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Abstract—A planar problem of nonlinear transverse oscillations of the surface (warm) front of afinite width
is considered within the framework of a reduced-gravity model of the ocean. The source of oscillationsis the
departure of the front from its geostrophic equilibrium. When the current velocity is linear in the horizontal
coordinate and the front’s depth is quadratic in this coordinate, the problem is reduced to a system of four ordi-
nary differential equationsintime. Asaresult, the solution is obtained in aweakly nonlinear approximation and
strongly nonlinear oscillations of the front are studied by numerically solving this system of equations by the
Runge-Kutta method. The front’s oscillations are always superinertial. Nonlinearity can lead to a decrease or
increase in the oscillation frequency in comparison with the linear case. The oscillations are most intense when
the current velocity is disturbed in the direction of the front’s axis. A weakly nonlinear solution of the second
order describes the oscillations very accurately even for initial velocity disturbances reaching 50% of its geo-
strophic value. An increase in the background-current shear |eads to the damping of oscillations of the front's
boundary. The amplitude of oscillations of the current velocity increases as the intensity of disturbances

increases, and it is relatively small if background-current shears are small or large.

Frontal zones, which are characterized by rather
large local gradients of the oceanic thermohydrophysi-
cal properties compared to their average values, rather
frequently occur in the World Ocean and cover spatial
scales from one meter to tens of kilometers [1]. The
Gulf Stream and the Kuroshio Current, the zones of
subtropical convergence, and the Antarctic circumpolar
frontal zone are among planetary-scale frontal zones.

Such dynamic structures are subject to a significant
timevariation. Frontal zones changeintheir parameters
and execute oscillations about a certain average posi-
tion. Even within frontal zones, one can observe fast
transformations of the structure, movements of frontal
interfaces, and the meandering and formation of vorti-
ces. The significant influence of frontal zones on the
dynamics and energetics of the ocean testifies to the
necessity of analyzing both time variations in their
characteristics and the physical mechanisms control-
ling these variations.

The frequency spectrum of time variations in oce-
anic hydrophysical fieldsisvery wide[2]. A significant
contribution to the variability of the ocean is made by
guasi-inertial oscillations. As follows from current-
velocity measurements, oscillations of the fields are
superinertial in most cases, although the opposite situ-
ations can also occur [3]. Subinertial oscillations are
frequently related to the transformation of long internal

waves during their propagation in currents with a hori-
zontal velocity shear [4].

This paper considers a mechanism of occurrence of
superinertial oscillationsin the ocean. This mechanism
isrelated to nonlinear oscillations of the surface (warm)
front about a geostrophic (stationary) state. The cause
of the occurrence of oscillations is the initial deviation
of hydrodynamic fields from geostrophic equilibrium.
Theinitial disturbance of the medium is one of the pos-
sible sources of excitation of low-frequency oscilla-
tions, which is associated with the adaptation of the
fields in the rotating ocean and atmosphere [5, 6]. The
oscillations of frontal zones can also be initiated by
atmospheric processes [7], by the scattering of exter-
nally incoming baroclinic waves on fronts [8], and by
the instability of currentsinthe open ocean[9] or inthe
coastal zone [10].

The following analysis is based on a reduced-grav-
ity model of the ocean. For hydrodynamic fields with a
special spatial structure, planar transverse motions of a
frontal zone are studied; i.e., itsdynamicsis considered
inavertical plane perpendicular to thefront’saxis. This
problem is equivalent to the study of oscillations of an
extended lens of cold water dliding over a sloping bot-
tom [11] and is aso applicable to the description of
oscillations of a coastal jet current [12].
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NONLINEAR TRANSVERSE OSCILLATIONS OF A GEOSTROPHIC FRONT

1. MATHEMATICAL FORMULATION
OF THE PROBLEM

A finite-width frontal zone x; < x* < x5 is consid-
ered. The geometry of its cross section is shown sche-
matically in Fig. 1. Within the framework of the reduced-
gravity model, the dynamics of this frontal zone is gov-
erned by the following system of equations[13]:
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Here, x* and y* are the coordinates al ong the horizontal
axes directed perpendicularly to and aligned with the
front’s axis, respectively; t* isthetime; (u*, v*) and h*
are the projections of the horizontal current velocity
within the frontal zone and its depth, respectively; f >0
is the Coriolis parameter; g = g(1 — p,/p,) is the
reduced acceleration of gravity; g isthe acceleration of
gravity; and p, and p, are the densities of the fluidsin
the upper (warm) and lower layers of the ocean, respec-
tively (p; < p,). Within the framework of this approxi-
mate prognostic model, the lower layer of the ocean is
at rest, although the interface between the layers can
move. The model alows one to determine changes in
the total depth of the front depending on x* and the
time; however, the absolute displacements of the lower
and upper boundaries of the frontal zone remain unde-
termined.

In the following analysis, we restrict ourselves to
planar free motions of the front. In this case, 0/dy* =0
in (1). In terms of dimensionless variables, for which
thesign* isomitted, the motion of the fluid in the cross
section of the front with amobile boundary is governed
by the following system of three equations:

Ju ., Adu _ 0oh

ot Yax TV T Tax

ov , 0V _

-a—t+ub—x+u =0, )
on , athu) _ g
ot 0X

where the front’s depth h* is normalized by the maxi-
mum thickness h* in a stationary state; u* and v* are

normalized by the velocity V = /g'h”; and (x*, y*) and
t* are normalized by V/f and 1/f, respectively. The
dimensionless depth h is positive on the interval x,(t) <
X < %(t), corresponding to the frontal zone, and h(x, ,) =
0. Let u, v, and h depend only on the normal (to the
front) horizontal coordinate x and time t. We note that
system (2) coincides formally with the system describ-
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Fig. 1. Diagram of the cross section of the frontal zone.

ing the one-dimensional dynamics of a lens of heavy
(cold) water situated on the bottom of the basin [11].

System (2) should be subject to theinitial conditions
U=uyX), V=vyX), h=hyx (t=0), (3

where u,, v,, and h, are known functions specified on
theinterval X,(0) < X < %,(0).

For an arbitrary finite-width distribution of thefront’'s
depth h = h9(x), nonlinear system of equations (2) admits
the stationary alternating geostrophic current

g - oh’

I “)
along the front. In the following, we will consider the
nonlinear oscillations of the front that are caused by the
initial deviations of the fields from the geostrophic cur-
rent given by (4).

w=0, v

2. FRONT WITH A SPECIAL STRUCTURE

Let us consider the motion of the front under the
assumption that the vel ocity projectionsarelinear func-
tions and the distribution of the front's depth is a qua-
dratic function of the coordinate x, i.e.,

u=A®tx, Vv=B(t)Xx h=Ct)x*+D(t). %)

The substitution of (5) into (2) and (3) leads to the fol-
lowing Cauchy problem for the nonlinear system of
ordinary differential equations for the unknown coeffi-
cients appearing in (5):

A = B-2C-A% (6)
3 = —A—AB, (7)
C = -3AC, ®)

) = —AD, )

A0)=Ay, B0)=B),, C(0)=Cy D(0)=D,. (10)

Thus, specifying the structure of thefieldsinform (5)
makes it possible to replace the initial model given in
(2) and (3) by system of four ordinary differential equa-
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tions (6)—9). This allows one to significantly simplify
the study of the nonlinear oscillations of thisfront with-
out amplitude limitations. Historically, such an
approach wasinitially employed in analyzing tidesin a
parabolic basin [14]. The simplification of the initial
problem by specifying the velocity field and the vortex
thickness in the form of alinear and a quadratic func-
tion of spatial coordinates, respectively, was effectively
used to study nonlinear oscillations of elliptic vortices
in atwo-layer ocean [15-17].

It is necessary to specify limitations on the coeffi-
cients appearing in the expression for the distribution of
depth, namely, C(t) < 0 and D(t) > 0. This provides a
nonzero depth and a finite width of the front at any
moment of timet. Let us show that, if C,< 0 and D, >
0, theinequalitiesC < 0 and D > 0 are satisfied at any t.
Indeed, we find from Egs. (8) and (9) that

C(t) = Coe ™', D(t) = Doe'®,
t

| = JO‘A(z)dz.

Thus, the functions C and D do not vanish and, there-
fore, retain the sign at all t = 0. For nonlinear oscilla-
tions of elliptic vortices in the ocean, this property of
fields was established in [15].

From (4) and (5), expressions for geostrophic fields
are obtained:

W=0, vI=-2yx=0h¥dx, ho=1-yc (1)

Here, y> 0 isan arbitrary constant which characterizes
the horizontal shear of the background current and is
related to the physical parameters of the frontal zone by
the formulay = g'h*/(f W)?, where W is the half-width
of the frontal zone. For this case, the coefficients
assume the values

A=0, B=-2y, C=-y, D=1. (12)
These values correspond to the equilibrium position of
system of equations (6)—(9).

In order to describe front oscillations about the state
of geostrophic equilibrium (11), it is convenient to
introduce disturbances in coefficients (12) by the fol-
lowing formulas:

A=a(t), B=-2y+Db(t), C=-y+c(t), D=1+d().(13)
The substitution of (13) into (6)—10) leads to the new
problem

a=b-2c-a° (14)

b = (2y-1)a—ab, (15)

¢ = 3ya-3ac, (16)
i = —a-ad, (17)
a(0) = ay, b(0) =by, ¢(0)=c, d(0)=d,.(18)
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Thisisthe main problem in the following analysis. The
limitations ¢, < y and d, > —1 provide the fulfillment of
the conditionsC, < 0and D, > 0. Thisensuresthe exist-
ence of afinite-width frontal zone at al t = 0.

We note that the general solution of system of ordi-
nary differential equations (6)—9), aswell asthat of the
problem given by (14)—(18), can be obtained analyti-
caly inanimplicit integral form. A procedure allowing
this solution to be obtain in the context of a planar non-
linear problem is described in [11, 18] as applied to
oscillations of a near-bottom lens of cold water and
transverse barotropic seiches in a channel of parabolic
cross section. This solution establishes the existence of
periodic oscillations of the front at arbitrary amplitudes
of theinitial disturbance and makes it possible to ana-
lyze the dependence of the period of strongly nonlinear
oscillations of fields on both the parameters of the back-
ground current and the intensity of its initial distur-
bances [11]. However, the use of an implicit solution
for the quantitative analysis and study of physical regu-
larities of field oscillations in the frontal zone is signif-
icantly less effective in comparison with a direct
numerical integration of the Cauchy problem given by

(14)—(18).

3. WEAKLY NONLINEAR
FRONT OSCILLATIONS

L et usconsider the motions of afront caused by small
but finite disturbances of geostrophic current (11). We
specify these disturbances as initia current velocities.
Inthis case, onecan set ay=¢, by=, and ¢, =d, =0,
assuming that the parameters € and L are small.

The following identities follow from Egs. (15) and
(16):

b(t) = puJ+ (1 -2y - 11, ct) =yl -FD)],

whereJ=exp[— 0a(E)dE] . Subgtituting these identities

into Eq. (14) and taking into account the independence of
Egs. (14)—<(16) and Eq. (17), we can replace the problem
given by (14)—18) by the equivalent problem

a= o+ P+ pd—a’+6yd +2yd,
5> = —a—ad,
a(0) = ¢, 0(0) =0,
where the new dependent variable &(t) = J(t) — 1 isintro-

duced.

The solution of (19) in the case of aweak nonlinear-
ity can be obtained using a perturbation method with
respect to the two small parameters € and p [19]. We
restrict ourselves to the consideration of nonlinear
effectsin the lowest-order approximation.

Let us introduce a new independent variable 1
through the relation

t=T(1 + 0 (€ + Ol + O0€2 + O, €U + Aot + ....), (20)

(19)
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where the coefficients a;, are to be determined. The

functionsa(t) and &(t) are also sought as power seriesin
€ and . with coefficients depending on thetime T:

a = gay(T) + Hag(T) + £%ay,(T)
+epay, (1) + PPag(t) + ...,

8 = £81p(T) + Uy (T) + £78(T)
+ EUB(T) + U280y(T) + ...

The substitution of (20) and (21) into (19) leads to the
sequence of Cauchy problems for finding ay and .
The constants a;, are determined from the conditions of
eliminating secular terms in the solutions of the corre-
sponding approximations. In particular, it is found that
a=0a;, =0.

The solution of the second order in the small param-
eters € and 1 can be written as

21)

a=gcosQt +

sinQt
w

2

+ 8—3[8ysith—(1 + 8y)sin2Qt]
2w

(22)
+ %4[(1 + 8y)(cosQt — cos2Qt)
2
—Ji?—,[z(l +2y)sinQt — (1 + 8y)sin2Qt],
2w
- — -1
Q= m[l + G—YM B 3\/(16 )2 15y(18 3y) HZ} |
@ @ w (23)
w = J1+4y. (24)

From formulas (22) and (23), it follows that, in the
linear approximation, front oscillations are harmonic
oscillations with superinertial frequency (24). The
increase in the frequency with respect to theinertial fre-
guency isdueto the horizontal shear of the background
current. If theinitial disturbance of the geostrophic cur-
rent is specified in the direction transverse to the front
(e #£0 and u = 0), nonlinearity brings about (y < 1) an
additional quadratic (in € and, thus, independent of the
sign of € = a,) increase in the carrier frequency of oscil-
lations and the generation of multiple harmonics.

A different situation occurs if theinitial disturbance
of the geostrophic current is specified along the axis of
the front. This disturbance correspondsto e =0 and 4 #
0. Aspreviously, nonlinearity leads to the generation of
multiple harmonics. According to (23), in the lowest-
order approximation, the disturbance of the back-
ground current along the front results in the distortion
of the frequency of linear oscillations proportional to .
Therefore, such disturbances can be responsible for
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Fig. 2. (1) Exact and (2) asymptotic solutions of prob-
lem (14)—(18) for different initial disturbances of the geo-
strophic current at y = 0.2834: (a) initial disturbancein the
form of avelocity transverseto thefront, ay = 0.3,y = ¢y =
dy = 0, and (b) initial disturbance in the form of a velocity
along the front, by = 0.3, ay = ¢y = dy = 0. The time on the
abscissais specified in inertial periods, t/(210).

both an increase (b, < 0) and a decrease (b, > 0) in the
oscillation frequency in comparison with its value in
the linear case.

A situation similar to the last situation also appears
under initial disturbances in the depth of the frontal
zone, when g, = b, =0, 0 < )| < 1, and d, is chosen
from the condition that the cross-section areaisequal to
that for the undisturbed current described by (11).

Formulas (22) and (23) are characterized by errors
of the third order in the small parameters € and , i.e.,
of about O(¢?) if it is assumed that € ~ 4. A numerical
solution of the problem given by (14)—(18) makes it
possible to assess the closeness between the asymptotic
and exact solutions for any values of these parameters.
Such a comparison is given in Fig. 2, which shows the
time variations of the numerically calculated and
asymptotic values of the coefficient a(t) for two types of
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Fig. 3. Time variation of nonstationary characteristics of
disturbed current (11) at y = 0.2834. X isthe position of the
right-hand boundary of the front; H is the maximum depth
of the frontal zone; and U and V are the transverse and lon-
gitudinal projections of the current velocity at x = X, respec-
tively. The initial disturbance is the transverse current
velocity corresponding to ag = 0.3, by = ¢y =dy = 0.

initial disturbances in the velocity field of the geo-
strophic current. Asfollows from Fig. 2, the asymptotic
formulas describe superinertial oscillations of the cur-
rent velocity very accurately even if the initial distur-
bance of the geostrophic-current velocity isgreater than
50% (Fig. 2b).

4. STRONGLY NONLINEAR
FRONT OSCILLATIONS

A numerical solution of problem (14)—18) by the
Runge-Kutta method allows the consideration of non-
linear front oscillations with arbitrary amplitudes.
Such an approach was employed to analyze time vari-
ationsin the position of theright-hand boundary of the
front X = x,(t), the maximum depth of the frontal zone
H = h(0, t), and the projections of the current velocity
{U; V} = {u; v } (X, t) on theright-hand boundary of the
frontal zone. These quantities are expressed through the
solution of problem (14)—(18) by the formulas

X =[~(1+d)/(-y+c)]"?, H =1+d,

(25)
U=aX, V= (-2y+b)X.

In addition to quantities (25), we also considered

integral energy characteristics of the frontal zone such

asthe kinetic (K), potentia (P), and total (E) mechani-
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cal energies for the entire cross section of the front,
which are determined by the formulas

X X
K = J’h(u2+v2)dx, P= Ihzdx, E =K +P.(26)
0 0

For hydrodynamic fields characterized by simple struc-
ture (5), integrals (26) can be calculated analytically.

For numerical analysis of the nonlinear dynamics of
afrontal zone having structure (5), we used the follow-
ing values of the dimensional parameters of the model:
g=102ms?f=0.7x10*s', h* =500 m, and W=
60 km. These values are characteristic of intense oce-
anic fronts. In this case, y = 0.2834.

Figure 3 shows time variations in the nonstationary
characteristics of the front that are determined by for-
mulas (25) and are due to the initial disturbance of the
geostrophic-current velocity in the direction transverse
to the axis of the front. The departure of theinitial state
of the front from a purely geostrophic current leads to
the generation of undamped oscillations of fields with
superinertial frequency, which is characteristic of the
time variation of ocean currents on these time scales
[3]. In accordance with the law of mass conservation,
the increase in the front width X is accompanied by the
decrease in its maximum depth H and vice versa. If the
velocity U assumes positive values on the right-hand
boundary of the front, the current region expands with
time, whereas it contracts with time when the velocity
U changes sign. The horizontal current velocity oscil-
lates about the geostrophic value given by (11), which
is demonstrated by the time dependence of V shownin
Fig. 3.

Thetota energy E of the frontal zone is an integral
of motion of the mathematical model described by (2);
the timeindependence of the energy isillustrated by the
corresponding curve in Fig. 4. The potential (P) and
kinetic (K) energies of the front obtained numerically
by formulas (26) execute superinertial oscillations
occurring in antiphase, which is necessary to provide
the constancy of the total energy of the front.

Theintensity and period of transverse oscillations of
the front depend on both the parameter y and the ampli-
tude of theinitial disturbance. Figures’5 and 6 allow the
description of the dependence of the period T and the
oscillation amplitude of the front boundary

ay = %(maxX—minX) (27)
t t
on the intensities of the initia disturbances transverse
to and along the rectilinear frontal zone.

In accordance with Fig. 5, the increase in the ampli-
tude of the velocity normal to the front leads to the
decrease in the period of nonlinear oscillations,
whereas disturbances in the geostrophic vel ocity along
the axis of the front can result in both the decrease
(b, < 0) and increase (b, > 0) of the oscillation period as
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Fig. 4. Time variation of theintegral (over the cross section
of the front) kinetic (Ey), potential (E,), and total (E)
mechanical energies of theliquid. Theinitial disturbanceis
the same asfor Fig. 3.

compared to the linear case. This property of the oscil-
lation period also follows from the asymptotic estimate
given by (23). The dependence of the oscillation period
on the amplitude characteristics of the initial distur-
bance is a purely nonlinear effect. Asymptotic for-
mula (23) very accurately describes the dependence of
the period of front oscillations on the amplitudes of the
initial disturbances of the current velocity in the ranges
lgl, 1] <0.2.

Consider the dependence of the oscillation ampli-
tude of the front boundary (27) on the intensity of the
initial disturbance of the velocity field. The solution of
the linearized problem corresponding to (14)—18) is
obtained analytically. Ata=a,, b=by, and ¢, =d, =0,
we find that

¢ = -3yd,

d = w[—by+ b+ wagsin(wt +9)],

where ¢ is an arbitrary constant. For small ¢ and d, the
first of formulas (25) assumes the form

(28)

1 1 cr
X=—H +zd+ == (29)
W%l 2" 2y
Using formulas (27)—(29), we obtain the amplitude of
linear oscillations of the front boundary

——]-—“ZA/(A)Zaé + bg
Jy o

ax = (30)

IZVESTIYA, ATMOSPHERIC AND OCEANIC PHYSICS Vol. 40

ag

Fig. 5. Period of nonlinear oscillations of the front T/(2m)
vs. the amplitudes of theinitial current-vel ocity disturbance
transverse to (a,) and along (by) the frontal zone. The solid
lines correspond to an exact (numerical) value of the oscil-
lation period, and the dashed lines, to formula (23).

The contoursof ay inthe (a,, b,) planeareellipseselon-
gated along the b, axis.

The calculation results presented in Fig. 6 indicate
that the oscillation amplitude increases as the intensity

|/
0.3
ap

0.2

Fig. 6. Amplitude ay of nonlinear oscillations of the frontal-
zone boundary vs. the amplitudes of the initia current-
velocity disturbance transverse to (ay) and along (by) the
front. The solid lines correspond to exact values of the
amplitude of nonlinear oscillations, and the dashed lines, to
formula (30) for the linear case.
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Fig. 7. () Oscillations amplitudes of the front boundary and
(b) velocity-vector magnitude at the front boundary x = X
vs. the amplitude of theinitial current-velocity disturbance
transverse to the front (a, > 0, by = 0) and the parameter y.

of any disturbance in the geostrophic-current velocity
increases. The amplitude was calculated by a formula
similar to (27). For small disturbances of the front,
when |a|, |by| 0.1, the linearized model of transverse
motions of the front can be used. It describes most
accurately oscillations caused by the initial distur-
bances of the velocity in the direction transverse to the
axis of the frontal zone. Nonlinearity causes the oscil-
lation amplitude of the front to increase in comparison
with the case of linear oscillations if by, < 0 and to
decreaseif b, > 0.

Figure 7a demonstrates that the intensity of oscilla-
tions of the front boundary decreases as the geo-
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strophic-current horizontal shear, which is proportional
to the main parameter of the model y, increases. At the
same time, even though the intensity of oscillations of
the current velocity increases with the amplitude of the
initial disturbance, the dependence of the dimension-
less oscillation amplitude of the current velocity on the
parameter y is not monotonic. Current-velocity oscilla-
tions are relatively weak under small or large back-
ground-current shears (Fig. 7b). Inthe (a,, y) plane, the
oscillation amplitude of the velocity reaches its maxi-
mum values along a certain curve y = y(a,) corre-
sponding to the angular points of amplitude contours
in Fig. 7b.

5. CONCLUSIONS

Nonlinear transverse oscillations of the near-surface
(warm) frontal zone of afinite width have been studied
within the framework of the reduced-gravity model of
the ocean. The analysis is restricted to the planar case.
The oscillations are caused by initial departures of
hydrodynamic fields within the front from geostrophic
equilibrium.

The approximate model used for ocean dynamics
suggests that the ocean is stationary beyond the frontal
zone, whose lower boundary can nevertheless deform.
For this reason, the energy of the initial disturbance of
thefrontal zoneisnot emitted and the oscillations of the
fieldsinit are undamped asin the case discussed above.
In models alowing for the wave transfer of the energy
of theinitia disturbanceinto the liquid surrounding the
front, a transition to a new geostrophic regime occurs
[5, 6, 20, 21]. This regime decays slowly if the system
is dissipative [22].

If the current-vel ocity vector dependslinearly onthe
horizontal coordinate within the frontal zone and the
depth of the front is distributed by a quadratic law, then
the initial nonlinear problem formulated in partial
derivatives is equivalent to a system of four ordinary
differential equationsin time. This system has periodic
solutions, which was found in [11] from analysis of a
mathematically equivalent problem of oscillationsin a
near-bottom lens of cold water. For small-amplitude
oscillations of the front, a perturbation method with
respect to two small parameters was used, which made
it possible to obtain an approximate solution of the
problem in a weakly nonlinear approximation of the
second order. Front oscillations of an arbitrary ampli-
tude were studied numerically solving the system of
equations by the Runge-Kutta method.

It has been shown that hydrodynamic-field oscilla-
tions are always superinertial. Nonlinearity can lead to
both an increase and a decrease in the frequency of
front oscillations in comparison with the linear case.
The oscillations are the most intense if they are caused
by initial disturbances of the geostrophic-current veloc-
ity that are directed along the front’s axis. A weakly
nonlinear solution of the problem describes front oscil-
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lations fairly accurately even if the initial disturbances
of the current vel ocity within the frontal zone are strong
and reach 50% of the magnitude of the geostrophic-cur-
rent velocity. Nonlinearity can lead to both an increase
and a decrease in the amplitude of field oscillations in
comparison with linear oscillations about the geo-
strophic regime of motion. The intensity of oscillations
of the front boundary decreases as the horizontal shear
of the background current increases. The dependence
of the oscillation amplitude of the current-velocity
magnitude on the background-current shear is not
monotonic. Oscillations of the frontal-current velocity
are relatively small under small or large background-
current shears.
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