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Abstract. We prove that the endomorphism semiring of a nontrivial
semilattice is always subdirectly irreducible and describe its monolith.
The endomorphism semiring is congruence simple if and only if the semi-
lattice has both a least and a largest element.

1. Introduction

The explicit notion of a semiring (i.e., an algebra with two associative
operations where one of them distributes over the other) was introduced by
Vandiver [6] in 1934 (albeit, for instance, the semiring of natural numbers
was commonly exploited long before that year). Congruence-simple struc-
tures (i.e., those possessing just two congruence relations) were and are
studied in many classes of algebras and in some cases they are quite popular
(e.g., simple groups or rings). On the other hand, not much is known about
congruence-simple semirings ([1],[2],[4],[5] and[7]).

If S is a congruence-simple semiring with commutative addition, then
we get a natural homomorphism ϕ of S into the endomorphism semiring
of the additive (commutative) semigroup of S. Since S is simple, either
ker(ϕ) = S × S (a rather trivial case) or ker(ϕ) = idS and then S is
embedded into the endomorphism semiring. Thus in order to get represen-
tations of simple semirings with commutative addition, we have to consider
the question of simplicity of endomorphism semirings of commutative semi-
groups. In the present paper we are concerned with the particular case
when the commutative semigroup is idempotent, i.e., a semilattice. A simi-
lar question is considered in [7] for semilattices with neutral elements.

By a semilattice we will mean a join semilattice, i.e., an algebra with
one binary operation ∨ satisfying the identities x ∨ (y ∨ z) = (x ∨ y) ∨ z,
x ∨ y = y ∨ x and x ∨ x = x. Thus, for elements x, y of a semilattice M ,
x ≤ y means that x ∨ y = y. In this notation, a neutral element is the least
element; of course, it does not need to exist. The set E of endomorphisms
of M is a semiring with respect to the addition and multiplication defined
as follows: f + g = h where h(x) = f(x)∨ g(x) for all x ∈ M ; fg = h where
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h(x) = f(g(x)) for all x ∈ M . This semiring E will be denoted by EM and
called the endomorphism semiring of M .

For every element a ∈ M denote by ā the element of EM with ā(x) = a
for all x ∈ M . These are the constant endomorphisms of M . For every
triple a, b, c of elements of M with a ≤ b denote by ρa,b,c the mapping of
M into itself defined by ρa,b,c(x) = a if x ≤ c and ρa,b,c(x) = b if x � c.
Clearly, ρa,b,c ∈ EM . We have ā = ρa,a,c for any c ∈ M . The subsemiring of
EM generated by its elements ρa,b,c (where a ≤ b and c is arbitrary) will be
denoted by FM . Notice that FM is a left ideal of the semiring EM and it is
an ideal, provided that M is finite.

The aim of this paper is to prove that the endomorphism semiring EM

of any nontrivial semilattice M is subdirectly irreducible, to describe the
monolith of the semiring and to characterize the semilattices M such that
the endomorphism semiring of M is (congruence) simple. Also, we will do
the same for any subsemiring of EM containing FM .

Let us recall that an algebra A is said to be subdirectly irreducible if
it is nontrivial (i.e., has at least two elements) and among its non-identity
congruences there exists the least one; this least non-identity congruence
of A is then called the monolith of A. An algebra is called simple if it is
nontrivial and has only two congruences (the identity idA and the all-relation
A×A).

The reader is referred to [3] for these and other facts on semilattices and
universal algebra.

2. The monolith

2.1. Theorem. Let M be a nontrivial semilattice and E be a subsemiring of
the endomorphism semiring EM such that FM ⊆ E. Then E is subdirectly
irreducible and its monolith µ can be described as follows: for f, g ∈ E,
(f, g) ∈ µ if and only if either f = g or the following three conditions are
satisfied:

(1) the range of f is a lower bounded subset of M ;
(2) the range of g is a lower bounded subset of M ;
(3) there exists an a ∈ M such that f(x) ∨ a = g(x) ∨ a for all x ∈ M .

Proof. Denote by R the set of the ordered pairs (f, g) ∈ E × E satisfying
either f = g or the three conditions. We are going to prove that R is a
congruence of E.

Clearly, R is a reflexive and symmetric relation on E.
Let (f, g) ∈ R and (g, h) ∈ R; we need to show that (f, h) ∈ R. This is

clear if either f = g or g = h. Otherwise, the ranges of f, g, h are all lower
bounded and there exist elements a, b ∈ M such that f(x) ∨ a = g(x) ∨ a
and g(x)∨b = h(x)∨b for all x ∈ M . We have f(x)∨ (a∨b) = g(x)∨a∨b =
h(x) ∨ (a ∨ b) for all x ∈ M and thus (f, h) ∈ R.

Thus R is an equivalence on E. Let (f, g) ∈ R and h ∈ E; we need to
show that (f + h, g + h) ∈ R, (fh, gh) ∈ R and (hf, hg) ∈ R. It is sufficient
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to consider the case when f 6= g. There exist elements a, b, c ∈ M such that
f(x) ≥ a, g(x) ≥ b and f(x) ∨ c = g(x) ∨ c for all x ∈ M .

We have (f +h)(x) ≥ a, (g +h)(x) ≥ b and (f +h)(x)∨ c = (g +h)(x)∨ c
for all x ∈ M , so that (f + h, g + h) ∈ R.

We have (fh)(x) ≥ a, (gh)(x) ≥ b and (fh)(x) ∨ c = f(h(x)) ∨ c =
g(h(x)) ∨ c = (gh)(x) ∨ c for all x ∈ M , so that (fh, gh) ∈ R.

We have (hf)(x) ≥ h(a), (hg)(x) ≥ h(b) and (hf)(x)∨h(c) = h(f(x)∨c) =
h(g(x) ∨ c) = (hg)(x) ∨ h(c) for all x ∈ M , so that (hf, hg) ∈ R.

Thus R is a congruence of E.
It is clear that (ā, b̄) ∈ R for all a, b ∈ M . Thus R 6= idM , since M is

nontrivial. We are going to prove that R is the monolith of E.
Let S be any congruence of E such that S 6= idM . There exists a pair

(f, g) ∈ S with f 6= g. We have f(a) 6= g(a) for an element a ∈ M ; we can
suppose without loss of generality that g(a) � f(a). (Otherwise, we could
consider the pair (g, f) instead of the pair (f, g).)

Let b1, b2 be any elements of M such that b1 ≤ b2. The endomorphism
h = ρb1,b2,f(a) belongs to E, as well as all constant endomorphisms. Since S

is a congruence, we have (hfā, hgā) ∈ S. But hfā = b̄1 and hgā = b̄2. Thus
any two comparable constants are S-related.

Let c1, c2 be any two elements of M ; put c = c1 ∨ c2. Then (c̄1, c̄) ∈ S
and (c̄, c̄2) ∈ S, so that (c̄1, c̄2) ∈ S. Thus any two constants are S-related.

Let (p, q) ∈ R and p 6= q. There exist elements a1, a2, e ∈ M such that
p(x) ≥ a1, q(x) ≥ a2 and p(x)∨ e = q(x)∨ e for all x ∈ M . Since (ā1, ē) ∈ S
and S is a congruence, we have (ā1 + p, ē + p) ∈ S, i.e., (p, ē + p) ∈ S.
Similarly, since (ā2, ē) ∈ S, we have (ā2 + q, ē + q) ∈ S, i.e., (q, ē + q) ∈ S.
But ē + p = ē + q and so (p, q) ∈ S.

We have shown that R ⊆ S for any congruence S of E other than idM .
Thus R is the monolith of E and E is subdirectly irreducible. �

2.2. Remark. Let M be a nontrivial semilattice with the least element 0. Put
EM,0 = {f ∈ EM : f(0) = 0} and denote by FM,0 the subsemiring of EM,0

generated by all ρ0,b,c with b, c ∈ M . Proceeding similarly as in the proof
of 2.1 we can show that every subsemiring E0 such that FM,0 ⊆ E0 ⊆ EM,0

is subdirectly irreducible and a pair (f, g) belongs to its monolith if and only
if either f = g or the condition 2.1(3) is satisfied.

3. Simplicity

3.1. Theorem. Let M be a nontrivial semilattice and E be a subsemiring
of the endomorphism semiring EM such that FM ⊆ E.

(1) If M has both a least and a largest element, then E is simple.
(2) If E is simple and idM ∈ E, then M has both a least and a largest

element.

Proof. By 2.1, E is simple if and only if the monolith R of E described there
is equal to E × E. If M has both a least and a largest element, then it is
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clear that R = E × E. If M has no least element then (idM , ā) /∈ R for
any constant endomorphism ā of E. If M has the least element 0M but no
largest element, then (idM , ā) /∈ R for any a ∈ M − {0M}. �

3.2. Corollary. Let M be a nontrivial semilattice. Then EM is simple if
and only if M has both a least and a largest element.

3.3. Corollary. Let M be a nontrivial finite semilattice. Then EM is simple
if and only if M is a lattice.

3.4. Theorem. The semiring FM is simple for any nontrivial semilattice M .

Proof. Put E = FM . By 2.1, it is sufficient to prove that the monolith R
of E equals E × E. By a rho we will mean an endomorphism ρa,b,c of M
for some a, b, c ∈ M with a ≤ b. One can see easily that the product of two
rhos is a rho; since E is generated by the rhos, it follows that every element
of E is a sum of finitely many rhos. From the description of R it follows
that any two rhos are R-equivalent. Then also any two finite sums of rhos
are R-equivalent. �

3.5. Remark. Let M be a nontrivial semilattice and let E be a subsemiring
of EM such that FM ⊆ E.

(1) If M has the least element (say 0), then 0̄ ∈ E and it follows from 2.1
that E is simple if and only if the range of f is an upper bounded
subset of M for every f ∈ E.

(2) If M has the largest element (say 1), then 1̄ ∈ E and it follows
from 2.1 that E is simple if and only if the range of f is a lower
bounded subset of M for every f ∈ E.

3.6. Remark. Let M be a nontrivial semilattice with the least element 0.
Using 2.2 and going through the proofs of 3.1, 3.2, 3.3 and 3.4, we check
easily that similar results remain true for subsemirings E such that FM,0 ⊆
E ⊆ EM,0. Some of these results are proved in [7].

4. When FM = EM

Let M be a semilattice. An element a of M is said to be pseudoirreducible
(in M) if x ∨ y = a implies a ∈ {x, y}. An element a of M is said to be
splitting (in M) if the set {x ∈ M : x � a} has the largest element. (That
is, if there exists an element b such that b � a and for every x ∈ M , either
x ≥ a or x ≤ b.) Clearly, every splitting element of M is pseudoirreducible.

4.1. Lemma. A finite lattice M is distributive if and only if every pseu-
doirreducible element of M is either splitting or the least element of M .

Proof. The direct implication is evident. The proof of the converse can
be based on the well-known duality between finite distributive lattices and
finite ordered sets: as it is easy to check, M is (under the assumption)
isomorphic to the distributive lattice of order ideals of the ordered subset of
M consisting of the pseudoirreducible elements of M with the least element
excluded. �
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4.2. Theorem. The following four conditions are equivalent for a semilat-
tice M :

(1) FM = EM ;
(2) the semiring FM has a left (right, respectively) multiplicatively neu-

tral element;
(3) the semiring FM has a multiplicatively neutral element;
(4) M is a finite distributive lattice.

Proof. Let M be nontrivial. If f ∈ FM is a left multiplicatively neutral
element (i.e., fg = g for all g ∈ FM ), then f(a) = fā(a) = ā(a) = a for
every a ∈ M , so that f = idM . If g ∈ FM is a right multiplicatively neutral
element and a, b, x ∈ M where a < b, then a = ρa,b,g(x)(g(x)) = ρa,b,g(x)(x),
so that x ≤ g(x); similarly, a = ρa,b,x(x) = ρa,b,x(g(x)), so that g(x) ≤ x;
we get g = idM also in this case. It follows that it suffices to prove the
equivalence of the conditions (1) and (4).

Let FM = EM . Then every element of EM can be expressed as the sum
of finitely many elements ρa,b,c with a, b, c ∈ M and a ≤ b. In particular,
idM = ρa1,b1,c1 + · · · + ρan,bn,cn for some n ≥ 1 and some elements ai, bi, ci

with ai ≤ bi. Since the range of that join is finite, the range of idM must be
finite and thus M is finite. Since the range of the join is lower bounded, the
range of idM is lower bounded and thus M has the least element. A finite
join semilattice with a least element is a lattice. Denote the least element
by 0M . Since idM (0M ) = 0M , we have a1 = · · · = an = 0M . Then we can
suppose that bi 6= 0M for all i.

Let a be a pseudoirreducible element of M , a 6= 0M . From

a = idM (a) = ρ0M ,b1,c1(a) ∨ · · · ∨ ρ0M ,bn,cn(a)

it follows that a = ρ0M ,bi,ci
(a) for some i. But then a � ci and a = bi.

Since ρ0M ,bi,ci
(x) ≤ x for all x ∈ M , we get that x � ci implies bi ≤ x.

These facts together mean that a is a splitting element of M . Thus every
pseudoirreducible element of M other than 0M is splitting, so that M is
distributive according to 4.1.

We have proved that (1) implies (4). In order to prove the converse,
let M be a nontrivial finite distributive lattice. Denote by b1, . . . , bn all
pseudoirreducible elements of M other than 0M . By 4.1, for every i there
exists an element ci ∈ M such that ci � bi and for every x ∈ M , either
x ≥ bi or x ≤ ci. Put f = ρ0M ,b1,c1 + · · ·+ ρ0M ,bn,cn , so that f ∈ FM .

For every i we have f(bi) = bi. To see this, observe first that ρ0M ,bi,ci
(bi) =

bi (since bi � ci). Now let j 6= i. If bi ≤ cj then ρ0M ,bj ,cj
(bi) = 0M ≤ bi. In

the remaining case, when bi � cj , we have bi ≥ bj and thus ρ0M ,bj ,cj
(bi) =

bj ≤ bi. Thus f(bi) is the join of several elements, each of which is less or
equal bi and at least one of them is equal to bi.

Since every element of M is the join of some pseudoirreducible elements,
it follows that f(x) = x for all x ∈ M , i.e., f = idM . Thus idM ∈ FM .
Since FM is a left ideal of the semiring EM , it follows that FM = EM . �
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4.3. Remark. Let M be a semilattice with the least element 0. Theorem 4.2
remains true for the subsemirings FM,0 and EM,0 (see 2.2). In the finite
case, the main part of this result is proved in [7, 4.9, 4.10].
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