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On infinite divisibility and embedding of probability
measures on a locally compact Abelian group

By HERBERT HEYER (Tiibingen) and GYULA PAP (Debrecen)

1 Introduction

In the present note the authors supplement significant properties of infinitely divisible and
embeddable probability measures on a locally compact Abelian group . There are at
least two versions of infinite divisibility appearing in the literature which deserve special
attention, and the problem of embedding those measures leads directly to the study of
continuous convolution semigroups on G. It is evident from the classical setup of G = R?
for d>1 that in this context Gaussian semigroups and measures play a favorite role.

The main result of Section 3 concerns the representation of Gaussian measures in terms of
their characteristics and their relationship to Gaussian measures in the sense of Parthasarathy.
Section 6 and 7 deal with the embedding of infinitely divisible probability measures in the
weak or strong sense respectively. We present direct proofs to more or less known statements,
but stress the irreplacable hypothesis that the dual G of G is arcwise connected. In a
concluding Section 8 we initiate the study of Gaussian and diffusion hemigroups on G and
their analysis, especially for 1-dimensional connected Abelian groups.

2 Preliminaries

Let G be a locally compact group with identity element e. Let 9t'(G) denote the
semigroup of probability measures on G. For every x € GG, ¢, denotes the Dirac measure
in z. For a compact subgroup H of G, wy denotes the normalized Haar measure on

H.

2.1 Definition. Let H be a compact subgroup of G. A family ()0 in 9HG)
(indezed by positive real numbers) is called an H—continuous convolution semigroup
in NG if sk py = prsre for all st >0 and limg oy = wy.

A family (p)iso in 9MY(G) s called a continuous convolution semigroup in
M (G) if ps* pe = poyre for all s,t >0 and the limit po := limy o, exists in M (G).
The limit measure o is an idempotent element of M (G) and hence (w;)iso is an
H-continuous convolution semigroup in 9 (G) for some compact subgroup H of G.
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2.2 Definition. A continuous convolution semigroup (v;);so in IMY(G) is called a
Gaussian semigroup if

.1
ltlf{};Vt(G\N) =0

for all Borel neighbourhoods N of e. A measure v € M (G) is said to be a Gaussian
measure if there exists a Gaussian semigroup (v)>o in MM (G) with v, = v.

The class of Gaussian measures in M (G) will be abbreviated by G(G), and the subclass
of its symmetric elements by G*(Q).

If (4)0 is a Gaussian semigroup in 9'(G) then lim;o14(G\ N) = 0 for all
Borel neighbourhoods N of e, hence vy(N) =1 for all Borel neighbourhoods N of
e with v9(ON) = 0. If G is metrizable then this implies vy = ., thus ()0 is an
{e}—continuous convolution semigroup.

The above definition slightly differs from the Definition 6.2.1 in Heyer [6], since here a
Gaussian semigroup may consists of Dirac measures (g, );>0 belonging to a continuous
one-parameter subsemigroup (x;);>o of G.

It is known that for a Gaussian semigroup (14);so in ' (G) we have supp(v;) C Go
for every t > 0, where Gy denotes the connected component of the identity e (see
Heyer [6, Theorem 6.2.3]). Moreover, if G is a locally compact group and G # {e}
then G(G)\ D(G) # 0, where D(G) := {e, : v € G} (see Heyer [6, Theorem 6.2.8]).
Consequently, if G is not totally disconnected and G # {e} then G(G)\ D(G) # 0, and
if G is totally disconnected then G(G) = {e.}.

2.3 Definition. A measure p € MMY(G) is called infinitely divisible if for all n € N
there exists p1 € M'(G) such that = (u1) (and hence 1 can be considered as an
n-th root of ). The set of all infinitely divisible measures in M (G) will be denoted by
Z(G).

2.4 Definition. A measure p € M (G) is called continuously embeddable if there
exist a continuous convolution semigroup (i;)e>0 i M (G) such that = . The set
of all continuously embeddable measures in ' (G) will be denoted by E(G).

Clearly G°(G) C G(G) C £(G) C I(G).

3 Gaussian measures

Let G be a second countable locally compact Abelian group. The dual group of G will
be denoted by . We will define Gaussian measures in the sense of Parthasarathy by their
Fourier transforms.

3.1 Definition. The Fourier transform 7i : G — C of a measure u € M (G) s
defined by

~

Al = /G V@) p(dz),  xed



The mapping u+— 1 from 9'(G) into the set of mappings G — C is injective.

3.2 Definition. A continuous function 1 : G — R, is called a quadratic form on G
if

Dixixz) + ¥xaxa ) =20 0a) + ¥(xa) Jor all x1,x2 € G.
The set of all quadratic forms on G will be denoted by q+(@).

3.3 Definition. A measure v € ' (G) is said to be a Gaussian measure in the sense

~

of Parthasarathy if there exist an element m € G and a quadratic form ¢ € q4(G)
such that

v(x) = x(m) exp{—1(x)}
holds for all x € G.

The class of Gaussian measures in the sense of Parthasarathy in O (G) will be abbre-
viated by Gp(G), and the subclass of its symmetric elements by Gp(G).

3.4 Definition. A measure p € 9 (G) is called weakly infinitely divisible if for all
n € N there exist a measure i, € M (G) and an element x, € G such that p = u"xe,, .
The collection of all weakly infinitely divisible measures in M (G) will be denoted by To(G).

Obviously Z(G) C Zy(G).

3.5 Remark. For a bounded positive measure 7 on G, the Poisson measure e” (@)= ¢
M'(G) with exponent 7 is defined by

e Tz = e7T(@) <€G+T+T*T+T*T*T+--->

2! 3!

A measure v € M'(G) is a Gaussian measure in the sense of Parthasarathy if and only if it
is weakly infinitely divisible and if for every factorisation of v of the form v = e7~7(G)ee x )
with a bounded positive measure 7 on G and a weakly infinitely divisible probability
measure A one has 7 =ae, for some a € R,.

If v € Gp(G) then an element m € G and a quadratic form ¢ € q+(@) with the
property such that 7(x) = x(m)exp{—1(x)} holds for all x € G are uniquely determined.

Moreover, if m € G and ¢ € qi(G) then there exists v € Gp(G) such that
(x) = x(m)exp{—1(x)} holds for all x € G.
(See Theorems 5.2.7 and 5.2.8 in Heyer [6].)

For m € G and v € q(G) let U € M (G) be defined by

Dmw(X) = x(m)exp{—(x)}  forall yed.
Then
Gr(G) = {tmy :m € G, ¥ € q:(G)},
G2 (G) = {vmp :m € G, m* =, ¥ € q,(G)}.



3.6 Definition. An element x € G s called continuously embeddable if there exists
a continuous one—parameter subsemigroup (z:)i>o in G such that z; = x.

The set of continuously embeddable elements in G will be denoted by Gg.

Since G is a locally compact Abelian group, G¢ is a subgroup of G.

3.7 Theorem. Let G be a second countable locally compact Abelian group. Then

~

G(G) ={vmy :m € Ge, Y € q+(G) }.
Consequently, G*(G) C Gx(G)NG(G) and C G3(G)UG(G) C Gp(G) C Zy(G).

Proof. If v € G(G) then there exists a Gaussian semigroup (1)~o in M (G) with

n

vy = v. Consequently, for all t >0 we have that v, = Yiim and limy, .o N/, (G\ N) =0
for all Borel neighbourhood N of e. By Theorem 5.4.3 in Heyer [6], we obtain that
v € Gp(G) for all ¢ >0. Thus there exist m; € G and 1y € q(G) such that

Di(x) = x(my) exp{—ty(x)}  forall y e G and t>0.
The semigroup property vgiy = vgxvy for st >0 implies Vs (x) = Us(X)ve(x) for x € CA;,
thus

Usrt(X) = X(Misye) exp{—=1hsre(X)} = x(ms) exp{—=1bs(x) }x(me) exp{ =1 (x)}
= x(msmy) exp{—(¥s(x) + ¥:(x)) }-

Consequently mg;, = mgm,; for all s,t>0. Obviously mo =e. Moreover

() — ﬁt(X)
b xtm) = )

is a continuous mapping from R, into C for all x € @, hence (my)i>o is a continuous

one-parameter subsemigroup in (. Consequently v = v,,, », and m; € Gg.

Suppose now that v = v,,,, with m € G¢ and ¢ € qi(G). Then there exist a
continuous one—parameter subsemigroup (my);>o in G such that m; =m. Forall ¢ >0
there exists a measure v, € Gp(G) such that

Di(x) = x(mi) exp{—t(x)}  forall y€G.

Clearly ()0 is an {e}-continuous convolution semigroup in 9Mt'(G) such that v, = v.
Consider the related continuous convolution hemigroup fis; := 145, 0 < s <t. Let (Xi)i>o0
be an associated (time-homogeneous) increment process in GG. By Theorem 2.6 in Bingham
and Heyer [4] we conclude that (X});>0 has a. s. continuous paths. By Corollary 2 of
Theorem 2 in Siebert [15] we obtain that (f5:)o<s<: is a diffusion hemigroup in the sense
that .
lim Z ILLTk—lﬂ'k(G \ N) =0

2€dp0.1 11
for all Borel neighbourhood N of e and for all 7" > 0. This implies that (14);~0 is a Gaus-
sian semigroup. Indeed, for all € > 0 there exists 6 > 0 such that > ,_, pir, .~ (G\ N) <e
for all decomposition Z:={0=7<m <--- <7, =1} of [0,1] with |Z] <J. Hence
ny(G\N)<e if t < and nt<1, which clearly implies that 151(1) (G\ N) = 0.
Consequently v € G(G). O



4 Continuously embeddable elements

Let again G be a second countable locally compact Abelian group. First observe that
an element of G is continuously embeddable if and only if the related Dirac measure is a
continuously embeddable measure, i.e., =z € G¢ if and only if ¢, € £(G). Consequently,
Ge ={r € G:¢e, € £(G)} and {e, : x € Gg} C G(G). Moreover, by Theorem 3.7,
G(G) = Gp(G) holds if and only if {e,:2 € G} C E(G).

Further, note that each continuous one—parameter subsemigroup (x;);>o of G can be
extended to a continuous one—parameter subgroup (z;)ieg of G by

Ty = (Z',t)il, t < 0.

Hence
Ge = U{<P(R) : ¢ € Hom(R, G)} C Go,

where Hom(R,G) denotes the set of continuous homomorphisms from the additive group
R into G. Consequently, if G is not connected then G¢ # G, and hence G(G) # Gp(G).

Moreover, G¢ is a dense subgroup of Gy, and Gg equals to the union of the arcs of
G which contain e, ie., Gg is the arc-component of e. Combining Theorem 3.7 with
the results of Dixmier [5] we conclude the following theorem.

4.1 Theorem. Let G be a second countable locally compact Abelian group. Then the
following statements are equivalent:

(i
(ii
(i
(iv
(v

(vi

g<G) - gP(G);
Gg = G,'

—

{e. 2 € G} C E(G);
G 1is the union of all continuous one—parameter subgroups of G,

)
)
)
)
) G is arcwise connected;

) G=R"xT!, where n€Z, and I is an at most countable set.

Note that each solenoidal group 3. is a compact connected Abelian group with (X.)e #
Y. (see Example 5.4).

5 Examples

5.1 Gaussian measures on RY.

Consider the group G = R? where d € N. The character group (R%)" is topologically
isomorphic with R?  Every continuous character of R? has the form y,(r) = e/@¥)
r € R? for some y € RY Every quadratic form ¢ on (R%)" = R? has the form
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¥B(xy) = (By, y) for some symmetric positive semidefinite matrix B € R¥?.  Clearly
(RY)e = RY, hence

GRY =Gp(RY) ={v,p:ac R BecR™ with B" =B and B >0},
GRY =G3RY) = {vyp: B R™ with B" =B and B >0},

where v, 5 € M (RY) is defined by

~ 1
Va(Xy) = exp{ (a, y) — §<By, >} , for all y € R? =~ (Rd)/\.

5.2 Gaussian measures on T¢.

Consider the group G = T?, where T := {e?™@ :(0<x < 1} denotes the torus group. The
character group (T9)" is topologically isomorphic with Z¢. Every continuous character of
T? has the form x,,(z) = [[iy 21, == (21,...,24) € T? for some m = (my,...,my) €
Z%. Every quadratic form ¢ on (’JI"‘l)A >~ 7% has the form 9¥p(Xm) = (Bm, m) for some
symmetric positive semidefinite matrix B € R%*4. Clearly (T¢)¢ = T¢, hence

G(T% = Gp(T) ={vup:a €T, BeR™ with B =B, B>0},
G*(T%) = G3(T%) = {vop :a € T? with q; € {1,-1}, Be R™ with B" =B, B>0},

where v, p € I (T?) is defined by

d
Ua,B(Xm) = (H a’,?k> exp {—— (Bm, m } for all m = (my,...,mq) € Z4 = (TH.

k=1
Writing the element a = (ap,...,aq) € T¢ in the form a = (e?™™ . . e¥™ad) with
0<ap <1, k=1,...,d, we obtaln Ym(a) = ™™ with o := (aq,...,a4), and

Vas(Xm) = €Xp {2m’<a, m) — = Bm m } for all m = (my,...,my) € Z% = (T9)".

5.3 (Gaussian measures on T.

Consider the group T* := [[;2, Gy, where Gy := T for all k& € N. The character
group (T*)" is topologically isomorphic with Z() consisting of the elements of Z*
having only finitely many nonzero coordinates. Every continuous character of T* has the
form yn(z) = [[ie, 2%, = = (21,22,...) € T® for some m = (my,my,...) € Z(.
Every quadratic form ¢ on (T*®)" = Z() has the form ¥p(xm) = > w1 Dikm
for some symmetric positive semidefinite matrix B = (b,x);k=12,.. € R*** (ie., By :=
(bjk)jr=1..a € R is positive semidefinite for all d € N). Clearly (T>)¢ =T, hence

77777

G(T*) = Gp(T®) = {vop :a € T, BE R with B' =B, B >0},

G*(T*) = G3(T™) = {vop :a € T with a; € {1,-1}, B€R™** with B' =B, B >0},
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where v, p € I (T>) is defined by
Vo 8(Xm) : Hak exp —1 i b; kmmy,
25
J7 =

for all m = (my,my,...) € Z(>) = (T>)". Writing the element a = (a;,ay,...) € T®
in the form a = (e?™1 e?™2 ) with 0<ap <1, k= 1,2,..., we obtain x,,(a) =
exp {2mi Y oo, aymy}, and

Vas(Xm) = €xp {27?2 Zakmk — = Z b;, km]mk}

jkl

for all m = (mq,my,...) € Z>) = (T®)",

5.4 Gaussian measures on solenoidal groups.

Let ¢=(c1,¢2,...) € N® with ¢; >2 for k€ N. The solenoid X, can be considered as
a subgroup of T, namely,
o= {z=(x1,20,...) € T® : m =%, forall ke N}.

Thus for = = (z1,7,...) € X, we have x; = 277" = )" for j<k, where
Cljk) = CjCjy1---Cr—1 for j <k and cpp) :=1. Infact, ¥X. is the projective limit of the
projective sequence (G, 7,x), 1 <j <k, where G :=T forall k € N, and 7;; : Gi, — G,
is the mapping 2z — z%#». It follows that 3. is a second countable compact connected
group. It is well known that . is not locally connected and not arcwise connected. The
arc—component of the identity e = (1,1,...) of X. (i.e., the subgroup of continuously
embeddable elements of ¥.) is

(20)8 — {(627”‘)\’ e27ri)\/01’e27ri)\/(clc2), B ) D W= R} ]

If m = (mi,mg,...) € Z>®) =2 (T®)" then there exists k& € N such that m; =0 for all
7 >k, hence

m B VA k Yk :

Consequently, the character group ic is topologically isomorphic with the (discrete) additive

group
14
{’y = NeL ke N}
k)

of rational numbers. Every Continuous character of Y. has the form x,(z) = k, r =
s ¢ eZ, keN. Every quadratic form ¢ on Y. has

the form 1,(7) = by? for some b >0. Hence
G(Xe) ={vap : a € (Xc)e, b= 0},
Gp(Xe) = {Vap :a € X, b= 0},
G(Ze) =Ga(5e) = {vap a € 8. with a; € {1,-1}, b>0},

(1'1,1’2, .- ) S Za for some v =



where v, € M (X,.) is defined by

~

1 14
/V\a,b(Xfy) = ai exp {——672} , for all ~ = cX..
2 ClLk)

Note that there exists an element a € 3. with a; € {1,—1} and a # e if and only if there
are only at most finitely many even numbers among {cj : £ € N}. Moreover, if a € (3.)¢
with a; € {1,—1} then a=e.

If a € (3. then there exists A\ € R such that a = (2™, e?™¥e gmid/(cie)

14
C1,k)

hence for v = €3, we have X4 (a) = af, = e M/enn = 2N Consequently,

1 ~
ﬁa,b()@) = exp {27r2'/\’)/ — éb’yz} , for all v € X..

Now let a = (a1,as,...) € ¥. Write a, € T in the form a; = €™ with 0< oy < 1.
Since a; = a3', there exists an integer j; € Z such that oy = cjas — 73, hence
a, = e?™lativ/ea I a similar way one obtains a = e*™{(1titteni-nik-/enn  for
all k € N with some j = (ji,J2,...) € Z®°. Hence for v = £

C[L,k)
X’*{(CL) — ai‘ — e27ri(041+j1J""'J"C[l,kfl)jkfl)e/c[l,k) — e2ﬂi(a1+jl+"'+c[1,k71)jkfl)7' Consequently’

€ ic we have

N . . . 1 =
Vap(Xy) = €xp {27rz(a1 + 1+ k1) Je—1)Y — 51)72} , for all ~ € ..

Note that each Gaussian measure on . in the sense of Parthasarathy has full support
and is singular with respect to a Haar measure on ¥.. Moreover, two Gaussian measures
Vaps Varr € Gp(X:) in the sense of Parthasarathy are mutually absolutely continuous if
a~'a' € (¥)g, otherwise they are singular with respect to each other. Particularly, any two
Gaussian measures V., Vo € G(X.) are mutually absolutely continuous. (See Bendikov

and Saloff-Coste [2, 5.2].)

6 Weakly infinitely divisible measures

The purpose of this section is to characterize the set of locally compact Abelian groups G
for which each weakly infinitely divisible measure is embeddable, i.e., Zo(G) = E(G).

6.1 Theorem. Let G be a second countable locally compact Abelian group. Then the
following statements are equivalent:

(i) G s arcwise connected;
(i) To(G) = T(G) = £(G).

Proof. (i) = (ii). Let us consider an arbitrary measure u € Zy(G). We are going to
show that p € £(G). Let g:G x G — R be a local inner product (see Definition 5.1.7 in
Heyer [6]). Then by Corollary IV.7.1 in Parthasarathy [13], the Fourier transform 7 admits
a representation

62)  flx) = Bu()x(m) exp {—m) + [ () = 1= g ) n(d@}
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for all x € @, where H is a compact subgroup of G, m € G, ¢ € q+(@) and n is
a Lévy measure on G, i.e., 1 is a positive Borel measure on G such that n({e}) =0,
n(G\ N) < oo for all Borel neighbourhood N of e, and Jo (1 = Rex(z)) n(dz) < oo
for all y € GG. Since G is arcwise connected, there exists a continuous one—parameter
subsemigroup (my);>o in G such that m; =m (see Theorem 4.1). Clearly t € q.(G)
and tn is a Lévy measure on G for all ¢ >0. By Theorem IV.7.1 in Parthasarathy [13],
for all t>0 there exists a measure p; € Z(G) such that

i) = B () x(me) exp {—tw<x> w1 [ (@) -1 - ig(e. ) n(dx>}
for all y € G. We have

o) 1 if x(x)=1 forall x € H,
wg(x) =
H 0 otherwise.

(In fact, the set {y € G: x(z) =1 for all 2 € H} is the annihilator of H in G.) Hence
we have @y (x)? =on(y) forall xy € G. Moreover, for each s,t >0 and y € G, we have

x(ms)x(me) = x(mgme) = x(msye), thus we can conclude fis(x)fir(X) = Hs+e(x). Further,
limy o fi:(x) = Wu(x) for all x € G implies limypy = wy. Consequently (p)io is a
H-—continuous convolution semigroup in 9t'(G) with g, = p, and we obtain p € £(G).

(il) = (i). If G is not arcwise connected then consider an element = € G such that

r & Gg (see Theorem 4.1). Then e, € Zy(G) but e, € £(G), hence Zy(G) # E(G). O

7 Embedding property

A locally compact group G is said to satisfy the embedding property if Z(G) = £(G). If
G is a locally compact Abelian group such that any p € Z(G) is root compact (i.e., the
root set R(p) := Upen{v™ : v € MY(G) with v" =v, 1<m<n} is relatively compact
in ' (G)) then by Theorem 3.5.12 in Heyer [6] the following statements are equivalent:

(i) Gy is locally arcwise connected;

(i) Z(G) = £(G).

We note that by Theorem 3.5.12 in Heyer [6] for any locally compact Abelian group G the
following statements are equivalent:

(i) any p € Z(G) is root compact;

(ii) the set of all compact elements of G is compact, and the set of divisible elements of
G equals Gy.

In view of the above results one might conjecture that a locally compact Abelian group
satisfies the embedding property if and only if any p € Z(G) is root compact and Gg is
locally arcwise connected, but such a result is false, as it is shown in Heyer [6, 3.5.21].

9



We can give a sufficient condition for a locally compact Abelian group in order to satisfy
the embedding property in the following way. One can extend the statement of Theorem
4.1 along Dixmier [5] (see Heyer [6, Theorem B]). From this source follows that the class of
second countable locally compact Abelian groups G with arcwise connected dual G consists
of Abelian aperiodic groups which can be represented as closed subgroups of a locally convex
vector space, that is as products

R" x 7!
with a countable set [ (of cardinality |I|), embeddable into

Rn—i—\ﬂ

(Note that a second countable locally compact Abelian group G is aperiodic if and only
if G =R"x K with n >0 and with a connected and compact K such that K is
torsion—free, see Heyer [6, 3.5.15, 3.5.18].) From Siebert’s paper [14, 6, Satz 4] follows that
this closed subgroup of the vector space is strongly root compact. In fact, if |I| is infinite,
then there exists a closed, discrete, free subgroup N of Z! which is uniformly root compact
such that

G =N xR".

Now, apply Theorem 3.1.11 in Heyer [6], and one gets the uniform root compactness of G.
From this it follows by Theorem 3.5.8 (or Corollary 3.5.9) of Heyer [6] that for a second
countable locally compact Abelian group G with arcwise connected dual G we have
Z(G) = £(G), and for each pu € Z(G) there exists a unique {e}—continuous convolution

semigroup (p)>0 with g = p.

The aim of this section is to give another proof of the above statement.

7.1 Lemma. (Existence and uniqueness of the logarithm)

(i) Let S be a locally arcwise connected topological space, and let (fn)n>1 be a sequence
of continuous mappings f, : S — C\{0} satisfying f2,, = fn forall n>=1. Then
there exists a continuous function h:S — C with f; = exph.

(ii) Let S be a connected topological space, a € S and f:S — C\{0} a continuous
mapping with f(a) = 1. Then there exists at most one continuous function h:S — C
satisfying f =exph and h(a) =0.

Proof. (i). Since every connected component of S is open, we may assume without loss
of generality that S is connected. We fix a € S and assume that f,(a) =1 forall n>1.
Let

H:={z€C:Rez>0}

and let U, denote the connected component of
{se€S: fu(s) e H}

which contains a. Then (U,),>1 is an increasing sequence of connected open subsets of
S. For every continuous arc 7 : [0,1] — S with 7(0) = a and sufficiently large n we have

10



7([0,1]) C U, or S =,>, U, Indeed, there exists a continuous function ¢ : [0,1] — C
with f; oy =expy. But then, for large n and 1 := 27" the function f, o~y =expt
takes values in H.

Now let log denote the principle branch of the logarithm on H and define h,, on U,
by
hn(s) :=2"""log fu(s)

for each n >1. The function h, is continuous on U, and coincides with h,,; on U,.
Thus there exists a function h : S — C satisfying Resy h = h, for all n>1. The
function h is the desired logarithm.

(ii). Let h and A’ be two continuous functions S — C satisfying
f=exph=exph

and h(a) = h'(a) = 0. Then the continuous function h’ — h takes on only values in 2miZ
and is therefore constant. Thus h' = h, since h'(a) — h(a) = 0. O

7.2 Corollary. Let S be a connected and locally arcwise connected topological space, and
let a€S. Moreover, let f:S — C\ {0} be a continuous mapping with f(a) =1. We
assume that for every n>1 there ezists a continuous mapping g, : S — C\ {0} such
that g = f. Then there exists exactly one continuous function h on S with h(a) =0
satisfying

f=exph.

7.3 Theorem. Let G be a second countable locally compact Abelian group with arcwise
connected dual G. Then
Z(G) = £(G).

Moreover, for each 1€ Z(G) there exists a unique {e}-continuous convolution semigroup
(1e)e=0 with py = p.

Proof. Let us consider an arbitrary measure p € Z(G). Since G s supposed to be
arcwise connected, G is connected, hence its dual G is aperiodic (see Hewitt and Ross [11,
(24.19)] ). The aperiodicity of G implies that the only compact subgroup of G is {e}. By
the representation (6.2) we conclude that fi(x) # 0 for all y € G. From the hypotheses
of the theorem it is clear that Lemma 7.1 applies and that therefore a continuous branch of
log ;1 with

log7i(1) =0

exists, where 1 denotes the identity element of the dual group which is the constant function
1. Consequently we have

~

(700)" = i) = exp logi()} . x €G.

thus

~

_ I,
ri(x) = eXp{ﬁlogu(x)}, X € G.

11



Hence the n—th roots p1 of p are uniquely determined. For each r = § €Q with r >0
let

Then . .
fe(x) = (eXp {5logﬁ(x)}) = exp {g logﬁ(x)} ,  Xx€G.

If gzzije(@ then

-~

P Pior m
exp{?logu(x)} = exp{alogu(x)} =pz(x), xe€G,

fr (X)

q/
hence the notation p, := fir is justified. Clearly

(e ) (X) = 1 OO (X) = exp {(r + ) log fi(xX)} = fir4r (X), X €G
for all 7,7’ € Q with r,' >0, hence u, * v = ptppr for all r,v’ € Q with r, 7" > 0.
Defining p := €., we obtain a rational convolution semigroup (f,)req, in m(G).

Next we show that the mapping

T

from Q. into 9'(G) is 7~ and 7, continuous. Note that for p,,v € MM (G) (n € N)
with

~

lim 72,(x) = v(x), x € G,

n—oo

the continuity theorem implies that

7~ lim p, = v.
n—oo

Let (rn)n>1 be asequence in Q, with r, —r € Q. Then

fir, (x) = exp {ry log fi(x)} — exp {rlogi(x)} = 1(x)

uniformly on compact subsets of G. This implies
v~ lim p,, = ., hence Tw— M f,. = .
n—oo n—oo

Finally we prove that (,)rcq, extends to a unique {e}-continuous convolution semigroup
(1t1)ter, in 9'(G), and hence p =y € E(G). Let 1 —t€R, with r € Q.. Then

~

fir(x) — exp{tlogfi(x)}, x€G.

The limiting function
x — exp{tlog 1i(x)}

from G into C equals 1 at y =1 and is a continuous positive definite function. Hence
for every ¢ € R, there exists a unique measure p, € 9t'(G) such that

-~

fi(x) =exp{tlogii(x)}, x€G.

12



Clearly

(e 5 e ) () = OO (X) = exp{(t + ) log i(X)} = e (), X €G

for all ¢, € R,, hence puy;* puy = pyyy for all ¢, € R,. The uniqueness of a continuous
embedding semigroup (u)icr, follows from the 7,—continuity of the mapping

e
from Q into IM'(G). O

7.4 Theorem. Let p be an infinitely divisible probability measure on a locally compact
Abelian group G with arcwise connected dual group G.  Then there exists a unique
continuous negative definite function ¢ : G — C such that ¢(1) =0 and

~

i(x) =exp{—p(x)}, x€G.

In fact,
p(x) = —logi(x), x€G,

and there exists an element m € Gg¢, a quadratic form Y € q+(CA¥) and a Lévy measure n
on G such that

~

() = —log x(m) + B(x) — /G (x(@) — 1 —ig(z,x)) n(dz),  x e C.

7.5 Remark. The converse of this statement is obvious.

Proof. By Schoenberg’s theorem (see Berg and Forst [3, p.49, Theorem 8.3]) a family
(11¢)r>0 of measures in M (G) (>0, ||| <1) is an {e}-continuous convolution semi-
group if and only if there exists a continuous negative definite function ¢ : G — C such
that

~

p(x) = exp{—tp(x)}, x€C
forall t e R,. For ¢t=1 this gives us

~

i(x) =exp{—p(x)}, xe€G.

But 7i(1) =1 implies (1) =0. Since ¢ is continuous, satisfies ¢(1) =0 as well as

o~

i(x) =exp{—p(x)}, x€GaG,

we see that ¢ is the continuous branch of —log i constructed above. The last statement
follows from Theorem IV.10.1 in Parthasarathy [13]. O

8 Gaussian and diffusion hemigroups

Let G be a locally compact group.
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8.1 Definition. A family (us)o<s<: in 9(G) is called a continuous convolution
hemigroup (briefly hemigroup) in I (G) if frsy * firy = psy for all 0< s <r<Ht,
fey = €. for all t>0, and if the mapping (s,t) — ps; from S into IM'(G) is
continuous.

If ()0 is an {e}-continuous convolution semigroup in M (G) then g, = v;_,,
0<s<t and pyy:=¢€., t=0 define a continuous convolution hemigroup.

Now we recall the definition of Gaussian hemigroups (see Heyer and Pap [10]).

8.2 Definition. A continuous convolution hemigroup (ps:)o<s<i in 9 (G) is called a
Gaussian hemigroup if

lim Z Mo _1,7 (G \ N) =0

2€dp.1 =1

for all Borel neighbourhoods N of e and for all T > 0.

Corollary 2 of Theorem 2 in Siebert [15] implies that a convolution hemigroup (fs:)o<s<t
on a second countable locally compact group is a Gaussian hemigroup if and only if each
associated left additive process has continuous paths with probability one.

If G is a locally compact group Abelian group with countable basis of its topology
then a family (p1s:)o<s<; in OM'(G) is a Gaussian hemigroup if and only if there exist a
continuous function t +— m; from R, into G with my = e¢ and a function ¢ —
from R, into q+(CAJ) with 1y = 0 such that ¢+ ¢;(x) is continuous for all x € é,
Py — Py € q+(@) for all 0<s<t, and such that

fst(x) = X(ms_lmt) exXp {_%(d}t(X) - ¢S(X))} .

(See Bingham [1], Heyer [6, Theorem 5.6.19] and Heyer and Pap [9]). Consequently, if
(1s4)o<s<: is a Gaussian hemigroup in 9'(G) then p.; € Gp(G), ie., ps, is a Gaussian
measure in the sense of Parthasarathy for all 0<s<t Moreover, if (ust)o<s<t 1S a
continuous convolution hemigroup in 9 (G) such that pu,, € Gp(G) for all 0<s<t
then (ust)ocs<t 1s a Gaussian hemigroup (see Heyer and Pap [10, 3.12]).

8.3 Examples. If G = R? then a family (y,)ocs<; in M (RY) is a Gaussian
hemigroup if and only if there exist a continuous function a : R, — R? with a(0) =0 and
a continuous function B : R, — R™? with B(0) = 0 such that B(t)— B(s) is symmetric
positive semidefinite for all 0 < s <t, and such that

(8.4) st (xy) = exp {z<y, a(t) — a(s)> — %<y, (B(t) — B(s))y>}

for all y € R? = (RY)" (see the notations in Example 5.1).

If G=T? then a family (u.)o<s<; in M'(TY) is a Gaussian hemigroup if and only
if there exist a continuous function « : R, — [0,1)¢ with «(0) = 0 and a continuous
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function B : R, — R™? with B(0) = 0 such that B(t) — B(s) is symmetric positive
semidefinite for all 0 < s <t, and such that

(8.5) fios(xm) = exp {2m<m, a(t) — als)) — %<m (B(t) - B(s))m>}

for all m € Z? = (T9)" (see the notations in Example 5.2).

If G=T> then a family (is:)ocs<; in M (T>) is a Gaussian hemigroup if and only
if there exist a coordinatewise continuous function «a :R; — [0,1)* with «(0) =0 and
an entrywise continuous function B : R, — R>*** with B(0) =0 such that B(t) — B(s)
is symmetric positive semidefinite for all 0 < s <t¢, and such that

Iis,t(Xm) = exp {QW Z (alt) —als))my, — % Z (bj(t) — j,k(s))mjmk}

k=1 4. k=1

for all m € Z(>) = (T>®)" (see the notations in Example 5.3).

If G=2Y, then afamily (u,)ocs<; in M'(X.) is a Gaussian hemigroup if and only
if there exist a continuous function « : Ry — [0,1) with «(0) = 0, a coordinatewise

continuous function j: R, — Z* with j(0) = 0, and an increasing continuous function
b:R, — R with 5(0) =0 such that

Tist(X) = exp {i<04(75) — as) + ji(t) — ji(s) + -+ + cp—1) (Jr-1(t) — jk—1(8))>7

1 2
- 5060 = )2}

for all v € (3,)" (see the notations in Example 5.4). By continuity of j we obtain j(¢) =0
for all ¢>0, hence

(8.6) Lst(Xy) = exp {i(a(t) — a(s))”y — %(b(t) — b(s))’yQ}

for all v € (£.)". Consequently, ps; € G(X.), i.e., ps+ is a Gaussian measure for all
0<s<t (not only in the wider sense of Parthasarathy). It is still an open question if this
holds for all locally compact Abelian groups.

It is not easy to check whether a given continuous convolution hemigroup is Gaussian.
We would like to construct Gaussian hemigroups from simpler hemigroups by deterministic
change of time. We recall the definition of diffusion hemigroups (see Heyer and Pap [10]).

8.7 Definition. Let G be a locally compact group. A continuous convolution hemigroup
(si)o<s<e in MG s called a diffusion hemigroup if

1
im  — g, _
t—lsIEO t— su (GAN) =0
0<s<t<T

for all Borel neighbourhoods N of e and for all T > 0.
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A diffusion hemigroup is always a Gaussian hemigroup, but there exist Gaussian hemi-
groups on R which are not diffusion hemigroups (see the example in Remark 4.5 of Bingham
and Heyer [4]).

8.8 Definition. A function \: R, — R, is called a deterministic change of time if
it is strictly increasing and ARy) = Ry. The class of deterministic changes of time will
be denoted by A.

8.9 Remark. If (u,,)o<s<; isa convolution hemigroup in 9t'(G) such that there exists
A€ A with

) 1
(8.10) tllgo mﬂs,t(G \N)=0

0<s<t<T

for all Borel neighbourhoods N of e and for all T"> 0 then (us:)o<s<t is a Gaussian
hemigroup. Moreover, we have

1
li - 1ipn(G\N) =0
t—lgo t—su)‘ He) l(t)< \N)
0<s<t<T

for all Borel neighbourhoods N of e and for all 7" > 0, hence (pr-1(s2-1())o<s<t 15
a diffusion hemigroup. In other words, if (8.10) holds with an appropriate A € A then
(tst)o<s<t is a deterministically time—changed diffusion hemigroup. If G = R? then
any Gaussian hemigroup is a deterministically time—changed diffusion hemigroup (see Heyer
and Pap [10, 3.10]). Tt is still an open question whether this holds for an arbitrary locally
compact Abelian group.

8.11 Remark. Let G be a locally compact group with countable basis of its topology.
If (v)i>0 is a Gaussian semigroup in 9t'(G) then Ust = Vi—s, 0<s<t is a diffusion
hemigroup. Moreover, if (14);>0 is a convolution semigroup in Mt'(G) such that s, =
Vi—s, 0<s<t is a Gaussian hemigroup then (14):>o is a Gaussian semigroup. (See Heyer
and Pap [10, 3.11].)

What hemigroups can be obtained from Gaussian semigroups by a deterministic change
of time? First consider a symmetric Gaussian hemigroup (j1s;)o<s<; in M (R). By (8.4),
there exists an increasing continuous function b: R, — R, with 5(0) =0 such that

) = exp { =5 (00) =0 | forall ye R (RY

(see the notations in Example 5.1). Let (14);>0 be the Gaussian semigroup in 9t'(R)
given by
Ui(xy) = exp {—%(t - s)yQ} : for all y € R = (R)".
Then for all 0<s<t and y € R = (R)" we have [is:(xy) = Ubw—p(s)(Xy), hence
st = Vb(t)—b(s)-
In a similar way, if (i¢)o<s<: is @ symmetric Gaussian hemigroup in 9t (T) then by

(8.5), there exists an increasing continuous function b: R, — R, with 5(0) = 0 such that

Lst(Xm) = €xp {—%((b(t) - b(s))mQ} , for all m € Z = (T)"
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(see the notations in Example 5.2), and 15, = vyu)—ns) for all 0< s <t, where (1)1
denotes the Gaussian semigroup in 99t*(T) given by

1
Vi(Xm) = exp {—5(25 — S)mz} , for all m € Z = (T)".

Moreover, if (ps)o<s<: is a symmetric Gaussian hemigroup in 9t (X.) then by (8.6),

there exists an increasing continuous function b: R, — R, with 5(0) =0 such that
~ 1
o) =exp { =5 (00 - 03 p, forall 7€ ()

(see the notations in Example 5.2), and 15y = Vp)—ns) for all 0<s <t, where (1)1

denotes the Gaussian semigroup in 9t'(X,) given by
1

Ui(xy) = exp {_i(t - 3)72} : for all v € (3.)".

If b is strictly increasing with lim, .., b(t) = co then b € A, and in each of the above
cases G =R, G=T and G =3, we have pp-135p-11) = Vs forall 0<s<t, ie,
the Gaussian hemigroup (us:)o<s<: can be transformed into a Gaussian semigroup by a

X

deterministic change of time.

In connection with the above results we mention a structural theorem that one does not
find explicitly in the literature.

8.12 Theorem. Let G be a locally compact Abelian group. Then the following statements
are equivalent:

(i) G s connected and one—dimensional;

(ii) G 1is topologically isomorphic to R, T or to 3. for some ¢ = (¢1,¢9,...) € N®
with ¢, =2 for all k€ N.

For the proof we need two propositions.

8.13 Proposition. Let H be a subgroup of Q, H # {0}. Then H is isomorphic to
Z orto X. for some c=(ci,ca,...) € N® with ¢, >2 forall ke N.

Proof. Let P denote the set of all primes and let o« : P — Z U {—0o0} be the mapping
defined by
a(p) == inf{v,(z) :z € H},

where v, signifies the multiplicity of p. Then (by algebraic arguments)
(8.14) H={ze€Q:v(z)>a(p) foral pe P}
We set
Py :={p€ P:alp) >0}
Py:={peP:alp) =0}
P :={peP:—o0<ap) <0},
P o :={peP:alp) =—o}.
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Since for x € H,  # 0 and almost all p € P we have v,(z) =0, P, is finite. Let
(= H pa(p)
peP;

and
M = {p_a(p) 'pE P_} U {pk peP o, ke N}.

If M is finite, then P_o =0, and P_ is finite. In this case we put

0= H pP).

pEP_

By (8.14) we obtain that H = ¢- ¢ -7Z = Z. Otherwise, let ¢ = (c1,¢2,...) € N® be
generated by counting the elements of M. Then, again by (8.14)

H:{K-L:mEZ,nEN}%’ZC
Cl: ... Cp

and the proof is complete. O

8.15 Proposition. FEvery torsion—free Abelian group D of rank 1 is isomorphic to some
subgroup of Q.

Proof. Let D denote the minimal divisible extension of D (Hewitt and Ross [11, A.15]).
By Hewitt and Ross [11, A.16], D is also torsion-free of rank 1. As a torsion-free divisible
group D is isomorphic to Q! for some index set I, and from 1 = rank D = |I| the
assertion follows. O

Proof of Theorem 8.12. (ii) = (i). Itisclear for R and 7. Since X. is a subgroup of
Q and # {0}, hence torsion-free of rank 1, its dual 3. is a compact connected (Abelian)
group of dimension 1 (Hewitt and Ross [11, 25.25 and 24.28]).

(i) = (ii). The group G is topologically isomorphic to R? x K, where K denotes
a connected compact (Abelian) group. Since

1 =dimG = dimR? x K) = dimR? + dim K = d + dim K

(see Hofmann and Morris [12, 8.25 and 8.26]) we have either d =1 and K 0-dimensional,
hence connected and totally disconnected, hence G =2 R, or d =0 and K connected
(compact, Abelian), one-dimensional. In the latter case G'= K and K is a torsion-free
discrete group of rank 1 (Hewitt and Ross [11, 24.25 and 24.28]), hence by Proposition 8.15
isomorphic to a subgroup # {0} of Q. If K is isomorphic to Z, then

G2K~KM~T
(where Pontryagin’s duality theorem has been applied). Otherwise, Proposition 8.13 yields
KRS, >y,

(Hewitt and Ross [11, 25.3]) for an appropriate ¢ = (¢1,¢2,...) € N*® with ¢, >2 for all
k € N. O
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We have the conjecture that a locally compact Abelian group G is one—dimensional (i.e.
G is isomorphic to R, T or to X. for some ¢ = (¢1,¢9,...) € N®° with ¢, >2 for all
k € N) if and only if all Gaussian hemigroups (i)o<s<; in ' (G) can be represented in
the form 15 = vyy—p(s) forall 0 <s < ¢, where (14);>0 denotes some Gaussian semigroup
in M'(G) and b:R, — R, is an increasing continuous function with b(0) = 0.

8.16 Remark. Let G be a locally compact group. Let (usi)o<s<: be a Gaussian
hemigroup in 9" (G). What extra property would garantee that (j,)o<s<; is a diffusion
hemigroup? If G is a locally compact Abelian group and (fs+)o<s<¢ is Lipschitz continuous
in the sense of finite variation with respect to the identity mapping then (ps:)o<s<: 1S a
diffusion hemigroup (see Bingham and Heyer [4, Theorem 4.1]), but this condition is too
strong even in the case G = R (see the example in Remark 4.5 of Bingham and Heyer
[4]). Our conjecture is that each Gaussian hemigroup of finite variation can be obtained
as a time—changed diffusion hemigroup. (For information concerning hemigroups of finite
variation see also Heyer and Pap [7], [8].)
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