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Abstract
In this work we study the occurrence of Andronov-Hopf and zip bifurcation in a concrete
(n + 1)-dimensional predator-prey system modelling the competition among n species of
predators for one species of prey. This is a generalization of results by Farkas (1984).

Keywords: Biomathematics, zip bifurcation, Hopf bifurcation, population dynamics,
predator-prey system

MSC(2000): Primary:34K18 , Secondary:37G15

1 Introduction

The zip bifurcation phenomenon was introduced by Farkas [5] in 1984 for a
three dimensional prey-predator system. The model was not at structurally
stable although it illustrated the intuitively evident fact that at low values
of the carrying capacity K both predators might survive but as K grew only
one of them survives. Recently (see [1], [8]) the phenomenon was generalized
to a four dimensional ODE system.

The purpose of this paper is to study the occurrence of periodic orbits
generated by Andronov-Hopf bifurcation in an ODE system modelling the
competition among n species of predators for a single prey. Specifically, we
will consider the system

S = A1=)S = mifi(S)w;
i=1 (1)

g = (mifi(S) —di)z, i=1,2,..,n,

where S denotes the quantity of prey, x; denotes the quantity of predator ¢ and

fi(S) = aiis is the functional response of predator i. All other parameters

in (1) are assumed to be non-negative and represent

e ~: intrinsic growth rate of prey
o K: carrying capacity of the environment

e my;: mazximal birth rate of predator i
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e d;: mortality of predator i

e a;: holf saturation constant of predator i.

Also, we study in the same model the phenomenon of zip bifurcation.

In the next section we study the equilibrium points for the system and we
prove its dissipativeness. In Section 3 we establish the conditions under which
the Andronov-Hopf bifurcation occurs and finally in Section 4 we determine
conditions for the occurrence of zip bifurcation in the model.

2 Equilibrium points

First we show that system (1) is dissipative before studying its equilibrium
points.

Proposicion 2.1. Any solution of the system (1) with initial values S° > 0,
29 >0,i=1,2,...,n is bounded in [0, ).

We first observe that any solution of (1) whose initial value has positive
components remains with positive components, as long as the solution exists.
We will prove that the solution exists for all time ¢ > 0 and there exists a
bounded set J in R’ffl which attracts the solutions starting on any bounded
set in RT};H. Let dy = min{dy, ...,d,} and V(S,2z1,....,xn) = S+ 21+ ... + Tp.
If 2(t) = (S(t),z1(t), ..., zx(t)) is a solution of (1), then as long as it exists,
we have

d

Ivem) =20 - 2Dy - > i)

Since S(1 — %) < %(1 +dg)? — doS for all S € R, we have

%V(z(t)) < —rdoS(t) — ; dizi(t) + %(1 +do)2.

Letting o = min{dp,ydp}, we have

Ly ) < —avim) + K+ o2

and therefore

V(a(0) < V)™ + 1 (1+do).

as long as the solution exists. If B is a bounded set contained in erfl, then

there exists R > 0 such that V(z(0)) < R. Let ty = élolrgK(i%gO)2 and
2(0) € B. For t > tg, we have

K(1+dy)? K K(1+dp)?

< el 2 <
V(1) < R+ (14 do) < =~
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This implies that any solution is defined for t > 0 and the compact set

K(1 +do)2}

J = {(S,xl,...,xn):SZO,xl >0,...,0p >0and S+z1 + ... + x5 < 5
e

attracts all bounded set B. Therefore the system is dissipative and its global
attractor is contained in J.

Now, we discuss the equilibrium points of (1), that is the solutions of the
system

S n
y(1 - K)S—izlmimsm =0
(meZ(S) — dz)a:z = O,i = 1,2, ey N

(2)

For¢=1,...,n, let \; = % the prey threshold quantity for species
i. Then, aside from the obvious solutions (S,z1,...,z,) = (0,0,...,0) and
(S,x1,...,zn) = (K,0,...0), equation (2) has biologically interesting solutions
only if m; > d; and A\ = ... = \,. Henceforth we assume that m; > d; and
Al = ... = Ay = A, i.e, the n species have equal prey threshold although they
achieve this by different means.

With these notations and hypotheses, the system (1) can be written as

S = y(1-2)5- Zmifi(s)xi 3)
=1

T = Bigi(S)s,
where ¢;(S) =222, Bi=m;—d; and i=1,2, ..., n.

The equilibrium points of system (3) are the origin (S, 1, ..., 25)

(0,0,...,0), the point (S,z1,...,zn) = (K,0,...,0) and the points of (n — 1)-
dimensional hyperplane
H = {(S,21,...,0,) ER" L5 =),
(4)

ST+ e s, = (1 - 2),m; > 0,i=1,..n}

To study the stability of these equilibrium points, observe that the Jaco-
bian matrix J(S, zy, ..., z,) of the system (3) is

’Y(l_ %)_Zmlf{(s)xl mlfl(s) meQ(S) mn—lfn—l(s) mnfn(S)
i=1
g1(S)z1 g1(S) 0 0 0
95(S)w2 0 g2(5) 0 0
g1 (S)Tn—1 0 0 gn—1(S) 0
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So, it is easy to see that (S,z1,...,2,) = (0,0, ...,0) is unstable, with an n-
dimensional stable manifold and a one-dimensional unstable manifold. Now,
(S,x1,...,25) = (K,0,...,0) is asymptotically stable if K < A and unstable if
K > )\ with a 1-dimensional stable manifold and an n-dimensional unstable
manifold. Note that if K < A, then H is empty, and if K = X then H = {0}.
It is known (see [10] and [3]) that

K>\ (5)

is a necessary condition for the survival of each predator. Therefore (5) will
also be assumed from now on. In the next section we fix our attention to the
study of stability of the equilibrium points belonging to H.

3 Occurrence of Andronov-Hopf and zip bifurcation

In this section, we study the stability of the points in H. The study will be
separated in two cases; one of them is when we consider a = a1 = a9 = ... =
an, that is, all predators have the same functional response and the other
case is a1 < ag < ... < an, that is, the predators have different functional
responses.

3.1 Andronov-Hopf bifurcation

In the following, we consider the case a = a1 = ag = ... = a,. Thus the
system (3) takes the form

n
) m;x
F— S S )
g x) —a+ S
i = Bt
Since A1 = ... = A, = A, we have 7;—11 = ... = “7*. Introducing the variable
pi = dz = mT;—tl, t=1,2,...,n—1 we obtain
Mi41 = My P4, 1= 1,2,...,71—1. (6)
We also have p; = A 5 Hence, we can write
_ P _
P =5 = P=ph
p2 = % = 3 = p202 = [3 =p1p2bh ™
Bn

Pn—-1 = Br1 = ﬂn:pnflﬁnfl = ﬁn:plp?--pnflﬁl-
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Similarly, we get

mg = mip1
m3 = Mmap2 = mg = pip2ami

(8)
Mp = Mp_1Ppn—-1 = Mp = P1P2Pn—-1M1.

Considering the expressions in (7) and (8), the system (3.1) can be written
in the form

S S T1+p122+p1p223+P102---Pn—1Tn
S= ~y1-%)S— e myS

: S—A
1= [iign

: S—A\
T2 = p1f1orgTe (9)
: S—=X\
3= p1p2friirges

: S—X
ITn = PlPQ-'-Pn—lﬁla_Tgfn

Dividing the third equation in (9) by the second, the fourth by the third
and so on, up to dividing the n-th equation by the (n — 1)-th, we get the
following system

dry _ z2
gacl - P1 x1
T T
ds = P2, (10)
dx _ T
dwnil = Pn-l m7L7—L1

Integrating each equation in (10) we obtain easily the following first inte-
grals for the system

T2 T3 Tn
Vi(S 1,y ) = —57, Va(S, 21, s @) = 555 o Vo1 (S, 21, o ) = 5
L1 L3 Lp—1

Hence, for each fixed value of ¢; > 0,7 =1,2,..,n — 1,

Z2 x3 In

—_— :Cl —_— ICQ _— :Cn—l
P1 ’ P2 ) ) Pn—1 ’

Ty ) Tn—1

are invariant (n — 1)-dimensional manifolds in R™ with coordinates

(1,22, ..., Tp)-
Now, for any ¢ = (¢1,...,¢n—1) with ¢; > 0 for i« = 1,...,n — 1, the in-
tersection of these manifolds is a curve € in R™, which is invariant for the
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Figure 1: The manifolds M,

system (9). A straightforward computation gives the parametric equations of
C, namely

P1

To = C1T7

T3 = coxh? = x5 = coc?a'??

Ty = cyzh’ = x4 = cgchP PP

Tp = Cp1@h" ' = @y =g R L R g P

(11)

For any ¢ = (c1,...,cn—1) € R’}r_l, we denote by M, the invariant manifold
M. = {(S,x1,29,...,x,) € R"™ : § >0 and 21, xo, ..., z,, satisfy (11)}. (12)

Then, the family {M, : ¢ € R} is a two-dimensional foliation of the first
octant of R"*! and each leaf is the image of the embedding A, : R xR — R+
given by

he(S,x1) = (S, 1, x2(x1), ..oy Tp(T1))- (13)

For a fixed ¢ = (¢1,¢2, ...y cn—1) with ¢; > 0,1 = 1,2,....n — 1, we study
the restriction of the system (9) to the manifold M., parametrized by S and
x1. Taking into account (11), this restriction is given by

5 S (z1+p1e1aht +p1pocach?ait??
S =v1-%)S +- s+t

Pn—1  P1P2-Pp—1_P1P2+Pr—1
P1P2:+-Pr—1Cn—1Cp "y €} Ty ymiS

a+S

; S—)\
1 = Pigrsm

The introduction of the new parameters

m = p1; M2 =pP1P2; -5 Mn—1 = P1P2---Pn—-1

— . — 02 . . _ Pn—1 P2P3-.-Pn—1
Q1 = C1P1; Q2 = €261 P1P2; 3 An—1 = Cn—1C 5 .0 " p1p2pn—1
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carries the previous system into
S= 4(1-2)S— z1tonz +agz ]+ don_yz]" !

K a+S mlS

" (14)

T = [ f;g:rl
The equilibrium points of (14) are (S,z1) = (0,0), (S,z1) = (K,0) and
the single intersection point (S,z1) = (A, &) , where 1 = & is the unique
positive solution of the equation

p1 P2 ,.P102
T+ praxy + prp2cec; T + .+

(15)
Pn—1  _P1Pp2--Pn—1_P1P2--Pn—1 __ Y(a+X)(K-=X)
p1p2'--pn716n716n_2 "'Cl ;L'l = 77117[(’
or, equivalently,
Uit 2 Mn—1 __ ’}’(CL‘FA)(K*)\)
1+ a1 +ar’ + . g = T (16)

Geometrically, the nontrivial equilibrium point of (14) is described as
follows: & is the second component of the point (A, &1, ..., &,) obtained as the
transversal intersection of the manifolds H and M,.. The other components
are given by

fo= &l

§3 = Czclfrszlp[z r

54 — 036/275 le?ﬂdgfllhpd (17)
é—n — Cn_lCﬁzal Cflnif’?)lpn72."Cll7n71pn72'~~p2p1-~€flp2~~pnfl .

The Jacobian matrix of the system (14) is

n—1 n—1
o1+ E a;x}’ 1+ E a;nz)
i=1

Ji(S,z1) = 7(1*%)*%+%m1a — =5 ———mS
s b aTsh
Since
K
v 0 - K
J1(0,0) = and J; (K, 0) = )

0 B 0 (K-2)81

a a+K

both (S,21) = (0,0) and (S, z1) = (K,0) are saddle points if K > .

To study the stability of (S,z1) = (A, &), where & is the only positive
solution of (16), we will consider K as a bifurcation parameter. Next, we will
show that (14) undergoes an Andronov-Hopf bifurcation around (S,z1) =
(X, &1). The following theorem concerns it.
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Teorema 3.1. If A < K < a + 2, then the equilibrium (S,z1) = (A, &1)
of system (14) is globally asymptotically stable inside the positive quadrant.
Moreover, for A < K < a+ 2\, (14) does not have closed orbits inside the
positive quadrant . Finally, at K = a+2\ the system undergoes an Andronov-
Hopf Bifurcation, i.e. there is § > 0 such that for K € (a + 2\, a + 2)\ + 0),

the system (14) has an orbitally asymptotically stable limit cycle surrounding
()‘7 fl) .

First, we translate (X, &) to the origin by the change of coordinates
1 =5—- Ay =21 — &, (18)
where & satisfies (16). System (14) becomes
vio= Ay A - 2E2)S—

_ y2+51+0f1(y2+§1)"1+a2(:izl§jr);2+~~~+Oén,—1(yz+§1)7”“1 ma(y1 + ) (19)

Y2 = B2 +&)

The Jacobian matrix of the previous system is

9f1(y1,y2) Af1(y1,y2)
oY1 Jy2
Jo(y1,y2) = ,
9f2(y1,y2) Afa2(y1,y2)
0y1 Jy2

where,

filyng) = Al + A1 - 225 4

yo+&1+a1 (y2+€1) "M+ (y2+£1)"2+.. . Fom—1 (y2+&1) "1

a+y1+)\ ml (yl + )\)
fa(y1,y2) = 5la+gﬁ(y2 +&1).
Since & satisfies (16), we obtain
YAK —2X—a) (H—mmf;jlil+...+an—177n—1§117"_1))\m1
K(a+X\) a+A
J2(0,0) =
Bi& 0

a+A
Hence, the characteristic polynomial associate to J2(0,0) is

P(p) = p+ s

+ ﬁgl(1+C‘51771£117171+-~~+an7177n71£?n71))‘ml
(a+))?
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and its eigenvalues are

YA(K —a—2X)

pa(K) = —52—

, ('\/)\(Kfa72)\) )2_4 (E1+o1m1 €]+ o 10,1677 61 Amyq
+ K(a+\) (a+X)2

2

Therefore, the origin (y1,y2) = (0,0) is asymptotically stable if A < K <
a + 2\ and unstable when K > a + 2.

To show that system (19), and consequently the system (14), does not
have closed orbits in the positive quadrant for A < K < a + 2\, we apply
Dulac’s Criterion (see [4]). Consider the function h(S,z1) = x({(%+5)’ where
q is a constant to be appropriately chosen. A straightforward computation

leads to

af(S,x1) N g(S,x1) WS, z1) = yK —2vS — vya + wmq
ds o1 o K L
Mn—
were f(S,x1) =v(1— 2)S — m1+alw?l+a2x£g'“+a"*1m1 lmls and

9(y1,2) = B1231.

Taking ¢ such that 29\ = 51K (¢+ 1) we get

K —a—2)— 250
) h(S,z1) = % S yzi.

<8f(5, x1) n 9g(S, x1)
oS ox1

Hence, for S > A and K < a+2), <6f(85éz1) + ag(g’zl)) h(S,z1) <0, so, by
Dulac’s Criterion, the system (19) does not admit periodic orbits inside the
positive quadrant of R2. Thus, if K < a+2), the equilibrium (S, z1) = (), &1)
will be globally asymptotically stable for solutions with initial conditions
inside the positive quadrant.

To complete the proof, we need to verify the hypotheses of Andronov -
Hopf’s Theorem to show that at K = Ky = a + 2, the system (19), and
consequently the system (14), undergoes a Hopf bifurcation. First, we note
that at K = Ky, we have p; 2(Ko) = fiwp, where

N

[(51 + &M + o+ a1 €N B
a4+ A

>0,  (20)

wo =
Therefore, there exists § > 0 such that the eigenvalues 11 o(K') are nonreal

and complex conjugate. Furthermore,

v
2(a+2N)(a+ A)

d
—Re p(Ko) =

: 21
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In the following, we are going to compute the first Liapunov coefficient
to determine the supercriticality of the periodic orbit generate by the Hopf
bifurcation. To do this, we shall use the technique given in [12] (see also [9]).

A straightforward computation shows that at K = K the eigenvectors of
J2(0,0) associated to p2(Ko) are q12 = (£iA, 1), where A = woé?g)\). The
eigenvectors of the transposed J(0,0)7 associated to p1(Ko) is pr = (—%,1)
and the associated to pz(Ko) is p2 = (%, 1).

Expanding the righthand side of system (19) in power series around
(y1,y2) = (0,0) at K = Ky we are led to

n—1 n—1
(1+ > amiéi”l) miA 1Y amigli
y1= - L At Y2 — oY1~ WWW*
n—1 n—1
mix > omi(ni — eyt at(atA) Y amEliT!
= (a+X)3 y% - ngy% + (’LC:,I)\)3 y%y? -
n—1
am Z aini(n; — g1 max Y ami(n — 1) (m — 2)E7 2
2((a+1)2) ylyg - et 6(atN) yg + O(‘y|4)
g2= Dy — 28t + B + (25 v - Giyrvive + Oyl
(22)
Denote the coefficients of the vector field associated to y; by
apg = 0, ay = 07
n—1
i—1
<1 + > aimg] ) miA
a9 = — =1 a3 = — 7)\
2 a+ A\ o K(a+ M)
n—1 n—1
i—1 i—1
mla(l + Z a;ni&y ) miA Z a;ni(n; — 1)&
i= i=1
ay = — , a5 = — ,
! (a+ )2 5 2(a+ \)
n—1
i—1
1+ Z ainz§1
. =
6 K(a+)\)2’ ! (a+ N3
n—1
% i_2
amy Z aimi(mi — 1)EF miA Z aqni(m; — 1)(ni — 2)&/
i=1
ar = aqg = —
s 2((a + \)2) T 6(a+ \)

and the coefficients of the vector field associated to 7o by
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by =0 by = D& by =0
by = — 28 b= F5 bs =0
bo = i3 br=—hhe bs=0 by=0.

Letting Y = (y1,92) and F(Y,0) = (F1(Y,0), F2(Y,0)), we can write the
system (22) as Y = J3(0,0)Y 4+ F(Y,0), where

Fi(Y,0) =ag + a1y1 + asys + asyi + asyrye + asys + asys + arysys
+ agy1y5 + agys + O(IY]%),

F5(Y,0) =bo + biyy + bayz + b3y + bayryz + bsys + beyi + bryiys
+bsy1y3 + boys + O(|Y %),

or, equivalently,
1 1
F(Y,0) = 5B(Y,Y) + cC(V,Y,Y) + O(Y "),
where

B(K Y) = (2(13:@/% —|- 2a4y1y2 —|- 2a5y§, 2b3y% + 2b4y1y2)
C(Y,Y,Y) = (6asy; + 6aryiys + 6asy1ys + 6agys, 6b1y? + 6bryiys)).

It is known (see, e.g. [12]) that the first Liapunov number {;(0) of (22) is
given by

1 .
11(0) = 270036(@920911 + wog21),

where 920 = <paB(Q7q)>7 gi1 = <p7B(q7Q)>7 g21 = <p,C(q, q, Q)> and <7>
stands for the inner product in C.
A straightforward computation shows

e B(q,q) = (—2a3A% + 2iAay + 2as5, —2A2b3 + 2iAby)

e B(q,q) = (2a3A? + 2a5,2A%bs3)

e Oq,q,q9) = (6agiA® + 2a7A% + 2agiA + 6ag, 6b1i A3 + 2b7iA).
Consequently,

e g20(0) = iagA + ag — i% — b3A? +ibyA

e igo0(0) = —asA + iag + @ — ibsA? — byA

° 911(0) = —iagA — iaff’ + b3A2
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e ig20(0)g11(0) = za3A2 + asas A — iagas — asbs A3 + iazbsA? + iagas +
MU —azbz A — p 3 +iasby — asbs A3 +iagbs A% + agbs A — ibgA?’ — bsby A3
o wogo1(0) = 3wpagA® — iwgar A + woag — Jiwoag + Jiwgby A3 + wobr A2
and, therefore,
h0) = 3% (a3a4A — abyA® + U5 — by A — azhsA® + azbsA — byby A+
3woagA? + woag + wob7A2)

= 2w (a3a4A - 2a3b3A3 a4a0 b3b4A3 + 30.)0(16A “+ woag + w0b7A2)
(23)

Taking into account the expressions for a;, b;, and A (i = 1,2,...,9), we
have

_9A3 wo(a+>\) YA fi&1 Wiy
2A8%azbs = B K(atn) (atN? 2K%1§1
and §(a+))? §(a+))?
2 3 _ _wplat wplat B1_B€
wobr A” —b3bs A” = — Oﬁfgf (a+/\)2 + Og§g§ i (aify =0.

From (20), we have
wg(a+N)?
B
and this leads to
n—1 n—1
mla(§1+ > amzfl“) min Yy apmi(n; — )&
i=1 i=1
wo(a+XN) (az-i-)\) 2(a+X)
= S Z%m m— &

and therefore “4a5 + woag = 0. Furthermore,
n—1

Aagas = 520 (1+ Z i€l my A

=miA& + & + .+ an1me1E")

= leogzoiﬁr)\ &+ Zaﬂhfl miA

wovya w ((a+)\) ) wiva

= KRG Kk RO
3
From the previous equation, Aazay + 3woA2ag = —2 ;;2322 Thus
151
LS
[1(0) = < 0.
K eit3

Hence, the system (19), and consequently the system (14), undergoes
a supercritical Hopf bifurcation and the orbit generated by the bifurcation
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exists for a + 2\ < K < a+2XA+ 0 (§ > 0) and is orbitally asymptotically
stable. The proof is complete.

3.2 Zip bifurcation

In the following, we are going to consider the case a; < a2 < ... < ap.
These conditions and Ay = Ay = ... = A\, imply that b1 < ... < b,. In
aidi _ _apdn a1 _ _ ai  _ _b—1
fact, e = .. = i B = o = bn—l = g = o1 < 1,

1=1,2,. n—l and therefore b; <bl+1,z—12 Ln—1.
Denote by J = J(S,x1, ..., z,) the Jacobian matrix of the system (3) and
n

) m;a;
j=v1-2)-E > —om, so
7

— (a; +5)?
- _ m1S _ TTLQS _ mnfls _ mnS
b J » 3 (aéJrf) ax+S an—1+S an+S
a1+ —
ﬂ(;(l i%xl > 8 (2 A X ;
202 2{0—
J: (a2+s)2 ZL‘Q O a2+>\ o e O O
B (an_‘—l—)\) : . . Bn— (.S—/\)
(a%—(wé‘)i) Tn—1 0 0 o e 5 (g N
n(an+ n {0 —
mxn 0 0 N 0 Tantn

Computing J(A, &1, ..., &) at a point (N, &1, ...,&,) € H, we get

2N my; o mad ma) _ Mao1A mp
K +A Z; (ai 4 )\)25Z a1-1->\ a2-2->\ T An—1+A ;:-I-)\
B1€
ﬁ 0 0 0 0
2G2
J = Y 0 0 0 0
Bu—16n— ' '
a"ﬁjilg—w‘l 0 0
# 0 0 0 0
- m;a - m;aq - m;aq ~
T DR I ST
since ~( ;aﬁ—/\)é z;aﬂ_/\ﬁ Zz:(a+/\ z::a—i—/\

according to (4).
The characteristic polynomial of J(\, &1, ...,&,) is given by

P(u)=u"‘1{u2+u(?—ki(m%§) +/\il(ajn+ﬁ/\)24 (24)

In fact, we have

AN mi\ ma mnpA
det(p—J) = A — " A A A1n (25
et(pu—J) (M Z( +>\)2£L+ )M +a1+)\ 12+a2+>\ 13+ +an+>\ 1n (25)
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where Ayj = (—1)7T det(u— J)1; and det(u— J)1; is the determinant of the
submatrix (1 — J)1; gotten from p — J eliminating the line 1 and the column
3,7=2,3,...,n+1,1e

col(j —1) col(j+1)

,fﬁl)\ v 0 0 ... 0 0 ... 0 0

—282 0 p o0 . 0 0 0 0

Ay = (1)t 5 0 0 u .. 0 0 ... 0 0
Bu—1bn-i o 0 o :
—Eeliesl 0 0 0 L 0

—f% 0 0 0 ... 0 0 o0

So A = (—=1)*[(-1)*( - 7511%)#”_2] = fll_fl,\ﬂn_l; Az = 7(1622%,\/1"_1;

Ay = 7(16333#”_1 o Ay = %ﬁf\ﬂn_l-

Thus, the characteristic polynomial of J(A, &1, ...,&,) is given as in (24).
This means that each equilibrium point in H has 0 as an eigenvalue with
multiplicity n—2 and two eigenvalues with negative real part if the polynomial
between brackets in (24) is stable (respectively, positive real part if the same
polynomial is unstable). Observe that if A < K < a1 4+ 2\, we have

m; 1 A 1 A ¥
'L'< 1—— 1- T
(ai+)\)2§_a1+/\7( K)<a1—|—)\ a1+2)\)<K

n

=1

since a; + 2\ < aj+1 + 2X, ¢ = 1,2, ...,n. Similarly, if K > a, + 2\, then

;(ai+)\)2§l> i

Therefore the polynomial between brackets in (24) is stable if

n

. m; Y
A< K< ay + 2\ since ; mfl < E (26)
and unstable if
. n m; ' l
K > a, + 2\ since ; 7(% n )\)2& > = (27)
Consider the following hyperplane
Hy={(\&, ., &) eRM: Y mfi =27 (28)
i=1 * "

With the previous comments we can state the following theorem
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Se 0<)\<K<KL,KJH<?Hl

e E>K,, xi >

Figure 2: Hyperplane’s Intersections

Teorema 3.2. Let us assume that 0 < X\ < K, v, 3;, m;, a; are positive and
a1 < ag < ... < an. If the carrying capacity K of the environment satisfies
K < ay + 2), then all equilibrium points in H are Liapunov stable, in the
sense that there is a neighborhood of H such that all the solutions in this
neighborhood are attracted by H; if K > an 4 2\, then the equilibrium points
are unstable. Furthermore, if K is increased from one extreme to the other
one of the interval (a1 + 2\ ap + 2)\) then the hyperplane intersection of H
and Hy s traveling through H from the vertex on the axis x, to the vertex x;
and the equilibria left behind get destabilized; For a1 + 2\ < K < a, + 2\ this
hyperplane intersection divides H in two parts, "the upper one” is a repellor
and "the lower one” is an attractor of the system, i.e, the system undergoes
a zip bifurcation.
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If A < K < aj + 2\, then the linearization of (3) around each equilibrium
(N &1, ..., &n) € H has zero as an eigenvalue of multiplicity n—1 and two eigen-
values with negative real part, according to (26). It implies, by the Theorem
of the Invariant Manifolds (see [1] Theorem A.3.1), that through each equilib-
rium point (X, &1, ...,&,) € H pass one (n — 1)—dimensional smooth invariant
manifold. Further, all the orbits on this manifold tends to (X, &1, ..., &,) when
t — 400. On the other hand, if K > a, + 2\, the equilibrium (\, &1, ..., &)
are unstable in accordance with (27).

Let us study the more interesting case when K changes from a; + 2 to
an + 2X. We will show that when K grows from a; 4+ 2A up to a, + 2, the
(n — 1)-dimensional hyperplane in R"*! given in (28) intersect H, and the
properties of stability of the equilibrium points in H changes. We will denote
the intercepts coordinates of H with the coordinate axes by (z},0,0,...,0),
(0,2%,0, ...,0), ..., (0,0,0, ..., z7%) and of Hy by (z},,0,0,...,0), (0,2%,,0,...,0), ... ,
(0,0,0, ..., 2%, ). Observe that :UZH — W@t NE=A)

m; K
y 3 2 . . .
on the other hand, z%, = % is a decreasing function of K; furthermore,
1

as the function K(a) = a + 2\ is increasing in the interval a € [0, a, + 2))
we have A\ < K7 < K9 < ... < K,. A simple calculation shows that if
A < K < K; then a:’H < a:qu and 3:}{ = :L’”qu at K = K; forv =1,2,...,n.
Hence, for A < K < Kj the hyperplane H is below H; and reach H; at
K =K;.

In this case, inequality (26) is valid for all points in H implying that all
his points are stable (when we change K in the interval A < K < Kj the
hyperplane H and H; are dislocated parallel). When K is increased beyond
K1, the hyperplane H cuts into H; and reach x% = :E%{l at K = Ko, reach
m% = a:?;ll at K = K3 and so on up to reach z% = x%l at K = K,,. For
K > K,, the hyperplane H; cuts the hyperplane H outside the positive
octant so that now Hj will be below H (see Figure 2). In the process in
that part of H which is already above the hyperplane H; the condition (27)
holds. This mean that the equilibrium on this part of the hyperplane have
a (n — 1)— dimensional unstable manifold which fill a neighborhood of this
part of H. The proof is complete.

is an increasing function of K;;
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