change of variables 7=A+a, where

a= l[nT —Zj, (A.2) becomes

2 2
i . (27
J.g(ﬂ+a)g(/1—a)sm(7;tk+nkﬂ'jd/1

= f g(A+a)g(A-a)sin (27”/1/()(—1)"" d1  (A3)

=0, Vk

Let us consider now the change of variables

T .
T=A+ nz . Hence (A.1) can be rewritten as

400

| g(l+nzjg(l—nzjcos{2—”ﬂk+7rnk+£k}d/1
2 2 T 2

7 T T 2
A+n— A—n—|cos| — Ak |dA
_ng( 2jg( ”2) {T }

=o(k)o(n) k even

= —sin(sz
2

><J-g(/l+n§jg(/1—ngjsin{%lk+7mk}dl

=0(k)o(n)  kodd

(A.4)
By analyzing the term for k odd, we obtain
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—sin(zkj
2

+°° T T 27

X A+n— A—n— |sin| — Ak + znk |dA
Je ( ng ( 2] [T }
:—sin(%kjcos(ﬂnk)

¢ T T\ . |2x

X A+n— A—n—|sin| — Ak |[dA=0 Vk
[l 005 el o Jnl 2

(A.S5)

Therefore, the only condition to be imposed in order

to verify the orthogonality conditions (1.47) and
(1.48) is given by (A.4) for k even

s T T 27
ng(,i + najg(ﬂ—nzjcos{7;ﬂk}dﬂ A6
= 5(k)5(n)
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Appendix B

Derivation of the Joint
Symbol Timing and CFO LS
Estimator

In this Appendix, we illustrate how to derive the
expression of the joint symbol timing and CFO LS
estimator in (3.4) and (3.5). Let us consider the
minimization problem in (3.3)

A NppN=P-1
(Afj):argmin{ > "’(k]; +7)
A7 k=N, -1 (B.1)

|
after simple algebraic manipulation, we obtain

(Af,f) = ar%fn?in{Q] (7)+0,(7)

—r (KT, + PT, +7) e /2™

(B.2)
~2|R()|cos (2T, P+ ZR (7))}

with

0,(7)+0,(7)=

NTRSP_I(‘}’(ICYL +z~')‘2 +‘r(kTS +PT +{-)‘2) (B.3)
and‘g

R(F)= S F (KL +8)r(KT+PT+7)  (B4)

The maximum with respect to the CFO is obtained
when the cosine term in (B.2) is equal to one. This
yields the CFO estimator
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A (7)= 27;# arg{R (7))} (B.5)

In this case the cost function in (B.2) can be written
as

(7,47 (7)) = 0,(F)+ 0, (F)-2|R (%) (B.6)

and the joint LS symbol timing and CFO estimator is
given by

¢, =argmax {2|R(7)|- @, (¥)- 0, (%)} (B.7)

and

A (7)) = MijT arg{R(%,,)}. (B.8)

N
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Appendix C

CRYVB of Joint Symbol
Timing, CFO and Phase
Offset Estimation for FMT
Systems

In this Appendix, we present some algebraic details
to derive the expression of the CRVB of joint
symbol timing, CFO and phase offset estimation for
FMT systems shown in (3.29), (3.30) and (3.31).
Accounting for the expression of the transmitted
FMT signal (2.10), the (1,1) entry of FIM can be

rewritten as

2T K
[F](1,1) - 0;2
NN-1 1 2 (Ha)[(“} - lz)]
Z N Z aq, a,z
=N,- N h,,eA

=, 0g(kT, - p KT, —7) dg (kT, - p,KT, - 7)
or or

27(l+a)

1 x J T
+— E alale
1 2

2
u h,hLeA T

(k1) -1)] d°L L, (l + 05)2

(C.1)
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Under the assumption of a pulse shaping filter
assumed to be an SRRC Nyquist filter with a

signalling interval T, we obtain

o0

Y. (KT, — pkT, —7)g (KT, — p,kT, ~7)

PPy =%

0

= > g(kTs—pT—f)J2

p=—0

+00 © 2
=| JGne 0y ey j

p=—»

(LS g a) e 1
r= \T T

and

< 0g(kT, - pKT, ~7)

Z ot

PPy =%
Og (kT — p, KT —
x g( s p2 s T)
or
Therefore, we have

[F](l,l) -2 N

27(l+a)

x J T
X z allalze T2

I,,eA

=0

2

By exploiting the following result [33]

[(kT,~2)(1,~1,)] 47[21112 (1 + 0()

(C.2)

(C.3)

(C4)
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NppN-1 i (”“)[(kr,-r)(zl )]

Z k' — Z aae T 11,

kN 4 N, I.LeA

2
q+1N Z| |Z

leA

- 2
_q+1N 2lal

leA
and for a training sequence with |al|2 =1 Vlie A,

the expression (C.4) can be approximated by

:%LZ[MJZ <6

[ ](l,l) o_j N T

u leA
Analogously, we obtain

47*SNR
[F](],Z) - [F](z,l) NN

(C.7)
X(NTRN_Ng +1)(NTRN+Ng _3)21
leA
[F](m) = [F](3,1)
47SNR (€9
=- N.T (NTRN_Ng-i_l);Z
2r
[Floy =[Floy == o7 (C.9)
X(NTRN_Ng)(NTRN+N _1)
(27Z'T) (NTRN N, ) 2 A2
2
L T (2NN (C.10)

+2N} =3NyuN =3N, +1+2N N, N)
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[F] =i(N N-N,) (C.11)
(3.3) o TR g :

n

The CRVB for symbol timing, CFO and phase is
given by the corresponding diagonal element of

inverse of FIM, that is
CRVB(z)=|F" ]m)

_ (NT)’
- 2
1 1
ST WSNR| — ) | [— /
[Nu ;( Nu IEZA: j }

CRVB(Af)=|F"| &

22" 3(2T ) SNRI?
CRVB(g)=|F ']

(3,3)

-
3[4ﬂ]\1/212—W2 (;sz
u leAd u leAd

2W3SNRL\1[Z(I—A1[ szz

u leA u leA

where £ is defined in (3.32).

(C.12)

(C.13)

(C.14)
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Appendix D

Theoretical Variance of the
LS, MLS, TR1 and TR2 CFO
Estimators

In this Appendix, we derive the theoretical variance
of the LS, MLS, TR1 and TR2 CFO estimators
reported in (3.5), (3.9), (3.11) and (3.13),
respectively, in the case of perfect symbol timing
synchronization. Let us observe that in the case of
perfect symbol timing synchronization the LS and
the TR1 CFO estimators are coincident and,

moreover, for ‘AfLS—Af ‘ <1/(2zPT,) we can

approximate their estimation as (see [34])

A 1
Mis =& =3
Vis =8 (27PT))
NprN-P-1 .
S[e 7 (kT) (KT, + PT)] | (D.1)
R
e Gy 1)

k=N, -1

Substituting the signal model (2.2) in (D.1), under
the assumption of high SNR conditions, we obtain
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n 1 NppN-P-1
AfLs o Af = NppN—-P-1 )
k=N, -1
2701 2 BULE T o2

S[w (KT,)s (kT )+ w(kT, + PT,)s"(kT,)]

where, under the hypothesis of a zero-mean circular
noise, the random variable

w(kT,) 2 n(kT,)e /) (D.3)
is statistically coincident with n(k7,) and has a
variance EUW(kTs )‘2} =0’ /TS .

From (D.1) we obtain E[AfLS —Af} =0, that is, for

high SNR values, the CFO LS estimate is unbiased.
Moreover, the mean squared error is given by

2
| (47~ |- o (D4
AT PT) Y |s(kT,)
k=Ng71

Note that, using the result (C.2) and the
approximation (C.5), we have

NP NyN-P-N, +1
R R
k=N, -1 P

Therefore, the MSE in (D.4) can be approximated by
A 2
E|:(AfLS _Af) :l
2 (D.6)

O-ﬂ
= 2 p2p2
47’ P’T’SNR (N, N - P—N, +1)

From (D.6) we can observe that, into the case of
AWGN channel and perfect symbol timing
synchronization the TR1 and LS CFO estimators
have the same theoretical variance, whose
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expression depends on the length NN of the

training sequence and it is inversely proportional to
the SNR and P?.
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Appendix E

Derivation of the Matrix C p

In this Appendix, we report some details to derive
the (m,1)th element of the covariance matrix (4.19).
Substituting the expression of the received signal in
(4.18) and accounting for the result (4.3), we obtain
K
[C ,] T ON?
“Amh 2N*(Q-L —1+1)(Q—-L -m+1)
y 1
R, ((L,+1-1)N)R,((L, +m—1)N)SNR

(O-Li-m+1)N-1 ;o0

SR D AT RTRIR

k=(L,+1- I)N n=-o
xg, (k+(L +m—-1)N-nK)

(0-Li-m+1)N-1 1o

- z zgn(k-‘r (L, +1-1)N)

=(Li+I-1)N  n=

><gn(k—(L1 +m—1)N)

(O-L—max{L,m}+1)N-1 o

+ > Zg,l(k+(L1+l—1)N)

k=0 n=
xgn(k+(Ll +m 1)N)

ON-1

+ ign( (L +1-1)N)

k=(L,+max{l,m}-1)N n=—0

(E.1)
xg,(k—=(L,+m-1)N) }
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with g (k)=g(k—7-nK ) . Moreover, taking into
account that for k, —k, > K

1 k-1 4o

zz k—7- nK) (k T+m— nK)
k k2kk2

n=—00

E<ig(k—r—nK)g(k—r+m—nK)> (E.2)
_R,(m)

K
the (m,l )th element of the covariance matrix for

Q> L, + L, can be approximated as

[€]un = :

N(Q-L —1+1)(Q-L —-m+1)
1
g R (L +1-1)N)R,((L,+m-1)N)SNR  (E3)
x[(Q-m—-1-2L +2)R,((2L,+m+1-2)N)
+(Q-max{m,1}~L,+1)R,((m~1)N)]
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Appendix F

Derivation of the MCRB

In this Appendix, we derive the expression of the
MCRB for FMT and OFDM/OQAM systems. As
regards FMT systems, we analyze the case of perfect
timing synchronization, while for OFDM/OQAM
systems we report the MCRB for timing, CFO and
phase.

F.1 MCRB for FMT Systems

Let r the observation vector and v=[5,¢]T the

vector of the parameters to be estimated in the
presence of random nuisance vector

a=[a,(n),...a,(n)]|", the (i,/)th entry of the

MFIM under the assumptions Al, A2 and A3 (see
section 4.1) and in the case of perfect timing
synchronization is equal to

Oln r’a(r a,v)
Pl S

where

},Vi,le{l,Z} (F.1)

/
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lnpr,a(r , ):%
x%fiﬁ{r (m)s (m)e {78 qmm)ﬂd}
q=0 m=0

After some calculations, we obtain

2Ko? & (271
[Fly == Z( ng I=nK)

(¥, = [Fla,

2K 2 ON-1
o, 27rlzg - nK

n

[Fl. =

2K62QN1+oo

ZZg l nK

1=0 n=-o

(F.2)

(F.3)

(F.4)

(F.5)

The MCRB for CFO and the carrier phase
estimation is given by the corresponding diagonal
element of the inverse of MFIM, whose expression

is
3 1
1) 2SNRK

MCRB(&)=|F" ](1

ON- 2 4w
> (% £ -
=0 N n=—o0

1,1,=0

ny Ny =—0

&K 2xl (27l 27l —
X ) Lo

(1, -n,K)

(F.6)
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- 1
MCRB(#)=[F" ], = s5nri
ON-1 4o
Z Z g’ (I-nK)
[=0 n=—0
Qg (271, 27l &
11;0 ;l( ;1 - ;zjnl,;wgz (ll _an)gz (lz _nzK)

(F.7)

F.2 MCRB for OFDM/OQAM
Systems

Let r the observation vector and v=[r,Af , ¢]T the
vector of the parameters to be estimated in the

T
presence of random nuisance vector a:[aR,aI ] ,

the (i,/)th entry of the MFIM under the

assumptions ASS1 (see section 4.3) is equal to
olnp,,

[Fly==Ex { g ], )}’ (F.8)

Vi,l e {1, 2,3}

o[v]. o[
where (up to irrelevant additive factors)
Inp,, (r , )
3 2]/T N-1

s * . [220fKT, +4]
02 mosn{r (kT.)s (KT, —7)e’ b9

n

N77 1

Z‘S kT—r‘

It results that
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ya,T WS & E( 27 2
[F](l,l) - ) z z Z(Tj

2
O'n k=0 p=-o [=0

fi -t (in-eor-2]
(F.10)

2 2 pN-1 N-1
_ _ 7 a, T, 4n” "
[F](l 2) [F](2 1) o‘j N 0o k/:ol

p=—0
(F.11)
2 N-1 N-1
B o /4 aZJ; L 272’[
[F](l 3) [F](”) B O'f k=0 1=0 (Tj
<3 {g2(k7: —f—pT”g{kT _T_pT__H
p=—0
(F.12)
_ _ 27Z'T7/2a2T§ S
[F](z 3) [F](3,2) - O'f kzz(; k
p=—0

(F.13)
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2
O, k=0

n

2 N-1
v a,T "
[Fl,.,, =" 2 (27T, )

~+00

XY [gz(kTs—r—pT)+g2(k1;—r—pT—gﬂ

p=—»

(F.14)
2 N-1 +oo
7 al 'S 2
F]. =42 kT, —7— pT
[l o, ;pzw[g( e pl) (F.15)
+g’ (kT,—7—-pT-T/2)]

Note that under the assumption ASS2 (see section
4.3)

~+00

z [gz(kTS —z’—pT)
p=— (F.16)
+g’ (KT, -7 - pT-T/2)]=

N o

and

~+00

> [& (KT, —z—pT)

p= (F.17)
+g2(k];—r—pT—T/2)]=%(_;2(O)

where G,(f) is the Fourier transform of g°(r).
Then, by considering an SRRC Nyquist prototype

2
filter it follows that G,(0)=22% where
T
E= i l—% . Therefore, we have
12 4 &
22 ((N-1)(2N-1)
L =2SNRN77[7J [ . +&

(F.18)
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[F],, =[F],, =22*SNRN (N ~1)(N-1)
(F.19)

2”7{\’ TSNR(N-1) (F.20)

[F](1,3) = [F](3,1) ==
[F](2,3) - [F](s,z) =27 NnTSNR (N77 - 1) (F.21)

nN(Nn-1)(2Nn-1)
3
[F],, =2SNR7N (F.23)

[F],,, =(2#T,)"SNR (F.22)

The MCRB for normalized symbol timing, for
normalized CFO and for phase is obtained by
evaluating the corresponding diagonal element of
inverse of MFIM and is given by

MCRB| £ |= !
N*-1
87°SNRyN| ———+¢&
12 (F.24)
N 3
¥o1 27°SNR 7 N?
3N
MCRB(AfT) =
(1T) 2SNR7’n(N*n* - 1)
(F.25)
3

= 27°SNR 7N
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1

3(nN-1)
2SNR77N{1—2(27:7N_1)}

(N-1)

2_
SSNRnN{N 1+§}

MCRB(¢)=

+

(F.26)

12

7
vZ1 2SNRN

Finally it is interesting to note that the MCRB for
the symbol timing does not change if the CFO does
not belong to the parameters to be estimated. In fact
the MFIM for the symbol timing and the carrier
phase offset is given by the following minor of (F.8)

F, F

F = ) 3 F.27
(Tv ¢) |:F F(3’3) ( )

3.1
and by considering (F.18), (F.20) and (F.23) the
same result as that in (F.24) is obtained. Moreover,
the MCRB for the CFO is the same as (F.25) also if
the symbol timing is not included in the parameters
to be estimated. In fact, the MFIM for the CFO and
the carrier phase is given by

F(4/.9)= {F”’” :

(23)
F.28
. } (F.28)
and by considering (F.22), (F.21) and (F.23) the

e Koy
same result as that in (F.25) is obtained.
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Appendix G

Expression of the UMLLS
Cost Function in the Absence
of Virtual Subcarriers

In this Appendix, we demonstrate that the UMLLS
estimator in (4.53) cannot be used in the absence of
virtual subcarriers. To such end, we consider an
observations window of infinite length and
substitute (4.45) and (4.46) into (4.52)

A)-3 5

p=—x [=0

N-1 o

z Z Tiep (m)

m=0 k=—0

27 . 2r 2
—jys(m+kN+pN) —j—ml

xe g (m)e N

(G.1)

—j%é(m+kN+pN)

After simple algebraic manipulations we obtain
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O Anm) | &
e {Zg(hl—pN)

e (G.2)
xg(h,—pN)+ > g(h—pN-N/2)

p=—co
xg(h—pN—-N/2) }

Exploiting the relationship

Ze ) _ = NS(h—hy—qN) YgeZ  (G.3)
it follows that

NZ h qN)eN

Z h—pN/2)g(h—pN/2—-gN)

p=—x

(G.4)

Accounting for the orthogonality condition on the
pulse-shaping filter (4.29), we obtain

3 =2h_iw‘r(h)‘2 (G.5)

It must be observed that in the case of an
observations window of finite length the likelihood
function in (4.52) is weakly dependent on the
unknown parameter £, see Figure 45.
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Appendix H

Derivation of the Variance of
the Noise Terms ¢, (m) and

e,(m)

In this Appendix, we show that under assumptions
AS1 and AS2 (see section 4.2) the “noise” term
e (m) (e,(m)) in (4.58) (in (4.62)) has a variance

(’)((N—m)fl) (O(m"l)). We observe that the

random variable
N-1-1

R(A) =NL_/1 Z F(yr(k+A) (H.1)

is characterized by the statistical expectation
N-2-1

E[R(4)]= ﬁ ; R(k;2) (H.2)

and the variance
2

. 1
Var[R(/i)] = —m
+ﬁN:0_1E[r*(k)r(k+/1) (H.3)

< (Dr(1+2) ]
By assuming that the number of subcarriers is
sufficiently large, the OFDM/OQAM signal is

modelled as a zero-mean complex Gaussian random
signal. Thus, by using the Isserlis identity

N-A-1
2, R(k:2)
k=0
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E[a*bcd*] = E[a*b}E[cd*]
+E[a*c]E[bd*] + E[a*d*]E[bc]
where a, b, ¢ and d are zero-mean complex-
valued jointly Gaussian random variables, the
statistical expectation of the second term in the RHS
of (H.3) can be written as

E[ 7" (kyr(k+2)r (Dr(1+ )]
=R(k;A)R (IA)+R(k;1—k)R (k+A;1—k) (H.5)
+C(Lk+A=1)C" (ksl =k +2)
where C(p; ) and R(p;f) are the conjugate and

the unconjugate correlation functions of the received
OFDM/OQAM signal (k) (4.35) at time p and lag
£, whose expressions, under assumptions AS1 and

(H4)

AS2, are given by

O' T bi 2”5(2p+ﬁ)+2¢
C(p;,B) 2aN, N [ }

cos[Z;r/N p—ﬂ/2 ]cos(ﬂ'aﬁ/N)

[(7[/20{)2 ~(#BINY | (1o
xS et N
and
R(p:8)=ZZ VY SN (B v s (p) ()

leA
where z(l) is defined in (4.59). Plugging result
(H.5) back into (H.3), it follows that
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Var[lé (i)] = ;2

(N-2)
N 1 Ed 1
x > R(k;I=k)R' (k+A:0—k)+

J

;)

(H.8)

)
|

—A-1

x> C(Lk+2-1)C" (ksl—k+2)
k,I=0

=z =

Under assumptions AS1 and AS2 and accounting for
(H.7) we obtain

Var[lé(l)]: (N P

1 N-A-1 .
+ C Lk+A-1)C (kil=k+A
g Bt

(H.9)

—1

Z IR(I-F)|

J

v-ay
N 1 N-i-1
(N-2)

Accountlng for (H.6) and using the inequalities

J==1(2p+B)
2 il
e’"e N

II
(=]

C(Lk+A=1)C" (ksl =+ )

=0

>
-\.

<N? (H.10)
leA
cos[%(p—gﬂcos(%jsl (H.11)
and
EGES! (H.12)

we obtain
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N—/’t)2 k
+7(A=(U-k)y(A+1-k)]

1 N-1-1

= R(q) (H.13)
(=), IR0

Var[ﬁ(l)} <

1 N-4-1

UR(Z —b)f°

—

f=1

5

+7(/1—q)7(/1+q):|[1_%j

1 N-1

< N-1) ZA; 1[IR(q)I2 +7(i—q)7(/1+q)}
with
y(p)=2Z 1 (H.14)

2aN [(7[/205)2 —(ﬂ'p/N)z}
Substituting (H.7) and (H.14) in (H.13), after some
algebraic manipulations, it follows that
N (0'2 +o’ )2 o’
R(A R s
var R(2)] < (N-2)  (N-2)N*4a’
N-1 1

y H.1I5
q_-zzv:+1(7r/2a)2—(ﬂ(q+ﬂ)/N)2 (1)

1
(7r/205)2 —(71(/1—q)/N)2
From (H.15) we can note that the random variable

R(A) has a variance (’)((N —/1)_]). Clearly, this

X

implies that the “noise” term e (m) (e,(m)) in

(4.58) (in (4.62)) has a variance O((N—m)fl)

(0(m™))-
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