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Abstract

An explicit formula is derived for the Fourier transform of a Gaussian measure
on the Heisenberg group at the Schrédinger representation. Using this explicit for-
mula, necessary and sufficient conditions are given for the convolution of two Gaussian
measures to be a Gaussian measure.

1 Introduction

Fourier transforms of probability measures on a locally compact topological group play an
important role in several problems concerning convolution and weak convergence of probabil-
ity measures. Indeed, the Fourier transform of the convolution of two probability measures
is the product of their Fourier transforms, and in case of many groups the continuity theo-
rem holds, namely, weak convergence of probability measures is equivalent to the pointwise
convergence of their Fourier transforms. Moreover, the Fourier transform is injective, i.e., if
the Fourier transforms of two probability measures coincide at each point then the measures
coincide. (See the properties of the Fourier transform, e.g., in Heyer [, Chapter 1.].) In case
of a locally compact Abelian group, an explicit formula is available for the Fourier trans-
form of an arbitrary infinitely divisible probability measure (see Parthasarathy [I1]). The
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case of non-Abelian groups is much more complicated. For Lie groups, Tomé [I6] proposed a
method how to calculate Fourier transforms based on Feynman’s path integral and discussed
the physical motivation, but explicit expressions have been derived only in very special cases.

In this paper Gaussian measures will be investigated on the 3—dimensional Heisenberg
group H which can be obtained by furnishing R?® with its natural topology and with the
product

1
(91, 92, 93) (1, ha, hg) = (91 + h1, 92 + ho, g3 + hs + 5(91h2 - 92h1)>-
The Schrodinger representations {myy : A > 0} of H are representations in the group of
unitary operators of the complex Hilbert space L?(R) given by

[rar(g)ul@) i= 0 Ay (4 /3g) (1)
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for g =(g1,92,93) € H, u € L*(R) and z € R. The value of the Fourier transform of a
probability measure g on H at the Schrodinger representation 7y, is the bounded linear
operator fi(miy) : L*(R) — L*(R) given by

Al = / ri(g)updg),  ue L(R),

interpreted as a Bochner integral.

Let (pt)i=0 be a Gaussian convolution semigroup of probability measures on H (see
Section B). By a result of Siebert [I3, Proposition 3.1, Lemma 3.1], (ﬁt(wi,\))t>0 is a
strongly continuous semigroup of contractions on L?(R) with infinitesimal generator

N(mey) = oyl + oz + asD + ayx® + as(zD + Dx) + agD?,

where ay,...,as are certain complex numbers (depending on (p4):>0, see Remark BI),
I denotes the identity operator on L?*(R), z is the multiplication by the variable z, and
Du(z) = u/(z). One of our purposes is to determine the action of the operators

fir(mey) = N >0

on L*(R). (Here the notation (e!4);>o means a semigroup of operators with infinitesimal
generator A.) When N(m.,) has the special form 2(D? — z?), the celebrated Mehler’s
formula gives us

_ (2® +y?)cosht — 2xy

1
= —_— ex - u d
V2msinh t /]R P { 2sinht } (y) dy

forall ¢ >0, ue L*(R) and z € R, see, e.g., Taylor [15], Davies F]. Our Theorem Bl in
Section B can be regarded as a generalization of Mehler’s formula.

et(D2 —m2)/2u(x)

It turns out that f[iy(7ey) = e™N™)) +>0 are again integral operators on L?(R) if
g 1s a positive real number. One of the main results of the present paper is an explicit
formula for the kernel function of these integral operators (see Theorem BI). We apply a
probabilistic method using that the Fourier transform (7)) of an absolutely continuous
probability measure g on H can be derived from the Euclidean Fourier transform of p
considering 1 as a measure on R® (see Proposition EIl). We note that a random walk
approach might provide a different proof of Theorem B, but we think that it would not be
simpler than ours.

The second part of the paper deals with convolutions of Gaussian measures on H.
The convolution of two Gaussian measures on a locally compact Abelian group is again a
Gaussian measure (it can be proved by the help of Fourier transforms; see Parthasarathy
[TT]). We prove that a convolution of Gaussian measures on H is almost never a Gaussian
measure. More exactly, we obtain the following result (using our explicit formula for the
Fourier transforms).

Theorem 1.1 Let u' and p” be Gaussian measures on H. Then the convolution ' *u”
1s a Gaussian measure on H if and only if one of the following conditions holds:



(C1) there exist elements Yy, Yy, Y1, Yo in the Lie algebra of H such that [Y1,Ys] =0,
the support of 1’ is contained in exp{Yy +R-Y; +R-Ys} and the support of p’ is
contained in exp{Yy +R-Y1 +R-Ys}. (Equivalently, there exists an Abelian subgroup
G of H such that supp (¢') and supp () are contained in “Eucledian cosets” of

G.)

(C2) there exist a Gaussian semigroup (p)i=0 and t',t" >0 and a Gaussian measure v
such that supp (v) is contained in the center of H and either ' = py, p’ = py xv
or p = pyxv, p' = pm holds. (Equivalently, p' and p” are sitting on the same
Gaussian semigroup modulo a Gaussian measure with support contained in the center

of H. )

We note that in case of (Cl), p/ and p” are Gaussian measures also in the “Euclidean
sense” (i.e., considering them as measures on R3). Moreover, Theorem contains an
explicit formula for the Fourier transform of a convolution of arbitrary Gaussian measures
on H.

The structure of the present work is similar to Pap [I0)]. Theorems [1l and Bl of the
present paper are generalizations of the corresponding results for symmetric Gaussian mea-
sures on H due to Pap [I0]. We summarize briefly the new ingredients needed in the
present paper. Comparing Lemma 6.1 in Pap [I0] and Proposition Bl of the present paper,
one can realize that now we have to calculate a much more complicated (Euclidean) Fourier
transform (see (B6)). For this reason we generalized a result due to Chaleyat-Maurel [3] (see
Lemma [(£2). We note that using Lemma [ one can easily derive Theorem 1.1 in Pap [10]
from Theorem [Tl of the present paper.

It is natural to ask whether we can prove our results for non-symmetric Gaussian measures
using only the results for symmetric Gaussian measures. The answer is no. The reason for
this is that in case of H the convolution of a symmetric Gaussian measure and a Dirac
measure is in general not a Gaussian measure. For example, if a = (1,0,0) € H and (u)t>0
is a Gaussian semigroup with infinitesimal generator X7+ X2, then using Lemma EEZ one
can easily check that gy x e, is not a Gaussian measure on H, where &, denotes the
Dirac measure concentrated on the element a € H. (For the definition of an infinitesimal
generator and X7, Xy, X3, see Section 2.)

We note that if the convolution of two Gaussian measures on H is again a Gaussian
measure on H, then the corresponding infinitesimal generators not neccesarily commute,
nor even if the infinitesimal generator corresponding to the convolution is the sum of the
original infinitesimal generators. Now we give an illuminating counterexample. Let p' and
1" be Gaussian measures on H such that the corresponding Gaussian semigroups have
infinitesimal generators

1 1
N = (X + X,)?  and N'= (X1t X5)2 4+ X, X5,  respectively.
Using Theorem and Lemma B2, /' x p” is a symmetric Gaussian measure on H such
that the corresponding Gaussian semigroup has infinitesimal generator N’ + N”. But N’
and N” do not commute. Indeed, N'N” — N"N' = —(X; + X5) X2 # 0.



At the end of our paper we formulate Theorem [l in the important special case of
centered Gaussian measures for which the corresponding Gaussian semigroups are stable in
the sense of Hazod. This kind of Gaussian measures arises in a standard version of central
limit theorems on H proved by Wehn [I7]. In this special case Theorem [l can be derived
from the results for symmetric Gaussian measures in Pap [10)].

2 Preliminaries

The Heisenberg group H is a Lie group with Lie algebra ‘H, which can be realized as the
vector space R3 furnished with multiplication

[(p1, 02, P3)s (a1, G2, 43)] = (0,0,p1G2 — P2q1).

An element X € H can be regarded as a left—invariant differential operator on H, namely,
for continuously differentiable functions f:H — R we put

Xf(g) =lmt™ (Flgexp(tX)) = f(9)), g€

t—0
where the exponential mapping exp : H — H is now the identity mapping.

A family (p4)i>0 of probability measures on H is said to be a (continuous) convolution
semigroup if we have pg* py = pgyy for all s,£>0, and limyopu = po = €., where
e =(0,0,0) is the unit element of H. Its infinitesimal generator is defined by

t|0

(NF)(g) = limt™" / (Fgh) — F(g)m(dh), gL

for suitable functions f : H — R. (The infinitesimal generator is always defined for infinitely
differentiable functions f :H — R with compact support.) A convolution semigroup (zi)i>0
is called a Gaussian semigroup if limyot tp,(H\ U) = 0 for all (Borel) neighbourhoods
U of e. Let {Xi, X5, X3} denote the natural basis in H (that is, exp X; = (1,0,0),
exp Xo = (0,1,0) and exp X3 = (0,0,1)). It is known that a convolution semigroup (i)t>0
is a Gaussian semigroup if and only if its infinitesimal generator has the form

3 3
N = Zaka—F%Zij,kaXk, (21)

where a = (a1, a2,a3) € R® and B = (bj1)1< k<3 is areal, symmetric, positive semidefinite
matrix. A probability measure p on H is called a Gaussian measure if there exists
a Gaussian semigroup (p)i>0 such that g = py. A Gaussian measure on H can
be embedded only in a uniquely determined Gaussian semigroup (see Baldi [2], Pap [9]).
(Neuenschwander [§] showed that a Gaussian measure on H can not be embedded in a
non—Gaussian convolution semigroup.) Thus for a vector a = (ay,as,a3) € R® and a real,
symmetric, positive semidefinite matrix B = (b;x)1< k<3 We can speak about the Gaussian
measure g with parameters (a, B) which is by definition p := py, where (u¢)i>o0 is
the Gaussian semigroup with infinitesimal generator N given by (Z1). If v is a Gaussian
measure with parameters (a, B) and (v4)s>o is the Gaussian semigroup with infinitesimal

4



generator N given by (ZT]) then 1, is a Gaussian measure with parameters (ta,tB) for
all t>0, since pg:= vy, s=>0 defines a Gaussian semigroup with infinitesimal generator
tN. Hence 1v; = puy, so it will be sufficient to calculate the Fourier transform of .

Let us consider a Gaussian semigroup (u);>0 with parameters (a,B) on H. Its
infinitesimal generator N can be also written in the form

d
1 2

J=1

where 0<d<3 and
3 3
Yo=Y anXp,  Y;=) ow X 1<j<d,

where ¥ = (01;) isa 3 xd matrix with rank (X) = rank (B) = d. Moreover, B=%-%".
Then the measure p; can be described as the distribution of the random vector Z(t) =
(Z1(t), Zo(t), Z3(t)) with values in R3, where

d d
Zi(t) =ait+ Y ouWilt),  Zo(t) = ast+ Y 00 Wilt),
k=1 k=1

—_

Zy(t) = ast + Y 00 Wilt) + 5 / t(zl(s) dZs(s) — Zo(s)dZy(s))

k=1 0
d
= ast + Z o3 Wi (t) + Z as01 ) — a102,,) Wi (1) + Z (016020 — 01,002,5) Wi o(t),
=1 =1 1<k<t<d

where (Wi (t),...,Wa(t))i>o is a standard Wiener process in R? and

W) ( Wi(s ds—/tdek( ))
Wie(t) (/ Wi(s) dW,(s /Wg ) dWi( ))

(See, e.g., Roynette [I2].) The process (Wio(t))i>0 is the so—called Lévy’s stochastic area
swept by the process (W(s), Wi(s))sep,q on RZ.

3 Fourier transform of a Gaussian measure

The Schrodinger representations are infinite dimensional, irreducible, unitary representa-
tions, and each irreducible, unitary representation is unitarily equivalent with one of the
Schrodinger representations or with x,s for some «,3 € R, where x,p is a one-
dimensional representation given by

i(ag1+B92)
)

Xa,ﬁ(g) =¢€ 9= (91,92, 93) € H.



The value of the Fourier transform of a probability measure p on H at the representation
Xoe,ﬁ iS

iXas) = / Yeus(9) p(dg) = / o) u(dg) = fi(a, 3,0),
H H
where [ : R® — C denotes the Euclidean Fourier transform of p,
/j(a’ /8’ 7) = / ei(agl+692+'yg3) M(dg)
H

Let us consider a Gaussian semigroup (ut)i>o with parameters (a,B) on H. The
Fourier transform of p := p; at the one-dimensional representations can be calculated
easily, since the description of (p);>¢ given in Section Bl implies that

M(Xaﬁ)—EeXp{ (cvay + Bag) + (aZUIka +520’2ka )}

for a,3 € R. The random variable

<Z o1 Wi (1 Z oo, Wi (1 )

has a normal distribution with zero mean and covariance matrix

011 021
O11 .-+ 0O1d . . 51,1 b1,2
: : = )
021 ... 024 52,1 bz,2
O1d 024
since ¥X" = B. Consequently,

ﬁ(Xa,ﬁ) = exp { (vay + Pag) — %(bl 104 + 2b1 203 + by 252)}

One of the main results of the present paper is an explicit formula for the Fourier trans-
form of a Gaussian measure on the Heisenberg group H at the Schrodinger representations.

Theorem 3.1 Let p be a Gaussian measure on H with parameters (a,B). Then

/K:t)\ x, y )dy Zf b171 > O,
[1a(7en)u
Liy(z)u (z+\/_a1) if by1 =0,

for we L*(R), =z € R, where

1
Kan(w,y) = Cir(B) exp {—§zTDﬂ<a, B)z} L z= (o),

where, with ¢ == \/b171b272 — b%g, 51 = b171b273 — 61726173, 52 = &1[)172 — &2[)171,

( 1

1/ 271')\()171

5 |
\\/ 2 sy U 070

6

if §=0,
C:t)\(B) =




and Diy(a,B) = (dji’,i‘(a, B))i<jr<s are symmetric matrices defined for by > 0 and
0=0 by

o B) =22 B B) = - e, B) =2
’ b1 1 ’ Aby 4 ’ by 1
+1 +1
di3(a, B) := a £ iAbyg :I:i\/x%, dy3(a, B) := _ 2 idbig :I:i\/x%,
\/Xbl,l le,l \/Xbl,l le,l
+iX\by3)? 252
d33(a, B) := (a1 £iMys)” | A0 + A2by 5 F 2iAas,
’ b171 126171 ’
and for 6§ >0 by
) COth()\(S) + Zbl 2 1) 0 COth(A(S) + ’Lbl )
di}(a, B) = =, dip(a,B) = —————=, dy5(a,B) = :
1,1 (a7 ) bl,l 9 1,2 (a7 ) bl,l smh(>\5) 9 2,2 (a7 ) bl,l )
dfg(a, B) — aq + ’l.)\bl73+ )\51 + 152 7 d;tg‘(a, ) — _a1 + Z')\blg, )\51 + 252 ’
’ \/Xbl,l \/XbLlé COth(>\5/2) ’ \/Xbl,l \/Xbl,lé COth(>\5/2)
£\ L (0,1 + Z')\b173)2 ()\51 + i52)2 2 .
o B) = S S (/\5 —9 tanh()\5/2)) 4 A%hy3 T 2iAas,
and

VA A2
L:t)\(l’) = exp { + % (\/X(2a3 + CL1(L2) + QCLQSL’) — E(Bbg,g + 3a1b2,3 + a%bg’g)

)\3/2

A
— 7(26273 + albg,g)llf — 5[)27212}.

We prove this theorem in Section [l

Remark 3.1 Consider a Gaussian convolution semigroup (f):>0 with infinitesimal gen-
erator N given in (ZTI). Siebert [I3, Proposition 3.1, Lemma 3.1] proved that (ji(7+1)),<,
is a strongly continuous semigroup of contractions on L?(R) with infinitesimal generator

3 3
1
N(myy) = ; ap Xp(men) + 3 z; ; b 1 X (Te0) X (m10),
— i

where
X(mep)u = lirrol tt (ﬂi,\(exp(tX))u — u)

for all differentiable vectors u. Hence
[X1(me)ul(z) = VA (z) = VADu(z),
X (mar)ul(2) = +iv/Aru(x),
[ X3 (men)u)(z) = £idu(x)

for all x € R. Consequently,

N(mey) = oyl + a0z + asD + ayr® + as(zD + Dx) + agD?,

7



where

1
o = —5)\2b373 + 'i)\ag, Qg = —)\3/2b273 + i)\1/2&2, 3 = )\1/2a1 + i)\3/2b173’

1 i 1
ay = —5)\19272, af = :l:i)\blg, g = 5)\[)171.
4 Absolute continuity and singularity of (aussian

measures

A probability measure p on H is said to be absolutely continuous or singular if it
is absolutely continuous or singular with respect to a (and then necessarily to any) Haar
measure on H. It is known that the class of left Haar measures on H is the same as the
class of right Haar measures on H and hence we can use the expression ”a Haar measure
on H”. It is also known that a measure v on H is a Haar measure if and only if v is the
Lebesgue measure on R? multiplied by some positive constant. The following proposition
is the same as Proposition 2.1 in Pap [I0]. But the proof given here is simpler, we do not
use Weyl calculus.

Proposition 4.1 If u is absolutely continuous with density f then the Fourier transform
f(mey) 1is an integral operator on L*(R),

[(men)u /KiACCy y)dy

with kernel function Ky, :R? — C given by

Kartw) = Jfos (V2 (157) )

Jg,3(817f§2,’§3) = / ei(§232+§333)f(817 59, 53) dsg dss, (51,82, 53) € R?
RZ

denotes a partial Euclidean Fourier transform of f.

where

Proof. Using the definition of the Schrodinger representation we obtain

[ﬁ(wi,\)u] (.CL’) = / e:l:i()\83+\/stm+)\slsz/2)u(x —+ \/Xsl)f(sl, S, 83) d81 d82 d83
R3

[¢]

1 +i(Ass+vXs23+VA(y—x)s2/2) (y —
2(AS: S2T x)s u(y)f —_—, 82’ 83 dy d82 d83
VA

where

1 : —
K:t)\(l’, y) _ /R2 e:l:z()\83+\F)\(x+y)sz/2)f (%’ So, 83) ng d83

- (e (7))




Hence the assertion. O

The partial Euclidean Fourier transform f‘;,g, can be obtained by the inverse Euclidean
Fourier transform:

= ~ ~ 1 —isF T o~ A~y g~ ~ ~
f2.3(s1,52,83) = o / e 1% £(57, 59, S3) ds, (51,2, 53) € R?, (4.1)
R

where f denotes the (full) Euclidean Fourier transform of f:

f(g;l, g;2’ 'gg) = / ei(§181+§282+§383)f(81’ S9, 83) d81 d82 d83
R3

for (31,3,53) € R3. Moreover, fi(msy) is a compact operator. If the density f of pu
belongs to the Schwarz space then [i(myy) is a trace class (i.e., nuclear) operator.

In order to apply Proposition LTl we shall need the description of the set of absolutely
continuous Gaussian measures on H. Using a general result due to Siebert [I4), Theorem 2]
one can prove the following lemma as in Pap [I{), Lemma 3.3].

Lemma 4.1 A Gaussian measure p on H with parameters (a,B) s either absolutely
continuous or singular. More precisely, p s absolutely continuous if by 1by 2 — b%g >0 and
singular Zf bl,lb2,2 - bi2 = 0.

The next lemma describes the support of a Gaussian measure on H.

Lemma 4.2 Let (u)i>0 be a Gaussian semigroup on H with infinitesimal generator N
given by [Z2). According to the structure of N we can distinguish five different types of
Gaussian semigroups:

) N=Yy+i(Y2+Y2+Y2) with Yy, Yo and Ys linearly independent. Then the
2\ "1 2 3
semigroup 1is absolutely continuous and supp (u;) = H for all t > 0. Moreover,
rank (B) = 3, b171b272 — 6%72 7é 0.

(i) N =Yo+3(Y2+Ys) with Y1 and Yo linearly independent and [Y1,Ys] # 0. Then
the semigroup is absolutely continuous and supp () = H for all t > 0. Moreover,
rank (B) = 2, bl’lbg,g - biz % 0.

(iii) N = Yo+ s(Y? + Y2) with Yy and Y linearly independent and [Y,Ys] = 0.
Then the semigroup is singular, it is a Gaussian semigroup on R® as well, and it is
supported by a ‘Euclidean coset’” of the same closed normal subgroup, namely,

supp (1) = exp(tYp + R - Y1 + R - Y3)
for all t>0. Moreover, rank(B) =2, bi1bys — b7, =0.

(iv) N =Yy+3Y?2  Then the semigroup is singular, it is a Gaussian semigroup on R*® as
well, and it is supported by a “Euclidean coset” of the same closed normal subgroup,
namely,

supp (1) = exp(tYp + R - Y1 + R - [Yp, Y3])

for all t>0. Moreover, rank(B) =1, by1bys— b7, =0.

9



(v) N =Yy Then the semigroup is singular and consists of point measures, namely,
e = Eexp(tyy) Jfor all t=0.

Proof. From general results due to Siebert [I4, Theorem 2 and Theorem 4], it follows that
a Gaussmn measure p on H is absolutely continuous if and only if G := L(Y;, [Y;, Yi] :
1<i<d,0<j<k<d)=R3 where L(-) denotes the linear hull of the given vectors, and
Y, € H 0<i<d are described in (ZZ). Moreover, the support of p; is

supp (pu) U (Mexp( >)" for all t>0,

where M is the analytic subgroup of H corresponding to the Lie subalgebra generated
by {Y;:1<i<r} and the bar denotes the closure in H. Clearly [Y;,Y;] =0, [¥;,Y;] =
(01,09, — 01,j02;) X3 for 1<i<j<d and [Y,Z] € L(X;) forall YV,Z e H.

We prove only the cases (iii) and (iv), the other cases can be proved similarly.

In case of (iii) we have G = L(Y1,Ys, [Yo, Y1), [Yo,Y2]). Since [Y1,Y5] =0, we have
01,1022 — 032 =0, so Y] and Y5 are linearly dependent in their first two coordinates, thus

their linear independence yields X3 € L£(Y7,Ys2). Moreover, [Yy,Y1],[Yo,Ys] € L£(X3) C
L(Y1,Ys). So G = L(Y},Y3) #R3, ie., the semigroup (u;);>o is singular.

To obtain the formula for the support of pu; it is sufficient to prove that
<Mexp (%Yb)) =exp(tYo+ R- Y1 +R-Y;) forall ¢ >0 and n € N, where now

M =exp(R-Y; +R-Y;). The multiplication in H can be reconstructed by the help of the
Campbell-Haussdorf formula

1
exp(X) exp(Y) = exp (X +Y + 35X, Y]), X,Y € H.
Applying induction by n gives the assertion. Indeed, for n =1 we have M exp (tYy) =
exp(R-Y; +R - Y5) exp(th) =exp(tYo+ R Y1 +R-Y3), since X3 € L(Y7,Y3). Suppose
that (M exp ( Yb)) =exp(tYp+R- Y1 +R-Y3) holds. Using the Campbell-Haussdorf

formula and the induction hypothesis we get (M exp (%Yb))n = exp ("T_lth +R-T+R-

Ys)exp (LYo+R-Y;+R-Y;). Since X3 € L(Y7,Y2) and [V, Z] € L(X;) forall Y, Z € H,
application of the Campbell-Haussdorf formula once more gives the assertion.

The case (iv) can be obtained similarly. Indeed, we have G = L(Y7,[Yy, Y1]) # R3,
M =exp(R-Y)), hence supp (u:) =exp(tYo+R-Y; +R-[Y,Yy]) forall t>0. O

5 Euclidean Fourier transform of a (Gaussian measure
and the proof of Theorem B.1]

Now we investigate the processes (W) (t))i>0 and (Wi(t))i>0 (defined in Section ).
Let ¢t >0 be fixed. We prove that W} (t) and Wj,(t) can be constructed by the help
of infinitely many independent identically distributed real random variables with standard

10



normal distribution. Because of the self-similarity property of the Wiener process it is
sufficient to prove the case t = 2.

Lemma 5.1 Let (Wi(s),..., Wa(s))sepz2x be a standard Wiener process in R? on a prob-
ability space (9, A, P). Let us consider the orthonormal basis f,(s) = (2m)"Y2e™, s €
0,27], n € Z in the complex Hilbert space L*([0,2x]). If (g(s))sejo2n 15 an adapted,
measurable, complex valued process, independent of (Wy(s),...,Wa(s))scp2x such that

E( 027r |g(s)|2ds) < oo then

/Oﬂg(s)dﬂfj(s):Z(g,fn> an(s)de(s) as, j=1,...,d, (5.1)

neZ 0

where (-,-) denotes the inner product in L?*([0,27]) and the convergence of the series on
the right hand side of (BJ) is meant in L*(Q, A, P).

Proof. Let 1<j<d be arbitrary, but fixed. First we prove that the right hand
side of (I5:'[D is convergent in L*(Q, A, P). Using that the processes (g(s))sepz2r and
(Wi(s),...,Wa(s))seo,2x] are independent of each other, for n,m € Z, n # m, we get

E((Q,M 0 " fu(s) dW(5) 9 T 0 ﬂfm(S)de(S))
— E(lg. f)To1. fm>)E< 0 " fu(s) dW(s) 0 ﬂfm—(S)de(S))

= E((g, fn><gafm>) fa(8) fm(s)ds = 0.

0
Using again the independence of (g(s))sco,2r] and (Wi(s),..., Wa(s))sejo,2], we have

— E|(g, f)|'E

2

el s | 7 (s 4 (s)

s) dW;(s)

—E|(g fu)] / V()P ds = E|(g. £)]

Since E (fzw lg(s)]? ds) < 0o, Parseval’s identity in L*([0,2n]) gives us that

0
S g, 1) —/ (5)[ds as.

neL

This implies that

ZE}gfn} —E/ (s)]*ds < oo.

nez
Hence the right hand side of (5] is convergent in L?*(2, A, P).
We show now that

/O%g<s>dwj<s> S o ful / Fuls) 1T (s)

2

E =0,

11



which implies (E1). We have

or 2
El [ gls)dWy(s) — Y (9. £u) / Fuls) VW (s)
nez
o 2 2
2T
0 nEZ
Then we get

2
A —E / 9(s)[2ds,
0

Ay = ZE‘gfn/ fuls) dW;(s

nel

=Y E|{g. )| _E/ (s)]?ds,

nez

ZE</ s) dW;(s) (g, f) ) fa(s) de(s)).

0

Let us denote the o-algebra generated by the process (g(s))scjo2x] by F(g). Then we
obtain

ZEE(/ 5) dW(s gfn/ (s dW())f())

=S e(w e [ e [T Reane| o))
—%E(yfn/ 9(5) fuls) ) ;E\gfn\ —E/ (s)*ds.
Hence the assertion. O

The next statement is a generalization of Section 1.2 in Chaleyat-Maurel [3].

Lemma 5.2 Let (Wi(s),...,Wy(s ))Seogﬂ] be a standard Wiener process in RY.  Then
there exist random variables ag , bnj , neN j=1,....d with standard normal distri-
bution, independent of each other and of the random wmable (Wh(2m),...,Wu(2m)) such
that the following constructions hold

Wonm) =3 % {bﬁ{) (agﬂ _ %Wk(%)) _y® (a;ﬂ - %Wj(zﬁ))} as, (5.2

n=1
Oob(f)
“(27) = —2 - .s. .
Wy (2m) ﬁ;n a.s (5.3)

forall 1<j<k<d and ¢ =1,...,d, where the series on the right hand sides of (5.2)
and (5.3) are convergent almost surely.

12



Proof. Retain the notations of Lemma [0l and let us denote ¢y := Ozﬂfn—(s)dVVj(s),
ne€Z, j=1,...,d Then cgj), ne€zZ n#0, j=1,...,d are independent identically
distributed complex random variables with standard normal distribution, i.e., the decom-
positions ) = M\/ﬁbﬁﬁ)’ ne€Z n+#0,j=1,...,d hold with independent identically
distributed real random variables a ), by ), ne€Z n#0,j=1,...,d, having standard
normal distribution. Specifying ¢ as the indicator function 1j, of the interval [0, ]

(t € [0,27]) in Lemma Bl we have for all ¢ € [0, 27]

~ (0)
_ OK Co b _
Wo(t) ne;?éoc_nn(f_n(t) folt)) + T (=1,....d (5.4)
In fact, there is a set €y with P(Q) = 0 such that (54) holds for all w ¢ €, and
for almost every t € [0,27] (see, e.g., Ash [I, p. 107, Problem 4]). Applying (B1l) with
g = W}, and the construction (&4l), Chaleyat—Maurel [3] showed that (52) holds. Choosing
g(s) = slpy(s), (t€[0,27]) in LemmaBEJlit can be easily checked that

¢ O Gint +1) o oy 12
/deg(s): Yoo - Y R )+ ——= as
0 n€Z,n#0 n n€Z,n#0 n 2v2m

By Ito’s formula we get Wj(t) = 1tWi(t) — f(f sdW,(s). Using the construction (B4) of
Wy(t) and the definition of P a simple computation shows that (B3) holds. By Lemma
BTl the series in the constructions (£2), (B3) and (&) are convergent in L%(€, A, P). Since
the summands in the series in (B3] and (24]) are independent, Lévy’s theorem implies that
they are convergent almost surely as well. Finally we show that the series in (B2) is also
convergent almost surely. For this, using that » >, b )/ n is convergent almost surely for
all £ =1,...,d, it is enough to prove that the series

2

n=1

(bDa® — b9 (5.5)

S|

is convergent almost surely. Here bslj )agk) — bﬁf’aﬁf ), n € N, are independent, identically

distributed real valued random variables with zero mean and finite second moment. Hence

Kolmogorov’s One-Series Theorem yields that the series in (0) is convergent almost surely.
(]

Taking into account Proposition Bl and the representation of a Gaussian semigroup
(1t)i=0 by the process (Z(t))i>0 (given in Section B), in order to prove Theorem Bl we
need the joint (Euclidean) Fourier transform of the 9-dimensional random vector

(Wi (L), Walt), Wa(t), Wy (t), Wy (t), Wy (1), Wia(t), Wia(t), Was(t)). (5.6)

Proposition 5.1 The Fourier transform F,:R% — C of the random vector (50) is

Fy(mi,m2,m3, C1s G2, G35 61,2, &1.3, €2,3) =

%exp{_ r (1_ 26 )<€~’C>2+||£||2H77||2+H<£@2—jm(1+n)||§y|2}
cosh(t]|€]|/2) e\ el 21+ m) €]

13



for 5 = (23, —€13,612)" € R® with E 40, where n = (n,m2,m3)" € R®, ( =
(¢1,6,¢)" €R?, and

0 §12 &3
t||§|| th(tn;n) L e Hf| R T S A

—&13 —&3 0

(Here ||| and (-,-) denote the Fuclidean norm and scalar product, respectively.)

To calculate the Fourier transform of (2) we will use the constructions of the processes
(Wi(t))e=0 and (Wi4(t))>0 (see Lemma B2) and the following lemma.

Lemma 5.3 Let X be a k-dimensional real random vector with standard normal distri-
bution. Then we have
1

Eexp {(7, X) — s(BX, X)} = det (I+2$B)

{ (7, (I +2sB)~ 77>} (5.8)

for all 7 € Ck, s € Rt and real symmetric positive semidefinite matrices B. (Here I
denotes the k x k identity matriz.)

Proof. Consider the decomposition B = UAU", where A isthe k x k diagonal matrix
containing the eigenvalues of B in its diagonal and U is an orthogonal matrix. Then the
random vector Y := U'X has also a standard normal distribution. This implies that

Eexp {(7, X) — s(BX,X)} = Eexp {(1,UY) — s(AY,Y)}

1 - 1
- = [ e {00 — st = S0} e

where y = (y1,---,yx)" € R¥. Let A\;,---,\; denote the eigenvalues of the matrix B.
A simple computation shows that

k

(1, Uy) — s(Ay,y) — Z (sA + ) v + Z(UTRe?ﬁjyj +i Y (UTIm7)y;

k k k T 2

: 1428\ UTReDn); (U Re?])
YT - S (- Ry
j=1 =

: 2 1+ 2s); 2(1+2s);)
j=1
Using the well-known formula for the Fourier transform of a standard normal distribution

/Rexp {m — (55272)} dz = V2ro exp{ — %oﬁﬁ} , (5.9)

for all t,m € R and o >0, we obtain

Eexp{(ﬁ,X) — s(BX,X)}

- ! )exp {zZ(U Re);(UIm7); _Z (UT|mm2_+27(UTReT7)? }

14 2s); 2(1 4 2s);)
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Hence the assertion. O

Proof of Proposition Bl Because of the self-similarity property of the Wiener
process, the random vectors (Wk(t),WZ*(t),Wp,q(t) 1<k l<d, 1<p < q< d) and
(c72Wi(et), c3PW(ct), W gl(ct) + 1<k, <d, 1<p<q<d) have the same distri-
bution for all ¢>0 and ¢ > 0. Hence

Ft(771, N2, 13, C1, C2, C3, 51 2, 51 35 52 3

[t / / 3/2 t\? .t t t
_F7r ) ) ) ) s\ & YA YA I 9
2 ( 27T771 772 773 < ) G1 ( W) Co (2%) 3 27r51,2 27r51,3 27r£2’3>

so it is sufficient to determine Fi,. By the definition of the Fourier transform we get

ﬁ27r(7717 T2, 713, Clv C27 C37 51,27 51,37 52,3)

:Eexp{ (an (2m) —i—ZCJW* (2m) +

For abbreviation let F,. denote F27r(n1,n2,n3,Cl,§2,§3,§172,£1,3,§273). Define the random
vector x = (x1,x2,x3) by

X1 = —51,2%1/[/2(2@ §1,3

X2 i= 51,2%‘4/1(2”) —&23

X3 :=¢&1 37W1(27T) + 523\/—W2(27T) — 2¢/7(s.

Substituting the expressions (B2), (£3) for W;,(27) and W/ (27) into the formula ([&I0),
taking conditional expectation with respect to {W;(2n), a?,1<i<3,n> 1}, and using
the identity E(E(X]Y)) = EX (where X,Y random variables, E|X| < c0), we obtain

(5.10)

Y GuWin(2n )) }

1<j<k<3

st(%) —2V/7¢,

%W?,@W) — 2y/7(a,

Fy, =E {exp {i(n1W1(27r) + neWo(2m) + 173W3(27r))}

=1
XE(exp{iZ (€ an + X, by HW (27), al¥) 1<j<3,n>1)],

n=1

where a, = (ag),a%),ag’)) and b, = (bn ,bg ,bg’ )T, Taking into account that

bg), bg), bg’) are independent of the condition above and of each other for all n € N,
using the dominated convergence theorem and the explicit formula for the Fourier transform
of a standard normal distribution we get

Fy. =E [exp{ (m Wi (27) + o Wa(2m) + nsWs(2m)) } Hexp{ 7112 1€ - an + X||2}] :

Since ¢ is a skew symmetric matrix, there exists an orthogonal matrix M = (m;k)1<jk<s
such that

0 p O
M"éM=|—p 0 0| =P
0



The orthogonality of M implies M~'= MT, hence ¢M = MP. We have
—pmig2 pmia 0
MP = | —pmas pmae; 0| = [—pmy,pmy, 0],
—pmsz pmg1 0

where m;, i = 1,2,3, denotes the column vectors of M, that is, M = [m;, my, mg].
Obviously, ¢M = [€my, Emy, Emg], hence {ém; = —pmy, Emy = pm,, {mjz = 0. Taking

into account that M is orthogonal, we have |mgs|| =1, hence
1
m; = =+ 5 5 5 (52,37 —51,3751,2)T-
\/51,2 +&is+ 833
Moreover, &2m; = £(ém;) = £(—pmy) = —p?m;. The only nonzero eigenvalue of &2 is

—(£%72 + 5%73 + 52273), hence p = :I:\/&Q + 5%73 + 52273, and M can be chosen such that
—¢/I€ll, p=£], and thus

(my, u)? + (my, u)? = M "ul* = (my, u)? = [Jul® — w( u)?, (5.11)

for all u € R®. We also get

I 0o
—&=M| 0 |7 o]l MT = MAM".
0 0 0

To continue the calculation of the Fourier transform of (28) we take conditional expectation
with respect to {W;(27), Wo(27), W3(2m)}. A special case of Lemma is that

Eexp{ —SZYJ?} = L exp{<(232D1/2(I+25D)_1D1/2—sI)m,m>}
j=1

det (1 + 2sD)

for all s € R*, where Y = (Y;,---,Y;)" isa k-dimensional random variable with normal
distribution such that EY =m and VarY = D. Applying this formula for Y =¢&-a, + x
with s = (2n®)"!, m=y and D=¢-¢" = 2= MAM" we get

Fy, =E {exp {i(le(Qw) + neWh(2m) + 773W3(27r))}

[e.e]

X H Ja ([1+ = exp {%<(n_4\/K(I +n2A) WA - n ) My, M‘lx>H :

n=1

k‘22

Clearly det (I +n72A) = (1+n"2||€]|2)%. Using that J[5°, o =2 wgcothr—1=

2422 sinhz’

2y 4 #ﬂz, x € R (see [, formulas 1.431 and 1.421), the identity (I1l) and the fact
that (€, )2 = 47(¢,£)? we obtain

7o el {w?’ (1_ ) }
= e T TR 3 e ) ¢

x Eexp {i(n1W1(27r) + o Wa(2m) 4 nsW3(2m)) — 4“€”2 HX||2}
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where k= 7||€] coth(x||€]|) — 1. A simple computation shows that
1
||X||2 :% ((f%z + 533)W12(27T) + (5?2 + 533)W22(27T) + (533 + 5%3)W32(27T)) + 47T||C||2

—+ % (517352,3W1(27T)W2(27T) — 517252,3W1 (27T)W3(27T)) + 517251,3W2(27T)W3(27T))

— 4(&12Q + &1,3G)W1(27) + 4(&1,2C1 — §2,3C3) Wa(2m) + 4(&1,3¢1 + &o,3C) W (2).

Using Lemma b3 with 1 = @“&C—i—i\/ 21, B = —2£% s= ﬁ and taking into account

that +/det (I +2sB) =1+ k we conclude
Ao mEl {_ " (1_ 5 )g’@}
= msinn(raD) " T a3 T ) O

-1
5l + <~, JELAE ~>}
exp{ GE ( GE ) 7
Using (B2100) we get

g _ ~ 2 4 K < ?7}2
<"’< ||5||2£) "> el e T

Hence the assertion. |

Proof of Theorem Bl We prove only the case rank (B) = 3. The cases rank(B) =1
and rank (B) =2 can be handled in a similar way. In case rank (B) =3 the measure p
is absolutely continuous and so Proposition 1] implies that the partial Euclidean Fourier
transform Bg of the measure p has to be calculated in order to obtain the Fourier
transform fi(m1y). Let (u¢)i>0 be a Gaussian semigroup such that pu; = g and let
p1 1= 01,1022 — 012021, P2 i= 01,1023 — 013021, pP3 = 012023 — 013022 by definition. In
case rank (B) = 3, the representation of (u)i>0 by the process (Z(t))i>0 (see Section )
gives us

3 3
Zi(1) =ar+ Y oWi(1),  Zo(l)=as+ Y _ 02 Wi(1),

k=1 k=1
Zg(l) = as + Z 03 ka —|- Z 201k — A102 k)Wk ( ) + 01W172(1) + pQWLg(l) +03W2,3(1).

k=1 k=1

This implies that the (full) Euclidean Fourier transform of the measure g is

f(31,3,,33) =Eexp { (512:(1) + 5225(1) + 5323(1))} = exp {i(51a; + 320 + 53a3) }

3 3
X Eexp {Z(Z(O’l ksl + 09 k;SQ + 03 kSg)Wk —|- Z Cl20'1 k a109 k)Sng( )
k=1 =1

+ 5301 Wi 2(1) + S3p2 W1 3(1) + §3P3W2,3(1)) }
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Proposition BTl shows that we may suppose s3 # 0. Using Proposition B and the facts
that

d
2 2 2

g (@201 — a1024)" = bysaj — 2by saq1a9 + by 143, d=1,2,3,

=1

(5.12)
pl(a102,3 - a201,3) - pz(a102,2 - a201,2) + pg(a102,1 - CL2<71,1) =0,
0% = pi + p3 + 13,
we get
f(:‘;l :‘SVQ s ) = ; exXp i(§1a1 + §2a2 + S3a ) — i(bg 2a2 — 2b1 201G + bl 1&2)
72T Cosh([35]6/2) 33) = 555 (92201 = 201, 103
+ gl + gy T
2(1+ k) 2(1+k) o2 )’
where <15 <15
K= %coth <%) -1, n= —5—12(@1,@2,03)T+i2T§
with

U1 = Pl(a102,2 - a201,2) + Pz(ale,s - a20173),
vy = —p1(a1091 — a2011) + p3(a1093 — ax01 3),

U3 = —,02(0102,1 - a2<71,1) - 03(0102,2 - 0201,2),

and §:= (31,89,53)", &:= (p3, —p2,p1)". It can be easily checked that

(€,7)? = —33det B,

_ ~ K> Ko, - _
||77||2 = —(Bs,s) + §<U7 v) — 21_((31@1 + 82@2)52 + 53(a103 + CL251))7

52
.
52 5, |5
51 0ul |5

where 03 := by 3ba2 — b1 2ba3 and 4 := by 1b33 — big. Using (BT), the identities above and

(E3), the partial Fourier transform ﬁg can be calculated as follows

T e _ biose 4 bisss). 1|3
STBSZbl,l (81+—1’282+ 17383) + ?

bi1

b1

S3

~ - S3|0 K
f2,3(517 S92, 53) = \/ | 3| (|§3‘5) exp { — m(bzgd% — 2()1’2@1&2 + b171a§)

271'6171 sinh
S2 1+k ( a )2
§3 2()1’1 1+k

T
S: )
CYRP I N H [ :
K ~ 9~
(32a25 +33(a153+a251)) .

8
2(1 + k)02

2(1+ )by 1 A 5, O
(1+ k)02

B b1,252 + b1.353 ( ay

— 351 | +1| S9a9 + S3a5 —
b T r 1) (22 303
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Finally Proposition EZl implies that the Fourier transform ji(m1,) is an integral operator
on L?*(R),

[a(men)u /Kj:A z, y)u(y) dy,

where K4, has the form given in Theorem Bl O

6 Convolution of Gaussian measures

The convolution of two probability measures p/ and p” on H is defined by

(u’*u”ﬂfﬂ:==j/A/(h‘54)u%dh%

H
for all Borel sets A in H.

First we give an explicit formula for the Fourier transform of a convolution of two Gaus-
sian measures on H.

Theorem 6.1 Let u' and p” be Gaussian measures on H with parameters (a’, B’)
and (a”,B"), respectively. Then we have

<wuwuw»wm{«%+%m+@+%m)

1
—5QMJ+%n&+2@2+w»m%u%g+%gw)}

(15 ") (e /
Kox(

Az, y)u(y) dy otherwise,
where Liy(z) is given by
exp { 20N+ o + (d + a)/2) + VAl + o) + Aol

>\2
— 5 (B W bl (205 + )b+ ()20 + (a)205) /3 + d (a) + a})0), )

\3/2 A
- g 2 b+ (24 ) — G+ W) .
and Kiy(z,y) := Cexp {—%ZTVZ}, z:= (z,y,1)", with
(Cin(B) if %, >0 and ¥, =0,

Cn(B)Cen(B"), 2T i >0 and b, >0
2,2 1,1

\
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(taking the square root with positive real part) and
Diy(a', B') + 0 AbY P23 if bi,>0 and b, =0,
—\/Xa’l’d’m P32 P33

(

-)\6/272 0 q1,3
V.= 0 0 \/Xa’ld’i2 + Diy(a”, B") if bll,l =0 and b’l’,1 > 0,
43,1 \/Xa/ld/f,z 43,3

(@, 0
A & __uu' if V>0 and b, >0
2,2 2,3 d’22 + d/1/1 1,1 1,1 ;
dyy diy dyg+dsg

0
where d}; = djfl;\(a’,B’), djy = djfl;\(a”,B”) for 1<, k<3 and
U:= (dll,za dg,h dg,z + dg,l)—ra
Pag = P32 = —VAd{dyy + N (20 5 — alby ) /2 F iV Aay,
D33 = _\/Xa/ll(d/zs +ds,) + )‘(a/f)zdé,z +A? (bg,?, —ayby 5 + (a/1/)2b/2/,2/3) F iA(2a3 — ajay),
q1,3 ‘= (431 ‘= \/Xalldlll,l + )\3/2(@/15,2,2 + 2b/2,3)/2 + i\/Xalz,
433 ‘= \/Xall(dlll,?, +dy,) + )‘(all)zdlll,l + N2 (bé,s +ayby 5 + (a'1)2b’272/3) T iA(2a3 + djay).

Proof. If b, >0 and b7, >0 then the assertion can be proved as in Pap [I0], Theorem
7.2l If ¥y, >0 and b7, =0 then by Theorem B.1]

i ras)ulle) = | Ky(w)uty) dy
with )
K\ (z,y) := C1\(B') exp {—ﬁzTDi,\(a', B')z} , z=(z,y,1)7,

and

— ), )\ )\2
(1" (70 )u](y) = exp { + % (\/X(Qag + alllalzl) + 2a'2'y) % (3bg,3 + 3Ollllbg,?, + (alll)zblzlz)

)\3/2 /! /AN )\ /! 2 "
- 7(262,3 + alb2,2)y - §b2,2y u(y + \/X%)-

Clearly we have

o~

[(M' s 1) (maa)u| (z) = [0 (mex )i (man () = /RKQEA(SC,y)[M”(HA)U] (y) dy.

Using the formulas for /! (m+y) and ;ﬁ(ﬂi ») an easy calculation yields that KL, has the
form given in the theorem. The other cases b}, =0,0]; >0 and V;, =b]; =0 can be
handled in the same way. O

We need two lemmas concerning the parameters of a Gaussian measure on H.
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Lemma 6.1 Let us consider a Gaussian semigroup (p)i>o0 such that py is a Gaussian
measure on H with parameters (a, B). Then we have

a; = EZZ, 1= 1,2, 3, b@j = COV(ZZ', ZJ) Zf (’L,j) §£ (3, 3),
and

1
b3’3 = Var/; — 1 (Var21VarZ2 — COV(Z1, Z2)2>

1
— E (Vang (EZl)2 — 2COV(Zl, Zg) EZlEZ2 + Vaer (EZQ)2),
where the distribution of the random vector (Zy, Za, Z3) with values in R3 is .

Proof. Let Z(t) := (Zi(t), Z5(t), Z5(t)), t>0 be given as in Section @l Taking the
expectation of Z(1) yields that E(Z;(1)) = a;, ¢ = 1,2,3. Using again the definition of
Z(1) and the fact that B=X-XT we get

d

d
Var(Z(1 ZZalkUuE Wi (1)W,(1) :ZU%k—bll

d
k=1 (=1 =1

Similar arguments show Var(Zy(1)) = bes and Cov(Z;(1), Z5(1)) = by 2. We also obtain

Cov(Z:(1) —E{E}nzz <§:@mwg +§6wmm—ammﬁﬂ(ﬂ

=1

d
+ Z o1 Wi(1) Z (01 k020 — 01,302,k)Wk,Z(1):| ,
i1

1<k<t<d

which implies that

Cov(Z1 Z 01,03k + Z Z 01, CL201 k — 102 k)E(W (1)W1:(1))

=1 k=1

+Z Z 01i(01 6020 — 01,0021 ) E(Wi (L)W (1)) = by 3,

=1 1<k<t<d

since W;(1), 1 <i<d are independent of each other and

EWi(1)W(1) = EWi(D)Wee(1)) =0, 1<i<d, 1<k</(<d. (6.1)
Indeed,
EWL (W (1) = 5 Tim E[Wi(1) 3 (Wl (s — 5) s§_>1<wk<s§">>—Wk<s’i’1>))],
E(W(1)Wi(1)) = 5 lim E|W, Z Wel(sh) (Wels(™) = Wils™)




forall 1<i<d, 1<k < {<d, where {s(") :5=20,---,n} denotes a partition of the

(n) (n )

interval [0,1] such that max;¢j<n(s; —s;;) tendsto 0 as n goes to infinity. We can

obtain Cov(Z3(1), Z5(1)) = by 3 in the same way. Using again the form of Z(¢), (GJI) and
the facts that
COV(Wi7j(1),Wk7g(1)) =0 for all 1
Cov(Wi(1),W/(1)) =0 for all 1

1<

<i<j<d 1<k<(<d, (i,j) % (k0),
<k t<d

"y

we get
d d
Var(Z3(1)) = Z agvk + Z(azm,k — ay02,)*Var(W; (1))

+ (O’LkO'g’g — 0'1750'2’].6)2Val’(Wk’g(1)).
1<k<t<d

Lévy proved that the (Euclidean) Fourier transform of Wy ,(1), 1<k < {<d (ie., the
characteristic function of Wy /) is
1

E(e"he) = ——— 1<k<(<d
(e ) cosh(t/2)’ <
for all t € R (this follows also from Proposition BEJI), so
Var(We (1)) = - & ! —1 I<k<(<d
RO e \ cosh(t)/2) s = =
Clearly W; has a normal distribution with zero mean and with variance Var(W; (1)) = &,
<k <d. Using (EI2) we have
Var(Zg(l)) = bg 3 + 4(b1 1b2 2 — b%g) + E(a%bg’g — 2a1a2bl,2 —+ a%bl,l).
Hence the assertion. a

Lemma 6.2 Let u' and p” be Gaussian measures on H with parameters (a’, B’)
and (a”,B"), respectively. If the convolution ' * p” is a Gaussian measure on H with
parameters (a, B) then we have

1
o " o " o " ron ron
a; = ay + af, as = ayp + ay, a3—a3+a3+2(a1a2 ayal),
/
1
_ ! /! 1/AN; "1/ /!
6173_b1,3+b1,3+§(a2 1,1 — Iy 12“‘“1 12 a2 11)

1
"1/ /AN /1
bog = by 23+2(a2 Lo — ajbhy + aiby, — ay 1,2)7

N !/ 1./ "1/ IR/ /1
b33 = b33+ b33+ axby 3 — ajby 3+ ajby 3 — asby 5
/ /2BW/AN/A /Wi

1
"yt 1"\ 2 1\2 "yt
+6( ala'l 22"‘(“1) 2’2+(a1) 22—a1a2 22+a1a2 12+a1a2 12 2“1“2 1,2

/AN /W) "1/ "M\21/ IAVAN/ /NN
— 2aha5b7 5 + ahagby 5 4 afayby y — ajalbl | + (ay) by, + (ay) by, — dhay 1,1)-
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Proof. Let 7' = (Z;,25,Z5)" and Z" = (Z},ZY4,7Z4)" be independent random variables
with values in R3 such that the distribution of Z’ is ' and the distribution of Z” is

1", respectively. Then the convolution p’* p” is the distribution of the random variable

1
(Z{ + 2}, 25+ 24, Zy+ 2 + S(212 — Zfzg)) — (21, Za, 7).

Using Lemma B we get
a1 =EZy =EZ] +EZ] =a] +df,
as = EZy = EZy + EZ] = a) + aj,
a3 =EZ; =EZ, + EZ] + %(EZ{EZQ — EZ{EZ}) = a}y + df + %(a’la;’ — ahal),
since Z' and Z” are independent of each other. Similar arguments show that
b1y = VarZy = VarZ] + VarZ{ =, + b},
bao = VarZ, = VarZy + VarZy = b, + by ,,
b1y = Cov(Zy, Zy) = by o + 1 .
We also have
b1z = Cov(Z1, Z3) = Cov(Zy, Z3) + Cov(Z], ZY)

1
+5 (Cov(Z{, Z1 7 — Cov(Z,, ZLZ!') + Cov(Z!', Z.Z1) — Cov(ZY, Z{’Zé)).

Using this and Lemma the validity of the formula for b; 3 can be easily checked. For
example we have

Cov(Zy, 21Z3) = E((21)" Z3) — RZ\E(Z1Z3) = (Vh1 + (a1)*) a5 — (a))*ay = azbh ;.
The validity of the formula for by 3 can be proved in the same way. Lemma implies that

1 1
Vang = b3,3 + Z(bleg’Q - bi2) + E(a%bm — 2@1&2[)172 + a%bl,l) = COV(Zg, Zg)

= Cov(Z3, Z%) + Cov(Zy, ZY) + Cov(Zy, Z1Zy) — Cov(Zy, Z{ Z4) + Cov(ZY, Z1 ZY)

1
— Cov(Zy, 2/23) + (cov(zgzg, 717 — Cov(ZL 2, 21 Z1)
— Cov(Z!Z, 21 ZY) + Cov(Z!' Z, z;/z;)).

Using again Lemma and substituting the formulas for b;1, b12, ba2, a1 and ay into
the formula above, an easy calculation shows the validity of the formula for b . O

Our aim is to give necessary and sufficient conditions for a convolution of two Gaussian
measures to be a Gaussian measure. Using the fact that the Fourier transform is injective
(i.e., if p and v are probability measures on H such that [i(xa3) = V(xap) for all
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a,f € R and fpi(mey) = U(men) for all A > 0 then p = v), our task can be fulfilled
in the following way. We take the Fourier transform of the convolution of two Gaussian
measures p' and p” with parameters (o', B’) and (a”,B”) at all one-dimensional and
at all Schrodinger representations and then we search for necessary and sufficient conditions
under which this Fourier transform has the form given in Theorem Bl First we sketch our
approach to obtain necessary conditions. By Theorem Bl (u/ * p” )A(wi,\) is an integral
operator for b}, + 07, > 0, and it is a product of certain shift and multiplication operators
for ), +{; = 0. If the convolution p'x* p” is a Gaussian measure with parameters
(a,B) then, by Theorem B, (1 % 4"} () is an integral operator for by; > 0, and it
is a product of certain shift and multiplication operators for b;; = 0. By Lemma B2 we
have by =V, +b],, hence b;; =0 if and only if b}, +0b7, =0. Henceif b;; >0, the
integral operator (1 % ;") (7)) can be written with the kernel function given in Theorem
Bl and also with the kernel function given in Theorem Bl In the next lemma we derive
some consequences of this observation.

Lemma 6.3 Let /' and u” be Gaussian measures on H with parameters (a’, B") and
(a",B"), respectively. Suppose that ' * " is a Gaussian measure on H with parameters
a = (ai)i<i<s, B=(bjrh<jnss such that byy >0. Then dij = v forall 1< k<3
with (j,k) # (3,3) and for all X >0, and

1 1
Cir(B)exp {—§d§t§\} = C’exp{ 21)%‘} A>0,

where Cyy\(B), d;t,;\ = dji,,i‘(a, B), 1<j,k<3 and C,V = (vf,i‘)lgj7k<3 are defined in
Theorems [Z1 and [6, respectively.

Proof. The Fourier transform (y' * p” )/\(7T:|: ») is a bounded linear operator on L?(R), and
since by; > 0, Theorem Bl yields that it is an integral operator on L*(R),

[(u’ * [ )(Wi,\ /Ki,\ r,y)u(y) dy, u € L*(R), z €R, (6.2)

where )
KiA($7 y) = C:I:)\(B) eXp {—§ZTD:|:)\(G, B)Z} y L= (Z’,y, 1)T
Let us write d};, =: dﬁ‘(a’, B') and dj, =: djfli‘(a”, B") for 1<j,k<3 asin Theorem

BT By Lemma B2, we have b1, = b}, +b},, hence b3 > 0 implies that b;; > 0 or
bf, > 0. Using Theorem BTl we have

[(u’ 5 1) () /KiA z,y)uly) dy, ue [*(R), z €R, (6.3)

where

~ 1
K:I:)\(xvy> :Cexp{—izTVz}, z = (:L’,y,l)T.
Using (£2) and (63]), we have

0= /R (Kar(z,y) — Kar(z,y))uly) dy, u€ L*(R), = €R,
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We show that if

/ Kan(, )P dy < oo, / Ran(e,y)P dy < 00, € R, (6.4)
R R

then Kiy(z,y) = I?i,\(x,y), z,y € R. Indeed, for all = € R, the function y € R +—
Kiz(z,y) — Kix(z,y) isin L*(R). Hence

0= / |Kix(z,y) — Kax(z,y))?dy, = eR.
R

Then we get
//|Kik($7y)_kik(x7y)|2 d$dy:0a
R JR

which implies that Kiy(z,y) = [?i,\(x,y) for almost every x,y € R. Using that K,
and K, are continuous, we get Kiy(z,y) = Kin(z,y), x,y € R. Now we check that
(63 is satisfied. Using the forms of K., and Ky, it is enough to check that

/Rexp {-2z"Re(Dix(a,B))z} dy < oo, z€R, (6.5)

/exp {-2z"Re(V)z} dy < o0, z€R, (6.6)
R

7. Here Re(Diy(a,B)) and Re (V) are real, symmetric matrices. Let

us consider an arbitrary real, symmetric matrix M = (m; j)1<;j<3 Wwith mgo > 0. Then

where z = (x,y,1)

ZTMZ = m1,1x2 + 2m1,2xy + m272y2 + 2m173:17 + 2m273y + ms3

1 S
= (\/7"12,2?/ + ——(mix + m2,3)) — ——(magx + m273)2
£/12 2 m

2,2
2
+ mia® + 2m1,3$ + ms33.

Hence

1
/ exp {—ZTMZ} dy = exp {—(mmz + m2,3)2 — m171552 — 2my 3T — m373}
R ma2
[ tmor e}
X exp —( m,y+7m,x+m7)} Y
. 2,2 \/m—22 1,2 2,3

1

2 2

= exp {m—(mlgiﬁ' + m273) —mir — 2m173x — m3,;3
2,2

= Lo {-5)
X expq —— o dt
V2mas Jr 2

s 1
2 2
= [——exp{ ——(mi2x + ma3)” —my12° — 2my 3z — ms3 o,
msa.2 msa.2

which yields that
/exp {—zTMz} dy < oo, z€R.
R
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Hence in order to prove that (EX) and (GH) are valid we only have to check that the (2,2)-
entries of the matrices Re(D+x(a, B)) and Re(V) are positive. For example, if b}, > 0
and 0f, >0, then
" (d,1)
(Re(V))z’2 = Re(dy,) — Re <m) .
It bll,lb/2,2 - (5/1,2)2 = b/ll,lb/zlz - (5/1/,2)2 =0, then

1 + 1
7 7
(Re (v>)22 = ];/ T2 ];/ 2 )\bl’12 )\bLl// ’ 2"
ST RO () e ()
)\bl,l )\bl,l bl,l bl,l

Hence (Re(V)),, >0 if and only if
1 1 \? /¥, WL\’ 1 1
AV — = = > )
b [(Abll,l " )‘6,1/,1) " <b,1/,1 b/1,1> Aby 4 " AbY 4
A simple calculation shows that the latter inequality is equivalent to
by (1 1 My o)
— N (=2 —-=] >0
i (Ab;l ! Ab’{,l) o (b’f,l bavl) |

which holds since b}, >0, b7, >0 and A > 0. The other cases can be handled similarly.
Hence (6H) and (G0) are satisfied, and then Ky, (z,y) = Kia(z,y), =,y € R.

Using the forms of K., and [}i,\, we get
1 1
CiA(B)exp {—§ZTD:|:)\(CL, B)z} = Cexp {—§ZTVZ} . oz=(x,y,1)".

Putting z = (0,0,1)7 gives

1 1
CiA(B)exp {—§d§t§‘} = Cexp {—ﬁvgié‘} . (6.7)

Substituting z = (1,0,1)" implies

C’i,\(B)exp{ ;(dix\+2d +d3 )} = C’exp{ ;(vll +21)13 —1—1133)}
Using (£70) we have
diy +2di5 = v + 253, (6.8)
With z=(0,1,1)" a similar argument shows that
35 + 2d375 = vy + 2053, (6.9)
Putting z = (1,1,1)" and using (61) we obtain
diy + 2dy5 + 2di5 + di) + 2d33

(6.10)
—U11 +2v +21113 +1)22 + 20
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Using (68),(E3) and (E10), we have diy =vi3. If z=(2,0,1)7 then using () we have
diy +diy = vi) + o).

Using (E8) we have dli?’,\ = vli?j\ If z=(0,2,1)"T then
d33 + d3y = vip + v33.

Using (E3) we have dy3 = v33. O

Using Lemma we derive necessary conditions for a convolution of two Gaussian mea-
sures to be a Gaussian measure and prove that they are also sufficient. The above train of
thoughts will be used in the proof of Proposition and Theorem B2

Remark 6.1 By Lemma 2 it can be easily checked that a Gaussian measure p admits
parameters (a, B) with b, =0 for 1<j,k<3 with (j,k) # (3,3) and a3 =a, =0 if
and only if the support of u is contained in the center of H.

Now we can derive a special case of Theorem which will be used in the proof of
Theorem B2

Proposition 6.1 If p” is a Gaussian measure on H with parameters (a”, B") such that
the support of u” is contained in the center of H then for all Gaussian measures ', the
convolutions '« pu” and p’*p' are Gaussian measures with parameters (a'+a", B'+ B"),
and M/*M// _ M//*M/-

Proof. Let p be a Gaussian measure with parameters (a'+a”, B'+B"). By the injectivity
of the Fourier transform, in order to prove that p'* p” = p is valid, it is sufficient to show
that (/% 1") (Xas) = fi(xas) for all a, 8 > 0 and (i % p") (72x) = fi(msy) for all
A > 0. Theorem BTl implies that (p' * p” )A(Xaﬂ) = 11(Xa,3) 1is valid for all one-dimensional
representations x5, @, f € R. Suppose that b, # 0 and ) by, — (bj,)*> # 0. By
Theorem B0, to prove (u/  p") (rey) = fi(mey) for all A >0 it is sufficient to show that

00 0
D:t)\(a,,B/) _'_ O 0 0 — D:t)\(a/_'_a//’ B,+B”>
0 0 Ay, T 2i\d
for all A > 0. Since b7, =0 for 1<j,k<3 with (j,k) # (3,3), we have djfé‘(a’ +
3).

a’,B'+ B") =d;(d/,B') for 1<j, k<3 with (j,k)# (3,
that

So we have to check only

di3(d', B) + NV 5 F 2iAdy = di3(a' + a”, B' + B")
for all A > 0. Theorem BTl implies this. The case by, # 0, b by, — (b)4)*> =0 can be
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proved similarly. Suppose that 0}, = b7, = 0. Using again Theorem BTl we have

- . 1 )‘2 /
[,u”(wi,\)u} (x) = exp { + iday — ?bg’ﬁ}u(x),

~ v/ )\ )\2
[,u/(wﬁ)u} (z) = exp { + %(\/X(Qag + ayay) + 2ahx) — i (36 5 + 3a)bh 5 + (a})?bh,)
>\3/2

/ BN, )\ / /
-5 (265 5 + ayby o)z — §b272x2}u(:)3 +V)d)).

Theorem Bl implies that [f(74y)u] (z) = [(u’ * ,u”)A(Wi,\)u] (r) forall A >0, ue L*R)
and x € R. Hence the assertion. O

Now we give necessary and sufficient conditions under which the convolution of two
Gaussian measures is a Gaussian measure.

Theorem 6.2 Let ' and p” be Gaussian measures on H  with parameters o =
(a;)lgigg, B/ = (b;-,k)lgj,k<3 and CL// = (a;/)lgigg, B// = (b;/7k)1<j,k<3; Tespectively. Then
the convolution ' = " is a Gaussian measure on H if and only if one of the following
conditions holds:

(C1) by >0, 6 >0, b, >0, " >0, and there exists 0> 0 such that b}, = b}, for
1<), k<3 with (j,k) # (3,3) and a = pal, for i=1,2,

(C2) bip>0, =0, b{;, >0, 6" =0, and there exists o0 >0 such that b}, = ob};, for
1<), k<2,

(C3) by >0, & >0, V) =0 for 1<j k<3 with (j,k)# (3,3) and a/ =0 for
i=1,2,

(C4) By, >0, =0, V=0 for 1<), k<3 with (j.k)# (3,3),

(C5) bi, >0, 6" >0, ¥, =0 for 1<j, k<3 with (j,k) # (3,3) and a; =0 for
i=1,2,

(C6) by, >0, 8"=0, b, =0 for 1<j k<3 with (j,k)# (3,3),

(C7) by, =0 and b, =0,

where ¢ = \/5/1,15/2,2 — (0] 2)* and §" := \/6’1’716’2’72 — (0 5)%  In cases (C1), (C3), (Cb)
the parameters of the convolution ' x " are (a' +a”,B"+ B"), but in the other cases it
does not necessarily hold (compare with Lemma [62).

Proof. First we show necessity, i.e., if ' * u” is a Gaussian measure then one of the
conditions (C1) — (C7) holds. Let us denote the parameters of the convolution ' u” by
(a,B) and we write d;; = dji,,i‘(a, B), dj, = d;f,;\(a’,B’) and d, = dji’,;\(a”,B”) for
1<j,k<3 asin Theorem If b),>0 and b}, >0, we can easily prove that

/ /! / /!
bi2 51,2 bl,2 by 52,2 o bz,z

! om0 Y VR
bip Oy O, bip Oy O,
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and dy,+dj; € R asin Pap [0, Theorem 7.3]. This implies that there exists o >0 such
that b, = gb’ » for 1<j,k<2, ie, (C2) holds.

When b, >0, ¢ >0 and bj; >0, 6’ >0, we show that (C1) holds. To derive
this it is sufficient to show that by ; = ob) 5, by3 = 0by3, af = ea} and ajy = pa,. Using
Theorem 6.1 we obtain

(i) (dyo+ /) (Red,, — Reds) = dio(Redl, + Reds,),
(i) (dyy+d),)(Redsy — Redys) = diy(Red! y + Redyy),
(ii1) (dyp + d7 ) (Imd; o —Imdys) = d} ,(Imdly + Im ),
(iv) (dyy+ ) (Imd g — Imdas) = d 5(Imd) s + Im dj )

(AN N / / / (/A N/ /! // /! ! . /AN, /AN, [/

aibl o —alb! . Summing up (iii) and (iv) we have
1012 = G071y
(dyy+di)(Imdy 3+ Imdy s —Imdys —Imdys) = (dy 5 + di o) (Imdf 3+ Imdj 5).
Using the definition of dj, dj,, dj, (1<j,k<3) we get

b/ 5/ b// 5//
th(Ad') 4 coth(Ad” 2 R 2
(coth(A0) + coth(A0")) (bg L L0 coth(N/2) Y, T A, 0" coth(X6"/2)

B 209
)\61715 COth()\(S/2)

1 1 b// 5// b/ 5/
= — _|_ ﬁ + 2 _ ﬁ + 2
sinh(Ad’) ~ sinh(X0”) J\ 0], = Ab{ 6" coth(A0”/2) b, ~ Abj,0"coth(A'/2) )
An easy calculation shows that

bis  Uig ! "
—= — —= ) Xsinh(A\d/2) sinh(A\d" /2)

/ /!
51,1 bl 1

1 b1, 1 b / . / 1
(5, 5//( . az) 5(%% a2> sinh(\'/2) cosh(Ad" /2)

1 bl ,2 1 " b,1/72 " / . "
+ <5, +5”< Yo ag) 5 (al o, a2> cosh(Ad’/2) sinh(Ad"/2)

forall A > 0. We show that the functions Asinh(A\d’/2) sinh(Ad”/2), sinh(Ad'/2) cosh(Ad”/2)
and cosh(Ad'/2) sinh(A\”/2) (A > 0) are linearly independent. We have

Asinh(A0/2) sinh(A8”/2) = A (M7 H0)/2 — ACT=00/2 _ A =0/2 4 o=AEH/2) /g
Sinh(>\5//2) cosh(>\5”/2) _ (€A(5'+5”)/2 4 AME=0)/2 _ NE-0)/2 e—A(5’+6”)/2)/47

cosh(Ad'/2) sinh(\S" /2) = (X002 MO=0"/2 4 MO =00/2 =AY /g
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The linear independence of these functions follows from the following fact: if ¢y,...,c, are

pairwise different complex numbers and @.,...,Q, are complex polynomials such that
> Qij(N\)e“* =0 forall A >0 then @ =---=@Q,=0. Hence we get
iy Vg 1 b12 , b / P p
s L3 L2 — - — ) 6.11
b&,l b/1/71 ) 5+ " ( a1 by a2) S ( 4 bll ) a2) I ( a bllll a2) ( )

Subtracting the equation (i) from (ii) we get
(dl2,2 + dil)(Re d’1’3 —Re dg’?) — Red; 3+ Redy3) = (d/L2 — d/{g)(Re d/1/,3 + Re d/2’3).

Using again the definition of dj, dj,, dj, (1<j,k<3) we obtain
al N al 2
VAV VA Vb
VS VS )
b’1 10" coth(A\d'/2) b’1’715” coth(\d"/2)

(coth(Ad") + coth(Ad")) <

B 1 B 1 o _ % VA, N V!
~ \sinh(Ad”)  sinh(A&") ) \VAB/, VAW, ) ,0"coth(Ad'/2) b ;6" coth(A6”/2) )

A simple calculation shows that

! 1/
M1+ tanh(A8'/2) tanh(A3"/2)) (53 in
1,1 1,1

a; a 1 1 a) a’
— (coth(A') + coth(Ag™) (224 — % 91 _ a0
(coth(Ad") +co ()mbm %1zm)+Cm@m amum)@h o

It can be easily checked that the functions A(1 4+ tanh(A\d'/2)tanh(A\6”/2)), coth(Ad') +
coth(Ad”) and (sinh(\d"))~' — (sinh(\6"))™ (
have

A > 0) are linearly independent. Hence we

/ 2 !/ " / 1

— — — =0, 2— — — — — =0, _ .
b/171 bll/,l bi1 b/Ll bll/,l 5'()/1 ] 5”[)/1/1

Taking into account (GIT) and (BIZ), we conclude that (C1) holds. Using Lemma B2 it
turns out that in this case a =a'+a” and B = B+ B".

(6.12)

If b),>0, />0 and 0f, >0, ¢"=0 we show that u'*u” can not be a Gaussian
measure. Our proof goes along the lines of the proof Theorem 7.3 in Pap [I0]. Since the
proof given in Pap [I0] contains a mistake we write down the details. Suppose that, on the
contrary, pu' * p” is a Gaussian measure on H with parameters (a,B). By Lemma 62
we have by = by, +b7,, hence b;; > 0. By Theorem Tl we have (u'* 1) (my) is an
integral operator. Using Theorem we obtain

(d1)°

dl,l = d/Ll - d/2 ) _i’_ d/1/17 (613)
d// 2

oo = dj, (d72) (6.14)

T "ot
dyo +di 4
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b, b o
We show that dy, +df; € R and > = ;7*. (The derivations of these two facts are not

/ 1/
b4 by 4

correct in the proof of Theorem 7.3 in Pap [10].) By Theorem Bl we have
by by
Im (dy, +di,) =F (b’— - bT) = —Im (d}; +d3,).
11 Y1
Using that Im(dy; + dao) =0, by EI3) and ([GId) we get
(e Ma () (P
T dy +

_ 4 <b/1,2 b,1/,2) (alll,z)QWL (d/1,,2)2 (b,m b/1,,2>
g _— :': - _ = .

/ /! ! 1 2 / /!
b1,1 b1,1 ‘d2,2 + d1,1‘ b1,1 b1,1

Hence y "
(1o + o = = 1) (32 - 52 ) =0

1,1 1,1
Then
b & (@) — () = [T RO Fibhy AT E B (@)
b b, (b)1)? sinh®(AS')

1
(0 )2

_ @ 20 coth(N) (s L)'
S AL o Uy ’
s
i

It vields that 22 —

/
b1

Particularly, d, +dj, € R. Rewrite (EI3) and (6I4) in the
form

(dll,l - d171)(dl2,2 + dlll,l) = (d'172)2,
(dlz/,2 - d272)(d/2,2 + d/1/,1) = (d/1/,2)2-
It follows that
(dll,l - dg,z - d171 + d2,2)(d,2,2 + dlll,l) = (d/1,2)2 - (d/1,,2)2-
Using that dy, +df; € R and Re(di; —ds2) = 0, taking real parts we get
(Re(d} ;) — Re(dy,))(dyq +di ;) = (d/1,2)2 - (d/1/,2)2-
Thus
<5’ coth(A\d") 1 ) <5’ coth(\d") N 1 ) _ (0")? 1
(b4,1)

by A by A 26inh®(A8")  A2(b] ;)2

From this we conclude

(0") coth®(Ad') 1 (52 . |
- B - = cosh(A) =1
(b/1,1)2 )\2(b’1”1)2 (b,1,1)2 Sinhz()\é’) )‘2(b,1/,1)2 cosh(AJ) ,
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thus 0’ = 0, which leads to a contradiction.

If by, >0, ¢ >0, and b, = 0 we show that (C3) holds. The symmetry and
positive semi-definiteness of the matrix B” imply 0f, = b3 = 0. Lemma yields
that by, = by, + b7, > 0. Hence Theorem BTl implies that (u' * p” ) (m1y) is an integral
operator and Im(dy; + do2) = 0 holds. By Theorem Bl and Theorem we obtain
Im (di,1 + dao) = Im(dy | + dyy + Aby,) = Im(Aby,). Thus by, = 0, which implies that
by =0 and 0 =¢">0. Using again Theorem we get

dis = di 5 — Vald), (6.15)
doz = dy5 — VAald), F iV Adj. (6.16)

Taking the real part of the difference of equations (E1H) and (EIG) we have

a al ,ay 1+ cosh(Ad)
20— —— | =N+~ ————— |. 1
(i) =i (s (o1

Since (EID) is valid for all A > 0, we have a}] = 0. Taking the imaginary part of (E10)
and using the fact that af =0 we get

1 bis  Dis

(1 T N ) 6.18

“2( Ao coth()\é’/2)) by b, (6.18)

Since ([BIR) is valid for all A >0, we get a4 =0, so (C3) holds. If Vi, >0, =0 and
i, =0 asimilar argument shows that (C4) holds.

The aim of the following discussion is to show the converse. Suppose that (61) holds.
We prove that the convolution p’ % p” is a Gaussian measure on H with parameters
(a/+a", B'+B"). By Theorem[I] the Fourier transform (1 * ") (xa,3) equals the Fourier
transform of a Gaussian measure with parameters (a’ + a”, B’ + B") at the representation
Xo,p forall a,8 > 0. Since by, +bj, > 0, the Fourier transform (W % ") (mey) s
an integral operator on L*(R) with kernel function K., given in Theorem for all
A > 0. All we have to show is that C' = Cy\(B'+ B") and V = Dy,(d' +d",B' + B") =

(d;f,i‘(a’ +a",B"+ B"))1<jk<3. We have

¢'sinh (A(1+ 0)d")

d/ d// —
22T 00 = G () sinh(Agd)

hence using Theorem [l we obtain

5, / 7
€= \/27rb’1,1 SN 11 o)) ~ (B B

Let (u¢)i>0 be a Gaussian semigroup such that p, is a Gaussian measure with parameters

(a/,B"). By the help of the semigroup property we have gy * pu, = p14,. Taking into
account that aj and by, appear only in dj3(a’,B’) (see Theorem BIl) and the fact
that p; is a Gaussian measure with parameters (ta’,tB’) for all ¢ >0, Theorem Bl and
Theorem B.1] give us

vk = d;p(d +d", B + B").
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for 1<,k <3 with (j,k) # (3,3). So we have to check only that vsz = di3(a’+a”, B'+
B"). By the help of Theorem we get

1

o 1
V33 = d3,3 + d3,3 - d + d’
2.2 1,1

(dyo + dj,)>. (6.19)
Calculating the real and imaginary part of (EId) one can easily check that vsz = di3(a’ +
a’, B"+ B") is valid.

Now suppose that (62) holds. Using the parameters of p' and p”, define a vector a =
(a;)1<i<s and a matrix B = (b;;)1<ij<3, asin Lemma We show that the convolution
p:=p' xp” is a Gaussian measure on H with parameters (a,B). An easy calculation
shows that the Fourier transforms of p/*u” and p at the one-dimensional representations
coincide. Concerning the Fourier transforms at the Schrodinger representations, as in case
of (C1), all we have to prove is that

2

Cin(B) = C\(BYCuA(B") | ————
:I:)\( ) :I:)\( ) :I:)\( ) d/272—|—d/1/71

and V = Dy,(a' +a”, B+ B"”). Using Theorem Bl we have

1 1 2 B 1 1
oY b - - )
VI VITLN g i ) 2t VI

since Y ,/bf, = b),/Vi, = 0. Using similar arguments one can also easily check that
V = Dix(d 4+ a",B"+ B") holds. We note that in this case the parameters of p’* u” is
not the sum of the parameters of p/ and pu”.

Suppose that (63) holds. Proposition gives us that the convolution ' * u” is a
Gaussian measure on H with parameters (a’ 4+ a”, B’ 4+ B”). In cases (C4), (C5), (C6),
(C7) we can argue as in cases (C2), (C3). Consequently, the proof is complete. O

For the proof of Theorem [l we need the following lemma about the support of a
Gaussian measure on HI.

Lemma 6.4 Let p be a Gaussian measure on H with parameters (a,B) such that
biaboy — b7y = 0. Let Yy € H be defined as in Section A If rank(B) = 2 then
supp () = exp (Yo—l—R~U+]R-X3), where

U .= 6171X1 + 6271X2 Zf bl,l > 0,
| ZERE if b1 =0 and bys > 0.

If rank(B) =1 then supp(u) =exp (Yo+R-U+R-[Yy,U]), where

bia Xy +bo1 X +b31 X3 if by >0,
U:= 6272X2 + 6372X3 Zf 6171 =0 and 6272 > O,
6373X3 Zf 6171 = bg’g =0 and b3’3 > 0.

If rank (B) =0 then supp (1) = exp(Yp).
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Proof. We apply (iii) — (v) of Lemma B respectively. If rank (B) = 2 then one can
check that L(Y1,Ys) = L(U, X3). If rank(B) =1 then L(Y;)= L(U). O
Proof of Theorem [Tl First we prove that if one of the conditions (C1) and (C2)

holds then one of the conditions (C1) — (C7) in Theorem is valid, which implies that
the convolution p’* u” is a Gaussian measure on H.

Suppose that (C1) holds. Lemma 2 implies ¢ = §” = 0.
If ¥, =0, =0 then (C7) holds.

If ty,>0,0=0 and by, =0, 0" =0 we show that (C4) holds. It is sufficient to show
that by, = 0. Suppose that, on the contrary, b, # 0. When rank (B’) = rank (B") = 2,
by the help of Lemma B4 we get

supp (1) =exp (Yg +R-U' + R - X3), supp (1) = exp (Y + R-U" + R - X3),

where U’ = by, X; + by, Xy and U” = b5,X,. Since in this case supp (4') and supp (1”)
are contained in “Euclidean cosets” of the same 2—dimensional Abelian subgroup of H, we
obtain that L(U’, X3) = L(U", X3). From this we conclude b}, = 0, which leads to
a contradiction. When rank (B’) = 1, rank(B”) = 2 and in other cases one can argue
similarly, so (C4) holds.

If by, =0, 0'=0 and b, >0, 6" =0 the same argument shows that (C6) holds.

If 0, >0, & =0 and b}, >0, & =0 we show that (C2) holds. When
rank (B’) = rank (B”) = 2, Lemma [E4 implies that

supp (1) = exp (Yg +R-U'+R- X3),  supp (i) =exp (Yy'+R-U" +R- X;),

where U’ = by, X; + 05, Xy and U” = b7, X; + V5, X,. Condition (C1) yields that
LU, X5) = LU, X3), llence we have 0y,by, = by,b7,. Since ¢ = 0" =0 we get
by oy = byobi ;. Thus (C2) holds with ¢:=07,/b},. When rank(B’) = rank(B") =1,
Lemma implies that

supp (1) = exp (Yg +R-U' + R - [Y],U"]), supp (1) = exp (V) +R-U" +R- Yy, U"]),

where U’ =0}, X, + 05, Xo + b3, X3 and U” =0 Xy + by, Xo + 03, X3. Condition (C1)
yields L(U', Yy, U']) = LU, [Yy,U"]), hence L(V) X1+ by, Xo) = L(b] ;X1 + b5, X>).
It can be easily checked that (C2) holds with o := bi /by;-  When rank(B') = 1,
rank (B”) =2 or rank (B') =2, rank(B”) =1 we also have (C2) holds.

Suppose that (C2) holds (ie., p' = py, p' = ppxv or p = pp*xv, P’ =
with appropriate nonnegative real numbers t', t” and a Gaussian measure v with support

contained in the center of H). Then we have

/J/ * /J/l = ,Ut’ % ,Ut" b 3 Z— /J“t’-i-t" X UV or I[L/ * ,U” = /J“t’ X IV ok ,Ut” — ,ut’-i-t” X .
Remark 6] and Proposition Bl yield that ' * p” is a Gaussian measure on H.

Conversely, suppose that p' * p” is a Gaussian measure on H. Then by Theorem G2,
one of the conditions (C1) — (C7) holds. We show that then one of the conditions (C1)
and (C2) is valid.
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Suppose that (C1) holds. If bys—ob33>0 thenlet (aj);>0 be a Gaussian semigroup
such that o} =y’ and let v be a Gaussian measure on H with parameters (a,,B,) such
that

0 0 0 0
B,=10 0 0 , a, = 0
00 bg,:’, - 953,3 az — oa;

Remark[E.Tland Proposition EIlimply that u” = o v, hence (C2) holds. If b5 ;—ob5 5 <0
then let (a});>0 be a Gaussian semigroup such that «of = " and let v be a Gaussian
measure on H with parameters (a,,B,) such that

0 0 0 0
B,=10 0 0 , a, = 0
0 0 bhyy— g_lbg”g ay — o 'ay

Remark and Proposition imply that 4/ =aj,,*v, hence (C2) holds.

Suppose that (C2) holds. Lemma B4l implies that
supp (1) Cexp (Yg +R-U' + R - X3), supp (1) Cexp (Yy +R-U" + R - X3),

where U’ = by, X, + 05, Xy and U” = 0] ;X5 + b3, X,. Condition (C2) gives us that
LU= L(U"), hence (Cl) holds.

Suppose that (C3) holds. Let (a});>0 be a Gaussian semigroup such that o} = 4/
and let v be a Gaussian measure with parameters (a,, B,) such that

00 0 0
B,:=10 0 0], a, =10
0 0 b5, ay

Then we have " =v =aj*v, so (C2) holds.
Suppose that (64) holds. By the help of Lemma B4, we have

supp (i) Cexp (Yy +R-U' +R-X3),  supp(u”) Cexp (V) +R-U"),

where U’ = b} | Xy + 5, Xy and U” = b33X3. Hence the support of p’ is contained in
exp (Yj+R-U'+R-X3) and the support of p” is contained in exp (Y +R-U'+R-X3),
so (C1) holds. Similar arguments show that when (C5) holds then (C2) is valid, and
when (C6) holds then (C1) is valid.

Suppose that (67) holds. Using Lemma B4 we have
supp (1) Cexp (Yy +R-U' + R - X3), supp (1) Cexp (Yy +R-U"+ R - X3),
where U’ = by, Xy and U” =15,X,, so (C1) holds. O

Remark 6.2 In case of (C1) in Theorem [T, p/ and p” are Gaussian measures also in
the “Euclidean sense” (i.e., considering them as measures on R3), but the parameters of the
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convolution p'x* " are not necessarily the sum of the parameters of p’ and p”. In case of
(C2) in Theorem [, 1 and p” are not necessarily Gaussian measures in the ”Euclidean
sense”, but the parameters of the convolution u’ % u” is the sum of the parameters of p/
and u”.

Remark 6.3 We formulate Theorem [l in the important special case of centered Gaussian
measures for which the corresponding Gaussian semigroups are stable in the sense of Hazod.
First we recall that a probability measure p on H is called centered if

/Hatl p(dx) = /ng pu(dz) = 0.

A convolution semigroup (u¢)i>o on H is called centered if g, is centered for all ¢ > 0.
For each t >0 let d; denote the dilation

di(z) = (tzy, toy, t223), x €H, t>0.

By Hazod [6, page 229], a Gaussian semigroup (u);>o is centered and stable in the sense
that p; = d 41, t >0 (Hazod stability) if and only if its infinitesimal generator has the
form

122

05Xs + ; ; b Xi X;. (6.20)
Wehn [I7] proved the following central limit theorem. Let |.| be a fixed homogeneous norm
on H and let us consider a centered probability measure g on H. If [ |2|* p(dz) < 400,
then (dl / \/ﬁ(“*n))n>1 converges towards v weakly, where v is a Gaussian measure on H
such that the corresponding Gaussian semigroup has infinitesimal generator (6.20).

For centered and stable Gaussian measures Theorem [[1] has the following form.

Let ' and p” be Gaussian measures on H such that the corresponding Gaussian
semigroups have infinitesimal generators

2 2 2 2

az X3 + % Z Z b; ; Xi X and  a3X3+ % Z Z b XiXj, respectively.
i=1 j=1 i=1 j=1
Then the convolution ' * p” is a Gaussian measure on H if and only if there exist
t',t" >0, a Gaussian semigroup (u:)i>o with infinitesimal generator (E20) and an element
x € H which is contained in the center of H such that either p' = py, @’ = pm *x e, or
p' = pyr % €5, W = py holds. Moreover, in this case az = a3+ ay and b;; = b ; + b
1<4,§ <2

7]’

The proof of this statement can be carried out in a direct way applying Theorem 7.3 in
Pap [10], and Lemma and Proposition of the present paper.
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