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ABSTRACT. The first authori[ll] proved that all zeros of the reciprocal polynomial
m
z) = ZAkzk (z € C),
k=0

of degreem > 2 with real coefficientsAd, € R (i.e. A,, # 0 andA, = A,,_, forall k =

0,...,[%2]) are on the unit circle, provided that
m m—1
[Am| =D Ak — A = > |Ap — Apil.
k=1

Moreover, the zeros oF,, are near to then + 1st roots of unity (except the rodf). A.
Schinzel[3] generalized the first part of Lakatos’ result for self—inversive polynomials i.e. poly-

nomials m
z) = Z A"

forwhich A4, € C, A4,, # 0 andeA; = A,,_; for all k = 0,...,m with afixede € C, |¢| = 1.
He proved that all zeros df,,, are on the unit circle provided that

Ap| > f A —d™F A

| | cde<lcn\d| 1Z|C |

If the inequality is strict the zeros are smgle The aim of this paper is to show that for real
reciprocal polynomials of odd degree Lakatos’ result remains valid even if

m—1
s
Ap| > cos? ——— A, — A
We conjecture that Schinzel’s result can also be extended similarly: all zei@s afe on the
unit circle if P, is self-inversive and

‘A'm‘ > cos Z |CAk —dm” Am|

™
2(m+1) ¢, aeC, |d| 1
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1. INTRODUCTION

Studying the spectral properties of the Coxeter transformation Lakatos [1] found that all zeros
of the reciprocal polynomial

k=0
of degreen > 2 with real coefficients, i.e.
(11) Am 7é 0, Ak € R, and Ak = Am—k (/{Z = O, RN [%})
are on the unit circle, provided that
m—1
(1.2) [Am| =D Ak = Al
k=1

She used Chebyshev transformation to prove this result.

The manuscript on this was sent to A. Schinzel for his comments. He generalized the above
theorem|[3] for self-inversive polynomials by proving that all zeros of the polynomiak) =
Sy Apz® where

(13) A,#0, A,cC,and anded, = A, (k=0,...,m) with e C, |¢] =1
are on the unit circle, provided that

1.4 Al > f A —d™ A,
(1.4) An| 2 inf Z\ e = A" A
holds.
Schinzel’s proof was based on a theorem of Cohn [4] and on the estimate

Zkz

Learning of Schinzel’s generalization, the first author made an attempt to improve her result.
Although the method of Chebyshev transformation does not seem to work for self-inversive
polynomials, it can be used to obtain information about the location of the zeros on the unit
circle. She could prové[1] that conditidn (IL.2) ensures that the distribution of thec?&rgs =
1,...,m)of P,(z) = >}, Az* satisfying [I.1),[(T]2) is quite regular. They can be arranged
such that

(1.6) e — e <

(1.5) min

2€C,|z|=1

>

T
m—+1

(j=1,...,m)

holds, where ‘

j=emr T (j=1,2,...,m)

are them + 1st roots of unity except.

If m = 2n + 1is odd then-1 = e™+1 is always a zero and all zeros Bf,,.; are single.

If m = 2n is even, [(1.R) holds with equality and
sgn Ag, = sgn(—1)"" (A4 — Ay,)

forallk = 1,2,...,nwith A, — A, # 0, thenu,, = u,,1 = 7, the number-1 = e¥n = eiun+1
is a double zero of,,. Otherwise all zeros ob;,, are single.

The aim of this paper is to show that for polynomials of odd degree both results can be
improved. For even degree polynomials this is not possible. Since, for first degree reciprocal

€
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or self-inversive polynomials the only zero of the polynomial has modulus one we may assume
that the degree: > 2.

2. THE MAIN RESULT
The theorem of Lakatos can be improved as follows.

Theorem 2.1. All zeros of the reciprocal polynomial

2n+1

(2.1) Pyii(2) =Y A2 (z€0)
k=0
of odd degre@n + 1 > 3 with real coefficients i.e.

(22) A2n+1 7& 0, Ak € R, and Ak = A2n+1fk (k = O7 c. ,n)

are on the unit circle, provided that
2n
s
2.3 Agpiq| > cos® —— Ay — Aoyl
(2.3) |Agpi1| > cos 2(271—1—2);’ k ont1]

Moreover, if (2.2), (2.3) hold then all zeros™i (; = 1,2,...,2n + 1) of P»,,, are single,
—1 = e+ js always a zero and the zeros can be arranged such that

T
2n + 2

(2.4) lej — ™| < (j=1,....2n+1),

where _
e =emE (j=1,2...,2n+1)
are the2n + 2 nd roots of unity except
Proof. With the notation
l:=A01=Ap,a10 :=Ag, —1l=A1—1,...;0, = A1 —1=A,—1

we have

n

hon1(2) - = 12" 427 4o 2 1) Y ag (2P 42
k=1
2n+1

= Papi(2) = Y At (z€0).
k=0

(2.2) goes over into
l#0,L,ar € R(k=1,...,n)
while (2.3) goes over into

2.5 I| > 2cos? — .

We havehgnﬂ (Z) = (Z -+ 1)B2n(2) with

hon(2) = 09, (2) + Y aper(2)Wan—on(2)
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where

Ugn(2) = 2"+ 22" 2 4 4 22 + 1

Won—2k(2) = , er(z) = 2%

z4+1
The Chebyshev transforffih,,, of hy, was calculated irl [1]:

Thon(z) = 1T 00 () + > arT (ex - Won—op) ()
k=1

—1U, (g) n iak [Un_k (g) — Un g @)] :

whereUn is the Chebyshev polynomial of degre®f the second kind defined ki, (cos x) :=
sinlntle (, —1,2,...) andU_;(z) := 0. Evaluating ofZ h,, at the points

sinz

i3

=2 . with y; = =0,.
x] COsS y] y] m + 2 (.] ) ) n)
of the open interval — 2, 2] gives that (see [1])
Thon(z;) = ( ) +Zak Qyj Yi _ (—1) D k=1 .k 2 2 y]'
S1n yj 1 COS 5 S1n yj
We have forj =0,...,n—1
.Y . Un . ™ ™ ™
2.6 0< = <sin == = —— | = o8 ——————
(2.6) ( )sm2 sin = 5111(2 2(2n+2)) C082(2n+2),
while for j = n there is equality here. The absolute value of the factor
on — 2k + 1 2n—k)j+ji+(n—k)+3
Cos%yj:cos ( )J 273+2( ) 2n (k=1,...,m;5=0,...,n)

takes its maximum if the fraction
2n—k)j+j+(n—k)+3
2n+ 2
is nearest to an integer. Clearly the nearest possible value of this fraction to an in%s
(this value is attained gt= 0, £ = n). Thus we have shown that

2n — 2k +1
(2.7) cOs %yj

T
< —— (k=1,...,n;5=0,... )
_C082(2n+2) ( R (2] RO

Letforj =0,...,n

2”: oy 2m—2k 41
A S1I1 — COS ———mMmMmM8M8MMMMM8MM Y5 | .
£ W 9 U

Then, forj =0,...,n — 1 by (2.8), [2.T) we have

Sj =2

n n

.Y T 2 [l
S; < 2sin = — <2 7 S——
<2 Sl g <20 g S

unlessy ;' _, |ax| = 0.
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Thus, by [(2.B) or{(2]5) we have

- n
Sj < 2C082m2|ak’ < |l|
k=1

and the resulting inequality
S <1l
remains valid even i} ;' _, |ax| = 0.
Forj = n we have

n

. Yn
Sy < 281n52|ak|

k=1

2n—kn+n+(n—k)+ 3
cos 7r
2n +2

n

T
=2c08 ————— a
2(2n + 2) ;' ¢

k+1
cos|n—k+ =K
2n +2
k+3
:QCOSLZMHCOS 2
2(2n + 2) p 2n + 2

T n
< 2cos? ————
cos 22n T D) kz_; |ag|

unlessy ;' _, |ax| = 0. Thus, by [2.B) or[(2]5) we have

n

™
Sn < 2COS2 mz |ak’ S |l|
k=1

and the inequality
Sy < ||
remains valid even i}, _, |ax| = 0.
Looking again at the Chebyshev transform we can see that by the inequélitie$/| (j =
0,...,n)we have

sgn (T hon(x;)) = sgnl sgn(—1) (j =0,1,...,n)

thereforeT h,,, hasn different zeros irj — 2,2[. Writing these zeros in the forficos v; with
0<v; <vy<---<w, < 7andapplying Lemma 1 of[1] we conclude that all zerog.f
are single, and of the foreti, where

(28) Yji—1 <V < Yj (]:1,,77,)

Letu; :==v;forj=1,...,n, upt; = mandu,414; =21 —u,1—; ( =1,...,n), then we
obtain that all zeros 0P, = ha,1 aree™ (5 =1,...,2n + 1) and by [Z.8) the condition
(2.4) holds. O

3. REMARKS ON SCHINZEL'S THEOREM
Schinzel’s result can be generalized as follows.

Theorem 3.1.Let P, (z) = S, Agz® be a self-inversive polynomial of degree i.e. let
A, € C A, #0andeA, = A, forall k =0,...,m with afixede € C, |¢| = 1. If

m

m
3.1 Al > ——  inf Ay —d™ R AL
(3.1) | | = 2, c,de%cr,l|d|:1 ; |C K |
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where

(3.2) [y 1= Min

then all zeros of?,, are on the unit circle. If the inequality is strict the zeros are single.

Apart from minor changes Schinzel’s proof [3] is valid for this more general result hence we
omit the proof.
By Cohn’s theorem [4] any self-inversive polynomia), and the polynomial

2P (27 ZkAkzmk (z € Q)

have the same number of zeros inside the unit circle. Applying this for the polyndrfia) *
we obtain tha® ;" , kz™* has no zeros inside the unit circle, thus the modulus of the latter
takes its positive minimum in the unit disk on the unit circle:

Zkzm k

By some known identities (seel [2, Part 6, Problems 16, 18]) for trigonometric sums we easily
get that

= min
|2|=1

z=ett

= kcos(m — k)t
\Z

_|_

stm (m — k)t ]

2
B m+1 Sin%t 2 n msint — sinmt]?
S\ |2 2\sing 4sin®L ‘

From this it follows thatu,,, = n[run} D,,(t) > % and for evenm = 2n we have equality here,
te|0,2m

since fort =«
m

This means that for even Theoreni 3.1l coincides with Schinzel’s result.

For oddm however
m

m > -
Hom =7

m 1 [sin™\?

T(t) = — 4+ = - 2 ,
®) 2 2(sm§>
msint — sinmt

mt = N ;
ym(?) 481112%

Zm(t) = Ty () + iy (1),

thenD2 (t) = |2, (t)|> = 0 (t)? + Y (¢)*. AS D, (7w +t) = D, (7 —t) itis enough to consider
D,,, on the interval0, 7].

Let fort € [0, 27]

J. Inequal. Pure and Appl. Math4(3) Art. 60, 2003 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

ON ZEROS OFRECIPROCALPOLYNOMIALS OF ODD DEGREE 7

40
30+ 4 N
e T ~ 3
201 \ |
// \\
“‘,J \\ 2 \\
10 7 \ \\ /
\ \ /
/ 19 [
\‘ t
0 |
( | - \
0 10 20 30 40 o] 2 3 ) 5

Figure 3.1: Graph ot.

The next figure shows the graph afin the complex plane and an enlargement of the part
which is nearest to the origin. In the latter the distance of the origin from the graghwélso
shown. The point of the graph with= ¢,, = ™7 is distinguished by a small circle.

m
Our numerical experiments give base to the following conjecture.

Conjecture 3.2. For oddm we have
s

m
m = min D, (t) > — .
pom = i Din(£) 2 2 sec o2

A simple calculation shows that for odd = 2n + 1

Dy, (t,) = % sec 21
m

It is clear thatu,, is thedistance of the graph of,, from the origin. The minimum ofD,, is
attained near to,,. It is relatively easy to show that the minimum is attained in the interval
[tm, 7]. Numerical calculations seem to justify that the minimum point is in the smaller interval

2
{tm, tm + —2] .
m

Theorenj 3.Jl and Conjectyre B.2 give

Conjecture 3.3. All zeros of the self-inversive polynomial
2n+1

P2n+1(2) = Z Akzk (Z - C)
k=0

of odd degreen + 1, i.e.
A1 20, A €C, and €Ay = Agpp1 1 (E=0,....2n+1) with e € C,|e| = 1

are on the unit circle, provided that
2n+1

‘A2n+1| > cos inf E ‘CAk — d2n+1_kA2n+1|.
¢,deC, |d|=1 =0

m
2(2n + 2)

holds. If the inequality is strict here then the zeros are single.
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