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An implicit finite volume nodal point scheme for the solution
of two-dimensional compressible Navier-Stokes equations
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Abstract: An implicit finite volume nodal point scheme has been developed for solv-
ing the two-dimensional compressible Navier-Stokes equations. The numerical scheme
is evolved by efficiently combining the basic ideas of the implicit finite-difference
scheme of Beam and Warming (1978) with those of nodal point schemes due to Hall
(1985) and Ni (1982). The 2-D Navier-Stokes solver is implemented for steady, lami-
nar/turbulent flows past airfoils by using C-type grids. Turbulence closure is achieved
by employing the algebraic eddy-viscosity model of Baldwin and Lomax (1978). Re-
sults are presented for the NACA-0012 and RAE-2822 airfoil sections. Comparison
of the aerodynamic coefficients with experimental results for the different test cases
presented here establishes the validity and efficiency of the method.

1. Introduction

Due to rapid advances achieved in numerical methods as well as computer technology,
. there has been considerable progress in the development of Navier-Stokes solvers in the

past decade. Severd finite-difference and finite-volume time stepping schemes have been

sucessfully applied to a variety of two- and three-dimensional fluid flow problems.

The main advantage of thefinite-volumemethod is the capability of handling arbitrary .
eometries through direct discretisation in the physical space. This approach has the
lexibility of modifying the arrangement of control volumes and the evaluation of fluxes

through the control surfaces. In the cell-centred finite-volume scheme, the dependent
variables are associated with the centre of the cell in the computational mesh. In cdl-
vertex or nodal point schemes, the flow quantities are specified at cel vertices rather than
a cdl centres or as cdl averages.

With a view to implement the cell-vertex finite-volume approach to |mpI|C|t schemes,
a new implicit finite-volume nodal point scheme for the solution of 2-D Navier-Stokes
equations is presented here. The numerical scheme has been developed by combining
the basic ideas of nodal point schemes due to Hall (1985) and Ni (1982) with those of
implicit finite-difference scheme of Beam and Warming (1978). Since implicit schemes have
significantly larger stability bounds than explicit methods, fewer time steps are needed to
compute unsteady flow over a given interval of time or to conv.ige to a steady state,

2. Finitevolumeformulation

In order to facilitate a finite-volume formulation, the tyVo-di mensional Navier-Stokes equa-
tions for unsteady compressible flow are written in integral form after applying Euler's
implicit time-differencing formula. The computational domain is partitioned into a finite
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The integral conservative equations are applied to each control volume formed by joinin
the centres of the neighbouring cells of a nodal point.

The line integrals occurring in the resulting equations are evaluated by summing u
the contributions due to the flux terms over the four edges of the computational cell. Thy
terms containing inviscid flux vectors are calculated by using the flow variables at the fou:
neighbouring PoiNts. The derivatives in viscous flux terms are evaluated by using Taylor!
series expanson around the location at which the gradients are needed. :

Second- and fourth-order dissipation terms are added to ensure convergence and tc
suppress oscillations near shock waves. The turbulence model of Baldwin and Lomas
(1978) is employed for the computation of eddy viscosity in turbulent flows.

3, Compressible viscous flow around airfoils

The implicit finite-volume nodal point scheme thus developed is applied here for steady
compressible viscous flow around airfoils. The computational domain considered for the
flow past an airfoil is bounded by the airfoil surface, an outer far field boundary and a
wake cut extending from the trailing edge of the airfoil. C-type grids are generated using
an algebraic grid generation technique (Jain 1983). At the body surface, no-slip condition
for velocity and adiabatic wall condition for temperature are imposed. Along the branch
cut in the wake the conservative variables are obtained by averaging their values on either
aide of the cut. At the outer boundary, viscous effects are neglected and non-reflecting
farfield boundary conditions are constructed using the theory of characteristics for locally
one-dimensional flow norma to the boundary.

4. Results

Computations have been carried out for"steady laminar/turbulent flows past the NACA-
0012 and RAE-2822 airfoil sections.

Figure 1 shows the C, distribution, convergence history, streamlines, pressure and
Mach contours for laminar subsonic flow past NACA 0012 airfoil at M., = 0.8, a = 10°,
Re = 500 and CFL=50. Thelift, drag and moment coefficients compare well with those -
obtained by other methods (Miller 1986, Miiller and Rizzi 1986, Chakrabartty 1987).
Since it is an implicit method it has been possible to achieve fast convergence. The
streamlines show a separation region with separation and reattachment points at z/c =
0.39, x/c = 0.98 respectively, which match well with those (Xic = 0.37, x/c = 0.97)
predicted by Miiller (1986). The pressure and Mach contours are also very similar to
those obtained by Miiller (1986). Figure 2 presents the surface pressure distributions for
high Re;fnqlds number flowsover the same airfoil. Good agreement with the experimental
results ( Thibert et al. 1979) is observed for the subsonic Mach numler case with a7, = 0.5,
a= 1.T7°, Rew = 2,91 x 10° In the transonic flow case with M,, = 0.799, a = 2.26°,

ftew - 9X10  the shock location 1s predicted farther downstream compared t0 experiment
(Harris 1981).

— R?S‘ﬂts for transonic turbulent flow around RAE-2822 airfoil section are presented in
Fgs. 3and 4 Pressure distribution, shock location, upper surfaceskin friction distribution
znd g he ae :egdyna:)rrgc cggfﬁglex;ts are Welll predicted in the first test case, viz., My, = 0.73,
- o = 0.5 X 10777 T though no separationjs reported in the experimental
iisnltts ! Cook & al. 1}97@) the skin friction distribution SM)WS a Sma”1 separation pear
€ traling 1ge. n the second test case, i.e., My = 0.75, o = 2.81°. Re = 106
}Sﬂ{“ﬁﬁ‘;‘;p;}"m:sé&cﬁ :Pnd:E%i’ng}?\;’;i?wnis&egamO’fL’lthe shock wave are sli gf?tlli ()i(l fferent,
however, idicafas separatfon at‘tHe foot 6f the siock wave T N [ g distribution,
- m ggreement wﬁ experimental resnite Won jff)(‘h Vel z)e = %-‘«”“0”3’/ c= V.67
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not remain separated upto the trailing edge, there is another separated flow region close
to the trailing edge.

5. Conclusions

An implicit 2-D Navier Stokes solver has been developed for steady |aminar/turbulent
compressible flow past airfoils by employing a cell-vertex finite-volume approach. The
2-D Navier-Stokes equations governing the flow are solved by an implicit, finite-volume
nodal point scheme. The numerical algorithm is derived by combining the basic ideas of
the implicit finite difference technique of Beam and Warming (1978) with those of nodal
point schemes due to Hall (1985) and Ni (1982). Results presented for NACA-0012 and
RAE-2822 airfoil sections show good agreement with experimental results. The implicit
nature of the numerical scheme permits the use of larger time steps and hence faster rate
of convergence to steady state solution is possible.
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Figure 2a. Surface pressure distribution for a NACA-0012 airfoil.
(M, =05, a=1.77°,Re = 291 x 10% Grid = 165 x 61)
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Figure 3. Surface pressure and skin-friction distributions for an RAE-2822 airfail.
M, = 0.73, a = 2:.79°, Re = 65 x 10° Grid = 247 x 65)
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Figure 4. Surface pressure and skin-friction distributions for an RAE-2822 airfoil,
(M_ = 075, o= 2.81°,Re =6.2x 10%Grid = 247 x 65)
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Figure 4. Surface pressure and skin-friction distributions for an RAE-2822 airfoil.
(M, = 0.75,a = 2.81°, Re = 62 x 10% Grid = 247 x 65)
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