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This paper describes the application of the maximum likelihood method to estimate the
aerodynamic derivatives of (i) the AGARD standard ballistic modei HB-2 from supersonic free
flight data available in fiterature, and ¢ii} ballistic mode simulated data of a surface-to-air missile.

For the AGARD data, two types of dynamic medels have been used: (i) body axis coordinate
systern model, and (i) hybrid type of formulation, wherein the aerodynamic forces are in wind axis
arid the aerodynamic mormnents are represented in body axis coordinate system. For surface-to-air
missile data the equations of motion are solved in fin-body axis systerm. The results of this analysis
demonstrate the suitability arid functional adequacy o the mathematical models used, the
consistency o data arid power of the parameter estimation wmethodology In generating
aerodynamic derivatives from realistic free flight trajectories.

NOTATION
A = reference area
C,, Cy ,»C, = axial force coefficients in the body-
: fixed coordinate system

Cp, G, Cg = coefficients of drag, Lift and normal
force

¢, C,,, C, = coefficients of rolling, pitching and
yawing moments

I, Iy, I, = inertia

m = Mmass

pqr = angular velocity components about the
body-fvred axes 0x, oy, 0z, respec-
tively

q = dynamic pressure .

4 = flight path velocity

ox, oy, oz = axes in the body-fvred coordinate
system

v, w = velocities in 0x,0y, oz axes system

a,f = angles of attack and side slip

8, ¢, = Euler angles

X¢-0 = vector of unknown initial conditions

PO = vectors of unknown parameters to be
estimated

& 8 = gust components in fin, body axes

1,,T, = transformation matrices from tinto
body and body to inertial axes

fbg = suffixes for fin, body and gust

INTRODUCTION

Free flight testing in aerohallistic ranges with a view to
extracting the aerodynamic parameters from the measured

motion patterns of missile configurations have been in
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progress forwell over three decades. But the methods used
for analysis place several restrictions on the equations of
motion; for example, assumptions such as linear
aerodynamics, constant roll rate, small velocity variations,
etc. Inorder to eliminatesuch restrictions and pave the way
forcomplex and contemporary model configurationtesting
in ballistic ranges, advanced statistical methods of
parameter estimation such as maximum likelihood (ML)
and extended Kalman filter methods which have been suc-
cessfullyvalidated for aircraft flight datal:2 over the past
decade have been recently extended to free flight analysis
problems of missile configurations also>4.

This paper describes the application of the maximum
likelihood method to estimate the aerodynamic derivatives
of (i) AGARD standard ballistic model HB-2 from super-
sonicfreeflight data available in literature, and (ii) ballistic
mode generated simulated data of a surface-to-air missile
(SAM). For AGARD data, axes systems used for repre-
sentingthe mathematicalmodels: body axisand hybrid type
formulation wherein the aerodynamic forces are in wind
axis and the moments are in body axis system. For SAM
data the equations of motion are solved in tin-body ads
systemswith appropriate transformations between fin and
body axis systems. In order to be consistent with the two
original data sets, the FPS and SI systemsof units have been
used.

MAXIMUM LIKELIHOOD METHOD

The ML method as applied to free flight trajectory of
ballisticrange usually begins with the mathematical model
of the flightvehicle configuration whose equations of mo-
tion are formulated in general terms as

State equations : x (f) = f (x (¢), P),x (O ) =Xy, (1)

Observation equations =y (r) =h (x (t), P) o)
Measurement equations: z (K)=y (K)+v (K);

K =1, odV (3

where x(f) is # x 1state vector, y(¢) is+n X JLobservation

vector, and z(k) is the {mx1) measurement
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. Ealer angle rates are given as

# = (gp sing + r, cosp )/ cosd (26)
6 = g, cosp —rsing 1 2n
¢ = pp + tand (g, sing + 1, cosg) (28)

Body velocity to inertial velocity transformation is
{r.y,2) =T, {uy vy w, }, where 7, is a direction
cosine matrix.
Det; rmlnlstlr‘(nuqﬂ 'ﬁm £ n&';[atlontrans ormat ns are
usb, ng, ng = 2 wind v, Wln
and
{Hg‘, Vy’, ng} = TIT {ugb, ng ng }
Angle of attack and side slipare given as
a = tan~ { (wp—wye) [ (up-uge) ;
B =tanth (- vee) /(g gp)
with
tanar
and
V= V(uug)® + (yy—vg* + (w—wp) ¢
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Fig 4 TimeMistory match

These transformation equations are given for the sake
of completion. For clarity the various transformations and
operations invodved in modellingare shown in Fig 3. The
SAM trajectory was used as data input to the MLE software
for estimation of aerodynamic derivatives as incorporated
in this tin-body model. The estimation was started with
initial values of some of the derivativesas 20% off from the
original derivativevalues. The estimates were almost close
to the original reference values. The results of time history
match between S A M trajectoryand M L predicted data are
shownin Fig4. The purpose of thisexercise was to evaluate
feasibility of fin-body type of modelling in analysis of bal-
listic typedata. The various results from these three types
of models seem consistent with the data sets used except
for some differences.

CONCLUSION

A preliminary investigation of extracting nen-dimen-
stonal stability derivatives from supersonic free flight data
measurementsinan aeroballiticrange using the maximum
likelihood method has been successfully demonstrated.
Analysis and estimation using various trajectories
(AGARD, SAM) have validated the utility of various types
of mathematical models including tin-body transforma-
tions. Thus the parameter estimation methodology has
been established for the kind of datathat could arise out of
aeroballisticrange experiments being presently conducted
in the country and similar or related realistic data of a
missile or a projectile.
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naf uniformly sampled in time, a cubic spline interpolation?
rowtine was utilized to curvetit the experimental motions
and generate adequate number of uniform time-spaced
data samples to be used in the ML estimation groegramme.
The a, B trajectories were reconstructed using the for-
mulaea = @ * tan™! (dz/dx) and 8 =- ¢ + tan~! (dy/dx).
Fig 2 illustrates the matching between the AGARD ex-
perimental trajectory and the ML predicted trajectory
based on the models describedelsewhere. The close match
is obvious. Some of the important aerodynamic derivative
estimates along with the percentage standard deviations
aresummarised in Tablel. For the sake of comparison, the
NASA estimates® of the longitudinal derivatives obtained
for the same set of flight data are also shownin the table.
The results indicate that the MLE method, in addition to
providingvery satisfactory and acceptable estimates for the
longitudinal derivatives, also simultaneously determines
thelateralderivativcs,whichwasnotthe case for the NASA
technique. The NASA technique was based on least
squares approach to estimate Cp, from x, ¢ data in iterative
manner and gaussian least squares differential technique
to further extract other derivatives from the range data.

Table 1 RESULTS OF AGARD MODEL DATA ANALYSIS

Derivatives NASA ML Estimaltes ML Estimaltes
Estimates V-a—-f§ Model Body Axis Model

Cp 1.239 1207 Q.12 119 (0.15)
Ciy 3590 3155 (0.59) 4.353 (0.38)
CLq 24.400 49.524 (13.6) 48065 (12.13)
 Cimy -1.259 -1.277 (0.21) -1.277(0.20)
Cm, -83.000 ~73.700 (1.26) 72680 (1.23)
C sg —_ —-2.700 (2.96) -4.002 (1.00)
G, - —40.730 (27.8) ~22670 (38.3)

C"ﬂ — 1.277(0.48) 1.284 (0.44)
Cp, — -90790 (278) -92 780(2 56)

(% standard deviation )

The absence of roll angle, ¢, trajectory information is
probably the cause for fairly high uncertainty noticed in the
estimationof theC; derivative. The axi-symmetricity Of the
AGARD model c’énfiguration is established by almost
identical values (with proper signs) obtained in both pitch
and yaw planes, demonstratingthe functional adequacy of
the mathematical models used. The differences in es-
timates across the models may be attributed to different
degree of information processing in two non-linearmodels.
Since the data set and the estimation procedures are the
same for these two types of mathematical models, the
differencesinsome of the estimatedparameters could arise
from the degree of parameter identifiability governed by
these models and their associated transformations.

ANALYSIS OF SAM BALLISTIC DATA

The 6-DOF trajectory of a model configuration of a
surface-to-air missile (SAM) in a simulated ballistic
mode was taken for analysis. The trajectory contained
time histories ofts v wg ps gs rr e, 6, @ and 1, y, z data.
The model fitted to this data is given below:
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Fig 2 Free flight time histories
dy =1y 'y sing
A V2 cos? a
p T C%o/ (2m) 20)
pA V2 {Cyﬁ B+C, rpd/(2V) }/ (2m) +
A V2 14
y'pf = qptg—ppvp + g/ V2 (cos¢ cosf —sing cosf ) +
pAVz{Cz a+C, ged](2V)}](2m) +
a ]
AV2 C ad/(4
p 2, % (n?) (22)

Pp=pAd V? C,P prd/ (41, V) @)

gr=pAd V2 {C, a+C,qd/(2V)}IQ1,) +
« ?
(-L)pprl I, + pAd VEC, &d/(4LV)
a

(24)
rp = pAd V2 {c"‘6 B+C,rdl @)}/ QL) +
Ue-1)pp 4p/ I, + pAd V2 Cog fd/(4LY) @5)

The fin-body transformation equations are given as
{Pe-apn} = Ti{pPpasry}
and
{up vy wy } = Ty { ug v we )}, where the matrix T is
given by '

1 0 0
T - |0 cos® —sind
0 sin®  cosp

and for the present case Q = 459,
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