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THE STRUCTURE OF STRONG SHOCK WAVES
USING THE FOKKER-PLANCK MODEL
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(National Aer jcal Lab y, Bangolore-17, India}

Reccived May 31, 1971

ABSTRACT

The structure of strong shock waves in monatomic gases is studied
using the Fokker-Planck model to represent the particle collisions and the
Mott-Smith distribution to describe the distribution function within the
shock front. The differential equation governing the variation of the den-
sity within the shock is derived by using the variational principle. The
thickness of the shock front is evaluated numericafly for various monatomic
gases for Mach numbers varying from 2 to 20, and besides, 1he variation of
the shock thickness with viscosity is also studied for different gases. Several
parameters of physical interest within the shock, such as density, tempera-
ture and mean velocity of flow are evaluated numerically and detailed curves
showing their variation within the shock are presented for different Mach
numbers. It is found that the temperature Tises very steeply, reaches
a maximum within a distance less than haif the thickness of the shock and
then diminishes slowly 1o attain its asympiotic downstream values, The
variation of the mean velocity is slow for weak shocks, but for higher Mach
numbers, the mean velocity diminishes steeply and reaches the down-
stream values within half the thickness of the shock.

1. INTRODUCTION

IN recent years, the study of the structure of stirong shock waves has altracted
 the attention of a large number of workers. The bibliography*-® on the
subject is too vast 1o be reviewed here but a perspective of the recent work
in the field could be obtained from the several volumes on the Advances in
Applied Mechanics. A large number of investigations on the subject have
started with the BGK model for the collision in the gas at the shock. Nara-
simha and collaborators® have computed the profiles for the density and
| ————
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116 K. 8. VISWANATHAN AND OTHERS

temperature distributionn  within the shock for a range of Mach numbers
and have also studied the development of the complete distribution function
within the shock. Besides the BGK model, the Bolizmann expression® for
the collision integral has also served as the starting point for several investi-
gators to study the structure of strong shock waves and the flow field nea
the shock. : -

An important technique that has been used abundantly in the literature 3

is the method of least errors, - in which the best expression for the distribution
function, usually a Mott-Smith Ansatz? is derived by applying the minimum
error criterion on the distribution function. Using the Boltzmann equation
and the Mott-Smith Ansatz for the distribution function within the shock,
Narasimha and Deshpande have obtained the best solution for the distri-
bution function by minimising the total error and have plotted the profiles
for parameters of interest within the shock for a few monatomic gases.

A well-known expression for the collision integral in the Boltzmann
transport equatioen jis the Fokker-Planck term,* but surprisingly emough,
very little work seems to have been carried out for determining the shock
structure using this model for collision processes in gases. Both the Boltz-
mann collision integral as well as the Fokker-Planck expression are derived
from probability considerations and must be equally suitable for describing
the thermodynamic as well as the statistical properties of the gas within the
shock front. One should also expect that both the expressions should be
more accurate to describe the shock structure than the simple BGK model.
A reason why the Fokker-Planck collision term was not used extensively
in the literature is its supposed complexity but it is nevertheless practicable
model for studying shock structure not only for simple monatomic gases
but for complicated molecules where vibrational, rotational and electronic
relaxation cffects are present. Tt is the object of the present paper to study
both analytically and numerically the structure of strong shock waves in
monatomic gases like argon using this model.

2. THE FokxER-PLANCK TERM

The Boltzmann transport equation for a gas is given by

3‘{+ 7 + ;2-‘7.;f=(§{ ()

coll

where m, v and F denote respectively the mass of the atom, jts thermal velo-
city and the force acting on it. As mentioned in the Introduction, various
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expressions are available for the collision operator (2 f,fbr)c.. ]!1 this paper,
we use the Fokker-Planck expression for the collision which is given by

p:) 3
Af(j{ = - pos (f{nw)
15 D, mariawd
\ D’_ i x 2
TZ a‘ﬁ;ﬁj(ﬂﬂ”'ﬁ”’”"‘“(&‘) {}

'R}

Here /, v; denotes the increment in the velocity as a result of collision
during a time interval £y v, The Fokker-Planck term involves the averages
{Av); (A v A v;) and to evaluate these, tt is necessary to know the
distribution Function v (v,, v, £} which gives the probabllny. that the w_::lo—
city of an atom jumps to v from an initial value ®, during an interval of time
t as a result of collision. For gases in which the change in momentum of
a particle due to collisions occurs stochastically, the distribution function
¥ is well known® and is given by

e
$(v, vy, ) = [2_:.‘:_,? (1 — e.z::f)]

X exp. {— -Z%Tﬂ)i}. 3)

(1 — et
e )

For large values of ¢, the above function tends to 2 Maxwellian distri-
bution, and its time dependence is significant for values of ¢ oij the ord‘er
of the frictional parameter =, This is again related to the coefficient of vis-
cosity and is given by

gl b @

where g is the radius of the atom, m its mass and 7 is the coefficient of visco-

| sity. Evaluating the averages using the distribution function (3), we find

that

(Ao =1J Avig(vv,0)d(A V)
=—b &)

(A v A i) = a® 8 + bibj {6)
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where

= %(1 — g 3l7) (7 @
and _

bi=0i(1 — et (78

Since 7 is small, we shall sel t = A 7 and evaluaie by passing on 1o the

limit when A ¢-»0. Later, we shall consider the case when this approxi-
mation is not made, and 47 is taken to be some characteristic time for the §
problem, i.e., collision interval or the time taken for a molecule in the up- 3
stream gas to pass through & distance of the order of the shock thickness,
If we pass on to the limit when Ar—0, we obtain the well-known formula

(3} =pdivfo+qses ®)
coll
where,

g=PAT. ©)

3. THE SHOCK STRUCTURE

We shall consider the steady one-dimensional flow of a gas through a
plane shock layer. In a frame of reference fixed with respect to the shock,
the Boltzmann equation reduces to

vz gp S0, 0) = Bdiv o +g pof
=G(v,f) (1)

Here G(v,f) represents the coliision term., We denote by (m,14, T
) and (ny, u,, Ts, p) respectively the density, mean velocity of flow, tempe- 9
rature and pressure in front of and behind the shock. The distribution :'
function is a function of x at or near the shock, and attains the free stream 3§
values far away from the shock on either side and the boundary conditions %

arc

f{v, — o)) =F,(®) ; f(v, + o0) = Fs{v) (11 4

where F denotes the equilibrium Maxwellian distribution. The subscripts ;
I and 2 refer in general to the far upstream and downstream sides of the shock,
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For the distribution function f, ‘within the shock, we assume a Mott-
Smith function and write

filv,x)=[1 -y ()] F,(v) + y (x) F2(v) (i2)
where '

Fi0) = m (2) " exp. - i~ whi = 1,2 3

where the parameters ng, v; and f; denote respectively the number density,
gas velocity and the inverse square of the most probable thermal speed for
the distribution. .

The density function y{x} in (12) is unknown for the present and we
determine it by the method of minimum errors following Narasimha and
Deshpande.s We define the residual and total errors by means of the equa-
tions ’

e =2 -G, 1) (4
and .
E(x)= J e*(y, x)}dn (15)

where the integration extends over the whole of the velocity space. We
further write

J=[ E(x)dx {16)

where the integration extends over the thickness of the shock. J then gives
the total error. A simple calculation now shows that '

G(,f) =38 +P0- Voo

+ g1 HoFr (0) + gvs Do Fa(2) (a7
where for the sake of convenience we write
n={-—y@;n=yx (18}
Further

E(x) = J dp {yv;t (F, — F)* 4+ [38 (nFy + nF9
+ ﬁU’Vv (nE + }':_F:) +gy AvFr+ 8y &uﬁ]'
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— 2vzy’ (Fy — F) BB (nFy +ysFd + 8- Vo
x {(nF, +7:F:)+q71 Ao Frtayvs Av FI]} {19
=Pyt +y (Tr+U)+Q* + Ry +5 ' (20)

where the coefficients P, Q, R, S, T and U can easily be written as integrals
by comparison of (19} with (20). For example,

P= [ uv}{F, - F)*d» @D
Writing

Ty+U=2Z :

Y +Ry+S=Y 22)

_' we can rewrite (20) as
E(p,y,x)=Py2+ 2y +Y (23)

where P, Z and Y are functions of ¥ and hence of x. The integrals occur-
ringin P, Z and Y can be evaluated by direct integration. These can in fact
be expressed as a sum of certain simple integrals, whose values are tabulated
in Appendix 1. After heavy algebraic work, we find that P, Y and Z are
given by the following expressions:

P= [ vz*(F, — F))tdy

) o] e (8
()" g e L BB

where

2=, Bib — )
A AR
- It is to be noted that P is independent of x. Next

Z=n (%r)m {— Byay + 21 3By, — 69B1yy) + 3uy 2qv:fy — By))}
T (g’) [— Byay + 213 3By — 6Bay2)

+ o gy — o) + 2mmy (P2)" 0
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{BBe (s — 1) + 0 Biva (2 — ) — &* Byya o — )
Fappiogie — u)—dnfi e w)
— 6g (s — b)) (g e + [ WB0ra e~ )
+ 28871 (30 — ) + 87 {rabe® (a — ) = 1By (2 — )]

x m—jw,--,-, [~ 208 Baya— Bird) + 4ga (riba? — 7B
1
3 @5
X T B )
where
{181;1 + ga":) (26)
L+ B
y= B ffe (1, — u)" amn
Finally
v = mt (Y [ont 8~ pigy + § Comby — B 87w

+ 9yt m* (B - 28.9) (2qrifs — B)) + e (ﬂﬂ)

x [9r:t 8 — 28t + ' Qarape— B+ B2t 975"t

11
X (B — 289) Qaras — B)] + muma (ﬂ,lﬁﬁ 8,)] w

[18yya (B — zﬂlq) g — ZJB:?) + 88,8; (2gnif — B) (2qy:B: — B)

13 8, +ﬁ=)‘ T 88 + gy Ll — W)+ o — ]

{(2a -- uy - Hg)z (@ - w}a- ”2)}
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~ B Cabon = B) | 35m 1 58 + G

+8(a — u)* (a — u)}, — ABBun QgBers — P)

5(a—w) 8(‘1 Uy
s SRE s ARG U

. 882 B Batnty {(a — u){a — up) + 3_(31%“_@}

120,85 (B — 248) Cabwra — ) {5 5., gy + 00— ')

— 128, By, (B — 3g) (2 — ) — 128Btyys (8 — 26:) (a — 1) 13

+ 12y:8, (B — 28,9} 2¢7:5, — B) {2_(;8,3-{— B + {a— u,)’} ] .

(28) p:

The expressions for T, U, Q, R and S may similariy be found, but for

lack of space, we do not reproduce them here.

The “best’ value of y can be obtained by minimising the local crror E,
by regarding it as a function of the variables y and y’ and using then the
theory of maxima and minima. 1t can alternatively be oblained from the
calculus of variations by minimizing the total error

J= [ E(x)dx — [ Ely,v, x)dx

py re.garding 1 as a functional of y and y". Both the methods lead 10 the '§
identical set of equations. For example, differentiating (20) with tespeet 3

to y and ¥, we get
¥E

= 2Py + Ty +U=0 29 3§
[+Jy A
v~ Tt o0 §
E
sy =TV +2Q/ 4 R=0 (3 §
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or

= — @Tt!‘) , _ (32)

By differentiating (30) with respect to x and substituting for y* frem
{32) one gets

2Py" = 2Qy + R, (33)

Equation (33) is the differential equation satisfied by the density fu nct ron
and should be solved for y along with ihe boundary conditions

y(— o) =0 and y(+ o) =1. (4)
One can verify that the Euler equation for the variational principle
3 =0 (3%
also leads 1o an identical differential ¢quation.
It was found during our calculations that a slight rearrangement of

equation (33), as obtained by using the form (23) instead of (20) facilitales
the numerical computations substantially.

We have now
B =3[ E(y,Nds=5 | (By*+2Zy + V)dx=0.

"Here Z and Y are functions of y. We have then

F, =2y +Z, F,=7vZ,+Y, (36)
and

4 gy =Py 2= 2P 4 2y (37
Hence the Euler differential equation becomes

Py =Y, (38)

This equation can be integrated at omce. Multiplying both sides by ¥ and

~ integrating, we get

Pyt=Y +C (39)

where C is an integration constant whose value can be delermined from the
boundary conditions ahead of the shock.
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The thickness of the shock is now given by

= fac= f (yh) o “0)

o

4. NUMERICAL CALCULATIONS AND DISCUSSION OF RESULTS

Numerical calculations were made for different Mach numbers varying
from 2 to 20 for the thickness of the shock front, the function y (x), the varia-
tion of the density » (x), the mean velocity @(x) and the temperature T ()
within the shock front for argon. These were evaluated from the following
definition for these parameters:

n=Tny, -+ ngyy=nm+ya—m) (41)
_ _nu _
= f vf (e, x)dy == (43)

p (0 = nkT (x) = fvf(p, x)dv
= :i Z nivili + :—; Z' nivi (4
]

where m is the mass of the atom in the pas.

=i

)t (43)

The differential equation satisfied by y involves the parameter §, which
is proportional to the coefficient of viscosity. Since viscosity changes with
temperature, § is a function of temperature and we chose the power Jaw

B = BT

with § = 4 for the calculations. This choice was made essentially for the
simplicity that it brings into the calculations but we have made some preli-
minary compulations with the value 8 = (816, which is the accepted value
for argon. The parameters ny, T, and M, downstream of the shock were
calculated using the  Rankine-Hugoniot relations. When the power law
for # and the Rankine-Hugoniot equations were substituted in equation (39),
the differential equation for y assumes a form

&=reo o m
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where

-(59)

and is a long expression. This equation was programmed for a Ferranti-

- Sirius digital computer and integrated directly. The curves given in Fig. |

plot the variation of the demsity with respect to the distance which s
given by the formula (41), for the Mach numbers M =3, 5 and 10 res-
pectively. The distance is measured in units of the upstream mean free
path A, and the curves were plotted for the thin layer within the shock.
The curves steadily increase from their upstream values to their dowr-
stream values as determined by the jump conditions. The increase is
sieeper for stronger shocks represented by higher Mach numbers and takes
place within a few mean free paths.

ARGON
o5 aC 15
D4
-«
h
503
b}
[ 3
o2
o)
A 1 1 " ot
o ! F) 3 4 43

SHOCK THICMNEES/ 3,

FiG. 1. Variauon of » Vi Shock Thickness.

The equation (40) for the thickness of the shock was inteprated by
Simpson’s rule using the Ferranti-Sirius digital computer and \he thickness

- of the shock was evaluated for Argon, Neon, Helium, Xenon, Krypton, for
b Mach numbers 2 to 20. Some typical values obtained from the output of

the computer are tabulated in Table [ One may notice that the shock
thickness generally decreases with strength.

In Figs. 2, 3 and 4, we have ploited # - njiny — m against distance

within the shock. The nature of the varfalion of the density as shown by
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TABLE I

Shock Thickness/A,

Mach No. Helivm Argon Xenon Krypton
p=200x10* L=210x<10-% p= 23M4x10-* p=253x10%
poise poise poise poisc
2:0 1-8807995 3-8402297 19-99091 7-470854 118-94583
3-0 13989681 4-1824679 16-768553 76210040 123-2098]
5-0 1-0700610 3- 2400536 7-878238 4-1874116 110- 6004
6-0 0-9149048 2-6452942 5-884421  3-2298241 95-045HY

80 064277760 1-791395 3902652 2-1090419 67-279%0]
10-0  0-45829669  1-2803399 2-813898  1-502969 50- 7854
120 0-36511886  0-9612694 21397391 11605656 36-04288)
10208368 0-50310960 152751}

20-0 0-1382893% 0-4118914

these curves is similar to the experimental curves given by Schuitz, Grunow !

and Frohn® and others though we have nol made a comparison, as the para-
meters in our calculations are not entirely the same as those used by these
authors,

rop

os}
o8} o T
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F L L —
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SHOCK THIGKNESS/ A,

Fio. 2. Shock Profile at M = 3 (Argon)
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Fi. 3. Shock Profike at M = 5 {Argon).
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Fuwi. 4. Shock Profile at M = 10 (Argon).

Figures 5 and 6 plot the variations of the mean velocity U and the
temperature as defined by the parameter (T — T,; Ty — T,) within the shock
front. It can be seen that the variation in the mean velocity is slow for weak
shocks, but as the Mach number increases, the mean velocity of flow dimini-

shes steeply and reaches its downstream values within half the thickness

of the shock. The curves for the temperature variation are very interesting.

s They show that the temperature varation is very steep, has a maximum
b %hich occurs at a distance of less than half the thickness of the shock and
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then diminishes stowly to attain its asymptotic downstream values.  They
also show that the maximum temperature of the gas is reached within the
shock and the value behind the shock as given by the Rankine-Hugoniot
equations is much smaller than this. This 15 an important fact emerging
from our studies using the Fokker-Planck model and it is worthwhile to
conduct experiments to verify this kind of behaviour of the temperature
within the shock front.

26
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T

T x IO.ﬁ

1-0f
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o068
o-4f
o-2F

o 4 2 3 4 +8
SHOCK  THICKNESS/ ),

Fk:. 5. Variation of o Vs Shock Thickness.

Since the differential equation for y depends on the cocfficient of visco-
sity it is possible to study the dependence of the shock structure on the co-
cfficient of viscosity or in other words, to find out how the thickness and
other related parameters vary for different gases having almost the same
atomic radius. The shock thickness was calculated, for five-different gases,
namely, Helivm, Argon, Xenon, Krypton and Neon. The plot of § with
respect to the coefficient of viscosity is given in Fig. 7 for a range of Mach
numbers. The caleulations were made for the case wherein the upstream
value of the temperature of all the gases is reduced to the room temperature
and for Mach number varying from 5 to 20. It can be seen that within the
range of viscosity values caleulated, the shock thickness increases first. The
curves become steeper for smaller Mach numbers and in facl they become
so steep for Mach numbers less than five that they could not be repro-
duced in the same figure on the same scale. It will be apain worthwhile to
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FIG. 6, Variation of Temperature Fs. Shock Thickness.
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Fiii, 7. Yariation of Sbock Thickness Fs. Viscosily.
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study experimentally the variation of the shock thickness with viscosity co«
efficient to verify the nature of the variation as predicted by the theoreti-
cal curves or Table I,

APPBNDIX
W3 = [ Rrap—n(§)”

H
@3 = [ o + 09 Fdy = o g
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POLAROGRAPHY OF EUROPIUM IN AQUEOUS
AND AQUEOUS METHANOLIC SOLUTIONS

By V. R, CHANDRASEKARAN* AND A. K. SUNDARAM, F.A.ScC,
(Analytical Division, Bhabha Atomic Research Centre, Trombay, Bombay-85)

Roceived June, 18 1971

ABSTRACT

The standard rate constants for the reduction of europium in perchlo-
rate and chloride media and the formal rate constants in sulphate, acetate
and lactate solutions are reported.  The rate increases in the order of increa-
sing polarisability of the anion or the increasing stability of the complex,
viz., perchlorate < sulphate < laclate =~ acetate,

The effect of methanol on the polarography of europium has been
studied. In perchlorate and chloride media, the half-wave potential shifts
to negative values and then te positive values as the methanel content is
increased. In acetate solutions, the shift is continuously to negative
potentials. This is attribuled to the effect of complex fermation in
acefate media and ion-pairing in perchlorate and chloride media. The
effect of viscosity on the diffusion current was found to obey the Stokes-
Einstein equation.

INTRODUCTION

Tue reduction of europium (11} to europium (il) involves a change in the
inner 4 fshell. The reduction is therefore expected to be irreversible.! The
chemical composition of the supporting electrolyte should have little effect
on the nature of the electrode process since the outermost shell would remain
unaltered in the reduction. 1t is interesting, however, to note that the rate
of the electrode process is altered by the kind and concentration of the anion
in the supporting electrolyte. The effect of the solvent is also considerable,
the electrode progess being reversible m acetonitrile,® quasi-reversible in
aqueous ethanol® and irreversible in acetone? A study of the polaropraphy
of europium in complexing and non-complexing media in aqueous and
methanolic solutions is reporied here.
_—
* Health Physics Division, B.A.R.C.
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